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Overview

Classical problem (1973-) with many applications
This lecture: Overview covering both classical and recent results with
emphasis on intuition
Background: Basics of information theory and coding theory
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Example: File Synchronization
xn=(01001…0)

yn=(00011…1)
nR bits

Goal: File synchronization with minimum (bit) rate [Orlitsky ’91]
R rate (bits per source symbol)
Key observation: leveraging the side information, R < 1 bits may
suffice
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Example: File Synchronization

xn=(01001…0)

yn=(00011…1)
nR bits

Source coding (compression) with side information
Encoder: xn (and possibly yn)→ nR bits (message or code)
Decoder: (nR bits,yn)→ xn
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Example: File Synchronization

n = 3
At most one substitution

If y3 is known at the encoder, only the error pattern x3⊕y3 must be
communicated (delta compression)
Ex.: x3 = (100) and y3 = (110), x3⊕y3 = (010)

Required number of bits

nR = log2(#error patterns)

= log2

((
3
0

)
+

(
3
1

))
= 2 bits
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Example: File Synchronization
When y3 is not known at the encoder...
Need to assign code (color) to each xn so that the decoder can
recover xn based on code and yn

What does the decoder know based on yn? Equivocation set at the
receiver: for yn = (000)

000

001

010

100

111

110

101

011
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Example: File Synchronization

Equivocation set at the receiver: for yn = (001)

000

001

010

100

111

110

101

011
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Example: File Synchronization
Each source sequence is connected to all others at a Hamming
distance of at most 2

000

001

010

100

111

110

101

011

(characteristic graph [Witsenhausen ’76]

The encoder must assign different codes to sequences connected by
an edge
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Example: File Synchronization
The encoder can thus encode with the same label (“color”) sequences
that are not connected by an edge (independent set)

000

001

010

100

111

110

101

011

A set with the same color forms a “bin”
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Example: File Synchronization

Encoding:

Bin Code
C1 = {000,111} 00
C2 = {001,110} 01
C3 = {100,011} 10
C4 = {010,101} 11

Same rate as the case in which y3 is known at the encoder! (But this
is not always the case for zero error [Orlitsky ’91])
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Example: File Synchronization
Bins

Encoder
n

X

n
Y

M

Decoder
n

X̂

n
X Channel

Channel decoding at the decoder...
Bins as channel codes?
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Example: File Synchronization
Bins

C1 = {000,111} is a (3,1) repetition code: can correct one bit flip
... zero-error channel code for the channel between X and Y

C2 = {001,110} is C1⊕ (001)... coset of C1 ((001) coset leader)

C3 = {100,011} is C1⊕(100) ... coset of C1 ((100) coset leader)

C4 = {010,101} is C1⊕(010) ... coset of C1 ((010) coset leader)
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Example: File Synchronization
Code

Parity matrix for C1 = {000,111}

H =

[
1 1 0
0 1 1

]

Codewords must satisfy: H

 0
0
0

= H

 1
1
1

=

(
0
0

)
(00) is the code for the sequences in C1

(00) is also known as the syndrome for C1
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Example: File Synchronization
Code

The code C2 = {001,110} is obtained in the same way

H

 0
0
1

= H

 1
1
0

=

(
0
1

)

(01) is referred to as the syndrome for C2

Check syndromes for C3 (10), and for C4 (11)
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Example: File Synchronization
Cosets and Syndromes

Bin (Coset) Code (Syndrome)
C1 = {000,111} 00
C2 = {001,110} 01
C3 = {100,011} 10
C4 = {010,101} 11

... The operation at the decoder can be interpreted as channel
decoding... [Orlitsky and Viswanathan ’03]
Binning is related to the concept of hashing [MacKay ’03]
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Slepian-Wolf/ Wyner-Ziv Problem
A Theory of Source Coding with Side Information

Tractable and relevant

“In theory, yes, Mrs. Wilkins. But also in theory, no”
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Slepian-Wolf/ Wyner-Ziv Problem
A Theory of Source Coding with Side Information

How much compression is possible for a given “correlation” between
xn and yn?
How to encode optimally?
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Slepian-Wolf Problem
Slepian and Wolf ’73

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Xn ∼ p(x) i.i.d., discrete finite alphabet
Memoryless side information “channel”: Y n|Xn = xn ∼∏

n
i=1 p(yi |xi )

Fixed-length codes: M ∈ {1,2, ...,2nR} (nR bits)
Correlation between X and Y is captured by p(x ,y) = p(x)p(y |x)
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Slepian-Wolf Problem
Doubly Symmetric Binary Source (DSBS)

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Binary Symmetric Source (BSS): Xi ∼
i.i.d.

Ber(1/2)

Binary Symmetric Channel (BSC(q)):

Yi = Xi ⊕Qi with Qi ∼
i.i.d.

Ber(q) and indep. of Xn

q = Pr[Xi 6= Yi ] (q ≤ 1/2)
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Slepian-Wolf Problem
Slepian and Wolf ’73

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Lossless compression: R is achievable if for any ε > 0, there exists a
sufficiently large n0 such that for n ≥ n0

Pr[X̂n 6= Xn]≤ ε

What is the infimum RSW of all achievable rates? How to achieve it?
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Slepian-Wolf Problem

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

File synchronization [Orlitsky ’91], distributed file backup and file
sharing systems [Suel and Memon ’02], reference based genome
compression [Chern et al ’12], ...
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Shannon Theory

Entropy H(A) =−E [log2 p(A)]: measure of “randomness” or
“uncertainty”

I For A∼ Ber(p), H(A) = H(p) =−p log2 p− (1−p) log2(1−p)

Mutual information I(A;B) = E
[
log2

p(A,B)
p(A)p(B)

]
: measure of

“correlation”
Conditional entropy H(A|B) = H(A)− I(A;B): measure of “residual
uncertainty”
Conditional mutual information I(A;B|C) = H(A|C)−H(A|B,C):
measure of “conditional correlation”
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Lossless Compression
El Gamal and Kim ’11

An ∼ p(a) i.i.d. (ex.: Ber(q))
H(A) bits/sample are necessary and sufficient for lossless compression
... Consequence of the fact that, with high probability, An is one of
the 2nH(A) typical sequences (ex.: for Ber(q), sequence with
approximately nq ones)
Achievable in practice with Huffman coding, arithmetic coding, LZ
techniques,... (e.g., [Sayood ’12])
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Packing Lemma (Channel Coding)
El Gamal and Kim ’11

Memoryless channel p(b|a) (ex.: BSC(q))

(1)n
A

(2 )n nR
A

n
B

Random codebook of 2nR codewords An(m), m = 1, ....,2nR

An(m)∼ p(a) i.i.d. and independent
If R < I(A;B), then Pr[M̂ 6= M]→ 0 as n→ ∞
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Slepian-Wolf Problem
Doubly Symmetric Binary Source (DSBS)

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Encoder:
I Divide the set of all binary sequences randomly and uniformly into

codebooks (bins) of sizes 2nI(X ;Y ) = 2n(1−H(q)) = 2n/2nH(q)

I (There are 2nH(q) codebooks or bins)
I The code associated to any binary sequence 2n is the index of the bin
→R > H(q)

Decoder:
I Channel decoding within the bin (successful with high probability by

the packing lemma)
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Slepian-Wolf Problem
Slepian and Wolf ’73

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

If the encoder knew Y n, it could calculate the error pattern
Qn = Xn⊕Y n ∼ Ber(q) i.i.d., which requires H(q) bits/sample for
lossless compression
“It follows” that RSW = H(q)
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Slepian-Wolf Problem
Slepian and Wolf ’73

