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Abstract

We establish relationships between mean values of products of logarithmic derivatives of the Rie-
mann zeta-function near the critical line, correlations of the zeros of the Riemann zeta-function
and the distribution of integers representable as a product of a fixed number of prime powers.

1. Introduction

Goldston et al. [9], building on earlier work [5, 7, 8], gave an equivalence, assuming the Riemann
hypothesis (RH), between the three quantities

T ;/ 2
I(o;T):/ = (o +1ir)| dt,
1 1¢
Fl:T)=NT)™" Y 190wy —y), (1.1)
O<y,y'<T

PB;T)= /100 (1,0 (x + %) —Y(x) — %)2)(2’2‘9 dx.

In F(a; T), the sum is over pairs of ordinates of zeros p = % + iy of the Riemann zeta-function,
N(T) = (T/2m)log(T/2me) + O(log T) is the number of zeros with 0 <y < T and w(u) =
4/(4 + u?) is a weight function. In P(B; T), the function ¥ (x) is defined as ¥ (x) = Y., _. A(n),
where A(n) is von Mangoldt’s function; that is, A(n) = log p if n = p™ with p a prime, and
A (n) = 0 otherwise.
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1058 D. W. FARMER et al.

The main results of Goldston et al. [9] are captured by the following asymptotic formulas. Assume
RH and suppose that A > 0 is fixed. If there exists a number f(A) such that one of the following
asymptotic formulas is true as T — o0, then all of them are true:

I 1+ 4 T f(AT log® T
— _; ~ O .
2 logT &

/Oo F(a; T)e A da ~ f(A), (1.2)
0+

A log?> T
P LT~ fA)—E
logT T

In the second formula, the lower limit is interpreted as £(7) > 0 with &(T) — 0 slowly so that the
spike of F(«; T) at o = 0 gives no contribution. It turns out that taking £(7") = loglog T/(21log T')
is permissible. We discuss this point further in Sections 2 and 3.

The above asymptotics give an equivalence between a mean value of ¢’/¢(s), the zeros of the
zeta-function and prime powers. In particular, the equivalence shows that Montgomery’s conjecture
for the pair correlation of the zeros of the zeta-function is equivalent to a statement about a weighted
variance for the number of primes in short intervals. The purpose of this paper is to extend these
results to the case of mean values of the product of several {'/¢(s)’s, higher correlation functions
of the zeros and weighted variances for the number of integers in short intervals that are a product
of a specific number of prime powers. These integers are the ‘almost primes’ we refer to in the title.
The phrase ‘almost primes’ is not precisely accurate; we have used it for lack of a better established
term and because it conveys the idea reasonably well. Usually a J-almost prime is a number that is
a product of J not necessarily distinct primes. However, we are using the term to mean a product of
J not necessarily distinct prime powers.

In the next section, we introduce the higher analogues of I (o; T), F(«; T) and P(B; T) and state
our main results. In Section 3, we prove Theorem 2.1, which gives an equivalence between mean
values of the N-fold product of £'/¢(s)’s and averages of the N-level form factor of the zeros of
the zeta-function. This is followed by the proof of an upper bound for mean values of a product of
¢’/¢(s)’s givenin Corollary 2.1. In Sections 4 and 5, we prove Theorems 2.2 and 2.3, respectively, both
of which give equivalences between mean values of products of several ¢’/ (s)’s and the distribution
of numbers representable as a product of a fixed number of prime powers. In Section 6, we provide
several explicit evaluations of mean values of products of ¢’/¢ (s)’s, assuming that the random matrix
conjectures hold for the zeros of the zeta-function.

2. Higher analogues of I, F and P, and main results

We let N=J+4+ K with J>0,K >1 and always assume that N > 2. The vector & =
(e1, €2, ...,¢€n) consists of J ones followed by K negative ones. We set a = (aj, az, ..., ay)
witha, > 0anda, ~ 1/logT for 1 <n < N.Here a, ~ 1/log T means that there exist constants
0< A, <A suchthat A,/logT < |a,| < A},/logT. We also write

OlZ(Ol],...,OlN_]) and dazd(X]---d(XN_[,
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MEAN VALUES OF ¢’/¢ (s) 1059

with ,, € R, and always assume that

e

n<N
Forl <n <N —1,wesete, = (0,...,1,...0) € R¥~! where the nth component is 1 and the rest
are 0. We also defineey = (—1, —1, ..., —1) e RV~L. Expressions like « - e, represent the standard

dot product in RY —1 Observe that « - e, = «,,, even whenn = N.

2.1. Higher analogues of I and F

Our generalization of the mean value [ (o; T) in (1.1) is

I(o,a,6;T) = f Hi(a+an +ig,1) dt.

Note that we might just as well write (o, a, J; T).
Our generalization of F(a; T) in (1.1) is

F(o; T) = F(ay,...,an-1;T)

1 )
= —N(T) Z Ti2nen Otn(}/n*VN)w(yl — YNy -y YN—1 — YN)» 2.1
O<y1,...yn<T
where
N—-1
4
WX, X2, ..., XN_1) = l_[ 5 2.2)
n=1 4 + X

is a weight function. In the random matrix theory literature, F(a; T') is referred to as the N-level
form factor. It is the Fourier transform of the N-level correlation function. When N = 2, F(a; T) =
F(ay; T) agrees with our previous definition.

In Section 3.1, we describe various properties of F'(a; T). However, it is necessary to mention two
of these here in order to state our first main result. Along the hyperplanesa - e, =, =0, 1 <n <N,
the N-level form factor F'(a; T') essentially degenerates into an (N — 1)-level form factor. Moreover,
it degenerates into an even lower order form factor on the intersections of these hyperplanes. These
lower order factors have a ‘spike’ of width approximately loglog 7'/(2log T'). The model for this is
the term 721 log T in Montgomery’s function F (; T). We write F*(et; T) for the part of F (a; T')
that is supported outside the spikes from the lower correlation terms. Thus, (1.2) can be written as

/w F*(a; T)e 2" da ~ f(A).
0

See Section 3.1 for a precise definition of F* and the statement of our Hypothesis LC describing the
behaviour of the lower correlation terms.

We also require a hypothesis that asserts that averages of F' are bounded. This is less technical
than Hypothesis LC, so we state it here.
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1060 D. W. FARMER et al.

HyroTHESIS AC  We have
x1+1 xy-1+1
f [ |F*(a; T)|de < 1
X1 XN—-1

uniformly for (x1, X2, ..., xy_1) € RV "L,

The case N = 2 of Hypothesis AC is known to hold under the assumption of RH (see Goldston [6]).

Our first main result is a generalization of the equivalence between / and F implied by the first
two formulas in (1.2); it relates I (o, a, &; T) to the Laplace transform of F*(a; T') over a certain
sector in R¥~!. To describe the sector, we let 8 € R and define

N-1
UN,E(ﬁ)Z{(alv"'saNfl)eR |8]C¥1,...,8NC¥N>ﬁ},
where, as always, oy = — Y _y n.

THEOREM 2.1 Assume RH, Hypotheses AC and LC. Leta = (ay, ..., ay), where the a, ~ 1/log T
and are positive, and let € = (g1, ..., ey) consist of J > 0 ones followed by K > 1 negative ones.
Then, with Uy ¢(B) as above, we have

1
I <§, a,e; T) = T log" T/ F*(o; T)T ™ Zn=w @ dg + o(T log" T). 2.3)
Uy £(0)

Note that Hypothesis LC has enabled us to state Theorem 2.1 in a way that suppresses the
degenerate parts of the form factor.
Goldston et al. [9] proved that

1 A 2 R —2Aa
I|-+——=T)~Tlog"T F*(a; T)e do, 24)
2 logT 0

from which the equivalence between the first two formulas in (1.2) is immediate. Observe that (2.4)
follows from Theorem 2.1 on takinga = (A/log T, A/logT) and e = (1, —1).

