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Abstract. In this talk, we will discuss the proof of certain cases of the strong Artin conjecture
over totally real fields. Our approach is via analytic continuation of overconvergent p-adic Hilbert
modular forms. We will first survey the case of the (odd icosahedral) Artin conjecture over Q. We
begin by recalling definitions of overconvergent and p-adic modular forms and go on to explain
the strategy of Buzzard-Taylor for proving modularity of certain Galois representations using
the gluing of overconvergent modular forms over modular curves. We, then, explain some of the
novelties involved in the Hilbert case and briefly present the main ideas of the proof. This talk
is dedicated to Prof. Siavash Shahshahani on the occasion of his 70-th birthday.

1. Introduction

The L-function of an “algebraic object” X is a function L(X, s) in one variable s ∈ C which
encodes certain mod-p data arising from X for all primes p. While such L-functions are not
defined analytically, it can often be shown that they converge on a certain right half-plane in
C by elementary methods. It is, however, generally profoundly difficult to show that such L-
functions extend analytically to the entire complex plane (i.e., they are entire). In fact, such an
analytic continuation result would have far-reaching consequences for the algebraic structure of
the object X. An example is the Birch–Swinnerton-Dyer conjecture which predicts the rank of
the group of rational points on an elliptic curve to be the order of vanishing of its L-function at
s = 1, a point outside the initial domain of convergence of the L-function. The general framework
for attaching L-functions to algebraic objects is to attach L-functions to an associated Galois
representation, i.e., a (continuous) representation of the Galois group of a finite extension of Q
on a finite dimensional vector space.

There is another class of L-functions which are associated to automorphic representations or
automorphic forms. Automorphic forms (which are generalizations of modular forms) are analytic
functions which possess many symmetries, and the L-function associated to an automorphic form
encodes analytic data such as the coefficients of the Fourier expansion of the form. The analytic
nature of the definition of such L-functions often allows us to prove that they can be extended
to the entire complex plane without much difficulty.

The Langlands program is a collection of conjectures establishing surprising links between
objects from analysis and algebra. A class of conjectures within the Langlands program predict
that the algebraic and analytic L-functions are essentially the same. For example, a very special
case is the Taniyama-Shimura-Weil conjecture which states that for every elliptic curve E defined
over Q (an algebraic object), the L-function L(E, s) is the same as the L-function L(f, s) of a
modular form f of weight 2 with Fourier coefficients in Q (an analytic object). In particular, this
shows that L(E, s) is entire, since L(f, s) is entire. This was famously used by Wiles to prove
the Fermat’s Last Theorem.
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The Artin conjecture can be studied in the context of the Langlands program. Let F be a
number field with absolute Galois group GF . Let n ≥ 2, and assume that

ρ : GF → GLn(C)

is an irreducible continuous representation of GF . Let L(ρ, s) denote the L-function attached to
ρ. The Artin conjecture predicts that L(ρ, s) is entire. The link to Langlands program is via the
strong Artin conjecture which predicts the existence of an automorphic form ϕ for GLn, such
that

L(ρ, s) = L(ϕ, s).

This would certainly prove the Artin conjecture as L(ϕ, s) is known to be entire.
When n = 2 and F = Q, the strong Artin conjecture predicts the existence of a modular

eigenform f of weight 1 such that L(ρ, s) = L(f, s). In fact, to every modular eigenform f ,
one can associate a Galois representation ρf such that L(f, s) = L(ρf , s). The conjecture can,
therefore, be rephrased to predict that every irreducible continuous representation

ρ : GQ → GL2(C)

is equivalent to a Galois representation of the form ρf for a modular eigenform of weight 1.
In this case, we say that f gives rise to ρ. The Artin conjecture is a theorem in this case as a
consequence of the work of Khare–Wintenberger and Kisin on Serre’s conjecture. However, before
this rather recent work, various cases of the strong Artin conjecture were proven by different
methods over many years. The problem can be classified according to the projective image of ρ,
as cyclic, dihedral, tetrahedral, octahedral, or icosahedral. The Artin conjecture for the cyclic
or dihedral cases follows from Hecke’s work. The tetrahedral and octahedral cases were settled
by Langlands and Tunnell using the method of base change. Many (odd) icosahedral cases were
proven by Buzzard–Dickinson–Shepherd-Barron–Taylor [1] following a program of Taylor, and
using crucially a modularity lifting result of Buzzard-Taylor [2].

