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Abstract

We study self-programming in recurrent neural networks where both neurons
(the ‘processors’) and synaptic interactions (‘the programme’) evolve in time
simultaneously, according to specific coupled stochastic equations. The
interactions are divided into a hierarchy of L groups with adiabatically separated
and monotonically increasing time-scales, representing sub-routines of the
system programme of decreasing volatility. We solve this model in equilibrium,
assuming ergodicity at every level, and find as our replica-symmetric solution
a formalism with a structure similar but not identical to Parisi’s L-step replica
symmetry breaking scheme. Apart from differences in details of the equations
(due to the fact that here interactions, rather than spins, are grouped into
clusters with different time-scales), in the present model the block sizes m; of
the emerging ultrametric solution are not restricted to the interval [0, 1], but
are independent control parameters, defined in terms of the noise strengths of
the various levels in the hierarchy, which can take any value in [0, o). This
is shown to lead to extremely rich phase diagrams, with an abundance of first-
order transitions especially when the level of stochasticity in the interaction
dynamics is chosen to be low.

PACS numbers: 87.10.+e, 05.20.—y, 84.35.+i

1. Introduction

In this paper we study recurrent networks of binary neuronal state variables, represented as
Ising spins, with symmetric couplings (or synaptic interactions) J;;, taken to be of infinite
range. In contrast to most standard neural network models, not only the neuron states but
also the interactions are allowed to evolve in time (simultaneously), driven by correlations in
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the states of the neurons (albeit slowly compared to the dynamics of the latter), reflecting the
effect of ‘learning’ or ‘long-term potentiation’ in real nervous tissue. Since the interactions
represent the ‘programme’ of the system, and since the slow interaction dynamics are driven
by the states of the neurons (the ‘processors’), such models can be regarded as describing
self-programming information-processing systems, which can be expected to exhibit highly
complex dynamical behaviour.

The first papers in which self-programming recurrent neural networks were studied appear
to be [1, 2]. In the language of self-programming systems one could say that these authors
were mostly concerned with the stability properties of embedded ‘programmes’ (usually taken
to be those implementing content-addressable or associative memories). In both [1, 2], the
programme dynamics, i.e. that of the {J;;}, was defined to be adiabatically slow compared
to the neuronal dynamics, and fully deterministic. However, the authors already made the
important observation that the natural type of (deterministic) programme dynamics (from a
biological point of view), so-called Hebbian learning, could be written as a gradient descent
of the interactions {J;;} on the free energy surface of a symmetric recurrent neural network
equipped with these interactions.

In order to study more generally the potential of such self-programming systems, several
authors (simultaneously and independently) took the natural next step [3—8]: they generalized
the interaction dynamics by adding Gaussian white noise to the deterministic laws, converting
the process into one described by conservative Langevin equations, and were thus able to set up
an equilibrium statistical mechanics of the self-programming process. This was (surprisingly)
found to take the form of a replica theory with finite replica dimension, whose value was
given by the ratio of the noise levels in the neuronal dynamics and the interaction dynamics,
respectively. Furthermore, adding explicit quenched disorder to the problem in the form of
additional random (but frozen) forces in the interaction dynamics led to theories with two
nested levels of replicas, one representing the disorder (with zero replica dimension) and the
other representing the adiabatically slow dynamics of the interactions [6, 9, 10] (with non-zero
replica dimension). The structure of these latter theories was found to be more or less identical
to those of ordinary disordered spin systems such as the SK model [11], with fixed interactions
but quenched disorder, when described by replica theories with one step replica symmetry
breaking (RSB) [12]. The only (yet crucial) difference was that in ordinary disordered spin
systems the size m of the level-1 block in the Parisi solution is determined by extremization
of the free energy, which forces m to lie in the interval [0, 1] (see also [13]), whereas in the
self-programming neural networks of [6, 9, 10] m was an independent control parameters,
given by the ratio of two temperatures, which can take any non-zero value. As a consequence
one can observe in the latter systems, for sufficiently large values of such dimensions, much
more complicated scenarios of (generally discontinuous) phase transitions.

Two further classes of neural network theory studies deserve mentioning at this stage
(apart from those where a coupled dynamics of fast neurons and slow synapses is initially
defined, but where in working out equations the authors sever the two-way link between the
two after all, such as [14, 15]). The first class consists of studies aimed at modelling networks
with increased biological realism, including the effects of, e.g., synaptic exhaustion during
operation; here one is forced either to resort fully to simulations [16] or to restrict one’s
analysis to the behaviour of special solutions [17, 18]. The second class, closer in spirit to
[3-8] and the present study, aims at solving the coupled dynamics of neurons and synapses
in extremely diluted networks, exploiting the simplifications resulting from having Gaussian
distributed local fields [19, 20].

In contrast to the previously studied models involving coupled dynamics of fast neurons
and slow interactions, in this paper we study systems in which the interactions do not evolve
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Figure 1. Schematic illustration of the structure and ingredients of our recurrent self-programming
model for L = 2. The binary spin variables (spin up: o, spin down: e) evolve on time-scales of
order 1. The level-1 interactions (solid line segments) evolve on time-scales 7; >> 1. The level-2
interactions (dashed line segments) evolve on time-scales 7o >> t1. The interactions are randomly
allocated to levels. Our present model differs from this simple picture in two ways: firstly, it is
fully connected (i.e. infinite dimensional), and secondly, we allow for an arbitrary number L of
interaction types.

on a single time-scale, but are divided into a hierarchy of L different groups, each with their
own characteristic time-scale t; and noise level 7, (¢ = 1, ..., L), describing a hierarchy
of increasingly non-volatile programming levels. This appears to be a much more realistic
representation of self-programming systems; conventional programmes generally take the
form of hierarchies of routines, sub-routines and so on, and it would appear appropriate to allow
low-level sub-routines to be more easily modifiable than high-level ones. In order to retain
analytical solvability we choose the different groups of interactions randomly (prescribing only
their sizes), see figure 1. We solve the model in equilibrium, and find, upon making the replica-
symmetric (i.e. ergodic) ansatz within each level of our hierarchy, a theory which resembles,
but is not identical to, Parisi’s L-level replica symmetry breaking solution for spin systems
with frozen disorder. Although Parisi’s solution can also be traced back to the existence of a
hierarchy of adiabatically separated time-scales [13], in the present model the interactions are
grouped into clusters with different time-scales, rather than the spins. Apart from quantitative
differences in the details of the order parameter equations, a major consequence of this
difference is that in the present model the block sizes m; of the emerging ultrametric solution
are not restricted to the interval [0, 1], but are independent control parameters, defined in terms
of the noise strengths of the various levels in the hierarchy. They can consequently take any
value in the interval [0, co). We show that this leads to extremely rich phase diagrams, with an
abundance of first-order transitions especially when the level of stochasticity in the interaction
dynamics is chosen to be low, i.e. when the dimensions {m;} become large. We study our
model in full detail for the choices L = 2 and L = 3, including phase diagrams, and we
study the asymptotic properties of our model in the limits m; — oo for fixed T (deterministic
dynamics of the level-1 interactions) and m; — 0 for fixed 7 (deterministic dynamics of the
neuronal processors), for arbitrary L.
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2. Model definitions

In this paper we will refer to our binary neurons as spins and to the synaptic interactions as
couplings. We will write the N-spin state vector as o = (07, ...,0x) € {—1, 1}V, and the
matrix of interactions as J = {/J;;}. The spins are taken to have a stochastic Glauber-type
dynamics such that for stationary choices of the couplings the microscopic spin probability
density would evolve towards a Boltzmann distribution

e BH(o)

Poo(o) = — z= nge’ﬁ“(’” M
with the conventional Hamiltonian
H(O’)I—ZJijO'iO'j (2)
i<j
where i, j € {1, ..., N}, and with the inverse temperature § = T

The couplings J;; also evolve in a stochastic manner, in response to the states of the spins,
but adiabatically slowly compared to the spins, such that on the time-scales of the couplings
the spins are always in an equilibrium state described by (1). For the coupling dynamics the
following Langevin equations are proposed:

Tij%Jij= %(aio'j)sp_ﬂijjij"'nij(t)\/% i<j=1...,N 3)
with 7;; > 1. In the adiabatic limit 7;; — o0, the term (0;0/)p, representing spin correlations
associated with the coupling J;;, becomes an average over the Boltzmann distribution (1)
of the spins, given the instantaneous couplings J. n;;(¢) represent Gaussian white noise
contributions, of zero mean and covariance (n;;(t)ni(t)) = 2T;;86;x8;8(t — '), with
associated temperature 7;; = ,Bi;l. Appropriate factors of N have been introduced in order to
ensure non-trivial behaviour in the limit N — oco. We classify the spin pairs (i, j) according
to the characteristic time-scale 7;; and the control parameters (7;;, 1;;) associated with their
interactions J;;. In contrast to papers such as [3, 4, 6, 9, 10], where 7;; = 7, T;; = T and
wij = p forall (i, j), here the various time-scales, temperatures and decay rates are no longer
assumed to be identical, but to come in L distinct adiabatically separated groups I, (always
withi < j):

Lo =G, Dltij =, Tij = Ty, pij = e} I=1,...,L 4)
withl K 11 €K »» K€ -+ K< 1. Thus {(Q, j)} = UegL I;. We will write the set of spin-
interactions with time-scale 7, as J* = {J; i1, j) € I;}. The interactions in group /, are
adiabatically slow compared to those in group /;, and so on. The rationale of this set-up is that,
in information processing terms, this would represent a stochastic self-programming neural
information processing system equipped with a programme which consists of a hierarchy of
increasingly less volatile and less easily modifiable sub-routines.

Finally we have to define the detailed partitioning of the %N (N — 1) interactions into the
L volatility groups. We introduce €;;(£) € {0, 1} such that ¢;;(¢) = 1 if and only if (7, j) € I,
SO Zle €;j(£) = 1forall (i, j). In order to arrive at a solvable mean-field problem, with full
equivalence of the N sites, we will choose the €;;(£) independently at random for each pair
(i, j) with i < j, with probabilities

L
Proble;; (£) = 1] = ¢ Y e=1 5)
=1

These time-scale and temperature allocation variables {¢;;(£)} thus introduce quenched

disorder into our problem. Averaging over this disorder will be denoted by ~~~, as usual.
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3. Replica analysis of the stationary state

3.1. Equilibrium statistical mechanics of the couplings

We denote averages over the probability distribution of the couplings at level £ in the hierarchy
as (---)¢. Atevery level ¢, the stochastic equation (3) for those couplings which evolve on
that particular time-scale t, has now become conservative:

d 1 T
Wa-]ij = ﬁ(' (070 )sp)1 - Ve—1 — Medij + 15 () N

1
= He(J o T+ / 6
NaJ,] o( ) +1ij(7) (6)
with the following effective Hamiltonian for the couplings at level £:
HJ, ..., T ==gogz[J!, ..., JF] (7)

He (J* T = =g, Mog [T ... T8 (1<e<L) (8

and with the partition functions

ZIJ' . TR =) e e )
Z e T = /dJ‘ e BeHJ' - TE) (1<€<L) (10)
7, = / dJt e Pt (1
in which
H(o-,J):—ZJ,-joioj+%NZu,~jJ§. (12)
i<j i<j

This describes a hierarchy of nested equilibrations. At each time-scale 7, the interactions
Jt equilibrate to a Boltzmann distribution, with effective Hamiltonian H, which is the free
energy of the previous level ¢ + 1, starting from the overall Hamiltonian (12) (for spins and
couplings) at the fastest (spin) level. As a result of having different effective temperatures 7
associated with each level, the partition functions are found to generate replica theories with
replica dimensions m, > 0 which represent the ratios of the effective temperatures of the two
levels involved. This follows from substitution of (8) into (10):

my

ZK[J’“,...,JL]=/dJK{Z@_1[J’,...,JL]} (13)
me = Be/Be-1 my = Bi/p. (14)

The statics of the system, including the effect of the quenched disorder, are governed by the
disorder-averaged free energy F associated with the partition function Z; in (11), where the
slowest variables have finally been integrated out:

1 -
F = _IB—log Z; = — lim log ZanL”. (15)
L

mea—0 mp 4 B
This function is found to act as the general generator of equilibrium values for observables
at any level in the hierarchy, since upon adding suitable generating terms to the Hamiltonian
(12),i.e. H(o, J) > H(o, J) + .® (o, J), one finds

d
(- {(Plo, I)sphr -+ )e = lim - (16)
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We can now combine our previous results and write down an explicit expression for F,

involving multiple replications due to (13) and (15). We find F = lim,,,,, .o Flm1, ..., mp41],
with F[my, ...,mpe] = —(mpsBr) " log Z1"*', and where Z}'**' is written as
mL+1 _ /|:1_[ dJL aL+1:| l_[{ZLfl[JL’aL“]}mL
AL +1 o7

(17)
(modulo irrelevant constants), in which always a, = 1, ..., my.

3.2. Disorder averaging

In order to average (17) over the disorder, we note that the spin summation in the exponent
can also be written in terms of the allocation variables ¢;; (£):

Sl oy v

(<L (i<j)el; A1y oyl

2
_ Eeif(z) R TR
Yy ety Lz o g

i<j L<L gl 5o, OUL4

cMyfle

where we used m - - -my = B¢/B. This allows us to carry out the average in (17):

€ij [ A nOf 4] O]y ”‘L+]:|2
Fl---]= log E l_[ |:e21" Lict Beteg Z“m ----- AL+ Zﬂ] ----- ag % %
ol

mL+1,3L

1

=——log Z O

mriBL

,BZM 5(0te+1 ~~~~~ 0L+1)s (Beat s Brer)

ool Ty oL

et iy, Brar <L

(again modulo irrelevant constants). We abbreviate a = («y, ..., or+1), and introduce the

spin-glass replica order parameters q,, = % Yot ““‘of 1P by inserting appropriate
integrals over §-distributions, and arrive at

1
F[ . ] — — 10g /{dqab dqab} eNG[{q“b Gap}I+O(N®) (18)

mpaPr
G[{Qabs Qab}] = 12 qabYab + — Z Z 8(04“] ..... ar41)s (Beetseees ,3L+1)qab
< Bette
+ log Z el > ab Qab Oy .y o) OBy Bra . (19)

For N — oo the above integral can be evaluated by steepest descent, and upon elimination of
the conjugate order parameters {q,,} by variation of {g,;}, the disorder-averaged free energy
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per spin f = limy_, o, F/N is found to be

f= lim Z

2 (Ofm ~~~~~ 1), (Bestseens ﬂL+1)qab
m—0 mL+1,3L s

Bette

10g § e 2 Z£<L ﬂ[”[ Zah 8("‘&+l ..... p 1) Bpg1 - Br41)4ab%a b . (20)
{ou}

The saddle-point equations used to solve the {g,,} are given by

Ged = (21)
Z{U ) 67 Doer €0/ Berte) Doap Stapyy g o) (Bt oo B ey dabOaOb
a

witha = (ay,...,0r41) and op € {1, ..., mg} for all £, where the dimensions m, are given
by the ratios of the temperatures (14) of subsequent programming levels in the hierarchy.