If J =0, Uy, is empty, so the integral in Theorem 2.1 equals zero. This makes sense because,
in the integral defining / (%, a, e; T), one can move the path of integration to the right, expand the
integrand as a Dirichlet series and then integrate term-by-term to show that the integral is small.
(For the same reason, if K = 0, the integral is also small, but our statement of the theorem requires
that K > 1.)

From Theorem 2.1, we deduce the following corollary.

COROLLARY 2.1  With the same hypotheses as in Theorem 2.1, we have
I1(3,a,6T) < Tlog" T. (2.5)

To compare this with other estimates for / (%, a,e; T), writea, = A,/logT with A, > 0,1 <
n < N. Using a well-known approximation of ¢’/¢ (s) by Dirichlet polynomials due to Selberg [11]
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MEAN VALUES OF ¢’/¢ (s) 1061

(or see Titchmarsh [12, Chapter 14]), one can show that, on RH, if the A, are sufficiently large (as
functions of N), then

1(3,a,6T) < Tlog" T. (2.6)

The extra hypotheses of the conjecture allow us to assert that the upper bound here holds for all
A, > 0.

In the special case where N iseven,a = (ai, ..., an;2, a1, ..., an/2), 0y = A,/logT > 0and e

consists of N /2 ones followed by N /2 minus ones, one can use a Bessel’s inequality type of argument
to show that if RH is true, then

1(3,a,&T)> Tlog" T. 2.7

Here any positive A,’s work, and there is no need to assume Hypothesis AC or LC. The idea is to
square out the integrand in

0

and estimate three of the resulting four terms by standard methods. Thus, for these special cases of /,
the first term on the right-hand side of (2.3) is the main term.

Assuming that the zeros of the zeta-function follow the statistics predicted by random matrix
theory, one can obtain an explicit formula for F*(«; T) and, in principle, evaluate the right-hand side
of the equation in Theorem 2.1. Although this would lead to an explicit formula for 7 (o, a, &; T),
in general it is a cumbersome task. We discuss the first few cases in Section 6. In any case, given
F(a; T), one can in theory obtain an asymptotic formula for / (o, a, ; T).

N2, N/2 ’
¢ (1 . Al
1‘[?<§+a,1+1t>—]_[(—2m> dr,

n=1 n=1 n<X

2.2. Higher analogues of P

Our second and third main results generalize the equivalence between I and P implied by the first
and last formulas in (1.2).
To define our analogue of P(B8; T), letb = (by, by, ..., by) withb; > Ofor 1 <[/ < L. We define

Ap(n) by
L
I L Av(m)
Uz(s+bz)=(—1) D (28)
where o > 1. Then 1 1
ogp:- ogpL
Ap(n) = Z bivy by brvy *

Py Py P
Py pt=n L2 L

Thus, Ap(n) is supported on those positive integers n that are representable as a product of L, not
necessarily distinct, prime powers.
We define Ry (x) to be the sum of the residues of

N

L
U%(S-I-bz)x?,
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1062 D. W. FARMER et al.

at the points s = 1 — b;. For example, if the b; are distinct, we have

- L

L /
Ry() == f_bl]_[%(1—bl+bj).

I= j=1

Next we set

W) = (DY Ap(n),

n<x

where the prime on the sum indicates that the term Ay (x) is counted with weight % We also write
Ap(x) = Wp(x) — Rp(x).

Thus, Ap, measures the difference between Wy (x) and its expected value.
Now let a = (aj, a, ..., ay) with a, > 0 and a, =~ 1/log T as before. Also let 8 > 0 and 1 <
J < N.Writinga; = (a1, a2, ...,ay) anda’; = (ay41,a542, ..., ay), we set

P(B.a,J; T) = /1 (80 (4 2) — 20, 0) (B (34 5) — Ay 0)

This is our analogue of P(B; T) in (1.2).
Our next two results relate P to weighted and unweighted versions of I, respectively.

THEOREM 2.2 Assume RH and let a = (ay, az, ...,ay) with a, = A,/logT and A, > 0 for 1 <
n < N.Alsoletl <J < Nande = (¢1,&2,...,En), Whereey, ..., eyareallone,andej q, ..., ey

are all negative one. Then, for % <o < %, we have

o /N ., . 2 AN+
t/2T 1 1
/ l_[§—(0+an+iant) St 2N G T p(o—LarT)+o(E 1),
oo 4 t 2 2 T2
n=1
2.9)
The constant implied by the O-term depends on Ay, ..., Ay butnotono, J orT.

THEOREM 2.3  Assume RH, Hypotheses AC and LC. Suppose that C is fixed and positive, and that
a=(ay,...,ay)witha, = A,/logT and each A, fixed and positive. Define

Ii(o,a,&;T) = / Hg—(a + a, +ig,t) dt.

If there exists a number f(C, A, J) such that one of the following asymptotic formulas holds, then
the other also holds:

I l+ ¢ A T f(C,A, )T log" T
= T & ~ , £X, o ,
*\2 logT logT &

C A log¥ T
P(——. —— J:T)~ f(C.A D2
logT logT 2T

(2.10)
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MEAN VALUES OF ¢’/¢ (s) 1063

The case / = K =1 of (2.9) was proved by Goldston et al. [9]. Moreover, in this case we
recover the equivalence between / and P implied by (1.2) from (2.10). Note that, in the formulas
for P(A/logT; T) and P(C/logT,A/logT, J; T) in (1.2) and (2.10), the extra factor of % in
the latter appears because IL(1/2+ C/logT,A/logT, e; T) is an integral over [T, T], whereas
I(1/24+ A/logT; T)isover [0, T].

To remove the sine weight from the left-hand side of (2.9) requires a Tauberian argument (see
Lemma 5.2). It does not seem possible to prove an unweighted asymptotic such as I, (o, a, &; T) ~
2T?P(oc — 1 /2, a, J; T) without some additional assumption.

One might expect the N-correlation of the zeros to be related to a statement about prime N-tuples
or some other generalization of the twin prime conjecture. However, the integral P(8,a, J; T)
measures correlations in the discrepancy of the distributions of A,, and Ay,. Thus, N-correlation is

related to the representation of numbers as products of J (not necessarily distinct) prime powers for
allJ < N.

3. Proof of Theorem 2.1 and Corollary 2.1

As the proof of Theorem 2.1 is involved, we carry it out in several stages. Our first goal is to precisely
state the properties of F(a; T') we shall need.

3.1. Main properties of F

As we have already mentioned in Section 2.1, we require several properties of F(e; T'). One of these,
Hypothesis AC, was stated there and requires no further discussion.

Another follows directly from the definition of F(a; 7). Write L = (1/2x)logT and y = y L,
so that 277 = T¢¥ [f r is a real-valued function of bounded variation in L' (R¥~"), then

N(T) f F(a; T)7 (o) do
RN

= Y rGi= e PN = PNWH = Vs YN — YN, 3.1)
O<y1,oyn <T

where
7o) = / Py, Uy e Uyy) € en @) gy duy - duy
RN-1
is the Fourier transform of r.
The final property of F (c¢; T') we need was mentioned briefly in Section 2.1, namely, that F (e¢; T')

contains essentially all the lower level form factors. We now elaborate on this with an example.
Suppose that N = 3, so that @ = (a1, «2), and suppose that o = 0. Then, from (2.1), we see that

1 .
F(a;,0;T) = D Z TNy — 3, yo — 13).
() 0<y1,72,73<T

Summing over y,, we find that

4

Yo wn—rn—y)=wn-p) Y T oh—

O<y<T O<y<T
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1064 D. W. FARMER et al.

The sum on the right is ~ log y3 whenlog T < y3 < T —log T, and is « log T for the remaining y;3
in (0, T). Hence,

D wn = ya v — v3) ~ wn — y3) logys,
O<y<T

except for 0(10g2 T) values of y3 in (0, T'). We therefore expect that

logT

F(a,0;T) ~ N

Z TiOll(VI*m)w(yl —3)
O<y1,y3<T

=logTF(a;; T).

