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Abstract. Dialogue protocols have been the subject of considerable attention
with respect to their potential applications in multiagent system environments.
Formalisations of such protocols define classes of dialogue locutions, concepts
of a dialogue state, and rules under which a dialogue proceeds. One important
consideration in implementing a protocol concerns the criteria an agent should
apply in choosing which utterance will constitute its next contribution: ideally,
an agent should select a locution that (by some measure) optimises the outcome.
The precise interpretation of optimise may vary greatly depending on the nature
and intent of a dialogue area. One option is to choose the locution that results in
a minimal length debate. We present a formal setting for considering the problem
of deciding if a particular utterance is optimal in this sense and show that this
decision problem is both NP-hard and CO-NP-hard.

KEYWORDS: Agent Communication Languages, Argumentation and Persuasion, Com-
putational Complexity, Dialogue Protocols, Locution Selection.

1 Introduction

Methods for modeling discussion and dialogue processes have proved to be of great im-
portance in describing multiagent interactions. The study of dialogue protocols ranges
from perspectives such as argumentation theory, e.g., [26,30], taxonomies of types of
dialogue such as [30,33], and formalisms for describing and reasoning about proto-
cols, e.g. [17,23,25]. Among the many applications that have been considered are bar-
gaining and negotiation processes, e.g. [18,26,21]; legal reasoning, e.g. [15,20,2,3,
29], persuasion in argumentation and other systems, e.g. [32, 12,4, 9], and inquiry and
information-discovery, e.g. [22, 24]. The collections of articles presented in [8, 16] give
an overview of various perspectives relating to multiagent discourse.

While we present a general formal model for dialogue protocols below, informally
we may view the core elements of such as comprising a description of the ‘locution
types’ for the protocol (“what participants can say”); the topics of discussion (“what
participants talk about”); and how discussions may start, evolve, and finish.

Despite the divers demands of protocols imposing special considerations of interest
with particular applications, there are some properties that might be considered desir-
able irrespective of the protocol’s specific domain, cf. [25]. Among such properties are



termination; the capability to validate that a discussion is being conducted according
to the protocol; and the ability for participants to determine “sensible” contributions.
In [17] frameworks for uniform comparison of protocols are proposed that are defined
independently of the application domain. In principle, if two distinct protocols can be
shown ‘equivalent’ in the senses defined by [17], then termination and other properties
need only be proved for one of them.

In this paper our concern is with the following problem: in realising a particular
discussion protocol within a multiagent environment, one problem that must be ad-
dressed by each participant can, informally, be phrased as “what do/should I say next?”’
In other words, each agent must “be aware of™ its permitted (under the protocol rules)
utterances given the progress of the discussion so far, and following specific criteria,
either choose to say nothing or contribute one of these. While the extent to which a
protocol admits a ‘reasonable’ decision-making process is, of course, a property that
is of domain-independent interest, one crucial feature distinguishing different types of
discussion protocol is the criteria that apply when an agent makes its choice. More pre-
cisely, in making a contribution an agent may be seen as “optimising” the outcome. A
clear distinction between protocol applications is that the sense of “optimality” in one
protocol may be quite different from “optimality” in another. For example, in multia-
gent bidding and bargaining protocols, a widely-used concept of “optimal utterance”
is based on the view that any utterance has the force of affording a particular “utility
value” to the agent invoking it that may affect the utility enjoyed by other agents. In
such settings, the policy (often modeled as a probability distribution) is “optimal” if
no agent can improve its (expected) utility by unilaterally deviating. This — Nash equi-
librium — has been the subject of intensive research and there is strong evidence of its
computational intractability [5]. While valid as a criterion for utterances in multiagent
bargaining protocols, such a model of “optimality” is less well-suited to fields such as
persuasion, information-gathering, etc. We may treat a “persuasion protocol” as one in
which an agent seeks to convince others of the validity of a given proposition, and inter-
preting such persuasion protocols as proof mechanisms — a view used in, among others,
[32,12] — we contend that a more appropriate sense of an utterance being “optimal”, is
that it allows the discussion to be concluded “as quickly as possible”.! There are sev-
eral reasons why such a measure is appropriate with respect to persuasion protocols. In
practice, discussions in which one agent attempts to persuade another to carry out some
action cannot (reasonably) be allowed to continue indefinitely; an agent may be unable
to continue with other tasks which are time-constrained in some sense until other agents
in the system have been persuaded through some reasoned discussion to accept partic-
ular propositions. It is, of course, the case that describing optimality in terms of length
of discussion provides only one measure. We discuss alternative notions of optimality
in the concluding sections.

Concentrating on persuasion protocols we formulate the “optimal utterance prob-
lem” and establish lower bounds on its complexity. In the next section we outline an
abstract computational framework for dialogue protocols and introduce two variants of
the optimal utterance decision problem. In Section 3 we present a setting in which this

! An alternative view is proposed in [11], where it is argued that utterances which prolong dis-
cussions can, in certain settings, be seen as “optimal”.



problem is proved to be both NpP-hard and CO-NP-hard. Conclusions and further work
are presented in the final section.

