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Intro - Lab frame and CMS frame kinematics

k = kµ = (E , k)

k ′ = k ′µ = (E ′, k′)

p = pµ = (Ep , p)

p′ = p′µ = (E ′p , p
′)

CMS frame

k = kµ = (E , 0, 0, pi )

k ′ = k ′µ = (E ′, pf )

p = pµ = (Ep , 0, 0,−pi )
p′ = p′µ = (E ′p ,−pf )

Lab frame (neutrino)

k = kµ = (E , 0, 0,E)

k ′ = k ′µ = (E ′, k′)

p = pµ = (M, 0, 0, 0)

p′ = p′µ = (E ′p , p
′)



Intro - Mandelstam variables

s = (p + k)2 = m2 + M2 + 2p · k = (p′ + k ′)2 = m′2 + M′2 + 2p′ · k ′

u = (p′ − k)2 = m2 + M′2 − 2p′ · k = (k ′ − p)2 = m′2 + M2 − 2k ′ · p
t = (k − k ′)2 = m2 + m′2 − 2k · k ′ = (p′ − p)2 = M2 + M′2 − 2p · p′

s + t + u = m2 + m′2 + M2 + M′2

Lab frame (νµ-e elastic)

s = M2 + 2p · k = M2 + 2ME

u = M2 − 2p′ · k = M2 − 2ME ′

t = −2k · k ′ = 2M(E ′ − E)

s + t + u = 2M2

Lab frame (CCQE)

s = M2 + 2p · k = M2 + 2ME

u = M2 − 2p′ · k = m2 + M2 − 2ME ′ · p
t = m2 − 2k · k ′ = 2M(E ′ − E)

s + t + u = m2 + 2M2



Intro - CMS frame cross-section formula

dσ =
|M|2

F
· dLips =

|M|2

4pi
√
s
· dLips

dLips = (2π)4δ4(k ′ + p′ − k − p)
d3k′

(2π)32E ′
d3p′

(2π)32E ′p

=
1

4π2

d3k′

4E ′E ′p
δ4(E ′ + E ′p − E − Ep)

In CMS frame, s = (k + p)2 = (E +Ep)2− (k + p)2 = (E +Ep)2 = W 2 = (E ′+E ′p)2,

and |k| = |p| = pi , |k′| = |p′| = pf . Thus, dW = pf
E ′ dpf + pf

E ′
p
dpf . Using spherical

intergral,
∫
d3k′ ∼

∫
|k′|2d |k′|dΩ,

dLips =
p2
f dpf dΩ

16π2E ′E ′p
δ(W − E ′ − E ′p)

=
p2
f dΩ

16π2E ′E ′p

E ′E ′p

pf (E ′ + E ′p)
dW δ(W − E ′ − E ′p) =

pf

16π2
√
s
dΩ

Thus, you can derive CMS frame cross section formula.

dσ

dΩ
=

1

64π2s

pf

pi
|M|2

In the fixed target experiments (like neutrino experiments), we don’t measure
cross-sections in CMS frame so we don’t use this formula.



Intro - Lab frame cross-section formula

dσ =
|M|2

F
· dLips =

|M|2

4EM
· dLips

For k ′, use spherical integral and integrate over angles
d3k′ = |k′|2d |k′|dφdcosθ = 2π|k′|E ′dE ′dcosθ, and for p′ you take derivative to

make d3p′

2E ′
p

= d4p′δ(p′2)θ(E ′p) and take integral with d4. Also dQ2 = −2E |k′|dcosθ.

dLips = (2π)4δ4(k ′ + p′ − k − p)
d3k′

(2π)32E ′
d3p′

(2π)32E ′p

=
d3k′

8π2E ′
d4p′θ(E ′p)δ(p′2)δ4(k ′ + p′ − k − p)

=
|k′|2d |k′|

4πE ′
dcosθδ((k + p − k ′)2) =

|k′|dE ′

4π

dQ2

2E |k′|
δ((· · · )− 2ME ′)

=
dQ2

8πE

1

2M
δ((· · · )− E ′) =

dQ2

16πME

Thus, you can derive CMS frame cross section formula.

dσ

dQ2
=

1

64πM2E2
|M|2

We use this formula to derive neutrino cross-sections.