This calculation suggests that F (o, op; T) should also be ~ logT F(«;; T) when a5 is so
small that the term 7'(2=73) does not oscillate enough to cause significant cancellation. Since
the ‘spike’ termin F (ato; T) is (1 + 0(1))T~2*2I log T, we expect that F (er;, ao; T) is approximately
T—2ll1og T F(ay; T) when |as| < loglog T/(21og T). Obviously, the same argument applies when
o is near 0.

A similar phenomenon occurs when o + o, is near 0. For suppose that «; + o = 0. Then

1 .
Flay, a0 T) = Flay, —ai; T) = —— > T 3" u(y —ys, 1 — ).

O<y1,»<T O<y;<T

The sum over y3 is more complicated than before, but one can show that, for most y;, y» € (0, T), it
is ~ (1/2)w((y1 — y2)/2) log T. Thus, we expect that

F(ay, —a; T) ~logTF(ay; T),

and that
F(ay, ap; T) = T2t |00 T F(ay; T),

when |o; + ay| <loglogT/(2log T). Clearly, F(«;; T) may be replaced by F(ay; T) in these two
approximations.
More generally, F(cc; T') degenerates into a lower level sum on the set § = U;I1V=1 S,, where

Sp,={eecR" ' |a-e,=0} (1 <n<N). (3.2)

The example above suggests that there are also lower correlation contributions for e close to S. These
lower correlations contribute a power of log 7' to F (ee; T') near S, but away from S we expect F (ae; T)
to be bounded in bounded regions.

To be more precise, we formulate a ‘lower correlation” hypothesis. Let Y be a subset of R¥~! and
define a neighbourhood of Y by

nY,A)={teR""!||t—y| < Aforsomey € Y},

where A > 0 and |x| = max |x;|. If n < N — 1, let &, be the (N — 2)-tuple obtained from « by
deleting «,. We then write F(e,; T') for the corresponding (N — 1)-level form factor summed over
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MEAN VALUES OF ¢’/¢ (s) 1065

all ordinates except y,. If n = N, we let ay be the (N — 2)-tuple obtained from « by deleting any

one of oy, ..., ay—_; from &, say ay. We then let F'(ay; T) be the (N — 1)-level form factor
1 .
Flay:T) = TiXnen n(ya—ri) — Ve YN — .
(een; T) NT) E wyr — v YN-1 = Vk)

0<Y1,eees yn—1<T

We can now state our lower correlation hypothesis.

HypoTHESIS LC Lete = €(T) =loglog T/(2log T) andlet Sy, . .., Sy be the hyperplanes in RN~
defined in (3.2). Then

F(;T)=F(a; T)+ F*(a; T),

where F,(a; T) is supported on n(S, €) and, for any fixed K > 0, F*(a; T) is bounded on the
(N — 1)-dimensional cube [—K, K1N™!, as T — oo. Furthermore, if & € (S,,€), 1 <n <N,
then

Fule; T) < |F(@y: T)|T 2 log T.

The final property of F(a; T') we will need is that

x1+1 xy_1+1
/ / |F(a; T)|da <1 (3.3)
X1 XN-1

uniformly for (xi, X, ...,xy_1) € RV~1. This follows easily by repeated applications of Hypo-
theses AC and LC.

3.2. An expression for I in terms of F

Our next goal is to express

T N é./
I(o,a,e: T) =/ l_[?(a +a, +igyt)dt
0 n=1

in a form on which we may use the Fourier inversion formula (3.1). Our starting point is
Titchmarsh [12, Formula (14.4.1)], which says that, on RH,

! 00 A
—%(s) = Z # e " 4+ Z 8PT(p —s)+ 0©B° Y4logr)

s
n=1 P

uniformly for e Vi <4é<1 and % <o < % By the prime number theorem, the first sum on the
right is bounded by [ 77!/2e™% dr « §7'/2. Thus, setting X = (log 7)** = §~!, we obtain the

following lemma.
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1066 D. W. FARMER et al.

LeEMMA 3.1 Assume RH. Let X = (log T)*3, a~ 1/log T, witha > 0 and ¢ = %1. Then, for |t| <
T, we have

"1

% (5 +a —i—iet) =— Xy: R(—a+is(y — 1) + O(X'/?),

where R(z) = X*I'(2).

Using the lemma, we find that

1
I (E,a, e; T> =(-1)"M(a,e; T) + E(a,e; T),

where
T N
M(a,e; T) = / 1_[ (Z R(—a, +ie,(yn — t))) dt 3.4
0 n=1 Yn
and
T
E(a, & T) K Z X(zwlsl)/z/ l_[ (Z R(—a, + i&,(yn — t))) dr.
Sc{l,2,....N} 0 lhes \
Here the sum is over all proper subsets S of {1, 2, ..., N}. By the Cauchy—Schwarz inequality
., ) 1/2
E@@ e T)< TV > xW-is02 / I1 (Z R(—ay + ign(ya —t))) dr
} nes Yn

Sc{l,2,...N

Note that the integral here has the form M (a’, &’; T), with & a vector of |S| ones followed by |S|
negative ones and a’ a vector of type (a1, as, ..., as|, a1, az, . . ., a;s)). Later we will see that, under
the hypotheses of Theorem 2.1, M(a, &; T) < TL". Hence,

E(a,e;T) K T2 Z X(N=ISD/2 172 18|
Sc{1.,2....N}

< TXI/ZLN—I — TLN_I/S.

Thus,
I, a,eT)=(-D"M(a,&; T) + O(T L"), (3.5)

with M (a, e; T) given by (3.4).

Our next goal is to estimate M (a, €; T). As in previous treatments of such expressions (see [9, 10]),
we may truncate the sums over the zeros, removing the ordinates with y < 0 and y > T. They make
a negligible contribution, namely O (L?) for some positive integer B, because the gamma function
decays so quickly. Similarly, we may extend the integral from —oo to oo with a change of at most
O(L®). After doing so, making the change of variable # — ¢ + yy, and recalling that y; = y; L, we
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MEAN VALUES OF ¢’/¢ (s) 1067

find that
o N
M@eT)= Y [1R(=a, +iea(yu —yw — 1)) dt + OLP),
0<yp,eeny yn<T X =1
= Y RG—Pnee v — )+ OLP), (3.6)
0<yiymens yn<T
where
o N
R(u) = / [T R(=an +ien(un/L — 1)) dt. (3.7)
T =1
Here and for the remainder of the argument, we set u = (uy, ..., uy—_) and uy = 0. Note that, in

the definition of R(u), uy only occurs on the right. We also write du = du; - - - dupy_;.

We would like to use (3.1) to express the sum on the second line of (3.6) in terms of F(a; T).
However, the weight function w defined in (2.2) is missing, so we need to insert it. To this end, we
define

R
r(u) = w(u/L)'

From (3.5) and (3.6), we now obtain
1 N o ) i
I3asT)=EDY 30 rGh=Pn e Iva = W0 = 7vs s vt = )

0<yp,.eey yn<T

+ O(TLN13, (3.8)

By an application of equation (3.1), we then find that
1
I <§, a,e; T) = (—l)NN(T)/ F(a; T) (o) doe + O (T LN7173), (3.9)
]RN—I

Our next task is to find a useful expression for the Fourier transform of r (u).

3.3. The Fourier transforms of r (w) and R (u)

To determine 7, we must also determine 7A2 and to do this, we use the following lemma.