4. Replica-symmetric solutions

4.1. Evaluation of the replica-symmetric free energy

Our full order parameters are q,j, = % Yoo ““‘of"""ﬂ“‘. Note that @ 41 = Br+1 and that
qaa = 1. Spin variables with «; = f; have identical level-L bonds. Those with «;, = B and
oy 1 = Br—1 have identical level L bonds and identical level L — 1 bonds, and so on. Hence,
for the present model the replica-symmetric (RS) ansatz (describing ergodicity at each level
of the hierarchy of time-scales) takes the following form:

oL #PL: Gab = 4L
sty - ooy @re1) = (Beats -« -5 BLa1)s acFBet Gab = qe
or
L
Gab = Zqi 8(W+1 ~~~~~ are1) (Best oo /3L+1)80¢e/3e + 8ap (22)
(=1

where S,j =1—4;;, and where 0 < g < --- < ¢ < 1. With a modest amount of foresight
we introduce the abbreviation

L Bew - 1 €
= => — (23)

1My g

Insertion of the ansatz (22) into (20) gives (using the relation 8, = ]_[gL=1 my, and with the
notational convention g+, = 0 to simplify summations):

f ! L iog2+ EL z ( 1)+1 i ( 1)+1
=—-mp ——1lo - wemy - -me—1(my — —qgimy(my — —q
2 L B g 4{2261[ my e—1(my 4111 1(m; 2111 1

1
—7log/DzL
Bmy---myp

L

x !/DZI cosh™ [Za\/ﬂ(qm —61£+17Te+1):|] }

=1
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For L = 1 this reduces to (modulo the irrelevant constant):

1 1 1 1

f=sqm+~gimm—1) — —log2 — — IOg/ Dz; cosh™ [z1y/Bqi17i] 24
2 4 ,3 ,Bml

whereas for L > 1 we can simplify our result to (modulo the irrelevant constant):

-1

L

1 1 1 1

f=sma = Elog2+ I > _qime |:l_[mk:| (mg —1) + quszl(ml -D
=2 k=1

1
—710g/DZL /DZLA '-'{/Dm
ﬂﬂé:lm@

L—1 miy 2
x !COSh |:ZL\/ BaLmi+ Y 2/ Blgem: — QZ+17TZ+1):| ] } e
P

mp—yymL

(25)
For systems with a single coupling time-scale (24) we again observe the similarity with the
free energy of Parisi’s RSB-1 ansatz [12] (see also, e.g., [6, 13]). For systems with multiple
coupling time-scales (25) this similarity is lost: Parisi’s RSB-L solution [12, 13] emerges only
when 7, = 7, for all £, i.e. when we return to a single coupling time-scale.

4.2. The single-level benchmark

A simple and convenient benchmark test of the above equations is obtained upon putting
€; — 6,0 for some r € {1,..., L}. Here we retain only a single bond time-scale, and our
theory should effectively reduce to that of [3]. For L = 1 this is indeed true, according to
equation (24); here we will address the generic case L > 1 and 1 < r < L. The ¢, occur only
in the quantities 7, of (23), which now simplify to

Ter = 67” Tesr = 0. (26)

S R

Insertion into the replica-symmetric disorder-averaged free energy per spin (25) gives

r —1
1 1 1 1
f=5ma - Fi log2 + -, ng [E mk} (me — 1) + Zq%nr(ml -1

1
———1o /Dzr /Dz,-f /DZ
BIT=ime £ : { :

r

me_yy mr

X { cosh |:Zr\/:3qﬂtr + > zev/B(qe — qm)m} } } e

Since g7, measures the overlap between spin states with different level L bonds, ¢; —; measures
the overlap between spin states with identical level L bonds but different level (L — 1) bonds,
and so on, the relevant state for €, = §,, must be one where g, = ¢, for all £ < r. Insertion
into the above expression gives

1 1 1 d
f= 5mq, — E log2 + anqrz (1—[ my — 1)

k=1

1

(=1

1
— rilog/ Dz, {cosh[z,/Bgq,m, ]} """
B szl myg \/—
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This expression is indeed equivalent to (24), from which it can be obtained by making the
replacements 7y — 7, and m; — my - - -m,.

4.3. Nature of the physical saddle-point

Due to our previous elimination of (imaginary) conjugate order parameters and the possible
curvature sign changes occurring in replica theories, we can no longer be sure that the relevant
saddle-point (24) and (25) gives the minimum of f. In order to allow us to select the physical
saddle-point in situations where multiple saddle-points exist, we determine the nature of the
physical saddle-point by inspection of the high-temperature state. Since there are multiple
temperatures in this problem (one for the spins, and L for the various bond levels), there are
also different ways to send all temperatures to infinity, with potentially different outcomes.
Here we consider the limit which appears most natural, where § — 0 for fixed {m,, ..., m}.
We then obtain from expression (25), with f = f + % log 2:

-1

L
A | 1 1
/}}E})f = Smdait g > aime |:1_[mk:| (m¢ —1) + Z%znl(ml -1
= k=1

1 1
— limilog/DzL /DZL_1 1+—,3m1/DZ1
=0 BTy, me 2
L—1 2 my mp_y ymr
X |:ZL\/QL7TL + ZZK\/ qeTe — 61£+17Te+1:| + O(ﬂz)
(=1
1L -1 1
— 2 2 2
=7 ;qlm [Emk:| (mg—1) + quﬂl(ml - +0(B). (27

This shows explicitly that the nature of the physical state, for § — 0 given by g, = 0 for all £,
depends on the specific choice made for the various coupling temperatures, which determine
the replica dimensions {m,} via (14). This is in sharp contrast with the standard Parisi ansatz
[12] where one always has m, < 1. Here we find

me > 1: minimization of f with respectto g,

o . 28
me < 1: maximization of f with respectto g,. (28)

4.4. The full saddle-point equations

In this section we derive the full saddle point equations of (25) for the replica-symmetric order
parameters 0 < g1 < gr—1 < ---q1 < 1, in the general L-level hierarchy. This is most
efficiently done by first writing the free energy (25) as

L —1
1 1 1
f=3ma - glog2+ Y qim []_[mk} (my — 1)
=2

k=1

—1
! L
+ Zq12771 (my—1) — |:,3 Hme:| log K1, (29)

=1

KL=/DZL {/ Dz, {{/ Dzl{coshE}’"‘} 2} } (30)
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L—1 L
E=2z1V/BqLmL + ZZ«\/ﬂ(CIUTz — Qo1 TTe1) = Zam (3D

=1 =1
a<r) = vV B(qeme — qen1Tes1) ar =+/Bqrmr. (32)

From this it follows, upon taking derivatives of f with respect to ¢; and g~ |, respectively,
that the saddle-point equations can be written as

0= Los Lo om— 1 1 9K
= gy mim Bmy---my Kp dq;
-1
1 1 1 9K
0== —m———— 22 for £>1. (34
590 [[Hmk] =) = e o or £>1. (34)

The remaining problem is to calculate derivatives of K}, which is complicated by the nesting
of integrals. Note that K; can be defined iteratively,

(33)

Ky =cosh & K; = /DZLKZliy (35)
To suppress notation we also define
¢
Mo=1 Meo=[]me (D= [ DakZfGo. GO
=1

In appendix B we show that, with this shorthand, the relevant derivatives of K are given by the
following expressions:

K 1 _
P MK (L n Dk 3, ) -
K 1

84«: = PmeML Moy (me = DK (- (¢~ tanh B) -+ )i 1P, <), - (38)

Hence the saddle-point equations (33) and (34) reduce to the, in view of the definition (22),
appealing and transparent relations

q1={---(tanh® E); ---), (39)
qe=1 = (- ([(--- (@nh E)y - )1 %), -+ ) .- (40)

5. The two-level hierarchy: L =2

5.1. General properties

We next apply our results to the case where we have just two time-scales in the bond dynamics,
and calculate the phase diagram. We found in studying the single level limit that our theory
will simply self-consistently ‘forget” about non-existent intermediate levels (as it should), and
substitute the right temperature definitions in the expressions that would have been obtained if
we had considered subsequent levels. Hence we may choose L = 2, without loss of generality,
and simply put L = 2 in expression (25):

1 1 1 1
fr=2(q1,q2) = =711 — —1og2 + —g3mom (my — 1) + —qim (m;—1) — log
Bmymy

2 B 4 4
my

X/ DZz{/ Dz {cosh [ZZ\/IB‘]ZT[Z"‘ZI\/,B(‘]NTI —qznz)]}ym} . 4D
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For L = 2 the saddle-point equations (39) and (40) reduce in explicit form to

my =Mz [ [ Dz cosh™! E tanh® E
[ Dzz [ [ Dzj cosh™ E] [—f Dz cos™ G

= 42
o [ Dzz[f Dz; cosh™ g]™ 2
RN =2
[ Dzz [[ Dz cosh™ E]™ [—f DZ'COSEOL Zm:h“]
qz — [ ] f DZ1 sh”'1 B (43)

[ Dzz[ [ Dz; cosh™ E]mz

(note: g1 = g»), with

E = 20y/Bqom + 213/ Bl@1m1 — qamo).

We can distinguish between three phases. The first is a paramagnetic phase (P), corresponding
to the solution ¢; = g» = 0 of (42), (43); according to (27) it is the sole saddle-point of (41)
in the high-temperature regime, as it should be. The second is a spin-glass phase (SG),
corresponding to a solution of the form ¢; > 0, g» = 0, describing a (spin-glass type) state
with freezing of spins but not of the couplings. Insertion of g, = 0 into (42) and (43) shows
that in this SG phase ¢; is the solution of

/ Dz cosh™ (z+/Bq1m1) tanh? (z4/Bq171)
n= [ Dz cosh™ (z+/Bq171) ‘

In the third phase (SG,) one has ¢; # 0 and ¢, # 0, here both spins and level-1 couplings
‘freeze’ into a state determined by the level-2 couplings, but the latter slowly but continually
evolve, given sufficient time. Now one has to solve (42) and (43) in full. We indicate the
various potential transition temperatures separating these phases as follows:

(44)

szﬁd: P — SG, 2nd order
T3 SG, — SG, 2nd order
T[}S{ P — SG, 1st order “45)
T)% P — SG, Ist order.

We will find that this list contains all transitions occurring.

5.2. P — SG; transitions

The locations and properties of the two types of P — SG transitions follow upon expanding
f(q1,0) in powers of g;:

—Bm1 f(q1,0) = Fo+a(T)q; +b(T)g; +c(T)g} +---.
The coefficients are found to be

a(T) = tm(my — D)Bm (B — 1)

b(T) = gmi(my — 1)(my — 2)(Bm))’ (46)
o(T) = gemi(Bry)* (3m7 — 72m7 + 128m, — 68).

Note that ¢(T) < 0for0 < m; < m,, where m, ~ 15. A continuous bifurcation occurs when
a(T) =0,i.e. when T = 7y, so

szf‘ld =€1/mpu +€/mmos. @7
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This bifurcation, dependent on the values of {m,m,}, can, however, be preceded by a
discontinuous one. Upon varying m; one finds the following scenario:

0< mi < I: b(T) >0 f(qlv O) maximal atql =0for T > T;ﬁd
[ (g1, 0) maximal atg, > 0 for T < T
l<m <2 b(T)<O0 f (g1, 0)minimal atg, = 0 for T > Tlfﬂd
f(QI 5 0) minimal atQI > O for T < Tlil‘lld
2 <my: b(T) >0 f(g1,0)minimal atg, = 0 for T > Tﬂd
f(g1,0) minimal atg; > 0 for T < Tlsl
where Tl‘lt signals a discontinuous (i.e. first-order) transition, with Tpl‘lt > Tp2nd The condition

for this latter transition follows from putting the derivative of the right-hand side of (44) with
respect to ¢; equal to unity, giving

1
= 5,3751 |:m1(l —m)gi +4(my —2)q1 +2

+(my —2)(my — 3)

/ Dz coshm‘(z\/,Bqlm)tanh4(z\/,3quT1):| (48)

[ Dzcosh™ (z+/Bqim1)

Together with (28) we may now conclude that the P — SG transition is of second order for
m; < 2, in which case it is given by (47), and first order for m; > 2, in which case it is given
by the solution of (48). In a subsequent section we will show that for m; — oo the first-order
transition temperature Tpl’sf tends to a finite and non-zero value.

5.3. Transitions to SG»

Two such transition temperatures: T1 » (Where one goes from a paramagnetic state to one with
¢1 > q2 > 0) and T2 (where one goes from q; > ¢» = 0to q; > ¢» > 0) are found. The
transition condition deﬁmng Tan follows from putting the derivative of the right-hand side of
(43) with respect to g, equal to unlty, followed by putting g = 0, which gives

1 = /Bm[l+@{m; — Dq]. (49)
We will show in appendix A that T oc /T/m; = /Ty as m; — oco.
To determine T[,lfzt, in contrast, one must demand an instability of (42) and (43) with
q1,2 > 0. This implies meeting the more general condition

ad a d¢p; 0
< P1 _ 1) < ¥2 _ 1) _ Y1 092 (50)
9q1 94> 9q2 9q1

where ¢;(q1, g2) and ¢2(q1, ¢2) denote the right-hand sides of (42) and (43), respectively.
For m; — oo we will show, as with T' 131‘, that TIS§ also tends to a finite and non-zero value,

and that T(IS[) T“St) . Hence, T[}S‘ will ultimately become the true physical transition as
m; — 00 (Or equlvalently, T; — O for fixed T).

