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ABSTRACT. We show that a certain moduli space of minimal A, -structures coincides
with the modular compactification mlm(n —1) of My, constructed by Smyth in [26].
In addition, we describe these moduli spaces and the universal curves over them by
explicit equations, prove that they are normal and Gorenstein, show that their Picard
groups have no torsion and that they have rational singularities if and only if n < 11.

INTRODUCTION

One of the motivations of the present work is to show that a study of the derived
categories of coherent sheaves on such basic varieties as algebraic curves can uncover
interesting geometry, including some aspects of the moduli spaces. The idea to study
algebraic varieties via their derived categories, which has been around for a while (see [5]),
recently got more focus and motivation coming from the homological mirror symmetry. In
particular, it became clear that it is important to take into account the dg-enhancement,
or the corresponding A, -structure obtained by homological perturbation (in other words,
one has to keep track of the higher Massey operations). Namely, if one takes a generator
G of the derived category, then the corresponding Ext-algebra Ext*(G, G) has a structure
of an A, -algebra, from which the derived category can be recovered. This raises a natural
question: what kind of A, -algebras are obtained in this way, possibly for some specially
chosen generators GG. For example, for a smooth projective curve C' we can take as a
generator of the derived category the object

(0.0.1) GC.p1,...,pn) =0c® Oy, & ...00,,,

where py,...,p, are distinct points of C'. In the case n = g, the genus of C', the resulting
A -algebras were studied in [16], [17] (for g = 1) and [22] (in general). The case of genus
0 curves was also studied in [22]. In this paper we consider the case when C' is of genus
1 and n is arbitrary.

.....

ated with the generator (0.0.1) one only needs the category of A.,-modules over Ec,,, . .
On the other hand, this A, -algebra itself, viewed up to a gauge equivalence, carries more
information: in fact, one can recover the pointed curve (C,py,...,p,) from it. Moreover,
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as was shown in [16] and [22], for n = g one gets an equivalence between the appropriate
moduli spaces of curves and moduli spaces of A -algebras.

In order to get such an equivalence, we allow the curves to be singular but also impose
some restrictions on (C,py,...,p,) guaranteeing that the associative algebra structure on
the Ext*(G,G) for G = G(C,p1,...,p,) is independent of the pointed curve (whereas
higher products do depend on it), and that G is indeed a generator of the perfect derived
category of C'. The latter property is equivalent to the ampleness of Oc(p1 + ...+ py)-

In this paper we study similar equivalence between moduli of curves and A, -structures in
the case of curves of arithmetic genus one with n > 1 (smooth) marked points. In this case
the algebra Ext*(G, G) still does not depend on a curve provided one has H*(C, O(p;)) = 0
for each of the marked points. In addition, we require Oc(p1 + ...+ p,) to be ample. We
call the resulting moduli stack U7 (“sns” stands for “strongly non-special”, since each
p; defines a non-special divisor).

Note that the relevance of our work to symplectic geometry is due to the fact that Fukaya
category of n-marked (symplectic) torus gives rise to an Ag-structure in U}, An
attempt to directly compute this A -algebra runs into the well-known transversality
problems: the constant maps contribute non-trivially to higher products (cf. [16], [17] for
n = 1). To deal with this problem, one has to device a consistent set of perturbations
which makes the computations hard (as one has to solve infinitely many PDEs in a
consistent way). Our result tells that once we know that the cohomology algebra is
isomorphic to Ext*(G, G) (which is easy to check), then we know that at the chain level
the A-algebra arising from the Fukaya category corresponds to one of the curves in
the moduli space U;"’. From this characterization it follows that whatever one wants to
compute for a given A, -structure in our moduli space, in particular the one coming from
the Fukaya category, we can do so using the commutative model given by the derived
category of the corresponding curve. In the work in preparation [18], extending the ideas
of [16], we will use this to establish a very precise form of homological mirror symmetry

for n-punctured tori which is valid over Z.

The paper consists of two parts. The first is a purely algebro-geometric study of the
moduli stacks U}",° (without any reference to A-structures). Here our main result

identifies U;"* \ {C1}, where C, is the elliptic n-fold curve (a certain generalization of
the cuspidal cubic curve, see 1.5), with one of the alternative compactifications of M, ,
constructed and studied by Smyth in [26, 27]. Recall that for each m, 1 < m < n, Smyth
constructs the moduli stack M, ,,(m) of m-stable n-pointed curves. The definition of

m-stability involves restricting the type of singularity a curve can have (see Def. 1.5.1).

Smyth proves that these are proper irreducible Deligne-Mumford stacks over Spec(Z[1/6]),
that the corresponding coarse moduli spaces are projective and for m < 10 coincide with
certain log canonical models of the Deligne-Mumford compactification Mlm proposed by
Hassett and Keel ([27], [13]). Our interest in the current study is the case m =n—1, and
we consider a slight modification of the Smyth’s moduli stack, denoted by ﬂ‘f’n (see 1.5.3



for precise definition), which is a proper algebraic stack over Spec(Z) (resp., Spec(Z[1/2])

for n = 2, resp., Spec(Z[1/6]) for n = 1), such that M, (n—1) = ./\/l(fon x Spec(Z[1/6]).

Theorem A[=Thm. 1.4.2+Thm. 1.5.7). Let us work over Spec(Z) for n > 3, over

Spec(Z[1/2]) for n = 2, and over Spec(Z[1/6]) for n = 1. Let ﬁf’}f — Uy be the
G, -torsor associated with the standard line bundle \. Then Z/leﬁf s an affine scheme of

finite type, defined by explicit equations. We have a natural equivalence

U\ A{C1.}) /G =~ M.

As a consequence of this approach to M(l)on we are able to establish some additional
results about geometry of this moduli space. For example, we show that for n > 5 it is a
projective scheme given by explicit quadratic equations. We prove that ﬂ(fon is smooth
for n < 6 and has rational singularities if and only if n < 11. For small values of n, we
identify the moduli space explicitly. For example, we have an amusing identification

Mig = Gr(2.5),

where G7r(2,5) stands for the Grassmannian of 2-planes in the 5-space. This extends the
well known presentation of elliptic normal curves of degree 5 as linear sections of Gr(2,5)
(see [10]) to singular curves (see Corollary 1.7.5).

A key structural result that we repeatedly use is the identification of the universal curve
over anq with a blow-up of Mcfon at n—1 special points, in such a way that the excep-
tional divisors of the blow-up correspond to the universal marked points (see Proposition
1.6.1). This also allows us to deduce that M;’"n is normal and Gorenstein. In particu-
lar, we deduce that Smyth’s moduli stacks M ,(m) are normal and Gorenstein, which
simplifies some statements in [27] formulated using the normalizations. In addition, we
prove that the Picard group of Mcfon is freely generated by A (this was known rationally;
we show that the Picard group has no torsion).

sSns

In the second part of the paper we identify the moduli stacks U;"* with an appropriate
moduli of A, -structures. Namely, we consider minimal A -algebra structures on the
graded algebra F,, = Ext*(G,G) for G = G(C,py,...,p,) given by (0.0.1). As we
mentioned above, up to an isomorphism this algebra does not depend on (C,py,...,p,).
Passing to the G,,-torsor L?fﬁﬁf allows to fix such an isomorphism canonically. Working
over a field k, we prove using [22, Cor. 4.2.5] that the functor of minimal A, -structures
on E ,, viewed up to a gauge equivalence, is representable by an affine scheme M. (E )
of finite type over k.

Theorem B[=Thm. 2.2.8]. Assume that char(k) # 2 if n =2 (resp., char(k) # 2,3 if

n=1). The affine scheme Z:?f’;f x Spec(k) is naturally isomorphic to the moduli scheme

Moo(Ery) of minimal A -structures on the algebra Ey, up to a gauge equivalence.



The proof follows the same strategy as in [22]: we reduce this to the study of the defor-
mation functors around the most singular point of U;"* which corresponds to the trivial
Ao-structure. Thus, using the tools developed in [22] we reduce the proof to studying
the deformation functor of the elliptic n-fold curve.

Our work poses several natural questions. First, one can consider other alternative com-
pactifications ﬂl,n(m) constructed by Smyth and try to construct an interpretation in
terms of A, -structures. Given our explicit description of ﬂln(n — 1) by quadratic
equations in projective space, one can ask whether one can calculate higher syzygies and
whether the homogeneous coordinate algebra of M ,(n — 1) is Koszul. Another natural
direction for a generalization is to study compactifications of M, for n > g, related to
appropriate A -structures—such a study was started by one of us in [23]. For n < g the
naive approach of studying A, -structures on the corresponding Ext-algebra probably
wouldn’t work due to the fact that these A, -structures are not determined (up to gauge
equivalence) by any finite number of the higher products u” (see [9, Rem. 1.3.2.2]). This
indicates that there are additional restrictions on A, -structures coming from curves in
this case.

1. CURVES OF ARITHMETIC GENUS 1 WITH n MARKED POINTS

1.1. Normal forms of pointed curves of arithmetic genus 1.

Let k£ be an algebraically closed field and let C' be a reduced, connected projective
curve over k of arithmetic genus 1 with n distinct smooth marked points: pi,...,pn..
When C' is smooth, (C,pi,...,p,) defines a point of the moduli stack Mj,,. To com-
pactify M, one has to allow C' to be singular. More precisely, we are interested in
modular compactifications of M, obtained by specifying a deformation open class of
curves satisfying the unique limit property in families (see [25]). Often such compactifica-
tions are constructed by identifying a class of singularities that C' is allowed to have and
then adding further restrictions on the configuration of the marked points guaranteeing
the unique limit property. For example, the Deligne-Mumford moduli space of stable
curves is a well known modular compactification for which C' is allowed to have nodal
singularities and we(py + ... + pp) is required to be ample ([8]). Smyth’s moduli spaces
mm(m) parametrize certain curves that are allowed to have elliptic [-fold points with
[ < m, in addition to nodes (see Section 1.5 below).

In our approach we start by considering the following requirements on (C,p,...,p,):

(1) h°(Oc(pi)) =1 for all i.
(2) Oc(pr+ ...+ pp) is ample.



We will see that the type of singularities of C' will be determined by these conditions a
posteriori.

We will first follow a pedestrian approach in constructing the moduli space of arithmetic
genus 1 curves (C,py,...,p,) which satisfy the conditions (1) and (2). Recall that a
reduced curve is automatically Cohen-Macaulay, so we have a relative dualizing sheaf w¢
on C'. The condition (1) has a simple interpretation that we will use repeatedly.

Lemma 1.1.1. (i) Let C be a reduced connected projective curve of arithmetic genus 1,
p a smooth point on C. Then h°(Oc(p)) = 1 if and only if h'(Oc(p)) = 0 if and only if
the restriction map

HO(O, wc) — wc|p
s an 1somorphism.
(i1) Let 7 : C — S be a flat projective morphism of relative dimension 1, with reduced

connected geometric fibers of arithmetic genus 1, and let p : S — C' be a section such that
7w 18 smooth near p. Then the following conditions are equivalent:

(1) the natural map Og — m.(Oc(p(S))) is an isomorphism;

(2) R'm.(Oc(p(5))) = 0;

(3) the natural map m.(we) — p*we is an isomorphism.

Proof. (i) One uses the fact that x(Oc(p)) = 1 (by Riemann-Roch theorem) and

h(Oc(p)) = h°(we(—p)) (by Grothendieck-Serre duality). Since H°(C,w¢) is 1-dimensional,
the restriction map to we|, is an isomorphism if and only if h°(we(—p(S))) = 0.

(ii) The exact sequence
0 — we(—p(S)) = we — pup'we — 0
shows that (3) implies that the map
R'm.(we(=p(8))) = R'm.(we)

is an isomorphism. By Grothendieck duality, this is equivalent to (1). Conversely, if (1)
holds then we get that the morphism of line bundles m.we — p*we is surjective, hence,
an isomorphism. Thus, (1) and (3) are equivalent. The same exact sequence shows that
(3) implies the vanishing of m,(we(—p(S))), and hence, by duality, of R'm,(Oc(p(S))).
Conversely, (2) implies the similar condition for every fiber, hence, by part (i), we get the
pointwise version of (3), and the condition (3) itself follows. O

We will also use the following version of the residue theorem for singular curves.

Lemma 1.1.2. Let 7 : C' — S be a flat projective morphism of relative dimension 1,
with connected reduced geometric fibers, and let pi,...,p, : S — C be sections such that
T is smooth near each p;. Then for any n € HY(C\ {p1,....pn},wc/s) one has

Z Res,, (77) = 0.



