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ABSTRACT. Dirichlet and Neumann problems for the Laplace operator in a bounded domain
in Euclidean space are considered. Some estimates of the difference Nx(A) — Np(A) of
counting functions are discussed.

INTRODUCTION

Let © C R? be an open bounded set in the Euclidean space of the dimension d > 2, and
let Ap and Ayx be the Dirichlet and Neumann Laplacians on €. Recall that —Ap and
—Apy are defined as the nonnegative self-adjoint operators generated by the Dirichlet form
Jo |Vul* dz with domains W5 ,(€2) and W, () respectively. Here W;(2) is the Sobolev
space and Wy () is the Wy-closure of C§°(2). Note that the Dirichlet and Neumann
Laplacian are well-defined even if the boundary 02 is not smooth.

Further on we shall be using the subscript B instead of D or N whenever the definition
refers to or the result is valid both for the Dirichlet and Neumann Laplacians.

Let Ng(A) be the counting functions of the operators —Ag. By definition,

Ng(\) := rank P\(—Ap)

where P\(—Ap) denotes the spectral projection of —Ap corresponding to the interval
[0,A%). Since the embedding W3,(Q) C Lo(Q) is compact, Np(A) is finite for each X.
The Neumann counting function Ny(A) may well be infinite. For instance, if € consists
of infinitely many connected components then dimker(—Ay) = 0o and Nyx(A) = oo for all
A>0.

The aim of this paper is to obtain estimates of the difference Ny(A) — Np(A) for large
values of A. If the boundary 02 is sufficiently smooth and the billiard flow in €2 satisfies
the non-periodicity condition (see the Section 1) then, by the Weyl asymptotic formula,

1

(01) ND(A> = M4 ’Q’d )\d — Z Hi—1 ‘aQ’d,1 )\dil + O(Adil) s A — o0,
1

(0.2) NN = 54 |Q)a A + 7 %1109 a1 M poAY) ) N - .
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Here and further on |- |, stands for the n-dimensional volume, s, := (27)"w, , and w, is
the volume of the n-dimensional unit ball.
The above asymptotic formulae imply that

1
Nx(A) — Np(A) = 5 -1 |0Q] a1 A7 40X, A—00.

However, (0.1) and (0.2) may fail for the following two reasons.

(a) The boundary 052 is not smooth enough. Indeed, there are many examples showing
that the two-term Weyl asymptotic formulae do not hold for general domains with
irregular boundaries.

(b) The boundary 952 is smooth but the non-periodicity condition is not fulfilled. It is
not known whether such domains exist (see Remark 1.3), so it is possible that this
obstacle is only of technical nature.

In this paper we show that
Nx(\) = Np(\) < CoXd=V/e 90 e C*, ac(0,1),
Nx(A) = Np(A) < Co X 'In X,  if 9Q is Lipschitz |
Nx(A) — Np(A) = Co X7 4Qy-1];"  for an arbitrary domain 2,
where Q. = {x € Q : dist (z,09) < €}. The last estimate implies, in partlcular that
Nx(A) — Np(A) w00 as A — oo foralld > 4.

For domains with smooth boundaries we obtain the following more precise estimate,
1 _ _ 3
7 #1109 AL o(AL) < Ny(A)=Np(A) < 7 #1094 Mo(N) ) N — 0,
which holds without the non-periodicity condition.

Throughout the paper Cy and Cq denote various constants, depending either only on the
dimension d or on the domain €2, whose precise values are not important for our purposes.

1. WEYL TYPE ASYMPTOTIC FORMULAE

Let us assume that the boundary 0 is sufficiently smooth and denote by n, the unit
normal vector to the boundary at the point z directed inside €. Let S be the unit
tangent bundle over €2,

SQ = {(2,6) : 2 €Q, £€R €] =1},
and let
S Q= {(x,6) € SQ : either 2 € Q, or x € 9N and £ - n, > 0},
f (z,€) € S,Q, let us consider the trajectory