2 Definitions

Definition 1 Let F be the (infinite) set of all well-formed formulae (wff) in some propo-
sitional language (where we assume an enumerable set of propositional variables x1,xs, . . .).
A dialogue arena, denoted A, is a (typically infinite) set of finite subsets of F. For a
dialogue arena,
A: {@1,@2,...,@]6,...,} Spi C ]'-

the set of wif in ®; = {W1,va,...,1,} is called a dialogue context from the dialogue
arena A.

Definition 2 A dialogue schema is a triple (L, D, ®), where L = {L;|1 < j < 1}
is a finite set of locution types, D is a dialogue protocol as defined below, and ® is a
dialogue context.

We are interested in reasoning about properties of protocols operating in given dia-

logue arenas. In the following, A = {®1,®P,,...,} is a dialogue arena, with & =
{%1,...,%,} a (recall, finite) set of wff constituting a single dialogue context of this
arena.

Definition 3 Let £ = {L;|1 < j <1} be a set of locution types. A dialogue fragment
over the dialogue context ® is a (finite) sequence,

Ml.uz...uk

where p, = Lj((0:) is the instantiated locution or utterance (with 8, € ®) at time t.
The commitment represented by a dialogue fragment § — denoted X (§) — is a subset of
the context .

The notation M}, 4 is used to denote the set of all dialogue fragments involving
instantiated locutions from L; § to denote an arbitrary member of this set, and |0 to
indicate the length (number of utterances) in .

In order to represent dialogues of interest we need to describe mechanisms by which
dialogue fragments and their associated commitments evolve.

Definition 4 A dialogue protocol for the discussion of the context ® using locution set
L —is apairD = (II, X)) defined by:

a. A possible dialogue continuation function —
II: M7 g — p(LxP)U{L}

The subset of dialogue fragments & in M. & having I1(8) # L is called the set of
legal dialogues over (L, ®) in the protocol D, this subset being denoted Tp. It is



required that the empty dialogue fragment, € containing no locutions is a legal dia-
logue, i.e. IT(€) # L, and we call the set II (€) the legal commencement locutions.?
We further require that 11 satisfies the following condition:

VS € Mg (I(0)= 1) = (V= L;0) I p) = L)

i.e. if 6 is not a legal dialogue then no dialogue fragment starting with § is a legal
dialogue.

b. A commitment function — X' : Tp — (P) associating each legal dialogue with a
subset of the dialogue context P.

This definition abstracts away ideas concerning commencement, combination and
termination rules into the pair (I, ¥') through which the possible dialogues of a pro-
tocol and the associated states (subsets of @) are defined. Informally, given a legal dia-
logue, 8, IT(0) delineates all of the utterances that may be used to continue the discus-
sion.

A dialogue, 0, is terminated if IT1(0) = () and partial if II(§) # 0.

We now describe mechanisms for assessing dialogue protocols in terms of the length
of a dialogue. The following notation is used.

A={A} ={(£,D=(II, X)), P)}
is a (sequence of) dialogue schemata for an arena
A: {@1,...,@]6,...}

Although one can introduce concepts of dialogue length predicated on the number of
utterances needed to attain a particular state @, the decision problem we consider will
focus on the concept of “minimal length terminated continuation of a dialogue fragment
0”. Formally

Definition 5 Let (L, D = (II, X)), $;.) be a dialogue schema Ay, instantiated with the
context @ of A. Let § € M <*E745k> be a dialogue fragment. The completion length of §
under D for the context ®y, denoted x (6, D, ®y,), is,

min{|n| :n € Tp,n=46-( II(n) = 0}
if such a dialogue fragment exists, and undefined otherwise.

Thus the completion length of a (legal) dialogue, 9, is the least number of utterances in
a terminated dialogue that starts with 6. We note that if § is not a legal dialogue then
x(6, D, ®y) is always undefined.

The decision problem whose properties we are concerned with is called the Generic
Optimal Utterance Problem.

% Note that we allow IT(¢) = (, although the dialogues that result from this case are unlikely to
be of significant interest.



Definition 6 An instance of the Generic Optimal Utterance Problem (GOUP) comprises,
U=(A,6,p)

where A = (L, D, ®) is a dialogue schema with locution set L, protocol D = (II, X,
and dialogue context ¢; 6 € M <*E745> is a dialogue fragment, and p € L x @ is an
utterance.

An instance U is accepted if there exists a dialogue fragment n € M <* o) for which
all of the following hold

I.n=6-p-C€Tp.
2. II(n) =0.
3. Inl = x(6,D,®).

If any of these fail to hold, the instance is rejected.

Thus, given representations of a dialogue schema together with a partial dialogue, 0
and utterance u, an instance is accepted if there is a terminated dialogue () which
commences with the dialogue fragment J - 1 and whose length is the completion length
of § under D for the context @. In other words, the utterance p is such that it is a legal
continuation of § leading to a shortest length terminated dialogue.

