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1 Introduction

Particle Physics is the study of matter at the smallest scales that can be accessed
by experiment. Currently energy scales are as high as 100GeV which corresponds to
distances of 107'%¢m (recall that the atomic scale is about 10~?cm and the nucleus is
about 1073¢m). Our understanding of Nature up to this scale is excellent!. Indeed
it must be one of the most successful and accurate scientific theories and goes by the
least impressive name “The Standard Model of Elementary Particle Physics”. The
mathematical framework for such a theory is a relativistic quantum field theory and in
particular a quantum gauge theory.

There are two essential ingredients into relativistic quantum field theories: Special
relativity and quantum mechanics. The success of special relativity and quantum me-
chanics are particularly astounding. In some sense what our understanding of particle
physics has taught us is that reality is ultimately ruled by quantum mechanics and the
Lorentz group is the most fundamental structure we know about spacetime.

Quantum mechanics remains largely untouched in modern theoretical physics. How-
ever mathematically there is something deeper than the Lorentz Lie-algebra. This is the
super-Lorentz algebra or simply supersymmetry. It is possible to construct interacting
relativistic quantum field theories whose spacetime symmetry group is larger than the
Lorentz group. These theories are called supersymmetric and exhibit a novel kind of
symmetry where Fermions and Bosons are related to each other.

Supersymmetric theories turn out to be very interesting. Since they have more and
deeper symmetries they are generally more tractable to solve quantum mechanically.
Indeed almost all theoretical progress in understanding gauge theories such as those that
arise in the Standard Model have come through studying their supersymmetric cousins.
Supersymmetry has also grown-up hand in hand with String Theory but it is logically
independent. However the successes of String Theory have also been brought using
supersymmetry and hence supersymmetry has, like String Theory, become a central
theme in modern theoretical particle physics.

Beyond the abstract mathematical and theoretical beauty of supersymmetry there
are phenomenological reasons studying supersymmetric extensions of the Standard Model.
There is currently a great deal of interest focused on the LHC (Large Hadron Collider)
in CERN. The great hope is that new physics, beyond that predicted by the Standard
Model, will be observed. One of the main ideas, in fact probably the most popular, is
that supersymmetry will be observed. There are at least three main reasons for this:

e The Hierarchy problem: The natural scale of the Standard Model is the electro-
weak scale which is at about 17eV (hence the excitement about the LHC). In a
quantum field theory physical parameters, such as the mass of the Higg’s Boson,
get renormalized by quantum effects. Why then is the Higg’s mass not renormal-
ized up to the Planck scale? To prevent this requires and enormous amount of

! This ignores important issues that arise in large and complex systems such as those that are studied
in condensed matter physics.



fine-tuning. However in a supersymmetric model these renormalizations are less
severe and fine-tuning is not required (or at least is not as bad).

e Unification: Another key idea about beyond the Standard Model is that all the
gauge fields are unified into a single, simple gauge group at some high scale, roughly
10" GeV. Mathematically this is possible with an SU(5) or SO(10) gauge group.
Although the electromagnetic, strong and weak coupling constants differ at low
energy, they ‘rTun’ with energy and meet at about 10'°GeV. That any two of them
should meet is trivial but that all three meet at the same scale is striking and
gives further physical evidence for unification. Well in fact they don’t quite meet
in the Standard Model but they do in a supersymmetric version.

e Dark Matter: It would appear that most, roughly 70%, of the matter floating
around in the universe is not the stuff that makes up the Standard Model. Super-
symmetry predicts many other particles other than those observed in the Standard
Model, the so so-called superpartners, and the lightest superpartner (LSP) is con-
sidered a serious candidate for dark matter.

If supersymmetry is observed in Nature it will be a great triumph of theoretical
physics. Indeed the origin of supersymmetry is in string theory and the two fields have
been closely linked since their inception. If not one can always claim that supersym-
metry is broken at a higher energy (although in so doing the arguments in favour of
supersymmetry listed above will cease to be valid). Nevertheless supersymmetry has
been a very fruitful subject of research and has taught us a great deal about mathe-
matics and quantum field theory. For example supersymmetric quantum field theories,
especially those with extended supersymmetry, can be exactly solved (in some sense)
at the perturbative and non-perturbative levels. Hopefully this course will convince the
student that supersymmetry is a beautiful and interesting subject.

2 The Lorentz Algebra, Clifford Algebras and Spinors

Matter is made of Fermions. Since the details are crucial before proceeding it is necessary
to review in detail the formalism that is needed to describe spinors and Fermions. We
shall now do this. It is helpful to generalize to spacetime with D dimensions. The details
of spinors vary slightly from dimension to dimension (although conceptually things are
more or less the same). To help highlight the differences between vectors and spinors it
is useful to consider a general dimension.

Fermions first appeared with Dirac who thought that the equation of motion for
an electron should be first order in derivatives. Hence, for a free electron, where the
equation should be linear, it must take the form

(40, — M) =0 (2.1)



Acting on the left with (4#0, + M) one finds
(79" 00, — M?)1h = 0 (2.2)

This should be equivalent to the Klein Gordon equation (which is simply the mass-shell
condition E? — p? —m? = ()

(0* —m*)Y =0 (2.3)

Thus we see that we can take m = M to be the mass and, since 9,0,¢ = 0,0,%, we
also require that

{'7117 /VV} =YY + WV = 2"7;411 (24)

This seemingly innocent condition is in fact quite deep. It first appeared in Mathematics
in the geometrical work of Clifford (who was a student at King’s). The next step is to find
representations of this relation which reveals an ‘internal’ spin structure to Fermions.

2.1 Clifford Algebras

Introducing Fermions requires that we introduce a set of y-matrices. These furnish a
representation of the Clifford algebra, which is generically taken to be over the complex
numbers, whose generators satisfy the relation

{P)/,ua 71/} = 277,uzl (25)

Note that we have suppressed the spinor indices «, 5. In particular the right hand
side is proportional to the identity matrix in spinor space. We denote spinor indices
by «, §.... Although we will only be interested in the four-dimensional Clifford algebra
in this course it is instructive to consider Clifford algebras in a variety of dimensions.
Each dimension has its own features and these often play an important role in the
supersymmetric theories that can arise.

One consequence of this relation is that the y-matrices are traceless (at least for
D > 1). To see this we evaluate

QWHVTI(W/)\) = Tr({'Ylt?’VV}’YA)

Tr(’Yu’VusA + ’71/7#7)\)

Tr(7%a + Y a%w)

Tr(vu{w, 1a})

= 27711)\Tr(’7u) (2.6)

Choosing p = v # X immediately implies that Tr(vy,) = 0

Theorem: In even dimensions there is only one non-trivial irreducible representation
of the Clifford algebra, up to conjugacy, i.e. up to a transformation of the form v, —
U~, U™t In particular the (complex) dimension of this representation is 2°/2, i.e. the
y-matrices will be 2°/2 x 2P/2 complex valued matrices.



Without loss of generality one can choose a representation such that

W=-%, W= (2.7)

which can be written as
v = Y070 (2.8)
An even-dimensional Clifford algebra naturally lifts to a Clifford algebra in one
dimension higher. In particular one can show that

YD+1 = YY1 YD1 (2.9)

anti-commutes with all the ~,’s. Here c is a constant which we can fix, up to sign, by
taking 75, = 1. In particular a little calculation shows that

V3o = —(=1)PP=D/2e2 (2.10)

Here the first minus sign comes from 3 whereas the others come from anti-commuting
the different «,’s through each other. In this way we find that

¢ = +i(—1)PO-D/A (2.11)

Thus we construct a Clifford Algebra in (D + 1)-dimensions. It follows that the
dimension (meaning the range of the spinor indices «,(...) of a Clifford algebra in
(D + 1)-dimensions is the same as the dimension of a Clifford algebra in D-dimensions
when D is even.

In odd dimensions there are two inequivalent representations. To see this one first
truncates down one dimension. This leads to a Clifford algebra in a even dimension
which is therefore unique. We can then construct the final y-matrix using the above
procedure. This leads to two choices depending on the choice of sign above. Next
we observe that in odd-dimensions vp.1, defined as the product of all the y-matrices,
commutes with all the 7,’s. Hence by Shur’s lemma it must be proportional to the
identity. Under conjugacy one therefore has vp41 — Uvps1U ! = vpi1. The constant
of proportionality is determined by the choice of sign we made to construct the final -
matrix. Since this is unaffected by conjugation we find two representation we constructed
are inequivalent.

We can also construct a Clifford algebra in D + 2 dimensions using the Clifford
algebra in D dimensions. Let

01:((1) (1)), 02:<? —02>7 (73:((1) _01> (2.12)

be the ubiquitous Pauli matrices. If we have the Clifford algebra in D-dimensions given
by v, 1 =0,1,2,..., D — 1 then let

', = 1@
I'p = 01®7p4
I'pyi = 03®@7p41

(2.13)



where we have used I', for (D + 2)-dimensional ~-matrices. One readily sees that
this gives a Clifford algebra in (D + 2)-dimensions. Note that this gives two algebras
corresponding to the two choices of sign for vp,;. However these two algebras are
equivalent under conjugation by U = 09 ® 1. This is to be expected from the uniqueness
of an even-dimensional Clifford algebra representation.

Having constructed essentially unique ~-matrices for a given dimension there are
two special things that can happen. We have already seen that in even dimensions one
finds an “extra” Hermitian ~-matrix, yp41 (so in four dimensions this is the familiar
7v5). Since this is Hermitian it has a basis of eigenvectors with eigenvalues +1 which are
called the chirality. Indeed since the y-matrices are traceless half of the eigenvalues are
+1 and the other half —1. We can therefore write any spinor ¢ uniquely as

Y=ty +1- (2.14)

where 14 has vp,1 eigenvalue +1. A spinor with a definite vp, eigenvalue is called a
Weyl spinor.

The second special case occurs when the y-matrices can be chosen to be purely real.
In which case it is possible to chose the spinors to also be real. A real spinor is called a
Majorana spinor.

