Subgroups of G9

Gy C SO(T) acts on R” C C7 leaving invariant a 3-form ¢
in one of two open GL(7,R) orbits of A’R".

subgroup C’ 3-forms
SO(3) S°c? 1
SO(4) C* & N2C 2
SU(3) Co (CPoC 3

Starting from SO(4) leads to explicit metrics with holonomy
groups equal to (Go on vector bundles over 3- and 4-manifolds.



SU(3) structures

A reduction to SU(3) on a 6-manifold is characterized by
e a 'Kahler' 2-form w
e a pair of real 3-forms ™, )~

such that ¢* + 4~ is a (3,0)-form for an almost complex
structure J and ¢(X,Y) =w(JX,Y) is positive definite.

Relative to an orthonormal basis of 1-forms,
W= el2 1 g3t 1 56
Jel =2 Jed=e* Je?=eb with J? = —1
YT+ i = (el +ie?) A (€3 +iet) A (e° +ieb),
giving compatibility equations:
wAYE =0,

+ - _ 2,3
YTAYT = 3w



Intrinsic torsion

The holonomy group Hol(g) is contained in SU(3) iff all the
forms are constant relative to the Levi-Civita connection:

Vw=0, Vy*=0.

The extent to which this fails is measured by a torsion tensor
T that takes values in a space

su(3)F T =, (A A% @ Cw) @ (A @ A%

of 42 dimensions.

Corollary In fact, Hol(g) C SU(3) iff the forms are closed:
dw =0, dy*=0, dy~ =0.

In this case J is integrable, g is Kahler and the structure is
‘Calabi-Yau'.



Components of 7:

()22 ()22
8 8 )
> Nij
( 1 1
J
12
dw <
6
\
§
} (dwi)&l




Key features:

e The Nijenhuis tensor of J splits into two:
Nij = Nij, + Nij_
e 1-dimensional invariants common to dw and di™*:

dw A YE = w A dip*

e Two 6-dimensional components are determined by
d(3w?) = w A dw,
(dy™)>t =i(dy™)>!

and a linear combination is conformally invariant.



Go structures

On a 7-manifold M with tangent space T,M = R° ® R and
SU(3) x {e} structure, define

o = wAe +yYT
I S
*p = P Ae' + 5w
In terms of an orthonormal basis,
o = el2T 1 3T 1 50T | o135 16 0236 o245

s = el307 | Q45T | 2357 _ o267 | (3456 4 (1256 4 (1234

The associated holonomy group is contained in G5 iff
dp=0 and d=x*x¢ =0.

Instances of these equations fit into two cases:

e Nij” =0 (‘self-dual’), realized when M — M®

e Nij" =0 (‘ASD’), realized when M — (a, b)



If M is an S’ bundle with curvature 2-form p = de’,
0 = dwAhe"+wAp+dy™)
0 =dp Ae"+ W Ap+wAdw).

Thus dw = 0 and diy~ = 0. In general, if X generates the
St action,

w=X1, ey = X1 (xp)

are closed, where |X|=e?'. Thus M has a symplectic SU(3)
structure such that

e (dp7)*?> =0, and 1~ 1 dyp~ is an exact 1-form;
o e (wa (dyt)?? —2df 11p~) is a closed traceless 2-form.

Special case: M is Kahler



Let M = M x (a,b) with e"=dt and w,)* functions of t.

+
0 = (do—200) Adt 4 dyt

2

0
0 = (dp + %a—c‘;) A dt + 3d(w?)

Definition An SU(3) structure is half-flat if diy™ = 0 and
d(w?) =0 (21/42 of T is zero)

Hitchin's theorem enables the equations to be solved on a com-
pact 6-manifold with a half-flat SU(3) structure.

Special case: dw = a®)™ and dy~ = bw?* (like S°)



A nilpotent example

Given the complex Heisenberg group

2t 23

1 22]:2%€Cy,
0 1

G =

o O

define M = ['\G where T" is the subgroup with z* € Z]i].
Mapping to (z!, 2?) realizes M as a T?-bundle over 7%, and

the real basis (¢') of TG = g* with

dz! = el +ie?. d2 =e® +iet. —dP42'd2? = e +ief
) 7

satisfies
0 1=1,2,3,4
de' = { e +e'?, =29
el + e, 1 = 6.

Examples of U(3) structures with (¢') orthonormal:

wo= €24 e 4 e wy = el2 g3 _ g5

Y

wy = —el? 4 e3¢0 ws — —el2 — 31 4 56,

Whereas wy,w;,wy are complex structures, w?® defines an
SU(3) structure on M with dws = ¢ .



Given an invariant SU(3) structure on M, 9" determines J
and ¢y~ =JyT. If dy™ =0, what can one say about diy)~?
Certainly it belongs to d(/\®g*), a space of dimension 5.

Proposition If di)™ =0 then dy~ € (e!%).

Roundabout proof: (i) w =w; is compatible with an SU(3)
structure with diy™ = 0 and dip~ = 4e'%4;

(i) K=ker(d :\?g* — A'g*) has dimension 20 — 5 = 15;

(iii) The space C of invariant complex structures on M can
be identified with an open set of {¢y™ € K : dyp~ = 0}/C*;

(iv) C has complex dimension 6 (= h*! — %0 + 3).

Similar considerations apply to dw € /A*(g*) and yield the

Theorem A metric with holonomy (G is obtained by deforming
the standard half-flat SU(3) structure on M as follows:

VY = W e de) {:\/:

%w(t)Q — %w02+y(t) 61234 /

= —4zx
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H=\y+1+z*
y=(H —z*)? -1
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Explicit solutions

Taking H =1 gives 2% + 3z + 3t = 0 and:

x(t) = — 3_1/3, 25 = =3t + V4 + 9t2
J(t) has (1,0)-forms el+ie?, e’+iet, e’'+ied + xi(e®—ieb),

and is only integrable for ¢ = 0.

In local coordinates (p,q,....,t) with r=p®+ ¢*, the metric
(g;;) on M is given by

[(1-2 0 0 0 0 0 0)
0 1-22 0 0 0 0 0
0 0 1—z2+r 0 —p —q 0
0 0 0 1—z2+r q —p 0
0 0 —p q (1+z)~2 0 0
0 0 —q —p 0 (1—-z)"2 0

\ 0 0 0 0 0 0 1)
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Taking H = 0 is possible with initial condition w(0)=wj:

x(t) = (3t)/;
w(t) _ —:132(612 i 634) i :U_2656;
J(t) is constant with (1,0)-forms el —ie?, e3—iet, e5+iel.

As a T%-bundle over T*, M has an orthonormal basis of 1-

forms zel, ..., ze*, z7'e®, 27 1e%. The Ricci-flat metric on

M= M x (0,00) is

t/3(flat metric on base) + t~%/3(vertical metric) + dt’

M has an S! quotient (I"\G’) x (0,00) with (1,0)-forms
el +ie?, el +ie?, x3dx +ie® and Kahler form
w=z(eB + ) + dz A & = d(ze) = ic IO ()

built from T%.
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