Our formulation of GOUP, as given in Definition 6, raises a number of questions. The
most immediate of these concerns how the schema A is to be represented, specifically
the protocol (I, X'). Noting that we have (so far) viewed (II, X') in abstract terms as
mappings from dialogue fragments to sets of utterances (subsets of the context), one
potential difficulty is that in “most” cases these will not be computable.* We can go
some way to addressing this problem by representing (I1, X) through (encodings of)
Turing machine programs (M, M x) with the following characteristics: My takes as
its input a pair (4, p), where § € M, gy and p € L x &, accepting if ¢ - is a legal
dialogue and rejecting otherwise; similarly My takes as its input a pair (§,?) with
¥ € & accepting if 4 is a legal dialogue having ¥ € X(J), rejecting otherwise. There
remain, however, problems with this approach: it is not possible, in general, to validate
that a given input is an instance of GOUP, cf. Rice’s Theorem for Recursive Index Sets in
e.g., [10, Chapter 5, pp. 58-61]; secondly, even in those cases where one can interpret
the encoding of (II, X') “appropriately” the definition places no time-bound on how
long the computation of these programs need take. There are two methods we can use
to overcome these difficulties: one is to employ ‘clocked’ Turing machine programs,
so that, for example, if no decision has been reached for an instance (d, ) on My
after, say |0 - u| steps, then the instance is rejected. The second is to consider specific
instantiations of GOUP with protocols that can be established “independently” to have
desirable efficient decision procedures. More formally,

Definition 7 Instances of the Optimal Utterance Problem in A — oUP(?) — where
{A} = {{£,D = (II,X),P)} is a sequence of dialogue schema over the arena
A ={®y : k > 1}, comprise

U= <¢ka 67 ,LL)

3 For example, it is easy to show that the set of distinct protocols that could be defined using
only two locutions and a single element context is not enumerable.



where § € M<*£ ) is a dialogue fragment, and j € L x @y, is an utterance.
Aninstance U is accepted if there exists a dialogue fragment n € M <* .01 for which
all of the following hold

1.n=6-p-CeTp.
2. I(n) = 0.
3. Inl = x(6,D, ).

If any of these fail to hold, the instance is rejected.

The crucial difference between the problems GOUP and OUP(4) is that we can con-
sider the latter in the context of specific protocols without being concerned about how
these are represented — the protocol description does not form part of an instance of
oupP(4) (only the specific context $,). In particular, should we wish to consider some
‘sense of complexity’ for a given schema, we could use the device of employing an
‘oracle’ Turing machine, M A, to report (at unit-cost) whether properties (1-2) hold of
any given 7. With such an approach, should A be such that the set of legal dialogues
for a specific context is finite, then the decision problem OUP(?) is decidable (relative
to the oracle machine M A). A further advantage is that any lower bound that can be
demonstrated for a specific incarnation of 0UP(4) gives a lower bound on the “com-
putable fragment” of GOUP. In the next section, we describe a (sequence of) dialogue
schemata, { A2} for which the following computational properties are provable.

1. The set of legal dialogues for APFLL s finite: thus every continuation of any legal
partial dialogue will result in a legal terminated dialogue.

2. Given (0, 1, ) with § a dialogue fragment, ;1 an utterance, and @, the dialogue
context for APPLL there is a deterministic algorithm that decides if § - 41 is a legal
dialogue using time linear in the number of bits needed to encode the instance.

3. Given (4, %, ;) with ¢ a legal dialogue and ¥ an element of the context &y, there
is a deterministic algorithm deciding if ¥ € X'(§) using time linear in the number
of bits needed to encode the instance.

We will show that the Optimal Utterance Problem for AP#%L is both NP-hard and
CO-NP-hard.

3 The Optimal Utterance Problem

Prior to defining the schema used as the basis of our results, we introduce the dialogue
arena, Aoy p upon which it operates.

Let ©(n) (n > 1) denote the set of all CNF formulae formed from propositional
variables {z1, ..., 2.} (so that |©(n)| = 23"). For ¥ € ©(n) with

m 1r
=N\ Vi vij€{ze, e 1<k <n}
i=1 j=1
we use C; to denote the clause Vj.;lyi7 j- Let ¥y, be the set of wiT given by,

Upep ={¥,C1,...,Cp,T1,..., Ty, " T1,..., Ty}



The dialogue arena of formulae in CNF is

Acne=J U {Zel}

n=1weO(n)

Thus, each different CNF, ¥ gives rise to the dialogue context whose elements are de-
fined by ¥,.cp.
We note that & € A¢n r may be encoded as a word, 3(®), over alphabet {—1,0,1}

B(®) =1"0a witha € {-1,0,1}""
where the ¢’th clause is described by the sub-word

A(i—1)sn+1 - - - Xixn

so that
Qi—1)n+k = -1 if -~z € C;
a(i—l)n—l—k =1 if T € Cj
a(i_l)m_k =0 if T g Ci and Tk ¢ Ci

It is thus immediate that given any word w € {—1,0,1}* there is an algorithm that
accepts w if and only if w = B(P) for some CNF & and this algorithm runs in O(|w|)
steps.

The basis for the dialogue schema we now define is found in the classic DPLL pro-
cedure for determining whether a well-formed propositional formula is satisfiable or
not [6, 7]. Our protocol — the DPLL-dialogue protocol — is derived from the realisation
of the DPLL-procedure on CNF formulae.

In describing this we assume some ordering

(45174527"'745]67"')

of the contexts in the arena Acn .

DPLL-Dialogue Schema The sequence of DPLL-Dialogue Schema— Appyy, = {APPLLY
—is defined with contexts from the arena AcnF as

A?PLL — <£DPLL7DDPLL = <HDPLL7 2DPLL>7¢/C>

where
Lpprr, = {ASSERT,REBUT,PROPOSE,DENY,MONO,UNIT}

and the set @, from Aoy F is,

m
{/\ Ci,Ci,...,Cmy &1, ..., &y, T, .., Tp}

i=1

Recall that ¥, denotes the formula /\;11 C;, and C} is the clause V;”zlyi,j from the
context . It will be convenient to regard a clause C' both as a disjunction of literals
and as a set of literals, so that we write y € C' when C has the formy V B.