Either of these two restrictions will cut the number of independent spinor components
in half. In some dimensions it is possible to have both Weyl and Majorana spinors
simultaneously. These are called Majorana-Weyl spinors. This reduces the number
of independent spinor components to a quarter of the original size. Spinors without
any such restrictions are called Dirac spinors. Which restrictions are possible in which
dimensions comes in a pattern which repeats itself for dimensions D modulo 8.

Let us illustrate this by starting in low dimensions and work our way up. We will
give concrete example of y-matrices but it is important to bare in mind that these are
just choices - there are other choices.

2.1.1 D=1

If there is only one dimension, time, then the Clifford algebra is the simple relation
(70)* = —1. In other words 7y = i or one could also have 7y = —i. It is clear that there
is no Majorana representation.

2.1.2 D=2

Here the y-matrices can be taken to be

(2.15)



One can easily check that 72 = —y# = —1 and 7971 = —71%0-
Here we have a real representation so that we can choose the spinors to also be real.
We can also construct v3 = cyyy; and it is also real:

10
RC e (e (O _1) (2.16)

Thus we can have Weyl spinors, Majorana spinors and Majorana-Weyl spinors. These
will have 2, 2 and 1 real independent components respectively whereas a Dirac spinor
will have 2 complex, i.e. 4 real, components.

2.1.3 D=3

Here the ~-matrices can be constructed from D = 2 and hence a natural choice is
_ ( 0 1>
_ ( 0 1 )
"= 10
1 0
(we could also have taken the opposite sign for 42). These are just the Pauli matrices

(up to a factor of i for 7). Since we are in an odd dimension there are no Weyl spinors
but we can choose the spinors to be Majorana with only 2 real independent components.

214 D=4

Following our discussion above a natural choice is

0O 1 0 O
. -1 0 0 O
0 0 -1 0
01 0 O
1 0 0 0
0 01 0
0O 0 1 O
0 0 0 -1
0 -1 0 0
1 0 0 0
0 -1 0 0
Y3 = O'3®0'3 == 0 0 1 0 (218)
0 0 0 1



By construction this is a real basis of «-matrices. Therefore we can chose to have
Majorana, 7.e. real, spinors.

Since we are in an even dimension we can construct the chirality operator 75 =
70717273 Note the factor of i which is required to ensure that v2 = 1. Thus in our
basis 75 is purely imaginary and, since it is Hermitian, it must be anti-symmetric. This
means that it cannot be diagonalized over the reals. Of course since it is Hermitian it
can be diagonalized over the complex numbers, i.e. there is another choice of y-matrices
for which ~; is real and diagonal but in this basis the 7, cannot all be real.

Thus in four dimensions we can have Majorana spinors or Weyl spinors but not both
simultaneously. In many books, especially those that focus on four-dimensions, a Weyl
basis of spinors is used. Complex conjugation then acts to flip the chirality. However
we prefer to use a Majorana basis whenever possible (in part because it applies to more
dimensions).

2.2 Lorentz and Poincare Algebras

We wish to construct relativistic theories which are covariant with respect to the Lorentz
and Poincare symmetries. These consists of translations along with the Lorentz trans-
formations (which in turn contain rotations and boosts). In particular the theory is
invariant under the infinitesimal transformations

ot — ot 4o+ W a” i.e. ozt = a4+ wh ¥ (2.19)

Here a* generates translations and w*, generates Lorentz transformations. The principle
of Special relativity requires that the spacetime proper distance As* = n,, Az*Ax”
between two points is invariant under these transformations. Expanding to first order
in w”, tells us that

As® = nu(Azt + W\ Art)(Az” + WY, AxP)
N AT ALY + 1w\ Arr Az? + Nuw”, Azt Az?
= A+ (W + wy) Azt Ax” (2.20)

where we have lowered the index on w*,. Thus we see that the Lorentz symmetry
requires Wy, = —Wyy.

Next we consider the algebra associated to such generators. To this end we want to
know what happens if we make two Poincare transformations and compare the difference,
i.e. we consider d;0.2% — d2012*. First we calculate

51007H = Wl Lay + Wl \wy a” (2.21)
from which we see that
(0102 — 6201) 2" = (Wl \a3 — wh yap) + (Wi \wd , — wh \wi,)z” (2.22)



This corresponds to a new Poincare transformation with

" =i yay —wh ey W, = wfwy, —wh (2.23)
note that w,,) = %(w,w + wy,) = 0 so this is indeed a Poincare transformation.
More abstractly we think of these transformations as being generated by linear op-
erators P, and M, so that

Szt = ia” P, (") + %w”AMM(m“) (2.24)

The factor of % arises because of the anti-symmetry (one doesn’t want to count the same
generator twice). The factors of ¢ are chosen for later convenience to ensure that the
generators are Hermitian. These generators can then also be though of as applying on
different objects, e.g. spacetime fields rather than spacetime points. In other words we
have an abstract algebra and its action on x* is merely one representation.

This abstract object is the Poincare algebra and it defined by the commutators

[PM,PV} =0

[P‘u, My)\} —’iT]uVP/\ + Z.n,u)\Pu
[Muw MAp} = _inuAMup + inuAMup - inupMu)\ + inupMuA

(2.25)
which generalizes (2.22).
Problem: Using (2.24) and(2.25) show that (2.22) is indeed reproduced.

The Poincare group has two clear pieces: translations and Lorentz transformations.
It is not quite a direct product because of the non-trivial commutator [P,, M,,]. It
is a so-called a semi-direct product. Translations by themselves form an Abelian and
non-compact subgroup. On physical grounds one always takes P, = —id,. This seems
obvious from the physical interpretation of spacetime. Mathematically the reason for
this is simply Taylor’s theorem for a function f(x*):

fle+a) = flz)+0,f(x)a" + ...
= f(z)+iad"P,f(x)+ ... (2.26)

Thus acting by P, will generate a infinitessimal translation. Furthermore Taylor’s the-
orem is the statement that finite translations are obtained from exponentiating P,:

flx+a) = &P f(x)
= (@) + @0 f(0) + o a DD, (1) + (2.27)

However the other part, the Lorentz group, is non-Abelian and admits interesting
finite-dimensional representations. For example the Standard Model contains a scalar
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field H(x) (the Higg’s Boson) which carries a trivial representation and also vector fields
A, (z) (e.g. photons) and spinor fields ¢, (x) (e.g. electrons). A non-trivial representation
of the Lorentz group implies that the field carries some kind of index. In the two cases
above these are ;1 and « respectively. The Lorentz generators then act as matrices with
two such indices (one lowered and one raised). Different representations mean that there
are different choices for these matrices which still satisfies (2.25). For example in the
vector representation one can take

(M), = inpby — i1, (2.28)
Notice the dual role of i, v indices as labeling both the particular Lorentz generator as
well as it’s matrix components. Whereas in the spinor representation we have

i i
(M;w)aﬁ = _§<7/U/)aﬁ = _Z(%ﬁ'/ - ”Yu’Yu)aB (2.:29)
Here (v,),” are the Dirac y-matrices. However in either case it is important to realize
that the defining algebraic relations (2.25) are reproduced.

Problem: Verify that these two representation of M, do indeed satisfy the Lorentz
subalgebra of (2.25).

2.3 Spinors

Having defined Clifford algebras we next need to discuss the properties of spinors in
greater detail. We will see later that M, = %%W gives a representation of the Lorentz
algebra, known as the spinor representation. A spinor is simply an object that transforms
in the spinor representation of the Lorentz group (it is a section of the spinor bundle
over spacetime). Hence it carries a spinor index . From our definitions this means that

under a Lorentz transformation generated by w*”, a spinor v, transforms as

e = 70 () 5 (2:30)
Note that we gives spinors a lower spinor index. As such the y-matrices naturally come
with one upper and one lower index, so that matrix multiplication requires contraction
on one upper and one lower index.
Let us pause for a moment to consider a finite Lorentz transformation. To begin
with consider an infinitesimal rotation by an angle # in the (2!, 2%)-plane,

20

5% | =0
2~ 1 (2.31)
23

11



1.€.

0 0 00
0 0 10
w12 = —Wo1 = 0 Mlg = 0 -1 0 0 (232)
0 0 00
A finite rotation is obtained by exponentiating Mi,:
at — (e M) g (2.33)
Since M} = —1 one finds that, using the same proof as the famous relation e =
cosf + isiné,
12 = cos ) + Myysin @ (2.34)

In particular we see that if # = 27 then e*™12 = 1 as expected.
How does a spinor transform under such a rotation? The infinitesimal transformation
generated by w'? is, by definition,

1 1
oY = wa“mﬂﬁ = 59712¢ (2.35)
If we exponentiate this we find
¥ — e2924) = cos(6/2) + Y12 5in(6/2) (2.36)

We see that now, if # = 27, then ¢» — —1). Thus we recover the well known result that
under a rotation by 27 a spinor (such as an electron) picks up a minus sign.

Let us now try to contract spinor indices to obtain Lorentz scalars. It follows that
the Hermitian conjugate transforms as

1 y 1 v 1 v
ot = Jplwylyl =S¥l em0 = ¥l 0 (2.37)

Here we have ignored the spinor index. Note that the index structure is (yoy,,70),” and
therefore it is most natural to write (1) = ¥*® with an upstairs index.

However we would like to contract two spinors to obtain a scalar. One can see that
the naive choice

Ap = A, (2.38)

will not be a Lorentz scalar due to the extra factors of ¥, that appear in A" as compared
to d1. To remedy this one defines the Dirac conjugate

A=Ay (2.39)

In which case on finds that, under a Lorentz transformation,

_ 1-
0N = —Z)\w‘“’”yw (2.40)

12



and hence
S(AY) = O\ 4 AJe
1 \ v ]' 3\ v
- _1)‘(*]# ’Y,wa + 1)\&)“ f)/uz/w
=0 (2.41)

Thus we have found a Lorentz invariant way to contract spinor indices.
Note that from two spinors we can construct other Lorentz covariant objects such
as vectors and anti-symmetric tensors:

M, At ... (2.42)

Problem: Show that V), = X’yuw is a Lorentz vector, i.e. show that 0V}, = w "V, under
the transformation (2.30).