Intro - Nucleon form factor

Homework 1
Assuming the charge distribution of a nucleon is spherically symmetric,
ρ(x) = ρ0e−Mr , taking the Fourier transformation of this derive the form factor
(|q| ≡ q),

F (q2) =

∫
ρ0e
−Mr e iq·xd3x ≡

F (0)(
1 + q2

M2

)2



Intro - Totally anti-symmetric tensor

dimention 3, Levi-Civita symbol

εijk = εjki = εkij (cyclic rule)

εijk = −εjik

εijkεabc =

∣∣∣∣∣∣
δia δib δic
δja δjb δjc
δka δkb δkc

∣∣∣∣∣∣
εijkεibc = δjbδkc − δjcδkb
εijkεijc = 2δkc

εijkεijk = 6(δii = δ11 + δ22 + δ33 = 3)

~A× (~B × ~C) = εabi εijkAbBjCk = (δajδbk − δakδbj )AbBjCk = BaAbCb − CaAbBb

= ~B(~A · ~C)− ~C(~A · ~B)

dimention 4

εijkl εabcd = −

∣∣∣∣∣∣∣∣
δia δib δic δid
δja δjb δjc δjd
δka δkb δkc δkd
δla δlb δlc δld

∣∣∣∣∣∣∣∣
εijabεijcd = −2(δacδbd − δadδbc )



Intro - Gamma and trace algebra

gµνg
µν = 4, γ5γ5 = I4, {γ5, γ

µ} = 0, σµν =
1

2
{γµ, γν}

γ0† = γ0, γ0γ0 = I4, γ
†
5 = γ5, γ5γ5 = I4

γ0γµ†γ0 = γµ, γ0γ5γ
0 = −γ5

tr [I4] = 4

tr [ABC ] = tr [BCA](cyclic rule)

tr [odd number of γs] = 0

tr [γµγν ] = 4gµν

tr [/k/k ′] = 4k · k ′

tr [γµγνγαγβ ] = 4[gµνgαβ − gµαgνβ + gµβgνα]

tr [γµ/kγν/k
′] = 4[kµk

′
ν + kνk

′
µ − (k · k ′)gµν ]

tr [γ5] = 0

tr [γ5γµγν ] = 0

tr [γ5γµγνγαγβ ] = 4iεµναβ

tr [γ5γµ/kγν/k
′] = 4iεµανβk

αk ′β



Intro - Integral

3-dimensional integral can be done either in cartesian corrdinate or spherical
coordinate. ∫ ∞

−infty

∫ ∞
−infty

∫ ∞
−infty

d3p =

∫ ∞
0

dp

∫ 1

−1
dcosθ

∫ 2π

0
dφ

3-dimensional integral can be expanded to 4-dimensional integral, using
δ(E2

P − |~k|
2) = 1

2Ep
[δ(Ep − |~k|) + δ(Ep + |~k|)]

∫
d3p

2Ep
=

∫
d4pΘ(Ep)δ(p2)



Intro - Feynman diagrams for weak interactions



νµ − e - Cross-section νµ + e → νµ + e
Define 4 spinors, ν(k), ν(k ′), e(p), e(p′), for muon neutrino and electron. Then the
neutrino current is,

g

2cosθw
ν̄(k ′)

1

2
γµ(1− γ5)ν(k)

the electron current is,
g

2cosθw
ē(p′)γµ(gV − gAγ5)e(p)

where gV = − 1
2

+ 2sin2θw and gA = − 1
2

, and the propagator is ∼ 1
Q2+M2

Z

∼ 1
M2

Z

.

Then put all together,

M =
g2

8cos2θwM2
Z

[ν̄(k ′)γµ(1− γ5)ν(k)][ē(p′)γµ(gV − gAγ5)e(p)]

=
GF√

2
Jµj

µ

Here, cos2θwM2
Z = M2

W and g2

8M2
W

≡ GF√
2

.