The protocol (IIpprr, Xpprr) is defined through the following cases.

At any stage the commitment state — X'ppr,r,(d) consists of a (possibly empty)
subset of the clauses of ¥y and a (possibly empty) subset of the literals, subject to the
condition that y and —y are never simultaneously members of X'ppr(4). With the
exception of {ASSERT,REBUT} the instantiated form of any locution involves a literal
v.

Case 1: 6 = € the empty dialogue fragment.

IIpprr(e) = {ASSERT(¥) }
Ypprri(e) =0
Ypprr(ASSERT(¥)) = {C; : 1 <i <m}

In the subsequent development, y is a literal and

Open(d) ={C;:C; € Epprr(9)}
Lits(6) ={y:y € Xpprr(d)}
Single(d) = {y : ~y & Lits(5) and 3C € Open(9) s.t.
y € CandVz € C/{y} -z € Lits(9)}
Unary(6) = {y : ~y & Lits(d) and
VC € Open(6) —y & C and
3C € Open(d) withy € C'}
Bad(6) ={C;:C; € Open(d) and
Vy € C ~y € Lits(6)}

Informally, Open(§) indicates clauses of ¥, that have yet to be satisfied and Lits(d)
the set of literals that have been committed to in trying to construct a satisfying assign-
ment to . Over the progress of a dialogue the literals in Lits(d) may, if instantiated
to true, result in some clauses being reduced to a single literal — Single(d) is the set of
such literals. Similarly, either initially or following an instantantiation of the literals in
Lits(9) to true, the set of clauses in Open(d) may be such that some variables occurs
only positively among these clauses or only negated. The corresponding literals form
the set Unary(6). Finally, the course of committing to various literals may result in a
set that contradicts all of the literals in some clause: thus this set cannot constitute a
satisfying instantiation: the set of clauses in Bad(d) if non-empty indicate that this has
occurred. Notice that the definition of Single(d) admits the possibility of a literal y and
its negation being in this set: a case which cannot lead to the set of literals in Lits(d)
being extended to a satisfying set. Thus we say that the literal set Lits(6) is a failing
set if either Bad(d) # () or for some y, {y, -y} C Single(d).

Recognising that ¥'ppr1.(6) = Open(d) U Lits(d) it suffices to describe changes
to Xpprr(0) in terms of changes to Open(d) and Lits(6).

Case 2: § # ¢, Open(d) =0
II6) =10

Case 3: § # ¢, Open(0) # 0, Lits(0) is not a failing set.
There are a number of sub-cases depending on Xppr 1 (8)



Case 3.1: Single(d) # 0.

Mppr1(0) — {UNIT(y) : y € Single(6)}
Open(d - UNIT(y)) = Open(6)/{C :y € C}
Lits(d - uNIT(y)) = Lits(d) U {y}

Case 3.2: Single(d) = 0, Unary(d) # 0

Ippri(d) = {MONO(y) : y € Unary(d)}
Open(d - MONO(y)) = Open(6)/{C : y € C}
Lits(6 - MONO(y)) = Lits(6) U{y}

Case 3.3: Single(d) = Unary(8) = 0
Since Bad($) = () and Open(8) # 0, instantiating the literals in Lits(d) will neither
falsify nor satisfy ¥;,. It follows that the set

Poss(6) = {y -y & Lits(d), —y & Lits(d) and
3AC € Open(d) withy € C}

is non-empty. We note that since Unary(d) = 0, y € Poss(d) if and only if -y €
Poss(d). This gives,

Ippr(6) = {PROPOSE(y) : y € Poss(d)}
Open(§ - PROPOSE(y)) = Open(d)/{C : y € C}
Lits(0 - PROPOSE(y)) = Lits(d) U {y}

This completes the possibilities for Case 3. We are left with,
Case 4: § # ¢, Lits(0) is a failing set.
Let § = ASSERT(Wy,) - - - iy
Given the cases above, there are only three utterances that p; could be:

w1 € {ASSERT(¥}), PROPOSE(y), DENY(y)}

Case 4.1: y1; = 11 = ASSERT(¥})

Sinces Lits(ASSERT(¥)) = (B, ¥y, either contains an empry clause (one containing
no literals), or for some z both (x) and (—z) are clauses in ¥y.* In either case ¥y, is
“trivially” unsatisfiable, giving

HDPLL(ASSERT(SPk)) = {R
Y pprr(ASSERT(¥;) - REBUT(¥})) = 0)
IIppr1 (ASSERT(¥;) - REBUT(%;)) = 0)

EBUT (%)}

Case 4.2: j1; = PROPOSE(y)

IIpprL(9) = {DENY(y)}
Open(d - DENY(y)) = Open(p1 -+ - pe—1)/{C : ~y € C}
Lits(d - DENY(y)) = Lits(py - pe—1) U {~y}

* Note that we distinguish the wif y (a literal used in W) and (y) (a clause containing the single
literal ) within the context ®y,.