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

The results can be generalized (see discussion around the more
general Wyner-Ziv problem)

RSW = H(X )− I(X ;Y )

= H(X |Y )

This is also the rate required if the encoder knows Y n (as in the
example)!
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Wyner-Ziv Problem
Wyner and Ziv ’76

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Lossy compression: Distortion measure 0≤ d(x , x̂) < ∞,
Ex.: Hamming distortion d(x , x̂) = 1(x 6= x̂); MSE d(x , x̂) = (x − x̂)2

Average per-block distortion

1
n

n

∑
i=1

E [d(Xi , X̂i )]≤ D

Ex.: With Hamming distortion
1
n ∑

n
i=1 E [d(Xi , X̂i )] = 1

n ∑
n
i=1Pr[Xi 6= X̂i ]
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Wyner-Ziv Problem
Wyner and Ziv ’76

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Lossy functional reconstruction d(x ,y , x̂) = d(f (x ,y), x̂) [Yamamoto
’82] [Feng et al ’04]

1
n

n

∑
i=1

E [d(Xi ,Yi , X̂i )]≤ D
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Wyner-Ziv Problem
Wyner and Ziv ’76

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

(R,D) is achievable if for any ε > 0, there exists a sufficiently large n0
such that for n ≥ n0

1
n

n

∑
i=1

E [d(Xi ,Yi , X̂i )]≤ D + ε

The rate-distortion function RWZ
X |Y (D) is the infimum of all R such

that (R,D) is achievable
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Wyner-Ziv Problem
Wyner and Ziv ’76

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Sensor networks [Draper and Wornell ’04], video coding [Aaron et al
’02],...
Systematic source-channel coding: analog+digital audio/video
broadcasting [Shamai et al ’98]
Denoising: fidelity-boosting sequence constrained to rate R [Jalali et
al ’10]
Networks: Relay channel [Cover and El Gamal ’79], distributed uplink
reception [Sanderovich et al ’09],...
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Covering Lemma
El Gamal and Kim ’11

Source An ∼ p(a) i.i.d. (ex.: An ∼
i.i.d.

Ber(1/2))

n

A
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Covering Lemma
El Gamal and Kim ’11

Cover (quantize) source An using a codebook of 2nR codewords
Ân(m) for m = 1, ...,2nR

ˆ (1)n
A

ˆ (2 )n nR
A
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Covering Lemma
El Gamal and Kim ’11

For “most” sequences An, we want to find a sequence Ân(m) such
that (An,Ân(m)) are “close”

ˆ ( )n
A m

n

A

Ex.: 1
n ∑

n
i=1 1(ai 6= âi )≤ D = 0.2

How large should R be?
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Covering Lemma
El Gamal and Kim ’11

“Closeness”: (An,Ân(m)) are jointly typical according to a desired
joint distribution p(a, â) = p(a)p(â|a)

ˆ ( )n
A m

n

A

Ex.: p(a, â) :
A\ Â 0 1
0 0.4 0.1
1 0.1 0.4
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Covering Lemma
El Gamal and Kim ’11

ˆ ( )n
A m

n

A

Ex.: p(a, â) :
A\ Â 0 1
0 0.4 0.1
1 0.1 0.4

→ Hamming distortion D = 0.2

p(a) given by the problem
p(â|a) is referred to as the inverse test channel

Intuitively, we need a larger R if we desire A and Â to be more
“correlated”
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Covering Lemma
El Gamal and Kim ’11

If the codewords Ân(m) are selected i.i.d. ∼ p(â) and independently
(random codebook), then if

R > I(A; Â),

we have

Pr[@ Ân
(m) jointly typical with An]→ 0 as n→ ∞

Quantization defined by the inverse test channel p(â|a)
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O. Simeone Source Coding With Side Information 40 / 241



Conditional Rate-Distortion Theory
Gray ’72

Encoder
nX

nY

M
Decoder nX̂

nX ( | )p y x

nY
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Conditional Rate-Distortion Theory
Converse

“Over, damn you, over!”
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Conditional Rate-Distortion Theory
Converse

Using data processing inequality, memorylessness and convexity
properties of the rate-distortion function, we get the lower bound:

RX |Y (D)≥ min
p(x̂ |x ,y)

I(X ; X̂ |Y )

s.t. E [d(X ,Y , X̂ )]≤ D

Proof: See Appendix-A
Note that p(x ,y , x̂) = p(x ,y)p(x̂ |x ,y)
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Conditional Rate-Distortion Theory
Achievability

DSBS(q) (Y = X ⊕Q where Q ∼ Ber(q)) with Hamming distortion
The lower bound

RX |Y (D)≥ min
p(x̂ |x ,y)

I(X ; X̂ |Y )

s.t. E [d(X ,Y , X̂ )]≤ D

leads to

RX |Y (D)≥ H(q)−H(D)

= I(Q; Q̂),

where p(q|q̂) is BSC(D)

... lower bound achievable by compressing the error Qn with inverse
test channel p(q̂|q) (delta compression)
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Conditional Rate-Distortion Theory
Achievability

Encoder
nX

nY

M
Decoder nX̂

nX ( | )p y x

nY

In order to obtain a more generally applicable scheme, note that:

RX |Y (D)≥ min
p(x̂ |x ,y)

I(X ; X̂ |Y ) = min
p(x̂ |x ,y) ∑

y∈Y
p(y)I(X ; X̂ |Y = y)

s.t. E [d(X ,Y , X̂ )]≤ D
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Conditional Rate-Distortion Theory
Achievability

i
Y

i
X M

Demux

Enc

Enc

Mux

M
Demux

Dec

Dec

i
Y

i
X̂

Mux

Context-adaptive encoding
Each subsequence is of length np(y) and is encoded using the inverse
test channel p(x̂ |x ,y)

Number of bits produced for each subsequence np(y)I(X ; X̂ |Y = y)
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Conditional Rate-Distortion Theory
Achievability

i
Y

i
X M

Demux

Enc

Enc

Mux

M
Demux

Dec

Dec

i
Y

i
X̂

Mux
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Conditional Rate-Distortion Theory

The achievable rate matches the lower bound: rate-distortion function

RX |Y (D) = min
p(x̂ |x ,y)

I(X ; X̂ |Y )

s.t. E [d(X ,Y , X̂ )]≤ D

O. Simeone Source Coding With Side Information 48 / 241



Wyner-Ziv Problem
Wyner and Ziv ’76

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

RX |Y (D) = minp(x̂ |x ,y) I(X ; X̂ |Y ) s.t. E [d(X ,Y , X̂ )]≤ D not
achievable!
Problem: the encoder cannot implement the inverse test channel
p(x̂ |x ,y)
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Wyner-Ziv Problem
Converse

Lower bound:

RWZ
X |Y (D)≥ min

p(u|x),f (u,y)
I(X ;U|Y )

s.t. E [d(X ,Y , f (U,Y ))]≤ D

Proof: See Appendix-B

O. Simeone Source Coding With Side Information 50 / 241



Wyner-Ziv Problem
Converse

Lower bound:

RWZ
X |Y (D)≥ min

p(u|x),f (u,y)
I(X ;U|Y )

s.t. E [d(X ,Y , f (U,Y ))]≤ D

Proof: See Appendix-B
Key point: We have the Markov chain U−X −Y so that
p(x ,y ,u) = p(x ,y)p(u|x)

.

.

.

.

.

.

1X

2X

3X

nX

1Y

2Y

nY

2Y
M

.

.

.