Then, square of the matrix element is

|M|2 =

(
GF√

2
Jµjµ

)(
GF√

2
j†νJ

ν†
)

=
G2
F

2

(
JµJν†

)(
jµj
†
ν

)
≡

G2
F

2
LµνWµν

Thus, the spin average of matrix element square is,

|M|2 =
G2
F

2

1

2

∑
spin

Lµν lµν =
G2
F

4
L
µν

lµν



νµ − e - Leptonic tensor of neutrino

Homework 2
Show,

Lµν = tr [ν̄(k ′)γµ(1− γ5)ν(k)][ν̄(k)γν(1− γ5)ν(k ′)]

= 8[kµk
′
ν + k ′µkν − (k · k ′)γµν ]− 8iεµναβk

αk ′β

≡ LSµν + LAµν

The first 3-terms are symmetric in µ↔ ν, but the last term is antisymmetric in
µ↔ ν. A symmetric term times an anti-symmetric term is 0. This is useful so we
calculate these terms separately.



νµ − e - Leptonic tensor of electron

lµν = tr [̄l(p′)γµ(gV − gAγ5)l(p)][̄l(p)γν(gV − gAγ5)l(p′)]

= tr [γµ(gV − gAγ5)(/p + M)γν(gV − gAγ5)(/p′ + M)]

= tr [gV γµ/p − gVMγµ − gAγµγ5/p − gAMγµγ5]×
[gV γν/p

′ − gVMγν − gAγνγ5/p
′ − gAMγνγ5]

= (g2
V + g2

A)tr [γµ/pγν/p
′] + M2(g2

V − g2
A)tr [γµγν ]

+2gV gAtr [γ5γµ/pγν/p
′]

= 4(g2
V + g2

A)[pµp
′
ν + p′µpν − (p · p′)γµν ] + 4M2(g2

V − g2
A)gµν

−8iεµναβp
αp′β

≡ lSµν + lAµν



νµ − e - Matrix element
Surviving terms are LSµν l

Sµν and LAµν l
Aµν .

|M|2 =
G2
F

4
·
[

32[kµk
′
ν + k ′µkν − (k · k ′)gµν ]×

{(g2
V + g2

A)[pµp′ν + p′µpν − (p · p′)γµν ] + M2(g2
V − g2

A)gµν}

−64gV gAεµναβε
µνγδkαk ′βpγp

′
δ

]
= 8G2

F

[
(g2

V + g2
A)[2(k · p)(k ′ · p′) + 2(k · p′)(k ′ · p)] + M2(g2

V − g2
A)[−2(k · k ′)]

−2gV gA[−2(δγαδ
δ
β − δ

γ
βδ
δ
α)kαk ′βpγp

′
δ]

]
= 16G2

F

[
(g2

V + g2
A)[(k · p)(k ′ · p′) + (k · p′)(k ′ · p)]−M2(g2

V − g2
A)(k · k ′)

−2gV gA[(k · p)(k ′ · p′)− (k · p′)(k ′ · p)]

]
Using cL ≡ 1

2
(gV + gA), cR ≡ 1

2
(gV − gA),

|M|2 = 16G2
F [(g2

V + g2
A)(k · p)(k ′ · p′) + (g2

V − g2
A)(k · p′)(k ′ · p)−M2(gV + gA)(gV − gA)(k · k ′)]

= 16G2
F [c2

L(2k · p)(2k ′ · p′) + c2
R(2k · p′)(2k ′ · p)− 2M2cLcR(2k · k ′)]

= 16G2
F [c2

L(s −M2)2 + c2
R(u −M2)2 + 2M2cLcR t]

(1)



νµ − e - cross section

The cross section formula

dσ =
|M|2

F
dLips =

|M|2

4EνM
dLips

=
|M|2

4EνM

∫
d3k′

(2π)3E ′ν

d3p′

(2π)3E ′e
(2π)4δ4(k + p − k ′ − p′)

=
|M|2

4EνM

∫
d4k ′ · 2π|p′|2d |p′|

8π2E ′e
Θ(E ′ν)δ(k ′2)δ4(k + p − k ′ − p′)