Notice this corresponds to a ‘back-tracking’ move under which having failed to com-
plete a satisfying set by employing the literal y, its negation —y is tried instead.

Case 4.3: 1, = DENY(y)

Consider the sequence of utterances given by

=2 i3 phe—1 - fir = DENY(y)

We say that 1 is unbalanced if there is a position p such that u, = PROPOSE(z) with
DENY(2) & pipt1 - - - it and balanced otherwise. If ) is unbalanced let index(n) be the
highest such position for which this holds (so that p < ).

We now obtain the final cases in our description.

Case 4.3(a): 7 is unbalanced with index(n) equal to p.

IIppri(9) = {DENY(y) : ptp = PROPOSE(y)}
Open(é - DENY(y)) = Open(p - -+ pp—1)/{C : ~y € C}
Lits(6 - DENY(y)) = Lits(p1 -+ pp—1) U {—y}

Thus this case corresponds to a ‘back-tracking” move continuing from the “most

recent” position at which a literal —y instead of y can be tested.

Finally,
Case 4.3(b): n is balanced.
Ipprr(d) = {REBUT(¥)}
Ypprr(d-REBUT(%)) =0
HDPLL((S . REBUT(Wk)) = (/)

We state the following without proof.

Theorem 1 In the following, ¢ is a dialogue fragment from M (*ﬁppLL By by is a
context from Aoy, and N (0, Py,) is the number of bits used to encode § and $y, under
some reasonable encoding scheme.

1.

The problem of determining whether ¢ is a legal dialogue for the protocol Dppr,1,
in context ®y, can be decided in O(N (8, Py,)) steps.

. The problem of determining whether § is a terminated legal dialogue for the proto-

col Dppyy, in context y, is decidable in O(N (5, Py,)) steps.

. For any 1 € &y, the problem of determining whether ¢ € X ppr,1,(9) is decidable

in O(N (6, §y,)) steps.

. For all contexts &, € AcnF, the set of legal dialogues over ®y, in the protocol

Dppry is finite.

. If b is a terminated dialogue of Dppry, in context ¥y, then Xpprr(8) # 0 if and

only if Wy, is satisfiable. Furthermore, instantiating the set of literals in Lits(d) to
true, yields a satisfying assignment for ¥y,.

Before analysing this protocol we review how it derives from the basic DPLL-

procedure. Consider the description of this below.



DPLL-Procedure

Input: Set of clauses C'
Set of Literals L

if C = () return true. (SAT)
if any clause of C' is empty
or C contains clauses (y) and (—y) (for some literal y)
return false. (UNSAT)
if C contains a clause containing a single literal y
return DPLL(C!Y, L U {y}) (V)
if there is a literal y such that -~y does not occur in any
clause (and y occurs in some clause)
return DPLL(C!Y, L U {y}) (M)
choose a literal y. (B)
if DPLL(CY, LU {y})
then return true
else  return DPLL(CI™Y, LU {-y})  (FAIL).

For a set of clauses and literal, y, the set of clauses C v is formed by removing all
clauses, C; for which y € C; and deleting the literal -y from all clauses C'; having
Yy € C]’.

To test if ¥ = AL, C; is satisfiable, the procedure is called with input C' =
{C1,...,Cp}and L = 0.

Lines (U) and (M) are the “unit-clause” and “monotone literal” rules which improve
the run-time of the procedure: these are simulated by the UNIT and MONO locutions.
Otherwise a literal is selected — at line (B) — to “branch” on: the PROPOSE locution;
should the choice of branching literal FAIL to lead to a satisfying assignment, its nega-
tion is tested — the DENY locution. Each time a literal is set to true, clauses containing
it can be deleted from the current set — the Open(9) of the protocol; clauses containing
its negation contain one fewer literal. Either all clauses will be eliminated (C' is satisfi-
able) or an empty clause will result (the current set of literals chosen is not a satisfying
assignment). When all choices have been exhausted the method will conclude that C' is
unsatisfiable.

The motivation for the form of the dialogue protocol APPLL js the connection
between terminated dialogues in I'p py 1, and search trees in the DPLL-procedure above.

Definition 8 Given a set of clauses C, a DPLL—search tree for C' is a binary tree, S,
recursively defined as follows: if C = () or C conforms to the condition specified by
UNSAT in the DPLL-procedure, then S is the empty tree, i.e. S contains no nodes. If y
is a monotone literal or defines a unit-clause in C, then S comprises a root labelled y
whose sole child is a DPLL-search tree for the set C'Y. If none of these four cases apply,
S consists of a root labelled with the branching literal y chosen in line (B) with at most
two children — one comprising a DPLL-search tree for the set CY, the other child — if
the case (FAIL) arises — a DPLL-search tree for the set Cclw,

A DPLL-search tree is full if no further expansion of it can take place (under the
procedure above).



The size of a DPLL-search tree, S — v(S) — is the total number of edges’ in S. A full
DPLL-search tree, S, is minimum for the set of clauses C, if given any full DPLL-search
tree, R for C, v(S) < v(R). Finally, a literal y is an optimal branching literal for a
clause set C, if there is a minimum DPLL-search tree for C whose root is labelled y.