1X̂

2X̂

3X̂

ˆ
nX
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Wyner-Ziv Problem
Converse

Lower bound:

RWZ
X |Y (D)≥ min

p(u|x),f (u,y)
I(X ;U|Y )

= min
p(u|x),f (u,y)

I(X ;U)− I(U;Y )

s.t. E [d(X ,Y , f (U,Y ))]≤ D
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Wyner-Ziv Problem
Achievability: 1. Quantization

I(X ;U)− I(U;Y )

n

X
n

U

n

X

Quantization with inverse test channel p(u|x)
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Wyner-Ziv Problem
Achievability: 2. Binning

I(X ;U)− I(U;Y )

n

X
n

U

n

X

2nI(U;Y ) codewords per bin: the decoder can detect the codeword
inside the bin based on the side information Y n
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Wyner-Ziv Problem
Achievability: 3. Estimate

Final estimate: symbol-by-symbol function X̂i = f (Ui ,Yi )

Rate-distortion function:

RWZ
X |Y (D) = min

p(u|x),f (u,y)
I(X ;U|Y )

s.t. E [d(X ,Y , f (U,Y ))]≤ D
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Wyner-Ziv Problem
A One-Dimensional View

X
000
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100

……

101
X̂
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Wyner-Ziv Problem
Summary

If Y n is known at the encoder

RX |Y (D) = min
p(x̂ |x ,y)

I(X ; X̂ |Y )

s.t. E [d(X ,Y , X̂ )]≤ D

Achievability: Delta compression or mux/demux

If Y n not known at the encoder

RWZ
X |Y (D) = min

p(u|x),f (u,y)
I(X ;U|Y )

s.t. E [d(X ,Y , f (U,Y ))]≤ D

Achievability: Quantization, binning and estimate
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Wyner-Ziv Problem

As seen, we have RX |Y (0) = RWZ
X |Y (0)

The property extends to Gaussian sources with MSE distortion
[Wyner ’78]; and binary sources with erased side information and
Hamming/erasure distortion [Diggavi et al ’09] [Weissman and Verdú
’08]
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Wyner-Ziv Problem
Computation of the Rate-Distortion Function

Introducing Shannon strategies: T : Y → X̂ , we can write

RWZ
X |Y (D) = min

p(t|x)
I(X ;T |Y )

s.t. E [d(X ,Y ,T (Y ))]≤ D

Convex problem in p(t|x)

Can be solved using alternating optimization à la Blahut-Arimoto
[Dupuis et al ’04]
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Wyner-Ziv Problem
Example

DSBS(q) with Hamming distortion
RWZ

X |Y (D) = l .c.e.{H(q ∗D)−H(D),(q,0)} for D ≤ q

1/ 2q =

1/ 4q =

0.1q =
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Wyner-Ziv Problem
Example

| ( )X Y
R D

| ( )
WZ

X Y
R D

(q = 1/4)
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Overview
PART I: Basics

Example: File Synchronization
The Wyner-Ziv problem
Code design

PART II: Constraints
Causality constraints
Reconstruction constraints
Robustness constraints
Privacy constraints

PART III: Extensions
Action-dependent side information
Cascade problems
Sources with memory
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Code Design
From Theory To Implementation

“In theory, theory and practice are the same. In
practice, they are not.”

(A. Einstein)
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Code Design
Quantization, Binning, Estimation

n

X
n

U

n

X

Random codes lead to exponential quantization and decoding
complexities
Goal: Design structured codes with feasible quantization/decoding
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Code Design

1. Lossless case: Binning via syndromes and coset decoding

000

001

010

100

111

110

101

011

2. Lossy case, no side information: Quantization as decoding
3. Lossy case, side information: Quantization, binning and estimation
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Lossless Case

DSBS(q) with Hamming distortion
With D = 0, no need for quantization (U = X )
RWZ

X |Y (0) = H(X |Y ) = H(q)
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Lossless Case
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Lossless Case

Xn in red, Y n in yellow
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Lossless Case
From the Theory

As seen, from the packing lemma, the decoder can decode within a
bin of 2nI(X ;Y ) = 2n(1−H(q)) randomly selected sequences Xn

The number of bins is 2n/2n(1−H(q)) = 2nH(q)

Rate of the message R = H(q) = RWZ
X |Y (0)

Linear codes are optimal for communication over a BSC [Gallager ’68]
... therefore, bins can be constructed from linear codes
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Lossless Case

Fix a linear code ((n−k)×n parity matrix H) with k/n = 1−H(q)
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Lossless Case

... and cosets
Described by syndrome sn−k = Hxn and by the corresponding coset
leader f (sn−k)

The coset leader f (sn−k) is the offset with the minimal number of
ones
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Lossless Case

The encoder informs the decoder about the syndrome sn−k = Hxn,
and hence about the bin
The decoder decodes inside the bin

O. Simeone Source Coding With Side Information 73 / 241



Lossless Case

To decode, calculate HY n⊕Sn−k = H(Y n⊕Xn) = HQn estimate Qn

and then calculate X̂n = Y n⊕ Q̂n

If n−k
n > H(q), then from HQn, we can recover Qn as f (HQn) with

high probability [Ancheta ’76]

nX

nY

n k nS HX−
=

nX

H Dec
ˆ ( )n n n k nX Y f S HY−
= ⊕ ⊕

nQ

Linear encoding
Decoder still has an exponential complexity
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Lossless Case, Side Information

nX

nY

n k nS HX−
=

nX

H Dec
ˆ ( )n n n k nX Y f S HY−
= ⊕ ⊕

nQ

The complexity at the decoder can be drastically reduced by adopting
specific classes of linear codes

LDPC codes are capacity-achieving for BSC and are known to be
efficiently decoded using message passing [MacKay ’99]

Polar codes are capacity-achieving for BSC and can be efficiently
decoded via successive decoding [Arıkan ’09]
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Lossy Case, No Side Information
From the Theory

No need for binning (U = X̂ )
Random coding

n

X
ˆ nX

n

X

For BSS: RX (D) = 1−H(D) for 0≤ D ≤ 1/2 and RX (D) = 0
otherwise
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Lossy Case, No Side Information

Can linear encoders be optimal for D > 0 (as in the lossless case)?

No, non-linear operations are generally necessary [Ancheta ’76]
[Massey ’78]
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Lossy Case, No Side Information

Can linear encoders be optimal for D > 0 (as in the lossless case)?

No, non-linear operations are generally necessary [Ancheta ’76]
[Massey ’78]

O. Simeone Source Coding With Side Information 77 / 241



Lossy Case, No Side Information

n

X
ˆ nX

n

X

... Quantization is akin to channel decoding on the test channel
p(x |x̂)!
(cf. binning where channel decoding is performed at the decoder’s
side)
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Lossy Case, No Side Information

[Gupta and Verdú ’11]
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Lossy Case, No Side Information

[Gupta and Verdú ’11]

Source and channel coding problems related by functional duality
[Pradhan et al ’03]
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Lossy Case, No Side Information

The dual channel is the test channel p(x |x̂)

Example 1: Binary source Ber(1/2) with Hamming distortion D ≤ p
The dual channel coding problem is: BSC X = X̂ ⊕Z with
Z ∼ Ber(D)

Example 2: Xi ∼
i.i.d.

