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Abstract
This paper studies superhedging of contingent claims in illiquid markets where trading costs may depend nonlinearly on the traded amounts
and portfolios may be subject to constraints. We give dual expressions
for superhedging costs of financial contracts where claims and premiums
are paid possibly at multiple points in time. Besides classical pricing
problems, this setup covers various swap and insurance contracts where
premiums are paid in sequences. Validity of the dual expressions is proved
under new relaxed conditions related to the classical no-arbitrage condition. A new version of the fundamental theorem of asset pricing is given
for unconstrained models with nonlinear trading costs.
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Introduction

Prices of contingent claims are often expressed in terms of probability measures
under which market prices of traded assets are martingales. Traditionally, this
is done assuming perfect liquidity and the existence of a cash-account (or a numeraire) which allows for free transfer of positive as well as negative amounts
of cash in time; see e.g. [13, 5]. There is also a growing literature on more
realistic market models with transaction costs, portfolio constraints and illiquidity effects; see e.g. Cvitanic and Karatzas [3], Jouini and Kallal [19, 18], Kabanov [22], Schachermayer [42], Çetin, Jarrow and Protter [2], Rokhlin [38, 40],
Kaval and Molchanov [24], Dempster, Evstigneev and Taksar [6], Kabanov and
Safarian [23], Kreher [25], Pennanen and Penner [32], Pennanen [29, 31, 30] and
the references there.
This paper is a continuation of [29, 31], where superhedging of random cashflows was studied in a nonlinear market model with illiquidity effects and portfolio constraints. Our focus is on financial contracts where one sequence of
uncertain cash-flows is exchanged for another. Such transactions are common
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in practice where cash cannot be transferred quite freely in time due to different
interest rates and restrictions on borrowing and lending. Going beyond perfect
liquidity requires dual elements more general than martingale measures in order to get valid dual representations of hedging costs. In particular, when there
is no numeraire, dual variables become sequences that reflect the time-value
of money. This happens already in fixed income markets where bond prices
are expressed in terms of the zero curve. Moreover, in the presence of nonlinear
illiquidity effects, a nonlinear term appears in pricing formulas much like in dual
representations of convex risk measures which are not positively homogeneous;
see e.g. [13, Section 4.2].
Dual representations of superhedging costs have been obtained for various
generalizations of the classical linear model of perfectly liquid markets. Dermody and Rockafellar [7, 8] studied superhedging in fixed income markets with
nonlinear trading costs. Jouini and Kallal [19, 18] gave dual representations of
superhedging costs in market models with bid-ask-spreads and short-sales constraints. More general treatments can be found in Jouini and Napp [20] and
Jaschke and Küchler [17] but there too, the employed market models are conical,
which excludes nonlinear illiquidity effects. There is also an extensive literature
on superhedging of portfolio-valued contingent claims (claims with physical delivery) initiated by Kabanov’s [22] introduction of the famous currency market
model; see e.g. [42, 23, 32] and their references. The present paper studies claims
with cash-delivery in a market model that allows for general convex trading costs
and portfolio constraints.
This paper starts by a concise review (Sections 2 and 3) of the approach
and main results from [29, 31]. Section 4 gives a new general condition for the
validity of dual representations of superhedging costs. In classical perfectly liquid markets, our conditions coincide with the usual no-arbitrage condition while
in unconstrained nonlinear models, the conditions are implied by a generalized
no-arbitrage condition analogous to the “robust no-arbitrage” condition introduced by Schachermayer [42] for the currency market model of Kabanov [22].
The new condition allows for a generalization of the “fundamental theorem of
asset pricing” to market models with nonlinear trading costs.

2

Superhedging of claim processes

Since cash cannot be transferred quite freely in time (due to different interest
rates and restrictions on borrowing and lending), it is important to distinguish
between payments that occur at different points in time. This is why many
financial products in practice provide cash-flows at multiple dates. In a typical
transaction, an agent receives a sequence p = (pt )Tt=0 of cash-flows in exchange
for delivering another c = (ct )Tt=0 . In the classical setup of mathematical finance,
on the other hand, one assumes that positive as well as negative amounts of cash
can be transferred through the cash-account (numeraire) so it suffices to consider
the case where a single payment at the beginning is exchanged for a random payment at the end. This corresponds to p = (p0 , 0, . . . , 0) and c = (0, . . . , 0, cT ).
2