We say a set of clauses, C, is non-trivial if C # (). Without loss of generality
we consider only CNF-formulae, ¥, whose clause set is non-trivial. Of course, during
the evolution of the DPLL-procedure and the dialogue protocol Dppr 1, sets of clauses
which are trivial may result (this will certainly be the case is ¥ is satisfiable): our as-
sumption refers only to the initial instance set.

Theorem 2 Let W = AX, C; be a CNF-formula over propositional variables (x4, . . ., Tp).
Let C(¥) and &y, be respectively the set of clauses in ¥ and the dialogue context from
the arena Aoy corresponding to W, i.e. the set Wy..,, above.

1. Given any full DPLL-search tree, S, for C (W) there is a legal terminated dialogue,
s € Tpprr for which,

ds = ASSERT(P:) - ns - it
and |ns| = v(S), with p being one of the locution types in
{PROPOSE, UNIT,MONO,REBUT}.
2. Given any legal terminated dialogue 6 = ASSERT(Wy) -1 - u, with
1 € {REBUT(¥},), PROPOSE(y), MONO(y), UNIT(y) }
there is a full DPLL-search tree, S5 having v(Ss) = |n|.

Proof. Let ¥, C(¥), and &}, be as in the Theorem statement. For Part 1, let S be any
full DPLL-search tree for the clause set C'(¥). We obtain the result by induction on
v(S) > 0.

For the inductive base, v(S) = 0, either S is the empty tree or .S contains a single
node labelled y. In the former instance, since ¥ is non-trivial it must be the case that
¥ is unsatisfiable (by reason of containing an empty clause or opposite polarity unit
clauses). Choosing

ds = ASSERT(¥) - ns - REBUT (%)

with ng = € is a legal terminated dialogue (Case 4.1) and |ns| = 0 = v(.5).

When S contains a single node, so that v(S) = 0, let y be the literal labelling this. It
must be the case that C(¥) is satisfiable — it cannot hold that C(®)!¥ and C(¥)!I™¥ both
yield empty search trees, since this would imply the presence of unit-clauses (y) and
(=y) in C(¥).° Thus the literal y occurs in every clause of C(¥). If y is a unit-clause,
the dialogue fragment,

ds = ASSERT(W¥;) - UNIT(y)

5 The usual definition of size is as the number of nodes in S, however, since S is a tree this value
is exactly »(S) + 1.
8 1t should be remembered that at most one of {y, ~y} occurs in any clause.



is legal (Case 3.1) and terminated (Case 2). Fixing ¢ = € and p = UNIT(y) gives
[ns| = 0 = wv(S) and 6 = ASSERT(¥},) - s - 1 a legal terminated dialogue. If y is not
a unit clause, we obtain an identical conclusion using 77 = € and 4 = MONO(y) via
Case 3.2 and Case 2.

Now, inductively assume, for some M, that if Sps is a DPLL-search tree for a set of
clauses C(¥), with v¥(Sas) < M then there is a legal terminated dialogue, ds,,, over
the corresponding context, @, with ds,, = ASSERT(¥) - ns,, - 1 and |ns,,| = v(Sn).

Let S be a DPLL-search tree for C'(¥) with v(S) = M > 1. Consider the literal,
y, labelling the root of S. Since v(S) > 1, the set C'(¥)!¥ is non-empty. If C(%},)
contains a unit-clause, then (y) must be one such, thus S comprises the root labelled
y and a single child, S!¥ forming a full DPLL-search tree for the (non-empty) clause
set C(¥)!¥. It is obvious that v(S!¥) < v(S) < M, so from the Inductive Hypothesis,

there is a legal terminated dialogue, 6!¥ in the context formed by the CNF W,[y Hence,
§lv = AssErT(W)Y) - lv .
and |nl¥| = v(S!¥). From Case(3.1), the dialogue fragment
85 = ASSERT(%}) - UNIT(y) - 9l -
is legal and is terminated. Setting g = UNIT(y) - 5%, we obtain
ms| = 1+ = 1+v(S¥) = v(S)

A similar construction applies in those cases where y is a monotone literal — substituting
the utterance MONO(y) for UNIT(y) — and when y is a branching literal with exactly one
child S!¥ — in this case, substituting the utterance PROPOSE(y) for UNIT(y).

The remaining case is when S comprises a root node labelled y with two children —
S!¥ and SI™¥ — the former a full DPLL-search tree for the clause set C'(¥)!¥, the latter a
full DPLL-search tree for the set C'(¥)I™¥. We use #!¥ and /™% to denote the contexts
in Acnr corresponding to these CNF-formulae. As in the previous case, v(SI¥) <
v(S) = M and v(S17¥) < v(S) = M. Invoking the Inductive Hypothesis, we identify
legal terminated dialogues, over the respective contexts $¥ and /™Y

Sl = ASSERT(WI_'?”) . 17|_‘y . 'u|_‘y
with || = v(S1¥) and |5!™¥| = v(SI7Y).
We first note that the set C'(%)!¥ cannot be satisfiable — if it were the search-tree

S17% would not occur. We can thus deduce that /¥ = REBUT(¥!¥). Now consider the
dialogue fragment, dg, from the context &y,