LEMMA 3.2 LetO<a <1, AcRande = =1. Then

o0
/ e (—a +igg)dE = 2 e e = 1).

o0

Proof. We treat the integral as a contour integral along the imaginary axis. When ¢ = 1, the integral
is —ie* [~**1*e421'(z) dz. Moving the contour left to —oo, we pick up a sum of residues from
poles at the negative integers that is easily recognized to be the Taylor series for the expression on
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1068 D. W. FARMER et al.

the right. The case when ¢ = —1 follows from this by conjugation, which has the effect of replacing
A by —A. g
We are now ready to calculate R. Recalling that uy = 0, we see that

R(a) = R(u) e 2% du
RN-1

s~ [/ N
= / / [ R(=an +iea(u/L — 1)) e ) dt du.
RN=1J —o00 n=1

We substitute &, for u, /L — t (note that £y = —¢) and obtain

N
R(a) = LV / l_[ R(—ay + ig,&,) e L Laaven@=60) g ... dgy
RN

n=1
N )
=L"'T] ( / R(—ay + ig,&,) e bl dsn) .
n=1 -
The second line follows from the first on using oy = — Y, _y o,. By Lemma 3.2, and since ¢2 = 1,
we find that

oo
| R, sisg e et ag,

oo

o
— X—an / F(_an + ignén) el%'n(s,l log X —2ma, L) d%—n

[e.¢]

— 27TX7H” eana"(sn log X —2ma,L) (exp(_efsn(s,l logX72T[ot,,L)) _ 1)

—2ma, e oty log X+27T8,,0(,,L) _ 1)

=2me L(exp(—e‘

Thus, writing
Rn(Z) — e—27[6,,anzL(exp(_e—logX+2ﬂS,,ZL) _ 1)7 (310)

for1 <n < N and z € C, we have

N
R(a) = )N LN! [ ]Ru. 3.1

n=1

Next, we calculate 7 (o). From the definitions of r and w in (3.8) and (2.2), we see that

Fla) = f r(u) e " du
RN-1

N—-1 2

u .
— R 1 n_ —2mic-u d
/RN_] (u) ]_[( +4L2>e u

n=1
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N—-1 2
/ 1 9 R(u) e—Zniu-u du
RN-1 1 167T2L2 30[%

N-1 2
1 8 R( ) 727‘[ioc~lld
= — s T u)e u
167T2L2 801,21 RN-1

-1 82 R
1—[ ( 16712L2 80{2) R@).

The inversion of the differential operators and integrals may be justified by the exponential decay of
R(u) and the fact that the partial derivatives of e ~271*¥ with respect to the a,’s, up to and including
those of the second order, are continuous. The following lemma shows that R (u) does indeed decay
exponentially.

LeEmwMmA 3.3
1
N
R(u) < L eXP (_m Z |un|>
n<N
uniformly foru € RN~1

Proof. Using (3.7) and Stirling’s formula, and recalling that uy = Oanda, > 1/logT forl <n <
N, we see that

00 N
R(Lu) = / X X Enun=1) ]‘[ [(—ay + iy (u, — 1)) dt
—0oQ

n=1

o0 N o0
<</ H(Le"“”"')dt:LN/ exp (=D lu, —1t] ) dr
T p=1 -

n<N

Now "

D lun =t =t + — Z(|un| —lth =5 + Z .

n<N n<N n<N
Hence,

1
N
R(Lu) < LY exp <_N > Iunl) :
n<N
which implies the result. g
Itfollows from (3.10) and (3.11) that 7@(«) isanalyticinthe N — 1 variables«, . .., a_ regarded

as complex variables. Thus, by Cauchy’s integral formula we have

1
e = (2m>N 1/ /c L l(zn—an 8n2L2(zn—an>3>

x R(z1, ..., ay—1) dzy—1 -~ -dzy,
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1070 D. W. FARMER et al.

where C,, | <n < N — 1, is the positively oriented circle |z, — «,| = 1/(10L). Finally, writing
Zy = —_,_y Zn and using (3.11), we find that

R log T\ V! Nl 1
=2 . _
r(a) g ( 27T1 ) /C] \/é[v[ g (ZH - an 8”2L2(Zn - an)3>

N
x [ ] Rutza) dzy-1 -+ dzi. (3.12)

n=I1

3.4. Estimates for R, and 7

In order to complete the proof of Theorem 2.1, we need several estimates for R, and 7. These are
provided by the next few lemmas.

LEMMA 3.4 Leta, € Randz € C. If |z — ay| < 1/(10L), then

log X
_e—2715,101,lu,1L(1 + O(X e—ers”o:”L + L—l)) ifgnan -~ 1 g - i
0

R.(2) = : gX (3.13)

~ X1 e2renan(1=a,)L if £ncty < 0g '

“ logT

In particular,

R, (2) < Ry(ay), (3.14)

for |z —ay| < 1/(10L).

Proof. The bound in (3.14) follows easily from (3.13). To prove (3.13), let z = o, + w/L with
w=pe? 0<p<1/10and 0 < @ < 2x. By definition,

Rn(Z) — e—ZTrS,,ll,,ZL(eXp(_e—|0gX+27t£y,ZL) _ 1) (315)
Since a, ~ 1/L, the first factor is
e—Zﬂs,,anzL — e—27‘[5,70£,,u,,L(1 + O(L—l)) (316)

Suppose that €, o, > log X /log T. Then

|exp(_e—logX+2n£,,zL)| — |eXp(_e—log X+27rs,,ot,,L+2n£,,w)|
— exp(—e_ logX+27r£,,a,,LgR lerenw)
Now
Re2enw = 2P cst cos(2re, psinf) > e /10 cos(2/10) > 0.4316 > - - - > %
Hence,

|exp(_eflogx+2ﬂEnZL)| < exp(_262ﬂ8,1a,1L/sx) <« X672715nutnL’

the last estimate following from the inequality e™ <« 1/y for y > 1. Using this bound and (3.16) in
(3.15), we obtain the first estimate in (3.13).
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MEAN VALUES OF ¢’/¢ (s) 1071

Suppose next that e,c, < log X/log T. Then |X~!e?"®L| < ¢27/19 < 2 Thus, by the estimate
e’ — 1 =~ |z] for |z| < 2, we have

1+ exp(—X " erenily a | X1 e2menil| ny x 1 g2mencil
Combining this and (3.16) in (3.15), we obtain the second estimate in (3.13). O
LEMMA 3.5 There exist positive constants A, such that
R,(uw) <e M (1 <n<N). (3.17)
Moreover, if e = loglogT/(21logT), then

max_ |R,(u)| < (log T)~>/6. (3.18)
N3

ue[—e

Proof. We take z = «, and set u = ¢,a, in (3.13) for R, (z). Since a, ~ 1/1log T and a, > 0, there
exists a constant A, > 0 such that a, > A, /log T. Therefore, from the first estimate in (3.13) we
have R, (e,u) < e 4" if u > log X/log T. Hence,

R, () < e A if u| > log X/logT. (3.19)
Similarly, from the second estimate in (3.13) we see that

R,(u) <1 if|u|l <logX/logT.

Thus, by this and (3.19), (3.17) holds for all u € R.

To obtain (3.18), note that X = (log T)*/3, so we have € = loglog T/(2log T) < log X/log T.
‘We may therefore use the second bound in (3.13), from which we see that

max | Ry(u)| « X~ e<U-anloeT  y—1glloglogT)/2

u€el[—e,e]
& (log T)'?(log T)™*3 = (log T)~>/®. 0
LEMMA 3.6  We have
N
Fle) < LY [T 1Ra ()l (3.20)
n=1

uniformly for a € RN=!. Moreover, any of the terms in the product may be deleted. Also, if a €
Uy.(logX/logT), then

N
Flo) = (—D)N2m T~ Lnsw wenn JogN=1 T {1 +0 <X Z e ZrLean 4 L‘) } ) (3.21)

n=1
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1072 D. W. FARMER et al.

Proof. The bound (3.20) follows from (3.12) and (3.14). We may delete any term in the product
because (3.17) implies that R, (o) < 1. We obtain the second assertion by using (3.13)in (3.12). O

3.5. Completion of the Proof of Theorem 2.1

According to (3.9), we have
1
I (5, a, e; T> = (—I)NN(T)/ F(o; T)7 () doe + O(TLN™1/3).
]RN—I

To estimate the integral, we decompose it into three pieces, /i, I, and I3, where /| is the portion of
the integral over (S, €), I is over Uy ¢(log X /log T) and I3 is over RV ~!'\ (Uy .(log X /log T) U
n(S, €)). Thus,

I($,a,e:T)= (DN + L+ L) + O(TLY™'7). (3.22)

First consider I;. By (3.20)

N
h=[ Feni@da<t [ e D[R
n(S,€) 1 n=1

(S.€)
N N
<LV / |F (e T[T 1R ()] de. (323)
m=1 1(Sm-€) n=1
To estimate the integral over 7(S,,, €), form=1,...,N =1, let k= (k, ..., ky_1) € ZN-1
and let k,,, be the (N — 2)-tuple obtained from k by deleting k,,. Furthermore, let I; = (k, k + 1]

and

I(l~(m) =1y x - x Iy,  x[—e€ €]l x I, X - xXI .