Allowing for multiple payout dates, we can also study various swap and insurance contracts which usually involve sequences of payments. We will model the
claims c = (ct )Tt=0 and premiums p = (pt )Tt=0 as adapted sequences in a filtered
probability space (Ω, F, (Ft )Tt=0 , P ). That is, ct and pt are Ft -measurable random variables, and (Ft )Tt=0 is a nondecreasing sequence of sub-sigma-algebras
of F modeling the information available to the trader over time. The space of
(Ft )Tt=0 -adapted sequences of cash flows will be denoted by M.
In many situations, a premium process p ∈ M is given and the question is
what multiple of p will be sufficient for hedging a claim process c ∈ M. This is
the case e.g. in swap contracts where the critical multiple is known as the swap
rate. We define the superhedging cost of a c ∈ M as the least multiple of p that
allows, given the possibility of dynamic trading, for delivering c without a risk
of loosing money. In the special case where p = (1, 0, . . . , 0), this becomes the
problem of finding the least amount of initial cash sufficient for superhedging c
without subsequent investments.
In order to account for illiquidity effects, we will use the nonlinear market
model from [29, 31] where a finite set J of assets is traded over finite discretetime t = 0, . . . , T . A convex cost process is an (Ft )Tt=0 -adapted sequence of
convex normal integrands on RJ × Ω such that St (0, ω) = 0. This means that St
is an extended real-valued function on RJ × Ω such that the set-valued mapping
ω 7→ epi St (·, ω) is closed convex-valued and Ft -measurable; see e.g. [36, Chapter 14]. The value St (x, ω) represents the cost of buying a portfolio x ∈ RJ at
time t and state ω. Convex cost processes extend various market models that
have appeared in the literature. The classical model of perfectly liquid markets
corresponds to St (x, ω) = st (ω) · x where s = (st )t=0 is an (Ft )Tt=0 -adapted
sequence of price vectors. Markets with proportional transaction costs and/or
bid-ask-spreads can be modeled with
St (x, ω) = sup{s · x | s ∈ [st (ω), s̄t (ω)]},
where the (Ft )Tt=0 -adapted RJ -valued processes s and s̄ give the bid- and askprices, respectively. Convex cost processes arise naturally also in modern limit
order markets, where instantaneous trading costs are nonlinear convex functions
of the traded amount; see [26] for a statistical analysis of Copenhagen stock
exchange.
In addition to nonlinearities in trading costs, one often faces constraints on
the portfolios held. We model constraints by a sequence D = (Dt )Tt=0 of setvalued mappings from Ω to RJ such that each Dt is closed convex-valued and
Ft -measurable in the sense that
{ω ∈ Ω | Dt (ω) ∩ U 6= ∅} ∈ Ft
for every open U ⊂ RJ . We assume that 0 ∈ Dt almost surely, i.e. that the zero
portfolio is always feasible. The classical unconstrained model corresponds to
D ≡ RJ . Short sale constraints, studied e.g. in Cvitanic and Karatzas [3] and
Jouini and Kallal [18] corresponds to D ≡ RJ+ .
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The portfolio held over period (t, t + 1] will be denoted by xt . Dynamic trading strategies are described by (Ft )Tt=0 -adapted portfolio processes x = (xt )Tt=0 .
The linear space of adapted portfolio strategies will be denoted by N . The
superhedging problem can now be written as
minimize
subject to

α

over

α ∈ R, x ∈ N0

St (∆xt ) + ct ≤ αpt , xt ∈ Dt , t = 0, . . . , T,

(1)

where N0 := {x ∈ N | xT = 0}, ∆xt := xt −xt−1 and all constraints are required
to hold almost surely. Here and in what follows, we always define x−1 := 0.
The elements of N0 thus represent portfolio processes that start and end at
liquidated positions. The optimal value, which will be denoted by π(c), gives
the least multiple of the premium p we would need in order to deliver the claim
c without the risk of a positive cost at any point in time.
Example 1 (Liquid markets) Assume that there is a perfectly liquid asset
(numeraire), say 0 ∈ J, such that
St (x, ω) = x0 + S̃t (x̃, ω),
Dt (ω) = R × D̃t (ω),
where x = (x0 , x̃) and S̃ and D̃ are the cost process and the constraints for
the remaining risky assets J˜ = J \ {0}. In this case, we can use the budget
constraint to substitute out the numeraire from problem (1). Indeed, defining
x0t = x0t−1 − S̃t (∆x̃t ) − ct + αpt

t = 0, . . . , T − 1,

the budget constraint holds as an equality for t = 1, . . . , T − 1 and
x0T −1 = −

T
−1
X

S̃t (∆x̃t ) −

t=0

T
−1
X

ct + α

T
−1
X

pt .

t=0

t=0

Problem (1) can then be written as
minimize
subject to

α
T
X

over

α ∈ R, x ∈ N0

St (∆x̃t ) +

T
X

ct ≤ α

t=0

t=0

T
X

pt ,

(2)

t=0

x̃t ∈ D̃t , t = 0, . . . , T.

Thus, in the presence of a numeraire, the timing of payments is irrelevant; only
the cumulated claims matter. If the cost process S̃ is linear with S̃t (x̃, ω) =
s̃t (ω) · x̃, the cumulated trading costs can be written as the stochastic integral
T
X
t=0

S̃t (∆x̃t ) =

T
X

s̃t · ∆x̃t = −

T
−1
X
t=0

t=0
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x̃t · ∆s̃t+1 .

In particular, if p = (1, 0, . . . , 0), we can then write problem (2) as
minimize
subject to

α
T
X

over

α ∈ R, x ∈ N0

ct ≤ α +

T
−1
X

x̃t · ∆s̃t+1 ,

t=0

t=0

x̃t ∈ D̃t , t = 0, . . . , T.