Proof. Let D = > n;p; be an effective relative divisor such that n € H°(C,wc/s(D)).
Note that Ext'(Op,we/s) =0 for i # 1 and Ml(OD,wC/S) is supported at p;(S)U...U
pn(S). Therefore, we have the relative Serre duality pairing

T: W*MI(C)D,UJC/S) ® m(Op) — Rlﬁ*wC/S ~ QOg.
By definition, its restriction 71 to the section 1 of m,(Op) is obtained by applying the
functor
Rm,RHom(-, weys)
to the projection Oc — Op. Therefore, the exact sequence
0— Oc(—D) = Oc — Op — 0

shows that the composition

7. (weys(D)) = mHom(Oc(— D), weys) —= mExt (Op, weys) —> Og

is zero. The required formula will follow once we compute local contributions to 71 (4(n)) =
0 at each point p;, corresponding to the canonical decomposition

EXt OD,Wc/S @Ext npi,wc/g).

Now the exact sequence
0— Oc(—nip;) = Oc — Oyp,p, — 0
induces an identification
PExt! (Onyp, weys) = palweys(nipi) Jweys),

compatible with ¢, and we claim that the projection to Og induced by 7; is given by the
residue at p;. Indeed, we can replace C' by an open neighborhood of p;, smooth over S,
in which case this is standard. 0

Let us fix a nonzero generator w € H°(C,wc). Note that by Lemma 1.1.1, w does not
vanish at any of the marked points p;. Below we will use this generator to define residues
of rational functions at points p;.

The cases n = 1,2 require special attention depending on the characteristic of k, which
we will come back to later (see Sections 1.2 and 1.3). For now, we assume that n > 3.

Note that we have H*(C, Oc(p;)) = 0, hence for each i # j we have h'(Oc(p; +p;)) =0
and h°(Oc(p; +p;)) = 2. By the residue theorem (see Lemma 1.1.2), for each i # j there
exist h;; € H°(C,O(p; + pj)) such that

Resy, (hijw) =1 and Resy, (hjjw) = —1.
Let us fix a choice of hy; for ¢ = 2,...,n. For distinct 7,7 > 2 we set
¢ij = hi(py).
The functions 1, hys, hys, . .., hy, form a basis of HO(C,O(py + ...+ p,)).



Set D =p;+...4+ p,. It is easy to see that for each N > 2 the functions
1, hishas, by, ... Y, where 1<m <N, 1<r<N-—-1,

y H1mo

form a basis of H°(C,Oc(ND)). Let us normalize his and hy3 (adding a constant to
them) by requiring that

hi2(p3) = his(p2) = 0,
i.e., cog = c33 = 0. Then hiyhi3 is regular near py and ps, hence, for distinct indices
i,j > 2 the element hy;hy; — hiohyz belongs to H°(C, Oc(p1 + pi + p;)). Looking at the
residues at p; and p; we see that

(1.1.1) hiihij — hashis = ¢ijhaj + cjiha; + diy
for some constants d;;. Similarly,
hishls — hiyhis € HY(C,Oc(2p1 + p2 + ps)).

Hence, we should have a relation of the form

(1.1.2) hiohis — hi,hi3 = ahyghis + bhiy + chys + d.

Thus, setting x; = hy; for i = 2,...,n, we get relations of the form
(1.1.3) ;T = Toks + C¢iyx; + ¢y + diy, for i < g, (i,7) # (2,3),
(1.1.4) x2$§ = 2225 + awyws + bxo + cxs + d.

Let us normalize the choices of hy; by requiring that
(115) C3g = Cij3 = 0 for i > 2,2 # 3.

Lemma 1.1.3. Consider the algebra A over a commutative ring R with generators
Ta,..., T, (where n > 3) and the defining relations (1.1.3), (1.1.4), where ¢;j, d;;,a,b,c,d €
R and (1.1.5) is satisfied. Then the elements
1, z5'ws, x)", fort>2,m>1
form an R-basis in A if and only if the following relations hold:
a = C3; — C24 — Cig,
dij = dg = —c,
d3i = b — c3icia,
d = —cgic — Caidy;,
(1.1.6)
Cij T Cji = C3i + C25 + Cja,
CjiCai = C3iC2i + CjaCa; + CjiCaj + day,
CjiCiQ -+ CijCjQ = CZ'QC]'Q + b + C,

CikCjk = CijCjk + CjiCik + C3pCor + d;j,

where 1,7,k > 4 are distinct.



Proof. This is a standard application of the Grobner basis technique. Namely, we order
the variables naturally (25 < z3 < ... < z,,) and use the degree-lexicographical order on
monomials in (z;). So, we have

1<@y<a3<...<Tp <T5<ToT3<...<Toly <T5<...

Then, by the diamond lemma [6], it is enough to apply the relations to write the following
monomials in two ways: z;z;7; and xgxgxm with m > 4. From equations (1.1.3) and
(1.1.4) (and also (1.1.5)), for ¢ > 4, we can simplify xoxsz; in the following two ways.

First reduce z3z; to get
ToT3l; = X303 + C3iTaks + CoiCi; + (C3iCi2 + dig) T + Caid.

Alternatively, first reduce xox; to get

ToT3x; = T35 + (@ + Cip + C27)TaT3 + C2iC3i; + (€ + dog)ws + bao + (d + caids,).
By equating the coefficients, we obtain the equations

C3i = @+ C2; + Cig,
c+dy =0,

C3iCia + d3; = D,

c3idy; = d + coid3;.

(1.1.7)

Next, we consider zox;x; for ¢,j >4 and 7 # j. First reduce zox; to get
Tolilj = IEgl‘g + (032‘ + Coj + CjQ)l’QIL‘g
+ (esiCai + Cjaca; + Cjicaj + daj)
+ 02j¢i525 + (CiCja + CaiCin + d3i) T2
+ c3ido; + cojdji + cjody;.
Alternatively, first reduce z;x; to get
ToZiX; = .2?35133 + (Ci]’ + Cji)l’gx;g + CjiC2i T + CijCo5
+(Cz’jcj2 + CjiCi2 + dij)xg + Cijdgj + Cjidgi.
Equating the coefficients, we get the relations
C3; -+ Czj -+ ng = Cij -+ Cji,
118 C3iC2i + CjaCa; + CjiCaj + daj = CjiCay,
(1.18) CiaCjo + C3iCi2 + d3i = C5Cja + CjiCia + iy,

C3ida; + C25dji 4 Cjada; = cijda; + cjidy;.

One can do a similar analysis using xsx;z; for 7,5 >4 and ¢ # j. This gives
— 2 d
T3TiT; = T3 + (Cgi + ng)[B2$3 + (CQiC;z,Z' + C3;Cj; + 3j)l’i

+ C35Cijj + (CgiCZ’Q + dgi).TQ + Cgiin + C3jdij'



and
w3,y = w303 + (0 + Cij + ¢5i) oy + Cjicsit;
+ csjcijry + (¢4 dij) s 4 brg + d 4 ¢;5d3; + cjids;.
The new relations we get from these are
CoiC3i + C3;C5; + d3j = ¢jica;,
(1.1.9) c3ida; + c3jd;i; = cijdsj + cjids;,
c+d;; =0.

To get the final equation in the statement we have to consider x;x;z; for 7,7,k > 4. We
can simplify z;x;2; in the following two ways. First reduce x;x; to get
TiT Ty = TaT3Tk + Ci5T T + CjiTi Ty + dij Ty
= 2333 + (C3x + ¢ij + Cji)TaT3
+ (espcar + dij + cijcjk + Cjici) T
+ ¢ijckixj + Cjickii + (Cancra + dag) o
+ cspdor + cijdji + cjidig.
Alternatively, first reduce z;z) to get
TiT T = ToT3T; + CjpTiT + Crj%iki + djpx;
= 2333 + (C3; + Cji + Crj) 273
+ CjkCik Tk + CijCij T
+ (€3iC2i + CrjCji + CinCri + dji)T;
+ (eicia + d3i) o
+ czidoi + cipdir, + crjdiy

The only new relation that we get from this is
(1110) C3kCok —+ Ci;Cjk —+ CjiCik + dz'j = CjkCik,
for distinct ¢, 7, k > 4.

It turns out the ambiguities in reducing the monomials zox2x,, for m > 4 are already
resolved by the above relations (we leave this as an exercise; this also follows from the
observation in part (ii) of Proposition 1.1.5 below). It is easy to see that the equations
(1.1.7), (1.1.8), (1.1.9),(1.1.10) simplify to the equations given in the statement of the
lemma (the last equation in (1.1.8) and the first two equations in (1.1.9) are discarded as
they are consequences of the other relations). O

In particular, from equations (1.1.6), we can see that for n > 4 all the coefficients can be
expressed in terms of the coefficients a, b, ¢, ¢;2, co; and ¢;;, where 4 < i < j, which
satisfy further polynomial relations. We can rewrite these relations as follows.



Definition 1.1.4. For n > 3, let U,,, be the affine scheme over Z defined by the equations
(1.1.5) and (1.1.6) on coordinates ¢;;, d;;,a, b, c,d.

Proposition 1.1.5. (i) For n = 3 we have Uz ~ A}, with coordinates a,b,c,d.

For n > 4 let us set for each 1 > 4
C; = Co4, Ci=Ci2.
Let us also set ¢ = b+ c. Then for n > 4 the ring of functions on U, is generated by
a, ¢, C, (Ci, Ci)a<i<n, (Cij)a<icj<n,
with the defining relations
(Cj — Ci)cij = (a -+ Ei + Cj + Ej)Cj —C,
(1111) (Ei — Ej)Cij = ((I + ¢+ ¢+ Cj)Ei —C fO’f‘ 4 S 1< j,
Cijcjk + Cjicz'k — Cz’kcjk + (CL + Cp + Ek)ck =C,
for 4 <i<j <k, where
Cji :CL+Ci+Ei+Cj +Ej _Cij
In particular,
U4 ~ A%
with coordinates a,c,C,cy,Cs, and
U5 =~ A%

with coordinates a, cy,Cy, Cs5, Cs, Cya5.

(11) Consider the morphism U,41 — U, forgetting the coordinates c¢p+1, Cny1 and ¢;pi1 -
Let also C, — U, be the affine family of curves defined by (1.1.3), (1.1.4). Then the map

(1.1.12) Lo > Cpt1, T3> @+ Cpy1 + Cp1, Ti = Ciptl

defines an isomorphism U, ., — C, over U,.

Proof. (i) Eliminating the variables b, d,;, as well as c3;, we can rewrite (1.1.6) as

Cij+Cji :(I+Ci+5i+0j +Ej,

d + ac = (CL +c¢ + Ei)CiEZ’ —Cccj — CEI',

C = Cj;Cj + CijCy — CjCy,

Cc= CjiEi + CijEj — EjEiy

CijCik + CjiCik — CinCik + (@ + ¢ + Cp) e, = c.
The last equation for a triple (i, j, k) together with the other equations imply the similar
equation for any permutation of (¢, j, k). Thus, eliminating in addition ¢;; for j < i using
the first set of equations above, we get the relations in (1.1.11) from the last three sets of
equations.

It is easy to see that rewriting (¢; — ¢;)(c; — ¢;)ci; in two ways using (1.1.11) we get the
equation
(a + ¢+ Ei)CZ’EZ’ — Cc; — CC; = (CL + Cj + Ej)CjEj — EC]' — CE]'

10



for ¢ # j. Hence, we can also eliminate d using the second set of equations above.

(ii) We have to compare the equations (1.1.3), (1.1.4) defining C, with the equations
(1.1.11) defining U, y1. The case n = 3 is easy so let us assume n > 4. Then, the
equation (1.1.4) follows from (1.1.3) for the pairs (i,7) = (2,4) and (3,4), Namely, the
latter equations have form

Toly = ToXg + ..., T34 = Loz + ....

Multiplying the first equation with x3, the second—with x5, and subtracting, we get
exactly (1.1.4). Next, using the relations (1.1.6) we can rewrite the equations (1.1.3) as

Tol; = XToX3 + C;T; + Cixog — ¢, 4 < 4
(1113) r3T; :x2x3+(a+ci—|—@-)(1i—Ei)—I—E—c, 4§Z
TiTj = ToT3 -+ Cij T -+ CjiTi — C, 4 <1< j

It remains to observe that the equations (1.1.13) after the substitution (1.1.12) match the
equations (1.1.11) with j = n + 1 in the first two equations and k = n + 1 in the third
equation. 0

Note that there is a natural G,,-action on U,, that comes from rescaling the non-vanishing
section w of the dualizing sheaf on C'. Correspondingly, the degree of the variables x; are
1, the constants c;; have degree 1, d;; have degree 2, a has degree 1, b and ¢ has degree
2, and d has degree 3. This action will play an important role in comparing this picture
to the moduli of A, -structures in Section 2.

Corollary 1.1.6. Assume n > 5. For any field k the dimension of the Zariski tangent
space of U, x Spec(k) at the origin is equal to (n—1)(n—2)/2. The functions (of weight
1 with respect to the G,,-action)

a, (Ci, Ci)a<is (Cij)aci<i

form a minimal set of generators of the algebra of functions on U,.