5.4. The L = 2 phase diagram

For L = 2 there are still five independent control parameters in our model, namely 7, m,
my, my and m (where m, = €;/mmyu, and my = 7y + €;/mu) or any combination of
these. Hence we can only present representative cross-sections of the full phase diagram.
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Figure 2. Phase diagram in the (77, T') plane for L =2, € /1 = 1, €2/pup = 2 andm, = 0.5,
obtained by solving numerically the equations defining the various bifurcation lines (note:
Ty = T/my). Left panel: the large-scale structure. Right panel: enlargement of the low 77 (or high
m) region, where the first-order transitions are found. The relevant phases are P (paramagnetic

phase, g1 = g2 = 0), SG (first spin-glass phase, g; > 0, g2 = 0), and SG, (second spin-glass

phase, g1 > 0, g2 > 0). The transition lines shown, as defined in (45), are Tgﬁd (solid curve), Tﬁ‘%d

(dot-dash curve), TI}_SII (dashed curve), and T;.S; (dotted curve). Note: the curve le_‘%d jumps to zero

discontinuously at 77 = TE(O) ~ 12.575 (see main text).

In this section we will restrict ourselves to showing the transition lines in the (77, T') plane,
solved numerically from the various appropriate conditions as derived above, for the choice
e/ = 1, e2/uy = 2 with my € {0.5, 1.5} (which was found to cover more or less
the generic scenarios). According to (47), for this choice of parameters the second-order
P — SG| transition temperature 7"} will be at

T = 1 (1 + i) (51)
m; my
and it is replaced by a first-order P — SG transition at m; = 2, which, together with the
relation m; = T/ Ty, tells us that the first- and second-order P — SG lines meet at
T =T T, = % (1 + m%) ) (52)
In section 7 we will prove that, for any L, the discontinuous transition temperatures Tlﬁsﬁ and T[}SZ‘
always tend to a finite non-zero value as m; — 0o, whereas lim,,, . oo T[fﬂd = limy,, oo 75 =
0. Thus, for sufficiently small 7} (i.e. large m) the first-order transitions are always the ones
which will actually take place. Secondly, we will find that there is always a critical value
T for Ty such that 774 = 0 at Ty = T©, with 775* simply absent for T} > T.?; as a
consequence, the phase SG, no longer exists for 77 > TC(O). These two properties will be shown
to be specific cases of more general results concerning spin-glass phases of arbitrary order.
Let us first turn to my; = 0.5, ie. relatively high noise levels in the level-2
couplings compared to that of the spins. In figure 2 we show the phase diagram
and the various bifurcation lines of the L = 2 system for m, = 0.5, as obtained by
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Figure 3. Values of the order parameters ¢ and ¢ as functions of 77, along some of the transition
lines of the previous figure, for L=2, €1/ = 1, €2/p2 = 2 and my = 0.5. The values shown are
q1 along le_‘%d (dot-dash curve), ¢ along TI}_SII (dashed curve), and both ¢ and ¢, for TI}_Szl (dotted
curves). Note: the order parameters which are not shown in this figure are zero by definition.

numerical solution of the relevant equations. The actual physical transitions are the
ones which occur first as the temperature 7 is lowered from within the paramagnetic
region. It will be clear from the figure that upon lowering 7 one can find different
types of transition sequences, dependent on the value of 7j, which prompts us to define
the following critical values for 7} (these depend on the values chosen for the control
parameters):

T ~ 12.575: creation point of phase SG»

TV =1.25: creation point of 7,5 T\ = T,
T® ~ 1.15: T,% and T3 touch tangentially
T ~ 1.06: creation pointof T)% T4 = T,

Note: 7D is the point given by expression (52). In terms of these critical values we can
classify the different transition scenarios encountered upon reducing 7' down to zero, starting
in the paramagnetic region, as follows:

TO < T;: P — SG(2nd order)

TW <7 <TO: P — SG(2nd order) SG| — SG,(2nd order)
T® <T) <TV: P — SG,(1st order) SG, — SG,(2nd order)
T® <T) <T?: P — SG,(1st order) SG, — SG,(2nd order)
T, <TS: P — SG(1storder) SG| — SG,(1storder).

In figure 3 we show the corresponding values of the order parameters along the various
transition lines, as functions of 77 (with line types identical to those used in figure 2
for the same transitions), except for those order parameters which are zero by definition
(such as the values of g, when bifurcating continuously from zero). Curves in figures 2
and 3 which terminate for small but non-zero values of 77 do so due to computational
limitations; they can be shown to extend down to 7; = 0. We will calculate the values
of the order parameters in the m; — oo (i.e. 7; — 0) limit analytically in a subsequent
section.
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Figure 4. Phase diagram in the (77, T) plane for L=2,€; /111, €2/1t2 = 2 and mp = 1.5, obtained
by solving numerically the equations defining the various bifurcation lines (note: 71 = T /m).
Left panel: the large-scale structure. Right panel: enlargement of the low 77 (or high m)
region, where the first-order transitions are found. The relevant phases are P (paramagnetic phase,

q1 = q2 = 0), SG (first spin-glass phase, g1 > 0, g2 = 0), and SG> (second spin-glass phase,

q1 > 0,92 > 0). The transition lines shown, as defined in (45), are szf‘ld (solid curve), Tﬁ‘%d

(dot-dash curve), Tp'“lI (dashed curve), and Tpl“ﬁ (dotted curve). Note: the curve Tﬁ‘%d jumps to zero

discontinuously at 71 = TE(O) ~ 2.17 (see main text).

The general tendency for the system in the phase diagram, as expected, is to have more
phases, increasingly discontinuous transitions separating them, and hence the most interesting
physics, for small values of 7 (i.e. large m;). We should emphasize once more in this
context that in our model we have the freedom to choose m; > 1 (or T} < T), in contrast
to the standard Parisi solution for ordinary complex systems [12] (where one always has
nmi < 1)

Let us next turn to m, = 1.5, i.e. relatively low noise levels in the level-2 couplings
compared to that of the spins. In figure 4 we show the phase diagram and the various
bifurcation lines of the L = 2 system for m, = 1.5, as obtained by numerical solution of the
relevant equations. It is again clear from the figure that upon lowering 7 one can find different
types of transition sequences, dependent on the value of 7. Now the relevant critical values
for T are as follows:

T ~2.17: creation point of phase SG»

T ~ 0.597: creation pointof 7)% 775" = T3
T =17/12~0.583: T =T

T ~ 0.5572; TH = T3,

Note: T,? is the point given by expression (52). In terms of these critical values we can
classify the different transition scenarios encountered upon reducing 7, as before, as follows:

TO < T;: P — SG(2nd order)

TW < T) < TO: P — SG(2nd order) SG| — SG,(2nd order)
T® <T) < TV: P — SG(2nd order) SG| — SG,(1st order)
T® < T < T?: P — SG,(1st order) SG, — SG,(1st order)

T, <TS: P — SG»(1st order).
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Figure 5. Values of the order parameters ¢ and ¢ as functions of 77, along some of the transition
lines of the previous figure, for L=2,¢1/u; = 1, €2/p2 = 2 and my = 1.5. The values shown are
q1 along le_‘%d (dot-dash curve), ¢ along Tplsll (dashed curve), and both ¢ and ¢, for Tplszl (dotted
curves). Note: the order parameters which are not shown in this figure are zero by definition.

In figure 5 we show the corresponding values of the order parameters along the various
transition lines, as functions of 77 (with line types identical to those used in figure 4 for the
same transitions), except for those which are zero by definition. Again, curves in figures 4 and
5 which terminate for small but non-zero values of 7} do so due to computational limitations.
The values of the order parameters in the m; — oo (i.e. 7 — 0) limit will be calculated
analytically in a subsequent section.

The main difference between m, = 1.5 and m, = 0.5 is that in the former case, for
sufficiently low T, when lowering T the system goes straight from the paramagnetic state
q1 = q» = 0 into the SG, state g;» # 0, without an intermediate SG; phase. This is in
agreement with the physical picture sketched so far: high values of the replica dimension m,
corresponding to low coupling temperatures (here 73), are found to induce more pronounced
discontinuities, similar to the effect of choosing large values for m.

5.5. Comparison to the L = 1 system

It might be helpful at this stage to compare the phenomenology of the L = 2 model, as derived
above, with that of the L = 1 model studied originally in [3, 4] (where there is just one
interaction time-scale)?. For L = 1 the free energy per spin reduces to (24); there is only the
order parameter g, and the possible phases are P and SG . One easily convinces oneself that
all L; = 1 formulae can be obtained by simply putting g = 0 in those derived for L = 2.
In particular, g; is solved from (44), and the two remaining transition temperatures T[fﬂd and
Tpls{ (which are derived from (44)) remain exactly as calculated earlier for L = 2, including
the cross-over point at m; = 2. Hence the L = 1 phase diagram is obtained from the L = 2
phase diagram simply by elimination of the phase SG, and its associated transition lines. The
result is shown in figure 6.

2 Note that in [3, 4] and related papers the phases were shown in the (m1, T') plane, whereas in this paper we have
consistently opted for (77, T') phase diagrams, in view of the richest phenomenology occurring for small 77.
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Figure 6. Phase diagram in the (77, 7) plane for (L = 1) and p; = 1, obtained by solving
numerically the equations defining the bifurcation lines, to be compared with that of L = 2. The

phases are P (paramagnetic phase, g; = 0) and SG (spin-glass phase, g; > 0). The transition

lines shown are T]%f‘ld (solid curve) and Tp'“lI (dashed curve).

Increasing the number of interaction time-scales is thus found to enable the creation of
new phases, with new order parameters which measure the degree of freezing at even larger
time-scales. However, although these newly created phases replace the previous phases in
those regions of the phase diagram where the associated new order parameter is non-zero,
they cannot alter the locations of the previous phases in those regions where the new order
parameter remains zero (provided we keep the parameters {¢} unchanged). This is found to be
true not only when comparing the L = 1 with the L = 2 case (where the novel phase is SG»),
but also when inspecting larger values of L; see e.g. the results for L = 3 in the next section.
The explanation is reasonably clear. The phase SG, describes freezing at time-scale 7,_;; at
this time-scale the system simply cannot feel the difference between truly frozen higher level
bonds, and bonds which undergo (pseudo-) random motion at time-scales t; > 7.

6. The three-level hierarchy: L =3

6.1. General properties
We now apply our results to the case L = 3, where we have three time-scales in the bond

dynamics. Putting L = 3 in expression (25) for the free energy per spin gives:

1 1 1
fr=3(q1, 92, q3) = ST — 5 log?2 + quzﬂl(ml—l)

1 1
+ Zq%nzml(mz — 1)+ 11132”3’711"12("13 —1)

_ ;log/D@ {/DZZ {/Dzl{cosh[E]}m‘} } » (53)
Bmimams
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with

E = 23v/Ba3ms + 22y/ Blqama — qam3) + 21/ Blqimy — qomo).

Due to the increased complexity of formulae induced by the nesting of integrals, it is, for
L = 3, no longer helpful to write the saddle-point equations for the three order parameters
q1 = q» > g3 in explicit form. However, in order to suppress notation in deriving the
conditions for the various phase transitions, we will introduce the following abbreviations for
the right-hand sides of the saddle-point equations (39) and (40):

= (((tanh® E)1),), = ¢1(q1. 2. 43)

{(
= (({(tanh E)1}%),), = 92(q1, 42, 43)
{

({((tanh E)1)2}%); = ¢3(q1. q1. g3).

For L = 3 we can distinguish between four phases. The first is a paramagnetic
phase P, where ¢; = ¢» = g3 = 0; this always solves (39) and (40), and according
to (27), is the sole saddle-point of (53) in the high-temperature regime. In addition,
we now have three spin-glass phases: SG;, corresponding to a solution of the form
q1 > g2 = q3 = 0 (i.e. freezing of spins only), SG,, corresponding to a solution
q1 = q2 > q3 = 0 (i.e. freezing of spins and couplings on time-scale 7; but not on the
time-scale 7, > t7), and SG3, corresponding to a solution g¢; > ¢» > g3 > 0 (i.e. freezing
of spins and couplings on time-scale 7). It immediately follows from the simple relation
fr=3(q1,92,0) = fr=2(q1, g») that the phases SG; and SG, are fully identical to those of
the L = 2 model, including the values of the order parameters and the locations of transition
lines. However, there will now be new transition lines which are related to transitions into
phase SGs.

All partial derivatives of the type d¢,/dq, which occur in the transition conditions
discussed below are calculated in detail in appendix D. In the various derivations we will save
ink and paper by using the shorthand ¢, = (-- - (tanh E); - - -)¢, €.g.

Y1 = (tanh E), ¥, = ({tanh E);), etc.