=
|M|2

4EνM

∫ |p′|2d |p′|dcosθ
4πE ′e

Θ(E ′ν)δ((p + k − p′)2)

=
|M|2

4EνM

∫ |p′|E ′edE ′edcosθ
4πE ′e

Θ(E ′ν)×

δ((Eν + M − E ′e)2 − (k − p′)2)

=
|M|2

4EνM

∫ |p′|E ′edE ′edcosθ
4πE ′e

Θ(E ′ν)
1

2Eν |p′|
δ(· · · − cosθ)

=
|M|2

4EνM

dE ′e
8πEν

=
|M|2

32πME2
ν

dE ′e



νµ − e - cross section

dσ

dE ′e
=

|M|2

32πME2
ν

=
16G2

F

32πME2
ν

[c2
L(s −M2) + c2

R(u −M2) + 2M2cLcR t]

=
G2
F

2πME2
ν

[c2
L(2MEν)2 + c2

R(2ME ′ν)2 + 2M2cLcR · 2M(E ′ν − Eν)]

=
2MG2

F

π

[
c2
L + c2

R

(
E ′ν
Eν

)2

− cLcRM

(
1−

E ′ν
Eν

)]

=
2MG2

F

π

[
c2
L + c2

R(1− y)2 − cLcRM
My

Eν

]
Thus, the total cross-section is,

σ =

∫ 1

0

dσ

dE ′e
dy =

2MG2
FEν

π

[
c2
L +

1

3
c2
R −

1

2
cLcR

M

Eν

]
∝ Eν

Total cross-section of νµ − e scattering is a linear function of Eν , and the value is
σ(νµ − e) = 1.55× 10−42(Eν/1GeV )cm2, about 1,0000 times smaller than CCQE
cross section at 1 GeV.



CCQE - Kinematic variables 1

K ≡ k + k ′

P ≡ p + p′

q ≡ k − k ′ = p′ − p

Q2 ≡ −q2

τ ≡
Q2

4M2

P2 = (p + p′)2 = 2M2 + 2p · p′ = 4M2 − q2

2p · p′ = 2M2 − q2

K2 = (k + k ′)2 = m2 + 2k · k ′ = 2m2 − q2

2k · k ′ = m2 − q2

P · K = (p + p′)(k + k ′) = pk + p′k ′ + pk ′ + p′k

=
1

2

[
(s −M2) + (S −M2 −m2) + (m2 + M2 − u) + (M2 − u)

]
= s − u = 2M(E + E ′)−m2 = 4ME + q2 −m2

P · q = (p + p′)(p′ − p) = 0

K · q = (k + k ′)(k − k ′) = −m2



CCQE - Kinematic variables 2

PµPν = pµpν + pµp
′
ν + p′µpν + p′µp

′
ν

qµqν = p′µp
′
ν − p′µpν − pµp

′
ν + pµpν

1

2
(PµPν − qµqν) = pµp

′
ν + p′µpν



CCQE - Reconstructed neutrino energy and Q2

Homework 3
Assuming the CCQE kinematics and the CCQE interaction (ν + n→ l + p), derive,

1. E = ME ′−0.5m2

M−E ′+
√

E ′2−m2cosθ

2. Q2 = −m2 + 2EE ′ − 2E
√
E ′2 −m2cosθ

This implies you can calculate the initial neutrino energy E and Q2 from measured
outgoing lepton energy E ′ and the scattering angle θ.



CCQE - cross-section ν + n→ l + p

Define 4 spinors, ν(k), l(k ′), n(p), p(p′), for neutrino, charged lepton, neutron, and
proton. Then the leptonic current is,

J
(l)
µ = l̄(k ′)γµ(1− γ5)ν(k)

and the hadronic current is,

J
(h)
µ = p̄(p′)

[
F1γµ +

1

2M
F2iσµνq

ν + FAγµγ5 +
qµ

M
FPγ5

]
n(p) ≡ p̄(p′)Γµn(p)

Use Gordon decomposition, p̄(p′)γµn(p) = p̄(p′) 1
2M

[Pµ + iσµνqν ] n(p), to erase σµν .