Proof. We have that the maximal ideal my of the local ring at the origin is generated by
a,c, ¢, ¢, G, cij. We see from the defining relations that ¢ and ¢ can be expressed in terms
of the other generators. We get no additional linear dependences between the remaining
generators in mp/mZ. An easy count gives the result. U

Corollary 1.1.7. For n > 5 the graded ring O(U,) is free over Z with the Hilbert series

n—3
1 2
k=3
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Proof. Set h,, = hy, . Recall that we have a basis of O(C,,) as an O(U,,)-module given by
certain monomials in x;. Since C, = U, 1, this implies that

I (n=2)t+ ¢

Bog1 = (1+ (n — Dt +nt?> +nt> + .. )h, -

P

Since O(Us) is the ring of polynomials in 6 variables of degree 1, we have hy = (1 —1)7%,
and the assertion follows by induction on n. U

Sometimes the normalization (1.1.5) is not convenient. An alternative is to consider for
n > 5 the affine space V,, (over Z) with coordinates (c;;) where 2 < 4,5 < n, i # j,
subject to the linear relations

Cij + Cji — Cig — Chi — Cji, — Cj + g + ¢, = 0
for any distinct 4, j, k, 1. We have a free action of G*~! on V,, such that (a;);>2 acts by
Cij > Cij + Qi,

and the quotient V/,, is still an affine space. Choosing hy; € HO(C, p1+p;) with Res, (hyw) =
1, and setting c;; = hy;(p;) gives a well defined point of V,, (since the only ambiguity is
to add a constant to each hy;). Note that this construction is compatible with the action
of S,,_1 permuting the points ps,...,p, and indices 2,...,n. Now Proposition 1.1.5 gives
the following result.

Corollary 1.1.8. The above construction gives a closed embedding U, — zn for each
n > 5, so that the projection U,y 1 — U, s compatible with the projection V, 1 — V,
omitting c;; with i =n+1 or j=n+1.

Example 1.1.9. Let us consider the wheel of n > 3 projective lines C;U...UC,,, where
1 € C;isglued to 0 € Cyyq and p; = oo € C;. Let u; denote the natural parameter on
A' € C;. We have a global section w of the dualizing sheaf on C' given by

du;
= = —dln(l—-uY,i=1,...,n.
w|Cz uz(l _ UZ) n( u’L )7 1 Y 7n
Then we have:
U1 on Cl,
To = hlg = 1-— U9 on 02,
0 on C;, 1> 2.
and for j > 3,
Uy — 1 on Cl,
0 on C;, 1<i<y,
—1; on C},
—1 on C;, 1> 7.

12



Now one easily checks that the defining relations of C'\ {p1,...,p,} become
Tokj = Tol3, 3 <7,

(1.1.14) T = Taw3 — xj, 3 <1< j,
Toxi = 1313 — ToT3.

1.2. Case n =2, char(k) # 2. In the n = 2 case we always assume that char (k) # 2.

Let t; be a formal parameter at p; such that Res,, w/t; = 1. Then there exists a function
fi € H(C,0¢(2p1)), such that at py,

f= t%mod K]

1

(we use the fact that Res,, fiw = 0). Note that f; is unique up to adding a constant.
Then the functions

1, fihiy, A5, where 1 <m < N,0<r <N —2
form a basis of H°(C,Oc(ND)). Let us also normalize his so that at p
1
h12 = t_ mod tlk’[[tl]]

1
Then f; — h3, is regular near p;. Now let us normalize f; so that

(fi — h%Q)(pl) = 0.
Then fi(fi — hiy) € H(C,Oc(p1 + 2p2)), so we have
(121) f12 — flh%Q = Oé(fl — h%Q) —+ ﬂhlg + Y

for some constants «, 3, .

The analog of Lemma 1.1.3 in this case states that for any choice of o, 5,7 in a commu-
tative ring R the R-algebra A generated by x and y subject to the defining relation

(1.2.2) y* —ya® = aly —2°) + Bz + v

has (z™,2™y) as an R-basis. In fact, (1.2.2) is simply the unfolding of the tacnode
singularity

(1.2.3) y® —yz® = 0.

We extend Definition 1.1.4 by letting Us = A2 be the affine space generated by «, 3, and
~. Note that we have a natural G,,-action such that deg(x) =1, deg(y) = deg(a) = 2,

deg(B) = 3, deg(y) = 4.

Example 1.2.1. In the case when C' is the wheel of n = 2 projective lines and 2 is
invertible (see Example 1.1.9) we can use

(1.2.4) hy = {u1—% on (Y,

%—u2 on Csy,

13
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1\2
ul_i) on 017

on Cj.

=

|

Thus, the equation (1.2.1) in this case takes form
1
fi = hihdy = it hia).

1.3. Case n = 1, char(k) # 2,3. The case n = 1 corresponds to the classical family
of Weierstrass curves. We assume that char(k) # 2,3. Then we can choose a formal
parameter ¢t at p = p; such that

w = dt mod t*k[[t]] - dt,

where w is a global section of the dualizing sheaf of C'. The condition h'(C,O¢(p)) =0
implies h%(C,Oc(mp)) = m for m > 1. Hence, there exists a non-constant function
(unique up to adding a constant) x € H°(C, O¢(2p)) such that at p,

1
2
We can normalize it by adding a constant so that

mod k|[t]].

r =

x;égmmu%ﬂm

(the coefficient of ¢ is zero since Res,(2?w) = Res,(z?dt) = 0). Similarly, since h°(C, O¢(3p)) =
3, there exists a unique function y € H°(C, O¢(3p)) such that

yE%mM%W”

Then y* — 2% € HY(C, Oc(2p)), so we have
(1.3.1) Y — 2’ =0z +¢

for some constants 0 and e. This also works in families over an affine base (see e.g., [22,
Lem. 1.2.1]). Again, (1.3.1) (with 0 and € viewed as independent variables) is simply the
unfolding of the cusp singularity

y? —2® =0.

We extend Definition 1.1.4 to this case by letting U; = A2 be the affine space generated
by § and €. Note that we have a natural G,,-action such that deg(z) = 2, deg(y) = 3,
and deg(d) =4, deg(e) = 6.

1.4. Moduli spaces. Let S be any scheme. Let U;, be the (non-separated) stack of
flat, proper, finitely presented morphisms C — S from an algebraic space C together with
n sections, whose geometric fibers are reduced, connected curves of arithmetic genus 1. It
is shown by Jack Hall in [25, appendix B| that i ,, is an algebraic stack, locally of finite
type over Spec Z.

14



Definition 1.4.1. For n > 1, we define the moduli stack U;"* to be the open substack of
U, consisting of curves C' of arithmetic genus 1 with n distinct smooth marked points

P1, ..., Pn such that

(1) h°(Oc(p;)) =1 for all i and,
(2) Oc(p1 + ...+ py) is ample.

We also denote by ~ff;f — U’} the Gy, -torsor associated with a choice of a generator of

the one-dimensional space H°(C,w¢), where we is a dualizing sheaf.

Note that the condition (1) requires that p; are non-special divisors, which is an open
condition.

Theorem 1.4.2. For n > 3 the moduli stack ﬂfﬁf 15 1somorphic to the affine scheme U,
over Spec(Z) (see Def. 1.1.4), so that the open affine part of the universal curve C'\ D,
where D = p1+...+py, gets identified with the curve C,, — U, given by equations (1.1.3)

(or equivalently, (1.1.13) for n > 4).
In the case n = 2 the moduli stack U™ over Spec(Z[1/2]) is isomorphic to the affine

1n
space A3 with coordinates «, 3,7y, so that the affine universal curve C \ D is given by
(1.2.2).

In the case n = 1 the moduli stack ﬁff;f over Spec(Z[1/6]) is isomorphic to the affine
space A? with coordinates §, ¢ so that the affine universal curve C'\ D is given by (1.3.1).

These isomorphisms are compatible with the G, -actions described above.

Proof. This is similar to [22, Thm. 1.2.3]. We follow the line of argument given there. For
simplicity let us assume that n > 3—the cases n = 1,2 can be analyzed similarly. Using
the relative version (over an affine base Spec(R)) of the constructions that led to Lemma

1.1.3 and Proposition 1.1.5, we can associate with a family 7 : C' — Spec R in L?ffjf an
R-point of U,,. Thus, we obtain a functor U;"* — U,,.

1n

Conversely, let (a,c,¢,¢;, G, c;j), where 4 < ¢ < j, represent an R-point of U,. We
consider the corresponding algebra A over R with generators x»,...,z, and defining
relations (1.1.13), or equivalently, (1.1.3), (1.1.4), where b,d,d;; and ¢;; for ¢ > j are
determined from (1.1.6). Let (F,,A)n>0 be the increasing filtration on A associated with
the generators xs, ..., z,, so that FpA=R-1, F1A/FyA = Rxs ® Rx3® ... ® Rx, and
for m > 2, F,A = (F;A)™. Lemma 1.1.3 implies that for m > 2, F,,A/F,,_1A is freely
generated over R by x;”_lxg and 2" for 2 <7 < n. Let

RA = @ F,A
m>0

be the associated Rees algebra, and consider the corresponding projective scheme over
Spec(R),
C = Proj(RA).

15



Let T' € F1 A be the element corresponding to 1 € FoA C F1A, and let D = (T = 0) be
the corresponding divisor in C'. Then one has an isomorphism C\D = Spec A and the
complementary closed set is given by

D = Proj(EP FnA/Frai A).

m>0

The graded algebra RA is the quotient of the polynomial ring R[T, X, ..., X,] by the
homogenization of the equations (1.1.3), (1.1.4),
(1.4.2) Xo X2 — X3X3 = aT Xy, X3+ bT% X, + cT? X3 + dT°.

We have n sections p; : Spec R — D cut out by:
p:T=0,Xo=X3=...=X,,
pi:T=0,X,#420,Xo0=X3=.. =X, 1=X;,,=...=X,=0 for2<i<n.
Equations (1.4.1), (1.4.2) easily imply that
D= (T=0)=U",im(p;).

(2

Over a point s € Spec R, the fibre C is given by the same equations over the residue
field k(s) of s. As F,,A is a free R-module, we can easily compute the Hilbert function
of C; to be:

he,(m) = dim(F,,,A ®g k(s)) = mn for m > 1
Hence, Cy is a reduced, connected, degree n curve in PZ(; } of arithmetic genus 1. We
conclude that 7 : C' — Spec R has relative dimension 1. Furthermore, Oﬂmgl(lﬂc =
O¢(1) is ample, so the divisor D is ample.

Note that as A is a free R-module, the morphism 7 : C\D — Spec R is flat. For each
j > 2 consider the distinguished open subset V; = Spec A; C C', where A; is the degree 0
part of the localization (RA)x;. Since D C VaU...UV,, it suffices to check that each A;
is flat over R. We know that (A;)r/x; is flat over R since 7 : C\D — Spec R is flat. On
the other hand, A]/(Xl]) = R R since V; N (T = 0) is the disjoint union of the section

p1 and p;, and so Aj/(Xi) is also flat over R. Applying [22, Lem. 1.2.4] we conclude that
A; is flat over R.

Next, let us show that the projection 7w : C' — Spec R is smooth near py,...,p,. We can
work with a geometric fiber of 7, i.e., assume that R is an algebraically closed field. Let
us show first the smoothness at p;, where j > 1. The maximal ideal m,; of the local ring
at p; is generated by T'/X;, X;/X; for i # j. Suppose first that j > 4. Over the open
set V; we can write using (1.4.1),

X, X)X T T X, T\?
O

X, xx xexy (s
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hence we have
Xi _ 2
Yj = cijyj mod m, .
which implies that m,, / mﬁj is generated by a single element, the image of 7'/X;. Hence,
C' is smooth at p;. For j = 2, the same argument works, except for the fraction X5/X>:

here we need to use that over V5, one has

X5 (Xs)" TXs o TV 12§_d 7Y’
X, \X, “X, X, X, ‘\X,) X, X,

(see (1.4.2)), hence X3/X5; =0 € m? . A similar argument works for j = 3.

Now let us prove smoothness at p;. Note that p; lies in all of the open sets V; for i > 2,
so we can work on VoN...NV,. The maximal ideal m,, of the local ring at p; is generated
by T/X5 and X;/ X5 — 1 for 3 <i <n. For each j > 4 we have from (1.4.1)

X, X3 T X,

L =t o modm? = (g + ¢jo)~— modm? .
XX, Ty, T el = (Gl modm,

On the other hand, dividing (1.4.2) by X2 X3 we get
X3 T 9
E —1= CLY2 modmpl.

Again, we conclude that T'/X; generates m,, /m? .

Next, we have to specify a choice of a global section of we. We know that our family is
of arithmetic genus 1. Thus, we can determine a global 1-form w using the requirement
that

Res,, (raw) =1
(where xo = X5 /T is a function on C' with simple poles at p; and py). The same reasoning
also works in a family. Therefore, we conclude that 7 : C' — Spec R defines an object of
the moduli stack U7

Finally, observe that H°(C,O(mD)) can be identified with F,, A inside the algebra A
of functions on C'\ D, by analyzing the polar conditions at the marked points py, ..., p,.
Furthermore, we have

Res,, (z;w) =1 and Res,, (zjw) = —1 for 2 <i<mn,
as z; — xo is regular at p; and x; = X;/T has (simple) poles only at p; and p;. Hence, it
is clear that the functors that we constructed from U, to Uy and from U7’ to U, are
inverses of each other. O

Corollary 1.4.3. For n > 3 the scheme Uin: is flat over 7.