The result is

d
8(2 - %mﬂmz -1 i_m1m2m3§01§02 +mi(mz = 2) (¢ (tanh? E>‘>2>3

+mimy(mz — 1) (((tanh® E)1), (7))

+20m = 2) ({9 tank’® 21, + 492 (54)
d
BZ? N %(Wn -1 {_m1m2m3<ﬂ1<ﬂz +my(my —2) ((wf(tanhz E)1>2>3 +mima(ms — 1)

x (((tanh® E)1), (¥7),), +2(m1 — 2) (1 (tanh® E)1),), +4‘/’2] (55)
d
aZi o i (my — Dmymams(e1)* +my(my — 1)(m, — 1) (({tanh® E); > >

+(my — Dymyma(ms — 1)<((tanh2 E)l)§>3

+(my —2)(my — 3){((tanh* E),),), +4(m1 — )1 + 2} (56)



Hierarchical self-programming in recurrent neural networks 2779

2‘2 P mmamsms = )2 + mma — 200m2 = 3 (9],

+mimamy — D(my = 1) ((W3];), +4m1(m2 = 2)p2 + 4y (m1 = 1)z —2)

x ((y7(tanh® B)1),), +2 +4(m1 — Dy +2(m; — 1)*(((tanh® a)$)2)3} (57)
3—‘3? - @(ml = Df2mimz = 1) {2 (canh? B)1v1),),

+(m3 — 2)mym; (((tanh® E), ), 93 ), +2(my —2) (Y2 ((tanh® B),), ),

+4p3 — m1m2m3¢1<ﬂ3} (58)
o = O ns = 1) s omy = 2){[03), 3], + s s = 1) s 1 s ),

+2m7(my — 2) (Y2 (V7)) + 4migs — m2m2m3§02¢3} (59)
g‘;’j P20 (2~ ms = Dol + mimdns — 2)ms —3) ()

+4(m3 — 2)mimagz +4(my — Dy +4mi(mz — Dy

+4(my — 1)(m3 — 2)mim; (((tanh® B)1), ¥73),

+4mima(my — 1(ms — 2) (w?), ¥3),

+4my(my — 1)(ma — 1) (((tanh® E)1), (¥7), ),

+2(m1 — D? ((ttanh? 81 +2m3ems — D ((wi)), | (60)
3—2 = %mlmz(f’m -1 !4</)3 — mimyms@1¢3

+2my(my — 1) (Y2 ((tanh® E)191), ), +20m1 — 2) (Y2 ((tanh® E)1),),

+m3 = 2mms {{(tanb® E)1), v3), | 61)
2—‘2 = %mz(mz -1 {4m1¢3 — mimamagys + 2m3(ma — 2) (Y2 (V7))

+4my (my — 1) (Y2 (1 (tanh® B),),), +m3 (ms — 2)ms ((¥), vf%>3] N ()

6.2. Transitions identical to those of L = 2

All transitions relating only to the three phases P, SG; and SG», as well as the second-order
transition SG; — SG,, where g3 = 0, must be identical to those derived in the previous
section for L = 2 . The general condition for such transitions is

0 0 dp; 0
0:<ﬂ_1) (ﬂ_l)_ﬂﬂ, 63)
0q1 g2 9q2 0q,

This involves only the partial derivatives (54)—(57). Due to g3 = 0 the averages (- - -)3 drop
out, and together with the identities

(tanh® &)1}, =¢1  (tanhB)3),=q>  (¥i),=q¢2  v2=0 (64)
the four relevant partial derivatives simplify considerably to

9 s
991 _ &ml(mZ_ D{(4 —mimaq1)q2
9g> 2

+mi(my — 2) (Y] (tanh® B)1), + 2(m; — 2) (Y1 (tanh’ B)1), } (65)
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B
a‘;’f = %(ml — {4 — mimagi)gs

+my(my — 2) (Y7 (tanh® E)1), +2(m; — 2) (y (tanh’® E),), } (66)
)
3_92 = %{2 — (my — Dymymayqi +my(my — 1)(my — 1) ((tanh® B)7),

+(my — 2)(my — 3) ((tanh® E),), +4(m; — 2)q1 } (67)
)
= - P imams(ims — 10g3 + mims — 2)(m> —3) (91,

+m1m2(m2 —1D(mz —1) (1//1 )2 +4mi(my — 2)qo +4my(my — 1)(my — 2)
x (Y7 (tanh® B)1), + 2 +4(m; — 1)gy +2(m; — 1)* ((tanh® E)7), } (68)
For the P — SG; transition and the continuous SG; — SG, transition we have to put

q>» = 0, 1in (65)—(68). We then arrive, together with the dropping out of (- - -), and the relations
V1 = ¥ =0, (tanh® E); = ¢, at the simple expressions d¢;/dq, = d¢,/dg; = 0 and

9

aZl ﬂ;‘ {2 = mi(my — g2+ (my — 2)(my — 3){tanh® B), +40m; — 2)g1)
1

173

5o, = Brall+(m - Dgi1*.
q2

Thus (63) gives us the transition conditions

’3;” {2 —mi(m) — Dgi + (my —2)(m; — 3){tanh* E); +4(m; —2)q;} =1 (69)
B[l + (my — D> = 1. (70)

For g; = 0 (where also E = 0) we recover from (69) the condition (47) for the line T[fﬁd, for
q1 > 0 equation (69) is seen to be identical to condition 7 = mr; (which for L = 2 led to (48))
for the line TISI‘, and (70) is identical to condition (49) for the line Tan Finally, the condition
for the first-order SG; — SG, transition line T1 of L=21is recovered by combining the full
expressions (65)—(68) with the bifurcation COIldlthl’l (63), as it should. Thus, from our L = 3
saddle-point equations we do indeed extract fully those transitions encountered earlier for
L =2, which do not involve the SG3 phase.

6.3. Transitions to SG3

The novel transitions induced by going from L = 2 to L = 3 are those where the new phase
SGj is concerned. The condition for second-order SG, — SG3 transitions is simply given by
093/0q3|4,—0 = 1. Inserting g3 = 0 into (60), followed by usage of the simplifying relations
(64) which follow from g3 = 0, leads to

93

9 |q3_0 = Brs[l + (my — Dgy +my(my — Dol

And the condition defining the critical temperature 73" for the second-order transition
SG, — SGs is seen to be simply

B[l + (my — gy +my(my — Dga]* = 1. (71)
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Finally, the most general bifurcation condition defining first-order SG, — SGj3 transitions is
given by

dp1/dq1 — 1 9¢1/9q2 0¢1/9q3
0¢2/0q1 002/0gs —1  0¢2/0q3 =0 (72)
dp3/0q: 0¢3/0q> dp3/0q3 — 1

where g1 > ¢g» > g3 > 0. Here there are no further simplifying properties to be exploited, and
hence (72) must be solved numerically with the full expressions (55)—(62) for the nine partial
derivatives.

6.4. The L = 3 phase diagram

For L = 3 we have seven independent control parameters, namely 7, m, my, m3, 7y, 7w, and
3 (where 3 = €3/mimomsus, o, = w3 + €a/mymauy and wy = 7 + €;/m[L1), SO We
again have to resort to phase diagram cross-sections. As in the previous case L = 2 we will
show the transition lines in the (77, T') plane, solved numerically from the various bifurcation
conditions, now for the choice €;/u; = €/u, = 1, e3/pu3 = 2 with my € {0.5, 1.5} and
with m3 = 2 (i.e. relatively low noise levels in the level-3 bonds). According to (47), for this
choice of parameters the second-order P — SG transition condition T;ﬁd = m; will again

reduce to
1 2
szflld = (1 + —) (73)
my ms
and is replaced by a first-order P — SG transition at m; = 2, or
. o 1 2
TS =T2%: T = i (1 + m—2> : (74)

As in the case L = 2, we will generally find (see section 7) that for any L and for any ¢ > 1
there are always non-zero critical values for 77 above which TZ‘XI = 0. Hence all spin-glass
phases SGy~; will at some finite point cease to exist as 7; is increased. The values of the
order parameters in the m; — oo (i.e. T} — 0) limit will be also be calculated analytically in
section 7.

In figure 7 we show the phase diagram and the various bifurcation lines of the L = 3
system for m, = 0.5 (relatively high noise levels in the level-2 couplings), obtained by
numerical solution of the relevant equations. The physical transitions are the ones which
occur first as the temperature 7 is lowered from within the paramagnetic region. In the present
case the different 77-dependent types of transition sequences are separated by the following
critical values for 7:

T ~ 12.575: creation point of phase SG»

TV =1.25: creation pointof 7% T, = T,%

T? ~ 1.15: T,% and T3 touch tangentially

T 2 1.06: creation pointof 7)% 775 = T)%

T® ~ 0.692: creation point of phase SG

5) A () 38- - . 1 nd _ ol

TC(6) ~ 0.38: crf:atlon plomt of T)% T;5 =T,%
~ . st st

T© ~ 0.325: T,5=T,%.

Note: T,V is the point given by expression (74). In terms of these critical values we can
classify the different transition scenarios encountered upon reducing 7" down to zero (and the
orders of the transitions), starting in the paramagnetic region, as follows:
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TO < T;:

TC(I) < T1
T® < T
T® < T
TW < T
TC(S) < T1
T® < T

Ty <T©:

Figure 7. Phase diagram in the (77, T') plane for L = 3,€; /1 = €2/p2 = 1, €3/pu3 =2, m3 =2
and my = 0.5, obtained by solving numerically the equations defining the various bifurcation
lines (note: 77 = T'/my). Left panel: the large-scale structure. Right panel: enlargement of the
low T (or high m ) region, where the first-order transitions are found. The relevant phases are P
(paramagnetic phase, g1 = g2 = 0), SG (first spin-glass phase, g1 > ¢» = g3 = 0), SG2 (second
spin-glass phase, g1 2> ¢q2 > g3 = 0), and SG3 (third spin-glass phase, g1 = g2 = ¢3 > 0).
The transition lines shown are szf‘ld (solid curve), Tﬁ‘%d (dot-dash curve), T]i“} (dashed curve), Tpl“é

(dotted curve), Tz%gd (short dashes), and Tzlf; (dot-long dash curve). Note: the curves Tﬁg" and

Tzzg" jump to zero discontinuously at 77 = TL.(O) ~ 12575 and T; = TL.(4) ~ 0.692, respectively
(see main text).

P — SG,(2nd)

<T©. P SG2nd)  SG, — SG»(2nd)

<TW: P — SG(1st) SG| — SG,(2nd)

< T2: P — SG(1st) SG| — SG,(2nd)

<T®: P — SG,(1st) SG, — SG,(1st)

<T®: P SG(Ist) SGi — SGy(Ist)  SG» — SG5(2nd)

< TC(S): P — SG(1st) SGi1 — SG,(1st) SG, — SG3(1st)
P — SG(1st) SG1 — SG3(1st).

In figure 8 we show the corresponding values of the order parameters along the various
transition lines, as functions of 77 (with line types identical to those used in figure 7 for the
same transitions), except for those order parameters which are zero by definition (such as the
values at the transition of order parameters which bifurcate continuously from zero). Curves in
figures 7 and 8 which terminate for small but non-zero values of 7} do so due to computational

limitations.

In figure 9 we show the phase diagram and the various bifurcation lines of the L = 3
system for m, = 1.5 (i.e. relatively low noise levels in the level-2 couplings), as obtained by
numerical solution of the relevant equations. Now the relevant critical values for 7} are as

follows:

TC(O) ~2.17: creation point of phase SG,
T ~ 1.3: creation point of phase SG3, via Tzlf_{
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1.0

3.0

Figure 8. Values of the order parameters ¢g; and ¢» as
functions of 77, along some of the transition lines of
the previous figure, for L = 3, €;/u1 = ex/pua = 1,
e3/nu3 = 2, m3 = 2 and my = 0.5. The values shown
AR are ¢ along le_‘%d (dot-dash curve), g1 along T;_Sl‘ (dashed

\ curve), ¢ and ¢, along Tplfg (dotted curves), ¢; and ¢

1.2 1.6 20 along Tzz_‘gd (short dashes), and ¢q1, g2 and g3 for T21_53l
(dot-long dash curves) Note: the order parameters which
are not shown in this figure are zero by definition.

T 2.0 T T T T

Figure 9. Phase diagram in the (71, T') plane for L = 3, €1 /) = €2/pu2 = 1, €3/pu3 =2, m3 =2
and my = 1.5, obtained by solving numerically the equations defining the various bifurcation
lines (note: Ty = T/my). Left panel: the large-scale structure. Right panel: enlargement of the
low T (or high m) region, where the first-order transitions are found. The relevant phases are P
(paramagnetic phase, g; = ¢g» = 0), SG (first spin-glass phase, g1 > g2 = g3 = 0), SG, (second
spin-glass phase, g1 2> q2 > g3 = 0), and SG3 (third spin-glass phase, g1 = g2 = ¢3 > 0).
The transition lines shown are szf‘ld (solid curve), Tﬁ‘%d (dot-dash curve), TI:“I‘ (dashed curve), Tpl“é
(dotted curve), Tzzg" (short dashes), and Tzlgt (dot-long dash curve). Note: the curves Tﬁg" and

Tzz_g" jump to zero discontinuously at 77 = TE(O) ~217and T} = Tf“) ~ 1.3, respectively (see
main text).

T ~ 1.3: creation point of 7,3
7Y ~0.8: 7y =T,
@ ~ . 2nd __ plst
;C(j) ; 8227 cz;l,f;;ti;n ;§int of TS 72 = 7l
10 —72~o0ss:  rmiors
c p.1 p.1

79 ~ 0.5572: T =T,%.
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1.6 2.0

Figure 10. Values of the order parameters ¢g; and ¢» as functions of 7', along some of the transition
lines of the previous figure, for L = 3, €1 /) = €2/u2 = 1, €3/u3 =2, m3 = 2 and mp = 1.5.
The values shown are ¢; along T2nd (dot-dash curve), g along Tl (dashed curve), ¢ and ¢

along TISt (dotted curves), ¢ and ¢, along Tz‘1CI (short dashes), and g1, ¢> and g3 for T2153l (dot-long
dash curve%) Note: the order parameters Wthh are not shown in this figure are zero by definition.

Note: T2 < TD. In terms of these critical values we can classify the different transition
scenarios encountered upon reducing 7, as before, as follows:

TO < T;: P — SG,(2nd)

TO < Ty < TO: P — SG,(2nd) SG, — SG,(2nd)

T® < T < TW: P — SG;(2nd) SG| — SG»(2nd) SG> — SG;(1st)
T <T) < T®: P — SG;(2nd) SG, — SG;(1st)

T, <TO: P — SGs(1st).

In figure 10 we show the corresponding values of the order parameters along the various
transition lines, as functions of 77 (with line types identical to those used in figure 9 for the
same transitions), except for those which are zero by definition. Again, curves in figures
9 and 10 which terminate for small but non-zero values of 7; do so due to computational
limitations.