(@(1),£(t)) = (z+1£¢) = (x(t),2(t)), ¢t>0.
Clearly, (z(t),£(t)) € S.Q for all sufficiently small ¢. When the trajectory z(t) hits the
boundary at a time ty, we reflect it according to the standard law of geometric optics and
define £(t) to be the unit tangent vector of the reflected trajectory for ¢t > t;. Continuing
the procedure, we obtain a trajectory (z(t),£(t)) in S, Q composed of line segments of the
form (x + t£, &) , which is called a billiard trajectory. The family of maps ®; : S.Q +— S, Q
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defined by ®4(x,&) := (x(t),£(t)) is said to be the billiard flow. It is known that &, is well
defined almost everywhere for all ¢ > 0 and that ®; preserves the standard measure dz d§
on S, . Precise definitions and proofs of these and other relevant results can be found, for
instance, in [CFS, Chapter 6] or [SV].

The point (z, &) € S, Q is called periodic if ®7(z, &) = (z,€) for some T > 0. Let I1 C S, Q
be the set of periodic points of the low ®,. The non-periodicity condition asserts that

|H|2d_1 . / dl’df =0.
I1

Theorem 1.1. The Weyl asymptotic formulae (0.1) and (0.2) hold whenever the billiard
flow ®; satisfies the non-periodicity condition.

Remark 1.2. Theorem 1.1 was obtained in [Ivl] for infinitely smooth boundaries 092 (see
also [SV] for a detailed and relatively simple proof). Later V. Ivrii extended this result to
the sets © whose boundaries belong to the Holder class C* with o > 1 [Iv2].

Remark 1.3. Tt is a long standing conjecture that |II|o4—1 = 0 for every domain 2 with
a sufficiently smooth boundary. While no counterexamples are known, to the best of our
knowledge, there are only two positive results in this direction. Namely, |II|oq_1 = 0 if

(i) 09 is analytic and convex (see [Va2, Section 1] or [SV, Lemma 1.3.19]);
(ii) 09 is piecewise smooth and concave (see [Val, Theorem 2]). In particular, it is true
if Q is a polyhedron.

If |IT|q—1 > O then the asymptotic behaviour of the counting functions may depend on
the properties of periodic trajectories. It turns out that there are two characteristics which
affect the second asymptotic term. The first is the minimal period T'(z,£) of the periodic
trajectory originating from (z,£) € II, and the second is the so-called total phase shift
qs(x,§) along the primitive periodic trajectory v(z,&) := {®¢(z, &) heo,r(z,e) - The phase
shift depends on the boundary condition. The precise definition of the phase shift gg(x,&)
is given in [SV], where it is shown that the set II and the functions 7'(z,€), gg(x,&) are
measurable.

If 7€ R,let {r7}or = 7+ 2rk where k is the integer such that 7+ 27k € (—m, 7).
Denote

— NT(2,€) }on
z,§)

(1.1) Os(\) = (QW)—d/II{”_QB(:”’ﬁ() da d¢ .

The following theorem was proved in [GS] (see also [SV, Section 1.7]).
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Theorem 1.4. If 0N) is infinitely smooth then there exists a function h : Ry — R such
that

1
(1.2)  Np(\) < 54 |Qar — 7 % 109 g1 A1 4+ Qp(A + (M)A 4 o(ATTY)

1

(13) ND()\) > My |Q|d /\d — Z Hi—1 |8Q|d_1 )\d_l + QD()\ — h()\)))\d_l + O()\d_l) s
1

(1.4)  Nn(\) < 20 |Qla X+ 7 Fa 10Q]a—1 A7+ QA+ A+ o(A),

1
(15)  Nx(A) = 5|Qa A" + 7 #1109 AT+ Qn(A = RA)AT + oA
and h(A) — 0 as A — oo.
Note that the function (g may well be discontinuous. Therefore, generally speaking, it

is impossible to remove A(\) from the right hand sides of the above inequalities (see the
discussion in [SV, Section 1.7]).

2. ESTIMATES FOR DOMAINS WITH SMOOTH BOUNDARIES

Theorem 2.1. If 09 is infinitely smooth then

3

(21) NN(/\) — ND<)\) < Z Hi—1 |8Q|d_1 /\d_1 + O()\d_1> s A — 00 s
1

(22) NN()\) — ND<)\) 2 Z Hi—1 ’aﬂ‘d,1 )\dil —+ 0()\d71> s A — 00.