Proof. This follows from the identification Zjin: ~ U,, Corollary 1.1.7 (for the case n > 5),
and isomorphisms Us ~ A}, U, ~ AJ. l
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1.5. Comparison with Smyth’s moduli spaces. For each 1 < m < n Smyth defined
in [26] the notion of m-stability for n-pointed curves of arithmetic genus 1 and showed that
the corresponding moduli stack ml,n(m) is an irreducible projective Deligne-Mumford
stack over SpecZ[1/6]. Below we recall the definition.

Let us denote by C,, the singular curve corresponding to the point in the moduli space

i =2 U, where all coefficients are zero. Thus, the curve C, has n smooth points at
infinity py,...,p, such that Cy, \ {p1,...,pn} is given by the equations

TT; = ToT3
for n > 4 (where the indices ¢ < j vary in [2,n]), by the equation

ToT3 = T3T3
for n = 3, by the tacnode equation (1.2.3):

Y —ya? =0
for n = 2, and finally for n = 1 we get the ordinary cusp

y? — 2 = 0.
Alternatively, we can describe C,, as the union of n generic lines passing through one
point in the projective space P*~!. The arising singularity at this point is called the

elliptic n-fold point, which is a Gorenstein singularity (see [26, Prop. 2.5]). We also refer
to C,, as the elliptic n-fold curve.

Next, let us recall (see [26, Lem. 3.1]) that each Gorenstein curve C' of arithmetic genus
1 has the so-called fundamental decomposition

(1.5.1) C=EURU...UR,

where F, called the minimal elliptic subcurve of C', is a connected subcurve of arithmetic
genus 1 with no disconnecting nodes, R; are nodal curves of arithmetic genus 0, R;NR; =
() for i # 7, and R; N E is a single point which is a node of C'.

The notion of m-stability for an n-pointed curve of arithmetic genus 1 consists of the
following three conditions:

Definition 1.5.1. A curve (C,p,...,p,) of arithmetic genus 1 (where all marked points
are smooth and distinct) is said to be m-stable if

(1) The curve C' has only nodes and elliptic [-fold points, [ < m, as singularities;
(2) If £ C C is the minimal elliptic subcurve then

[ENC\E|+|EN{p1,...,pa} > m;
(3) One has H°(C,Tc(=p1 — ... —pn)) = 0.

18



Note that in the original definition the condition (2) is required to hold for any connected
subcurve of arithmetic genus 1. The fact that it is enough to require this condition for
the minimal elliptic subcurve follows from [26, Lem. 3.5].

In [26, Lem. 3.10], Smyth shows that m-stability is a deformation-open condition, hence
one can define Mln(m) as an open substack of the stack U, of n-pointed curves of
arithmetic genus 1. In [26, Th. 3.18], Smyth verifies that M, ,(m) is an irreducible
proper Deligne-Mumford stack over Spec Z[1/6].

The requirement for 6 to be invertible is caused by the pathology that the cuspidal curve
Ceusp = C11 has extra vector fields in characteristic 2,3, while the tacnode Cy, = Ci
has extra vector fields in characteristic 2, which can lead to non-trivial infinitesimal
automorphisms of (C,py,...,p,). Let us explain this phenomenon in more detail. Recall
that the affine parts of C.,s, and Cy, are the plane curves given by

Ccusp \ {p} : 92 =a°
Cin \ {p17p2} : 192 = lez

It is easy to see that in char(k) # 2 we have rkH°(Cy,, 7¢,,) = 3, while in char(k) # 2,3
we have tkH(Crysp, Te.,,) = 2 (see [26, Prop. 2.3]). In Lemma 1.5.2 below we write out
explicitly the extra vector fields in char(k) = 2,3 that prevent condition (3) of m-stability
to hold for these curves unless there are sufficiently many marked points on them.

Let C' be either the cusp or the tacnode. Let v : C — C be the normalization map.
One has C = P! for the cusp curve, and it is the disjoint union of two P!’s for the
tacnode. Any vector field on C' can be restricted to C\Sing(C) = C\v~'(Sing(C)) and

then extended to a rational vector field on C'. This leads to a natural inclusion map:

Te = 1, Te ® K(C)

Lemma 1.5.2. Consider the normalization map v : C - Ceusp defined in affine coordi-
nates by klz,y|/(y? — x3) — k[t?,13] C k[t] sending (z,y) — (12, 13).

If char(k) = 2, the natural inclusion Tc,,,, — viTs @ K(C) is generated by the vector

fields

cusp

1
t28t7 tat; ata t_28t
which are images of the sections x*8y, ydy, 0y, 0y, of Tc..., -

In particular, there is no non-zero vector field on Cgysp which vanishes on 5 distinct
points.

If char(k) = 3, the natural inclusion Tc,,,, — Tz @ K(C) is generated by the vector
fields

1
tQata tata at7 gat

which are images of the sections 120y, 10y, Y0y, 0y of To

cusp *
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In particular, there is no non-zero vector field on Tc,,,, which vanishes on 4 distinct
points.

Consider the normalization map v : C' — Cy, defined in affine coordinates by klz,y]/(y>—

yx?) — k[t] ® k[s] sending x — (t,s) and y — (t2,0).

If char(k) = 2, the natural inclusion Te,, — v.Ta @ K(C) is generated by vector fields
tzﬁt, 5205, t@t + Sas, 8t + 83
which are images of the sections y0Oy,, (x* — y)0y, 20y, 0r of Tc,,, -

In particular, there is no non-zero vector field on Te,, which vanishes on 5 distinct points.

Proof. This is an extension of [26, Prop. 2.3] to the case of char(k) = 2,3 and follows
from a similar calculation as given there. O

Therefore, to include characteristics 2 (resp., 3) one can either throw away curves which
have cusps or tacnodes with fewer than 5 (resp., 4) marked points which in general
may result in loosing properness, or to relax the condition (3) which would lead to an
algebraic stack which is not a Deligne-Mumford stack. In our current study, we will only
be concerned with the moduli stacks M, ,(n — 1), and we choose the option of relaxing
the condition (3). Thus, we propose the following version of these stacks over Z.

Definition 1.5.3. The stack ﬂion is the moduli stack of (reduced, connected projective)
pointed curves (C,py,...,p,) of arithmetic genus 1 (where all marked points are smooth
and distinct) such that

(1)’ The curve C' has only nodes and elliptic [-fold points, [ < n, as singularities;
(2)” C has no disconnecting nodes (i.e., it coincides with its minimal elliptic subcurve);
(3)" Every irreducible component of C' contains at least one marked point.

We will see in Theorem 1.5.7 below that MTOH for n > 3 (resp., MTOQ) is proper over
Spec(Z) (resp., Spec(Z[1/2])) and that in fact it is a projective scheme for n > 5. The
following result compares it to Smyth’s moduli stack M, (n — 1) over Spec(Z[1/6]).

Proposition 1.5.4. Let (C,py,...,p,) be a reduced, connected projective curve of arith-
metic genus 1 with smooth distinct marked points, over an algebraically closed field k. If
(C,p1,...,pn) 18 (n — 1)-stable then conditions (1)’—(3)" are satisfied. The converse is
true under one of the following additional assumptions:

(a) char(k) # 2,3;
(b) char(k) #2 and n > 4;
(¢) n>5.

Proof. 1t is easy to see that for conditions (2) with m =n — 1 and (3) to be satisfied C

has to coincide with its minimal elliptic subcurve. By [26, Lem. 3.3], this implies that we
have the following possibilities for C"
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(i) a smooth elliptic curve;
(ii) an irreducible rational nodal curve;
(iii) a wheel of P'’s;

(iv) C has an elliptic m-fold point p and the normalization of C' at p consists of m
distinct smooth rational curves C1, ..., C,,.

In each of these cases one can easily see that condition (3) implies (3)’. Conversely, if (1)
(3)" are satisfied then to check (3) we use the above classification of minimal subcurves,
together with [26, Cor. 2.4] (note that the argument of [26, Cor. 2.4] works also in the
case n = 2, char(k) = 3) and Lemma 1.5.2. O

Corollary 1.5.5. There is a natural isomorphism M, ,(n — 1) ~ Mfon X Spec(Z[1/6]).

The following observation will also be useful later.

Lemma 1.5.6. For every curve C' corresponding to a point of M‘f"n, the dualizing sheaf
we 18 1somorphic to O¢.

Proof. This follows from the fact that C' coincides with its minimal elliptic subcurve and
from [26, Lem. 3.3]. O

On the other hand, we can consider the GIT stability for the action of G, on U;"’. Since

the degrees of all the coordinates c;;, d;;,a, b, c,d on ﬁffjf are positive, the GIT-semistable
points (with respect to the identity character of G,,) are exactly the points where not all
coordinates vanish. Hence, this is precisely the open subscheme

Ui\ {Crn} C U
Theorem 1.5.7. Let us work over Spec(Z) for n > 3, over Spec(Z[1/2]) for n =2, and
over Spec(Z[1/6]) for n = 1. One has an isomorphism of stacks

M, =~ U\ {C1u 1 /G

compatible with the inclusion into the stack U, of all n-pointed curves of arithmetic
genus 1. Hence, we have isomorphisms

Mﬁ ~ P(4,6) over Spec(Z[1/6]),
ME ~P(2,3,4) over Spec(Z[1/2]),
My ~P(1,2,2,3),
My, ~P(1,1,1,2,2),
M5 =P,

where P(dy, ..., dy) denotes the weighted projective stack.

21



For n > 6, the stack ﬂ(l)on s 1somorphic to the n-dimensional irreducible projective

variety in IP’Z("%)/Z given by the equations obtained from (1.1.11) by eliminating variables
¢ and ¢. The corresponding line bundle O(1) is isomorphic to the standard tautological
bundle \. For every field k, the variety ﬂ(fon x Spec(k) is still irreducible.

Remark 1.5.8. The identifications of M(l)on for n < 4 show that it is not a Deligne-
Mumford stack over Spec(Z) (non-étale automorphism groups occur in characteristics 2
and 3). However, it is a “tame stack” in the sense of [1], which seems to be a better
notion in positive and mixed characteristics.

Proof. First, we are going to check that any point [(C,p1,...,pn)] € gf’;’f, different from
C ., satisfies conditions (1)'—(3)’. Note that (3)” holds by definition.

To see that C' is Gorenstein, we need to check that the dualizing sheaf w¢ is locally free.
As was mentioned above, we know that C, is Gorenstein by [26, Prop. 2.5], i.e. wc,,, is

locally free. It follows that any curve C' in a neighborhood of C ,, is Gorenstein. Finally,

sSns

" to an isomorphic curve in a

note that the G,,-action brings an arbitrary point in U
neighborhood of C,,.

Next, using the fact that h°(C,O(p;)) = 1, we check condition (2)’. Indeed, each sub-
curve R; in the fundamental decomposition (1.5.1) should have at least one marked point
p; since O(py + ... + p,) is ample. But then for such a point we necessarily have
h(C,O(p;)) > h°(Ri, O(p;)) = 2, since the arithmetic genus of R; is zero. Hence, C
coincides with its minimal elliptic subcurve.

It follows that C' can be either a smooth elliptic curve, an irreducible rational nodal curve,

a wheel of P!’s, or a curve with a unique elliptic m-fold point for m < n (see [26, Lem.
3.3]). This immediately gives (1)’.

Conversely, if conditions (1)—(3)’ are satisfied then we can easily check that h°(C, O(p;)) =
1 for each marked point p;. Thus, we see that ./\/l(fon is an open substack in U7 obtained
by throwing away the elliptic n-fold point C',.

The explicit identification of Hion for n <5 follows from the identification of U,, given
in Proposition 1.1.5 for n = 3,4,5 and n = 1,2 follows from the identification given by
(1.3.1) and (1.2.2) (see Theorem 1.4.2).

The irreducibility of chon (resp., Mfon x Spec(k)) for n > 6 can be proved by the same
method as in [26] (using the fact that the relevant curves are smoothable).

The identification O(1) ~ A follows from the fact that the pull-backs of both line bundles

to fo;f \ {C1,} have natural trivializations, and the corresponding G,,-actions on the

trivial line bundle are both given by the identity character G,, — G,,. O

In Proposition 1.7.1 below we will also prove an isomorphism
Mﬁj ~ Gr(2,5),
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where G7(2,5) denotes the Grassmannian of 2-dimensional subspaces of a vector space
of dimension 5.