ASSERT(%}) - PROPOSE(y) - ¥ - DENY(y) - /™% - ul™v

Certainly this is a legal terminated dialogue via the Inductive hypothesis and Cases 4.2,
4.3(a-b). In addition, with

ns = PROPOSE(y) - n!¥ - DENY(y) - /™%



we have
sl = 2+ Y]+ 07| = 24 v(SW) +w(SI7Y) = w(S)

so completing the Inductive proof of Part 1.
For Part 2 we use an inductive argument on |n| > 0. Let § = ASSERT(¥},) - 7 - pu be
a legal terminated dialogue in Tp pr. 1, as above, with

i € {REBUT(¥;), PROPOSE(y), MONO(y), UNIT(y) }
For the inductive base, we have |n| = 0, in which event it must hold that
0 € {ASSERT(¥},) - REBUT(W,), ASSERT(¥}) - MONO(y), ASSERT(W) - UNIT(y)}

In the first of these, via Case 4.1, ¥}, is unsatisfiable by virtue of it containing an empty
clause or having both (z) and (—z) as clauses. Thus, choosing S as the empty tree
gives ¥(S) = |n| = 0. In the remaining two possibilities, ¥, must be satisfied by the
instantiation that sets the literal y to true and now choosing S as the tree consisting of
a single node labelled y gives a full DPLL search tree for ¥}, with v(S) = |n| = 0.

For the inductive step, assume that given any

d' = ASSERT(?') -0 -

a legal terminated dialogue in Tppy, in which |n'| < r 4+ 1 for some 7 > 0, there is a
full DPLL search tree S’ for ' with v(S') = |n'|. We show that if

0 = ASSERT(¥) -1 - b

is a legal terminated dialogue in Tppy, g, in which |p| = r + 1 then we can construct a
full DPLL search tree, S for ¥ with v(S) = r + 1. Noting that || > 1, let 1 be the first
locution occuring in 7, so that

d = ASSERT(¥) - 1 -1’ -
It must be the case that
1 € {MONO(y), UNIT(y), PROPOSE(y)}

For the first two,
8" = ASSERT(ZY) -5y’ -

is a legal terminated dialogue for the set of clauses C'(¥)!¥, thus by the inductive hy-
pothesis there is a full DPLL search tree S1¥ for this set with v(S1¥) = |n/| = r. Defining
the tree S by taking a single node labelled y whose only child is the root of S!¥ provides
a full DPLL search tree for ¥ whose size is exactly |n| = r + 1.

The remaining possibility is g1 = PROPOSE(y). First suppose that the locution
DENY (y) does not occur in 5': then, exactly as our previous two cases

8 = ASSERT(P!Y) - - 1



is a legal terminated dialogue for the set of clauses C'(¥)!¥ and we form a full DPLL
search tree S for ¥ from SI¥ — a full DPLL search tree for the set of clauses C(¥)¥
which has size |n'| via the inductive hypothesis — by adding a single node labelled y
whose sole child is the root of S!¥. The resulting tree has size || as required.

Finally, we have the case in which DENY(y) does occur in 7. For such,

0 = ASSERT(¥) - PROPOSE(Yy) - 11 - DENY(y) - 1j2 -
Consider the two dialogues

6, = ASSERT(¥I).nREBUT(PIY)
6-y = ASSERT(¥I™Y) .1y -

Clearly ¢, is a legal terminated dialogue for the set of clauses C ()Y and, similarly,
-, one for the set of clauses C(¥) I=¥_ Hence, by the inductive hypothesis we find full
DPLL search trees — SI¥ and SI™¥ — of sizes |11 | and |n2| respectively for these clause
sets. Consider the DPLL search tree, S, formed by adding a single node labelled y whose
left child is the root of S and whose right child that of SI™¥. Then

() =v(S¥) + v(S"Y) + 2 = ||+l +2 = n|
Thus completing the inductive argument.
Corollary 1. An instance,
U = (&, ASSERT(W, ), PROPOSE(y))

of the Optimal Utterance Problem for Appr 1, is accepted if and only if y is neither a
unit-clause nor a monotone literal and y is an optimal branching literal for the clause

set C'(Wy,).

Proof. If y defines a unit-clause or monotone literal in ¥y, then PROPOSE(y) is not a
legal continuation of ASSERT(W},). The corollary is now an easy consequence of Theo-
rem 2: suppose that

0 = ASSERT(¥}) - PROPOSE(Y) - 1] - iy

is a minimum length completion of ASSERT(¥},), then Part 2 of Theorem 2 yields a full
DPLL-search tree, R, for C(¥},) of size 1 + |n| whose root is labelled y. If R is not
minimum then there is smaller full DPLL-search tree, S. From Part 1 of Theorem 2 this
yields a legal terminated dialogue

ASSERT (W) - f1s - s -

with
v(S) = |us -ms-pul —1 < |PROPOSE(Y) -7~ py| —1 = v(R)

which contradicts the assumption that § is a minimum length completion.



We now obtain a lower bound on the complexity of OUP(?) via the following result
of Liberatore [19].

Fact 1 Liberatore ([19]) Given an instance (C,y) where C is a set of clauses and y a
literal in these, the problem of deciding whether y is an optimal branching literal for
the set C' is NP—hard and CO-NP-hard.

Theorem 3 The Optimal Utterance in A Problem is NP—hard and CO-NP-hard.