J
(h)
µ = p̄(p′)

[
(F1 + F2)γµ −

F2

2M
Pµ + FAγµγ5 +

FP

M
qµγ5

]
≡ p̄(p′) [aγµ − bPµ + cγµγ5 + dqµγ5]

The matrix element is,

|M|2 =

(
GF√

2
Jµ(l)J

(h)
µ

)(
GF√

2
J

(h)†
ν Jν(l)†

)
=

G2
F

2

(
Jµ(l)Jν(l)†

)(
J

(h)
µ J

(h)†
ν

)
≡

G2
F

2
LµνWµν

|M|2 =
G2
F

2

1

2

∑
spin

LµνWµν =
G2
F

4
L
µν

Wµν



CCQE - Leptonic tensor

Lµν = tr [̄l(k ′)γµ(1− γ5)ν(k)][(l(k ′)†γ0)γν(1− γ5)ν(k)]†

= tr [̄l(k ′)γµ(1− γ5)ν(k)][ν(k)†γ0γ0(1− γ5)†γ†νγ
†
0 l(k

′)]

= tr [̄l(k ′)γµ(1− γ5)ν(k)][ν̄(k)(1 + γ5)γν l(k
′)]

= tr [̄l(k ′)γµ(1− γ5)ν(k)][ν̄(k)γν(1− γ5)l(k ′)]

= tr [γµ(1− γ5)/kγν(1− γ5)(/k ′ + m)]

= tr [γµ/kγν(/k ′ + m)− γµ/kγνγ5(/k ′ + m)− γµγ5/kγν(/k ′ + m) + γµγ5/kγνγ5(/k ′ + m)]

= tr [γµ/kγν/k
′ − γµ/kγνγ5/k

′ − γµγ5/kγν/k
′ + γµγ5/kγνγ5/k

′]

= 2tr [γµ/kγν/k
′] + 2tr [γ5γµ/kγν/k

′]

= 8[kµk
′
ν + k ′µkν − (k · k ′)γµν ] + 8iεµανβk

αk ′β

= 8[kµk
′
ν + k ′µkν +

1

2
(q2 −m2)γµν ]− 4iεµναβ(kαk ′β − k ′αkβ)

= 8 ·
[

1

2
[(kµ + k ′µ)(kν + k ′ν)− (kµ − k ′µ)(kν − k ′ν)] +

1

2
(q2 −m2)γµν

]
−4iεµναβ [(kα + k ′α)(k ′β − kβ) + (kαkβ − k ′αk ′β)]

= 4[KµK
′
ν − qµq

′
ν + (q2 −m2)gµν + iεµναβK

αqβ ]

≡ LSµν + LAµν

The first term is symmetric in µ↔ ν, but later term is antisymmetric in µ↔ ν. A
symmetric term times an anti-symmetric term is 0. This is useful so we calculate these
terms separately.



CCQE - Hadronic tensor

Wµν = tr [p(p′)†γ0Γµn(p)][n(p)†Γ†µγ0p(p′)]

= tr [p̄(p′)Γµn(p)][n(p)†Γ†µγ0p(p′)]

= tr [p̄(p′)Γµn(p)][n̄(p)γ0[aγν − bPν + cγνγ5 + dqνγ5]†γ0p(p′)]

= tr [p̄(p′)Γµn(p)][n̄(p)[aγ0γ
†
νγ0 − bPν + cγ0γ

†
5γ
†
νγ0 + dqνγ0γ

†
5γ0]p(p′)]

= tr [p̄(p′)Γµn(p)][n̄(p)[aγν − bPν − cγ5γν − dqνγ5]p(p′)]

= tr [p̄(p′)Γµn(p)][n̄(p)[aγν − bPν + cγνγ5 − dqνγ5]p(p′)]

≡ tr [p̄(p′)Γµn(p)][n̄(p)Γ′νp(p′)]

= tr [Γµn(p)(/P + M)Γ′ν(/p′ + M)]

= tr [Γµn(p)/PΓ′ν/p
′] + Mtr [Γµn(p)/PΓ′ν ] + Mtr [Γµn(p)Γ′ν/p

′] + M2tr [Γµn(p)Γ′ν ]

≡ W 1
µν + W 2

µν + W 3
µν + W 4

µν

Hadronic tensor calculation takes time and space, so we split it to 4 parts. Let’s start
from the easiest one.



