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Let λ1, . . . , λn ∈ C \ {0}.

Consider system:
(∂tVi)(t) = −λiV (t), Vi(0) = vi. (1)

Solution:
Vi(t) = e−tλivi. (2)

Alternative perspective:

Λ :=

λ1 . . . 0
...

. . .
...

0 . . . λn


(∂tV )(t) = −ΛV (t), v := V (0) = (v1, . . . , vn),

(3)
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Immediate: (1) ⇐⇒ (3).

Write

e−tΛ :=

e−tλ1 . . . 0
...

. . .
...

0 . . . e−tλn

,

and
V (t) = e−tΛv. (4)

Then (4) ⇐⇒ (2).
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A coupled system

(∂tV1)(t) = πV1(t) + 7V2(t) + e10V3(t) + 29V4(t)

(∂tV2)(t) = 17V1(t) + 5V2(t)− 3V3(t) + π2V4(t)

(∂tV2)(t) = 75V1(t)− 10V2(t) + 11V3(t) + 4V4(t)

(∂tV2)(t) = π3V1(t) + 12V2(t) + 75V3(t)− 42V4(t),

such that
V1(0) = e3, V2(0) = −7, V3(0) =

√
π, V4(0) = 55.

Generally: aij ∈ C for 1 ≤ i, j ≤ n and consider:

(∂tVi)(t) =

n∑
j=1

aijvj(t), Vi(0) = vi (5)

Vectorise!!!

A := (aij), (∂tV )(t) = AV (t), V (0) = v = (v1, . . . , vn). (6)
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Assume: A diagonalisable. I.e., there exists invertible matrix P such that A = P−1DP ,
where

D =

λ1 . . . 0
...

. . .
...

0 . . . λn

 .

Then, equation 6

(∂tV )(t) = P−1DPV (t) ⇐⇒ P (∂tV )(t) = DPV (t)

⇐⇒ (∂tPV )(t) = DPV (t)

⇐⇒ ∂tW (t) = DW (t).

I.e., (6) ⇐⇒
V (t) = PW (t)

(∂tW )(t) = DW (t), W (0) = PV (0) = Pv := w
(7)
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Already know how to solve (7) by (3):

W (t) = e−tDw ⇐⇒ PV (t) = e−tDPv ⇐⇒ V (t) = P−1e−tDPv.

Motivated by this: A = P−1DP and f : {λ1, . . . , λn} → C,

f(A) := P−1f(D)P where f(D) =

f(λ1) . . . 0
...

. . .
...

0 . . . f(λn)

 .

Suggestive:

• eigenvalues and eigenvectors are crucial;

• functions need to be defined on eigenvalues.
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A Complex beginning

Let Ω ⊂ C an open set. Recall f : Ω → C is said to be holomorphic if for z ∈ Ω,

lim
w→z

f(z)− f(w)

z − w

exists.

Such functions satisfy the (in)famous Cauchy integral formula:

f(z) =
1

2πi

˛
γ

f(ζ)

ζ − z
dζ,

γ closed curve parametrised anti-clockwise enveloping z inside Ω.

6 / 28



Real life example
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Turn this on its head: fix z ∈ C, let Ω open with z ∈ Ω. Let Hol(Ω) be all f : Ω → C
holomorphic.

Define Mz : C → C by
Mzξ := z ξ.

Mz is a as 1× 1 matrix.

From Cauchy integral formula:

Mzξ =
1

2πi

˛
γ

ζ

ζ − z
ξ dζ =

1

2πi

˛
γ
ζ(ζ − z)−1 ξ dζ.
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(ζ − z)ξ = ζξ − zξ = ζξ −Mzξ = (ζI−Mz)ξ

=⇒ 1

ζ − z
· ξ = (ζ − z)−1 · ξ = (ζI−Mz)

−1ξ

So,

Mzξ =
1

2πi

˛
γ
ζ(ζI−Mz)

−1ξ dζ.

Perspective: Mz is 1× 1 matrix,

∃ξ ∈ C \ {0} (λ−Mz)ξ = 0 ⇐⇒ λ = z.

Eigenvalues: spec(Mz) = {z}.

Define for f ∈ Hol(Ω), f(Mz) : C → C,

f(Mz)ξ :=
1

2πi

˛
γ
f(ζ)(ζI−Mz)

−1ξ dζ,

γ parametrised anti-clockwise enveloping spec(Mz) in Ω.
9 / 28



Matrices!

Map h = z 7→ (h1(z), . . . , hN (z) : Ω → CN

holomorphic if each hi : Ω → C holomorphic and

˛
γ
h(ζ) dζ :=

(˛
γ
h1(ζ) dζ, . . . ,

˛
γ
hN (ζ) dζ

)
.

Let M : CN → CN matrix.

spec(M) = {λ1, . . . , λN} eigenvalues of M .