By the comment after (3.20), we may delete the Nth term of the product on the last line of (3.23).
Hence,

N-1

N
f |F (o T | [ I Ra(et) | dex < Zf_ |F (o T)| | | |Ru(ea)| det
1(Sm,€) n=1 K ) n=1

1k,

am€[—€,€ ap€ly,

< max_[Ru@nl )| [T max iRl
k,

" n#Em

></‘~ |F(oe; T)| dex.
1 (Ky)
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By (3.3), the integral is < 1 uniformly in K. Thus, by (3.17) and (3.18), this is

o0

< max_[RuCon)l [T [ D2 max [Rue)]

oy €1,
1<n<N \k,=—00 "

n#m

oo
< (ogT)™ T | Do e*™!| « (logT)™". (3.24)
1<n<N \k,=—00

n#Em

The integral over n(Sy, €) is handled similarly. We letk = (ky, ..., ky_1) and Iy = (k, k + 1] be
as before, and write

I(K) =1L, X Ii, X -+ X I, .
Then

N N
et T)| T | 1 Ro(t)| dex = / Fle: T T 1Rn ()] da
/n<SN,e> ,E[l o Xk: 100N (Sw.©) ,E[l o

N-1

< max |Ry(a F(a; T R, (a,)| do
Jmax | Ry( N>|;f1(k)| (@ )| [T IR

n=1

< angagydmN(amZ( [T max |Rn(an>|)

k 1<n<N

x / |F(o; T)| dex.
1(k)

As before, by (3.3) and Lemma 3.5, this is < (log 7)~>/%. Combining this with (3.24) in (3.23), we
see that

I < LN, (3.25)

Next, we estimate

L= / F(a; T)r () dex.
Uy e(log X/logT)

Since Uy ((log X /log T) N n(S, €) = @, by Hypothesis LC, we may replace F(a; T) by F*(e; T).
Using this and our estimate for 7 from (3.21), we then find that

L = (—1)"2rlogh~! T/ F*(a; T)T ™~ Zn=n o0 (g
Uy.e(log X/logT)

N

Z/ |F*((x, T)| e—ZJTLé‘mam T_Z”SN Ap &y da
Uy ¢(log X /log T)

m=1

+0 (LN_Z / | F*(at; T)| T~ e ot da)
Uy.e(logX/logT)

= by + In + D, (3.26)

+0 (XLN—1
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1074 D. W. FARMER et al.

say.
In estimating I5;, we treat only the term m = 1 since the others are handled the same way (and
satisfy the same bound). We have

N
|F*(0£; T)l e~ a1 log T (1_[ e nEn logT) do.

n=1

Iy < XLV /
Uy.e(log X/logT)

Now, for each n, a,e,0, > 0, so we may delete the factors correspondington = 1 and n = N from
the product. We then substitute A, for &, and note that g, = ¢, ! to see that

. N-1
: / |F*(e1h1, ..., en—thy—1; T)|e ™™ logT<l_[ e i 10gT) da,
I

o0
In <« XLN*lv/

log X /log T og X/log T n=2

where A = (Ay, ..., Ay—y) and dA = dX; ---diy_;. Now let K be a large positive integer and split
this into two pieces, J; and J,, where J; is XL ™! times the contribution from the integral over the
box % = (log X/log T, K1¥~!, and J; is the rest. Then

Ly < 1+ )b (3.27)

To treat J;, we observe that, by Hypothesis LC, F*(a; T) is bounded on 4. Also, since a, ~
1/log T and a, > O for each n, there exist positive constants A, such thata, > A, /log T . Therefore,

K K N—-1
I < XLN—]/ / e MlogT <1_[ e~ logT) da
1

og X/log T

log X /log T n=2
o0 N-1 o
< XLN! (/ e—M‘OgTd)\l) I1 (/ e~ Ak dxn>
log X /log T n=2 0
< LN72, (3.28)

To treat J,, we split [log X/log T, 00) into the intervals Iy = (log X/log T, 1], I, = (1,2], I, =
(2,3],....Letk = (k1, k2, ..., ky—1) denote an (N — 1)-tuple of non-negative integers and write

I(k):[kl XIkZX"'XIkN,V

Then

N1
|F*(e1A1, ... en—1an—1; T)| (e_)" log ™ 1_[ e_A"A“> da,
1K) ol

Jo & XLV Z/
k

where the sum is over all tuples k with at least one componentk, > K. The expression in parentheses is

N—-1 .
T8 ifk; > 1
< C(k e Mk with C(ky) = -
< (l)g (k1) {Xl o,
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Hence,

N—-1
L XLV (C(kl) [Te ™ /
k

|F*(e1A1, ..., en—1An—1; T)|dA ] .
n=2 Ik

By Hypothesis AC, the integral is < 1 uniformly in k. Therefore,

N—1
L XLV (C(kl) I1 eA“k“> )
k n=2

This is bounded by a sum of N — 1 terms of the form
N—1
XLV (Z C(k1)> [T e ].
ky n=2 kn

in each of which exactly one of the components is summed beginning at K, and all the others at 0.
Consider, for example, the term for which the second component begins at K. It contributes

< XLV (Z C(kl)) (Z e—Azkz) ﬁ 3 e

k1 >0 kr>K n=3 \k,>0
« XIN-1x~1e 4K
&« LN-1e=MK (3.29)

The other terms are similar except that, if it is the first component that begins at K, the bound is even
smaller. Adding the estimates for the N — 1 terms together, we find that

I, < LN % oMK o [N-1o—AK
n=1
where A = min{Ay, ..., Ay_1}. Since we may take K to be arbitrarily large, we see that
Jr = o(LV7h.
Using this and the bound J; < L"~2 from (3.28) in (3.27), we obtain
Ly =o(L" ™).

The estimation of I3 is similar but easier, and leads to

In < LN72
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1076 D. W. FARMER et al.

Combining our estimates for /5, and I3 in (3.26), we finally find that

L = (—=D)"2n(log T)N™! / F*(o; T)T ~ Znsn @ doy 4 o(LN ). (3.30)
Uy.e(log X/logT)

Next, we show that I3 is relatively small. The range of integration in /3 excludes the set (S, €), and
s0, as in the case of I, we may replace F (a; T) by F*(a; T). Writing H, = { : €,00,, < log X/log T}
for 1 <n < N, we see that RV ="\ Uy .(log X /log T) = | J_, H,. Thus,

N
L =/ F*(o; T)F (@) da < Z/ |F*(at; T)7 ()] dex. (3.31)
RY=1\(Un . (log X /log T)Un(S.€)) "= JH,

We will only estimate the integral over H; as the others are handled the same way.