When n = 2 and F is a totally real field, the strong Artin conjecture predicts that ρ is equivalent
to the Galois representation associated to a Hilbert modular form of weight (1, 1, · · · , 1).

In this talk, we would like to focus on the Buzzard-Taylor approach. Given a representation ρ,
they produce two p-adic overconvergent modular forms f, g giving rise to ρ, and show that f and
w(g) (where w is the Atkin-Lehner involution) glue together to produce a classical modular form
which gives rise to ρ. In the following, we will give a short introduction to the Buzzard-Taylor
strategy and explain how it can be generalized to the case of Hilbert modular forms.

2. p-adic modular forms

Let H be the complex upper-half plane, and Γ a (congruence) subgroup of SL2(Z). Then Γ
acts on H via the so-called Mobius transformations, and the quotient space H/Γ is a complex
Riemann surface whose points classify pairs (E,α) where E is an elliptic curve, and α is a certain
additional structure called a level-Γ structure on E.

A modular form of weight k and level Γ ⊂ SL2(Z) can be thought of as a section of a certain
line bundle ωk on H/Γ which can be extended to the compactification of H/Γ. Let us call this
compactification XΓ(C); it is a compact Riemann surface which can hence be thought of as an
algebraic variety over C. It is a theorem that the polynomial relations defining this variety can
be taken to have coefficients in Q. This implies that there is an algebraic variety XΓ defined over
Q whose complex points form the above Riemann surface. Moreover, the line bundle ωk also
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descends to a line bundle on XΓ (denoted still ωk). In particular, we have

Mk(Γ,Q) := H0(XΓ, ω
k) ⊂ H0(XΓ(C), ωk)

the space of modular forms defined over Q as a subspace of all modular forms of weight k and
level Γ. We have already passed from the category of Riemann surfaces to that of algebraic
varieties. To define p-adic modular forms, we need to further move from the category of algebraic
varieties to that of p-adic rigid analytic varieties. Let Qp denote the field of p-adic numbers, and
Zp its subring of p-adic integers. For this talk, it is enough to know the following facts about
rigid analytic varieties:

(1) To any algebraic variety Z over Q, we can associate a (p-adic) rigid analytic variety Zan

over Qp with the property that every algebraic function on Z would provide a rigid analytic
function on Zan (but not vice-versa; in general, there will be many more analytic functions
than algebraic functions, just as there are many more power series than polynomials).

(2) If U ⊂ Z is a Zariski open subset (which is itself an algebraic variety over Q), then Uan

is a rigid analytic open subset of Zan (but there will be many more rigid analytic open
subsets of Zan; these are usually called admissible open subsets of Zan.)

(3) To any vector bundle F on Z, one can associate a corresponding vector bundle Fan on
Zan such that

H0(Z,F) ⊂ H0(Zan,Fan).

Applying the above construction to the modular curve XΓ, we obtain a rigid analytic variety
Xan

Γ , and a sheaf (ωk)an on it, which we will continue to denote by ωk for simplicity of notation.
In particular, the above facts tell us that:

Mk(Γ,Q) ⊂ H0(Xan
Γ , ωk),

i.e., that modular forms defined over Q can be thought of as p-adic rigid analytic section of ωk on
Xan

Γ . This is the passage from the category of algebraic varieties to the category of rigid analytic
varieties that we alluded to above. It has the advantage that Xan

Γ has many more admissible
open subsets than XΓ has Zariski open subsets. This allows us to define p-adic modular forms.
We begin by some preparations.

Let Γ = Γ0(p) consisting of matrices in SL2(Z) whose lower left entry is divisible by p. In
this case, a level-Γ structure of an elliptic curve E is the data of a subgroup C of order p of
E. In other words, the (noncuspidal) points of Xan

Γ0(p) correspond to pairs (E,C), where E is

an elliptic curve, and C is a subgroup of E of order p. Every such E can be reduced modulo p
(by reducing its defining equation modulo p) to give an elliptic curve in characteristic p denoted
E. Depending on whether E[p], the p-torsion points in E with coordinates in Fp, is Z/pZ or 0,
we call E of ordinary or supersingular reduction (these are all the possibilities). The locus of
points of ordinary (resp., supersingular) reduction in Xan