N (0,σ2), MSE distortion D ≤ σ2

The dual channel coding problem is: X = X̂ + Z with Z ∼N (0,D)
and cost constraint E [X̂ 2]≤ σ2−D
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Lossy Case, No Side Information
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Lossy Case, No Side Information

Capacity-achieving codes exist whose ML channel decoder for the
dual channel is an optimal quantizer [Gupta and Verdú ’11]

LDPC codes achieve the rate-distortion bound with ML decoder as
encoder [Matsunaga and Yamamoto ’03]
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Lossy Case, No Side Information
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Lossy Case, No Side Information
Not every optimal channel decoder is an optimal quantizer [Gupta
and Verdú ’11]
(see also [Csiszár and Körner ’11] proof of rate-distortion theorem)

Message passing decoders fail as quantizers with LDPC codes
[Martinian and Yedidia ’03] (see Appendix-C)
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Lossy Case, No Side Information

Low Density Generator Matrix (LDGM) codes achieve the
rate-distortion function for BSS with Hamming distortion [Sun et al
’10]
LDGM codes allow low-complexity encoding via message-passing-type
algorithm [Wainwright et al ’10] [Sun et al ’10]
Unlike channel coding, many codewords "close" to to the source
signal → need modifications of the message passing strategy
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Lossy Case, No Side Information

Performance of LDGM codes with finite check degree bounded as
[Dimakis et al ’07] [Kudekar and Urbanke ’08]:
R ≥ R(D)/(1− e−(1−D)γ/R)

Compound LDGM-LDPC codes achieve the rate-distortion function
with bounded degrees [Martinian and Wainwright ’06]
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Lossy Case, No Side Information

Polar codes achieve the rate-distortion bound with successive
encoding [Korada and Urbanke ’10]
For more general alphabet and non-uniform distributions, non-linear
codes obtained via multilevel mappings [Sun et al ’10] or by limiting
the set of w ’s [Gupta and Verdú ’09]
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Lossy Case, No Side Information

BSS with Hamming distortion

[Wainwright and Maneva ’05]
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Lossy Case, Side Information
From the Theory

Quantization, Binning, Estimation

n

X
n

U

n

X
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Lossy Case, Side Information

[Pradhan and Ramchandran ’03]

O. Simeone Source Coding With Side Information 89 / 241



Lossy Case, Side Information
Quantization: linear code – (n−kq)×n parity matrix Hq (n−kq)×n
with kq

n = I(X ;U) = 1−H(D)

Binning: nested linear code [Zamir et al ’02] – (n−kb)×n parity

matrix Hb =

[
Hq

∆Hb

]
with kb

n = I(U;Y ) = 1−H(D ∗q)
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Lossy Case, Side Information

nX

nY

ˆn k n

bS H X−
=

bH Dec

ˆ̂
( )b

n n n k n

bX Y f S H Y−
= ⊕ ⊕

nQ

Quantization

(code Hq)

ˆ nX

(estimation step dealt with via time-sharing)
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Lossy Case, Side Information
LDGM do not provide good channel codes
Compound LDGM-LDPC code achieves the rate-distortion function
with side information with bounded degrees [Martinian and
Wainwright ’06]

Polar codes [Korada and Urbanke ’10]
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Lossy Case, Side Information
Vector quantization and vector binning: nested lattice codes [Zamir
et al ’02] (see also [Fleming et al ’04] [Saxena et al ’10])

10010

10010

10010

10010

10010

n

X 10010

n
X

n
U

10010

Fine code good for quantization and coarse code good for channel
coding [Zamir et al ’02]
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Lossy Case, Side Information

Gaussian sources with MSE distortion
Scalar quantizer followed by binning

Quantizer
n

X Binning M

0

0

1

1

Scalar quantization followed by vector binning is optimal at high rate
[Liu et al ’06] (cf. [Ziv ’85])
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Lossy Case, Side Information

DISCUS based on trellis codes for quantization and binning [Pradhan
and Ramchandran ’03]
TCQ for quantization and LDPC for binning [Yang et al ’09]
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Overview
PART I: Basics

Example: File Synchronization
The Wyner-Ziv problem
Code design

PART II: Constraints
Causality constraints
Reconstruction constraints
Robustness constraints
Privacy constraints

PART III: Extensions
Action-dependent side information
Cascade problems
Sources with memory
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Strictly Causal Side Information

Encoder
nX

1iY −

M
Decoder ˆ

iX

1iX − ( | )p y x
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Strictly Causal Side Information

Encoder
nX

1iY −

M
Decoder ˆ

iX

1iX − ( | )p y x

Lower bound

RWZ−C
X |Y (D)≥ min

p(x̂ |x)
I(X ; X̂ )

s.t. E [d(X ,Y , X̂ )]≤ D

Proof: See Appendix-D
... delayed side information is not useful for memoryless sources!
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Causal Side Information
Weissman and El Gamal ’06

Encoder
nX

iY

M
Decoder ˆ

iX

iX ( | )p y x
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Causal Side Information
Weissman and El Gamal ’06

Lower bound:

RWZ−C
X |Y (D)≥ min

p(u|x)
I(X ;U)

s.t. E [d(X ,Y , f (U,Y ))]≤ D

Proof: See Appendix-E
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Causal Side Information
Weissman and El Gamal ’06

Achievability via standard compression with inverse test channel
p(u|x) (... no need for binning!)
Rate-distortion function

RWZ−C
X |Y (D) = min

p(u|x)
I(X ;U)

s.t. E [d(X ,Y , f (U,Y ))]≤ D
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Causal Side Information
Weissman and El Gamal ’06

DSBS(1/4) with Hamming distortion

( )
X
R D

| ( )
WZ

X Y
R D

| ( )X Y
R D

| ( )WZ C

X Y
R D

−

O. Simeone Source Coding With Side Information 102 / 241



Limited Look-Ahead Side Information
Weissman and El Gamal ’06

Encoder
nX

iY +ℓ

M
Decoder ˆ

iX

iX +ℓ ( | )p y x
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Limited Look-Ahead Side Information
Weissman and El Gamal ’06

Treat the source as a super-source with n/k symbols made of
successive k-blocks of Xn

Achievable rate:
Rk(D) =

1
k min

p(u|xk )
I(X k ;U)

s.t.
1

k− `

k−`

∑
i=1

E [d(Xi ,Yi , fi (U,Y i+`))]≤ D

Rate-distortion function

RWZ−`
X |Y (D) = lim

k→∞

Rk(D)
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Limited Look-Ahead Side Information
Weissman and El Gamal ’06

( )
X
R D

| ( )
WZ

X Y
R D

( )
X
R D

| ( )
WZ

X Y
R D

| ( )WZ

X Y
R D

−ℓ
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Overview
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Common Reconstruction Constraint

In the Wyner-Ziv problem, two roles for the side information sequence:

1 Reduce the rate required for “digital” communication between
encoder and decoders via binning

2 Improve the source estimate
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Common Reconstruction Constraint
Steinberg ’09

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

Wyner-Ziv rate-distortion function

RWZ
X |Y (D) = min

p(u|x): E [d(X ,f (U,Y ))]≤D
I(X ;U|Y )

f (U,Y ) cannot be reproduced at the encoder
Might be unacceptable, e.g., for transmission of sensitive medical,
financial or military information
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Common Reconstruction Constraint
Steinberg ’09

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

( )nXψ

ψ

Common Reconstruction (CR) constraint: X̂n should be reproducible
by the encoder (ψ(Xn) = X̂n w.h.p.)
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Common Reconstruction Constraint
Steinberg ’09

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

( )nXψ

ψ

Rate-distortion function:

RWZ−CR
X |Y (D) = min

p(x̂ |x):E [d(X ,X̂)]≤D
I(X ; X̂ |Y )
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Common Reconstruction Constraint
Steinberg ’09