In the special case Dt ≡ RJ , this becomes the classical superhedging problem;
see [13, 5, 23] and their references. The above corresponds to the constrained
extensions studied in Jouini and Kallal [18] and Föllmer and Schied [12].
The superhedging cost can be expressed concisely as
π(c) = inf{α ∈ R | c − αp ∈ C},
where
C = {c ∈ M | ∃x ∈ N0 : St (∆xt ) + ct ≤ 0, xt ∈ Dt }
is the set of claim processes that can be superhedged at zero cost. It is easily
checked that C is convex. It follows that the superhedging cost π is a convex
function on M; see [31, Proposition 4.1]. If C is a cone, which is the case e.g. in
the classical liquid market model and in models with proportional transaction
costs, π is positively homogeneous. This corresponds to “constant returns to
scale” in superhedging of claim processes. In the presence of nonlinear illiquidity
effects, positive homogeneity is lost in general.
The convexity of π greatly facilitates the analysis of superhedging costs. In
particular, dual representations for π can be derived from the classical biconjugate theorem as soon as π is proper (not identically +∞ and never taking the
value −∞) and lower semicontinuous with respect to an appropriate topology.
This is the strategy we will follow in this paper. Proposition 2 below gives
sufficient conditions for properness and lower semicontinuity of π.
The space M of (Ft )Tt=0 -adapted claim processes is a subspace of the space
0
L (Ω, F, P ; RT +1 ) of (equivalence classes of) RT +1 -valued measurable functions.
We can thus equip M with the topology of convergence in probability (in measure). This topology is convenient since it is weaker than the topologies used in
the duality theory below. The following is from [29]. We give here a somewhat
simplified proof.
Proposition 2 Assume that C is closed in probability. Then π(c) > −∞ for
every c ∈ M if and only if π(0) > −∞ in which case π is lower semicontinuous
with respect to convergence in probability and the infimum in π(c) = inf{α | c −
αp ∈ C} is attained for every c ∈ dom π.
Proof. When C is closed in probability, the set {α ∈ R | c + αc′ ∈ C} is closed
in R for every c, c′ ∈ M. Indeed, if c + αν c′ ∈ C and αν → α, then
P (|c + αν c′ − c − αc′ | ≥ ε) = P (|αν − α||c′ | ≥ ε) → 0
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for every ε > 0. The above means that c+αν c′ converges to c+αc′ in probability,
so the closedness of C implies c + αc′ ∈ C. The first claim and the attainment
of the infimum thus follow from [31, Proposition 4.2], which is a simple exercise
in convex analysis.
Let cν → c in probability such that π(cν ) ≤ γ. Since the infimum is attained,
there exist αν ≤ γ such that cν − αν p ∈ C. If (αν ) clusters at some α, then
c − αp ∈ C, by the closedness of C, so that π(c) ≤ γ. It thus suffices to show
that the sequence (αν ) is bounded from below. If it is not, we may assume,
by passing to a subsequence if necessary, that (αν ) decreases monotonically to
−∞. Given β > 0, we have
1
1 ν
c +p∈
C ⊆ βC
ν
−α
−αν
for ν large enough. Indeed, since C is a convex set containing the origin, we have
β1 C ⊆ β2 C whenever 0 < β1 ≤ β2 . Since (cν ) converges and C is closed, we thus
get p ∈ βC. Since β > 0 was arbitrary, this implies π(0) = −∞ in contradiction
to our assumption.

Closedness of the set C assumed in Proposition 3 will be essential also in the
duality theory in Section 3. Sufficient conditions for the closedness will be given
in Section 4 where it is shown, in particular, that it holds in classical liquid
market models that are free of “arbitrage”.
The condition π(0) > −∞ is a minimal compatibility condition on the
market model (S, D) (which defines C) and the premium process p ∈ M. If
π(0) = −∞, we could superhedge arbitrary multiples of p by costless trading
in the market. It would not make sense to ask for such premiums as a compensation for delivering another claim c ∈ M. If C is a cone, as happens when
S is sublinear (i.e. convex and positively homogeneous) and D is conical, we
have π(0) > −∞ if and only if π(0) ≥ 0. If, in addition, p = (1, 0, . . . , 0),
the condition π(0) ≥ 0 means that it is not possible to superhedge the zero
claim when starting with strictly negative initial wealth. In the terminology of
Ingersoll [15], this means that there is no “arbitrage of the second kind” or in
the terminology of Dermody and Rockafellar [7, 8], that the market satisfies the
“weak no-arbitrage” condition.

3

Dual representation of the superhedging cost

This section gives dual representations of the superhedging cost π on the space
M1 := M∩L1 (Ω, F, P ; RT +1 ) of integrable claim processes. We generalize some
classical results from the theory of linear models of perfectly liquid markets to
the nonlinear model described above. This illustrates, in particular, how some
well-known risk neutral pricing formulas are affected by illiquidity. The dual
representations may also be useful in certain numerical techniques for computing
lower bounds on the superhedging cost. In the case of complete markets, good
results have been obtained in pricing of American options in [37] and [14]. A
more general approach is outlined in [30, Remark 3.1].
6

The bilinear form
hc, yi := E

T
X

c t yt

t=0

puts M1 and the space M∞ := M ∩ L∞ (Ω, F, P ; RT +1 ) of essentially bounded
processes in separating duality. This pairing gives a sufficient structure for using
classical duality methods from convex analysis; see e.g. [35, 9]. The elements of
M∞ represent deflators (or shadow prices, state price densities, stochastic term
structures, . . . ) that generalize martingale measures often used in the classical perfectly liquid setup; see Example 6 below. When there is no numeraire,
more general dual objects from M∞ are needed in order to bring out the term
structure of cash flows. In a deterministic setting, the dual variables y ∈ M∞
represent the term structure of interest rates (more precisely, the “zero curve”);
see also [7, 8].
The dual representation of π will be given in terms of the support function
σC 1 (y) := sup hc, yi
c∈C 1