Proof. Choose A as the sequence of schema { APPLLY From Corollary 1 an instance
(®), ASSERT (¥, ), PROPOSE(y)) is accepted in 0UP(?) if and only if 3 does not form
a unit-clause of ¥y, is not a monotone literal, and is an optimal branching literal for
the clause set C'(¥). We may assume, (since these are easily tested) that the first two
conditions do not hold, whence it follows that decision methods for such instances of
ouP(4) yield decision methods for determining if y is an optimal branching literal for
C(¥;). The complexity lower bounds now follow directly from Liberatore’s results
stated in Fact 1.

4 Conclusion

The principal contentions of this paper are three-fold: firstly, in order for a dialogue pro-
tocol to be realised effectively in a multiagent setting, each agent must have the capa-
bility to determine what contribution(s) it must or should or can make to the discussion
as it develops; secondly, in deciding which (if any) utterance to make, an agent should
(ideally) take cognisance of the extent to which its utterance is ‘optimal’; and, finally,
the criteria by which an utterance is judged to be ‘optimal’ are application dependent.
In effect, the factors that contributors take into consideration when participating in one
style of dialogue, e.g. bargaining protocols, are not necessarily those that would be
relevant in another style, e.g. persuasion protocols.

We have proposed one possible interpretation of “optimal utterance in persuasion
protocols’: that which leads to the debate terminating ‘as quickly as possible’. There
are, however, a number of “length-related” alternatives that may merit further study.
We have already mentioned in passing the view explored in [11]. One drawback to the
concept of “optimal utterance” as we have considered it, is that it presumes the protocol
is “well-behaved” in a rather special sense: taking the aim of an agent in a persua-
sion process as “to convince others that a particular proposition is valid”, the extent to
which an agent is successful may depend on the ‘final’ commitment state attained. In
the DPLL-protocol this final state is either always empty (if ¥}, is not satisfiable) or al-
ways non-empty: the protocol is “sound” in the sense that conflicting interpretations of
the final state are not possible. Suppose we consider persuasion protocols where there
is an ‘external’ interpretation of final state, e.g. using a method of defining some (se-
quence) of mappings 7 : p(Pr) — {true, false, L}, so that a terminated dialogue,
4, with 7(X'(6)) = true indicates that the persuading agent has successful demon-
strated its desired hypothesis; 7(X'(J)) = false indicates that its hypothesis is not valid;
7(X(8)) = L indicates that no conclusion can be drawn.” There are good reasons why

7 For example, game theorists in economics have considered the situation where two advocates
try to convince an impartial judge of the truth or otherwise of some claim, e.g. [14,31].



we may wish to implement ‘seemingly contradictory’ protocols, i.e. in which the per-
suasion process for a given context ¢ can terminate in any (or all) of true, false or
L states, e.g. to model concepts of cautious, credulous, and sceptical agent belief, cf.
[27]. In such cases defining “optimal utterance” as that which can lead to a shortest
terminated dialogue may not be ideal: the persuading agent’s view of “optimal” is not
simply to terminate discussion but to terminate in a true state; in contrast, “sceptical”
agents may seek utterances that (at worst) terminate in the inconclusive L state. We note
that, in such settings, there is potentially an “asymmetry” in the objectives of individual
agents — we conjecture that in suitably defined protocols and contexts with appropri-
ately defined concepts of “optimal utterance” the decision problems arising are likely
to prove at least as intractable as those for the basic variant we consider in Theorem 3.

A natural objection to the use of length-related measures to assess persuasion pro-
cesses is that these do not provide any sense of how convincing a given discourse might
be, i.e. that an argument can be presented concisely does not necessarily render it ef-
fective in persuading those to whom it is addressed. One problem with trying formally
to capture concepts of persuasiveness is that, unlike measures based on length, this is
a subjective measure: a reasoning process felt to be extremely convincing by one party
may fail to move another. One interesting problem in this respect concerns modeling
the following scenario. Suppose we have a collection of agents with differing knowl-
edge and ‘prejudices’ each of whom an external agent wishes to persuade to accept
some proposition, e.g. election candidates seeking to persuade a cross-section of voters
to vote in their favour. In such settings one might typically expect contributions by the
persuading party to affect the degree of conviction felt by members of the audience in
different ways. As such the concept of an ‘optimal’ utterance might be better assessed
in terms of proportionate increase in acceptance that the individual audience members
hold after the utterance is made. Recent work in multi-agent argumentation has con-
sidered dialogues between agents having different knowledge, different prejudices or
different attitudes to the utterance and acceptance of uncertain claims, e.g. [1,28].

We conclude by mentioning two open questions of interest within the context of
persuasion protocols and the optimal utterance problem in these. In practical terms,
one problem of interest is, informally, phrased as follows: can one define “non-trivial”
persuasion protocols for a “broad” collection of dialogue contexts within which the
optimal utterance problem is tractable? We note that, it is unlikely that dialogue are-
nas encompassing the totality of all propositional formulae will admit such protocols,
however, for those subsets which have efficient decision procedures e.g. Horn clauses,
2-CNF formulae, appropriate methods may be available. A second issue is to consider
complexity-bounds for other persuasion protocols: e.g. one may develop schema for the
arena Aoy p defined via the TPI—dispute mechanism of [32], the complexity (lower and
upper bounds) of the optimal utterance problem in this setting is open, although in view
of our results concerning Dp py 1, it is plausible to conjecture that the optimal utterance
problem for D py will also prove intractable.
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