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x

( )nXψ

ψ

RWZ−CR
X |Y (D) = min

p(x̂ |x):E [d(X ,X̂)]≤D
I(X ; X̂ |Y )

Achievability: 1. compression + 2. binning, but no estimate at the
receiver
Converse: Identify ψi with X̂i

Dual to causal constraint
Extension to distortion-based CR constraints [Lapidoth et al ’11]
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Common Reconstruction Constraint
Steinberg ’09

DSBS(1/4) with Hamming distortion

( )
X
R D

| ( )
WZ

X Y
R D

| ( )WZ CR

X Y
R D

−
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Robust Source Coding
[Heegard and Berger ’85] [Kaspi ’94]

n
X

Enc Dec 2
M

2

ˆ nX

Dec 1

n
X

1

ˆ

n
Y

2

n
Y

1

Distortion constraints: 1
n

n
∑

i=1
E [d1(Xi , X̂1i )]≤ D1 and

1
n

n
∑

i=1
E [d2(Xi , X̂2i )]≤ D2

Sensor network with unreliable remote measurements, file sharing
with unreliable remote file transfers
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Robust Source Coding
[Heegard and Berger ’85] [Kaspi ’94]

Assume that Y1 is (physically/stochastically) degraded side
information with respect to Y2: p(x ,y2)p(y1|y2)

Rate-distortion function

RHB
X |Y1Y2

(D1,D2) = min
p(u1,u2|x), fj(uj ,yj)

I(X ;U1|Y1) + I(X ;U2|Y2,U1)

s.t. E[d1(X , fj(Uj ,Yj))]≤ Dj , for j = 1,2
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Robust Source Coding
Achievability: 1. Quantization

I(X ;U1|Y1) + I(X ;U2|Y2,U1)

n

X

n
U
1

O. Simeone Source Coding With Side Information 116 / 241



Robust Source Coding
Achievability: 2. Binning

I(X ;U1|Y1) + I(X ;U2|Y2,U1)

n
Y

1
 :1decoder at n informatio Side

n

X

n
U

1

Since I(X ;U1|Y1)≥ I(X ;U1|Y2), decoder 2 can also decode
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Robust Source Coding
Achievability: 3. Successive refinement

I(X ;U1|Y1) + I(X ;U2|Y2,U1)

n
Y

1
 :1decoder at n informatio Side

n

X

n
U

1

n
U

2

I(X ;U2|Y2,U1) = I(X ;U2|U1)− I(U2;Y2|U1)
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Robust Source Coding
Achievability: 4. Binning

n
Y

1
 :1decoder at n informatio Side

n

X

n
U

1

n
U

2

n
Y

2
 :2decoder at n informatio Side

• I(X ;U2|Y2,U1) = I(X ;U2|U1)− I(U2;Y2|U1)
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Robust Source Coding
Achievability: 5. Estimate

• Final estimates: symbol-by-symbol function X̂1 = f1(U1,Y1) and
X̂2 = f2(U2,Y2)
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HB Problem with CR constraint
Ahmadi et al ’13

Encoder
nX

1ψ

nY2

R

Decoder 2
nX 2

ˆ

)(1
nXψ

nY1

Decoder 1
nX1

ˆ

2ψ

)(2
nXψ

CR constraints

ψj(Xn) = X̂n
j , j = 1,2 w.h.p.
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HB Problem with CR constraint
Rate-Distortion Function

If the side information Y1 is stochastically degraded with respect to
Y2, the rate-distortion function for the HB problem with CR is given
by

RHB
X |Y1Y2

(D1,D2) = min
p(x̂1, x̂2|x)

I(X ; X̂1|Y1) + I(X ; X̂2|Y2, X̂1),

s.t.

E[dj(X , X̂j)]≤ Dj , for j = 1,2
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HB Problem with CR constraint
Sketch of Proof of Achievability

As for conventional HB, successive refinement and binning
... but X̂n

1 and X̂n
2 generated by the encoder (no estimation) to satisfy

the CR constraint
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HB Problem with CR constraint
Binary Source with Erased Side Information

0

1

0

1

e

0

1

e1

1 � p2

p2

1 � p2

p2

Xn Y2
n Y1

n
p�y2|x�

1
~p

1
~p

1
~p

)|(~
21 yyp

1 �

1
~p1 �

Binary source X ∼ Ber(1
2)

For point-to-point set-up (erasure probability p) under Hamming
distortion

RWZ−CR
X |Y (D) = p(1−H(D)) for D ≤ 1/2

and zero otherwise
With no CR constraint:
RWZ

X |Y (D)= RX |Y (D) = p(1−H(D/p))for D ≤ p/2 and zero otherwise
[Diggavi et al ’09]
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HB Problem with CR constraint
Binary Source with Erased Side Information
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HB Problem with CR constraint
Binary Source with Erased Side Information
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Overview
PART I: Basics

Example: File Synchronization
The Wyner-Ziv problem
Code design

PART II: Constraints
Causality constraints
Reconstruction constraints
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Privacy constraints

PART III: Extensions
Action-dependent side information
Cascade problems
Sources with memory
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Privacy
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Utility vs. Privacy

[Sankar et al ’13]

E.g., de-anonymizing the Netflix dataset: movie ratings can be used
to infer a user’s political affiliation, gender, etc.
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Utility vs. Privacy

nX nY

[Sankar et al ’13]
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Utility vs. Privacy

[Sankar et al ’13]

Privacy-preserving transformation
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Source Coding with Privacy Constraints
Yamamoto ’83

Encoder,n nX Y M
Decoder nX̂

Average per-block distortion:

1
n

n

∑
i=1

E [d(Xi , X̂i )]≤ D

Equivocation (privacy) constraint:

1
nH(Y n|M)≥ E
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Source Coding with Privacy Constraints
Yamamoto ’83

Rate-distortion-equivocation function:

R(D,E ) = min
p(x̂ |x ,y)

I(X ,Y ; X̂ )

s.t.

E [d(X ,X )]≤ D
H(Y |X̂ )≥ E

The optimal privacy-preserving transformation is quantization
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Source Coding with Privacy Constraints
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Source Coding with Privacy Constraints

A number of extensions and variations on the theme: [Gunduz et al
’08] [Villard and Piantanida ’10] [Tandon et al ’13],...
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Overview
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Side Information “Vending Machine”
Permuter and Weissman ’11

Wyner-Ziv problem

Encoder
n

X

n
Y

M
Decoder

n
X̂

n
X ( | )p y x
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Side Information “Vending Machine”
Permuter and Weissman ’11

Generalization of the Wyner-Ziv problem where the side information
can be controlled via cost-constrained actions

Computer networks, sensor networks,...
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Side Information “Vending Machine”
Permuter and Weissman ’11

Generalization of the Wyner-Ziv problem where the side information
can be controlled via cost-constrained actions

Node 1
nX

nA

),|( xayp

nY

R
Node 2 nX̂

nX

Node 1
nX

nA

),|( xayp

iY

R
Node 2 iX̂

nX

(a)

(b)

Action An(M) is cost constrained as 1
n

n
∑

i=1
E [Λ(Ai )]≤ Γ

Ex.: If A = 1, Y = X + Z ; and if A = 0, Y = φ . With 1
n

n
∑

i=1
E [Ai ]≤ Γ
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Side Information “Vending Machine”
Permuter and Weissman ’11

Node 1
nX

nA

),|( xayp

nY

R
Node 2 nX̂

nX

Node 1
nX

nA

),|( xayp

iY

R
Node 2 iX̂

nX

(a)

(b)

Key issue: Adaptive vs. non-adaptive data acquisition
Rate-distortion-cost function