CCQE - Hadronic tensor, W 4
µν

W 4
µν = tr [(aγµ − bPµ + cγµγ5 + dqµγ5)(aγν − bPν + cγνγ5 − dqνγ5)]

= M2tr
[
a2γµγν − abγµPν + acγµγνγ5 − adγµqνγ5

−abPµγν + b2PµPν − bcPµγνγ5 + bdPµqνγ5

+acγµγ5γν − bcγµγ5Pν + c2γµγ5γνγ5 − cdγµγ5qνγ5

+adqµγ5γν − bdqµγ5Pν + cdqµγ5γνγ5 − d2qµγ5qνγ5

]
It looks awful, but using gamma matrix trace rule, you can identify many of them are
zero,

W 4
µν = M2tr

[
a2γµγν + b2PµPν + c2γµγ5γνγ5 − d2qµγ5qνγ5

]
= M2tr

[
(a2 − c2)γµγν + b2PµPν − d2qµqν

]
= 4M2[(a2 − c2)gµν + b2PµPν − d2qµqν ]



CCQE - Hadronic tensor, W 2
µν and W 3

µν

These 2 tensors have certain symmetry so it’s good to calculate together.

W 2
µν = Mtr [(aγµ − bPµ + cγµγ5 + dqµγ5)/p(aγν − bPν + cγνγ5 − dqνγ5)]

This time, we skip all zero terms (odd number of gammas, etc). Since there is one
more gamma compared with W 4

µν , basically, terms survive and terms go zero are
flipped.

W 2
µν = Mtr [−abγµ/pPν − abPµ/pγν − cdγµγ5/pqνγ5 + cdqµγ5/pγνγ5]

= 4M[−abgµαpαPν − abgναp
αPµ + cdgµαp

αqν + cdgναqµp
α]

= 4M[−ab(pµPν + pνPµ) + cd(pµqν + qµpν)]

Similarly,

W 3
µν = Mtr [(aγµ − bPµ + cγµγ5 + dqµγ5)(aγν − bPν + cγνγ5 − dqνγ5)/p′]

= Mtr [−abγµPν/p′ − abPµγν/p
′ − cdγµγ5qνγ5/p

′ + cdqµγ5γνγ5/p
′]

= 4M[−abgµαPνp′α − abPµgναp
′α − cdgµαqνp

′α − cdqµgναp
′α]

= 4M[−ab(Pνp
′
µ + Pµp

′
ν)− cd(qνp

′
µ + qµp

′
ν)]

Thus,

W 2
µν + W 3

µν = 4M[−ab(PνPµ + PµPν) + cd(−qµqν − qµpν)] = −8M(abPµPν + cdqµqν)



CCQE - Hadronic tensor, W 1
µν

Homework 4
Show,

W 1
µν = tr [Γµn(p)/PΓ′ν/p

′]

= 2(a2 + c2)[PµPν − qµqν − (2M2 − q2)gµν ] + 2(2M2 − q2)(b2PµPν + d2qµqν)

+4iacεµναβP
αqβ



CCQE - Hadronic tensor, summary

Wµν = W 1
µν + W 2

µν + W 3
µν + W 4

µν

= 2(a2 + c2)[PµPν − qµqν − (2M2 − q2)gµν ] + 2(2M2 − q2)(b2PµPν + d2qµqν)

+4iacεµναβP
αqβ − 8M(abPµPν + cdqµqν)

+4M2[(a2 − c2)gµν + b2PµPν − d2qµqν ]

First, we put them together with PµPν , qµqν , gµν . All these terms are symmetric
with replacement of µ↔ ν, but the term with εµανβ is antisymmetric.

