Tensors and representations

Let (M, g) be a Riemannian manifold of dimension d.

Let ¢ be a tensor with {a € SO(n) :a-¢p =¢} =G.
The holonomy group is a subgroup of GG iff V¢ = 0. Given
NT* > s0(d) =g @ g,

Lemma V¢ can be identified with an element of the space
N
T"®@g =W= @Wi,
i=1

with say V irreducible components.

Examples
d o) G N
2n | almost complex structure J U(n) 4
{ 2n| non-degenerate 2-form w U(n) 4
7 positive generic 3-form Go 4
4k | quaternionic 4-form iw’/\ w' Sp(k)Sp(1)| 6
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Sixteen classes of almost Hermitian manifolds

Given (M?", g) with ¢ = J and G = U(n),

Proposition [GH 80]

VJd e Wi W, & W3 W,
N —’ N ——’

Two halves of equal dimension n2(n — 1) lead to a sort of duality:
eV/eW oW, & (dw)1’2 =0
o VJ eWsd W, < M is Hermitian

M is Kahler iff VJ = 0.



Sixteen classes of almost Hermitian manifolds

Given (M?", g) with ¢ = J and G = U(n),
Proposition [GH 80]
VJ E-@Wz@-@ Wy

Two halves of equal dimension n?(n — 1) lead to a sort of duality:
o ViEW W, & (dw)? =0

e VJ e W0 W, & M is [Hekmitian
If M is locally conformally Kahler then VJ € W;,.

Proposition [G 65] If M has (dw)'? = 0, and M’ C M is pseudo-holomorphic, then
M’ is minimal.

Definition M is nearly-Kéhler if V.J € Wi, equivalently (VxJ)X =0 for all X.

Go

SU(®3)

Basic model is S%= , but there is a large class of homogeneous examples.




3-symmetric spaces

M =G/H is a 3-symmetric space if H is the fixed point set of an automorphism 6 of

G with 6> = 1. Defining J = %(20 + 1) gives a canonical a.c.s. on T, M.

Theorem [WG 68] Any 3-symmetric space has a nearly-K&hler metric.

Classification includes

e generalizations of S% with irreducible isotropy (e.g. 755?9))
QGXG:GX—gXG(e_g_S3X53)

e twistor spaces over symmetric spaces (e.g. CP?, F®)



3-symmetric spaces

M =G/H is a 3-symmetric space if H is the fixed point set of an automorphism 6
with 0% = 1. Defining J = %(20 + 1) gives a canonical a.c.s. on T,,M.

Theorem [WG 68] Any 3-symmetric space has a nearly-K&hler metric.

Examples include

e generalizations of S% with irreducible isotropy (e.g. S(]]E?g))

GxGExd
G

e twistor spaces over symmetric spaces (e.g. CP?, IF3)

eGxG= (e.g. S° x S?)

The latter are extensively used in the study of minimal surfaces and harmonic maps.
Any such Z has an integrable complex structure ] in addition to J = Jj

Proposition If f:% — (Z, Js) is a pseudo-holomorphic curve then 7 o f is harmonic.
E.g.

Up+q+1) _7
U(p) x U(q) x U(1)
/! im
s=cp! - It _ cpr

Un) x U(1)

ot



Metrics with exceptional holonomy

Theorem [G76] If M® is nearly-Kahler (and VJ#£0), it is Einstein.

E.g. (CP?, J,). In fact, R = sRgs + Roy with scalar curvature s> 0.

The theory of Killing spinors implies that the cone M x R™ has a Ricci-flat metric with
holonomy in Gs.

More generally, if X7 has a 3-form ¢ defining a Go-structure, there is a vector cross
product A*T* — T* [G67], and

VoeT " ®gy ET"QT 2 ROST*OT* @ gy

Corollary [FG 8] RS
e X has holonomy in G5 iff d(*¢)=0 and dp=0
o Vo € Riff dp=c(x¢) (= d(x¢)=0)



Metrics with exceptional holonomy

Theorem [G76] If M® is nearly-Kahler (and VJ#£0), it is Einstein.

E.g. (CP?, J,). In fact, R = sRgs + Roy with scalar curvature s> 0.

The theory of Killing spinors implies that the cone M x R™ has a Ricci-flat metric with
holonomy in Gs.

More generally, if X7 has a 3-form ¢ defining a Go-structure, there is a vector cross
product A*T* — T* [G67], and

VoeT* ®gy = T"e7 = Reo e T o9
Corollary [FG82] @ dad
e X has holonomy in G4 iff - and do=0
o V¢ € R iff [dP=00)

In the second case, X7 has weak holonomy G (associative subspaces are preserved by
parallel transport [G 71]), and the cone X x R* has a metric with holonomy in Spin 7.

Standard model S”= S;Zn? ggg;
2
equal to Spin 7.

yields the flat metric on R®, but x R has holonomy



Curvature theorems

Theorem [G77] A compact Kahler manifold with nonnegative sectional curvature and
s constant is locally symmetric (i.e. VR = 0).

On an almost-Hermitian manifold, R = K + K, where

o K satisfies K(W, X,Y,Z)=K(W, X, JY, JZ)

e K-=C(VV/J) has zero holomorphic sectional curvature
K, K+ decompose further under GL(n,C) and U(n).