R(D,Γ) = min
p(a,u|x), f (U,Y )

I(X ;A) + I(X ;U|A,Y )

subject to E [Λ(A)]≤ Γ and E [d(X , f (U,Y ))]≤ D

Result extends to actions Ai (M,Y i−1) [Choudhuri and Mitra ’12]
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Side Information “Vending Machine”
Permuter and Weissman ’11
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Side Information “Vending Machine”
Achievability: 1. Quantization

I(X ;A) + I(X ;U|A,Y )

n

X

n
A
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Side Information “Vending Machine”
Achievability: 2. Successive refinement

I(X ;A) + I(X ;U|A,Y )

n

X

n
A

n
U

I(X ;U|A,Y ) = I(X ;U|A)− I(U;Y |A)
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Side Information “Vending Machine”
Achievability: 3. Binning

n

X

n
A

n
U

n
Y :decoderat n informatio Side

I(X ;U|A,Y ) = I(X ;U|A)− I(U;Y |A)
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Side Information “Vending Machine”
Achievability: 4. Estimate

Final estimate X̂ = f (U,Y ).
... Adaptive data acquisition
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Side Information “Vending Machine”
Comparison with Non-Adaptive Approach

DecoderEncoder
n

X

n
Y

n
A

M nT̂

),,|( ayxzp

n
Z

nX

(X ,Y ) DSBS(q)
T = f(X ,Y ) = X ⊗Y (binary product)
Measurement of Zi as p(z |x ,y ,a) (to measure or not to measure)

Zi =

{
Yi if Ai = 1
1 if Ai = 0

Cost constraint: Λ(Ai ) = 1 if Ai = 1 and Λ(Ai ) = 0 if Ai = 0
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Side Information “Vending Machine”
Comparison with Non-Adaptive Approach
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Causal side information
Non-causal side information
Greedy approach

D=0.15

D=0.05

"Greedy" approach: choose Ai independently of M
For Γ = 1, the greedy approach is clearly optimal
Joint design of control and compression
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Overview
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Cascade Source Coding

Node 2Node 1
n

X 1
R n

X
2

ˆNode 3
2
R

n
X

1
ˆ

n
Y

Fixed-length codes: M1 ∈ {1,2, ...,2nR1} (nR1 bits),
M2 ∈ {1,2, ...,2nR2} (nR2 bits),
1
n

n
∑

i=1
E [dj(Xi ,Yi , X̂ji )]≤ Dj for j = 1,2.

Sensor networks, computer networks
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Cascade Source Coding

Node 2Node 1
n

X 1
R n

X
2

ˆNode 3
2
R

n
X

1
ˆ

n
Y

The problem of determining the rate-distortion region is still open
The main issue is the operation at Node 2 [Vasudevan et al ’06] [Gu
and Effros ’06] [Bakshi et al ’07] [Cuff et al ’09]
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Cascade Source Coding
Idea 1: Recompress [Cuff et al ’09]

R1 ≥ I(X ;U|Y )

R2 ≥ I(Y ,U; X̂2)

n
X

Node 2

1

ˆ n

X

n
Y

Node 3
1
R

2
R

n
X

n
U

n
X

2

ˆ

Node 1
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Cascade Source Coding
Idea 1: Recompress [Cuff et al ’09]

R1 ≥ I(X ;U|Y )

R2 ≥ I(Y ,U; X̂2)
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1
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2
R

n
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n
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n
Y

Node 2 Node 3

n
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Cascade Source Coding
Idea 1: Recompress [Cuff et al ’09]

R1 ≥ I(X ;U|Y )

R2 ≥ I(Y ,U; X̂2)

n
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Cascade Source Coding
Idea 1: Recompress [Cuff et al ’09]

R1 ≥ I(X ;U|Y )

R2 ≥ I(Y ,U; X̂2)

n
X

1

ˆ n

X

n
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n
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Cascade Source Coding
Idea 1: Recompress [Cuff et al ’09]

R1 ≥ I(X ;U|Y )

R2 ≥ I(Y ,U; X̂2)

n
X
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ˆ n

X

n
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1
R

2
R
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n
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n
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ˆ

Node 2 Node 3

n
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n
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2
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Cascade Source Coding
Idea 2: Forward [Cuff et al ’09]

R1 ≥ I(X ;U|Y )
R2 ≥ I(X ;U) + I(Y ; X̂2|U)

n
X

1

ˆ n

X

n
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1
R

2
R

n
X n

Y

Node 1 Node 2 Node 3

n
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ˆ

n
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Cascade Source Coding
Idea 2: Forward [Cuff et al ’09]

R1 ≥ I(X ;U|Y )
R2 ≥ I(X ;U) + I(Y ; X̂2|U)

n
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n
X n
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n
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n
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Cascade Source Coding
Idea 2: Forward [Cuff et al ’09]

R1 ≥ I(X ;U|Y )
R2 ≥ I(X ;U) + I(Y ; X̂2|U)
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Cascade Source Coding
Idea 2: Forward [Cuff et al ’09]

R1 ≥ I(X ;U|Y )
R2 ≥ I(X ;U) + I(Y ; X̂2|U)

n
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Cascade Source Coding
When Forward is Optimal [Chia et al ’11]

Node 2Node 1
nX 1R nX 2

ˆ

nZ

Node 32R

nX1
ˆ

nY

If X −Y −Z , the rate-cost region is given by union of the set of all of
rate tuples (R1,R2) that satisfy the inequalities

R1 ≥ I(X ; X̂1,U|Y )

R2 ≥ I(X ,Y ;U|Z ),

where the mutual informations are evaluated with respect to the joint
pmf

p(x ,y ,z , x̂1,u) = p(x ,y)p(z |y)p(x̂1,u|x ,y)

for some pmf p(x̂1,u|x ,y) that satisfies E[dj(X , X̂j)]≤ Dj for j = 1,2.
See Appendix-F
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Cascade Source Coding Problem with CR constraint
Ahmadi et al ’13

Node 2Node 1nX 1R nX 2
ˆNode 32R

nX1
ˆ

1ψ

)(1
nXψ

nY1
2ψ

)(2
nXψ

nY2

Distortion constraints:
1
n

n

∑
i=1

E
[
dj(X , X̂j)

]
≤ Dj for j = 1,2

CR constraints:

ψ1(Xn) 6= X̂1 w.h.p.

ψ2(Xn) 6= X̂2 w.h.p.

O. Simeone Source Coding With Side Information 160 / 241



Common Reconstruction Constraint
When the CR Constraint Simplifies the Problem

Simultaneous transmission of data and state over state-dependent
channels [Steinberg ’09]
Joint source-channel coding for the degraded broadcast channel
[Steinberg ’09]
Multiple description problem [Tandon et al ’12]
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Function (X −Y1−Y2) [Ahmadi et al ’13]

If X −Y1−Y2, the rate-distortion cost region is given by union of the
set of all of rate tuples (R1,R2) that satisfy the inequalities

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2),

where the mutual informations are evaluated with respect to the joint
pmf

p(x ,y1,y2, x̂1, x̂2) = p(x ,y1)p(y2|y1)p(x̂1, x̂2|x)

for some p(x̂1, x̂2|x) that satisfies E[dj(X , X̂j)]≤ Dj , for j = 1,2.
See Appendix-G
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The impact of memory
Lossless Compression, No Side Information

Consider stationary and ergodic source Xn

Lossless compression requires a rate equal to the entropy rate [Cover
and Thomas ’06]

H(X ) = lim
n→∞

1
nH(Xn)