The general picture for L = 3 is obviously more complicated but qualitatively similar
to that which we arrived at for L = 2 , with increasingly discontinuous and non-trivial phase
behaviour of the system for decreasing relative noise levels of the couplings, whether measured
by m, m, or ms. For instance, for L = 2 we observed that for sufficiently large values of m;
and m;,, upon lowering 7 the system goes straight from the paramagnetic state g; = ¢, = 0
into the SG; state ¢; > ¢, > 0, without an intermediate SG| phase. Here we see, similarly,
that for sufficiently large values of m, my and m,, upon lowering T the system goes straight
from the paramagnetic state g; = g» = g3 = 0 into the SG3 state g; > ¢» > g3 > 0, without
intermediate SG| or SG, phases. In the next section we will show that the jump of the
SGy — SGyy transitions, as observed in the L = 2 and L = 3 phase diagrams for small 7,
reflect non-physical re-entrance phenomena, which can be regarded as indicators that replica
symmetry will be broken for values of m; = T /T close to zero.
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7. Asymptotic behaviour in L-level hierarchy

In this section we study the saddle-point equations of the general L-level hierarchy in the two
limits 77 — O for fixed T (i.e. m; — oo, fully deterministic evolution of level-1 couplings)
and T — Ofor fixed T} (i.e. m; — 0, fully deterministic evolution of spins). For the particular
choices L = 2 and L = 3 this implies solving our model along the left and bottom boundaries
in the phase diagrams of figures 2, 4, 7 and 9.

7.1. The limit my — oo in the L-level hierarchy

In this section we study the order parameter equations in the ¢th spin-glass phase SGy,
characterized by g; > --- > ¢/ > 0 and g¢11 = --- = g = 0. We calculate the order
parameters in the limit m; — oo (deterministic evolution of level-1 couplings), for fixed g,
and derive in this limit an expression for the first-order P — SG, transition temperature Tpl‘}
Insertion of gor1 = qe+2 = -+ = g1 = 0 into expression (29) for the free energy per spin
gives

e
1 1 1
f= >T4q1 — —log2 + 1 ;qlgﬂkmlmr“mk—l(mk -1)

B
1 ¢ -1
+Zq%ﬂ1(m1—1)—|:ﬂgmk:| log K, 75)
Kz=/DZz {/DZ(1{"'/DZ2{/D11{COShE}m1} } — } .

with

¢
E=) ua ag =/ Bqee ar = v/ B(@iTTk — G Tre) (k<0
k=1

It is not a priori obvious how the various order parameters will scale with m; for m; — oo.
Here we will make a scaling ansatz which we then show to lead self-consistently to solutions
of our saddle-point equations, which satisfy all physical and mathematical requirements. We
assume that & = O(m{) as m; — oo, and consequently put

a = arlx = g ! k=1,...,0

such that & = Z£=1 Zxdy, with @, = O(mY) and Z, = O(mY), and with scaling functions
& = ¢r(m1) which will be determined in due course. As a consequence, we can work out the
term K, in (76) for large m as follows:

le - ha_ls 5 my Moy y Me
K, =/Dzl {/DZ11 {--./Dzz{ b o(¢fmiIncoshB—327) /¢ |
V2

This expression immediately suggests that the appropriate m; — oo scaling is obtained upon
choosing ¢; = m; /2. As a result of this choice, the Z; integration can, for m; — oo in
leading order, be carried out by steepest descent, and we arrive at

m3 my—yy Me
K, >~ / Dz, {/Dzél { .. {/DZZ emlmzkl(f?izw,iw} . } }

ki(Z1, 22, ..., %) =Incosh B — 1}
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where Z? denotes the saddle-point of k; with respect to variation of 7, i.e.

aky
_ 0 50 _ = = (50 = =
57, |(Z~(l)!Z~2 _____ 2 = 0: Z]=d tanh B (le Z2, .. .,Z() .
Hence 7 ? is a function of Z,,...,Z,. We now see that one can repeat this procedure

and carry out all the Gaussian integrations iteratively by steepest descent, upon setting
& = (mymy - - -my)~ /2, which gives in leading order
K, ~ emlmz'“meflmekﬁ(f?,fg,...,ftﬁl,Z?) (76)
in which the functions k; (- - -) are defined recursively via
50 0 2 s 50 S0 = = 12
ki(Z0 20 22 =k (80, 20 0 g ) =527 G > D)
ki (Z1,....Z) =Incosh & (2, ..., %) — 12}

giving for j > 1:

1 1 2
=0 S0 2\ = (20 =0 s N =0
k(20,20 0.2, ... Z) =Incosh (29, ....2% 1. 2. ..., Z0) 5575 ()
k=1
(77)
The identity
d ~0 S0 - ~ = (50 -0 - -
Ekj(zl,.-.,zj_l,zj,-.-,a)=ajtanha(zl,-.-,zj_1,zj,.-.,Zz)—zj
J

shows that the values of all {Z (])} are ultimately to be solved from the following £ coupled
saddle-point equations:

z9=a;anhE(29.....27) (G=1,...,0. (78)

We insert (76) and (77) into (75), and find that for m; — oo the free energy per spin reduces
in leading order simply to

e
1 1 1
f~-mq — —log2+ - E qimemymy - - -my_y (my — 1)
45

2 B
1 1< 2
+ quzm(ml —1)—p! |:1nc0sh E(z9,....20) - 3 ZT‘ (z9) } (79)
with 8(29,...,29) = X, @&zl

We can now derive the saddle-point equations for m; — oo by variation of (79) with
respect to the order parameters {g;}. Let us first derive the equation for g; in leading order:

14 14
1 1 1 079 9 | o2
O=§7T1+EQ17F1(H11—1)—E§ —ka—g |:1nCOSh°_§§ :(Zg)]
a

The term with the partial derivatives /07 2 is identical zero due to the saddle-point equations
(78), and hence, upon working out the derivatives dd;/dq; = ;,;‘aak/ dq and using (78) to
eliminate occurrences of 7 (1), we just retain in leading order

0= %mml[ql — tanh® E] +--- (m; — 00).
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Hence
q1 = tanh® 2 (m; — o0).

Similarly we can deal with the derivatives of f (79) with respect to the other ¢;. With the
simple identity
day 1 1
akaqu = 5'38 [gxr — Grs17Tas1] = 57Tj[5j,k — 8 k1]

the saddle-point equation for g; with j > 1is seen to become in leading order

1 L 9zY R
0=§qjﬂjm1"'mj—1(m; 1)——2 —[lncoshu——Z(zg)z}

2o

1 o o .08 94k ( )
- = an m; — 00

Bz Tdar dg 1
1 1 day
— (T . c—1 __tanhZE —_ ..
ST 1(mj; —1) B ;ml mkakaqj
1

= 5J-rjmlmz smj_j(m; — 1) [ — tanh? ’“]
Hence, for all j > 1 one simply has

q; =q* = tanh’ E (m; — 00). (80)

The final stage of our argument is to determine the amplitude ¢* in (80). We note that,

by virtue of (78), we can write E = Zi:l dyz? in leading order as E =~ Y tanh E, where
Y = Y_i_, @. It now follows, upon inserting (80) into this relation, that ¢* is the solution of

= tanh’[Y \/q*] (m; — 00). (81)

In working out the quantity Y in leading order for m; — oo we have to take care not to forget
about the m; dependence of the factors my, defined in (23). In particular,

L

o € 1 €k

wil; T =—+ _—
. m ...m

i k=1 i+l k Kk

Using this relation we find

[e—1
Y =Bq | Y (= m)g A mg e (my — 00)
| /=1
[ e L '
= ﬁq* —J J + ...,
g :Z Mygyr---Mj [Lj

Our final result on the limit m; — oo is the following: in the phase SG, one has

qgi=---=q¢=¢q*>0and gy = --- = qr = 0, where g* is the solution of
q" = tanh’ [B ()] (82)
‘ €; L 1 €;
o=y L+ ——— L (83)
=1 j i1 Mypyp - -Mj U
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1.0 . . . . 1.0 . \ . .
0.8 - ~ 0.8 B
0.6 - 9 0.6 B
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q z!

Figure 11. Properties of the equation ¢ = F,(q), where Fy(q) = tanh? (xq%), from which we
solve the m; — oo order parameter amplitude g* (see main text). Left panel: shape of the
function F,(q) for x € {1, 2,3} (solid curves, from bottom to top), together with the diagonal
(dashed) whose intersection with Fy (q) defines g*. Right panel: largest solution g* of the equation
g = Fy(q) as a function of x~!. The jump occurs at ¢* & 0.7911 and x~! ~ 0.4958.

We note that, for any @, > 0, equation (82) will have a non-zero solution (and hence phase
SG, will indeed exist) when T is sufficiently low, and that limy_,o ¢* = 1. The behaviour of
equation (82) as a function of the effective control parameter x = B, is illustrated in
figure 11.

From (82) and (83) we can immediately extract the critical temperature T;,SE’ signalling
the (first-order) transition P — SG,. The condition for non-zero solutions of (82) to bifurcate
follows from solving (82) simultaneously with the equation 1 = d‘;' tanh? [ﬂd)( (") 2], which
leads us to the explicit and simple result

(84)

T,% =3deq"(1-q") q*=tanh2[—”_ }

3(1—g%
Numerical solution of (84) shows that g* =~ 0.7911 and T[}SK‘ /@¢ ~ 0.4958. In order to assess

the dependence on £ of the transition temperatures T[},SK‘, we subtract

Ty — T, = 3¢"(1 = ¢)de — @]

L
My — 1:| €e1 L 1 €;
Me+1 Mgy ---Mj U

=3q¢"(1 —q") [
M1 i—ts2

Thus Tplslt o > T, for meyy > 1 (i.e. for relatively low noise levels in the level-(€ + 1)
st

couplings), whereas T[}, vl < Tp ¢ formeyy < 1 (for relatively high noise levels in the level-
(€ + 1) couplings). Upon inserting the appropriate values of the control parameters, one can
easily verify that the general results obtained in this section regarding the values of the order
parameters in the phase SG; and of the P — SG, transition temperatures 7' pl‘} for arbitrary
L are in perfect agreement with our solutions as calculated for the special choices L = 2 and
L = 3 in previous sections.
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7.2. The limit my — 0 in the L-level hierarchy

We next turn to the limitm; — 0, for fixed 7} (i.e. T — 0). We observed in the phase diagrams
of figures 2, 4, 7 and 9 for L = 2 and L = 3 that along the line 7 = 0 one finds critical
values Tzzf‘li, , for T} which signal the creation of phase SG, (where ¢; = --- > ¢, > 0 and

Ges1 = -+ =¢qr = 0) from SG,_ (whereq; > --- > gy—1 >0and gy =--- =¢q; =0). In
this section we calculate these critical values for the general L-level system. Our starting point
is again expression (75) for the free energy per spin (obtained by putting ¢4 = - - - = gz, = 0).

In order to make all occurrences of m explicit, we substitute 7 = Tym, and write the factors
7, of (23) as

f[( - €] L 1 €y - L 1 (4
Mol oSy e gy 1
mi ni o fmgpmaeme fomame e
so that #, = O(m!) for all £ as m; — 0. This gives
1~ 1~ ) 2 T1m1
mlf(ql,...,qg)=—711——711(q1—1) +(9(m1)— 7 IOgK(
4 4 fo M
| ¢
+qm [q%ﬁl +qya(my — 1)+ Y qiitumy -+ myy (my — 1)} (85)
k=3
with
my my—y y Me
K, = /DZ( {/Du—l {"’/Dzz {/Dm {cosh E}m'} } }
¢
E=m;'E E=) udx

a =T 'q drep = \/Tl_l(Qkﬁk = Grs1TTk41).

Since & = O(m{) asm; — 0, by virtue of our definitions, we may conclude that K, = O(m?):

{cosh BY™ = 27 m[e&/mi 4 e=&/mym — oIBl(] 4 O(m))) (m; — 0)

s o fo | foul fost[ L

Similarly one gets in leading order for m; — 0:

1 Dz elEl o
— /Dzl {cosh E}"" tanh B = lee—s%l() +oen (87)
K fDZle\bl

According to (85) the saddle-point value of g is of the form ¢; = 1 — O(/m). If, however,
we substitute g; = 1 — k. /m| + O(m) into (85), we find that the saddle-point obeys k = 0,
hence the true scaling of ¢ is

q1 =1—Km1+(9(m$). (88)
Insertion of (88) into (85) gives

1 . ) Tym;
mif(qa, ..., q0) = Z(1 +m)7 + O (m]) — W log K¢lg,=1
k=2 "k

4
1
+gm [q%ﬁz(mz — D)+ Y giAmy - myy (my — 1)} (89)
k=3



T Uezu and A C C Coolen

2790
and hence the m; — 0 saddle-point equations for the order parameters g, with 1 < ¢/ < ¢
are given by
2T, ad _
g = ; Fy log K, (90)
7T2(my — 1) (szz mk) 92
2T,
log K, On

qv = ~ -1 a /
o (me — 1) (Hk:Z mk) (Hk zmk) ae
. qe) = limg, . lim,,, o K, (as given by (86)). At this stage itis advantageous
to use our earlier results (39) and (40), which in the present context and in combination with

with Iz((qz, .
92)

(87) translate into
’ fDZle‘él 2 ¢

szle'@'sgn(E>]> > D )

J Dziel®! 2 le—1d 1y

> (93)
14

e[

Ky =/DZ[I€Z?K_/1

a]+u1
2

with
K, = /Dzle'é‘
¢
(f>5/=KZI/DZK vl f(ze) E:Zdequlzl =z1d; + 24
k=1
Working out the z; integrations in (92) and (93) leads to
O = o aj+e 1 -3 -3

[/ Dz el ‘Sgn(’“) sinh(&)) + 1 7€ ‘Erf[ ‘\/5‘] — e ‘Erf[ al“/_l]

RN (94)
+ 1 e-CiEef [“‘lf‘]

cosh(Z)) + 1 eulErf[ 7

f DZl el &l
The transition value 7 , for 7 is the one which gives a second-order bifurcation of g, away
Letus work out these results first for £ = 2. Here one simply hasd; = (/71 — ¢272) /T

from zero in (93).
and &1 = z0:/q272/+/T1, With ¢, to be solved from
o) +E 1 -8 A-8112
sinh(8) + 5 e ‘Erf[ ]f]—ie 'Erf[ [;]\/il]} >
a+8, ) -z
2]+ L e SiErf] al,ﬁl] 5

q2 =
cosh(E)) + 1 eulErf[ 7

i V2 —1g? ~ 2
- 1+Erf[71] 7=+ O(E) )
o 1 +Erf[ 4]
2 2
D7 et :
2782 ﬁ] T 5
- 1+ _ +0 qz). (96)
1+ Exf[ 2] ( ?