Ω ⊂ C open with spec(M) ⊂ Ω.

Closed curve γ enveloping spec(M) in Ω.

b

b

b

b

b b

Ω

λj

γ
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For f ∈ Hol(Ω), define f(M) : CN → CN ,

f(M)v :=
1

2πi

˛
γ
f(ζ)(ζI−M)−1v dζ.

Properties:

• 1(M) = I, where 1(z) = 1,

• id(M) = M , where id(z) = z,

• Rζ(M) = (ζI−M)−1 for ζ ̸∈ spec(M), where Rζ(z) = (ζI− z)−1,

• f 7→ f(M) : Hol(Ω) → Matrices(CN ) homomorphism.
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A familiar sight

spec(M) = {λ1, . . . , λN}.

Ωj open subsets of C.

Ωj ∩ Ωi = ∅ for i ̸= j.

λj ∈ Ωj .

Ω := ∪N
i=1Ωj .

b

b

b

b

b

b

Ωj

λj

Ωi

λi
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Define fj : Ω → C:

fj(ζ) :=

{
1 ζ ∈ Ωj ,

0 otherwise.

f2
j = fj , so fj(M)2 = fj(M), i.e., a projection.

1 =
∑N

j=1 fj(ζ), so

v =

N∑
j=1

fj(M)v, Mv =

N∑
j=1

λjfj(M)v and f(M)v =

N∑
j=1

f(λj)fj(M)v.

where f ∈ Hol(Ω).

Jordan decomposition of M !
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Back to our evolution equation

Let A : CN → CN be a matrix. System of ODEs:

(∂tV )(t) = AV (t), V (0) = v.

Solution in one stroke!
V (t) = e−tAv,

where f(z) := e−z and e−tA = f(tA).
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What’s with matrices anyway?

M = (mij) : Cn → Cn matrix.

For αi ∈ C, and ui ∈ Cn

M

(
N∑
i=1

αiui

)
=

N∑
i=1

αiMui.

I.e., M is linear.

Other way?

I.e., given L : CN → CN linear =⇒ there exists ML : CN → CN matrix such that
L = ML?
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Let u = (u1, . . . , uN ) ∈ CN .

Then u =

N∑
i=1

uiei where ei = (0, . . . , 1, . . . , 0)︸ ︷︷ ︸
i-th slot is 1

.

Lu = L

(
N∑
i=1

uiei

)
=

N∑
i=1

uiLei.

Define  li1
...

liN

 := Lei and ML :=

l11 . . . l1n
...

. . .
...

ln1 . . . lnn

 .

Then Lei = MLei and Lu = MLu.

h Linearity of a map is intrinsic property, matrix is a representation of such a map. h
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Eigenvalues?

Linear map L : CN → CN .

Consider ζ ∈ C such that (ζI − L)−1 exists.

This is the resolvent set denoted res(L) open set.

The spectrum is spec(L) = C \ res(L). These are the eigenvalues of any matrix
representing L.

Open set Ω ⊂ C with spec(L) ⊂ Ω and f : Ω → C holomorphic

f(L)v :=
1

2πi

˛
γ
f(ζ)(ζI− L)−1v dζ.

See that f(L) = f(ML).
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Yellow brick road to infinite dimensions...

Set V is a linear space (or vector space) over K = R or C if (V,+) commutative group
with · : K× V → V (scalar multiplication):

α(βu) = (αβ)u, 1u = u, α(u+ v) = αu+ αv, (α+ β)u = αu+ βu

for all α, β ∈ K and u, v ∈ V.

Examples

1) V = CN or V = Rn;

2) V = C0(Rn) = {f : Rn → Rn continuous};

3) V = Lp(Rn) =

{
f : Rn → Rn,

ˆ
Rn

|f(x)|p dx < ∞
}
.

18 / 28



Linear operators on vector spaces

L : CN → CN linear is automatically continuous. I.e.

un → u =⇒ Lun → Lu ⇐⇒ |un − u|CN → 0 =⇒ |Lun − Lu|CN → 0.

In general, L : V → V is a linear operator if

L(αu+ βv) = αLu+ βLv

for all α, β ∈ C and u, v ∈ V.

h Need a notion of norm (size of a vector). h
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Norms!
Norm ∥ · ∥ : V → [0,∞) satisfying:

∥αu∥ = |α|∥u∥, ∥u+ v∥ ≤ ∥u∥+ ∥v∥, ∥u∥ = 0 =⇒ u = 0.