So far our discussion applied to general Dirac spinors. In much of this course we
will be interested in Majorana spinors where the 7, are real. The above discussion
is then valid if we replace the Hermitian conjugate 7 with the transpose T so that
%:f = —Y%VuYo 1. More generally such a relationship always exists because if {v.}is a
representation of the Clifford algebra then so is {—’yg}. Therefore, since there is a unique
representation up to conjugacy, there must exist a matrix C' such that —’yff = Cv,C 1.
C' is called the charge conjugation matrix. The point here is that in the Majorana case it
is possible to find a representation in which C' coincides with Dirac conjugation matrix

Yo-

Problem: Show that, for a general Dirac spinor in any dimension, AY'C% is Lorentz
invariant, where C' is the charge conjugation matrix.

One way to think about charge conjugation is to view the matrix C*® as a metric
on the spinor indices with inverse C’;Bl. In which case ¢ = 5P,

Finally we note that spinor quantum fields are Fermions in quantum field theory
(this is the content of the spin-statistics theorem). This means that spinor components
are anti-commuting Grassmann variables

Ya¥s = —ptha (2.43)

We also need to define how complex conjugation acts. Since ultimately in the quantum
field theory the fields are elevated to operators we take the following convention for
complex conjugation

(Yathp)" = Vjtba (2.44)
which is analogous to the Hermitian conjugate. This leads to the curious result that,
even for Majorana spinors, one has that

()" = (¥aCx5)" = xsC*a = =105 = —tx (2.45)

is pure imaginary!

13



3 Supersymmetry and its Consequences

3.1 Symmetries, A No-go Theorem and How to Avoid It

Quantum field theories are essentially what you get from the marriage of quantum
mechanics with special relativity (assuming locality). A central concept of these ideas is
the notion of symmetry. And indeed quantum field theories are thought of and classified
according to their symmetries.

The most important symmetry is of course the Poincare group of special relativity
which we have already discussed. To say that the Poincare algebra is fundamental in
particle physics means that everything is assumed fall into some representation of this
algebra. The principle of relativity then asserts that the laws of physics are covariant
with respect to this algebra.

The Standard Model and other quantum field theories also have other important
symmetries. Most notably gauge symmetries that we have discussed above. These
symmetries imply that there is an additional Lie-algebra with a commutation relation
of the form

T, 1)) = if, Ty (3.46)

where the 7T, are Hermitian generators and f,,* are the structure constants. This means
that every field in the Standard model Lagrangian also carries a representation of this
algebra. If this is a non-trivial representation then there is another ‘internal’ index
on the field. For example the quarks are in the fundamental (i.e. three-dimensional)
representation of SU(3) and hence, since they are spacetime spinors, the field carries
the indices % (x).

Finally we recall Noether’s theorem which asserts that for every continuous symmetry
of a Lagrangian one can construct a conserved charge. Suppose that a Lagrangian
L(Pa,0,P4), where we denoted the fields by @4, has a symmetry: L£(P4) = L(P4 +
d®,4). This implies that

oL oL

—0P ———00,P4 = A4
8(I>A5 A+a(8a<I>A)6a°‘ 4=0 (3.47)

This allows us to construct a current:

oL

which is, by the equations of motion,
oL oL
0 J = Oy | ==———= | 0P ——— 0,09
(a@m)) SCCE N
oL oL
= — 0Py — —6P
Oa (a(aach)> T

=0
(3.49)

14



conserved. This means that the integral over space of J° is a constant defines a charge

Q= J° (3.50)

space

which is conserved

dq)
= = 80"
dt /space 0

= - o'

space
=0

Thus one can think of symmetries and conservations laws as being more or less the same
thing.

So the Standard Model of Particle Physics has several symmetries built into it (e.g.
SU(3) x SU(2) x U(1)) and this means that the various fields carry representations of
various algebras. These algebras split up into those associated to spacetime (Poincare)
and those which one might call internal (such as the gauge symmetry algebra). In fact
the split is a direct product in that

[PA“T@] - [M,uzl;Ta] =0 (351)

where T, refers to any internal generator. Physically this means the conserved charges
of these symmetries are Lorentz scalars.

Since the Poincare algebra is so central to our understanding of spacetime it is natural
to ask if this direct product is necessarily the case or if there is; in principle, some deeper
symmetry that has a non-trivial commutation relation with the Poincare algebra. This
question was answered by Coleman and Mandula:

Theorem: In any spacetime dimension greater than two the only interacting quantum
field theories have Lie algebra symmetries which are a direct product of the Poincare
algebra with an internal symmetry.

In other words the Poincare algebra is apparently as deep as it gets. There are no
interacting theories which have conserved charges that are not Lorentz scalars. Intu-
itively the reasons is that tensor-like charge must be conserved in any interaction and
this is simply too restrictive as the charges end up being proportional to (products of)
the momenta. Thus one finds that the individual momenta are conserved, rather than
the total momentum.

But one shouldn’t stop here. A no-go theorem is only as good as its assumptions.
This theorem has several assumptions, for example that there are a finite number of
massive particles and no massless ones. However the key assumption of the Coleman-
Mandula theorem is that the symmetry algebra should be a Lie-algebra. We recall that

15



a Lie-algebra can be thought of as the tangent space at the identity of a continuous
group, so that, an infinitessimal group transformation has the form

g=1+icA (3.52)

where A is an element of the Lie-algebra and e is an infinitessimal parameter. The
Lie-algebra is closed under a bilinear operation, the Lie-bracket,

A, Bl = —[B, A (3.53)
subject to the Jacobi identity
(A, [B,Cl]|+ [B,[C, A]] + [C,[A,B]] =0 (3.54)

If we relax this assumption then there is something deeper - Supersymmetry. So how
do we relax it since Lie-algebras are inevitable whenever you have continuous symmetries
and because of Noether’s theorem we need a continuous symmetry to give a conserved
charge?

The way to proceed is to note that quantum field theories such as the Standard
Model contain two types of fields: Fermions and Bosons. These are distinguished by
the representation of the field under the Lorentz group. In particular a fundamental
theorem in quantum field theory - the spin-statistics theorem - asserts that Bosons must
carry representations of the Lorentz group with integer spins and their field operators
must commute outside of the light-cone whereas Fermions carry half-odd-integer spins
and their field operators are anti-commuting. This means that the fields associated
to Fermions are not ordinary (so-called c-number) valued field but rather Grassmann
variables that satisfy

i (@)a () = —ta(2) i () (3.55)

So a way out of this no-go theorem is to find a symmetry that relates Bosons to
Fermions. Such a symmetry will require that the ‘infinitessimal’ generating parameter
is a Grassmann variable and hence will not lead to a Lie-algebra. More precisely the
idea is to consider a Grassmann generator (with also carries a spinor index) and which
requires a Grassmann valued spinorial parameter. One then is lead to something called
a superalgebra, or a Zs-graded Lie-algebra. This means that the generators can be
labeled as either even and odd. The even generators behave just as the generators of a
Lie-algebra and obey commutation relations. An even and an odd generator will also
obey a commutator relation. However two odd generators will obey an anti-commutation
relation. The even-ness or odd-ness of this generalized Lie-bracket is additive modulo
two: the commutator of two even generators is even, the anti-commutator of two odd
generators is also even, whereas the commutator of an even and an odd generator is
odd. Schematically, the structure of a superalgebra takes the form

leven, even] ~ even
leven,odd] ~ odd
{odd,odd} ~ even (3.56)
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In particular one does not consider things that are the sum of an even and an odd
generator (at least physicists don’t but some Mathematicians might), nor does the com-
mutator of two odd generators, or anti-commutator of two even generators, play any
role. Just as in Lie-algebras there is a Jacobi identity. It is a little messy as whether or
not one takes a commutator or anti-commutator depends on the even/odd character of
the generator. It can be written as

(=1)*[A,[B, Clels + (=1)"[B, [C, Ale]s + (=1)?[C, [A, Bl]e = 0 (3.57)

where a, b, ¢ € Zs are the gradings of the generators A, B, C respectively and [, |+ is a
commutator or anti-commutator according to the rule (3.56).

There is a large mathematical literature on superalgebras as abstract objects. How-
ever we will simply focus on the case most relevant for particle physics. In particular
the even elements will be the Poincare generators P,, M, and the odd elements su-
persymmetries (),. The important point here is that the last line in (3.56) takes the
form

{Q,Q} ~P+M (3.58)

(in fact one typically finds only P or M on the right hand side, and in this course just
P). Thus supersymmetries are the square-root of Poincare transformations. Thus there
is a sensible algebraic structure that is “deeper” that the Poincare group. Surely this is
worth of study.

One final comment is in order. Although we have found a symmetry that underlies
the Poincare algebra one generally still finds that supersymmetries commute with the
other internal symmetries. Thus a refined version of the Coleman-Mandula theorem still
seems to apply and states that the symmetry algebra of a non-trivial theory is at most
the direct product of the superalgebra and an internal Lie-algebra.?

3.2 Elementary Consequences of Supersymmetry

The exact details of the supersymmetry algebra vary from dimension to dimension, de-
pending on the details of Clifford algebras, however the results below for four-dimensions
are qualitatively unchanged. If there are Majorana spinors then the algebra is, in addi-
tion to the Poincare algebra relations (2.25),3

{Qa,Qs} = —2(+"C7V)asPy
[Qow PM} = O
[Qom MMV} %(’Yuu)aﬁQﬁ

(3.59)

2Note that one should be careful here, while this statement is true in spirit it is imprecise and in
some sense counter examples can be found (e.g. in gauged supergavity).

3More precisely this is the minimal N = 1 super-Poincare algebra. One can have N-extended
supersymmetry algebras and centrally extended supersymmetry algebras. There are also superalgebras
based on other Bosonic algebras than the Poincare algebra, e.g., the anti-de-Sitter algebra.
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The primary relation is the first line. The second line simply states that the @Q),’s are
invariant under translations and the third line simply states that they are spacetime
spinors.

