
Exercises and hints

1. Find the formula for ∇ using Christoffel symbols or otherwise.

Given local coordinates x1, . . . , xd, the Christoffel symbols are defined as follows:

∇∂/∂xi

∂
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ij

∂
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,

with summation over k (the Einstein summation convention). Since [ ∂
∂xi ,

∂
∂xj ] = 0, zero

torsion implies that Γk
ij = Γk

ji . Show that the condition ∇g = 0 implies
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kj.

Now deduce the formula for Γi
jk given on [MEH, page 2]. You can also derive a formula

for g(∇XY, Z) if you don’t like using indices.

2. Find such a coordinate change on S2 .

You are required to find coordinates x = x(u, v) and y = y(u, v) such that

(cos v)2du2 + dv2 = f(dx2 + dy2),

for some function f . This is easier than it might seem. Start by rewriting the LHS as
(cos v)2(du2 + (sec v dv)2) . Set x = u and find y, and (ideally) express f as a function of
y rather than of latitude v . Find out how this is the basis of Mercator’s projection.

3. Show that S5 ∼= SU(3)/SU(2) fibres over CP2 .

Well, S5 certainly fibres over CP2, but the idea is to explain or interpret it using the Lie
groups. To do this, express CP2 as a coset space for the action of SU(3) .

4. Show that M5 = SU(3)/SO(3) parametrizes special Lagrangian subspaces of C3 .

Regarding C3 = R6 as a manifold with holonomy SU(3), one can choose a basis of its
dual of the form {e1 + ie2, e3 + ie4, e5 + ie6} and fix

ω = e1∧e2 + e3∧e4 + e5∧e6, the symplectic form,

Ω = (e1 + ie2)∧(e3 + ie4)∧(e5 + ie6), the complex volume form.

A subspace V is Lagrangian if the restriction of ω to V is zero, and it has maximal
dimension (i.e. 3). It is special Lagrangian if the restriction of Im Ω is also zero (though
this is not quite the definition). Check that these conditions are invariant by the action
of SU(3), and that (for an appropriate choice of V ) the stabilizer is SO(3) .
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5. Find the dimension of the spheres for all the exceptional groups.

It was stated that H∗(SU(3),R) ∼= H∗(S3 × S5,R) . For any compact Lie group G, the
3-sphere will always feature, so you can answer the question for G2 . You can assume
that H∗(F4) surjects to H∗(G2), but not quite to H∗(Spin(9)) = H∗(S3×S7×S11×S15) .
For the rest, look up the paper by Samuelson on the topology of Lie groups. If you are
interested, understand why the cohomology of G is a Hopf algebra.

6. Explain this statement (that the smooth quadric is also a HSS) further.

The group SO(n+ 1) preserves the usual inner product g on Rn+1 . This inner product
extends linearly to the complexification Cn+1, so if e1, e2 ∈ Rn+1 are orthogonal of equal
norm then g(e1 + ie2, e1 + ie2) = 0 . The quadric is defined by the equation g = 0 . What
subgroup of SO(n+ 1) stabilizes [e1 + ie2] ∈ CPn?

7. Prove this by finding the function f for which gK = fgE .

Regard R as an axis that is removed from R4 . Take coordinates u + iv in the upper
half-plane C+ with u representing ‘height’ parallel to the axis, and v the radial distance
from the axis. The metric (du2+dv2)/v2 is known to have K ≡ −1 . What is the Gaussian
curvature K of the sphere of radius v with its metric induced from R3?

8. Learn about this (the intersection of three quadrics in CP5 ) from the final chapter
of Griffiths & Harris.

This is more of a mini-project, the topic being the quadratic line complex. For the exer-
cise it is sufficient to understand the geometry of the Klein quadric

Q = {[α] ∈ P(Λ2C4) : α∧α = 0}

in CP5 . The condition α∧α = 0 is equivalent to asserting that α = e1∧e2 is a simple
2-form, and so Q parametrizes projective lines 〈e1, e2〉 in CP3 . Choose a basis of C4 and
one for Λ2C4, so as to write down an explicit equation of Q . Show that the set of lines
in CP3 (i) passing through a fixed point, and (ii) lying in a fixed plane CP2, defines a
plane CP2 ⊂ Q ⊂ CP5 . If this is all familiar to you, find out how the choice of a second
quadric Q′ transverse to Q in CP5 can be used to define a Kummer surface (with 16
singular points) in CP3 using observation (i).
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