of the set C 1 := C ∩M1 of integrable claim processes that can be superhedged at
zero cost. The support function is a lower semicontinuous sublinear function on
M∞ . In the terminology of microeconomic analysis, σC 1 is the profit function
associated with the production set C 1 ; see e.g. [1] or [27]. It gives the maximum
amount of wealth one could produce by trading in financial markets in a world
where the cash-flows c ∈ C 1 are worth hc, yi. The following is from [31]. We
include the simple proof for completeness.
Proposition 3 Assume that C is closed in probability and let p ∈ M1 . We
have π(0) > −∞ if and only if there is a y ∈ dom σC 1 such that hp, yi = 1. In
that case,
π(c) = sup { hc, yi − σC 1 (y) | hp, yi = 1}
y∈M∞

on M1 .
Proof. When p ∈ M1 , the restriction π̄ of π to M1 can be written as π̄(c) =
inf{α | c − αp ∈ C 1 }. Its conjugate π̄ ∗ : M∞ → R can be expressed as
π̄ ∗ (y) = sup {hc, yi − π(c)}
c∈M1

=

sup

{hc, yi − α | c − αp ∈ C 1 }

c∈M1 ,α∈R

=

sup

{hc′ + αp, yi − α | c′ ∈ C 1 }

c′ ∈M1 ,α∈R

=

sup

{hc′ yi + α[hp, yi − 1] | c′ ∈ C 1 }

c′ ∈M1 ,α∈R

=

(

σC 1 (y)
+∞

if hp, yi = 1,
otherwise.
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If π(0) = −∞, then π̄ ∗ ≡ +∞. On the other hand, if π(0) > −∞, then
by Proposition 2, π is proper and lsc on M with respect to convergence in
measure, which in turn implies that π̄ is proper and lsc on M1 with respect to
the L1 -norm topology. Since the norm topology is compatible with the pairing
of M1 and M∞ , the rest now follows from the classical biconjugate theorem;
see e.g. [35, Theorem 5].

The dual representation in Proposition 3 may be interpreted as follows. If
all random cash-flows c ∈ M are valued by hc, yi, then hc, yi − σC 1 (y) gives
the net cost of delivering c while trading optimally in financial markets. The
superhedging cost of c is obtained by taking the supremum of hc, yi − σC 1 (y)
over all deflators y ∈ M∞ that price the premium process p at one. When C 1
is a cone, we have σC 1 = δC ∗ , where
C ∗ = {y ∈ M∞ | hc, yi ≤ 0 ∀c ∈ C 1 }
is the polar cone of C 1 . Here δC ∗ denotes the indicator function of C ∗ defined as
δC ∗ (y) = 0 for y ∈ C ∗ and δC ∗ (y) = +∞ otherwise. In the conical case, the dual
representation in Proposition 3 can thus be written as
π(c) = sup { hc, yi | hp, yi = 1} .
y∈C ∗

It turns out (see Example 6 below) that in the case of the classical linear market
model, the deflators y in the above formula are precisely the martingale density
processes for the underlying price process.
A reader familiar with convex risk measures has probably noticed the similarity between the above expressions and the dual representations of convex
risk measures. The support function σC 1 corresponds to the penalty function in
the dual representation of a convex risk measure; see e.g. [13, Section 4.2]. The
penalty function of a sublinear risk measure reduces to an indicator function
just like the the support function of a conical production set above; see [13,
Corollary 4.18].
In order to derive more concrete expressions for the support function of C 1 ,
we will assume that the cost process S is integrable in the sense that St (x, ·) is
integrable for every x ∈ RJ and t = 0, . . . , T . A linear cost process St (x, ω) =
st (ω) · x, for example, is integrable if and only if st have integrable components.
The following is from [29, Lemma A.1].
Lemma 4 If S is integrable, then
( T
)
T
−1
X
X
∗
σC 1 (y) = inf 1
EσDt (Et [∆vt+1 ])
E(yt St ) (vt ) +
v∈N

t=0

t=0

/ M∞
for every y ∈ M∞
+ . Moreover, the infimum is
+ while σC 1 (y) = +∞ for y ∈
∞
attained for every y ∈ M+ .
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Here N 1 denotes the space of integrable (Ft )Tt=0 -adapted RJ -valued processes, Et stands for the conditional expectation with respect to Ft while (yt St )∗
and σDt are the Ft -measurable normal integrands defined by
(yt St )∗ (v, ω) := sup {x · v − yt (ω)St (x, ω)}
x∈RJ

and
sup x · v.

σDt (v, ω) :=

x∈Dt (ω)

Since St (0, ω) = 0 and 0 ∈ Dt (ω), these are nonnegative convex functions.
When S is sublinear and D is conical, the set C is a cone with polar C ∗ =
{y ∈ M∞ | σC 1 (y) ≤ 0}. Lemma 4 then gives
1
∗
∗
C ∗ = {y ∈ M∞
+ | ∃v ∈ N : (yt St ) (vt ) ≤ 0, Et [∆vt+1 ] ∈ Dt }.

The condition (yt St )∗ (vt ) ≤ 0 means that yt (ω)St (x, ω) ≥ x·vt (ω) for all x ∈ RJ ,
or equivalently, that vt (ω) ∈ y(ω)t ∂St (0, ω), where ∂St (x, ω) is the set of vectors
v ∈ RJ defined by
St (x, ω) ≥ St (0, ω) + v · x

∀x ∈ RJ .