= lim
n→∞

H(Xn|Xn−1)

≤ H(X )
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The impact of memory
Lossless Compression, No Side Information

For stationary Markov chains: H(X ) = H(X2|X1)
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The impact of memory
Lossless Compression, No Side Information

Achieving rate R = H(X2|X1) via context-adaptive encoding (e.g.,
JBIG)

1i
X

−

i
X M

Demux
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Enc

Mux

M
Demux
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1i
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i
X̂

Mux
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The Impact of Memory
Lossless Compression, No Side Information
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The impact of memory
Lossy Compression, No Side Information

Rate-distortion function for stationary ergodic sources [Gallager ’68]

R(D) = lim
n→∞

1
n min

p(x̂n|xn) s.t. 1
n ∑

n
i=1 E [d(Xi , X̂i )]≤D

I(Xn; X̂n)

Can be evaluated for some sources such as stationary Gaussian
processes
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The impact of memory
Lossy Compression, No Side Information

Hard to evaluate in general
For stationary Markov sources

I(Xn; X̂n) =
n

∑
i=1

H(Xi |Xi−1)−H(Xi |X i−1, X̂n)

≥
n

∑
i=1

H(Xi |Xi−1)−H(Xi |Xi−1, X̂i )

=
n

∑
i=1

I(Xi ; X̂i |Xi−1)

This leads to the lower bound [Gray ’73]
R(D)≥ RX2|X1(D) = minp(x̂ |x1,x2) I(X2; X̂ |X1) s.t. E [d(X2, X̂ )]≤ D
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Strictly Causal Side Information Revisited
Lossy Compression, No Side Information

In the lossless case, R(0) = H(X2|X1)

However, in the lossy case (D > 0), we can have R(D) > RX2|X1(D)
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Strictly Causal Side Information Revisited
Lossy Compression, No Side Information

Xi binary Markov chain with symmetric transition probabilities
p(1|0) = p(0|1) = ε (ε ≤ 1/2)
Note that Xi = Xi−1⊕Zi , where Zi ∼ Ber(ε) i.i.d. (innovation
process)
From [Weissman and Merhav, 03] for 0≤ D ≤ ε

RX2|X1(D) = H(ε)−H(D)

<
[Gray ’70]

R(D)

for D larger than a critical value
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The impact of memory
Lossy Compression, No Side Information

Unlike the lossless case RX2|X1(D) = minp(x̂ |x1,x2) I(X2; X̂ |X1) generally
not achievable... no known general single-letter expression
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Strictly Causal Side Information Revisited
Sources Coding with Feed-Forward

Achievable if the receiver has strictly casual side information X i−1

Enc Dec

1i
X

−

M
n

X ˆ
i
X

Studied for general sources [Weissman and Merhav ’03]
[Venkataramanan and Pradhan ’07] [Naiss and Permuter ’11]
For stationary Markov sources: RFF (D) = RX2|X1(D)

O. Simeone Source Coding With Side Information 173 / 241



Strictly Causal Side Information Revisited
Sources Coding with Feed-Forward: Achievability
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Strictly Causal Side Information Revisited
Sources Coding with Feed-Forward: Achievability

1i
X

−

i
X M

Demux

Enc

Enc

Mux

M
Demux

Dec

Dec

1i
X

−

i
X̂

Mux

O. Simeone Source Coding With Side Information 175 / 241



Strictly Causal Side Information Revisited
Generalizing Conditional Lower Bound

Generalizing to stationary and ergodic sources [Gray ’73]

R(D)≥ RXm|Xm−1(D)− (H(Xm|Xm−1)−H(X ))

Achievable for order-m stationary Markov sources with feed-forward
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Strictly Causal Side Information Revisited
Source Coding with Feed-Forward

Enc Dec

1i
X

−

M
n

X ˆ
i
X

Rate-distortion-cost function for stationary ergodic sources
[Venkataramanan and Pradhan ’07] [Naiss and Permuter ’11]

R(D) = lim
n→∞

1
n min

p(x̂n|xn) s.t. 1
n ∑

n
i=1 E [d(Xi , X̂i )]≤D

I(Xn→ X̂n)

Directed information [Massey ’90]

I(X̂n→ Xn) =
n

∑
i=1

I(Xn
i ; X̂i |X̂ i−1,X i−1)

=
n

∑
i=1

I(Xi ; X̂ i |X i−1)
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Strictly Causal Side Information Revisited
Source Coding with Feed-Forward
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[Venkataramanan and Pradhan ’07] [Naiss and Permuter ’11]

R(D) = lim
n→∞

1
n min

p(x̂n|xn) s.t. 1
n ∑

n
i=1 E [d(Xi , X̂i )]≤D

I(Xn→ X̂n)

Directed information [Massey ’90]

I(X̂n→ Xn) =
n

∑
i=1

I(Xn
i ; X̂i |X̂ i−1,X i−1)

=
n

∑
i=1

I(Xi ; X̂ i |X i−1)
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Strictly Causal Side Information Revisited
Source Coding with Feed-Forward: Converse

Converse: easy (try!)

O. Simeone Source Coding With Side Information 178 / 241



Strictly Causal Side Information Revisited
Source Coding with Feed-Forward: Achievability

Codetrees
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Strictly Causal Side Information Revisited
Source Coding with Feed-Forward: Achievability

Compare with codetrees with general feed-forward (the encoder does
not know X̂n) [Simeone ’13]
Related results for Hidden Markov Models [Simeone and Permuter
’13]

O. Simeone Source Coding With Side Information 180 / 241



Conclusions

Further issues:
Vector sources [Gastpar et al ’06] [Yu and Sharma ’11]
Fixed-to-variable codes [Alon and Orlitsky ’96] [Koulgi et al ’03]
[Zhao and Effros ’03] [Grangetto et al ’09]
Rateless codes [Draper ’04] [Eckford and Yu ’05] [Caire et al ’05]
Universal coding [Merhav and Ziv ’06] [Jalali et al ’10]
Computational complexity [Gupta et al ’08]
Real-time operation [Teneketzis ’06] [Kaspi and Merhav ’12]
Source-channel coding [Wernersson et al ’09] [Akyol et al ’10]
Interactive coding [Orlitsky ’92] [Ma and Ishwar ’11]
Quantum source coding [Yard and Devetak ’09]
Distributed source coding [El Gamal and Kim ’11]
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Conditional Rate-Distortion Theory
Converse

Encoder
nX

nY

M
Decoder nX̂

nX ( | )p y x

nY

Factorization of the joint pmf:
p(xn,yn,m, x̂n) = ∏

n
i=1 p(xi )p(yi |xi ) ·1(m|xn,yn) ·1(x̂n|m,yn)

From data processing inequality considerations:

nR ≥ H(M)

≥ H(M|Y n)

= H(M|Y n)−H(M|Xn,Y n)

= I(Xn;M, X̂n|Y n)

≥ I(Xn; X̂n|Y n)O. Simeone Source Coding With Side Information 203 / 241



Conditional Rate-Distortion Theory
Converse

nR ≥ I(Xn; X̂n|Y n)

= H(Xn|Y n)−H(Xn|Y n, X̂n)

=
n

∑
i=1

H(Xi |Yi )−H(Xi |X i−1,Y n, X̂n)

≥
n

∑
i=1

H(Xi |Yi )−H(Xi |Yi , X̂i )

=
n

∑
i=1

I(Xi ; X̂i |Yi )

Using convexity properties of the rate-distortion function (see, e.g.,
[El Gamal and Kim ’11]), we get the lower bound:

RX |Y (D)≥ min
p(x̂ |x ,y)

I(X ; X̂ |Y )

s.t. E [d(X ,Y , X̂ )]≤ DO. Simeone Source Coding With Side Information 204 / 241
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Wyner-Ziv Problem
Converse

Factorization of the joint pmf:

p(xn,yn,m, x̂n) =
n

∏
i=1

p(xi )p(yi |xi ) ·1(m|xn) ·1(x̂n|m,yn)

.