Wµν = 2[(a2 + c2)− 4Mab + 4M2b2 − b2q2]PµPν + 2[−(a2 + c2)− 4Mcd − d2q2]qµqν

+2[(a2 + c2)q2 − 4M2c2]gµν − 4iacεµναβP
αqβ

≡ XPµPν + Yqµqν + Zgµν + W A
µν

≡ W S
µν + W A

µν

We use LS,muνW A
µν = 0 and A,muνW S

µν = 0, so the surviving terms are LS,µνW S
µν

and LA,µνW A
µν .

|M|2 =
G2
F

4
L
µν

Wµν =
G2
F

4

[
LS,µνW S

µν + LA,µνW A
µν

]



CCQE - Antisymmetric term

Let’s calculate antisymmetric part because it’s easier

LA,µνW A
µν = 4iεµναβKαqβ(4iacεµνγδP

γqδ) = −16acKαqβP
γqδεµναβεµνγδ

= −16acKαqβP
γqδ(−2(δαγ δ

β
δ − δ

α
δ δ
β
γ ))

= 32ac[(K · P)q2 − (K · q)(q · P)]

= 32ac[(s − u)q2 − 0] = 32(F1 + F2)FA(−Q2)(s − u) = −128τ(F1 + F2)FA

= −128M2(F1 + F2)FAτ
(s − u)

M2

In the CCQE Llewellyn-Smith formalism, cross-section has 3 terms. Here, we derive
the B-term which is proportion to (s − u).



CCQE - Symmetric term

LS,µνW S
µν = 4[KµKν − qµqν + (q2 −m2)gµν ](XPµPν + Yqµqν + Zgµν)

= 4[X (K · P)2 + Y (K · q)2 + ZK2 − X (q · P)2 − Yq4 − Zq2

+(q2 −m2)(XP2 + Yq2 + 4Z)]

= 4[X (s − u)2 + Ym4 + Z(2m2 − q2)− Yq4 − Zq2

−(m2 + Q2)[X (4M2 − q2)2 + Yq2 + 4Z ]

= 4X (s − u)2 + 4[Ym4 + 2Zm2 − YQ4 + 2ZQ2]

−(m2 + Q2)[X (4M2 − q2)2 + Yq2 + 4Z ]

= 4X (s − u)2 + 4(m2 + Q2)[(Ym2 − YQ2) + 2Z − X (4M2 + Q2)2 + YQ2 − 4Z ]

= 4X (s − u)2 + 4(m2 + Q2)[Ym2 − 2Z − 4XM2(1 + τ)]

The first term is proportion to (s − u)2, so this term will be the C-term. And the
second part will become the A-term.



CCQE - Symmetric term - X, Y, Z term

X = 2

[
4M2

(
F2

2M

)2

− 4M(F1 + F2)

(
F2

2M

)
+

+ (F1 + F2)2 + F 2
A +

(
F2

2M

)2

Q2

]
= 2(F 2

2 − 2F1F2 − 2F 2
2 + F 2

1 + F 2
2 + 2F1F2 + F 2

A + τF 2
2 )

= 2(F 2
1 + τF 2

2 + F 2
A)

Y = −2[(F1 + F2)2 + F 2
A]− 8MFA

(
FP

M

)
+ 2

(
FP

M

)2

Q2

= 2[−(F1 + F2)2 − F 2
A − 4FAFP + 4τF 2

P ]

= 2[−(F1 + F2)2 − (FA + 2FP)2 + 4(1 + τ)F 2
P ]

Z = −2[(F1 + F2)2 + F 2
A]Q2 − 8M2F 2

A

= −8M2[τ(F1 + F2)2 + (1 + τ)F 2
A]



CCQE - Symmetric term, summary

LS,µνW S
µν = 4X (s − u)2 + 4(m2 + Q2)[Ym2 − 2Z − 4XM2(1 + τ)]

= 8[F 2
1 + τF 2

2 + F 2
A](s − u)2

+4(m2 + Q2)
[
16M2τ(F1 + F2)2 + 16M2(1 + τ)F 2

A

−8M2(1 + τ)(F 2
1 + τF 2

2 + F 2
A) + Ym2

]
= 8[F 2

1 + τF 2
2 + F 2

A](s − u)2

+32M2(m2 + Q2)
[
2τ(F1 + F2)2 + (1 + τ)F 2

A − (1 + τ)(F 2
1 + τF 2

2 ) + Ym2
]