In the terminology of convex analysis, ∂St (0, ω) is the subdifferential of St (·, ω)
at 0 and its elements are called subgradients. In the case of limit order markets,
St (0, ω) gives the set of price vectors bounded by bid- and ask-prices; see [26].
In the conical case, we thus have
1
∗
C ∗ = {y ∈ M∞
+ | ∃v ∈ N : vt ∈ yt ∂St (0), Et [∆vt+1 ] ∈ Dt }.

This can be rewritten as follows.
Corollary 5 If S is sublinear and integrable and if D is conical, then
1
∗
C ∗ = {y ∈ M∞
+ | ∃s ∈ N : ys ∈ N , st ∈ ∂St (0), Et [∆(yt+1 st+1 )] ∈ Dt }.

Example 6 (Cash-account) When St (x, ω) = x0 + S̃t (x̃, ω) and Dt (ω) =
R × D̃t (ω) as in Example 1, we get
∂St (x, ω) = {1} × ∂ S̃t (x̃, ω)

and

Dt∗ (ω) = {0} × D̃t (ω)∗ ,

so the elements of C ∗ are nonnegative martingales y for which there exists an
adapted process s̃ evolving in ∂ S̃t (0, ω) such that Et [∆(yt+1 st+1 )] ∈ D̃t∗ (ω). The
elements y ∈ C ∗ with y0 = 1 are thus density processes of measures Q which are
absolutely continuous with respect to P . For such a y, we can write the condition
Et [∆(yt+1 st+1 )] ∈ D̃t∗ as EtQ [∆st+1 ] ∈ D̃t∗ (use [13, Proposition A.12] and the
fact that Dt∗ is a cone). Choosing p = (1, 0, . . . , 0) in Proposition 3, we thus get
the dual representation
T
X
π(c) = sup E Q
ct ,
Q∈P

9

t=0

where P is the set of probability measures Q ≪ P for which there is an adapted
process s̃ evolving in ∂ S̃t (0, ω) such that EtQ [∆s̃t ] ∈ D̃t∗ (ω). In the unconstrained
case where D ≡ RJ , we have D̃t∗ (ω) ≡ {0} so P becomes the set of probability
measures under which some process in ∂ S̃(0, ω) is a martingale. Such a pricing
formula was obtained in Jouini and Kallal [19] for models with bid-ask-spreads.
In the linear case where S(x, ω) = x0 + s̃t (ω)· x̃, the set P is the set of absolutely
continuous martingale measures for s̃ and the above formula reduces to the wellknown expression for the superhedging cost in classical perfectly liquid market
models; see e.g. [5, Section 2.4], [13, Section 5.3], [23, Chapter 2] and the
references there.
The above example shows that, in models with a cash-account (a numeraire),
superhedging costs can be expressed in terms of probability (martingale) measures. Without a cash-account, however, a richer set of dual elements is needed
for dual representations.
Example 7 (Short-sales constraints) When St (x, ω) = st (ω) · x and D is
conical, we get
1
∗
C ∗ = {y ∈ M∞
+ | ys ∈ M , Et [∆(yt+1 st+1 )] ∈ Dt }.

When Dt (ω) = RJ+ , we have Dt∗ (ω) ≡ RJ− , so the set C ∗ consist of processes
y ∈ M∞ such that ys is a supermartingale. If one of the assets has strictly
positive constant unit price, then y is itself a supermartingale so it has the
Itô-Watanabe decomposition y = M A where M is a martingale and A is a
nonincreasing predictable process with values in [0, 1]; see Föllmer [11]. We can
then write the dual representation in Proposition 3 for p = (1, 0, . . . , 0) as
(
)
T
X
Q
π(c) = sup E
ct At (Q, A) ∈ QA ,
t=0

where QA is the set of pairs of probability measures Q and predictable nonincreasing processes A ≥ 0 with A0 = 1 such that As is a supermartingale under
Q. This is a discrete-time version of Jouini and Kallal [18, Theorem 2.1(iii)].
Actually, the model of [18] allows for bid-ask-spreads and constraints of the form
xjt ≤ 0 for some assets (which is convenient for modeling different interest rates
for lending and borrowing). Such extensions are easily treated with Corollary 5.
More general portfolio constraints have been studied in Napp [28], Evstigneev,
Schürger and Taksar [10] and Rokhlin [39].
It is worth emphasizing that we have not assumed the absence of arbitrage
in the market model. By Proposition 3, the dual representations of the superhedging cost are valid as soon as the set C is closed and π(0) > −∞. In the
classical linear model of perfectly liquid markets, both conditions are implied
by the no-arbitrage condition; see Example 9 below and the discussion at the
end of Section 2.
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Under the no-arbitrage condition, the set P of absolutely continuous martingale measures in the linear case of Example 6 can be replaced by martingale
measures that are equivalent to the original measure P . Indeed, the no-arbitrage
condition implies (see Example 15 below) that there is a P e ∈ P which is equivalent to P and then, for any P a ∈ P and α ∈ (0, 1] the measure αP e + (1 − α)P a
is also an equivalent martingale measure.