At first sight one might wonder why there is a C~! on the right hand side. The
point is that this is used to lower the second spinor index. Furthermore it is clear that
the left hand side is symmetric in « and 8 and therefore the right hand side must also
be symmetric. To see that this is the case we observe that, since we have assumed a
Majorana basis where C' = —C7T = ~,,

(CHT = (C) = —(C)' Oyl = 7,07 (3.60)

is indeed symmetric.
Let us take the trace of the primary supersymmetry relation

Z{Qaa Qa} - 8PO (361)
Here we have used the fact that C~! =4, Tr(v,,) = 0 and Tr(1) = 22. We can identify
Py = E with the energy and hence we see that

E = i > Q (3.62)

Since @), is Hermitian it follows that the energy is positive definite. Furthermore the only
states with E = 0 must have Q,|0 >= 0, i.e. they must preserve the supersymmetry.

Supersymmetry, like other symmetries in quantum field theory, can be spontaneously
broken. This means that the vacuum state |[vacuum >, i.e. the state of lowest energy,
does not satisfy Q,|vacuum >= 0. We see that in a supersymmetric theory this will be
the case if and only if the vacuum energy is positive.

Next let us consider the representations of supersymmetry. First we observe that
since [P, Qo] = 0 we have [P?,Q,] = 0. Thus P? is a Casmir, that is to say irreducible
representations of supersymmetry (i.e. of the @’s) all carry the same value of P? = —m?.
Thus all the particles in a supermultiplet (i.e. in a irreducible representation) have the
same mass.

Let us first consider a massive supermultiplet. We can therefore go to the rest frame
where P, = (m,0,0,0). In this case the algebra becomes

{Qas @} = 2mdags (3.63)
We can of course assume that m > 0 and rescale Q, = m~2Q, which gives
{Qa, Qp} = 204as (3.64)

This is just a Clifford algebra in 4 Euclidean dimensions! As such we know that it has
24/2 = 4 states. We can construct the analogue of s:

(—1)" = Q1Q2Q5..Q4 (3.65)
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Since we are in 4 Euclidean dimensions we have that ((—1)¥)? = 1. Again (—1)F is

traceless and Hermitian. Therefore it has 2 eigenvalues equal to +1 and 2 equal to
—1. What is the significance of these eigenvalues? Well if |+ > is a state with (—1)F
eigenvalue +1 then Q|+ > will satisfy

(_1)FQ04|:|: >= _Qa(_l)FH: >= :FQa|:t > (366)

Thus acting by @, will change the sign of the eigenvalue. However since @, is a
Fermionic operator it will map Fermions to Bosons and vise-versa. Thus (—1)f measures
whether or not a state is Fermionic or Bosonic. Since it is traceless we see that a
supermutliplet contains an equal number of Bosonic and Fermionic states. This is only
true on-shell since we have assumed that we are in the rest frame.

Next let us consider massless particles. Here we can go to a frame where P, =
(E, E,0,0) so that the supersymmetry algebra becomes

{Qa, QB} = QE((S&B + (701)aﬁ) (3.67)

We observe that 72, = 1 and also that Tr(vyp;) = 0. Therefore the matrix 1 — 7y has
half its eigenvalues equal to 0 and the others equal to 2. It follows the algebra splits
into two pieces:

{Qu,Qp} =4Ebwy  {Qar,Qpr} =0 (3.68)

where the primed and doubled primed indices only take on 2 values each. Again by
rescaling, this time Qu = (2F)~"/2Q. we recover a Clifford algebra but in 2 dimensions.
Thus there are just 2 states. Again we find that half are Fermions and the other half
Bosons.

Finally we note that the condition [Qa, M) = %(Vu), Qs implies that states in a
supermultiplet will have spins that differ in steps of 1/2. In an irreducible mutliplet
there is a unique state |jnq; > with maximal spin (actually helicity). The remaining
states therefore have spins jmae — 1/2, Jmaz — 1, -

It should be noted that often these multiplets will not be CPT complete. For example
if they are constructed by acting with lowering operators on a highest helicity state then
the tend to have more positive helicity states than negative ones. Therefore in order to
obtain a CPT invariant theory, as is required by Lorentz invariance, one has to add in a
CPT mirror multiplet (for example based on using raising operators on a lowest helicity
state).

In higher dimensions the number of states in a supermultiplet grows exponentially
quickly. This is essentially because the number of degrees of freedom of a spinor grow
exponentially quickly. However the number of degrees of freedom of Bosonic fields (such
as scalars and vectors) do not grow so quickly, if at all, when the spacetime dimension
is increase. Although one can always keep adding in extra scalar modes to keep the
Bose-Fermi degeneracy this becomes increasingly unnatural. In fact one finds that if
we only wish to consider theories with spins less than two (i.e. do not include gravity)
then the highest spacetime dimension for which there exists supersymmetric theories is
D = 10. If we do allow for gravity then this pushes the limit up to D = 11.
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3.3 Weyl Notation

In these notes we have used a Majorana representation, since it applies in more dimen-
sions. However often in four-dimensions a so-called Weyl basis is used. Here the spinors
are expanded as eigenstates of 75 and hence are complex. Given a Majorana spinor Ay,
we can construct a Weyl spinor by taking

1
Aw = 5(1 +¥5) A

which is complex. Clearly this satisfies y5Ay = Ay, Furthermore, since ~; is purely
imaginary in four dimensions we have

VsAw = —Aw
Thus complex conjugation flips the chirality of a Weyl spinor.

Problem: Show that in four-dimensions, where (), is a Majorna spinor, the first line
of the supersymmetry algebra (3.59) can be written as

{QWQHQWB} = O

{QWwa, Qs = 0

{Qwa, Qivst = —((14+75)7C HasP
C

{Q?/Van QWﬂ} = _((1 - ’75)7% _l)aﬂpu
(3.69)

where Q. is a Weyl spinor and Q) is its complex conjugate.

In Weyl notation one chooses a different basis for the four-dimensional Clifford Al-
gebra. In particular one writes, in terms of block 2 x 2 matrices,

1 0 0 1 0 o

where o; are the Pauli matrices. Note that the charge conjugation matrix, defined by
75 = —C7,C™ 1, is no longer C' = ~o. Rather we find

C =77 -

Since Weyl spinors only have two independent components one usually introduces a new
notation: a,a = 1,2 so that a general 4-component Dirac spinor is decomposed in terms
of two complex Weyl spinors as

o = <A> (3.71)

Xa
i.e. the first two indices are denoted by a and the second two by a.
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Let us define of; = (1 =)y C™1) i 0y = (1 +75)7*C™Y)p. In this case the
algebra is
{Qa; Qv} = 0
{Q: @ = 0

{QuQj} = —20"P,
{QZ?Q?)} = _26gbpu
(3.72)

Here we have dropped the subscript W since the use of a and a indices implies that we
are talking about Weyl spinors. This form for the algebra appears in many text books
and is also known as the two-component formalism.

Problem: Show that

()i = (03 —0%) (3.73)
And therefore 0 -
o

Yy = ( ~ . ) : 3.74

2 _O-lt 0 ( )

Recall that we defined two Lorentz invariant contractions of spinors; Dirac: Ty
and Majorana: ¥7C4? In the Majorana notation with real spinors these are manifestly
the same (but not if ¢ isn’t real). In two component notation these are

v = Ay —xTA
VICy = ANo?xy +xTo?\ .

Finally, what is a Majorana spinor in this notation? Well its one for which the Dirac
conjugate and Majorana conjugate coincide:

Uiy =9TC .
Taking the transpose leads to ¢* = y9y51. In terms of two-component spinors this gives:

= —o?y , =0\

4 Super-Yang Mills

We can now start to construct a version of Yang-Mills theory that has supersymmetry.
Since we must have a gauge field in the adjoint representation we see that supersymmetry
will force us to have a Fermion that is also in adjoint representation. We can then add
Fermions in other representations provided that we also include scalar superpartners for
them.
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4.1 Super-Maxwell

We start our first construction of a supersymmetric theory by looking at a very simple
theory: Electromagnetism coupled to a Majorana Fermion in the adjoint. Since the
adjoint of U(1) is trivial the Fermion is chargeless and we have a free theory!

Why these fields? We just saw that the simplest supermultiplet is massless with 2 real
Fermions and 2 real Bosons on-shell. Furthermore since supersymmetries commute with
any internal symmetries we see that the Fermions need to be in the same representation
of the gauge group as the Bosons. In Maxwell theory the gauge field is in the adjoint
so the Fermion must also be in the adjoint.

Let us now check that the number of degrees of freedom is correct. We fix the
gauge to Lorentz gauge 0* A, = 0. Maxwell’s equation is then just 9?4, = 0. However
this only partially fixes the gauge since we can also take A, — A, + 0,0 so long as
0?0 = 0. This allow us to remove one component of A,, say As. However imposing
0" A, = 0 provides a further constraint leaving 2 degrees of freedom. In particular in
momentum space choosing p* = (E,0,0, E) we see that p*A, = E(Ay + Az) = 0 and
hence Ay = A3 = 0 leaving just A; and As.

