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Introduction and motivation

Elliptic curves E over a field k are often studied by studying their torsion subgroups E[n] for various n.
In particular if l is a prime coprime to the characteristic of k then the l-adic Tate module
Tl E = lim E[ln ](k)
←−
is a Zl -module of rank 2 with an interesting action of Gk = Gal(k/k).
However, when l = p, then the torsion points E[pn ] are usually not well captured by their points over k.
In fact, for supersingular elliptic curves
lim E[pn ](k) = {e}.
←−
This does not mean that the schemes E[pn ] are not interesting though, they contain a lot of information
about the elliptic curve E. Moreover, they are easier to study in families, especially when p is not invertible
on the base. It turns out that it is best to study all the E[pn ] at the same time, for all n. This rather
quickly leads us to formulate the notion of a p-divisible group and study some examples.
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2.1

A crash course in finite flat group schemes
Basics

Definition 1. A group scheme G over a (locally Noetherian) scheme is called finite flat if its structure
morphism is finite and flat. In particular it will have an order (which will be a locally constant function
on S).
Remark 1. In this talk, the base scheme S will usually be a complete Noetherian local ring like Zp . So it
can be useful to think about the example of an elliptic curve over Zp .
Example 1. If S is any scheme and G is an abstract group, then there is a constant group scheme GS .
Example 2. If S = Spec Z and n is any number, then µn = Spec Z[x]/(xn − 1) is the group scheme of n-th
rooths of unity. It is also Gm [n] and can be base changed to µn,S for any scheme S.
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Example 3. If S = Fp then we define αpn = Ga [pn ], it is represented by Spec Fp [x]/(xn ) and can be base
changed to any Fp -scheme S.
Example 4 (Key Example). If A/S is an elliptic curve over S, then A[n] is a finite flat group scheme for
every n. By an elliptic curve over a scheme S we mean an abelian scheme of relative dimension 1, i.e.,
where an abelian scheme is a proper smooth group scheme.
Proposition 1 (Deligne). If G/S is a commutative group scheme of order n, then [n] : G → G is the
zero morphism.
Corollary 1. If G/S is a group scheme of order n and n is invertible in S, then G is an étale group
scheme.
If we now take S = Zp , then this means that all groups that are not étale must have order pk for some k.

2.2

Cartier duality

There is a duality theory for commutative finite flat group schemes, due to Cartier, that we will make use
of. It is denoted by G 7→ GD and it is an exact functor.
Example 5. The group schemes Z/n/zz and µn are dual.
Example 6. The group scheme αp is self dual.
Example 7. If E/S is an abelian scheme then
(E[n])D = E t [n],
where ()D denotes Cartier duality and E t is the dual abelian scheme. In particular if E/S is an elliptic
curve (or a principally polarized abelian scheme) then E = E t and so E[n] is self dual for all n.

2.3

Connected- ’etale sequence

If G is a group scheme over a field, then so is the connected component of the identity, usually denoted
by G0 . This is till true when the base S is a complete local ring (like Zp ). The quotient G/G0 exists by
general results of Grothendieck and the quotient is the maximal étale quotient of G:
0 → G0 → G → Gét → 0.
In fact, if S is a perfect scheme (which is the only case we care about), then the sequence splits and we
get a product decomposition
G = G0 × Gétale

2.4

The p-torsion of an elliptic curve

Let E be an elliptic curve over Fp , then we would like to compute what kind of group scheme E[p] is
(we already know that E[ln ] is for l 6= p). We know that is is a group scheme of order p2 , killed by
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multiplication by p, and moreover that
#E[p](Fp ) 6= p2 ,
so it cannot be étale.
Example 8. Suppose that E is an ordinary elliptic curve, which means that #E[p](Fp ) = p. This means
that there is a subgroup
Z/pZ → E[p]
and by the connected-etale sequence (which splits, since we are over a perfect base), we have that
E[p] = Z/pZ × E[p]0 .
Using Cartier duality and the fact that E[p] is self dual, we find that E[p]0 = Z/pZ = µp .
Example 9. Doing a bit more work (in particular one needs to classify group schemes of order p, p2 ), one
can show that there is a nonsplit short exact sequence
0 → αp → E[p] → αp → 0
for supersingular E.
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Barsotti-Tate groups