4

Closedness of C and no-arbitrage criteria

The dual representations derived above depend on the closedness of the set C of
claim processes that can be superhedged without a cost in a market described
by a cost process S = (St )Tt=0 and constraints D = (Dt )Tt=0 . This is a highly
nontrivial condition whose proof already in the linear case requires sophisticated
techniques from measure theory; see Schachermayer [41, Section 2]. The present
section gives sufficient conditions for the closedness of C in the general convex
case by applying the abstract closedness result from [30, Section 5]. While the
no-arbitrage criterion is not necessary for the validity of dual representations of
the superhedging cost, it turns out that the closedness of C, which we do need,
often follows from the no-arbitrage condition or appropriate generalizations of
it.
Given a market model (S, D), we obtain another market model (S ∞ , D∞ )
by defining
St (αx, ω)
,
St∞ (x, ω) = sup
α
α>0
\
Dt∞ (ω) =
αDt (ω).
α>0

Indeed, the required measurability properties hold by [36, Exercises 14.54 and
14.21] while the convexity and topological properties come directly from the
definitions. Moreover, the functions St∞ (·, ω) are positively homogeneous and
the sets Dt∞ (ω) are cones. We have (S, D) = (S ∞ , D∞ ) if and only if S is
sublinear and D is conical. The set
L = {x ∈ N0 | St∞ (∆xt ) ≤ 0, xt ∈ Dt∞ }
is a convex cone in N0 .
Theorem 8 If L is linear, C is closed.
Proof. We have C = {c ∈ M | ∃x ∈ N : (x(ω), c(ω)) ∈ C(ω) P -a.s.}, where
C(ω) = {(x, u) ∈ Rn × Rm | St (∆xt , ω) + ut ≤ 0, xt ∈ Dt (ω) t = 0, . . . , T }.
with n = (T + 1)|J|, m = T + 1 and DT := {0}. By [30, Theorem 5.2]1 , C is
closed provided
{x ∈ N | (x(ω), 0) ∈ C ∞ (ω) P -a.s.}
1 The statement of [30, Theorem 5.2] gives the closedness of C 1 in the weak topology
σ(L1 , L∞ ), but the proof of [30, Theorem 5.2] also gives the closedness of C in probability.

11

is a linear space. Here C ∞ (ω) :=
Theorem 8.7],

T

α>0

αC(ω). By [34, Corollary 8.3.3 and

C(ω)∞ = {(x, u) | St∞ (∆xt , ω) + ut ≤ 0, xt ∈ Dt∞ (ω)},
which completes the proof.



The abstract linearity condition in Theorem 8 can be seen as a generalization
of the no-arbitrage condition in the case of perfectly liquid markets. A market
model is said to allow for arbitrage if there is a self-financing trading strategy
that superhedges a nontrivial nonnegative claim. In the present model, this
would mean that there is an x ∈ N0 with xt ∈ Dt and St (∆xt ) ≤ 0 almost
surely for every t and St (∆xt ) < 0 with positive probability for some t. The
absence of arbitrage means that
C ∩ M+ = {0},

(NA)

where M+ := {c ∈ M | ct ≥ 0 P -a.s. ∀t}. If there are no portfolio constraints
and if one of the assets has unit price equal to one (see Examples 1 and 6), we
can write the no-arbitrage condition as
CT ∩ L0+ = {0},
where
CT = {c ∈ L0 (Ω, FT , P ) | ∃x ∈ N0 : c ≤

T
−1
X

xt · ∆st+1 }.

(3)

t=0

This is the traditional formulation of the no-arbitrage condition in mathematical
finance; see e.g. [4, 13, 5].
Example 9 (Liquid markets) When St (x, ω) = st (ω) · x and Dt ≡ RJ ,
L = {x ∈ N0 | st · ∆xt ≤ 0},
so the linearity of L means that any self-financing trading strategy x ∈ N0
satisfies st · ∆xt = 0 almost surely for all t. This is exactly the no-arbitrage
condition.
In general nonlinear models, the no-arbitrage condition (NA) is neither sufficient nor necessary for closedness of C; see [31, Section 6] for examples. Nevertheless, the situation in Example 9 can be generalized as shown by Schachermayer [42] in the setting of the currency market model of Kabanov [22]. In the
present model, Example 9 can be generalized as follows.
We will say that a cost process S = (St )Tt=0 satisfies the robust no-arbitrage
(RNA) condition if there exists an unconstrained arbitrage-free market model
with sublinear S̃ = (S̃t )Tt=0 such that
S̃t (x, ω) ≤ St∞ (x, ω)

∀x ∈ RJ ,

S̃t (x, ω) < St∞ (x, ω)

∀x ∈
/ lin St (·, ω).
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(4)

Here lin St (·, ω) := {x ∈ RJ | St∞ (−x, ω) ≤ −St∞ (x, ω)} is the so called lineality
space of St (·, ω); see [34, page 70]. The lineality space describes the liquid part
of the market. Indeed, within the subspace lin St (·, ω), trading costs are linear
so that marginal prices are independent of the size of the trade. The (RNA)
condition means that, outside the liquid part of the market, it is possible to
lower the trading costs without inducing arbitrage opportunities. When S is
linear, we have lin St = RJ and the only cost process S̃ ≤ S is S itself, so the
(RNA) condition reduces to the ordinary no-arbitrage condition. The following
is thus a direct generalization of Example 9.
Example 10 If S satisfies the (RNA) condition and D ≡ RJ , then L is linear
and thus, C is closed.
Proof. If the linearity condition fails, there is an x ∈ L such that St∞ (−∆xt ) >
0 for some t on a set A ⊂ Ft with P (A) > 0. Such an x is an arbitrage strategy
for every cost process S̃ satisfying (4). Indeed, since x ∈ L, the first condition
in (4) implies that x is self-financing for S̃. Moreover, if ∆xt ∈
/ lin St , then
S̃t (∆xt ) < St∞ (∆xt ) ≤ 0 while if ∆xt ∈ lin St , then S̃t (∆xt ) ≤ St∞ (∆xt ) =
−St∞ (−∆xt ). In either case, S̃t (∆xt ) < 0 on A so x is an arbitrage strategy for
S̃. Thus, S cannot satisfy the (RNA)-condition.