Γ0(p) is denoted Z (resp., S). Both Z and

S are examples of admissible opens of Xan
Γ0(p) which are not Zariski open. In fact, it is easy to

show that Z has two connected components Z0 and Z∞ which are, respectively, the étale and
multiplicative loci of Z, though we will not concern ourselves with the technical definitions here.
In short, Xan

Γ0(p) can be written as

Xan
Γ0(p) = Z0 ∪ S ∪ Z∞,
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a decomposition only possible in the category of rigid analytic varieties. Using the properties of
the subgroup C ⊂ E, one define a function

ν : Xan
Γ0(p) → [0, 1] ∩Q,

with the property that Z∞ = ν−1{0}, S = ν−1(0, 1), and Z0 = ν−1{1}. In fact, for any interval
I ⊂ [0, 1], we define

Xan
Γ0(p)I := ν−1I.

For instance, we have Z∞ = Xan
Γ0(p)[0, 0], S = Xan

Γ0(p)(0, 1), and Xan
Γ0(p) = Xan

Γ0(p)[0, 1].

We define the space of p-adic modular forms to be

Mp−adic
k := H0(Z∞, ωk).

This is a huge infinite-dimensional p-adic Banach space which contains the finite-dimensional
space of modular forms of level Γ0(p) defined over Q as follows:

Mk(Γ0(p),Q) = H0(XΓ0(p), ω
k) ⊂ H0(Xan

Γ0(p), ω
k)→ H0(Z∞, ωk) =Mp−adic

k ,

where the arrow is restriction of sections from Xan
Γ0(p) to Z∞. A key insight in the theory of p-adic

modular forms, due to Dwork and Katz, was to consider the smaller subspace of overconvergent
modular forms. These are section of ωk on Z∞ which “overconverge slightly” into the locus of
supersingular reduction S. In other words, every overconvergent modular form is an element of

H0(V, ωk),
where V ⊃ Z∞ is an admissible open which is a strict neighborhood of Z∞ in Z∞ ∪S. We won’t
define the technical notion of strict neighborhood here, but it would be instructive to know the
following example: in the p-adic open disc of radius one, D, a strict neighborhood of the circle of
radius one is an open subset containing an annulus of the form A = {x ∈ D : 1− ε ≤ |x|p ≤ 1},
for some ε > 0. In terms of ν, a strict neighborhood of Z∞ = Xan

Γ0(p)[0, 0] is an admissible open

containing Xan
Γ0(p)[0, ε], for some ε > 0. In short, a p-adic modular form is overconvergent if

it extends from Z∞ = Xan
Γ0(p)[0, 0] to Xan

Γ0(p)[0, ε], for some ε > 0. Let us denote the space of

overconvergent modular forms of weight k and level Γ0(p) by Moc
k . We have

Mk(Γ0(p),Q) ⊂Moc
k ⊂M

p−adic
k ,

where the inclusions are induced, respectively, by restriction of sections from Xan
Γ0(p) to Xan

Γ0(p)[0, ε],

and from Xan
Γ0(p)[0, ε] to Z∞. Overconvergent modular forms in the image of Mk(Γ0(p),Q) in

Moc
k are called classical.

3. The Buzzard-Taylor strategy

Let ρ : GQ → GL2(C) be an irreducible continuous two-dimensional Galois representation. To
prove the strong Artin conjecture, one needs to find a modular form f of weight 1 whose associated
Galois representation is equivalent to ρ. A strategy to do so is to first find an overconvergent
modular form f with this property, and then prove that this f must be classical. There is a p-adic
analytic GAGA theorem (analogous to Serre’s complex analytic GAGA) which gives a way to
distinguish classical forms in Moc

k . Let X be an algebraic variety over Q which is complete and
nonsingular, and F a vector bundle on X. Let Xan, Fan be the corresponding rigid analytic
versions. Then, the p-adic analytic GAGA states that

H0(X,F)⊗Q Qp
∼= H0(Xan,Fan).
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In other words, when the variety is complete and nonsingular, every p-adic analytic global section
of the vector bundle is indeed an algebraic one. In our context, this implies that every overcon-
vergent modular form that can be p-adically analytically extended from its domain of definition
V to the entire Xan

Γ0(p) is a classical modular form (up to tensoring with Qp). Therefore, in the

above-explained strategy, it is enough to show that f can be rigid analytically extended from V
to Xan

Γ0(p).