Corollary 1.5.9. For n > 5 the natural action of S, on ﬂf‘; s induced by some
automorphisms of the projective space P("=3)/2

Proof. Indeed, this follows from the fact that the projective embedding ﬂ;)on s PUn=3)/2
is given by the .S,,-equivariant line bundle A. 0

Remark 1.5.10. In terms of the isomorphism ﬂf"n ~ (U, \{0})/G,, (which is obtained
by combining Theorems 1.4.2 and 1.5.7), the action of generators of S, can be easily
described. Namely, the subgroup of permutations fixing 1,2,3 acts by natural permuta-
tions of the coordinates ¢;,¢;, ¢;; (see Proposition 1.1.5). The transpositions (13), (23)
and (24) act by the following involutions:

(13):a—a, c<C ¢ <G, cj—>ci=a+c+¢+c+¢ —cy,
(23):a— —a, c+—>c—C, = —C, ;> a+¢ +G, G —G, ¢y Cij — G,
(24) :a—> —a —2cqy — 2€4, c—>C—Cy(a+cy4+7Cq), T ¢ —cyla+ cq +¢4),
Ci ¥ Caj, C; & Cia, Cij = Cij, Where 4,7 > 5.
These formulas can be checked using the equations of the relative curve (1.1.13). A more

transparent way to see the action of the subgroup 5,1 fixing 1, is via the identification
of the affine space containing U,, with the quotient V', considered in Corollary 1.1.8.

We can now reprove the result of Smyth that the moduli stack Mlm(m) is smooth if and
only if m < 5, and get some additional information on the singularities of M, ,(m) for
m > 5.

First, we need a bit of deformation theory. Let us fix a field &, and for each m > 1 let us
consider the deformation functor Def,, of the m-fold elliptic singularity over k (defined
on local Artin algebras with the residue field k. We denote by B,, the base of the formal
miniversal deformation of the elliptic m-fold singularity. Thus, B,, is the formal spectrum
of R,,, a complete local Noetherian ring with the residue field &k, and we have a formally
étale morphism of functors

h Ry —7 Defm

where hp,, is the representable functor corresponding to R,,.

Let (C,pe,vs) be a point of U, = 4575 and let O be the completion of its local ring.

1n>
Let also U, be the formal completion of U,, at this point, i.e., the formal spectrum of O.
Let ¢,...,q- be all the non-nodal singular points of C', where ¢; is the elliptic m;-fold
singularity. By [27, Lem. 2.1}, the natural projection

(1.5.2) p:he — | [ Defn,

=1

23



is formally smooth (we use the fact that the deformations of nodal singularities are un-
obstructed).

Lemma 1.5.11. The morphism (1.5.2) factors through a formally smooth morphism p :
has — hr, where

v:hp — HDefmi,
i=1
is the miniversal deformation with R = QR,,,. Thus, p corresponds to a formally smooth
morphism

U, — ﬁ B,,,.
=1

Proof. By definition, the morphism v is formally étale. In particular, it is formally
smooth, so we can lift (non-uniquely) the projection p to a local homomorphism R — O,
so that we have a commutative triangle

(1.5.3) ﬁi/ N )

hrp —> [ [ Defm,
i=1
It then follows that the morphism p is formally smooth. Indeed, since v is étale, and p

is smooth, the morphism p induces a surjection on tangent spaces, hence, we can apply
(22, Lem. 4.5.3]. O

The analog of Lemma 1.5.11 also holds with U, replaced by ﬂln(m) This implies
that Ml,n(m) is smooth if and only if B, is smooth for m’ < m. Since we have a
formally smooth morphism from the completion of U,, at zero to B,,, this is equivalent
to smoothness of U, at zero for m" < m. Now we recall that U, is smooth for m <5 (see
Proposition 1.1.5). On the other hand, Uy is not smooth at zero, since it is 7-dimensional
but the dimension of the tangent space is 10 (see Corollary 1.1.6). Thus, we recover the
fact that M ,(m) is smooth if and only if m <5 (see [27, Cor. 4.17)).

In a similar vein we have the following results. In the rest of this subsection we work over
an algebraically closed field.

Proposition 1.5.12. The moduli stacks Mion and the schemes U, are smooth in codi-
mension < 6.

Proof. Use the stratification by the singularity type (see [27, Cor. 2.4]) and the fact that
B,,, is smooth for m < 5. O

Proposition 1.5.13. For n > 3 the scheme U, ~ Zj{f?f 1s Gorenstein and reqular in
codimension 1, hence, normal.

24



Proof. Regularity in codimension 1 follows from Proposition 1.5.12. To prove the Goren-
stein property we use the induction on n. We have seen in Proposition 1.1.5 that U, is
smooth for n < 5. Assume the assertion is true for U,. By Theorem 1.4.2 and by Propo-
sition 1.1.5(ii), we know that U, is open in the universal curve over U, = U;")’. So the
morphism U, 1 — U, is flat, with Gorenstein fibers (see the proof of Theorem 1.5.7) and
Gorenstein base. Hence, U, is Gorenstein too (see [12, Ch. V, Prop. 9.6]). 0

Corollary 1.5.14. For n > 5 the projective scheme ﬂ;}oﬂ 1s normal and arithmetically
Gorenstein, hence Gorenstein.

Proof. Indeed, the homogeneous coordinate ring of ﬂ?on is exactly the ring of functions
on U,. O

Corollary 1.5.15. The stacks My ,(m) are normal and Gorenstein for 1 <m <n.

Proof. Recall that the Gorenstein property of a local Noetherian ring can be checked after
passing to its completion (see [19, Thm.18.3]). Also, if R — S is a local formally smooth
homomorphism of complete Noetherian rings, then R is Gorenstein if and only if S is
Gorenstein (this follows from the results of [3]). Thus, by Lemma 1.5.11, to check the
Gorenstein property it suffices to check that the base B,, of formal miniversal deformation
of the elliptic m-fold point is Gorenstein. But we have a formally smooth morphism from
the completion of U, at zero to B, (by the same Lemma), and U, is Gorenstein by
Proposition 1.5.13. Hence, B,, is also Gorenstein. On the other hand, as in Proposition
1.5.12, we see that stacks M, (m) are regular in codimension 1. Hence, we conclude
that they are normal. 0

Remark 1.5.16. Over an algebraically closed field of characteristic zero, one has Pic(ﬂfn)@ =
Q (see [27, Prop. 3.2]) and the class of the canonical bundle of Mi‘; in Pic(mfn)(@ is
(n —11)A (for n > 5 this follows from the description of Mcfon as an explicit birational

contraction of M, in [27]). Below we will prove that in fact, Pic(mfn) ~ 7 and is
generated by O(1) = A. We will also give an independent derivation of the formula for
the canonical class (see 1.6.3).

1.6. Rational map from M;X)n to ﬂfn_l and its applications. Foreach 1 <i < j <

n let us consider the point P;; = P;j(n) € ﬂ(fon corresponding to the elliptic (n — 1)-fold
curve with the marked points p; and p; on the same component and exactly one marked
point on each other component.

Let

Tp M;"’n --3 an_l
be the rational map corresponding to omitting the marked point p,. Note that it is
compatible via the isomorphism of Theorem 1.5.7 with the linear projection U, — U,,_;
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omitting the coordinates ¢,, ¢, and ¢;,, i = 4,...,n — 1 (here and below we use the
coordinates introduced in Proposition 1.1.5(i)). Therefore, in terms of the natural em-
beddings ./\/lion C prn=3)/2, an_l C P=D(=49/2 the rational map 7, is induced by
the linear projection

(1.6.1) pr(n=3)/2 __, pln—1)(n-4)/2

along the n — 3-dimensional projective subspace P(K,) C P""=3)/2 where the linear
subspace K, is given by the equations ¢;; =0 for 4 <i<j<n—-1,¢ =¢ =a=0 for
4<i<n-—1.

Proposition 1.6.1. Assume that n > 6.

(i) The intersection Mcfon NP(K,,) is transversal and consists of the points Py, = P,(n),
i=1,...,n— 1. More precisely, the homogeneous coordinates c,, C,, Cim (4<1<n) at
these points are:

Pln:Enzovcin:Cn%O;

P2n: En:—Cn#O,CinZO;

P?m: En#O,CnZCinZO;

Pp,i>4: ¢y =¢,=0,cin #0,¢5, = 0 for j #i.

(i’) In terms of coordinates (c;;), where 2 < i,j < mn, i # j (see Corollary 1.1.8), the
point Py;,, where 2 < iy < n is determined by the equations

Cij = Cik,

(1.6.2) v
Ciig — Cik = Cjig — Cjk,

where the indices 1, j, k are distinct and different from ig.

(i1) The rational map m, is resolved by a diagram of reqular maps

(1.6.3) / o

where gp_1 @ Cpho1 — ﬂfn_l is the universal curve. Via the projection r,, Cn_1 gets
identified with the blow-up of M(fon at the n—1 points (Py,), i =1,...,n—1. The image
of the canonical section o; : M‘fn_l — Cp_1 (where i =1,...,n — 1) coincides with the

exceptional divisor E; = r 1(Py,).

(iii) One has m,(P;j(n)) = P;j(n — 1) for j <n—1. Furthermore, P;j(n) is the singular
point of the elliptic (n — 2)-fold curve m,;'(P;;(n —1)). Let Cy; C m, (Pyj(n — 1)) be
the component containing p; and p;, and let Cy C m, (Pij(n — 1)) be the component
containing py, where k # i,5. Then r,(Cy) is the line connecting Py,(n) and P;(n),
while r,(Cy;) is a conic containing P;j(n), Py,(n) and Pj,(n).
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Proof. (i) Proposition 1.1.5(ii) shows that with respect to the homogeneous coordinates
Y2, .- ., Yn—1 on the projective space P(K,) given by

Yo = Cp, Y3 = Cp + Cp, ?/i:CinfOT4§i<n>

the scheme-theoretic intersection MTOH NP(K,) C P(K,) is defined by the equations
Yiy; = Yoys, for any 2 < i < j < n. This immediately implies that this intersection is
transversal and consists of the following n points:

Pl:y=...=yn1#0;

Pl .2<i<n:y #0,y;, =0 for j #1i.
It remains to show that P/ = P,. For this we use the equations (1.1.13) of the affine
curve associated with each of the points P, . It is easy to check that this curve is a union
of n — 2 lines and a conic Cj,, which has as two points at infinity the marked points p;
and p,. More precisely, with respect to the coordinates x»,...,x, on the affine part of
the corresponding curve this conic component is given by

) _ _ 2 )
Cin: Ta=...=Tp_1,T9T, = T+ CyTy;
Con: 3= ...= 2y 1= 0,290, = cp(T, — T2);
Csn: xo=w4=...=xy1 = 0,232, = ¢y(x, — Cp);

Cim, 4 <i<n: xx, = cp(r, —x;),z; =0 for j #i,n.

(i) Applying a transposition swapping iy and n we can assume ig = n. Now the result
follows from (i).

(ii) Let r : B — ﬂ‘f"n be the blow-up at Hfon NP(K,) ={Pn|i=1,...,n—1}. We
can realize both B and C,_; as (reduced) subschemes of the projective bundle

P(O"? & O(-1)) = M7, ;.

Indeed, by (i), B is a closed subscheme of the blow-up B of P""=3)/2 along the projective

subspace P(K,,). The linear projection (1.6.1) extends to a regular map B — Pi-D(n-4)/2
which can be identified with the projective bundle P(O"~2 @ O(—1)) over Pr=Dn=4)/2,
On the other hand, the embedding of the relative curve C,_; into the same projective
bundle corresponds to the surjection

(1'2, ceey Tn—1, ]-) : qz-l(on_2 S¥ )\) — qu_1)\(p1 + ... +pn—1)7

where x; = hy; are rational functions defined in Sec. 1.1. Here, instead of normalizing hy;
by their residue at p;, we view them as canonical morphisms

hii i A7 2 OW;)|pe = (Ga=1):O(p1 + p; — p3), for i # 3,

hig - A0 = O(ps)|ps = (Gn-1)-O(p1 + ps — p2)
(the isomorphisms with A™! follow from Lemma 1.1.1).

Let H C P(O"2 @ O(-1)) be the relative hyperplane at infinity, i.e., the image of the
embedding P(K,) x Mff’n_l — P(O" 2 @ O(—1)) corresponding to the embedding of
bundles O"2 c O" 2@ O(—1). The intersection H N C,_; is exactly the union of the
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canonical sections oy, ...,0,_;. Note that C,_; \ H can be identified with the quotient
of the affine family of curves
Cn,1 \ Kn — Un,1 \ 0
by the action of G,,. By Proposition 1.1.5(ii), we deduce the equality
Gt \ H = 7 (M5, \ B(K,)).
Passing to closures we get the equality of the subschemes in P(O" 2 & O(-1)),
Cn1=B.