3.1

Basics

Recall from the introduction that we are interested in the pn -torsion of abelian schemes, for all n. This
motivates the following definition
Definition 2. Let S be a scheme, then a Barsotti-Tate group or p-divisible group G of height h over S
is an inductive system
(Gn , in : Gn → Gn+1 )
where Gn are finite flat group schemes and in are
A1 The order of Gn is pnh
A2 There is an equality Gn+1 [pn ] = G[n] (equality of sub-groupschemes).
Example 10. Let Gn = Z/pn Z and in be the natural inclusions. This forms a p-divisible group of height
1 usually denoted by Qp /Zp .
Example 11. If Gn = Gm [pn ] with in being the natural inclusion, we get a p-divisible group of height 0.
Example 12. If A/S is an abelian scheme of relative dimension g, then A[p∞ ] forms a p-divislbe group of
height 2g.
Remark 2. We have really given an inductive system of group schemes, and so it is natural to wonder
about the colimit of this system. Unfortunately, this will not usually exist in the category of schemes (but
it makes sense as an fppf-sheaf). We will discuss for étale and connected p-divisible groups separately.
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3.2

Cartier duality and connected-étale sequence

Let G be a p-divisible group, then there are short exact sequences
0

Gn

in

Gn+1

jn

Gn → 0

Here jn fits in a diagram (which defines it uniquely)
Gm

in

Gm+1
jn

[p]

Gm+1 .
Now applying Cartier duality to each Gn gives us a p-divisible group GD where (GD )n = GD
n and the
D
maps are jn .
Given a p-divible group G over Zp (or R), we can start by forming the étale-connected sequence of each
separate Gn . Then we get a diagram
G0n

Gn

Gét
n

G0n+1

Gn

Gét
n+1

and we would like to show the dotted arrows exists. Since connected components map to connected
components it is clear that the leftmost dotted arrow exists. Moreover, Gét
n is the maximal étale quotient
and so the rightmost dotted arrows also exist.
Lemma 1. The systems {G0n } and Gnét form p-divisible groups denoted by G0 and Gét , respectively.
Proof. Omitted. It comes down to showing that the functor G 7→ G0 and G 7→ Gét are exact functors.
See [Lip] for details.

3.3

Étale p-divisible groups

If G is an étale p-divisible group over Zp , then each Gn is just an étale finite flat group scheme. Equivalently, we can consider each Gn as an abstract finite abelian group with an action of π1ét . The axioms of
p-divisible groups actually imply that Gn ∼
= (Z/pn Z)h as abstract group (a pn torsion group of order pn
is isomorphic to Z/pn Z).
Therefore we can quite easily ’take the colimit’ of étale p-divisible groups. Every étale p-divisible group
’is’ just
(Qp /Zp )h
with a continuous action of π1ét . If we dualize this we find
hom(Qp /Zp , G) = Zhp
with a Galois action, this is usually thought of as the Tate module of G and only depends on Gét .
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3.4

Relation to formal groups

Now let G be a connected p-divisible group over Zp (or R). This means that all of the Gn are non-reduced
schemes over Zp with the same underlying topological space. In any case, in this situation we could hope
that the colimit lim Gn is a formal scheme. In other words, if An are Zp -algebras such that Spec An = Gn
−→
we expect that
lim An
←]−
in