For the Fermion A we have the Dirac equation v#9,A = 0. In momentum space this
is p"vy,A = 0. Choosing p* = (E,0,0, E) we find

E(yo+73)A=0 (4.75)

For E # 0 this implies y53A = A. Since 3 is traceless and squares to one we see that
this projects out 2 of the 4 components of \.
The action is

1 (=
SSuperMa:L‘well = _/d4$ ZF;U/FMV + 5)\»}#8#/\ (476)

where A = ATC. Not very exciting except that it has the following symmetry

0A, = ey,
1
oA = —5 wY e (4.77)

To see this we first note that, since C+y* is symmetric,

SMPON = 0u(SAPN) — DA
= 900" N) + 20,0 (4.78)

We can drop the total derivative term in the action and find
5S = - / A TF™ 9,5 A, + M 0,0

= — /d"‘xF“”z’E%@M)\ — %MpapFwwe (4.79)
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To continue we note that C'vy* is symmetric and y?y#** = P  nPhyY —nfY~#. Thus we
have

0SS = — /d4x — F™id,M\y,e — %XapFW(’yp“” + 204" )e (4.80)
Now v*#0,F,,, = v**0|,F,,,) = 0 so we are left with
S = — / d'z — F"™i0,\y,e — i€0"F,,7" A
= /d4x8“(iF“”5\7”e) (4.81)
=0
Our next task is to show that these symmetries do indeed close into the supersym-
metry algebra. First we compute the closure on the gauge field
a 1
01,024y = By (GF Y 1ape2) = (143 2)

1
— %2(§mp + 1Y) F¥er — (14 2) (4.82)

Now consider the spinor contractions in the first term. We note that
(OV/M/J)T = _O%/\uc_loT = CYorn = —Chunp (4.83)

Thus €y,un€1 18 symmetric under 1 <+ 2 and hence doesn’t contribute to the commuta-
tor. Hence

[51,52]14“ = —Qigg’yVGle,
= (2@'627”61)(%%1“ - 8M(2i62'y”61AV) (484)

We recognize the first term as a translation and the second a gauge transformation.
Thus the supersymmetry algebra closes correctly on A,,.
Next we must look at the Fermions. Here we find

7
[(51, 52]/\ = —28u(§gl’)/y>\)’7w/€2 — (1 < 2)

= —i'y“”(élﬁyyau)\)EQ — (1 A d 2) (485)

The problem here is that the spinor index on A is contracted with €; on the right
hand side and the free spinor index comes from e, whereas the left hand side has a free
spinor coming from \. There is a way to rewrite the right hand side using the so-called
Fierz identity, valid for any three, anti-commuting, spinors p, ¥ and y in four spacetime
dimensions,

(P)Xa = —i(ﬁx)% - i(hsx)%wa - i (PVux) (V') a
+i (Pruy5X) (Y 95¥)a + é (PYwX) (V)a (4.86)
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The proof of this identity is given in appendix B and you are strongly encouraged to
read it. The point of this identity is that the free spinor index is moved from being on
x on the left hand side to being on ¢ on the right hand side.

Returning to the case at hand we can take p = €, x = €; and ¥ = 7,0, A. This leads
to

(61, 02) A = 1’7“”(5162)%0;)\ + Z’Y“”(Q%Q)’Ys%aﬂ)\ + ZVW (€17p€2) V'Y OuA

7: vV [— t vV (= Lo}
—17“ (E17p75€2) V570N — gv“ (E17p0€2) V10X — (1 4 2)

(4.87)
Problem: Show that
6162 - €2€1 0
€175€2 — €275€1 = 0
€17pV5€2 — €27, Y561 = 0 (4.88)
E1'->/p062 + g2’7,01761 =0
Given this we have
i, Y i, v_po
(01,0200 = 5 (&7p€2) Y"1 0 0uA = 7 (E17pme2) 77O A (4.89)
Now look at the first term
Y = =t + 2
= —3yHaP 4 2yHP
= =3P — Ak (4.90)
= —ApHP 4 AP
And the second
VAT = [ Y
= 21T = PN+ T = T )y, + 3P
= 29M79P 4 6Py — 6P — 2910y 4 By Py (4.91)

= 2YHIP L QT o APy — QMR QyBpPT AT P | 3P
= ANTPE 4 ApHPAT — ApHTaP 4 3PT A

= A7y 3y

= —PTH (4.92)

In the second line we used a result from the problems that showed _%'hw satisfy the
Lorentz algebra.
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Putting this altogether we find

o v,
[01,02]A = —=2i (17" €2) O\ + 3 (€177 €2) VY O (4.93)
i - lo}
4 (@prea) 777 D)
We recognize the first term as a translation (the same one since €1y es = —éxyte;).

Since A has a trivial gauge transformation we do not expect anything else. But there
clearly is stuff. However this extra stuff vanishes if the Fermion is on-shell: v#9,A = 0.
Thus we say that the supersymmetry algebra closes on-shell.

This is good enough for us since this course is classical (indeed it is often good
enough in the quantum theory too). In fact we can see that it couldn’t have closed
off-shell since the degrees of freedom don’t match. In particular A, has four degrees of
freedom but one is removed by a gauge transformation whereas A\, also has four degrees
of freedom but none can be removed by a gauge transformation. On-shell however A,
has two degrees of freedom and X also has two.

4.2 Super-Yang-Mills

Our next task is to find an interacting supersymmetric theory. To this end we try to
generalize the previous action to an arbitrary Lie group G. In particular we take have
a gauge field A, and Fermion A, both of which are in the adjoint representation

1

2
9y m

1 o
/ d'z {Te(Fyu, ) + %Tr(A,y“Du/\) (4.94)

SsusyYM = -

with DA = d,A —i[A,, \]. The natural guess for the supersymmetry transformation is

0A, = ey,
1
o\ = —3 Y€ (4.95)

Note that although this looks the same as in the Abelian case above it is in fact rather
complicated and interacting. Nevertheless the steps to prove invariance are very similar
but more involved.

The first thing to note is that there is a term in 6.5 coming from M*[§A,, \] that is
cubic in A. This is the only term that is cubic in A and hence must vanish:

Tr(R, 1[0, A]) = 0 (4.96)

Problem: Using the Fierz identity show that, in four dimensions,

Tr(\, A [(E7,0), A]) = FP A" (87, ha) Xy = 0. (4.97)
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This is a crucial condition, without it we would be sunk. In fact it is only true in a few
dimensions (D = 3,4,6,10) and hence what is called pure super-Yang Mills (i.e. super
Yang-Mills with the minimum number of fields) only exists in these dimensions. Super-
Yang-Mills theories exist in lower dimensions but they always contain additional fields
such as scalars (you can construct them by compactification one of the pure theories).
Ultimately the reason for this is that these are the only dimensions where one can match
up the number of Bose and Fermi degrees of freedom on-shell.

Okay now we can proceed. We first note that

Tr(6A, 7" D) = 0, Tr(0\, v, A) + Tr(A\, 4" D,6N) (4.98)

We have see that this is true when D, = 9, so we now need to check the A, term. The
left hand side gives

—iTr(ONA*[A, ) = iTr([A,, A, 70N)
= —iTr([\, A, 70N (4.99)

— T\, (A, 0N)

and this is indeed the right hand side. Note that in the first line we used the fact that
C~* is symmetric to interchange the two spinors with a minus sign and in the last line
we used the fact that Tr([A, B],C) = Tr(A, [B, C))

Thus we find that, up to boundary terms,

1
5S = — / a5 e (P, 0F,y) + iTr(\, 7 Dyo)
Next we need to compute

0F., = 0,64, —i[A,,6A,] — (< v)

= ey, D\ — (n < v) (4.100)
Thus we have
5S = — / d*ziTe(F™ &y,D,\) — ;Tr(X, ¥ Dy FP€) (4.101)
Again we can use the identity
Vo Vv = Vouv + NopYv — NovVu (4.102)
so that we find
5S = — / 'z — iTe(F", Dy Aye) — iTe(X, D, F*™e)
—;Tr(A, 2D F e (4.103)
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The first line adds up to a total derivative and hence can be dropped. This leaves us
the the final line. This indeed vanishes because of the so-called Bianchi identity

Dy, Fyy =0 (4.104)

Problem: Prove the Bianchi identity Dy, F,y = 0, where D, F,\ = 0,F,» — i[A,, F,\].

Thus we have established that the action is supersymmetric. It is also important to
show that the supersymmetry variations close (on-shell). Let us consider the gauge field
first. Little changes from the above Abelian calculation and we find

[51,52]14“ = —(22’627”61)}7’“,,
= 22.(62’}/”61)8,,14”—DM(2i€2’7V€1AV) (4105)

Here we have used the fact that F),, = D,A, — 0,A,.

Problem: Show that the transformations (7.50) close on-shell on the Fermions to
Poincare transformations and gauge transformations.

4.3 N =4 Super-Yang-Mills

The theory we have constructed has so-called N = 1 Supersymmetry because there is
a single supersymmetry generator ). On the other hand this sometimes called N = 4
supersymmetry since () is a spinor which has four components @), a = 1,2, 3,4 in four
dimensions. As we have seen the dimension of the spinor representions various from
dimension to dimension. In particular above four dimensions there will be more than
N = 4 supersymmetries. This suggests that even in four dimensions one can have more
than A = 4. In fact the maximum number of supersymmetries is limit to N’ = 16 which
means that there must be four separate supersymmetries Q%, I =1,2,3,4.

There is essentially a unique theory with such maximal supersymmetry and which
doesn’t include gravity (basically because with more supersymmetries one requires
higher spins and hence requires gravity). This theory was predicted to exist by string
theory and constructed in the 1970’s. In the 1980’s it was shown that this theory is
a conformal field theory, i.e.that it is a finite quantum field theory - the first known
example. It has become of central importance in the last 10 or so years as it is the
prime example of the AdS/CFT correspondence. Thus it is a very interesting theory to
study.

What is the easiest way to construct such a theory? Well we can start with super-
Yang-Mills is a higher dimension where the spinors have more components and 16 is
the number of components of a Majorana-Weyl spinor in 10 dimensions (recall that a
general Dirac spinor in 10 dimensions has 32 complex components, Majorana reduces
this to 32 real components and Weyl then reduces this to 16).
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In 10 dimensions the super-Yang-Mills action is

1 1 -
L / A% A1 (P, F™) + %Tr(A, D, A) (4.106)

9y M

This is just as before except that the indices m,n,= 0,...,9 and the spinors A and I,
are those of 10 dimensions, i.e. 32-component. As mentioned we can chose a Majorana
basis and also, simultaneously, restrict to Weyl spinors I'\1A = A, where I'y; = I'gI';...T'g
is the 10-dimensional analogue of ~s.

To prove that this is supersymmetric we can follow the same argument that we did
for the four-dimensional case. The variations are taken to be

§A, = iel,A
SA = —;anrmne. (4.107)

Note that the preserve I';);A = A we must also impose
F11€ =&

The only time that the dimension of spacetime showed up was in the cubic variation.
As mentioned above, in 10-dimensions, we also have that

Tr(A, T™[(eT,,A), A]) = f*°A L™ (T, Ay) Ay = 0. (4.108)
provided that I'iyA = A and I'yje = ¢ .