Buzzard-Taylor [2] show this in the following way. They first combine the Taylor-Wiles method
(à la Diamond) with Hida theory to produce two overconvergent modular forms of weight 1, say
f , g, both giving rise to ρ, and both defined on V, a strict neighborhood of Z∞. The Atkin-Lehner
involution

w : Xan
Γ0(p) → Xan

Γ0(p)

sends the point (E,C) to (E/C,E[p]/C). It has the property that ν(wx) = 1−ν(x). In particular,
we have w(Z∞) = Z0, and w(S) = S. Buzzard-Taylor consider f defined on V ⊃ Z∞ and w(g)
defined on w(V) ⊃ Z0, and show that

f = g on V ∩ w(V).

This implies that f and g glue together to produce a rigid analytic section of ωk on V ∪ w(V)
which extends f . Finally, they show that the domain of definition of f, g, i.e., V, can be taken
large enough so that

V ∪ w(V) = Xan
Γ0(p).

It follows, then, that f can be extended to the entire Xan
Γ0(p), and, hence, f is classical.

Let us assume that V = Xan
Γ0(p)[0, ε]. To ensure V∪w(V) = Xan

Γ0(p), it is enough to have ε > 1/2.

A priori, an overconvergent modular form may not be defined on so large a domain. However,
if f is an eigenform for the p-th Hecke operator Up, and if Up(f) 6= 0 (the so-called finite slope
case), then, it can be shown that f will always automatically extend to

Vcan := Xan
Γ0(p)[0,

p

p+ 1
).

The significance of Vcan is that it is the domain over which the canonical subgroup is defined.
We won’t define this notion here, but we point out that the canonical subgroup is used in the
process of analytic continuation of f from an initial domain of definition V = Xan

Γ0(p)[0, ε] to the

canonical locus Vcan. The analytic continuation is carried out by an iterative application of the

Up operator, replacing f with
Un
p (f)

anp
at the n-th stage, which progressively extends the domain of

definition of f until it reaches Vcan.

4. The Strong Artin Conjecture over totally real fields

One would like to generalize the Buzzard-Taylor method to the case of totally real fields.
When p is split in the totally real field, this was carried out by Sasaki [8]. In this case, there
are as many analogues of Up operators as the degree of the totally real field (which is also the
dimension of the relevant modular variety), and one can essentially carry out the Buzzard-Taylor
strategy separately in each direction. When p is not split in the totally real field, there are fewer
Up operators. For example, when p is inert, there is only one Up operator, and the problem of
analytic continuation takes a fundamentally different shape from the classical case of Buzzard-
Taylor. There has been recent progress in this case in a series of works. In [5], we proved the
result under the assumption that p is unramified in the totally real field and that the Galois
representation is unramified at p. This work has been generalized in two directions. Pilloni [7]
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has proved the same result allowing some ramification for the prime p in the totally real field,
and, in a joint work with Sasaki and Tian [6], we have extended the result to the case where
some ramification is allowed for the Galois representation at p.

We prove the following result in [5].

Theorem 4.1. Let F be a totally real field in which p is unramified. Let

ρ : GF → GL2(O)

be a continuous representation, where O is the ring of integers in a finite extension of Qp, and
m its maximal ideal. Assume

• ρ is unramified outside a finite set of primes,
• For every prime p|p, we have ρ|Dp

∼= αp ⊕ βp, where αp, βp : Dp → O× are unramified

characters, distinct modulo m,
• ρ := (ρ mod m) is ordinarily modular,
• ρ is absolutely irreducible when restricted to GF (ζp).

Then, ρ is isomorphic to ρf , the Galois representation associated to a Hilbert modular eigen-
form f of weight (1, 1, · · · , 1) and level Γ1(N), for some integer N prime to p.

The above result can be combined with a mod-5 modularity method of Taylor (which was
carried out by Sasaki [8] in the totally real case) to prove the following cases of the strong Artin
conjecture over totally real fields.