The images of the canonical sections o; in H NC,_y C H = P(K,,) x M, _, are given
by the equations 7

01 Y2 = ... = Yn-1;

0i,2<i<mn: y;=0forj#i,
where (y;) are the homogeneous coordinates on P(K,) defined in part (i). Since the
restriction of the projection 7, : Cp_q1 — ﬂ?on C Pr»=3)/2 t6 HNC,_; is given by the
natural projection P(K,) x M, _, — P(K,) C P**3/2 we deduce that r,(0;) = P, =
P, as claimed. 7

(iii) Without loss of generality we can assume that ¢ = 1 and j = n — 1 (see Corollary
1.5.9). Then the fact that 7, (P ,—1(n)) = Py ,-1(n — 1) follows immediately from (i’)
and from Corollary 1.1.8. Next, as in (i) we see that the elliptic (n — 2)-fold curve
corresponding to Py ,_1(n — 1) is given by the equations

Yy = yays for 2 <i < j<n-—1,
YoUs + Cn1Yn—1 = YiYn_1 for 2 <1 <n — 1.

Using this one can easily check the remaining assertions. 0

Corollary 1.6.2. For n > 6, the tangent cone to Mcfon at the point P;; is isomorphic to
the affine cone over anq C Pr-1)(n—4)/2

Proof. For j = n this follows from Proposition 1.6.1(ii). The general case follows using
the action of the symmetric group S,, on M(fon O

We now show how the diagram (1.6.3) can be used in studying the geometric properties
of our moduli spaces.
Proposition 1.6.3. Assume n > 5.
(i) The canonical line bundle K on MTR is K ~0O(n—11).
(ii) Over an algebraically closed field of characteristic zero or over Spec(Z) one has
Pic My, = Z,
and this group is generated by the class O(1) = A.
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(111) Let us work over an algebraically closed field of characteristic zero. Then the variety
./\/l(fon has rational singularities if and only if n < 11.

Proof. For brevity we denote the maps in diagram (1.6.3) as ¢ = ¢,—1, 7 = 7p.

(i) Let E C C,_1 be the exceptional divisor of the blow-up 7 (consisting of n — 1 compo-
nents). Since ¢ is induced by the linear projection, we have

(1.6.4) ¢O(1) ~r"O(1)(—E).
Next, we note that by Lemma 1.5.6, the relative dualizing sheaf on the universal curve
satisfies

wy >~ @A =qg"0(1).
Hence, we can prove our assertion by induction in n. For m = 5 this is true since
ﬂf; ~ P>, Assuming that the canonical bundle on ﬂ;on_l is O(n —12) we get

Kz, , = w,®qO(n - 12) = ¢"O(n — 11).
Therefore, by (1.6.4), the canonical bundle of
Mi}n \ {Plnv BRI Pnfl,n} = anl \ E

is still O(n—11), and the induction step follows (recall that ﬂ:on is normal by Corollary
1.5.14).

(ii) First, let us work over C. We use the fact that the rational Picard group of ﬂ?on isQ
([27, Prop. 3.2]). Let us show now that the group Pic(mfn) has no torsion. Suppose &

is a torsion line bundle on Mion Then L = r*¢ is a torsion line bundle on C,_; with the
property L|g, ~ O for i =1,...,n — 1, where E; are the components of the exceptional
divisor. Recall that by Proposition 1.6.1(ii), E; is the image of the ith canonical section
of ¢. Next, we claim that M := ¢.(L(E})) is a line bundle on ﬂfn,l. Indeed, for every
fiber C' of ¢ the line bundle L|¢ is torsion, hence, it has degree zero on every irreducible
component of C'. Let py = E; NC. Tt is enough to show that H'(C, L|c(p1)) = 0 (since
then H°(C, L|c(py)) will be one-dimensional by Riemann-Roch). By Lemma 1.5.6, we
have we =~ O, so by Serre duality we need to show the vanishing of H°(C, L™ |c(—p1)).
But the line bundle L™'|o(—p;) has degree —1 on one of the irreducible components
of C' and degree 0 on the remaining components, so it has no global sections. Thus,
M = q.(L(E})) is a line bundle. Let D be the effective divisor given as the vanishing
locus of the natural map ¢*M — L(FE;), so that

(1.6.5) L(E)) ~q¢*M(D).

Then on each fiber C of ¢ we have L|c(p1) =~ O(D)|c. We claim that the unique global
section of L|c(p1) vanishes at exactly one smooth point. This is easy to see when C' is
either irreducible or a wheel of projective lines. Suppose now that C' is an elliptic m-fold
curve, and let C; C C' be a component containing p;. It suffices to show that we cannot

have a global section of L|z(p;) vanishing at all the other components of C'. Indeed,
restricting such a global section to a neighborhood of the singular point ¢, we will get a
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germ f € O¢, which restricts to zero on all branches but one and will have a nonzero
derivative at ¢ on the remaining branch. This contradicts the explicit description of O¢,
(see [26, Sec. 2] and Lemma 2.2.1(i) below), so no such global section exists. Hence, D

defines a section of ¢, so it is isomorphic to /\/lfn_l. Assume first that D is different from
all the divisors E;. Then the conditions L|g, ~ O for i =1,...,n — 1 give isomorphisms

O(=1) = M(q(D N Ey)),
O~M(gDnE,;)) fori>2

on anq- In particular, the Cartier divisors ¢(D N Es) and ¢(D N E3) are linearly
equivalent. Since Pic(ﬂfn,l)(@ = Q, every nonzero effective Cartier divisor on M‘{f’n,l
is ample. Since the divisors ¢(D N Ey) and ¢(D N E3) do not intersect, we deduce that
DNEy=0,s0 M ~ O. But then we should have O(—1) ~ O(q(D N Ey)) which is a
contradiction. Suppose next that D = E; with ¢ > 2. Then restricting (1.6.5) to E; and
to E; we get O(—1) ~ M and O ~ M ® O(—1), which is a contradiction. It follows that
D = F,ie., L =q"M. Restricting to E; we get M ~ O, hence, L is trivial.

Finally, to check that O(1) is a generator of Pic(ﬂfn), we observe that ﬂ(fon contains a
projective line (with respect to the embedding given by O(1)). Indeed, we can use of the
lines contained in 7, '(P;;(n—1)) (see Proposition 1.6.1(iii)). Hence, O(1) is not divisible

in the Picard group of ./\/lcl)on

The same result over Spec(Z) follows by the standard method (see [21, p. 103]), using
the irreducibility of the fibers of ﬂ(fon — Spec(Z).

(iii) First, let us check that Mion has rational singularities for n < 11, by induction on
n. For n <6 this is true since our moduli space is smooth. Assume anfl has rational

singularities. Let P be a point of ﬂ;)on which is different from all (F;;), so that the
corresponding curve (C,py,...,p,) has at most elliptic (n—2)-fold points as singularities.
Applying the S, -action to P we can assume that there is more than one marked point
on the component of C' containing p,. Then viewing P as a point on C,_; we see that
the projection C,_q — an_l is smooth near P. Thus, P has an open neighborhood
U which is smooth over an_l, hence U has rational singularities. It remains to check
that ﬂ?on has rational singularities near each of the points F;;. Using the S, -action,
it is enough to consider the points FP;,. Note that the projection ¢ : Cpoy — ﬂfn,l
is smooth near E, hence C,,_; has rational singularities near . Now by Lemma 1.6.4
below, applied to the blow-up morphism r, Hion has rational singularities near P, if
and only if ’

T*Kfn_l =~ Kn;
where K, is the canonical bundle of /an_l. As we have seen in part (i),

Kz  ~q"O(n—11) ~r"K,((11 —n)E),
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where we used (1.6.4). Thus,
rKe  ~ K, @r,(O((11 —n)E)).

Since H°(E, Og(—i)) =0 for i > 0, we see that 7,(O(iE)) = O for i > 0, which finishes
the induction step. The same argument for n = 12 shows that ﬂfm does not have
rational singularities at the special points P;; (since r.(O(—F)) # O). For any n > 12

we can find a point P € M;X}n projecting to a special point in /\/l;om, such that an open

neighborhood of P projects smoothly to M(fu. Hence, Mion will not have a rational
singularity near P. O

We have used the following result, well-known to the experts (see e.g., [15, Lem. 1, Thm.
3] for similar statements).

Lemma 1.6.4. Let ¢ : Y — X be a proper birational morphism of quasi-projective
varieties over an algebraically closed field of characteristic zero. Assume that Y has
rational singularities. Then X has rational singularities if and only if X is Cohen-
Macaulay and ¢,wy ~ wx .

Proof. Let m : Z — Y be the resolution of singularities, p = ¢ o w. Let us also set
n=dmX =dimY = dim Z. Note that we have Rm,.0O; ~ Oy since Y has rational sin-
gularities. By Grothendieck duality, this implies that Rm,wz[n] is the dualizing complex of
Y, which means, due to Grauert-Riemenschneider vanishing, that Y is Cohen-Macauley
and mwy ~ wy.

Assume first that X has rational singularities. Then as above, we deduce that X is
Cohen-Macauley and p,wz ~ wx. Hence,

Oy 2 QT Wz =~ Dy ~ Wy
as required.
Conversely, if X is Cohen-Macauley and ¢,wy ~ wx then we get that p,wz ~ wx, so by

Grauert-Riemenschneider vanishing, we deduce that Rp.wz[n] = wx[n] is the dualizing
complex of X. Applying Grothendieck duality we obtain

Rp.Oz ~ RHom(wx[n|,wx[n]) ~ Ox,

so X has rational singularities. 0

1.7. Curves which are linear sections of Gr(2,5). In the case n = 6 we can identify
the blow-up picture of Proposition 1.6.1 with a generic linear projection of the Grassman-
nian Gr(2,5) to P5.

Proposition 1.7.1. There is an isomorphism mfﬁ =~ Gr(2,5) C P, so that the map gs
from the blow up of Mfﬁ at 5 points to MTC; ~ P° (see (1.6.3)) gets identified with a
generic linear projection of Gr(2,5) (that can be defined over Z ).
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First, we consider the well known family of (degenerating) elliptic curves obtained by
linear sections of Gr(2,5) (see e.g., [7, Sec. 2]). Namely, we consider a fixed linear
subspace L = P3 C P?, intersecting Gr(2,5) at 5 distinct points pi,...,ps. Then for
every 4-dimensional subspace P C P, containing L, the intersection Gr(2,5) N P is a
curve of arithmetic genus 1, containing the points py,...,ps.

Lemma 1.7.2. Let k be an algebraically closed field, and consider the above picture
over k. Then for every 4-dimensional subspace P C P° containing L, the curve C' =
Gr(2,5) N P with 5 marked points py,...,ps is 4-stable, i.e., defines a point of ./\/lcfi,,.

Proof. The curve C' = Gr(2,5) N P is Gorenstein and is of arithmetic genus 1. Also, the
line bundle O¢(p; + ...+ ps) = Oc(1) is ample. By [28, Prop. 2.3], the points py, ..., ps
are in general linear position. Hence,

B(Oo(p)) = KAOc(1)(=p1 — . — i — . — p5)) = 1

sns

for i = 1,...,p. Therefore, (C,p1,...,ps) corresponds to a point of . By Theorem
1.5.7, it remains to check that we cannot have C' ~ (5. Since C has degree 5, if this
were the case C' would have to be a union of 5 lines ¢;, connecting a point g € GT(?, 5)
with each of the five points p; = [U;]. Let T C P? be the tangent space to Gr(2,5) at q.
Then we have ¢; € T for + = 1,...,5, hence, P C T'. It is well known that the intersection
Gr(2,5)NT is 4-dimensional (in fact, it is the cone over the Segre embedding of P! x P2,
see [2, Sec. 6.1.3]). Since P is a linear subspace of codimension 2 in 7', this implies that
Gr(2,5) N P has dimension > 2, which is a contradiction. O

Proof of Proposition 1.7.1. It is enough to choose the embedding L = P? C P? defined
over Z such that Gr(2,5) N L consists of 5 distinct points (over any algebraically closed
field). Indeed, let X — Gr(2,5) be the blow up along py,...,ps. Then the fibers of the
regular map m : X — P° (defined as a linear projection with the center L) are exactly
linear sections of Gr(2,5) by 4-dimensional subspaces containing L. The exceptional
divisors Fi, ..., Es C X give five non-intersecting sections of 7w. Thus, by Lemma 1.7.2,
we get a family of 4-stable curves, which is the pull-back of the universal family with
respect to some regular map f : P5 — ﬂﬁ. Recall that HE ~ P5 so that A = O(1).
We claim that f*O(1) ~ O(1). Indeed, we have to calculate the line bundle A associated
with the family 7 : X — P°. By Lemma 1.1.1(ii), we have an isomorphism

A~ welp, ~ Ox(=E1)lg,

for any i = 1,...,5. But Ox(—FE;)|g, >~ O(1) since E; is the exceptional divisor of a
blow-up. Hence f is an 1somorphlsm and the map 7 : X — P is a universal curve over
M 5- Now the identification of M, ¢ follows from Proposition 1.6.1.