Proof. Let Basq be the set of pairs (2/,£') where 2/ € 002 and £ is an (d — 1)-dimensional
tangent vector to 9§ at the point x’ such that |{'| < 1. For each (2/,£’) € By there exists
a unique d-dimensional vector #(¢') such that (2/,6(¢')) € S.Q and 6(¢') — ¢ is a normal
to 00 vector directed inside 2. The billiard trajectories ®;(2’,6(¢’)) originating from all
such points cover a subset of S, of full measure. Moreover, if we parameterize S, by
t € R and (2/,¢&) € Bgg then dxdé = dtda’d¢’, where da’ is the standard measure on
02 [CFS, Chapter 6.

Let I, C S,.Q be the set of points (z,&) € II such that the corresponding primitive
periodic trajectories ~y(x, &) experience k reflections. Let

Mk = {(I,,gl) - Bag . (I’l,(g(f/)) - Hk}
Consider the set
M = {(t,2',¢) : (¢,¢) € My, 0 <t <T(2',0(¢))}

and the mapping Uy : (t,2',&) — (x,€) := $(2/,0(¢')) from I, onto II. Obviously, the
inverse image W; '(x,&) of every point (x,€) € Il consists of k distinct points of 1I;. By

the above,
/dt dz'd¢’ = / dx d¢
Vv V(V)
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for any measurable set V C [T, such that the restriction Ul is a bijection. Therefore
fl@,&)dade = k7' | f(U(t,2',¢)) dtda’ d¢’
jaes ﬁk

for all measurable functions f I, — R, .
In particular, if f(z,£) = then, integrating over ¢, we obtain

T( £)

dx d& 1 dz d§ gy ~1 et
=k dtdx'd¢ = k dx’ d¢".

Since the sets I are disjoint, the integral in the right hand side of (1.1) is equal to the sum
of integrals over II; . Estimating in each of these integrals [{m — gg(x,&) — A\T(x,&)}or| < 7
and using the above identity, we see that

(2.3) Qs(\)| < @2m)x 3 kU daldel.
>,

Clearly, M; = @. One can easily show that |Ms|aq—2 = 0. Finally, according to [Vo], the
measure of Msz is also zero. Thus we have

Qs(\)] < (2m) @l Z/ da'd¢ < (27)° d%/ da'd¢’ = %%d_lmm.
Boaq

This estimate and (1.2)—(1.5) imply the theorem. O

Remark 2.2. It is plausible that Theorem 1.4 remains valid whenever 092 € C* with o > 1
(cf. Remark 1.2). If it is true then Theorem 2.1 also holds for such domains.

Remark 2.3. Theorem 1.4 can be extended to the Laplacian on a Riemannian manifold 2
with boundary. If the measure of the set of periodic trajectories lying in the interior Q\ 0€2
is equal to zero then the same arguments as in the proof of Theorem 2.1 yield (2.3). In this
case, making additional assumptions about the measure of the sets Il with small k, one
can obtain estimates similar to (2.1) and (2.2).

3. IRREGULAR BOUNDARIES: UPPER BOUNDS

In order to estimate Ny — Np from above, we prove a lower bound for Np and an upper
bound for Ny. The former is a relatively simple task (see [NS, Theorem 1.8] and [Sa,

(3.18))).

Theorem 3.1. For every open set Q) C R?

A
(3.1) IND(A) = 34 [Qa A < Cd)\d‘l/ |Q1|dt,  YA>0,
0

where

= {z e : dist(z,00) <e}.
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If the boundary 02 is Lipschitz then || ~ ¢ as ¢ — 0, and

A
(3.2) M| dt = O In)), A — oo

If 0Q€C*, o€ (0,1), then

(3.3) P Qua]dt = ON), X — o0
0
(see [NS, Lemma 4.4]).

The problem of estimating Ny for irregular domains is much more difficult. To the best
of our knowledge, the most general results in this direction were obtained in [NS] and [N].
The statements of these results are not simple; it turns out that the asymptotic behaviour
of Nx(A) as A — oo depends on subtle properties of the boundary. The following theorem
is contained in [NS].