Proposition [G76] If M is Hermitian then
R(W, X,Y, Z)+R(JW, JX, JY, JZ)=R(JW, JX,Y, Z)+ R(JW, X, JY, Z)+ R(JW, X, Y, ] Z)

VR(W, JX, JY, Z)+R(W, JX,Y, JZ)+R(W, X, JY, JZ).
This imposes ]{Z:%HQ(TL2 — 1) equations on the Weyl tensor, itself of dimension < 8k.

Problem A Riemannian manifold M?" has a finite number k of orthogonal complex
structures locally. What is the maximum value of k7



Volume V' (r) of a small geodesic ball B(r)

o V(1)=7%2/(d/2)! in R

o If V(rq)=1 then rg ~ 4 asd — o0

2me

e B(ry) N (R x [—0.4,0.4]) has volume > 0.8 | e,

Slice of width 0.8
Vol une=0. 90

B N w b~ g
.

[Zoom in]



Volume V' (r) of a small geodesic ball B(r)

o V(1)=7%2/(d/2)! in R .
o If V(rg)=1then rqy ~ /5% as d — o0 ) S sl o ®
o B(ry) N (RT! x [~0.4,0.4]) has volume > 0.8 |y areney
On a Riemannian manifold,
(w28 2 4 6 8,
V= \! " gay g T ter et

Ric||? — 3|| R||? + 5s% — 18A
Theorem [G73] ¢; = IRl = IR + 55" — 18As

360(d + 2)(d + 4)
Examples [GV 79] There exist metrics with
e0=s=csand d =4 e0=s=ci=cgandd="734

Many other asymptotic expansions, and generalizations to tubes.

Theorem [G 88] A tube of radius r surrounding a hypersurface of degree k in CP" has
volume 7"(1 — (1 — ksin®r)?)/n!
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Example Geodesic cobweb on the paraboloid z = zy
Plotted using GEOEQ.m [G 94]




Invariant structures on Lie groups

Any compact simple Lie group G?" admits a complex structure, but no symplectic one.
A nilpotent Lie group N?" may or may not admit left-invariant complex or symplectic
structures.

Compact nilmanifolds N/I" never admit Kahler metrics (unless N is abelian). Left-
invariant forms provide a minimal model for de Rham cohomology with non-zero Massey
products. Dolbeault cohomology is less readily computed:

Proposition [CFG 91] There exist complex nilmanifolds with
en=4and £y # F en ==06and F3 # F.

Theorem [FGM 91] A compact surface (U, w) of genus > 1 with a symplectomorphism
0:U — U fixing b€ HY(U,Z) defines a circle bundle £ — (U x [0,1])/¢ that is
symplectic and generally non-Kahler.

E.g. For g=1, F is a Kodaira surface with b; = 3.

A generalization of the construction accounts for all symplectic manifolds with a free
St action.
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‘n’ indicates n-step

6-dimensional nilmanifolds

Theorem There are 34 isomorphism classes of
real 6-dimensional nilpotent Lie algebras n

34
44
55

admitting structures as shown: c

Synpl ecti

SO(6)

~ 3
0 =CP~.

For a metric on n, almost-Hermitian structures define points of

Example For the complex Heisenberg group N or lwasawa manifold N/T,

vJe e Wy o W < J € CP* U CP?,

and these two ‘faces’ contain all 15 proper Gray-Hervella classes.
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‘n’ indicates n-step

6-dimensional nilmanifolds

Theorem There are 34 isomorphism classes of
real 6-dimensional nilpotent Lie algebras n
admitting structures as shown:

SO(6)

~ 3
0 =CP~.

For a metric on n, almost-Hermitian structures define points of

Example For the complex Heisenberg group N or lwasawa manifold N/T,

vJelllleo Wy o < J € CP? U CP?

and these two ‘faces’ contain all 15 proper Gray-Hervella classes.

Norm of component of VJ in each W,
is represented by respective colour.
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‘n’ indicates n-step

6-dimensional nilmanifolds

Theorem There are 34 isomorphism classes of
real 6-dimensional nilpotent Lie algebras n

3
4
5
admitting structures as shown: c

Synpl ecti

SO(6)

~ 3
0 =CP~.

For a metric on n, almost-Hermitian structures define points of

Example For the complex Heisenberg group N or lwasawa manifold N/T,

vJelllleo Wy o < J € CP? U CP?

and these two ‘faces’ contain all 15 proper Gray-Hervella classes.

oeVJeW, & Je 83
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‘n’ indicates n-step

6-dimensional nilmanifolds

Theorem There are 34 isomorphism classes of
real 6-dimensional nilpotent Lie algebras n

34
44
55

admitting structures as shown: c

Synpl ecti

SO(6)

~ 3
0 =CP~.

For a metric on n, almost-Hermitian structures define points of

Example For the complex Heisenberg group N or lwasawa manifold N/T,

vJelllleo Wy o < J € CP? U CP?

and these two ‘faces’ contain all 15 proper Gray-Hervella classes.

eVJEW; & Jc {pt}uCP'
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‘n’ indicates n-step

6-dimensional nilmanifolds

Theorem There are 34 isomorphism classes of
real 6-dimensional nilpotent Lie algebras n
admitting structures as shown:

SO(6)

~ 3
0 =CP~.

For a metric on n, almost-Hermitian structures define points of

Example For the complex Heisenberg group N or lwasawa manifold N/T,

vJelllleo Wy o < J € CP? U CP?

and these two ‘faces’ contain all 15 proper Gray-Hervella classes.
oVieEW, &JeS3
eVJEW; & Jc {pt}uCP

Final picture displays VJ as a function
of position on the two faces. Pure blue
indicates Hermitian structures, and
green symplectic ones.
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