T,
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Figure 12. Re-entrance phenomena in the second-order SG|; — SG; transition for L = 3
and my = 0.5. Left panel: phase diagram in the (77, T') plane. Right panel: value of the
order parameter ¢; at the transition line as a function of 7. In both cases the solid part of the
curve indicates the physical part of the transition line; the dashed part indicates the non-physical
(re-entrant) part.

Hence the condition for the second-order SG| — SG, transition, T} = T, l%gd, is to be solved

from
7 <2i)é -
SNEE) PP A, ©7)
| )]

#\2
| + Exf (ﬁ)

Equivalently, upon substituting x> = 7, /27}:

2

T T 1 e
72nd _ — e — 98
12 7 9y Vom /@ 1+Ed(x] ©8)

Insertion of the parameter values appropriate for the L = 2 and L = 3 examples, as studied
in detail in a previous section, sheds interesting new light on the nature of the jumps observed
in the SG| — SG, transition lines of the L = 2 and L = 3 phase diagrams for small T

my = 0.5: 7" ~ 12.58 le,'ﬁd ~ 9.884

my = 1.5: "™ ~2.17 T35 ~ 2.095.
These results indicate that for low Tthe SG; — SG, transition exhibits re-entrance, the extent
of which decreases with increasing m;,. In fact, we found another second-order transition line
from SG to SG, which shows re-entrance for each m; (see figures 11 and 12). On reflection,
this is not entirely surprising, since for m; — 0 one should expect replica symmetry to
break. It has been observed frequently in many disordered systems (see, e.g., [12]) that
replica-symmetric solutions show unphysical re-entrance phenomena in RSB regions (which
are removed by the proper RSB solution).

For general values of £ we have to work out the following continuous bifurcation condition

of g¢ # 0, derived from equation (93):

a
1= lim —
q—09qy
. = o) a’+2 _g a2 -8 2
smh(m)+%e“‘Erf[“j:[2‘] —1e “lErf[“aj]ﬁ‘]
) h(& | oEiErf a+E | o—E Erf a1 -8
cosh(E)) + 5 e r[dlﬁ]+§e r[a,ﬁ] 5 il e '
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Figure 13. Re-entrance phenomena in the second-order SG; — SG» transition for L = 3
and my = 1.5. Left panel: phase diagram in the (77, 7T) plane. Right panel: value of the
order parameter ¢; at the transition line as a function of 77. In both cases the solid part of the
curve indicates the physical part of the transition line; the dashed part indicates the non-physical
(re-entrant) part.

This is done in appendix C, where we show that the value Tf“f , for T which marks the
continuous transition from SG,_; to SG is to be solved from

- =1
1= /ﬂ 1+K+Zm2"'mk—l(mk_1)qk ©9)
I k=2

where k = lim,,,—o(1 — g1)/mi, where g, = 0, and where for the values of the {g;} with
1 < k < £ one has to substitute the solution of equations (92) and (93). The quantity « is
calculated along the lines of our previous calculation of (86) and (87):

.1 [ Dz cosh™ (E)[1 — tanh*(E)]
k= lim —{(--- S
m—0 mi IDZI Ccos (“) 2 )
1 Dz, cosh™ (&
— tim (... (LD (&/m) (100)
m—0m; J Dz cosh™ (E/my) 5 ,

We know that Ky = [ Dz cosh” (£/m;) — [ Dz, elEl for m; — 0. Let us calculate the
term in the numerator in leading order.

/Dzl cosh™ 2(E/my) = I.(8)) + I_(E))
with

L(&) :/ Dz, coshm‘_z(é/m1)=/; Dz {e%/™1 (1 + e 28/m1) jpym=2

ay

/ Dz, cosh"“—z(é/mo:/ " Dm{e E/mi(] 428y oym=2 — [ (—&)).

[1]1

Putting b = 2d,/m,, b, = nb, fixing m to a small number, introducing a cut-off ¢ and using
(1+x)?%2= Z;’lozo(n + 1)(—x)" and the asymptotic properties of the error function [21], we
obtain



Hierarchical self-programming in recurrent neural networks

2793

o - =
1+(E1)=/; Dzj e  S/m=D{(1 4 e 28/m) /pym 2
=
ay

= f Of Dzj e S@/mM=D((1 +e 2%/ /2)72(1 + O(m)))

=1

a

=41im [ Dz e SN "t 1)(—)" e EM (1 +O(my))
e—>+0 87%1 P

28

— 4811}1302(” + 1)(_))1/ . DZl e_(hZH',yxl )(’1+1_%)(1 + O(ml))
n=0 Tap

o0 -~
. _25 1-20) p2(nel="1)272
=4 lim E n+1)(—)r e m (TR el
e—>+0 0( )( )
n=

11 e—t+b(n+1-15)
X{E—;Erf[ 7 :|}+

|[]l

N

o0 -
2§,

=4 li 2 e+ D(=)e (n+1=75
Jim _0(n+ )(=)'e m

1 1
X = + ...

mg—?—l‘+b(n+l—%)

a

o0 - - -
_25 MYy _(e— EL My (e— E1y2
=4 lim Y (n+1)(—)"e (n+1-531) o= (e—Tb(r+1 =5 —(e—30)7/2
e—>+0 0
n=!

1 1
X
2 1 m
27b(n+1) (E_d_f)mﬂ_z(n_il)

+ ...

4 aje— .9—3— - —
mb gliH'_lO e 1 ( 17]])2/2 Z(_)n(e bé‘)n+l(l +O(m1)) 4.

n=0
_ ¢ lim ed‘e_(g_f_:)z/zieibg +...
2mh e—>+0 1 +eb¢
2 _(Eiy nmi _(E1y2
:_e(ﬁl)/Z _'_:—e(ﬁl)/z_'_”'

+
N 2mh V2mad,

Therefore,

_ = ~ ~ 2m1 _(5)2/2
Dz cosh™ 2(E/m) = L(EN+ I (E) = ——e @) 24 ...
/ ' \/27‘[&1

2 s
=M 2 gty (my — 0).
ap v mw
Hence
D e—E1/2a}
Kk=——{(-—=) ---
oV szle\aI 5 '

_ < <[ a7\ Q) e-Ba-a ]> >
-\ ~ = a+2 A -z B
cosh(El)+%e~lErf[d‘:f2‘]+%e ulErf[d‘ﬁ‘] 5 '

1

"y ebz(n+lf%)2/27(87%‘+b(n+17%))2/2

(101)
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We have now calculated explicitly all ingredients necessary for determining Tff‘i ¢- one is to
solve equation (99), upon insertion of the solution of equations (92) and (93) for {g;~} and
of expression (101) for «.

As a simple test one can verify the outcome of (99) for the case ¢ = 2 which we analysed
before. This corresponds to 2, = 0, insertion of which into (101) and subsequently into (99)
indeed brings us back to (97), as it should.

8. Discussion

In this paper we have studied self-programming in recurrent neural networks where both
neurons (the ‘processors’) and synaptic interactions (‘the programme’) evolve in time
simultaneously. In contrast to previous models involving coupled dynamics of fast neurons
and slow interactions, the interactions in our model do not evolve on a single time-scale; they
are divided randomly into a hierarchy of L different groups of prescribed sizes, each with their
own characteristic time-scale 7, and noise level 7, (¢ = 1, ..., L), describing increasingly
non-volatile programming levels.

We have solved our model in equilibrium upon making the replica-symmetric (i.e. ergodic)
ansatz within each level of our hierarchy, leading to a theory which resembles, but is not
identical to, Parisi’s L-level replica symmetry breaking (RSB) solution for spin systems with
frozen disorder. In addition to a paramagnetic phase, the phase diagram of our model involves
a hierarchy of distinct spin-glass phases SG,, which differ in terms of the largest time-scale
on which the system (spins and couplings) will be found in a frozen state. Our theory involves
L replica dimensions m, reminiscent of the block sizes in Parisi’s RSB scheme, which here
represent ratios of the temperatures of subsequent levels in the hierarchy of equilibrating
couplings, and which can take any value in the interval [0, c0).

We have solved our order parameter equations in full detail for the choices L = 2 and
L = 3, leading to extremely rich phase diagrams, with an abundance of first-order transitions
especially when the level of stochasticity in the interaction dynamics is chosen to be low, i.e.
when one or more of the m, become large (which can never happen in the Parisi scheme,
where always 0 < m, < 1). Increasing L always leads to the creation of new phases, thereby
increasing their total number, with associated new order parameters which measure the degree
of freezing at larger time-scales. We also studied the asymptotic properties of our model for
arbitrary values of L in the limits m; — oo for fixed T (deterministic dynamics of the level-1
interactions) and m; — 0 for fixed 7) (deterministic dynamics of the neuronal processors).
This revealed further non-trivial properties, such as the universal nature of the values of the
order parameters (i.e. gy = g¢* =~ 0.7911 for all k < ¢, independent of the control parameters)
at the first-order P — SG, transitions for m; = oo, and re-entrance phenomena at the
SGy—1 — SG, borders in the phase diagrams for m; = 0 (the latter are likely to be replaced
by discrete non-reentrant jumps when replica symmetry breaking is taken into account).

In the present study we have not attempted to validate the predictions of our theory by
numerical simulations. With the present CPU resources this would not have been possible,
since our model requires L nested equilibrations of disordered sub-systems. Even with fixed
couplings it would not have been possible to reach equilibrium with a system size sufficiently
large to suppress finite size effects; as a consequence, even for a similar L = 1 system it
was already found to be impossible to carry out simulations which achieve more than a very
rough qualitative agreement with the theory [10]. Experimental verification for a recurrent
self-programming network with L > 1 will probably require hardware realizations. There
is also little scope for comparison with other papers; we are not aware of any other study
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involving coupled dynamics of fast neurons and slow synapses where there are multiple
separated time-scales for the synapses.

In retrospect, we found ourselves pleasantly surprised by the extent to which the present
model allows for analytical solution, in spite of the complications induced by the nested
equilibrations. Rather than being restricted by mathematical intractability, our problem was
how to select the control parameters for which full phase diagrams are to be shown. This
allowed us to gain qualitative and quantitative insight into the structural properties of simple
recurrent self-programming systems, in particular regarding the questions of when and how
these systems switch from random motion of processors and programme (the paramagnetic
phase) to states where processors and some (or all) of the levels of the hierarchy of programme
routines are ‘locked’ into specific fixed-points (the different types of spin-glass phases).

At the same time it will also be clear, however, that both in terms of understanding the
physics of realistic self-programming systems and in terms of understanding the mathematical
theory by which they are described, this paper represents only a modest step. In realistic
self-programming systems one should obviously expect the programming levels not to evolve
only on the basis of pair-correlations in processor states, a simple decay term, and Gaussian
noise, but one would as a minimum introduce external symmetry-breaking forces into both
the processor dynamics and the coupling dynamics, representing data to be processed and
programming objectives to be met, respectively. At a theoretical level it would be interesting
to investigate the form taken in the present model of replica symmetry breaking, for which we
have already found indirect evidence (in the form of re-entrance phenomena) in studying the
m; — 0 limit, by calculating AT lines [22]. Since in our present model the replica symmetric
(RS) theory is already similar to an L-step RSB theory d la Parisi, it is not immediately obvious
what structure to expect when replica symmetry is broken at one or more levels in our hierarchy.
These and other questions and extensions will hopefully be addressed in future studies.
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Appendix A. Asymptotic form of T73! when rm; > 1

In this appendix we derive the asymptotic form of the transition temperature Tﬁgd form; > 1.
The value of Tﬁgd is determined by solving the coupled equations

1 = /B[l + (m — Dqi] (A.1)
q1 = KL /Dm cosh™ (a;z;) tanh?(a;z1) (A.2)
1

where a; = +/Bm1q;. Upon assuming ¢; < 1 and m; > 1, we can derive from (A.2) the
equation for § = mq, to take the form

1>~ /Bml+Bmig(1+4)]. (A.3)
From (A.1) and (A.3) we obtain equations for the quantities w = 1/+/Bm, and ¢,

j=w-—1 (A.4)
gw)y=w'—aw+b=0 (A.5)
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where a = ;:’—; (1+ ;:’—;), b= (%)2 and %; = m,m;, both of which are independent of m,. From

7 = 7 + <L it follows that g(1) = 1 — % < 0. Thus g(w) = 0 has the unique solution

1 . .
w* > 1. Therefore we obtain our desired result for m; — oo:

7 1
a~L - _w-1n>0 (A.6)
mi mj
T ~ ﬁ’zw* T]. (A7)
Appendix B. Building blocks of the general saddle-point equations
In this appendix we calculate the derivatives used in deriving the saddle-point equations for

general values of L in section 4.4. In this and subsequent appendices it will be helpful to
define a convenient shorthand (further notation is as in section 4.4):

¢
Mo = l_[mk My =1
k=1

Yeso = (- (tanh E)y -+ )¢ Yo = tanh &

0
Jo = K[la—,:(KZW)-

Appendix B.1. Calculation of K;'dK/dE and J, = K, '3(K ) /I E
We first calculate K[laKg/aE fort > 1:

— aKK ny _ aK(_l
1 my—1
K@ o= = E DZ[K[_IXI IS
¢
- Hk;{i‘zm"/mmﬁll /DZHKZ‘“*‘*‘---/Dzlcosh’"l*1 Z sinh &
= M,(---(tanh E); - - )¢ = M. (B.1)

Next we calculate J, = K[IB(KKW)/BE for £ > 1. We commence with J;:

0
Ji=K;! /DZ1 — (K{" %)

9=
=K' /Dzl Ky [1+ (m; — 1) tanh® E]
=1+ (m; — 1)({tanh® E),. (B.2)