It remains to give a subspace P? C P? with the required properties. We use homogeneous
coordinates

[2'12 T 2131214 1 215 1 223 1 224 1 225 1 R34 1 235 - 2’45]
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on P? | so that the image of the Pliicker embedding of G7(2,5) is cut out by the equations

212234 + 214223 = Z13%24,

213245 + 215234 = 214235,

212245 T 215224 = 214225,

212235 + 215223 = 213225,

2937245 + 225234 = 224%35-

We choose the following four points on Gr(2,5):

pr=[1:0:-1: 0:0:1:0:0:0

0:1: 0:=1:0:0:0:0:1:0],
0:0:0

=)
)
e}
)
—_
@)

P2 = [
p3 = |
pa=00:0: 0: 0:0:0:0:0:0:1
and let L = P? be the linear subspace spanned by these four points in P. Note that L
is defined by the equations

Zig =724, 213 =235, Z2ua T 24 =0, 215+ 235 =0, 225 =0, w34 =0.
In particular, L is defined over Z. Since Gr(2,5) C P has degree 5, one expects that L

intersects Gr(2,5) in yet another point. Using the Pliicker relations, it is easy to verify
that indeed L intersects Gr(2,5) in exactly one other point, namely:

ps=[1:—-1:—-1:1:1:1:0:0:—1:—1].
U

Remark 1.7.3. Over an algebraically closed field of characteristic 0 the isomorphism of
ﬂfba with Gr(2,5) follows immediately from the fact that MTG is a smooth projective
variety of dimension 6 and degree 5 in PY (not contained in any hyperplane). Indeed,
this is a part of the classification result of Fujita in [11].

Definition 1.7.4. Let C' be a projective curve of arithmetic genus 1. We say that C is
4-prestable if either C' is irreducible with at most one nodal singularity, or, C' is a wheel
of <5 projective lines, or C' is the elliptic m-fold curve with m < 4.

Note that over an algebraically closed field, a curve C' is 4-prestable if and only if there
exists 5 smooth points py, ..., ps such that (C,p,...,ps) is 4-stable.

Corollary 1.7.5. Let k be an algebraically closed field. A curve C C P* can be obtained
as a linear section of Gr(2,5) (in its Plicker embedding) if and only if C' is 4-prestable.

Remark 1.7.6. The fact that every 4-stable curve (C,py,...,ps) can be realized as a
linear section of G7(2,5) can also be proved directly using the fact that such curves are
arithmetically Gorenstein in the projective embedding associated with O(p; + ...+ ps).
Namely, one can mimic the construction from [10, Sec. 4] of the Pfaffian presentation of
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elliptic normal curves of degree 5 based on Buchsbaum-Eisenbud theorem on Gorenstein
ideals of codimension 3 (see [4]). Let I C S = k[zo,...,xz4] be the homogeneous ideal
corresponding to C'. Then S/I has a minimal free resolution of the form

0 — S(=5) = S(=3)° —L> S(—2)5 = S — S/I — 0,

where f is a skew-symmetric matrix of linear forms and I is generated by the principal
4 x 4-Pfaffians of f. Interpreting f as a map f: k> — A?(k°) we get a required linear
section of the Grassmannian. In the case when C' is the elliptic 5-fold curve, i.e., the
union of 5 generic lines in P4, the minimal resolution still has the same form. However,
in this case fv has a one-dimensional kernel, so it does not give an embedding of P* into

P?. Instead, in this case the Pfaffian presentation realizes C' as a cone over 5 points in
P3.

2. MoDULI OF A, -STRUCTURES

2.1. A, -structures associated with curves.

For each curve (C,py,...,p,) corresponding to a point of U;"* we can consider the

1n
associative algebra Ext*(G, G), where
G=0c00,&..00,,.

It turns out that the fact that h°(O¢(p;)) = 1 for all ¢ implies that the algebra Ext*(G, G)
is independent of the curve (C,py,...,p,), up to an isomorphism (the requirement that
Oc(p1 + ...+ p,) is ample is not important at the moment).

More precisely, let us denote by A; € Hom(O¢, O,,) C Ext*(G,G) the natural gener-
ators. Also, a choice of nonzero tangent vectors at the marked points gives canonical
generators B; of the one-dimensional spaces Ext'(0,,,O¢) C Ext*(G,G), so that the
algebra Ext*(G,G) is generated by A; and B; over the subalgebra k"*! (generated by
the projectors to the summands of G). The algebra structure on Ext*(G, G) is given by
the following easy computation, similar to the one in [9, Sec. 1.1].

Lemma 2.1.1. Let Q = Q,, be the quiver as in Figure 1. We identify A; with the arrow
from the central vertex to the vertex v and B; with the arrow in the opposite direction.
A choice of nonzero tangent vectors at all p;’s gives rise to a canonical isomorphism of
k-algebras

Ext*(G,G) = E,, = k[Q]/ /1,

where Jy 1s the ideal generated by the relations

BzAz == BjAj, AZB] =0 fO’/’i 7é ]
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We will consider this as an isomorphism of graded algebras by declaring the gradings as
|A;| =0 and |B;| = 1. Note that this is different from the path-length grading.

We use the convention that the paths are composed from the right.! For example, B;A;
is the image under the product:

Ext*((’)pi, Oc) X E.Clﬁt*(OC, Op ) — E.Tt*(OC, Oc)

i

of the generators B; € Ext*(O,,, O¢) and A; € Ext*(O¢, O,,).

FIGURE 1. The quiver @,

Let R be any commutative ring. Recall that an A, -algebra A over R is a graded
R-module with a collection of R-linear maps

pt s A% — A2 —d], ford>1,

i.e., u? lowers the degree by d—2. These maps are required to satisfy the A, -associativity
equations:

Z(—1)'“1””'*'“"'*”#“’”“(ad, ey Qg 1y W (@« ooy Qpg1), Gy -2 a1) =0

m,n

In particular, u' : A — A[1] is a differential, i.e. u'o ' =0, and the double product
(2.1.1) as - a; = (=114 (ay, ay)

on A is associative up to homotopy.

A minimal Ay -algebra (A, p*) over a graded associative R-algebra (A, - ) is an A.-
algebra structure on A with p! = 0 and such that (2.1.1) is the given double product on
A.

When considering A, -algebra structures on E;, we in addition assume that they are
unital with respect to the natural idempotents in FEj, corresponding to the vertices of
the quiver Q,, i.e., any operation u', [ > 2, that has one of these idempotents as one of
the arguments, is required to vanish.

IThis is opposite to the convention adopted in [9] and [22], where we reverse the direction of the arrows
in the quiver @, .
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Here we do not delve into the theory of A, -algebras, as they are well studied in the
literature. A good reference is [24, Ch. 1] but the more relevant aspect of the theory for
us is discussed in detail in [22, Sec. 4], which we refer to in this text.

Working over a field £, it turns out that if the first Hochschild cohomology group
HH'(A)¢ vanishes then the set of minimal A, -structures on the associative algebra
A up to a gauge equivalence can be represented by an affine scheme (see [22, Cor. 4.2.5]).
We denote this affine scheme by M, (A). Note that, in general, this scheme is constructed
as the inverse limit

Moo(A) = lim Ma(A)

of affine schemes Mvd(A) of finite type which represents the set of minimal Ay-structures
over A, hence is not necessarily of finite type.

As in [22, Section 3.1] (see also, [16, Section 5.1] for the special case n = 1), we can use a
natural dg-resolution of Ext*(G, G) to construct an A, -structure on E;, ® R associated
with a family of curves (C,p1,...,p,) over Spec R in gf’}f(R) (where R is a commutative
ring). This is constructed by considering endomorphisms of G in a dg-enhancement of
D?(C) and then applying the homological perturbation lemma (see [20], [14]) to get a

minimal A, -algebra, defined canonically up to a gauge equivalence.

Thus, we have a morphism of functors

(2.1.2) U™ — Moo(Er ),

where ./T/l/oo(ELn) is the functor associating with R the set of gauge equivalence classes of

minimal Ay -structures on Fy, ® R. We will show later using the results of [22, Sec. 4]

that if we work over a field £ then -//\—/Too(El,n) is representable by an affine k-scheme of
finite type. Our main theorem in this section is that the map (2.1.2) is an isomorphism
of affine schemes.

Lemma 2.1.2. (i) The map (2.1.2) is compatible with the natural G,, -actions, where the
action on Moo (E1,,) is given by

(2.1.3) (u") = (A" 2p"),
which is also the transformation induced by the rescaling B; — A\B;.

(ii) The A -structure on Ey, associated with the elliptic n-fold curve C4,, is trivial (up
to a gauge equivalence).

Proof. (i) Asin [22, Prop. 3.3.2] (see also [16] Lemma 5.2 for n = 1), one can check that it
is possible to choose the homotopy operator needed to run the homological perturbation
for the dg-algebra associated with the universal curve over the affine scheme Uy ~ U,,
in a G,,-equivariant way (where the G,,-action is extended naturally to the universal
curve). Then, as in [22, Prop. 3.3.2], one checks that the resulting higher products "
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will have weight n—2 with respect to the G,,-action. It is easy to check that the rescaling
B; — AB; produces the same transformation (2.1.3).

(ii) (See [22, Prop. 4.4.1] for a similar argument.) First, we observe that there is a natural
Gy,-action on C4,, (induced by the G,,-action on the universal curve over U, ), therefore,
we get an induced G,,-action on the Ext-algebra £} ,,. It is easy to see that this action is
given by A% where deg is the cohomological grading on E,,. Using the G,,-equivariant
homological perturbation as in (i), we obtain a G,,-equivariant A -structure on E ,,.
But p" lowers the cohomological degree by n — 2, so only u? can be nonzero. U

Similarly to [22, Prop. 4.4.1] we get the following result connecting the associative algebra
E, ,, to the elliptic n-fold curve C},,.

Proposition 2.1.3. We have an equivalence of perfect derived categories
Per(C4,,) ~ Per(E1,)
inducing a G, -equivariant isomorphism
(2.1.4) HH*(Cy,) ~ HH*(E1,),
so that the second grading on these spaces is given by the weights of the G, -action.
2.2. Comparison of the moduli spaces. We have the following analog of [22, Lem.
4.4.2] (See also [26, Prop 2.3].)

Lemma 2.2.1. Let C = Cy,,, where n > 2. We work over an arbitrary field k, except
in the case n =2, assume that char(k) # 2. Recall that D =p; + ...+ p,.

(i) The algebra of functions on C'\ D can be identified with the subalgebra in [, k[z;]
consisting of (fi(x;)) such that f;(0) = f;(0) for i # j and

f1(0) = f5(0) + ... + £,(0).
(ii) The one-dimensional space H'(C,O) has weight 1 with respect to the G,,-action.
(iii) The space H°(C,T), where T is the tangent sheaf, decomposes as a direct sum
H°(C,T)=H’C, T(-D))®V,

where V' is an n-dimensional subspace of weight 1 with respect to the G,,-action, such
that the composition

V — H°(C,T)— H°(D,T|p)
18 an 1somorphism. Furthermore,

H(C,T(-D)) = H(C,T)%"

and this space is spanned by the derivation coming from the G,,-action on C'. The natural
map H(C, T(nD)) — H°(C,T(nD)|p) is surjective for n > 0. Also, one has

H°(C,T(-2D)) = 0.
(iv) One has H'(C,T) = 0.
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Proof. Let C; ~ P!, i = 1,...,n, be the irreducible components of C, and let ¢ € C
be the singular point. For m > 3 we number components in such a way that x; is a
coordinate on C; \ {p;} for i« > 2 and z; = 0 on C; for j > 2, j # i. The remaining
component C; has the affine part C; \ {p1} given by z; = z; for ¢ # j, and we denote
by x; the restriction of any of z;’s to Cy \ {p1}. For n = 2, we let z; be the natural
coordinates on C; \ {p;}, ¢ = 1,2, obtained by restricting = (so that y = 0 on C; and
y=2a%on Cy). Let us also set U =C\ D, U; = C;\ {p;} and V =C\ {q}.

(i) Assume first that n > 3. Then the algebra O(C'\ D) has the basis 1, 2}", 25'x3, where
i >2, m > 1. The projections O(C'\ D) — k[z;] for i > 2 are given by z; — z;, x; — 0
for j # i. The projection O(C'\ D) — k[z1] sends all x; to z1. Now the assertion follows
immediately by considering the images of the basis vectors. In the case n = 2 we have

the basis ™, yz™ (where m > 0) on O(C'\ D). The map

sends ™ to (27", 73") and ya™ to (0,25"?), and the assertion follows.

(ii) We can compute H'(C, ©) using the covering of C' by two affine open sets: C' = UUV.
Thus, this group is identified with the cokernel of the map

H(U,0) @ H(V,0) — H(UNV,0) = [ [ klz;, z;").
i=1
Functions on V = 1;C; \ {g} map to collections (P;(z; ")), where P; are arbitrary poly-
nomials. A collection (z;Q;(x;)), where @); are polynomials, comes from an element of
H°(U,O) if and only if Q;(0) = 0. Hence, the classes in H'(C,O) are represented by

elements of the form (az;) with a € k. It remains to observe that (A\™1)*z; = A\z;.