Problem: Show this. You may assume the Fierz transformation in 10 dimensions is

(why?)

(WA = =55 [(0% + (TN + (T = S (XD ™
(XTI T3 = S (X P4~ 2 (VD1 AT
R T
+L(ernpqr11A)rm”pqruw} (4.109)

Thus the 10-dimensional action is supersymmetric. In fact we should also check that
the supersymmetry closes on-shell. The calculation for the gauge fields is just as it was
in 4-dimensions. For the Fermions we again need to use the Fierz transformation. This
introduces several more terms but nevertheless it all works out (this is to be expected
as the Lagrangian is invariant, hence what ever the supersymmetry algebra closes into
must be a symmetry of the Lagrangian too).
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Problem: Show that in ten-dimensions, with I';;A = A, the transformations close on-
shell on A.

Our next task is to dimensionally reduce this theory to 4 dimensions. All this means

is that we simply imagine that there is no motion along the z#, 2%, ..., 2% directions. This

is related to the idea of compactification except that we don’t imagine there is an infinite
tower of Kaluza-Klein states. We are just using this as a trick to obtain a theory in 4
dimensions with N = 4 supersymmetry.

Let us consider the Bosons. We have the 10-dimensional adjoint-valued gauge vector
field A,,. From the 4-dimensional point of view this can be viewed as a vector gauge field
Ay, p=0,1,2,3 along with 6 scalar adjoint-valued fields ¢4 = A4, A =4,5,..,9. We
note that if we assume that there are no derivatives then under a gauge transformation
(that only depends on x*) we have

Al = —i0u99™ " + 9Aug O =gdg (4.110)

Thus indeed the components ¢4, = A, behave as scalar fields from the 4-dimensional
point of view. In addition the field strength reduces to

Fo = 044 — 0,A, —i[A,, A)]
Fua = 0uba—i[Ay, da] = Dyoa (4.111)
Fap = —i[pa, ¢B]

The 10-dimensional kinetic term can be written as

LT (B, ™) = ST (Ey, F2) 3 S TR (D6, D40) — 5 3 Tr((0,08], (04, 6]
A A.B

4

(4.112)
Thus the Bosonic part of the action reduces that of a gauge field and six adjoint-valued
scalars in 4 dimensions, along with the potential

1
V= = S Te((64, 68 [64.68)) (1.113)
AB
Next we need to look at the Fermions. We can write the Fermionic term as
. ) ) ) 1 )
%Tr(A, "D, A) = %Tr(/\, [#D,A) + STe(R, T[ga, A)) (4.114)

The second term is a Yukawa-type term in 4 dimensions. The 4-dimensional action of
N = 4 super-Yang-Mills is

1 ) -
SN=asYM = —*/d% Tr(F, F*) + 3 > Te(Dyga, D pa) + %Tr(A,I‘“DuA)
A

+2Tr(A T4, A Z ([¢a, ¢B], (P4, ¢B]) (4.115)
495
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In principle we are done. However it is a good idea to rewrite the Fermion A in terms
of 4-dimensional spinors.

To reduce the Fermions we decompose the 10-dimensional Clifford algebra in terms
of the 4-dimensional v,’s as

Ly = mel

Here p, are a Euclidean Clifford algebra in 6-dimensions which we take to be pure imag-
inary so that I, are Majorana (recall that 75 is pure imaginary in a four-dimensional
Majorana basis). This is indeed possible and is called a pseudo-Majorana representation.
For example we could take

pr = 1®@1®o0 p2=1R 0y ® 03
pP3 = O'2®O'3®0'3 p420'2®0'1®0'3 (4117)
Ps 03 ® 09 ® 01 pe =02 ®1®o;.

Since o9 is pure imaginary and o; and o3 are real we have a pseudo-Majorana represen-
tation of 8 x 8 matrices.
Similarly we decompose spinors as

A= oy (4.118)
e = 61®17]

where n! are a basis of spinors in six-dimensions (which are 8-dimensional). However
we note that we require A and ¢ to be chiral with respect to I'y; = —iys ® p'...p% Thus
the chirality of n! with respect to ip'...0% needs to be correlated with the chirality of \;
with respect to v5. This projects out half of the six-dimensional spinors and so there
are only four independent values of I. To see this we note that since the n; are a basis
we can write

—ipy...penr = Rr'ny

for some pure imaginary 8 x 8 matrix R;’. Thus the chirality constraint becomes
N =5R, N

A similar constraint applies to €/ too. This means that there are no longer 8 independent

A and €’ but rather just 4. Finally we assume that these are normalized to (n)Tn’ =
6.

We can now compute

AT*D,A = AT @ (n')(Cy* @ 1)DA; @1y
= A" DA, (4.119)
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and
ADA[p" A] = A @ (n")"(CY° @ pMot, Ay @ 1’]
= (UIZTPAUJ)\I% [0, AJ] (4.120)
= pArs[et, M)

where pl/ = (n1)Tpan’ are the chiral-chiral matrix components of p4. Thus the action
can be written as

1 | 1 : .
Snasyn = —— / a3 (P, ) + 5 3 Te(Dyoa, D"60) + %6”Tr(/\1, VD))
g A
1 . |
+§p,{§]T1“()\m5 (6", A]) — 1 > Tr([pa, d5]. (04, d5]) (4.121)
AB

Note that we have raised and lowed I.J indices freely with 6’7 and 6;,.
Our last task is to write the supersymmetry transformations in terms of 4-dimensional
spinors.

Problem: Show that the ten-dimensional supersymmetry

§A, = iel,A
1
6N = — 5 Fud™e. (4.122)

becomes

6A, = igl\

Spa = —ersAipy (4.123)

1 1
oA = —3 W’YWEI—’7“75Du¢AP£{]€J+§[¢A>¢B]P,{1]B€I-

where p’L = (n7)T papn’. Here we see that there are indeed 4 supersymmetry parame-
ters €;.

Thus we find a theory in 4 dimensions with one vector field (spins = 1) 4 Fermions
(spin = £1/2) and 6 scalars (spin 0). In fact this is what we expect if we generalize our
previous discussion to N = 4 supersymmetry. In the fixed (massless) momentum frame
there are 4 x 4 = 16 supersymmetry generators:

{Qr @3} = 2E(1 = 01)asd”’

However since vy, can be diagonalized to the form diag(1,1, —1, —1) we see that we can
find 8 linear combinations of the Q! which we denote by Q4 that satisfy {Qs, Q 53 =0.
These must act trivially Q|state) = 0. Thus there are 8 nontrivial @)’s that we denote
by Qg4, & =1, ..., 8 and satisfy

{Qo’u@/j} = 4E5dB
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If we rewrite these as

Q1 = Q1 +1iQ> Q= Q3 +1iQ4 Q3 = Q5 +1Qs Q4 = Q7 +1iQs

then the algebra becomes

{Q;, 0, ={Ql, QY =0  {Q;,Q}} =4Es;,

This is four copies of the algebra of Fermionic harmonic oscillator with creation and
annihilation operators. To construct the represention we start with a highest spin state
|s >. The Q; lower the spin by 1/2 whereas the Q! raise it. Thus Q}|s >= 0. Thus the
states and their helicites are obtained by acting on |s > with Q;:

s ls> (4.124)
s—1/2 Qs> (4.125)
s—1 Q9 s> (4.126)
s—3/2  Q;Q;Qkl|s > (4.127)
s—=2  Q1QyQ30Quls > (4.128)

Note that since the Q; anticommute these states must be antisymmetric in 7, J, K.
Thus there are 1,4, 6,4, 1 states in each row respectively leading to 2* = 16 states. Note
that we require |s| < 1 to remain in field theory without gravity. Therefore we see that
we must have precisely s = 1 in order that the lowest state has s > —1. We then find
a vector (with states |1 > and | — 1 >), 6 scalars (states |0 >) and 4 Fermions (states
11/2 >).

5 Appendix A: Conventions

In these notes we are generally in 4 spacetime dimensions labeled by z#, 4 =0,1,2, ..., 3.
When we only want to talk about the spatial components we use x* with i = 1, ..., 3.
We use the the “mostly plus” convention for the metric:

—1

N = 1 (51)
1

Spinor indices will in general be denoted by o, 5 = 1,...,4. When we talk about Weyl
spinors we will use the spinor indices a,a = 1,2. We will briefly talk about more general
D dimensions. In this case ¢ =0,1,2,....D — 1 and o, f = 1, ..., 2[P/2],

We also assume, according to the spin-statistics theorem, that spinorial quantities
and fields are Grassmann variables, i.e. anti-commuting. We will typically use Greek
symbols for Fermionic Grassmann fields, ¥, \,... and Roman symbols for Bosonic c-
number fields.
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6 Appendix B: The Fierz Transformation

The y-matrices have several nice properties. Out of them one can construct the addi-
tional matrices

177#77}17D+1a7uu;7uy'7D+1,--.. (61)

where 7,,... is the anti-symmetric product over the given indices with weight one, e.g.

1
Y = 5(7}171/ - IYV’YM) (62)

Because of the relation vyv;...vp_1 & vps1 not all of these matrices are independent.
The list stops when the number of indices is bigger than D/2. It is easy to convince
yourself that the remaining ones are linearly independent.

Problem: Using the fact that < My, My >= Tr(MfMg) defines a complex inner prod-
uct, convince yourself that the set (6.1), where the number of spacetime indices is no
bigger than D/2, is a basis for the space of 21P1/2 x 2IP1/2 matrices ([D/2] is the integer
part of D/2).

Thus any matrix can be written in terms of vy-matrices. In particular one can express

556'(3 = Z crrv (7F)’yﬁ (71”)046 (63)

T

for some constants crr.. Here I' and IV are used as a indices that range over all inde-
pendent y-matrix products in (6.1).