Examples

1) V = CN or V = Rn, any two norms are equivalent;

2) BR ⊂ Rn an R-ball , V = C0(BR), ∥f∥C0 = max
x∈BR

|f(x)|CN ;

3) V = Lp(Rn), ∥f∥Lp :=

(ˆ
Rn

|f(x)|p dx

) 1
p

. On CN , u · u = |u|2CN . For L
2(Rn),

inner product ⟨u, v⟩ =
ˆ
Rn

u(x)v(x) dx, satisfies

∥u∥2L2 =

ˆ
Rn

|u(x)|2 dx =

ˆ
Rn

u(x)u(x) dx = ⟨u, u⟩ .
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Continuity

L : V → V linear and continuous ⇐⇒ ∥un − u∥ → 0 =⇒ ∥Lun − Lu∥ → 0

⇐⇒ ∃C < ∞ ∀u ∈ V ∥Lu∥ ≤ C∥u∥.

Spectral theory:

res(L) =
{
ζ ∈ C : (ζI− L)−1 exists and continuous

}
spec(L) = C \ res(L).

Note: L need not be continuous or invertible.

res(L) open ⇐⇒ spec(L) closed.
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Functional calculus for continuous operators

Theorem: V with norm ∥ · ∥, L : V → V continuous
linear operator =⇒ ∃R > 0 spec(L) ⊂ BR.

Proceed as before: Ω open set spec(L) ⊂ Ω
f : Ω → C holomorphic.

γ smooth curve parametrised anti-clockwise
enveloping spec(L) inside Ω,

f(L)u :=
1

2πi

˛
γ
f(ζ)(ζI− L)−1u dζ.

Satisfies:

1(L) = I, id(L) = L, (ζI−id)−1(L) = (ζI−L)−1

spec(L)

γ

BR

22 / 28



Generalisation of symmetric matrices
Symmetric matrix: A = AT ⇐⇒ Au · v = u ·Av.

V vector space ⟨·, ·⟩ : V × V → C inner product.

L : V → V self-adjoint: ⟨Lu, v⟩ = ⟨u, Lv⟩ =⇒ spec(L) ⊂ R.

Suppose spec(L) = {λi}i∈Z discrete with accumulation point at 0

For Lek = λkek have ⟨ei, ej⟩ = 0 if Lek = λkek and for u ∈ V, have u =
∑
i

uiei.

Take Ω = ∪iΩi, Ωi ∩ Ωj = ∅ if i ̸= jand fi : Ω → C, fi(z) =

{
1 z ∈ Ωi

0 z ̸∈ Ωi

=⇒ fi(L)
2 = fi(L) projection and f(L)u =

∑
i

f(λi)uiei.
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Beyond bounded operators - Fourier series

u ∈ C∞(S1),∃an ∈ C:

u(θ) =

∞∑
n=−∞

ane
inθ.

Consider S1 = [0, 1]⧸∼ with 0 ∼ 1.

Laplacian: ∆S1 = − d2

dθ2
with periodic

boundary conditions,

(∆S1u)(θ) =

∞∑
n=−∞

ann
2einθ.
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Eigenvalues:
{
λn = n2

}∞
n=0

, and corresponding eigenfunctions:
{
einθ, e−inθ

}∞

n=0
.

Symbol - appropriate function f :

(f(∆S1)u)(θ) :=

∞∑
n=−∞

f(n2)ane
inθ.

Heat equation:

(∂tU)(t, θ) = −∆S1U(t, θ), lim
t→0

U(t, θ) = u(θ).

Unique solution:

u(t, θ) =
(
e−t∆S1u

)
(θ) =

∞∑
n=−∞

e−tn2
ane

−inθ.
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More than one operator?

Form f(L1, L2, . . . , Ln) given L1, . . . , Ln and f : Rn → Rn?

Let {e0, e1, . . . , en} standard basis for R× Rn. Define algebra:

e0 = 1

e2j = −e0 1 ≤ j ≤ n

eiej = −ejei 1 ≤ i < j ≤ n

S = {j1 < j2 < · · · < jk} define eS = ej1ej2 . . . ejk , e∅ = e0.

R(n) Clifford algebra defined

R(n) = span {eS : S ⊂ {1, . . . , n}} .

Examples R = R(0), C = R(1), R(2) - quaternions.
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Clifford conjugate for eS is eS satisfying eSeS = 1 = eSeS .

Rn+1 ⊂ R(n) via (x0, . . . , xn) 7→
n∑

j=0

xjej .

Kelvin inverse of x ∈ R(n)

x−1 =
x

|x|2
=

x0 −
∑n

j=1 xjej∑n
j=0 x

2
j

.
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Notion generalising holomorphic: f : R(n) → R(n) monogenic.

Generalised Cauchy integral formula:

f(x) =
1

Vol(Sn+1)

ˆ
∂Ω

x

|x− ω|n+1
ν(ω)f(ω) dµ∂Ω(ω).

Need: notion of joint spectrum for L1, . . . , Ln.

Leads to f(L1, . . . , Ln) via generalised Cauchy integral formula.
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