Theorem 3.2. If the boundary OS2 is Lipschitz then

(3.4) Nx(A) = 5 |Qa X +00 ' In)), X —oo.
If 0Q € C* with o € (0,1) then
(3.5) Nx(A) = 24 |Qa A+ 0NV N = 0.
Since (d—1)/a > d—«a for all a € (0,1), the estimates (3.1), (3.3) and (3.5) imply that
(3.6) Nx(A) = Np(A) < Co A=V yx> 1, Vae(0,1),

whenever 092 € C*. From (3.1), (3.2) and (3.4) it follows that for domains with Lipschitz
boundaries

(3.7) Ny(A) = Np(A) < CoX¥'ln),  VA>2.

4. IRREGULAR BOUNDARIES: LOWER BOUNDS
Theorem 4.1. If d > 4 then there exists a constant Cq > 0 such that
(4.1) Nx(A) — Np(A) = Co A7 HQy-1l7t, VA >0.

Note that |Q|; — 0 as € — 0 because (.. 0 =, Qs < [Qg < 0o and Q5 C Q.
for all € > 0 and 6 < €. Thus Theorem 4.1 implies that

(4.2) Nx(\) = Np(A) = oo, Vd>4.

For Lipschitz boundaries (4.1) turns into
(4.3) Nx(A) — Np(A) = Cq 73,

Remark 4.2. In the dimensions d = 2,3 the inequalities (4.1) and (4.3) have no significance,
since Nx(A) — Np(A) > 1 for all d > 2 (this estimate was proved in [Fr] for domains (2
with smooth boundaries and extended in [Fi] to arbitrary bounded open sets ().
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Remark 4.3. There are reasons to believe that the difference Nyx(A\) — Np(A) grows faster as
the boundary of 2 becomes less regular. Therefore, in view of Theorem 2.1, (4.2) is likely
to be true in all dimensions d > 2. Moreover, it is plausible that Nx(\) — Np(A) > Cq A4!
for all d > 2 and all bounded open domains (). However, we are unaware of any technique
that could be used to prove these conjectures.

Remark 4.4. Recall that W3 () is a closed subspace of W, () of infinite codimension. One
could assume that the difference between counting functions of two nonnegative operators
generated by the same quadratic form on two such domains always tends to infinity. However,
it is not true. One can construct a positive function g on R and two dense subspaces Dy,
Dy of Ly(R) such that

e D, is a subspace of Dy of infinite codimension;
Jog(@) |[u/(t)|? dt < oo for all u e Dy;
Dy and D, are closed with respect to the form [ g(¢) [u/(¢)[* dt;
the counting functions of the operators generated by the restriction of this form to
Dy and D5 coincide on an unbounded subset of R, .

Proof of Theorem 4.1. The proof proceeds in several steps.

Step 1. Denote by Lp(A) the subspace of W3 ,(€2) spanned by the eigenfunctions of the

operator —Ap corresponding to the eigenvalues )\, < A\?. Suppose that L is a subspace of
W3 (€2) such that

(44) LNnLp(\) ={0}, —Av=2Xv and X|v|7,0) > IV0|7,q forall ve L\ {0}.
If e Lp(\), v € L and u+ v # 0 then

IV + 02,0 = /Q(|Vu|2+\Vv|2+2Re<Vu,Vv>) do

< )\2/ (Jul* + [v]?) dx—QRe/uA_vda: = Nllu+v]7, -
0 0

Clearly, dim (Lp(A) + L) = Np(A) +dim L. By the variational principle,

Nx(A) = max{dim F : F C W5 (Q) and ||V f||* < N?||f||* forall f € F\ {0}}.
This implies that
(4.5) Nx(A) = Np(A) +dim L.

In Step 5 we shall construct a subspace L satisfying (4.4) and estimate its dimension. It
will consist of certain linear combinations of the functions u,,, ; defined in the next step.