The argument proceeds along the lines of that for I5,. By the first part of Lemma 3.6 and the
second bound in (3.13), we see that

N-1
/ |F*(e; T)7 (@) dae < LV X 7! f |F*(at; T)| (ee'“'“‘“'”“ﬂ I1 |Rn(an>|) dor.
H, H,

n=2
Setting A; = g1y and A, = @, for 2 <n < N — 1, and writing A = (A, ..., Ay_1), we see that
this is
log X/log T 00 oo N
< LN*IX*I/‘ / .- f |[F*(e1A1, ..., An—1; T)| gh(-anlogT 1_[ [Ry(An)] | dA.
—0 —00 —00 n=2

Next, we let K be a large positive integer and split this into two parts, Ji and J,, where J; is LN 1 X!
ti~mes the contribution from the integral over the box & = (—K,log X/logT] x [-K, K V-2, and
J> is the rest. Thus, we have

|F*(o; T)F(00)| da < Jy + Jo. (3.32)

H,

By Hypothesis LC, F*(a; T') is bounded on B, so

~ log X /log T K N—-1
Ji < LN’IX’lf f ght(—anlogT ]_[ IR, (A)| | dA
-K

—-K n=2
log X /log T N1/ oo
< LNflel (/ e)“l(lal)IOgTd)q) 1_[ </ |Rn()¥n)| d)‘n)
—00 n=2 -
wine (333)

where the last line follows from the second because, by (3.17), the integrals over (—oo, 00) are
bounded.
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To estimate Jo, we split (—oo, log X/logT] into intervals Iy = (—1,log X/log T, I_;
(=2, —11, 1, = (-3, -2],..., and we split (—oo, 00) into intervals I = (k, k + 1] with k =
0,+£1, £2,.... Then, setting

I(k) =Ik1 X Ikz X - X IkN—l’

we see that
N-1
< LV'x~ IZ/ [F*(&1h1, Aoy ooy Ayors T (em—“”“’gT [1 |Rn<xn>|) da,
1(k) n=2
where k = (ky, ky, ..., ky—1) runs over (N — 1)-tuples of integers such that k; < 0 and, in addition,

at least one component k, (possibly k) has |k,| > K. By (3.17), when A € I (Kk), the expression in
parentheses is

N—1 T k12 ifky <0,
L Clky) [Te ™! with Ctky) = { X if ky =0,
n=2 0 if ky > 0.

Hence, by Hypothesis AC,

b <LV X~ 12(C(k1)1_[e A»f'k'/

o 109

< LVT'XT IZ<C(k1) [Te A""‘"')

[F*(e1A1s .-y enciAn—15 T)] dl)

n=2

This is bounded by a sum of N terms

N—1
IN-1x-1 (Z C(k1)> 1_[ Ze—An\kn\
k Ky

in each of which one component, say~kn, is summed over |k,| > K, and the others are summed over
(—00, 00) (here we use the fact that C(k;) = 0 when k; > 0). For example, the term of this type for
which |k;| > K contributes

N-1 0
< LV'x! (ZC(kQ) ekl T Z o~ Anlkal

ki <0 lko|>K n=3
<< LN71X71X e*AzK
&« LN-1e~MK

The other terms are similar except that, if the first component is the one that begins at K, the bound
is even smaller. Thus, adding the estimates together, we see that

j2 < LN—l e—AK’
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1078 D. W. FARMER et al.

where A = min{A, ..., Ay_1}. Since we may take K to be arbitrarily large, we obtain
b = oLV .

Inserting our estimates for fl and fz into (3.32), we now find that

|F*(a; T)7 ()| dex = o(LN 7).
H,

The same estimate holds for the other terms on the right-hand side of (3.31), so we see that
Iy = o(LN7h). (3.34)

We now combine (3.25), (3.30) and (3.34) in (3.22) and obtain
1
1 (—, a, €; T) = TlogN T/ F*(a; T)T_Z"SN Gn&nn ] of
2 Uy« (log X /log T)
+ N(T)(O LN 4 o(LV"1)) + o(T LV173)
=Tlog"T / F*(a; T)T ™~ Ln=n @& doy 4 o(T log" T).
Uy.e(log X/logT)
This is almost the assertion of Theorem 2.1; the difference is that the integral in the statement of
Theorem 2.1 is over Uy ((0) rather than over Uy ((log X /log T'). However, using our hypotheses that
F*(a; T) is bounded pointwise on [- K, K]V ~! foreach fixed K > 0, and bounded on average on unit
cubes in RV~1, one easily sees that the integral over (Uy.¢(0) \ Uy ¢(log X/log T)) N [—-K, K]V~!

is no greater than O (log X/log T'), and the integral over the rest of Uy (0) \ Uy (log X /log T) is
O (e~4X) for some positive constant A. Theorem 2.1 therefore follows.

3.6. Proof of Corollary 2.1
By Theorem 2.1, we have

1
I (-, a,e; T) &« TlogV T/ |F*(ot; T)|T~ Loz enn dog 4 o(T log" T),
2 Un.e(0)

and it suffices to show that the integral is bounded. Discarding the term n = N in the exponent of the
integrand and writing a, = A, /log T and A, = a,6,, | <n < N — 1, we see that the integral is

o0 o0
<</ / |F*(€1M 1, -+ en—1An—1; T)| &~ Znen Arkn dp
0 0

< Z/ [F*(e1ht, s enihy—is T)]e” Zrn b dd,
k1K
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where I(K) = (ky,ky + 1] x (ko, kp + 1] x ... x (ky_1, ky—1 + 1] and the sum is over those k
whose components are all non-negative. By Hypothesis AC, this is

N—-1 00
<[] e |«
n=1 \k,=0

Hence,

[ i@ S a1,
Uy, (0)

The corollary now follows.

4. Proof of Theorem 2.2

In this section, we prove Theorem 2.2. First we require a lemma.

LEMMA 4.1 Assume RH, let Ay, withb = (b1, ..., br) be as in (2.8) and suppose that |b;| < % with
Nb; > 0. Then,for% <o0p < %,

, 1 oo+ico L c/ X
W) = (=DM Y Ann) = Ry() + o~ f%_m ]]:! TO+bTds,

n<x

where Ry(x) is the sum of the residues of

at the points s = 1 — by.

Proof. The method of proof is standard, so we only sketch it. If a > 1 and T is large, then, by
Perron’s formula [12], one has

1 a+irT L ’ X’
"I’b(x)=7/ l_[—(S-l-bz)—dS—i-E(X,T),
T Ja—ir ;3 S

where E(x, T') is a small error term that tends to zero as T — oo. The integrand has no poles in the
half-plane s > % except for the simple poles from the factors ¢’ /¢ (s + b)) ats =1 —b;, 1 <[ < L.
Pulling the contour left to Rs = oy, we see that the sum of the residues inside the resulting rectangle
is Rp(x). Moreover, the contribution to the integral from the top and bottom edges of the rectangle

tends to zero as T — 00. The result follows. O
Now leta = (aj, a3, ...,ay) witha, > Oanda, ~ 1/logT for1 <n < N.Letl <J < N and
write a; = (a1, a2, ..., ay) and ), = (a;11,ay42, ..., ay). We also write &€ = (g1, ..., ey) with

gg,=41forl<n<J,andg, =—1forJ+1<n<N.
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Recalling that A,, (x) = (— I)NZ Aa, (n) — Ry, (x), we see, from Lemma 4.1, that

n=<x

A el—+3 — A, (ef / ezS(JJrit) -1 .
( ) a,( ) 27[/ 1_[ (O’ —I—a] 1[)( i )eant(r/2n) dt,

eor o+ 1t

for % <o < %. This expresses the left-hand side as a Fourier transform. We use this with Plancherel’s

formula in the form N N
f fg()dr = / f)g(—n)dt,

where

fo)= / N f(ye T dr,

and similarly for g. We then obtain

/w(AaJ (eT+5) - Aaj (er))(Aa’J (e“L‘S) —_ Aa} (ef)) 6*20'1: df

2

1 / 8(0+it) -1
o n nt B 4.1
= 1"[l (@ +a +ient) |[——— @.1)
Next, we sete’ = 1 + 1/T and o = % +cwith) <c < l“—o.Thenwe see that
edlo+in 1 9 eif/2 sin(6¢/2) 1+0 1 i 1
—_— = c —_— —_— .
o +it t 1+ ¢ A+ 1tHT
Replacing e* by x and using the estimate
¢ . log(2 + 7))
- t — 5 4.2
{<G+1)<< — 4.2)

which is valid for o > % on RH, we then find that
> d o —2-2¢
(Aa, (x + 7> — Ay, (x)) (Aafj (x + T) — Ay, (x)) X dx
0

B sin(81/2) \ 2 log"*t!' T
= / ( +c+a,+ie nt) (—t ) dt+0<T21"[1§,,§N(c+an) . (43)

The error term here is

log?V+! T
<< T2 9
where the implied constant depends on Ay, ..., Ay. The estimate (4.2) also allows us to replace

8 =T7' 4+ O(T~?) by T~' with the same error.
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It remains to show that in (4.3) we may remove the portion of the integral over the interval [0, 1]
with an acceptable error term. To do this, first observe that, forx € [0, 1], Ay, (x +x/T) — A,, (x) =
Ra,(x) — Ry, (x 4+ x/T) is the sum of the residues of

x5 1\’ ! e
?<1 <1+ ))]‘[?Ha,)

at the points s =1—a;, 1 < j < J. Letting B =max{A(, A,, ..., Ay} and applying Cauchy’s
integral formula, we find that this is

1 x¥ 5\ 12 {
— —\{1- —(s+a;)ds
2771 |s—1|=2B/logT § ( ( ) )l—[ ¢ !