Theorem 4.2. Let F be a totally real field in which 5 is unramified. Let

ρ : GF → GL2(C)

be a totally odd and continuous representation satisfying the following conditions:

• ρ has the projective image A5.
• For every prime p|5, we have ρ|Dp

∼= αp ⊕ βp, where αp, βp : Dp → O× are unramified

characters, distinct modulo m,
• For every prime p|5, the projective image of the decomposition group Dp at p has order

2. Furthermore, the quadratic extension of Fp fixed by the kernel of Dp ↪→ GF
projρ→ A5 is

not Fp(
√

5).

Then, there exists a holomorphic Hilbert cuspidal eigenform f of weight (1, 1, ..., 1) such that ρ
arises from f in the sense of Rogawski-Tunnell, and the Artin L-function L(ρ, s) is entire.

In the next section, we briefly explain some of the ideas in the proof of Theorem 4.1.

5. p-adic Hilbert modular forms

Let F be a totally real field of degree d > 1 over Q. For simplicity of presentation, assume
that p is inert in F . Let OF denote the ring of integers of F , and κ = OF /p the residue field of
the prime ideal (p).

Let X denote the Hilbert modular variety of level 1 over Q which classifies d-dimensional
abelian varieties with an action of OF and a polarization (satisfying the Rapoport condition)
often denoted by A. To be precise, one has to consider a large enough prime-to-p level for X to
exist as an algebraic variety, but we will allow this technical imprecision for simplicity.

Let Y denote the Hilbert modular variety of level Γ0(p) which classifies (A,C), where A is
as above, and C is a (totally isotropic) p-torsion subgroup of order pd which is stable under the
OF -action. There is a map π : Y → X which sends (A,C) to A.
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For any d-tuple of integers k = (k1, · · · , kd), there is a line bundle ωk on X such that (Q-
rational) Hilbert modular forms of level 1 and weight k are sections of ωk on X. We denote the
pullback of ωk under π to Y still by ωk. The space of (Q-rational) Hilbert modular forms of
weight k and level Γ0(p) is defined to be

MH
k (Γ0(p),Q) := H0(Y, ωk).

Let Xan, Y an denote the rigid analytic versions of X,Y as explained in §2, and

π : Y an → Xan

the map induced by π : Y → X. We denote the analytification of ωk by ωk again. In [4], we
studied the mod-p and the p-adic geometry of Y an. We defined a function

ν = (νi)1≤i≤d : Y an → ([0, 1] ∩Q)d,

which allows one to visualize the rigid analytic space Y an as an n-dimensional hypercube. Let

ν =
∑d

i=1 νi. For any interval I ⊂ [0, d], we define Y anI = ν−1I. The Atkin-Lehner involution

w : Y an → Y an

sends (A,C) to A/C,A[p]/C), and satisfies νi(w(x)) = 1− νi(x), for all 1 ≤ i ≤ d.
One can show that Y an[0, 0] is a finite union of connected components of the locus of ordinary

reduction in Y an. We define the space of p-adic Hilbert modular forms of weight k

MH,p−adic
k := H0(Y an[0, 0], ωk).

The subspace of overconvergent Hilbert modular forms, denoted MH,oc
k , consists of those p-adic

Hilbert modular forms which can be extended from Y an[0, 0] to Y an[0, ε] for some ε > 0. The p-th
Hecke operator, Up, acts on the space of p-adic Hilbert modular forms and preserves the subspace
of overconvergent Hilbert modular forms. A form f is said to have finite slope if Up(f) = apf ,
for some ap 6= 0.

6. Analytic continuation of overconvergent Hilbert modular forms

In [4], we prove the following result.

Theorem 6.1. Let notation be as in §5.

• The canonical locus

Vcan := {Q ∈ Y an : νi(Q) + pνi−1(Q) < p, ∀ 1 ≤ i ≤ d}

is the set of all (A,C), where C is the canonical subgroup.
• Any overconvergent Hilbert modular form of finite slope extends p-adically analytically to

the canonical locus Vcan.