(iii) Let us first study derivations of the algebra O(U). Every such derivation restricts
to a derivation of O(U \ q) = [[i_; O(U;). Assume first that n > 3. Then we get
a collection of vector fields v; € k[z;, 2;']0,,. It is easy to see that such a collection
extends to a derivation of O(U) if and only if there exists a constant a € k such that
v; € (ax;+x2k[z;])0,,. On the other hand, v; is regular at infinity (i.e., extends to C;\{q})
if and only if v; € 22k[z; ']0,,. Thus, an element of H°(C,T) corresponds to a collection
of the form (v; = (ax; + b;x?)d,,); the subspace H°(C,T(—D)) consists of (v; = az;0,,).
On the other hand, for n > 1 the space H°(C, T (nD)) consists of v; = P;(x;)d,,, where
P, are polynomials of degree n + 2 with P;(0) = 0, P/(0) = a (independent of 7). This
easily implies all our assertions.

(iv) As in (ii), we can use the covering C'= U UV to compute H'(C,T). Thus, we just
need to see that every derivation of O(U \ q) is a sum of a derivation that is regular at
infinity and a derivation that extends to U. But this follows easily from the explicit form
of such derivations in (iii). O

As in [22, Lem. 4.4.3], we deduce the following results about the Hochschild cohomology
of Cl,n .
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Corollary 2.2.2. For n > 3, one has
HH'(C1)<0 =0,
and the natural map
HH?*(Cy,) — HH*(U)

is an isomorphism, where U = Cy,, \ D.
The same conclusions hold for n = 2 and char(k) # 2 (resp., for n =1 and char(k) #
2,3).
Proof. As before, we set C' = C,,. We use the natural exact sequences

0— HY(C,0) = HH'(C) = H(C,T) — 0,

0— HYC,T)— HH*(C) - HH*(U) — 0
(see [16, Sec. 4.1.3]). Now the assertions follows from Lemma 2.2.1(ii),(iii),(iv). For the
case n = 1, see [16, Sec. 4.1, 4.2]. O

Using the isomorphism (2.1.4) we deduce the vanishing
(2.2.1) HH'(Eyy)<0 =0,
which implies the following result.

Lemma 2.2.3. For n > 3 the functor /f\;l/oo(ELn) of minimal A -structures on Ey, is
represented by an affine k-scheme. The same conclusion holds for n = 2 and char(k) # 2
(resp., n =1 and char(k) # 2,3).

Proof. This follows from [22, Cor. 4.2.5]) using the vanishing (2.2.1). O

For every k-scheme X we denote by Lx the cotangent complex of X over k. We have
the following analog of Lemma 4.4.5 of [22].

Lemma 2.2.4. For C' = C},, the natural maps
Exty (Lo, O(—=D — p;)) — BExtg (Lo, O(=D)) — Exty;(Ly, Op) and
ExtZ (Lo, O(—=D — p;)) — BExt? (Ly, Oy)

are isomorphisms, where p; is any of the standard marked points on C = C},,.

Proof. The proof is similar to that of [22, Lem. 4.4.5]. Since L¢ is a perfect complex, it
is enough to show that the maps

Exts (Lo, O(=D — p;)) — Exti (Lo, O(=D)) and
Exts(Le, O(nD)) — Exts(Le, O((n+1)D)), n > —1,
are isomorphisms for ¢ = 1,2. Using the exact sequences
0— O(-D —p;) = O(-D) = O,, =0,
0—OnD)— O((n+1)D) - Op — 0,
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this reduces to the surjectivity statement in Lemma 2.2.1(iii) together with the surjectivity

of the map
H*(C, T(=D)) = H(C, T(=D)ly,)
which is checked similarly. U

Next, we are going to compare the deformation theories of Z/N{f”ﬁ and /TAVOO(EM). Our
treatment here is parallel to Section 4.5 of [22] so we will be brief. A slight difference of
our case from the one considered in [22] is in the identification of the tangent space to
~f$ at C' = C},. By Lemma 1.1.1, a choice of a nonzero global 1-form is equivalent
to a choice of a nonzero tangent vector to one of the marked points. Thus, we can
identify the tangent space to U’ with Exty (Lo, O(—=D — p;)) for any i—these spaces
are canonically isomorphic. In fact, by Lemma 2.2.4, these spaces are naturally isomorphic
to EXt%](LU, OU)

Let Art;, denote the category of local Artinian (commutative) k-algebras with the residue
field k. We are going to compare two deformation functors,

Fi ., Fio © Arty, — Sets.

Here Fi,(R) is the set of isomorphism classes of families C' — Spec R with sections
D1, - - ., Dn, which reduce to €, upon the specialization R — k. Note that this is nothing

but the fibre of U™ (R) — U™ (k) over the point corresponding to C1,.

1n 1n

Similarly, we define Fi,(R) as the fibre of Mo (E1,)(R) = Moo(E1,)(k) over the class
of the trivial A, -structure. By Lemma 4.5.1 (i) of [22], these correspond to equivalence
classes of minimal R-linear A, -structures on Ej ,,, such that upon specialization R — k
we get a formal A, -algebra, i.e. the A -structure that is gauge equivalent to the trivial
one.

Recall that the map

5 (k) — Moo (Er ) (k)

1,n
(see (2.1.2)) sends the point corresponding to Ci,, to the class of the trivial A, -structure
(see Lemma 2.1.2(ii)). Thus, we can consider the induced map

(2.2.2) Fip— Fa
of deformation functors on Arty,.

Proposition 2.2.5. Assume that either n > 3, or n = 2 and char(k) # 2 (resp.,
n =1 and char(k) # 2,3). Then the morphism of deformation functors (2.2.2) is an
1somorphism, and the tangent space to Fu is naturally isomorphic to

HH?*(Eyy)<o = HH?(Ey )
Proof. The proof follows exactly the same line of argument as given in Prop. 4.5.4 of

[22], using Corollary 2.2.2, Lemma 2.2.4 and Lemma 2.2.3 (the latter is needed to de-
duce that the functor F, is prorepresentable, hence, homogeneous). Note that, as we
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observed above, the tangent space and obstruction space to F}, can be identified with
Exty (Lo, O(=D — p;)) and ExtZ (Le, O(—D — p;)), respectively. O

In particular, this leads to a computation of HH?(E;,). Similarly to [22, Prop. 4.7.2]

we can identify HH?Z,(F),) with the tangent space of the moduli scheme U;7* at zero.

Furthermore, since (2.1.2) is compatible with the G,,-action, this is a graded identifica-
tion, hence, using Corollary 1.1.6 (resp. Theorem 1.4.2 for n < 4) we get the ranks of
HH*(E,,).
Corollary 2.2.6. Over an arbitrary field k, we have for n > 5

HH2<E17n) _ k(nfl)(n72)/2[1]

For n = 3,4 we have:

HH*(Ey,) = K*[1] @ k*[2],
HH?*(E,3) = k[1] @ k*[2] @ k[3].
For a field k with char(k) # 2,
HH?*(E,,) = k[2] @ k[3] @ K[4].
For a field k with char(k) # 2 or 3,
HH*(Ey ) = k[4] © k[6].

Remark 2.2.7. It was shown in [17] that for a field k£ with char(k) = 2 one has
HH?(Ey ;) = k[1] @ k[3] & k[4] & k[6],
while for a field & with char(k) = 3 one has
HH?*(E,;) = k[2] © k[4] @ k[6)].

Using the methods of this paper (or computing using an explicit resolution as in [17]) one
can show that for a field k& with char(k) = 2 one has

HH?(Ey,) = k[1] @ k[2] @ k[3] & k[4].

Finally, using the G,,-action as in the proof of Theorem A of [22], we deduce our second
main result.

Theorem 2.2.8. For n > 3, the map (2.1.2) induces an isomorphism of the moduli

scheme Z]ff}f with the moduli scheme of minimal A -structures on Ei,, up to a gauge
equivalence. This isomorphism is compatible with the natural G,,-actions. The same

conclusion holds for n =2 and char(k) # 2 (resp., n =1 and char(k) # 2,3 ). O

As a consequence, we get an interpretation of the moduli space /V(fon in terms of A..-
structures.
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Corollary 2.2.9. Under the assumptions of Theorem 2.2.8, the quotient stack
U CLa}) (G = M,

is isomorphic to the moduli stack of non-formal minimal A -structures on E,, up to
gauge equivalence and rescaling, or equivalently up to an A -equivalence of Ao -structures
over k"1,

Proof. We observe that all automorphisms of FEj, as an associative algebra over k"'
have form

for some invertible constants A, \;. It is easy to check that the effect of such transforma-
tions on u" is exactly the rescaling pu™ — A"~ 2u". U

Remark 2.2.10. Note that for every subset S C {1,...,n} we have a natural subquiver
in @, such that the corresponding subalgebra is isomorphic to E; |g. In particular, we
have n subquivers Q,,—1(i) C @, (where i = 1,...,n) that give embeddings of E,_; into
E,,,. Now given a minimal A -structure p* on E,, for each ¢ we have a well defined
restriction ji*|g,_,(;), which is a minimal A -structure on Ey,_; (recall that we consider
Ao-structures that are unital with respect to the idempotents in Ej ). Therefore, we
get maps
ﬁi . Moo(El,n) — Moo(El,n—l)

for i = 1,...,n. Under the isomorphism (2.1.2), the map 7; corresponds to forgetting
the marked point p; (over some open locus including the smooth curves). Thus, for i =n
this morphism can be identified with the projection U,, — U,,_; of Proposition 1.1.5 (ii).

Next, we observe that by Proposition 2.1.3, we have that HH?*(E,,) ~ HH?*(C},) is
finite-dimensional. Therefore, by [22, Cor. 4.2.6], there is a natural isomorphism of
functors

Moc(Brp) = Ma(En )
for all d > N(n) for some sufficiently large N(n), where the forgetful map is given by
(Ni)?)gi - (Ni)3§i§d

In other words, the inverse limit 1&1 4 ./K/lvd(El,n) stabilizes. We next determine the exact
value of N(n) for all n.

Theorem 2.2.11. Qver an arbitrary field k, we have for n > 4,
Moo(E1,n) ~ Jf\;l/d(ELn) forall d > 4.

For n =3, we have

Moo(Er3) ~ My(Ey3) forall d>5.
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For n =2, over a field k with char(k) # 2, we have

.;\—/IVOO<E172) ~ .//{/lvd(El,Q) fOT all d Z 6.
For n =1, over a field k with char(k) # 2 or 3, we have

MVOO(-ELI) ~ .//\—/lvd(El,l) fO’I’ CL” d Z 8

Proof. Let n > 5. Abusing the notation we denote U, x Spec(k) simply as U,. By
Corollary 1.1.6, we know that

O = {a, (Ci, Ei)4§i§n7 (Cij)4ﬁi<j§"}

is a set of minimal generators of the algebra of functions on the affine scheme U,,, where
a, ¢;,¢; and ¢;;,¢; have degree 1 with respect to the natural G,, action. Furthermore,
we have k[U,| = k[©]/I where the ideal I is generated by quadratic relations. Now, the
argument given in the proof of [22, Prop. 4.7.2] shows that the algebra of functions on
/Wd(ELn) is isomorphic

k[O<q—2]/I<a-2,
where O<4_o (resp., I<4_2) is the set of elements in © (resp., I) of degree < d —2. It

follows that My (E1 ) ~ My(Er,) for n > 5 and d > 4.

The proof in the remaining cases is similar. Again we need to determine the algebra of
functions on U, in these cases. These have been worked out in Proposition 1.1.5 in the
cases n = 3,4. The assertion follows as above, since k[U,] (resp., k[Us]) is free with
generators of degrees < 2 (resp., < 3).

The case of n = 2 is worked out in Section 1.2 for char(k) # 2: we get that k[Us] =
A3 with generators «, 8 and ~ of degrees 2,3 and 4, respectively. Hence, we have

Moo(E12) = Mg(E, ) for all d > 6.

Finally, the case n = 1 was worked out in [17, Prop. 9] for char(k) # 2 or 3. (The
general case is also studied in [16]). O

Remark 2.2.12. We note that over a field k, the functor /\/;l;,(Eln) associating with R
the set of gauge equivalence classes of minimal As-structures on F; ,,® R is represented by

the affine space HH?*(E1,,)_1 (see [22, Thm. 4.2.4]). Assume that n > 5. By Corollary
2.2.6, it follows that

Mvg(El n) A=) (n—2)/2
On the other hand, Theorem 1.4.2 together with Theorem 2.2.8 identifies the moduli
scheme of A -structures on £, up to a gauge equivalence with the affine scheme

(2.2.3) U, — An-Dn=2/2
In fact, this embedding can be identified with the natural map
Moo(Ern) = Ms(E) )

43



which sends (u');>3 to u® by simply forgetting the higher products. Finally, note that

if we interpret U, ~ U;"*

i as moduli of curves then we can view (2.2.3) as an analog of

the rational map from a GZ -torsor over M, , to A9~9 defined in [9] in terms of triple
products.
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