< x1-2B/logT log T J-1
T B ’

where the circle in the integral is positively oriented. Thus,
: ~ X —2-2¢
(Aa, (x n ?) — Aa, (x)) (Aarj (x + ?) ~ Aw, (x)) X272 4y
0

< /1 x—2(C+B)/logT IOgT N—zd < 1 IOgT N-2
A 72 B ST \TB ’

where ¢ = C'log T. Theorem 2.2 now follows.

5. Proof of Theorem 2.3
5.1. Lemmas for the proof of Theorem 2.3

To prove Theorem 2.3, we appeal to modified versions of two lemmas in [6]. These concern the
equivalence under certain conditions of

T
/ gt,mdr ~T, (5.1)
0

o sinkt > T
g, m dr ~ —«, (5.2)
0 t 2

LeEMMA 5.1 Let g(t,n) be a continuous function of t and n for t > O and n > 2. Suppose
that g(1, 1) < log" (¢ +2) and that [ 1g(t, n)|>dr <« T holds for nlog™~"n < T < nlogN*'n.
If (5.1) holds uniformly for nlog™V='n < T < nlogN ™' n, then (5.2) holds for n ~ 1/«.

as T — oo, and

as k — 0+.
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1082 D. W. FARMER et al.

The proof is similar to Goldston [6, Proof of Lemma 2]. A minor difference is that Goldston
assumes g (¢, n) > 0. Our assumption that fOT lg(t, n)|*dt <« T allows us to get around this.
Our next lemma is similar to [6, Lemma 3].

LEMMA 5.2 Suppose that g(t, n) satisfies the same hypotheses as in Lemma 5.1. If (5.2) holds
uniformly for = log™V ' n <« < n~'log" Ty, then (5.1) holds forn ~ T.

Proof. The method closely follows Goldston [6], except for a slight difference at the end. This
difference arises because we are not assuming that g(¢, ) is non-negative.

Suppose that K (x) is an even C 2 function that is integrable on R, with K (x) and K’(x) vanishing
as x — oo and with K”(x) < 1/(1 + |x|)*. Integrating by parts twice, we find

. 1 [ inmrx )’
Ry = -/ K" (x) (Sm” x) dx,
2 ) mt

where K () is the Fourier transform of K (x). Thus, for any function G (¢, ), we have

. 2
sm(ntx/T)) dr.

R T2 e8]
G, mMK@/T) = TG(I’ 7))/ K" (x) < o

If foT |G(t, n)|dt <« T'*€, then

/00 . T2 /OO , /OO <sin(ntx/T)>2
G(t,mK(/T)dt = — K'(x) | G, n)|——L—2) drdx
0 2 J 0 wt

oo
= Tzf K"(x)G(wx/T,n)dx, (5.3)
0
where
o0 sin(kt) 2
Gi(k,n) = G(t,m) dr. (5.4
0 Tt
Here changing the order of integration is justified by absolute convergence.
Now let

sin(2wrx) + sin(27 (1 + 8)x)
2 x (1 — 482x2)
Then K (x) satisfies the assumptions above, and

Kx) =

1 if 7] < 1,
K(t) = {cos’(x(lt| - )/(28)) if1 <[] <1+3,
0 if|t] > 1+8.

With this choice of K, the left-hand side of (5.3) is approximately fOT G(t, n)dt, so it is tempting
to choose G (¢, n) = g(t, n). This would not work well, however, because on the right-hand side one
needs to integrate against K”(x). If instead, we choose

G(t,m) =g, n)—1,

we need only show that the right-hand side of (5.3) is small.
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From (5.4), the definition of G (¢, 1), and our assumption that g(¢, n) < logN (t + 2), we see that

-1

K oo
Gi(k,n) < / log" (t + 2)x*dt + / log" (1 4+ 2)r72dr < «log" (k™' 4 2).
0 k!

Using this to estimate the tails, we see that the integral on the right-hand side of (5.3) equals
IOgN+]/2 T
T2/ K"(x)G(wx/T,n)dx + O(T/(log T)'/?).
log’N’]/2 T

By (5.4), (5.2) and the definition of G (¢, 1), forn = T, we have G (mx/T,n) = o(x/T)asx/T —
0. Thus, the last expression is

N+1/2
1

log X T
0 T2f — Tdx|+o(— )=o)
log™N-12T 14+x3T (log T)1/2

/oo G(t,nK(t/T)dt = o(T),
0

‘We now see that

and therefore that

/ g, MK(t/T)dr = <1 + g) T + o(T).
0

On the other hand, by the Cauchy—Schwarz inequality and our assumption that fOT lg(t, )|*dt < T,
we find that

oo ) T A+8)T
/0 g, MK (/T)dr 2/0 gt,mdr+ 0 (/T lg(, n)ldt>

T A+8)T 1/2
- / gt.mdi+ 0 (aT (/ 1801, n)|2) dr)
0 0

T
=/ g(t, m)dr + O(T (1 + 8)'/?).
0

The lemma follows on taking § small. g
LEMMA 5.3 Assume RH, Hypotheses AC and LC. Let By, ..., By be fixed positive real numbers.
Suppose that nlog=™V=2n < T < nlogN*?n. Then we have
T N ’ T N ’
¢ (1 By . / ¢ (1 :
— | = Wt ) dt = — | = ot ) dt
/O,EC<2+logn+18 0}:[15 2 log7 T
+ O(T log" ="' T loglog T) (5.5)
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1084 D. W. FARMER et al.
and
N

/OOHC/ 1+ B, tiet sint/2T 2dt
(= ie,
0 ¢ \2 logn t

n=1

oo Nowr 1 B, sint/2T\> N
= | | 2=+ +ig,t dt + O(T " log T loglogT). (5.6)
0 ¢ \2 logT t

n=1

Proof. To prove (5.5), it is enough to show that
T N1 1 , N ,
B, . (1 B, .
at == ot ) dt
/ ( logn )l;lv <<2+10gT+18 )

TNI / N ’
B, . ¢ (1 B,
ot — | = ot ) dt
/ ( logn+w) L1 :(zﬂogﬁ”)

n=1 n=N;+1

= O(T log"~' T loglogT), (5.7)

for I < Ny < N. By Cauchy’s integral formula, we have
§’1+Bn+.t §/1+Bn+.t
== iggt | — = | = ie,
¢ \2 logn ¢ \2 logT
By/logn 4
:/ ; ( + u + ig,t )du
st du ¢
B/logn s/ "1 d
L S ) )
ByjlogT \2T1 Jj—u=B,/l0gT) ¢ \2 (z —u)

Since log T = log n + O(loglog 1), we have Rz ~ (log T)~! for all z on the circle of integration.
Thus, the difference on the left-hand side of (5.7) is

7 Ni—1

N
I (1 B, . ) z’ <1 B, . >
= — =+ + 18,1 — =+ 1&,1
/(; E ¢ \2 logn " n=1;1[+1§ 2 logT
By, /logn 1 d
x/ —/ éﬂ—( +Z+8N,)—szu dr
By, /logT \ 2701 Jjz—uj=By, 210gT § (z—u)
By, /logn 1 B,
Temt oo
By, /logT 27“ |z—u|=By, /2log T lOg n

B, Z’ dz
X 1_[ ( —+—18n>—< +z +ient )dt) —) du.
n= N1+1 C (Z _u)2
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Applying the Cauchy—Schwarz inequality twice, we see that the integral with respect to ¢ is
1/4 4 1/4
T |NM=1 4 T N ’
¢ (1 B, . ) / ¢ (1 B, . )
< — =+ — +ig,t dt X —| =+ +ig,t dr
/0 ’E[l ¢ \2 logn " 0 n=11:][+1 ¢ \2 logT "
X == ie
o 1¢\2 CTm