This could be taken as the beginning point of generalizing the Buzzard-Taylor argument.
Given the Galois representation ρ as in Theorem 4.1, one can apply the Taylor-Wiles method in
conjunction with Hida families to produce two overconvergent Hilbert modular forms hα, hβ of
weight 1 giving rise to ρ: these forms satisfy Up(hα) = αp(Frobp)hα and Up(hβ) = βp(Frobp)hβ,
where Frobp is any lift of the arithmetic Frobenius to Dp. Then, the sections

f := αp(Frobp)hα − βp(Frobp)hβ,

g := hα − hβ,



8 PAYMAN L KASSAEI

will also give rise to ρ. By Theorem 6.1, f and g extend to Vcan. One can then try to glue f
which is defined on Vcan to w(g) which is defined on w(Vcan), and hope to obtain a section that
extends f to the whole of Y an. The problem is that, unlike the case of modular curves,

Vcan ∪ w(Vcan) 6= Y an.

In fact, the region Vcan∪w(Vcan) misses “huge” parts of Y an in the sense that we explain below.
One can define the “mod-p” reduction of Y an, which is an algebraic variety Y in characteristic
p. Similarly, one can define X, and the natural map π : Y → X induces a map

π : Y → X.

Every point Q of Y an can be reduced mod p to produce a point Q of Y , called the reduction of
Q. In [4], we carried out a close study of the geometry of Y using a stratification defined in terms
of invariants for the subgroup C. For example, this study allows us to determine the location of
a point on the hypercube ([0, 1] ∩ Q)g via ν in terms of the stratum of Y its reduction belongs
to. This can be used to show that Vcan ∪ w(Vcan) misses all the points whose reductions belong
to (a dense subset) of certain d-dimensional components in Y . These are the so-called vertical
components of Y which can be defined as those components which collapse in dimension under
the natural map π : Y → X. The vertical components of Y only exist when p is not assumed
split in the totally real field.

To appreciate how large the complement of Vcan ∪ w(Vcan) is in Y an, it may be helpful to
recall the rigid analytic Koecher principle. It states that if h is a section of ωk defined on an
admissible open subset U ⊂ Y an whose reduction in Y has complement of codimension ≥ 2, then
h automatically extends to the entire Y an. As we have seen, the reduction of Vcan∪w(Vcan) in Y
has complement of codimension 0. This tells us we are “two dimensions away” from the desirable
situation.

In [5], we overcome this gap in two stages, by essentially increasing the relevant “codimension”
by 1 at each stage.

• The first stage: In the first stage, we show that f can be extended to a certain admissible
open R ⊂ Y an containing Vcan. We, then, glue f defined on R to w(g) defined on w(Vcan)
to obtain a section on R∪w(Vcan). The proof that f and g agree on R∩w(Vcan) requires a
close understanding of the connected components of certain subsets of Y which is possible
in light of the geometric results obtained in [4].

The region R∪w(Vcan) is substantially larger than Vcan ∪w(Vcan): the complement of
its reduction has codimension 1 in a carefully chosen collection of vertical components of
Y .

• The second stage: In the second stage, we prove that f descends under π : Y an → Xan.
This means that there is a region D ⊂ Xan such that π−1(D) ⊂ R∪w(Vcan), and a section
F of ωk on D, such that

π∗(F ) = f on π−1(D).

To extend f to the entire Y an, it is, hence, enough to extend F from D to the entire Xan.
Since the vertical components of Y collapse in dimension under the map π : Y → X, it
follows that the reduction of D in X has complement of codimension ≥ 2. Hence, the
extension of F from D to Xan is automatic by the rigid geometric Koecher principle.

The region R is defined as follows: for any point Q = (A,C) of Y , let τ(Q) be the type of
the reduction mod p of A as defined in [3]. It can be morally thought of as the collection of
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the directions in which A has non-ordinary reduction; it has cardinality between 0 and d. Let
Y an,|τ |≤1 be the admissible open of Y an consisting of points Q such that τ(Q) has cardinality at
most 1. We define

R = Y an,|τ |≤1[0, d−
d−1∑
i=1

1

pi
) ∪ Vcan.

In [5], we prove that every finite slope overconvergent Hilbert modular form extends automatically
from its domain of definition to R.

We would like to close by saying a few words about the work in [6], where we relax the condition
that ρ is unramified at p. In this case, one can no longer descend to Xan, and, hence, one should
do further analytic continuation directly on Y an (or Hilbert modular varieties of higher level).
We achieve this by proving that every finite slope overconvergent Hilbert modular form extends
automatically to an admissible domain Σ which is substantially larger than R. The definition of
Σ is given in terms of the “generic loci” in the stratification on Y defined and studied in [4].
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