Step 2. Let x be the Fourier transform of the characteristic function y of the set 2. Let
us fix positive constants  and Cjsqo such that

IX(0)] > Cs  whenever |0] <0

(such constants exist because Y is continuous and x(0) = (27)~%2|Q|s > 0).
Let £ € R and |[¢] = A with X\ > §/2. Let us denote

S5(€) = {neR*: | =€, In—¢& =4}
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Clearly, the set Ss(€) is a (d — 2)-dimensional sphere whose volume does not depend on &.
We shall write |Ss(A)[g—2 := [Ss(&)|a—2 -
Let us now consider collections o, := {fj(-p ) }f:g ..... m

such that |€J(-p)| = A\ and SJ(-Q) € 55(5](-1)). Such collections form a (2d — 3)m-dimensional
manifold 3;,,(A\) whose volume is

X6 (M| 2a_3ym = ((d = 1) wamt AT [S5(N)[a—2)

Given a collection o, = {¢; (2) ];3’3 77777 € Xsm(A), let us define the functions

gl iz-g? .
tg (@) = (2m) (67 4 (6P — M) e ) . =1 m,

where ((6) := x(0)|x(0)|™". Since

1
A2 — Sj(p) 'SI(qQ) =3 |§](p) _ 5}({!1)|2’

consisting of 2m points 5]@ ) e RY

m

we have

(4 6 |)\2 uO’m NE ua'm )LQ(Q <vu0m g vuam ) (Q)’
® (@) £ (P) (@)
< (271- —d)2 Z ‘)\2 zz&p zxf q ) @ — (Vezz.g P Vezxf q ) (@)

p,q=1,2

> 17 =& P - 67)

p,g=1,2

for all j # k, and

1 N2 1 Ay e(l 2 .
A7) N ton 3@ = 1Vt il = 167 —€PPIXED — )] > Crad?, V)
due to the choice of 9.

Step 3. Let L~ be the subspace of W5 () spanned by all the functions u,,, ;. Obviously,
we have —Au = Xy for all w € L/ . If all the points {§ }p 1 in o, are distinct then

-----

the functions u,, ; are linearly independent and dim L), = m. Denote the set of points
O € Dgm() such that dim L, = m and L, (Lp(A) = {0} by 5§ (\). This set is
everywhere dense in Y, ().

Ifvel, and v=3", a;u,,; then

(4.8) N [vlLy@) = IVVlIL, ) = (Be,d; d)crn
where @ is the column (ay,...,a,)T and B,, is the Hermitian m x m-matrix with the
entries

bjk = )\2 (ung, Ugm’k)la(g) — (Vugm,j, VuamJg)LQ(Q) .

Let Bgm be the diagonal matrix with entries by, ..., bym . By (4.7),
(4.9) B,, > C5qd°I.
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The estimate (4.6) implies that
1B = Bonll3 = DIl < D2 3 167 =671 x(g” - &P,
J#k j#k p,q=1,2

where || - |2 is the Hilbert—Schmidt norm.

Step 4. If d > 3 then for all A > 0 we have the inequality

(4.10) /E (Z e — g2 x(e? - >|2> de de® .. del de®

j#k pg=1,2

< CalZsmN ga_gym M AT Qa1

This is proved by straightforward calculations see §5).

Step 5. The estimate (4.10) implies that there exists a non-empty open set E( ) (AN C
Y5m(A) such that

2 < Cym®* X ala, VYo, €SP

Recall that the square of the Hilbert—Schmidt norm of a matrix coincides with the sum
of the squares of its eigenvalues. The estimate (4.11) shows that the number of eigen-
values of the matrix B,, — B,, lying in the interval (—oo,—Cs5qd% does not exceed
Cia0 tm?* X4 1]q. This observation and (4.9) imply that B,, has at least m —
Cia 0 tm? X4, |d positive eigenvalues for all o, € ZST),L()\) N 2512131(/\) :

Let us fix o, € Z ( )ﬂE ’(\) and let L,,, be the subspace of W3 () generated

by the corresponding elgenvectors of B,, . Then L, satisfies the conditions (4.4) due to
(4.8), and

(411) ||B - Bg'm

Tm

dim L,,, >m — Cjq 6 m* A Q14
Optimizing in m the expression in the right hand side we obtain dim L,,, > Cq A44|Q-1[;"
for all sufficiently large A. This inequality and (4.5) imply (4.1). O
5. APPENDIX. PROOF OF THE ESTIMATE (4.10)
We shall deduce (4.10) from the following two lemmas.
Lemma 5.1. [, [0]* [X(0)]*d0 < 9N |-, for all d > 1 and all X > 0.