LT logN T,
by Corollary 2.1. The left-hand side of (5.7) is therefore

< TloghT logT <« Tlog"~!' TloglogT.

logn B logT
Now we prove (5.6). First, arguing as above, we find that

T N l N ’ . 2
g(r . Bn . ¢ (1 B. . sint/2T
/0 (E?(§+logﬂ t>_ﬂ?<§+logT+18"t)>< t ) dt

&« T '1og"~!' Tloglog T (5.8)

2x [N o N : 2
¢ (1 B, . (1 B, . sint /2T
| | —\ =z nl | — | | —\ A nt dr
/x (n:1€<2+10gn+18 ) §<2+logT+18 t

n=1

and

< X "og" " Tloglog T, 5.9

for T < X < T'log"*! T. We decompose the interval (0, T log" ™! T'] into a union of subintervals
[0, T, (T,2T], 2T, 4T], ..., 2T, T log"*! T], say. Then, using the estimates in (5.8) and (5.9),
we see that

Tog"™'7 (N oer g g o1 B sin1/27 \?
/ (H?(iﬂogn ’)‘Hz(zﬂogf ”)( : )‘”

n=1 n=1

« T '1og" ™" TloglogT.

Also, by (4.2),

/00 N g’( B, )(sint/ZT)z
[1=(5+ == +ieat dr
Tlogh*t'T é‘ 10 T t

n=I1

00 logt log T)N
/ (log ;g ) dt < T og" ' T,
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1086 D. W. FARMER et al.

and similarly

0 N / . 2
t/2T
/ | | ( is,,t) <&> dr < T 'log"~'T.
Tlogh*!'T =1 lOg n t

Combining these estimates, we obtain

co N . 2
1 B, . t/2T
/ Hi (- + +18nt> (—sm / ) dr
o ¢ 2 logn t
(1 B int/27\°
= / H £(1 + — eyt % dr + O(T'1og"~! T loglog T),
0 ¢ \2 logT t

which is (5.6). O

5.2. Completion of the proof of Theorem 2.3

We apply the lemmas of the last section to the function

am—mﬁl C Cg +m)/uwAngm

but first we must check that the hypotheses of the lemmas are satisfied. First, by (4.2), we see that
g(t, n) < log" (t + 2). Moreover, by Corollary 2.1, for nlog™¥~'n < T < nlog"*' 5 we have

T
/|mem<r
0
Thus, g(z, n) satisfies the requirements of Lemmas 5.1 and 5.2.
Next, we restate the asymptotic formulas in (2.10) in terms of g(¢, n). First, since
N

1 cC A r (1 C+A,
L\-+——, —.& T :/ 2?}%”;— =+ ks +ie,t ) dt,
2 logT logT 0 ¢ \2 logT

n=1

the estimate

I 1+ ¢ A T f(C, A, HTlog" T
= s T & ~ s A, o
*\2 logT logT g

is equivalent to

T
/ g, T)ydr ~T. (5.10)
0
Second, by Theorem 2.2, the assertion that
C A 1 T
Pl—, 2 1.T)~ f(C.A T Og (5.11)
logT logT
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is equivalent to

¢ (1 CH+A, . sint/27T\? w log" T
2 (= at || —— | dt ~ =f(C, A, J .
;<2+ g7 ¢ : 2/ o1

00 N
fo 2]

n=1

Therefore, in terms of g(z, n), (5.11) is the same as

/°° “.T) sint/2T Zdt T 1 512
, S : 227" '

Thus, Theorem 2.3 says that if one of (5.10) and (5.12) holds, then so does the other.

Suppose now that (5.10) holds. By Lemma 5.3, we see that (5.1) then holds uniformly for
nlog™¥ =1y < T < nlog"*! 5. Thus, by Lemma 5.1, we have (5.12). Next, suppose that (5.12) holds.
Again, by Lemma 5.3, we see that (5.2) holds uniformly for n~'log™V ="' < ¥ < n~'log"*! 5. Thus,
by Lemma 5.2, we have (5.10). This concludes the proof of Theorem 2.3.

6. The first few cases of 1

Assuming that to leading order the zeros of the zeta-function have the same correlations as the
eigenvalues of large unitary matrices, one could, in principle, evaluate / (%, a, g; T) for any particular
a and e. This just involves an application of Theorem 2.1 followed by a computation of the integral
involving F(e; T)). However, this calculation seems quite difficult in general, even with a computer-
algebra package. For example, see [4], where the following formula was proved conditionally, but

only fora = b:
lfT (i ravi
— e i
) |c\27°

A different approach, assuming the random matrix conjectures for the zeros of the zeta-function,
is available from the papers of Conrey et al. [2, 3] in which they give precise conjectural formulas
for integrals of the form

2 T*((ler)

(a +b)*

" (1
%(5 +b+it>dt~logT

Tl ¢ /24 a; +it) [T, ¢ (1/2 4 by — i) “
o T ¢ /2 4w +in) [TV, ¢(1/2 + v, — i)

I

where J 4+ K = L + M = N. By differentiating these formulae with respect to the appropriate
variables a;, by, u; and v,,, and then setting certain variables equal to each other, one can obtain
any / (%, a, e; T). The (complicated) general formula has recently been worked out by Conrey and
Snaith [1].

As an illustration, we record the conjecture for / (%, a, &; T) in the cases where N = J + K = 4.
We shall write a = (a, b, ¢, d) instead of a = (ay, az, a3, a4) as we did previously. We assume that
a, b, c,d are positive and are & 1/log T.
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The case of two pluses and two minuses is

l/T§<l+ +-t)€<l+b+-z)i’(l+ _-t)€<l+d_-t)dz
T0§2a1§2 1§2c1§2 i

1 1 T-a—c T—a—¢
Tt 0ard’ @iobtd’ @-batole—d @rottoc—d
T-a—c T-a—c T-a—c
S @-ba+0a+d) @+’b+oa+d  (a+o’b+d’
2T—a—d ZT—a—d ZT—a—d
T @-hatoatd’ broatd’  @—be—datd’
ZTfafd 2T7a7d befd
@+ o@+d)ib+d) @+dPb+d(—c+d)  (a+0)>b+d)>
T-b—d T-b—d T-b—d
T Dbto01d’ bttt @-be+d(—td
T—b—d (@ — b)*(c — d)>T—ab—c—d

S atd b+ (—c+d) (@t b+ atd)ib+d)

In particular, we have

1 T g/ 1 y
7/.5 ? §+a+1

For the case of one plus and three minuses, we have

1 TC/ 1 ) é./ 1 ) ;/ 1 ) ;/ 1 '
?fo ?(E-I—a-i—lt)?<§+b—1t>z<§+c—1t>?<§+d—1t)dt

4

T-2(T2 — 242 10g* T — 1
df ~ ( a“ log )_

8at

Tfafb Tfafb Tfafb
T T At -0, b—d) @t+blatob-d (@a+bib-oatd
T—a—b T—a—c¢ T—a—c¢
T @rhatoutd  @ih@toiec—d  b-oa+oic—d
T—a—¢ T—a—¢ Tfafd
T @tbh@toiatd  Goo@tol@td  @ibatoatd?
T—a—d T—a—d T—a—d

+ 5+ 5+ 5 .
(a+c)b—-d)ya+d) (a+b)(c—d)la+d) b—-—d)ya+d) (—c+d)
As special cases of this, we find that

1 T C/ 1 y
7/0 ?<§+a+1

2

"1 2 T-20-b(20 (T — TY) — (4% — b)T%1oc T
C(iipti) ar~ (2a( ) — (@ — b7 logT)
2a(a? — b?)?
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and

2 / 2 —2a
1 T logT(alogT — 1
%(——i—a—l—it) dr ~ — ogT(alog ).

(ot
= = i
AV 2 843

1 T
7,
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