.

.

.

.

.

1X

2X

3X

nX

1Y

2Y

nY

2Y
M

.

.

.

1X̂

2X̂

3X̂

ˆ
nX

See [Kramer ’08] and [Koller and Friedman ’09]
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Wyner-Ziv Problem
Converse

Factorization of the joint pmf:

p(xn,yn,m, x̂n) =
n

∏
i=1

p(xi )p(yi |xi ) ·1(m|xn) ·1(x̂n|m,yn)

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M
ˆ
i
X

1

ˆ n
i
X

+

1ˆ iX
−
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Wyner-Ziv Problem
Converse

nR ≥ H(M)

≥ H(M|Y n)

= H(M|Y n)−H(M|Xn,Y n)

= I(Xn;M|Y n)

= H(Xn|Y n)−H(Xn|Y n,M)

=
n

∑
i=1

H(Xi |Yi )−H(Xi |X i−1,Y n,M)

=
n

∑
i=1

H(Xi |Yi )−H(Xi |X i−1,Y n8i ,M︸ ︷︷ ︸
,Ui

,Yi )

=
n

∑
i=1

I(Xi ;Ui |Yi )
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Wyner-Ziv Problem
Converse

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M
ˆ
i
X

1

ˆ n
i
X

+

1ˆ iX
−

Ui = {X i−1,Y n8i ,M} satisfies Ui −Xi −Yi , and hence
p(ui ,xi ,yi ) = p(xi ,yi )p(ui |xi )

X̂i = f (M,Y n) = f (Ui ,Yi )
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Wyner-Ziv Problem
Converse

d-separation test for conditional independence [Kramer ’08]

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M
ˆ
i
X

1

ˆ n
i
X

+

1ˆ iX
−

Ui = {X i−1,Y n8i ,M} satisfies Ui −Xi −Yi
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Wyner-Ziv Problem
Converse

d-separation test for conditional independence [Kramer ’08]:
1. Include only edges and vertices moving backward from the involved
vertices

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M
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Wyner-Ziv Problem
Converse

d-separation test for conditional independence [Kramer ’08]:
2. Remove all edges coming out of the conditioning variable Xi

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M
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Wyner-Ziv Problem
Converse

d-separation test for conditional independence [Kramer ’08]:
3. Make edges undirected

1i
X

−

i
X

1

n

i
X

+

1i
Y

−

1

n

i
Y
+

i
Y

M

If no path between Ui and Yi in the resulting undirected graph, then
we have Ui −Xi −Yi
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Appendix C
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LDPC Codes and Compression

[Martinian and Yedidia ’03]
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LDPC Codes and Compression

[Martinian and Yedidia ’03]
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Appendix D
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Strictly Causal Side Information
Converse

Encoder
nX

1iY −

M
Decoder ˆ

iX

1iX − ( | )p y x

nR ≥
n

∑
i=1

H(Xi )−H(Xi |X i−1,M)

≥
n

∑
i=1

H(Xi )−H(Xi |Y i−1,M)

by data processing inequality since Xi − (X i−1,M)− (Y i−1,M) (check with
d-separation!)
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Strictly Causal Side Information
Converse

nR ≥
n

∑
i=1

H(Xi )−H(Xi |X i−1,M)

≥
n

∑
i=1

H(Xi )−H(Xi |Y i−1,M)

=
n

∑
i=1

H(Xi )−H(Xi |Y i−1,M, X̂i )

=
n

∑
i=1

I(Xi ; X̂i )

... delayed side information not useful (but it can be for sources with
memory)
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Appendix E
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Causal Side Information
Converse

nR ≥
n

∑
i=1

H(Xi )−H(Xi |X i−1,M)

≥
n

∑
i=1

H(Xi )−H(Xi |Y i−1,M︸ ︷︷ ︸
,Ui

)

=
n

∑
i=1

I(Xi ;Ui )

We also have X̂i = f (Ui ,Yi ) and Ui −Xi −Yi
It follows that

RWZ−C
X |Y (D)≥ min

p(u|x)
I(X ;U)

s.t. E [d(X ,Y , f (U,Y ))]≤ D
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Appendix F
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Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
R2 ≥ I(X ,Y ;U|Z )

n
U

nn
YX ,

Node 2Node 1
1R n

X 2
ˆNode 3

2R

n
X1
ˆ

n
X

n
Y

n
Z
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Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
R2 ≥ I(X ,Y ;U|Z )

n
U

nn
YX ,

Node 2Node 1
1R n

X 2
ˆNode 3

2R

n
X1
ˆ

n
X

n
Y

n
Z

1
ˆ nX

O. Simeone Source Coding With Side Information 224 / 241



Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
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Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
R2 ≥ I(X ,Y ;U|Z )

n
U

n
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1R n

X 2
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Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
R2 ≥ I(X ,Y ;U|Z )

n
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n
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Cascade Source Coding Problem
When Forward is Optimal [Chia et al ’11]

R1 ≥ I(X ; X̂1,U|Y )
R2 ≥ I(X ,Y ;U|Z )

n
U

n
U

nn
YX ,

Node 2Node 1
1R n

X 2
ˆNode 3

2R

n
X1
ˆ

n
X

n
Y

n
Y

n
U

n
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n
Z

1
ˆ nX

1
ˆ n

X
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Appendix G
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
1
R

2
R

n

X
2

ˆ

n
Y

1

n
Y

2n
X

n

X
2

ˆ
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
1
R

2
R

n

X
2

ˆ

n
Y

1

n
Y

2n
X

n

X
2

ˆ
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
1
R

2
R

n

X
2

ˆ

n
Y

1

n
Y

2n
X n

Y
1

n

X
2

ˆ

1

ˆ nX
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
1
R

2
R

n

X
2

ˆ

n
Y

1

n
Y

2n
X n

Y
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n

X
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
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n
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Cascade Source Coding Problem with CR constraint
Rate-Distortion Region (X −Y1−Y2)

R1 ≥ I(X ; X̂1X̂2|Y1)

R2 ≥ I(X ; X̂2|Y2)

n
X

Node 1 Node 2

1

ˆ n

X

Node 3
1
R

2
R

n
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ˆ

n
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2Node 1
n

X 1
R n

X
2

ˆNode 32
R

n
X1
ˆ

1ψ

)(1
n

Xψ

n
Y1

2ψ

)(2
n

Xψ

n
Y2
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2Node 1
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X
n

X
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ˆNode 32
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n
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2Node 1
n

X
n

X
2

ˆNode 3

n
X1
ˆ

1ψ

)(1
n

Xψ

n
Y1

2ψ

)(2
n

Xψ
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1
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2Node 1
n

X 1
R n

X
2

ˆNode 3

n
X1
ˆ

1ψ

)(1
n

Xψ

n
Y1

2ψ

)(2
n

Xψ

n
Y2

)|ˆˆ;( 1211 YXXXIR ≥

n
Y1
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2Node 1
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R n
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Cascade Source Coding Problem with CR constraint
Outer bound to the Rate-Distortion Region (X −Y1−Y2)

Node 2
n

X
2

ˆNode 32
R

n
Y1

n
Y2

n
X

)|ˆ;( 222 YXXIR ≥
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