is a nice topological ring A and then
lim Gn ∼
= Spf A.
−→
in

In fact, the group law on the Gn should induce a group law on the formal scheme Spf A!
Definition 3. A commutative formal Lie group (of dimension n) over Zp is a commutative group object
Γ in the category of formal schemes over Zp such that Γ = Spf Zp JX1 , · · · , Xn K. Equivalently, it is a
continuous map
Zp JX1 , · · · , Xn K → Zp JY1 , · · · , Yn , Z1 , · · · , Zn K
given by a tuple of power series f (Y, Z) = (f1 (Y, Z), · · · , fn (Y, Z)), such that:
1. f (T, 0) = T = f (0, T ) (composition is unital).
2. f (T, f (Y, Z)) = f (f (T, Y ), Z) (composition is associative).
3. f (Y, Z) = F (Z, Y ) (composition is commutative).
The existence of an inverse follows from these axioms, as well as the fact that
f (Y, Z) = Y + Z + higher order terms.
Example 13. Formal additive group and formal multiplicative group:
f (Y, Z) = Y + Z
f (Y, Z) = Y + Z + Y Z.
Example 14. If A is an Abelian variety over Zp of dimension g then we can complete it at the origin to
get a formal Lie group of dimension g.
Let φ(X) be the polynomial corresponding to the multiplication by p map, then Γ is called p-divisible if
the induced map A → A makes A into a finite free module over itself. In particular this means that the
kernel of [p] is a finite flat group scheme over Zp . Moreover, it must be connected since it is the spectrum
of a local ring and so it has order ph . Iterating this construction we find that Γ[p∞ ] is a connected
p-divisible group of height h.
We would like to associate to every connected p-divisible group G a p-divisible formal Lie group Γ (so
that we can define the dimension of G, for example). The construction we sketched above (taking the
colimit of the Gn ) works, but it is not at all clear that the resulting formal scheme is ’formally smooth’.
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Proposition 2 (Proposition 1 [Tat67]). Let R be a complete Noetherian local ring whose residue field is
of characteristic p > 0. Then Γ → Γ[p∞ ] is an equivalence between the category of p-divisible commutative
formal Lie groups over R and the category of connected p-divisible groups over R.
Proof. It suffices to prove that the functor is fully faithful and essentially surjective. Given a p-divisible
group G the construction outlined above gives us a group object in the category of formal schemes, it is
however not immediate that the underlying formal scheme is isomorphic to Spf RJX1 , · · · , Xn K. We refer
to loc. cit. for the proof, we will however include a proof of fully faithfulness.
We want to show that given a divisible commutative formal Lie group Γ we have that Γ = lim Γ[pn ]. For
−→
this, it suffices to show that the ideals Jv cutting out the subschemes G[pn ] form an alternative basis of
the topology.
Let m denote the maximal ideal of R, then the local ring A = Zp JX1 , · · · , Xn K has maximal ideal mA + I
where I = (X1 , · · · , Xn ). The ideal cutting out the kernel of [p] is generated by mA+ this needs to be
fixed.
In the end everything comes down to the fact that φ(X) = pX+ higher order terms.
Remark 3. The construction above might seem like magic, but in fact it is very natural. Both p-divisible
groups and formal Lie groups define fppf sheaves and the correspondence is actually an isomorphism of
these sheaves.
Theorem 1. Let G be a p-divisible group of height h, then
h = dim G + dim GD .
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Good reduction of Abelian varieties

Now let A be an abelian variety over Qp and consider its l-divisible groups A[l∞ ] for all primes l. If A has
good reduction, i.e., there is an abelian scheme A/Zp with generic fiber A, then these l-divisible groups
extend to l-divisible groups over Zp .
For l 6= p, these will be étale p-divisible groups, i.e., groups with a Galois action. The fact that they
extend just means that the Galois action is unramified. In fact, this is a sufficient criterion (Neron-OggShafarevich) for good reduction.
If l = p, then A[p∞ ] is also an étale p-divisible group (since Qp has characteristic 0), but it will not
correspond to an unramified Galois module. In fact, it is always highly ramified, as we have
Λ2 Tp A ∼
= Qp (−1)
the dual of the p-adic cyclotomic character, which is definitely ’very’ ramified. Still, there is the following
remarkable theorem of Grothendieck:
Theorem 2 (Grothendieck). Let A is above, then it has good reduction if and only if A[l∞ ] extends to a
l-divisible group over Zp (including the case l = p).
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