We move on to £ > 1, abbreviating L, = K[laKg/é)E:

_ o
Je=K, ! /DZe B—Q(Kg_ﬂ le—Hh—l)

2 9Ke_
:K[I/Dzz{(mg—l)Kl“lz aél

.
Ko (o1 + K2 1—(Kz1l011)}

0B
=K, /DZK {me — DK™ [ LooiWroeoy + K™ Joi}

= (mg — D) (Le—1We—1)e + (Je—1)e
= Me_y(my — 1) (Y7_,), + (Je-1)e.
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Iteration of this relation gives:

14
Jo=Y Mg — D (Y ) o)+ G (e

k=2

l
= > M i(me = D( (Y ), ), + 1+ (my = D+ (tanh® E), - )

(4
k=2

4
=1+Y My me— D+ (W2 ) ), (B.3)

k=1

Finally we prove that J; > 0 for all £ > 1. We put gy = (---(¥_,),---), and use the
inequalities g, > g2 = -+ > q¢ 2 O:

4
Jo =Y (M — Mi_1)qic + 1+ (my — g
k=2
—1

= ZMk(Qk — Gis1) + Mpge —mygy + 1+ (my — Dy
=2
o1

= ZMk(qk — 1) * Meqr +mi(qr —q2) +1 —¢q1 > 0.
=2

Appendix B.2. Calculation of 0K;/dq

In this second part of appendix B we will repeatedly need the following simple relations:

9 1}3 <aa)1 9B 1ﬁ <aa)1 < Bl )1 B4
= —0O1T = —pTT — _ . .
agr 27T g, dge 27T\ g, G2,

We first calculate 0K, /gy for 1 < £/ < £:

[l

0K K, _
S =m /Dzz Ky ==
qu/ aq;i/
¢
= |: 1_[ mk:| /Du Kénffl /D2271KZ15171
k=0'—1

- 1 0Ke
”’/DZM?&I/D”—IKZ'?S‘ P
aqe
l
B [ [ ’”} / Dz Ky / Dzo Ky / Dz 1K}
k=0'—1

By AE\ ! 9 \ '] 9Kyn

X e\ — — Jy—
2 1 oz I\ Bz Fo

14
Ty _ _
= ﬂTZ[ [l mk] /DZKKZ"fllszé—lKZ"fi' :

k=0'—1

oK, 9K
...\/DZ[/ 8[';1 /‘DZ(’_]KZH_EI ! =2

& 0
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Bro |
== ﬂ my | (me — DK,
k

=0 —

< 3Kgr1< 1 3Kgr2> >
Kpy—y 0E Kpp 0B [, P . K.

Hence, upon using K;laK@/a E = Mg, we obtain for 1 < ¢/ < € the simple result:

9K, By ¢ -1
K g = 3 | LIme || TTms | Gme = DG o (Weademide e
k=1 j=1

By
B TMZMZ —1me = D+ <Wt’2’71>z/ SR (B.5)
For ¢/ = 1 < £ we obtain, similarly:
0K 0K
K[l ¢ me DZzKZWII -1
a1 K, g1
[Tie mk/ me / me—1 / ~19Ko
== [DzyK)" Dz K, -+ [ DziKy''T —
X, K, -1 1Ky o0
M a2\ ' 0K,
‘/Dul{’”f‘ : /D gm-1 P 0
K( 2 821 0E
M, d 0K
= @—[/D [me ~-~/DZ1— Ko 0
2 Ky 0E 0B
M
= @—[/D gK"” b '/Dzl {1+(m1 — l)tanh2 E}K(’)"‘
2 K,
_Amy {1+ @y — D[ (tanh® B, ---),) (B.6)
> ¢ my ... (tan i)y .
Next we turn to the case where ¢’ > ¢, noting that K, is a function of {z¢1,...,z.}. If

£ > £+ 1 one finds

0K, By az\ ! a2 \'| 1 ok,
K —=—1z¢ — Z¢-1 — o=
86][/ 2 82[ 8Z1{/71 Kg 0E

By (35)1 < Elo )1
= —{zp — Zy— M .
> “\3m A Ve

For ¢’ = ¢ + 1, on the other hand, we obtain

K K
¢ =my /DZ(KZNI ! -l
0qe+1 0qe+1

—1 —1
M(,BT[@H my—1 0E 0E aKg_l
= —— | DK, —
) / ey {Zm (8ze+1> 2 (8@ 75
-\ -l
me B 0E / m—19Ke
= — Dz K,
2 !Z“‘ <azg+1) < T
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0 mi—10Kp—1
— \/\DZ[ﬁ I:Kl—él W} } .

This latter term will appear inside an integral over zy,; whenever g¢,; > 0. Thus, we will at
some point have to evaluate integrals of the following form:

0K, meBres / dg(8) / mp—1 0K o1
Dz B = Dzpyi——— | Dz¢K,™" . B.7
/ e+18( )8q[+1 ) +1 o 2\ o ( )
We calculate the derivative in the second term of d K;/d¢q1 as follows:

9 (., 9Ke 9
{K(_éll ‘ l} :MZ—I_{K(_GIKK—II//K—I}

& 0 0

Koy
0E

me—20 mp—1 0
=M, {(me - DK, ? K11+ K5 la—c(Kz—ll/fz—l)}

a:‘
o

m my— 8
=M, {(mz — DK, Mo, + K 1—(K131Wl)} .

Upon using formula (B.3) we arrive at

0 [ 0K, .
Méjla_:! {Klél 1%} = (me — DK} Mo_1¥7
-1
+K 1+ ZMf—l(mj - 1)(' ”(wjz—1>j ) ">£—1
j=1
Hence

. 0 me—10Ke—1 | - 2
K, [ Do VK o = M L+ Mjimy =D~ (v7), ),

j=1
=M 1Je
-1 0Ky my Bres g \ !
1
K, e = X 2 Ze+l 92 KeMo_1(Wo_1)e — KeMo_1 Jy
pr 98\
= £+1 Ml—lmé Zo+1 ‘/fé — J[ . (BS)
2 0Z¢+1

Appendix C. Condition for second-order SG,_; — SG/ transitions

In this appendix we derive the condition for the second-order transition SG,_; to SGy, for
arbitrary values of 1 < ¢ < L. We generalize our previous notational conventions, and write
the general saddle-point equations as

qe =oe(qi, ..., q1) =1,...,L).
Similarly we define, for 1 < k < ¢:

W@ qn) =),
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( (©)

Note that, with these conventions, ¢ (g1, ..., qL) = ( N >£+1 cee ) L The second-order

SGy_1 — SG, transition temperature is defined by

a(p(l)

—1. .1
9qe

(ge-1>0;9¢=qe+1="=q1.=0)

We can write ¢;”(q1,....qr) as ¢ = K;' [DzeK[" |y, = (¥ ), with ¥, =
(--- (tanh E); - - -)¢—1. From this expression we obtain

dp) 1 0K, 1 I
=% ‘/’LEZ) = /DZZ_ [Kzfl Kz—l]
dqe Ko dqe Ky 9q¢

1 aK( (K) 2/ 3 K{ 1
= - —— —— [ Dz K K
X, aq(‘/’ Kz Ze (Ko—1¥re-1)?

+—/DZzKW " 1— [Ke—1e-1]

1 0K 2 0K,
:———£¢EZ)+—/Dz5Km‘ -

K¢ 9q¢ K,

08 0 [ m
+— Dz, K,"| " DZZla aﬁ[ Ny

1 K -2 0K
_ zwéa /DZsz‘ -3

Ko 0qq Kz

Br a2\ ' 9 e D f
+7;/DZZ{<3U) . — (K" e 1)]/DZK—18H (K75 o]

1 0K 2 0K
=—— 2,0y T/D (KM 1[Kz 1We1]?
e

Ky 9q
me—2 0K K
'3 [/DZz (m¢ —2)K, 212 - IW L+ K ,_(Kz 1Ve-1)
K( 0B
0
X o2 [Ke—1¥e-1]
1 0K K
= —— L0 4 (my —2><K P lw 1>
K[ 8q 14

0K
+Bme(my — 2)< 2 - IW 1—(Kz 1Yo 1)>

5 2
+,37fz< {8” [Ke1e 1]} >
¢

For ¢ > 1 this reduces to

(@
+(mg — 2)5—2”1@—1/1325{%[[{;311 fl]}/DZz 1 K5 1318(22
= I; 215[ O 4 Bre(mg — 2)<K2_1 0K 11#@ 1Je— 1>(+,37U(J;321>Z
+(my — 2)%’”@4 <{(mz - 3)K€l_1 aK[ 1% 1
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1 1 0K;—»
+ 29 1% 8_’“( —1Ve-1) K., 9%
- - = le—1ly

1 0K
= _E# o+ Bre(my — 2)M (KWZAJ@A)[ + By (][271)2
+(mg — 2)%"%-1 ({ne =M1y + 2901 Jemr ) (Myatre2) 1),
'Bm{ M¢M;_(m; — 1)( (Z))Z +2(my — 2)me_1My_» (1/&2_1](—1)[

+(me — 2me_y My (mg — 3) Moy (Y5_,),
F20me — DMy (W2 Jer), +2 (), }

_ Bm
2

+0me = 2meyMes(me =)Mot (W), +2(02), | (C2)

S MM = 1D () + 4 = M (W2 ),

whereas for £ = 1 one finds

dp'l 1 9K
4! _———1<p(1) —/Dzl—[ Kg'" tanh® E]
0q1 Ky 9q;
1 0K, (1) / 1 K" 2
- — | Dz Ly 0E)0 'tanh? 2
v 3q1 21 Z1( /0z1)” [ anh” E]
1 9K, m, B 1 / 92 ” 5
%% Dz;— [K™ tanh? 2].
Kot T2k ¢y Ko nh® 5]

The second derivative of K" tanh? E is given by
2

E[K(')"‘ tanh® 8] =

g [(m1 —2)coshm; — 3Esinh® E + 2 cosh™ ~! Zsinh B ]

= cosh™ E[(m; —2)(m; — 3) tanh* E + (Sm; — 8) tanh® E +2].

Inserting this expression, and using (B.6), we now arrive at

dg)’  pm 2 -
T = S0 i = 1) (¢17) + (my = 2)my - 3) (ant* ),
8q1 2

+4(m; —2)¢"” +2}. (C.3)
Finally we note that the property g, = 0 induces the simplifying relations wéz) = Y1 =0,
with which expressions (C.2) and (C.3) leads to

9 (0

({;P = ,37'[( ‘][271'

q¢ (g 1>0;,q0=qen==q.=0)

Together with (B.3) we can now work out the condition (C.1) for the second-order
SGy_1 — SG, transition explicitly, giving the final result

-1

VB {1+2Mk1(mk— D} =1. (C4)

k=1



2802 T Uezu and A C C Coolen

Appendix D. Derivation of partial derivatives for L =2 and L =3

In this appendix we will find it convenient to use the following abbreviations:
¢1(q1. 42, q2) = (((tanh® B),),),
92(q1. 2. q3) = (((tanh )7 ), )
93(q1. 1. g3) = (({tanh E),)3),
(these are the right-hand sides of the L = 3 saddle-point equations for {q, 2, ¢3}),
01" (q1. q2, ¢3) = (tanh® B), 012(q1. 2. g3) = ((tanh® B) ),
03" (1. 92. q3) = (tanh E)? ¢ (q1, 42, ¢3) = ((tanh E)2),
¢y (@1, 92, ¢3) = ((tanh E) )3
and also ¥, = (- (tanh 8); ---),. Note that (¢{"), = 7. o = (9”), k = 1,2,3),
wl = goél) and 1/,22 = gogz). Further notation is as in sections 4 and 5 and appendix C.

Appendix D.1. Building blocks of the partial derivatives

First, we calculate the derivative 8(,0{1) (91, q2, g3)/9q1. From (C.3) we obtain

3€0§ ,37T1
8ql 2

{2 my(my — 1)( (”) + (my1 — 2)(my — 3)(tanh* ), + 4(m, —2)(p(1)}.
(D.1)
Nextis 3¢\”(q1, g2, 43)/9¢,. Equation (C.2) with k = 2 can be simplifid by using (B.3):

3¢S
092

2
= P2 bamims = 1) (6) 4 mioms — 20m — 3) (),

+dmy (my = 2) (Vi i), +2(J7), ]

B 2
= 2 =mimamy = 1) (¢87) 4 miomy = 2)ma = 3) (y),
+4my(my — 2)@5” +4m(my — 1)(ma — 2) (] (tanh® E)1 ),
+2+4(m; — De” +2(m; — 1) ((tanh? E)3), } (D.2)
The third partial derivative which we will need is
dp? 1 9K
o 2200y — /DZz— *(tanh” E),)
g K»oq
1 9K 9K 3
= 22200 2 g g 22 ank? B), +<—(tanh2 E)1>
K> 8q1 K2 aCIl aql

1 9K 1 9K dpM
- 2204 m2<——l(tanh28)1> Y e B
K dq) Ky 9qq 2 9q1 5

The last term in this expression is found to be

P (€8]
< a‘” > - @[—ml(ml—1)(<tanh2 E)3),
q1 5

2

+(my —2)(m; — 3)((tanh* B);), + 4(m; — 2)¢}” +2},
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Thus

3‘/)5 _ Bm

2
@, @ o)
. {4(m —2)9® +2 = Myp® — (my — )M, (<p1 )

+mymy ([1+ (m; — 1)(tanh® ), ] (tanh® B),),
—my(my — D{(tanh® E)7), + (m1 — 2)(m; — 3){(tanh® E),),

+(my — 2)(my — 3)((tanh* E),), +4(m, —2)(p(2)+2}. (D.3)

Similarly we calculate the fourth relevant partial derivative:
dgp” 1 9K
M _ 2(/)(2) —/DZz— [sz 1/Dzlcosh’”‘ = tanh® Ei|
g Ko 9go

1 0Ky 1 / mo—2 0K )

= - — = + —1)— | Dz K|? "——K,(tanh” E
K> 94, @)+ (my )K2 2K o0 | {tanh* B);

1 0
Dz, K{"*™ 1/Dzl—[cosh’"1 E tanh® E]
Kz

g2
= — %m my(my — )<1/’12>2 o (ma — I)IBZI:;Z ./DZZ

9 Ak
(K" (tanh? E)l]/Dzlcoshm"l i

a': a':
= =

1 5
+—/DZ2K;”2*‘@/DZ1 Z—Z—Z—‘ 7 (cosh™ & tanh® E)
K 2

an BIC)

X

B [ 1 L - 2,0
== E/DZZ BIE au[Kl(tanhzu)l] mimy(my — Dy ¢y”

+(m2—l)—/DZQK1W1 — [k (tanh? 5)1]}.