To proceed one must determine the coefficients cprr. To do this we simply multiply
(6.3) by (yr~)s which gives

(vrr)od = > ere Tr(yrye ) () (6.4)
1N

Now we have observed that Tr(yryr») = 0 unless I' = I so we find

(r)od = D eomm Te(vtn) () (6.5)
F//F/

From here we see that cpvr = 0 unless IV = I'” and hence

1 1

= =4p :
crr Tr(v%) FQ[D/Q] (6 6)

Here the #r arises because 72 = +1 and 2P/2 = Tr(1) is the dimension of the repre-
sentation of the Clifford algebra.
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The point of doing all this is that the index contractions have been swapped and
hence one can write

MW)Xa = Nsxs0ls.
= - Z CFI‘;\’Y(VF)WBXB (’)/F)ozéwé
T

= —2[]31/2] XF: tr (E\’YFX) (), (6.7)

here the minus sign out in front arises because we must interchange the order of ¢ and
x which are anti-commuting. This is called a Fierz rearrangement and it has allowed us
to move the free spinor index from y to 1. Its draw back is that it becomes increasingly
complicated as the spacetime dimension D increases, but generally speaking there isn’t
an alternative so you just have to slog it out.

In particular consider four dimensions. The independent matrices are

177577}17'7#7&7“1/ (68)

One can see that this is the case by noting that 7,5 = %6MVAp’y’\p. You can check that
the Fierz identity is

Cidxe = — 0~

+i (Mursx) (F¥50)a +

(Msx )58 — i (Mix) (4 ¢)a (6.9)

; (Muwx) (3" )a

note the extra factor of % in the last term that is there is ensure that 7,, and ~,, don’t
contribute twice. We will use this at various points in the course.

Problem: Show that in three dimensions the Fierz rearrangement is

_ 1 - 1 /<
C)xa = =5 (A0 = 5 (Mx) (7)o (6.10)
Using this, show that in the special case that A = x one simply has
_ 1
(R A = — 5 (BN (6.11)

for Majorana spinors. Convince yourself that this is true by considering the explicit 3D
~v-matrices above and letting

=) =) 012

What is the Fierz rearrangement in two dimensions (Hint: this last part should take
you very little time)?
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7 Appendix C: Solutions to Problems

Problem: Using

Szt = ia” P,(z") + %MMMW) (7.1)
and
[Pm PV} =0
[PM’ Ml/)\} = —’i?’]w/P)\ + inu)\PV
[Muw MAp} - _inVAMup + inuAMup - inupMuA + ianMuA
(7.2)
show that
(0103 — 8261) 2" = (W) ya5 — wh ya}) + (Wi \wy , — wh \wi,)z” (7.3)
is indeed reproduced.
Solution: Just calculate
Ko v 1/W>\ 1>\/w 1W/\p
[01,00] = —afay [PM,P,,] - 5“1 ay [Muw R - 5‘11“2 [Py, M/W] - 1‘*’1 Wa [Mw/v M)\P]

]

)
nv v
2w2 a, P, — §w2 a1, Py,

) )
_ iz iz
= —§w1 as, P, + §w1 as, Py, +

7
/J)\ v )\,u v /\y, 14 M)\ 14
+Z(W1 Woy — Wi wyy” + witwyy — wi Wy ) M,
7
(B pv BA v BA v
= () az — wy alv)Pu+§(W1 Wy = wy wyy) My (7.4)

Comparing this with

Szt = ia” P,(z") + %MMM(:C#) (7.5)
tells us that
at = (Wg /\a? - W’f ,\ag) ) Wt = (Wii ,\W2)\ v Wg A%A » (7.6)

as required.

Problem: Verify that the two representations

(MIW)/\,O = inupdli\_i‘sﬁﬁl/p
1 1

(M;w)aﬁ = ('Vuu)aﬁ = A

5 (VYo — VW)

(7.7)
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do indeed satisfy the Lorentz algebra

[M/u/a M)\p] = _inu)\M,up + Z"'7;1/\]\41/p - inupr\ + Z‘nupMu)\ (78)

Solution: In the first case we find
(M) (Mx)Ty = (076 — 0,107 ) (inx00, — 10377p0)
= —Nup o0y + Nux0; M0 + 05 TupTIne — Oy TluaT)po (7.9)
and
(Mp) 7 (Mu))"y = (inxr8y — 1057pr ) (100, — 10,7700)
- _77)\1/77;1052 + 77Au5g77u9 + 5§npunu0 - 5§np,unu0 (710)
Combining these gives
(M, Mop)% = —1upM200, + 0uxdy pe + O uptne — Oy urTps
+77)\1/77u05; - 77/\u6277u0 - 5gnpu77u0 + 6§npunu9

= =i (00, — 10,1p0) + Nwp(i057u0 — 10, M0)
— 0, (105106 — iNxa0y, ) + i (107 Nwe — 10, 7)p9) (7.11)

which is the correct relation.
In the second case we first note that

T Vrp = Yuvdp + NuXYup — NuXVvp + NupYox — MupYp + MXNup — NupTlux
MoV = Vipuv + Nop Y v — T Ypv + MY — T g + NouTrv — Tlvpux (712)

To prove this you can either work it out using the Clifford relation {v,,v.} = 27, or
simply test the various cases = A\, v = p, u = \, v # p..... From this wee see that

[’7/11/7 'YAP] - 2771/>\’7up - 277#)\/71/;7 + 27]#;?71/)\ - 27]1/;7’7#)\ (713)
Multiplying through by (%)? we find

?

[~ 3t

2

?

'pr] = A5 Ve — Znu)\Q

Yuvs — 9

P}/Vp + 7177;4)5%//\ - Znupi"}ﬂu)\ (714)
which is indeed the correct relation.

Problem: Show that V), = 5\%1& is a Lorentz vector, i.e. show that 0V, = w "V, under

the transformation 0y = iw)‘p%\pw.

Solution: We have that
6V, = S b + My

1 —
= =90 — Y)Y (7.15)
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So we need to evaluate [yx,,7,] to this end we observe that

eV = Vapu + Nop Y — ThuYp
Y Vo = Yurp + uYp = Mo YA (716)

why (think about the possible cases)? This implies that

[Vaps Y = 200795 — 20007 (7.17)
Putting this back in leads to
oV, = —iwApA(2anA = 20370
= WM (7.18)

Problem: Show that, for a general Dirac spinor in any dimension, ATC4 is Lorentz
invariant, where C' is the charge conjugation matrix.

Solution: Under a Lorentz transformation

1 1
o) = ZW“”%W , o\ = wa%l)\ ) (7.19)
Therefore
NI = 1 ATATAT — 1)\T o~ O = 1)\T w01 7.20
= WA = W O O = = AW Cy (7.20)
and hence 1
INC = —Z)\Tw’“’(?%,, (7.21)

Finally we see that

SONTCy) = SATCY + AT Coy
1 1
= WO+ X C
= 0 (7.22)

Problem: Why are their factors of ¢ in the Fermionic terms of the action.

Solution: This is to ensure that the action is real. Consider the mass term

(imipe)" = —im(PaC%p)" = —imyp(C) Yo = imysC o = imbtp (7.23)

37



where we have used that C' is anti-Hermitian. Next consider the kinetic terms

Tr(ith, " Dut))* = —ihap(0uth — 1§ AL (T,) ) (Cy") Py
—ihap 0 0 + hayg AL(T,) L (Cy*) P8

= —ihapOu (O Y U°) + ihap) V000" + hpct " A (T, ) ot
— i (VYY) + ihegh " Dyap?

TI“(Z"LE, YWD, )

Here we've used the fact the fact that (7,)% is Hermitian and also that Cv* real (we
are in a Majorana basis) and symmetric:

(1) = ()1t = ~Cy*CICT = O (7:24)

2

Problem: Show that in four-dimensions, where (), is a Majorna spinor, the supersym-
metry algebra

{Qur Qs} = —2("C)as P, (7.25)
can be written as
{Qwa, Qws} 0
{Qwa, Qwst = 0
{Qwa, Q*WB} = —((1+ 75)7ucil)aﬁpu
{Q*I;Vom QWB} = —((1- 75)7#0_1)aﬂpu
(7.26)

where Qw,, is a Weyl spinor and Q7 is its complex conjugate. (Hint: Weyl spinors
are chiral and are obtained from Majorana spinors @), through Qu = %(1 + v5) Qs

Qi = (1 —5)Qu.)
Solution: By definition we have Q, = Qwa + @}y, and hence
{QWOU QWﬂ} + {Q;Von QWB} + {QWOU Q?/Vﬁ} + {Q;Vou Q*W,B} = _2(7M0*1>QBPH (727)

Next we note that

QIF7%)(1+ty)=1-9%=0 (7.28)
and
1 1 1 o1
Thus if we multiply the left and right hand side by (1 4 75),* and 3(1 + ~5) 57 we find
1 _
{Qwy, Qws} = —5((L+75)7"C Dys(1+75)s" Py
1 _
= 514+ C)s(1 - 75) s FPu

(7.30)
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where we have used the fact that 75 is antisymmetric (recall it is pure imaginary and
Hermitian). The right hand side vanishes because it is equal to (14 v5)y*C~ (1 —3) =

(1+75)(1 = 95)9*C~" = 0. Thus

{Qw~, Qws} =0

(7.31)

Similarly multiplying by %(1 —75).¢ and %(1 — 75)56 shows that {Qy..,, Qiys} =0

Y
Next we multiply through by (1 + ¥5),* and 21— 75)55 to find

1

{QWw Qwst = _5((1 + '75)’7#071)%3(1 - 75)5513/1

1 _
= —5((I+ph"C Y1+ 7))y Py
= —((L+1)1"C 6P,

Similarly we find

{Qvr@uwsd = —5((1 =" O )ys(1+25)E,
= (=51 (1 = 3P

= —((1- 75)7u071)'75pu

Problem: Show that

CARECEN.
CANE ORI

Solution: Since C~! = —v; we have that

L (1 0) '1_(@- o>
00 _(0 1 W =o -

st = (5 9) (o )= (o o)

1 4 ({1 0\/o® O\ (o 0
g+ = (o 0)<0 —ai>‘<0 o)

Thus
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By definition the top left entry of these matrices are (0,),; and so
(00)as = 005 (03)as = 03 (7.37)

The last equation is an identity by construction. Similarly one has

i = (00 9= (5 9)

1 L (0 0N(ci 0\ _ (0 0
3= = (5 1) (5 o) =0 )

(7.38)
and hence
(5’0)@[, = (5[1b (5’1')[15 = —O'Z-lb (739)
Problem: Show that
6162 — €2€1 =0
€175€2 — €275€1 = 0
€17 7562 — €27y Y561 = 0 (7.40)
€1Ypo€2 + E2Ypo€1 = 0
Solution: In all these cases we are looking at something of the form
€1F€2 = €1a<CF)aﬁ€1 (741)
Since €14€28 = —€24€13 We see that these identities correspond to whether or not CT' is

anti-symmetric (first three) or symmetric (last one).