The (RNA) condition resembles the robust no-arbitrage condition introduced by Schachermayer [42] for the currency market model of Kabanov [22].
Whereas, the latter is concerned with claims with physical delivery (portfoliovalued claims), our model and the (RNA) condition defined above is designed
for claims with cash-delivery (cash-valued claims).
Neither Example 9 nor 10 allow for portfolio constraints. Kreher [25] gave
conditions that together with the robust no-arbitrage condition yield a closedness result in the currency market model of Kabanov [22] (or more precisely, in
the nonconical extension of Kabanov’s model studied in [32]). Kreher’s result
can be replicated in the present market model as follows.
We will say that a market model (S, D) satisfies the robust no-arbitrage
condition if there is a cost process S̃ satisfying (4) such that (S̃, D∞ ) is arbitragefree. We will use the notation
const St (ω) = {x ∈ RJ | St∞ (x, ω) ≤ 0, St∞ (−x, ω) ≤ 0}
for the constancy space of St (·, ω); see [34, page 69]. Example 10 generalizes as
follows.
Example 11 Assume that S satisfies the (RNA) condition and that
x ∈ N0 , xt ∈ Dt∞ , ∆xt ∈ const St =⇒ −xt ∈ Dt∞ .
Then L is linear and thus, C is closed.
Proof. Assume, for contradiction, that there is an x ∈ L such that −x ∈
/ L.
Then, there is a t and an A ⊂ Ft with P (A) > 0 such that St∞ (−∆xt ) > 0 on
13

A. Indeed, if we had St∞ (−∆xt ) ≤ 0 almost surely for every t, we would get
∆xt ∈ const St , so the extra condition would give −xt ∈ Dt∞ , in contradiction
to −x ∈
/ L. Just as in the proof of Example 10, we can now deduce that S
cannot satisfy the (RNA)-condition.

The second condition in Example 11 holds, in particular, when the cone
Dt∞ (ω) is pointed (contains no lines) for every t and ω. This certainly holds
when Dt∞ (ω) ⊆ RJ+ , which means that any portfolio with a strictly negative
component becomes infeasible when scaled up by a large enough constant.
The above examples relate the linearity condition in Theorem 8 to the notion
of arbitrage which has had a central role in mathematical finance. In nonlinear
models, however, arbitrage is not that relevant when it comes to pricing and
hedging or to financial risk management in general. The following example
(originally given as [31, Theorem 6.3]) gives a simple condition which allows for
arbitrage but is still safe to assume in many situations in practice.
Example 12 If Dt∞ (ω) ∩ {x ∈ RJ | St∞ (x, ω) ≤ 0} = {0} almost surely for
every t = 0, . . . , T then L = {0} and thus, C is closed.
Proof. Let x ∈ L. If xt−1 = 0 the condition implies xt = 0. Since we had
defined x−1 = 0 we get x = 0, by induction.

The condition in Example 12 holds, in particular, if D∞ ⊆ RJ+ and if there
is a componentwise strictly positive process s = (st )Tt=0 with
St (x, ω) ≥ st (ω) · x ∀x ∈ RJ .
The latter condition can be written in terms of the subdifferential of St (·, ω)
at the origin as st (ω) ∈ ∂St (0, ω); see Section 3. In limit order markets, the
existence of a componentwise strictly positive st (ω) ∈ ∂St (0, ω) means that the
ask-prices of traded securities are always strictly positive; see [26] for a closer
study of limit order markets.

5

Fundamental theorem of asset pricing

The classical result of Dalang, Morton and Willinger [4] states that an unconstrained linear model in finite discrete-time satisfies the no-arbitrage condition
if and only if there exists an equivalent martingale measure, i.e. a probability
measure equivalent to P under which market prices are martingales. This result
has been extended in various ways to allow e.g. for constraints [28, 10, 38] and
claims with physical delivery [42, 23, 32]. Theorem 14 below gives a version
for an unconstrained nonlinear market model when arbitrage is defined with
respect to claims with cash-delivery as in Section 4.
In our model, the relevant dual elements are defined in terms of the conjugate
St∗ (v, ω) = sup {x · v − St (x, ω)}
x∈RJ
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of the cost process. The classical conjugacy property of normal integrands (see
[33, Lemma 5]) implies that the conjugate of a cost process is also an (Ft )Tt=0 adapted sequence of convex normal integrands. Since St (0, ω) = 0, we have
St∗ (·, ω) ≥ 0. When St (·, ω) is sublinear, its conjugate takes the form of an
indicator function. In the linear case St (x, ω) = st (ω) · x, the conjugate is
simply the indicator of {st (ω)}. When St (x, ω) = sup{s · x | sj ∈ [sjt (ω), s̄jt (ω)]},
the conjugate is the indicator of the box [st (ω), s̄t (ω)].
Definition 13 A strictly positive adapted process y is said to be a strictly consistent deflator for a cost process S if there is a price process s with st ∈
ri dom St∗ almost surely for all t such that ys is a martingale.
The term “strictly consistent deflator” deliberately resembles the term “strictly
consistent price system” introduced in [42] in the context of the currency market
model of Kabanov [22]. While a price system is a vector-valued process representing values of portfolios of assets, a deflator refers to a scalar-valued process
describing the value of cash. In the linear case St (x, ω) = st (ω) · x, strictly
consistent deflators are the strictly positive adapted process y such that ys is a
martingale. In this case, ys would be the strictly consistent price system in the
sense of [42] for the conical model K̂t (ω) := {x ∈ RJ | st (ω) · x ≥ 0}. If one of
the components of s is constant (see Examples 1 and 6), then strictly consistent
deflators are of the form yt = αEt yT , where α is a positive scalar and yT is the
density of an equivalent martingale measure.
The following is a nonlinear generalization of the fundamental theorem of
asset pricing for linear cost processes given in Dalang, Morton and Willinger [4].
Theorem 14 If S ∞ is finite-valued then S satisfies the robust no-arbitrage condition if and only if it admits a strictly consistent deflator. Moreover, the deflator can be then chosen essentially bounded.
Proof. Since S ∞ is finite-valued, the measurable function
ϕ(ω) = max