Proof. Let
1, x € \ Q-1
Y(z) = ¢ Mdist(z,090), z € Q-1
0, x ¢ Q.

The triangle inequality implies that
(@) =] < Az -yl Vo,y e RY
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Therefore 1 € WL (RY) and ||[V4||L, = X. Since the function y —1 vanishes outside -1,
/|9|6 A|9|2 X(0) =D (O)P 8 < A% =l = X =V, < 4N D], -
2
The gradient V1) vanishes outside 2y-1, so

[ 6r1erw < [ BPEORS = 96w < 2 (2l
1062 Rd

These inequalities and the elementary estimate |x|? < 3[¢[> + 2|x — ¢[? imply the required
result. O

Lemma 5.2. If d > 2 then

_ _ — 1) wy N2 —1/\2 (12 /4\(d—3)/2
1) [ ] se-magan = @-nwn [ o) o

16/62)
forall A >0, f e C(RY),

Proof. Let r € (0,]. First, we consider the integral of f(£ — n) over the product of two
balls {¢: |{] <A} and {n: |n| < r}. Changing variables & =n + 6, we see that

(5.2 / fle-macdn = [ 4 F@)a.
[€l<x Jn|<r 0] <A+
where F(6) is the volume of intersection of the d-dimensional balls {n € R? : |n| < r} and
neR: |0+n] <A},
Obviously, F(0) = wyr? if |§] < A —r. By direct calculation,
p r
F) = (d—1)wi </ <\/>\2 — 82+ V/r2 — 52— ’9!) s72 ds + 2/ Vr2 — g2 sd2ds>

0 p

whenever A —r < |0 < VA% —r2, and

F) = (d—1)wi /Op <\/)\2 — 82 42 — 52 — |0|> s 2ds

whenever VA2 — 12 < |0] < A+, where
(5.3) p = p\7,0) = (20])7 /222 + 202|102 + 2r2]0)2 — M — rt — |A]4.

Differentiating (5.2) with respect to A and taking into account the above formulae for F,
we obtain

Pogi2 (s
5.4 —n)dédn = (d—1) wg1 A 0 —— ] df.
>4 /EI—A |n|<rf(5 ) dédn ( ) W />\—r<|9<>\+rf( )( 0 \/)\2—82)

Now, differentiating (5.4) with respect to r, we see that

— — (d=1Dwy i Ar ~1,4-3 9
(5.5) /5 e magan = @ ney / £(6) 16" 05 a6

A—r<|0|<A+r

Finally, substituting » = A in (5.3) and (5.5), we arrive at (5.1). O
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If d > 3 then the right hand side of (5.1) is estimated by

(d—1) wg_ A1 / f(0)]0)7"db.

16|62)
Therefore, Lemma 5.1 and Lemma 5.2 with f(6) = |0]|* x() imply that

(5.6) / . L el (e gy < 1800 = D X2 0
i

forall d >3 and all A > 0.
In order to prove (4.10), let us note that

/ a¢ g(€)dnp = 1S5(N)]us / g(€)de = / a¢ 9() dn
[£]=X n€Ss(§) [E]=A [€]=A n€Ss(§)

for all continuous functions g. It follows that for every continuous function f we have

/ dg(l)/ d§(2)/ dﬁ(l)/ dn® Z f(E® —pl)
€1 [=A £ ess(eM) In]=x neSs(nM)

p,q=1,2
= 418 VE, / F(€ —n)de dy
[E]=X S n|=X

and, consequently,

p) (2)
/E DD SFICLE DI

J#k p,g=1,2

Zém pq 12

= dmlm = 1) (= VXSO [ [ s agan

FE" - g™ agt gl

= 4dm(m — 1)((d = 1) wa- 1A 1Z5m (V)] sy L s Af(£ —n)dgdn.
= n
Substituting f(0) = |0]*|x(0)|*> and applying (5.6), we obtain (4.10).
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