= 8[F 2
1 + τF 2

2 + F 2
A](s − u)2

+32M2(m2 + Q2)

[
(1 + τ)F 2

A − (1− τ)F 2
1 + τ(1− τ)F 2

2 + 4τF1F2

−
m2

4M2

[
(F1 + F2)2 + (FA + 2FP)2 − 4(1 + τ)F 2

P

] ]
(2)



CCQE - Llewellyn-Smith formalism
Let’s put everything together.

dσ

dQ2
=

1

64πM2E2
|M|2 =

G2
F

256πM2E2
L
µν

Wµν

=
G2
F

256πM2E2

[
8[F 2

1 + τF 2
2 + F 2

A](s − u)2

+32M2(m2 + Q2)

{
(1 + τ)F 2

A − (1− τ)F 2
1 + τ(1− τ)F 2

2 + 4τF1F2

−
m2

4M2

[
(F1 + F2)2 + (FA + 2FP)2 − 4(1 + τ)F 2

P

]}
−128M2(F1 + F2)FAτ

(s − u)

M2

]
=

G2
FM

2

8πE2

[
(m2 + Q2)

M2

{
(1 + τ)F 2

A − (1− τ)F 2
1 + τ(1− τ)F 2

2 + 4τF1F2

−
m2

4M2
[(F1 + F2)2 + (FA + 2FP)2 − 4(1 + τ)F 2

P ]

}
−4τ(F1 + F2)FA

(s − u)

M2

+
1

4
(F 2

1 + τF 2
2 + F 2

A)
(s − u)2

M4

]
≡

G2
FM

2

8πE2

[
A(Q2)− B(Q2)

(s − u)

M2
+ C(Q2)

(s − u)2

M4

]



CCQE - anti-CCQE cross-section ν̄ + p → l+ + n

Cross-section for anti-neutirno can be derived by reordering of the diagram. By this
operation,

s = (k + p)2 → (k − p′)2(s → u)

t = (k ′ − k)2 → (k ′ − k)2(t → t)

u = (k − p′)2 → (k + p)2(s → u)

Thus, CCQE anti-neutirno cross-section is replacing s and u by s ↔ u.

dσ

dQ2
=

G2
FM

2

8πE2

[
A(Q2) + B(Q2)

(s − u)

M2
+ C(Q2)

(s − u)2

M4

]
In Llewellyn-Smith formalism, this corresponds to change the sign of the B-term.



CCQE - Llewellyn-Smith formalism, summary

dσ

dQ2

(
ν + n→ l + p
ν̄ + p → l+ + n

)
=

G2
FM

2

8πE2

[
A(Q2)∓ B(Q2)

(s − u)

M2
+ C(Q2)

(s − u)2

M4

]
A =

(m2 + Q2)

M2

{
(1 + τ)F 2

A − (1− τ)F 2
1 + τ(1− τ)F 2

2 + 4τF1F2

−
m2

4M2
[(F1 + F2)2 + (FA + 2FP)2 − 4(1 + τ)F 2

P ]

}
B = 4τ(F1 + F2)FA

C =
1

4
(F 2

1 + τF 2
2 + F 2

A)

1. The A-term is important at low energy, and the C-term is important at
high-energy, so the cross section is ∝ E2 at low energy, and ∝ const at high
energy.

2. The B-term is proportion to FA, which is negative. So the νCCQE cross section
is larger than the ν̄CCQE cross-section.

3. In the m2/M2 → 0 limit, the last term of A-term goes zero, meaning contribution
of FP (pseudo-scalar) goes zero. This is true for νe and νµ CCQE scatterings.
For tau CCQE, m2/M2 > 1 and the FP contribution is big.

4. Everything assumes isospin symmetry, M = Mp = Mn. This is true for many
nuclear models.

5. All form factors are assumed to be real. This means there is no T-violation, or no
CP-violation.



CCQE - total cross sections

The graphs show CCQE total cross-sections for muon neutrino - neutron scattering
and muon antineutrino - proton scattering. The x-axis is in GeV, and the y-axis is in
10−38 cm2.
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