In this expression we need to calculate the following two objects:

3 3
B—T[K;”Z*l(tanh2 E)] = a—H[K{”TZKl (tanh® E), |
IK 3
= (my — )—1sz K (tanh? E), + K72 — [K| (tanh® E), ]

au
9
=K£"‘{<mz—2>mlwl H(tanh® B), + Ko [K1(tanhZE>1]}
9 . .
a—H[Kl(tanh E)1] = K1 [(m) — 2)(tanh® E), +2(tanh ), ] .

Insertion of these intermediate results into our previous expression for 8(,052) /9q> gives

dg;” B -
aql _Zml(m2 — 1){—m1m2<p§2><p§ V4 (my — 2) (7 (tanh? E),),
2

+2{g1 (1 — 2 ftanh’ B)y + 2(anh 2)1)), |

T
= %mmmz —1) [—mlmw; Yo +my(my — 2)(yf (tanh® B) ),

+2(m; —2) (¥ (tanh® E),), +4¢(2>}. (D.4)
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From this last result one immediately obtains also the remaining partial derivative

dpy e mOmi—1) g

dq1  on gy  mami(my—1) dqa

T
= P20y = 1) [omumag® o2+ myms — 2) (7 anh” 8)3),
+2(m1 —2) (¥ {tanh® B)y), + 49 ] (D.5)

where o] = %M(pl(n’u — 1)

Appendix D.2. Partial derivatives of the saddle-point equations

Here we calculate all partial derivatives of the form d¢;(q1, g2, ¢3)/9qe¢, with £, ' € {1, 2, 3},
which play a role in our analysis of the L € {2, 3} saddle-point equations.

Calculation of d¢3/0dq3: Starting from the general formula (C.2)

B]
8_23 = % {=M3Ma(m3 — D@3 + (m3 — 2)ymamy(m3 — 3)M, (W;%
+4(m3 — )My (Y3 o), +2(75), }
we derive
B
a—Zz = %{—M3M2(m3 — D@3 + (m3 — 2)mom (m3 — 3)My(v3),
+4(m3 — )My ((3), + (my — D)(y3((tanh* B)y), ),
+my(my — 1)(W22(w12>2>3)
#2((1 G = DY)+ m1ms = DL
= %[ — M3M>(m3 — 1)@3 + (m3 — 2)mamy (m3 — 3)M2(W§>3
+4(m3 — 2) M (@3 + (my — 1)(y3((tanh® E),)),
+my(my — D(Y3(y1),);) +2+40m — Doy +4my(my — 1)y
+20my = D(({(tanh® 81),)°), + 2mima = D((v7),)°),
+4my(m; — 1)(my — 1)(((tanh? 5)1)2(¢3)2)3}. (D.6)
Calculation of d¢3/0q;:
Ops 1 0Ks 1 0 (gmy2
dg1 K3 g vt K3 /DZ3 9q1 (K3"v2)
- — L% ms —2 m3—3& 2
=T %o @3+ K /DZ3K2 o0 (K2yr2)

+2/D KMy 9 (K>2)

e 3K, zaq1 2V2

18K3 m3—2
+

ms3 0K
/DZ3K2‘ 3@(1(2‘#2)2
1

2(m2 — 1) / ma—1 ny—2 aK]
+ ———— | Dz3K;"” 1/fz'/DZzK T —Kiyn
K; 2 ! 0q
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+i/DZ3K£"371¢z /DZQKfnrli(Kﬂﬁl)
K3 0q1

1 8K3 m3—2/ m_38K2 2
=———p+ Dz3 K, 7 —=(K2yn)
K3 9q, K3 g

20ms — 1 . 0K
+%fDZ3K23 llﬂszZzK]z 'S LK1y
3

g1
T 2 ma— Mo — — — 0 m
+%E/DZ3KZ3 1¢Z/DZZK12 1/D21Z1(8a/8zl) la_w (K{" o)

1 0K; o 2)<18K2w2>+2( 1)<¢<13K1w>>
= —-——— m3 —2)(———= my — —
K; a611('03 ’ K> 3q1 /s ? *\k, 0q1 123

ﬂnl 2 m3—1 my—1 82 n
+ TE DZ3K2 ’ ’#2 DZZKI ’ DZI@ (KO lwo)

18K3¢+( 2><13K2w2>+2< 1)<w<131{1w>>
= ——7—@3+(m3 — — my — 2\
K3 0q) Ky dq1 2[5 Kioqi /s
By 1 32
+—2 ——(K .
72\ X gz Ko )
The second derivative 32(K (/0))/d E? in this expression is calculated as

2 32 - '
@(Kl(l/m)l) = /Dm@ [cosh™ ! Zsinh E]

= /Dzl [(m) — 1)(m; —2) cosh™ ~ Esinh’ E
+(3m; —2) cosh™ ! Esinh E|

= K1 ((}111 — 1)(}’I11 — 2)(tanh3 E)l + (Sml — 2)101) .
Insertion into our previous expression for d¢3/dq; gives

T ) 0 N MY A ).
A K; oqu 03+ (m3 — 2) <K2 om 1/f2>3 +2(my—1) <1/f2<K1 om W1>2>3
+ % [20m1 — 1)(my — 2)(yno((tanh® E)1),), +23m; — 2) (Y2 (Y1)2)3} -

Upon using our previous result (B.6) of appendix B, this subsequently translates into

d T
20 _ BT Mgy — Mymy — Dorgs + (ms — 205 (43),

8q1 2

+(my — D)(ms — )Mo\ y3),

+2myi(my — 1) (Y2 (¥1)2)3 +2my(my — 1) (ma — 1) (Yo ((tanh® E)1¥1)2)3

+2(my — 1)(my — 2) (Yo((tanh® B),),), +2(3m; — 2)<wz<w1>z>3}

= %(ml - 1){4903 — M3¢193 + (m3 — 2)M2(<.0}2)¢22>3

+2my(my — D(i((tanh® E) 1), ),

+20my = (v (tanh® E)1), ), | (D.7)
Calculation of 9¢3/0q>:

= —— 93+ — | Du— (KJ"y3)

dos 1 0Ky 1 / 9
992 K3 9g> K3 9q>
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1 8K3 WZ3—2

@3 +
K3 0g2

2 ms—1 0 my—1
+— | DK Dz,— (K" K
K3/ 23K, Wz/ Z28q2( | 1)

1 9K my — 2 my—3 0K
=—— 3K /DZ3K23 3222 (Kayn)?
3

0K
/DZ3K2 ’ 3#(1(2%)2
2

K3 9g> 0q2

2(my — l)/ ma—1 / my—2 0K
+——+— [ DzzKS" Dz K2 "—K

e 3K, " | D22K) oy 11

By 2 / . / aK{"”/ R
+—— | DzK.)" D Dz — (K"

2 K 38, V2 22 Flo ZlaE( 0 WO)

1 8K3 m3—2/ m_38K2 2

= 2+ Dz3K,? " —(K

K 90 ©3 X 23K, 8qQ( 2V2)

2(m2 — 1) / ma—1 / ny—2 aK]
+—— [ DK, D7 K" "——K

I 23K, Y | D22K| 0 1

By 2 / mz—1 / my—2 0K

—— [ DxzK5"? D —DK;?> "—K;J
+= X 23K, Yn | Dza(ma — 1)K, oz Kih

KL 2)< 1 8K2w2>

= —_-— ms — e
K3 9g> v ’ K> dq 25
1 0K T
+2(m — 1><w2<——‘ w1> > P sy — 1) T2
K1 36]2 213 2

Here we require the following object:

1 9K 1 9K
<——1w1> =—/DzzK1'"2 g —
Kidq: [, K> g2

I Bm d r maet / m—10Ko

= —m 222 Dy, { Zikm Dz kM1 220

K2 / Zz{aa[ ]| [ Puke g

1 By 1 0K; 1 1 0 1
= —m P2 Dok™ [my—2)— 22—y b — L (Kyy)—
mi / 2K [(mz )K1 e Kll/fl KlaE( 11/f1)K1:|

x /Dle(')”‘ tanh 2

1 0K 1 0
=m1%<[<m2—2>——1w1 , (Kum} w1>

K, 0E K, 08 5

= m P22 [y omy = 2 (9, + (rnna].

Insertion into our earlier expression for dg3/dq,, followed by usage of (B.5)—(B.8) whenever
appropriate, allows us to write

d 1 0K 1 0K
Bk (s —2)<——2W22>

92 K3 9g> K> 9g2 " 7[5

+2m (ms — 1)% (V2 {mima = 2) (), + (L2 ),

B>
+ T21711(1’112 = D (Y1 /1)2)s

1 0K3 1 0K,

=20t (s —2)<—— 2>
K3 9g> s ’ K> dgo V2 5
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prs
2

B> 2=
+ 74””1(’"2 — D {(¥2(¥1)3)3 + (my — D)(ya(v (tanh® E),),), }

- %(mz -1 {_M3m1<ﬂ2</’3 + Momy (ms = 2) (vr7), ]/jz2>3

+ Zm%(mz —2) (’#2 <WI%>2>3
+4mip3 +4my(m; — 1) (‘/f2 (1/’1 (tanhz E>1>2>3} ’ e

+2mi(my — 1)(my — 2)

(V2 (¥i)al;

Calculation of 0¢,/dq3 and d¢,/dq3:  These two partial derivatives are found to be relatively
easy to calculate:

dpr _ 3093 _ m3sMa(ms — 1) dgs
dgs a1 dq ai(my — 1) 9qi
T
= %Mz(ﬂw ) [4903 — Mzp193 + (m3 — 2)M2<<.0§2)%2>3

+2m, (my — 1) (Yo tanh® B) 1 91), ), + 2(my — 2) (o((tanh’ 5)1)2)3}
(D.9)
9y a3 dps  msMs(ms —1) g3
dg3 @ dq  mMi(my—1) g

= %mz(ms -1 [—M3m1</)2<p3 + Mym (m3 — 2) (Y7), ¥3), +4m g

+2m3(my = 2) (Y2 (7)), + 4mi(mi — 1) (2 (¥ (tanh® E)1>2>3] . (D.10)

Calculation of d¢,/dq and d¢,/0q>:

8(,01 1 8K3

1 0 msy (2)
=———¢1+—/DZ3— Ky o
0q2 K3 9q2 K3 342( 2er)

1 9K 1 1 dK, 1 s 002
=———3901+m3—/DZ3——q2K23<p1(2)+— Dz3 K" 1
3 2

K3 BQQ K Kz d K3 BQQ
B> 1 9Ky 3
= ———Mzm(my — D12 + m3{ ——¢ +{—
5 Mami(ma 192 3 K 0! . 245 3
B

= TM3m1(mz -1 <—<P1§02 + (<P1(2)€0§2)>3)

TT
+ <%m1(mz ~1) [—mlmwi%;” +m (my — 2) (Y} (tanh® E),),

+2(m1 — 2) (Y1 {tanh® B)y), + 4¢? ])

Br
= S2mimz = 1) {=Mapigz + mima(ms = D{pe7), + 492

3

+my(my —2) (W7 (tanh® E),),), +2(m; — 2) (¢ (tanh’ a>1)2>3} . (D11
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From this result, in turn, immediately follows

Iy g m(m —1) d¢

31 @ dqy  mami(my—1) dga
,3771

= ——(m; —1) {_m1mzm3§01<ﬂz +mima(ms — D{ei?9y”); + 42
+ mi(my — 2) (Y7 {tanh® E),),), +2m; — 2) {( {tanh® 3)1)2)3] - (D.12)

Calculation of 9¢1/dq) and 9¢,/dq,: Finally, let us turn to the remaining two partial
derivatives, d¢;/dq; and d¢,/9¢g»:

9 1 9K 1 9 . .
ﬂ — __—3(;01 DZ’% [K2 3(,0}2)]
q1 K3 dq: K; 9q1
:_i%(pl_FE/D 3Km’ laKz(p(Z) 8(»0_}2)
K3 9q; K3 g1 9q1
By

T M 1+ om = D g+ M ({14 0my - 1)¢<2>} o),

—(my — 1>M2<(WEZ)) > +my(my — D)(my — 1) {{(tanh® E)7), ),
3

+(m1 = 2)0my = 3) ((tanh® &)1}, ), +40m1 = 2) (o) +2}

2
= ,37271 { (my — D)Ms(¢1)* + (m; — 1)M>(m3 — 1)<< (2)> >

+mi(my — 1)(my — 1) ({(tanh® E)7),),

3

+(my —2)(m; — 3){((tanh* E),),), +4(m1 — )1 + 2} (D.13)

where we use (D.3), and, similarly, using (D.2)
8(02 1 3K3 / 3 m )
e [ (k)
00 Ksog M gy \2 P2

= —'BTM%ml(mz — D (g2)” +m3 <'BTM2m1(m2 — Dy (2)>
3

2
+ <% {—m%mz(mz -1 <§0§2)> +mi(my = 2)(ma = 3) Wi,
+dmy(my — 2)‘/)52) +4mi (my — 1)(m2 —2) (yf (tanh? 2hly
+2+4(m1 — Dei? +2(m; — 1)? {(tanh® B)7), }>3

2
- % {_M3m1(m2 — D)(g2)? +m%mz(m2 —D(ms —1) <<(/)§2)) >

+mi(my —2)(my = 3) ((¥),)
+4my(my — 2)@a + 4my(my — 1)(my — 2) ((¥] (tanh® E),)

3

2>3
+2+4(my — Do + 2(m; — 1)*(((tanh? a)%)2)3} . (D.14)
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