sup St∞ (x, ω)

t=0,...,T |x|≤1

is finite and nonnegative. Thus, dP̃ /dP = e−ϕ /Ee−ϕ defines a measure P̃
equivalent to P . Since arbitrage is invariant under equivalent changes of measure, S satisfies the robust no-arbitrage condition also under P̃ . Moreover, S ∞
is integrable under P̃ since for every nonzero x ∈ RJ
E P̃ |St∞ (x, ω)| = |x|E P̃ |St∞ (x/|x|, ω)| ≤ |x|E P̃ ϕ =

|x|
Eϕe−ϕ < ∞.
Ee−ϕ

Let S̃ be a sublinear cost process in the definition of the (RNA) condition.
Then
1
1
S̄ := S̃ + S ∞
2
2
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defines a sublinear cost process that also satisfies (4) with S̃. By Example 10,
the set
C¯ := {c ∈ M | ∃x ∈ N0 : S̄t (∆xt ) + ct ≤ 0}
is closed. Since S̄ is arbitrage-free, we also have C¯ ∩ M1+ = {0}, where M1+
is the set of nonnegative P̃ -integrable claims. By the Kreps–Yan theorem (see
e.g. [21]), there is a y ∈ M∞ such that
E

T
X

c t yt > 0

∀c ∈ M1+ \ {0}

c t yt ≤ 0

∀c ∈ C¯1 .

t=0

E

T
X
t=0

The first condition means that y is strictly positive while the second means that
σC̄ 1 (y) ≤ 0. Since S̄ is integrable under P̃ , we then have, by Lemma 4, that
there is a P̃ -martingale v ∈ N 1 such that (yt S̄t )∗ (vt ) ≤ 0 almost surely for every
t. Since S̄ is sublinear, this means that
vt /yt ∈ dom S̄t∗ ,
which, in turn, by [34, Corollary 13.3.4(a)], implies
S̄t (x, ω) ≥ x · vt /yt

∀x ∈ RJ .

It follows that
St (x, ω) ≥ x · vt /yt
St (x, ω) > x · vt /yt

∀x ∈ RJ ,
∀x ∈
/ lin St (·, ω)

and then vt /yt ∈ ri dom St∗ , by [34, Corollary 13.3.4(b)]. This means that y is a
strictly consistent deflator for S under P̃ . Since v is a martingale under P̃ , the
process (ṽt )Tt=0 defined by ṽt := vt Et (dP̃ /dP ) is a martingale under P and then
ỹt := yt Et (dP̃ /dP ) defines a strictly consistent deflator under P . Moreover,
since y and dP̃ /dP are bounded, ỹ is also bounded.
To prove the converse, let y be a strictly consistent deflator for S and let s be
as in Definition 13. By [34, Corollary 13.3.4(b)], S satisfies (4) with S̃t (x, ω) =
st (ω) · x. It suffices to show that S̃ satisfies the no-arbitrage condition. To this
end let c ∈ M+ be such that st · ∆xt + ct ≤ 0 almost surely for some x ∈ N0 .
We get
T
T
T
X
X
X
xt−1 · ∆(yt st ).
yt st · ∆xt =
yt c t ≤ −
0≤
t=0

t=0

t=0

Since ys is a martingale and x is adapted, the process
Ms :=

s
X

xt−1 · ∆(yt st )

t=0
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is a local martingale by [16, Theorem 1]. Moreover, since MT ≥ 0 almost surely,
M is a martingale by [16, Theorem 2]. Since M0 = 0 we get
E

T
X

yt ct = 0.

t=0

Since y is strictly positive and c ∈ M+ , we must have c = 0. Thus, S̃t satisfies
the no-arbitrage condition.

For a model with bid-ask-spreads, Theorem 14 gives the following.
Example 15 (Bid-ask spreads) An unconstrained market model with St (x, ω) =
sup{s·x | sj ∈ [sjt (ω), s̄jt (ω)]} satisfies the (RNA) condition if and only if there is
strictly positive y ∈ M∞ and an adapted process s evolving in ri[st , s̄t ] such that
ys is a martingale. This is analogous to [19, Theorem 3.2(i)], which concerns
the no-free lunch condition in a continuous time model. When one of the assets
has a nonzero constant unit price, the process y obtained above is a constant
multiple of a strictly positive martingale density. When s = s̄, we thus recover
the classical result of Dalang, Morton and Willinger [4].
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