In the first case we have I' = 1 and hence CT = C' is anti-symmetric. Similarly in
the second case we have (Cy3)T = 71 CT = 45C = —(C'y5 is antisymmetric. In the third
case I' = 7,7v5. Thus

(070'75)T = 75(7p)TC = _75(0'7p0_1>0 = —C5 (7.42)
as required. In the fourth case we have I' = v,, and so
1 1
(C’Ypa)T = _5(70)T(VP)TC + 5(7p)T(7p>TC
1 1
= —5(CUCT) T+ S(Cr,CTCWCTHE (7.43)
= —C,
= Cﬁ)/pa

Problem: Using the Fierz identity show that, in four dimensions,

Tr(A, 7*[(€7,0), A) = FP A (€9 ha) Xy = 0. (7.44)
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Solution: We rewrite this as
fabcj\c’yu(@yu)\a)Ab = _fabc;\cfyu(j\a’Yue))\b
1 _ _
= Zfabc > AN (AT ATy (7.45)
T

Here have used the Fierz identity and the sum is over all the relevant matrices: I'
1, Y5, Vs Vo5, Yur, With the correct signs and factors assumed. However since f%¢ is anti-
symmetric in a, b the only terms that contribute are where (CT)?T = CT. This reduces
the sum to just I' = 7, and I' = 7, restoring the right factors we have

— _ 1 abcy \ v
fabc)\c,y,u(ey#)\a))\b — Zf b )\cfy“()\a%)\bw Y€

1 _ _
_gfabc)\c’yu()\a’)/y)\)\b)")/y/\’}/ME (746)
Next we need the following two identities
VY = 720 =)
= 27" — 49" (7.47)
= —29
and
PV = A+ Y )
= 4y 4 27”“(5;)7” — 5Z7A) (7.48)
— 4711)\ +4'7>\V
= 0
Thus we find

_ 1 .
fabc)\CVM(€7u)‘a))‘b = _ifabCACVV()‘aVV)‘b)G

1
= §fabc€'7y/\0(/\a7u/\b)

A quick inspection shows that the right hand side is —1/2 times the left hand side. Thus
they must both vanish, as required.

Problem: Prove the Bianchi identity Dy, F,y = 0, where D, F,\ = 0,F,» — i[A,, F})].
Solution: It is straight forward to expand this

3D F,y = 0u(0,Ax — WA, —i[A,, Ay]) —i[A,, 0,A\ — OzAy —i[A,, A)]]) £ cyclic
= —i[0,A,, A\ —i[A,, 0,AN\] —i[A,, 0, AN +i[AL, 00\A] — [A (A, AN £
= i[Ay, 0,4, —i[A),0,A\] —i[A,, 0,45 + 1[A,, 0\A,] £ cyclic
= 2i[A,0,A,] — 2i[A,, 0,A,\] £ cyclic
=0
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In the second line we used the fact that second derivatives commute and the third line
the [A,, [A,, A,]] terms vanish by the Jacobi identity. In the last two lines we used the
cyclic sum to swap the indices.

Problem: Show that the transformations
0A, = ey
N = —; Y€ (7.50)
close on-shell on the Fermions to Poincare transformations and gauge transformations.

Solution: First compute

1
[51,52])\ = —i(lew,’tuEQ — (1 < 2)
Now
0E, = 0004, — 0,614, —i[01A,, A)] —i[A,, 1A

— DA, — D6 A, (7.51)
Thus we find

[(51, 62])\ = —DH(SlAny‘“’eQ — (1 < 2)

= —i(gl’YVDH)\>")/MV€2 — (1 g 2) (752)

The rest just follows the previous discussion in the Abelian case with d, — D,. As a
result of Feirz we find

[01,02]A = —2i(év"e1) DA — ; (€177 €2) VY Dy (7.53)
—i (€17po€2) 7777 DA
The on-shell equation is v*D,\ = 0 so that, on-shell, we find
[01,02]N = —2i(év"e1) O\ + 2 (€27 €1) [Aps Al (7.54)
Here the first term is a translation and the second term a gauge transformation.

Problem: Show that, in ten-dimensions, with I');A = A,

Tr(A, T™[(eT,,A), A]) = fAT™ (€T, Ao ) Ay = 0. (7.55)
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You may assume the Fierz transformation in 10 dimensions is (why?)

(WA = =55 [(0 + (AT + (T — S (XD ™
(XL Ty — ;(ernp )T — l(XanFn)\)F "Iy
+i!(>_<rmnpq)\)rmnpqw + L(;‘cl“mnpl“n)\)l“m”pl“nzp + ;!(ernpqr)‘)rmnpqrw
+L(ernpqr1g)rm"mrnw} (7.56)

Solution: We perform a Fierz transformation
fAT ™Ay = —fAT™ (Aol me) Ay
1 _ _
= 5 FAe 3 (AL AT e ) (7.57)
r
Where the sum is over all the I"’s that appear in the Fierz transformation. We note that

only terms which are anti-symmetric in a,b contribute and this corresponds to terms
where CT' is symmetric. A little thinking shows that the options are

I'= Fm7 1_‘117 anu Fm]-jlly anpqr; anqull (758)

In addition since I';; A = A the only terms which survive are those for which [CT,T'1;] =0
since if {CT,I'11} = 0 then

ATA, = ALCTT ) Ay = — AT, CT Ay = —A,TA, (7.59)
and hence vanishes. This leaves us with
I'=T0. Tl Dinpgr (7.60)
and so
FR I (e Ag) Ay = 312 PN (AT Ap) T T e (7.61)
1 (]\arnpqu )L €

51
— f“”CA Z( 2(AaLn )T I e+ (A LrpgraAp) T TP )

—F(/_X r FllAb>FanF F11€+

No the second term vanishes because

[ LarsT,, = 0 (7.62)
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To see this note that, for any fixed values of n, p, ¢, r, s there are five values of m for which
{Impars ™Y = (O (namely m = n, p, q,r, s) and five values of m for which [['"??"* T"™] = 0

(namely m # n,p, q,r,s). Hence we have
AL ™ (T Ao) Ny = 116 N (AT Ap) T T e
8 abc A (A n
= _Tﬁf AC(AaFnAb)F €
1 _

= §fabC(EFnAc)(AaF"Ab)

However the left-hand-side is
FED AL (AL Ay) = fP(ED A (Aal™Ay) = — f22(eTA) (AT Ap)

since ¢ = —fe Thus we see that f®¢(el",A.)(A,T"Ay) = 0.

Problem: Show that in ten-dimensions, with I';;A = A, the transformations

0A,, = e, A
1
N = —§anFm”e .

close on-shell on A.

Solution: We start by following the four-dimensional calculation:

GG = —;51anrm%2 (162
Now
5\ Fp = OmOn Ay — 001 Avy — 00 Ar, Ay — i[ A, 61 Ay
— DuiA, — DuGiA,,
Thus we find

[51, 52]A = —DmélAnangg — (1 S 2)

Next we need to use the Fierz identity. As in the previous question we write

61, 5,)A = +312 S (5 Te) ™ IT, D, A — (1 45 2)
I

(7.63)

(7.64)

(7.65)

(7.66)

(7.67)

Again we only need the contributions that are anti-symmetric under 1 <+ 2 and this
restricts to I' = 'y, I'i1, Ipg, I'pl'i1, Dpgrst, IpgrsI'11. Furthermore the only non-zero terms

are when [CT,T';] = 0 and hence I' = T',,, I',)I"11, T'pgrse. Thus

51,600 = 47 ((ET,e) ™ T DA = (A1, D) I I T T, DA
1 = mn TS
+§(€1qurst€2)r ree tFanA>
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Note the factor of 16 from anti-symmetry under 1 <> 2. Since I'1169 = g9 and I')yA = A

we see the the first two terms are

[ PT,, =

and

an qurst Fn

equal. Thus we have to compute two expressions.

(DT + ™) (=, [P + 267)

—100™T — IT""T? 4 20T + 2" (7.69)
—9I"™ TP 4 29"

9rPI™ — 161"

— (le—\n_’_nmn)rpqrstrn
= D™(I"TPST,) + Pty (7.70)
qurstrm

Here we have used the previous result that TIPS, = 0 since for half the values of n

I',, commutes with I'??"s¢ whereas

for the other half it anti-commutes. Thus we have

0i
61, 8JA = —2i(5T™ey) DA + g(élr’l@)rnrmpm/\
i = TS m
+m(61quTst52)qu tP DmA (771)
Thus we indeed find
[51, 52]A = +22(§2Fm€1)DmA (772)

when the Fermions are on-shell; I'"D,,A = 0.

Problem: Show that the ten-dimensional supersymmetry

0A,, = el A
SA = _;anrm%. (7.73)
becomes
6A, = igT N
Sba = —ershypl | (7.74)
oA = —; MV/Y”VEI_'VM'YSDMQSA/O,{]JEJ_’_%[QSA?gbB]pil{BeI'

where pilp = (n”)" pasn’.
Solution: Setting m = p in 0A4,,
0A,

gives

i(er @ ()N e A\ @9’
ieryAs ()" @n’) (7.75)
ZE[’}QL)\I
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Next we set m = A in 0A,, to find

5pa = (& @)ooy’
= e (") @n’) (7.76)
= derysA

Finally we have 6A = 6A\; ® n’. Since (n!)Tn’ = 6/ we can read off §\; from
Sy e1= (1 [n)")A (7.77)

Hence, recalling that Fj,4 = D, ¢4, we see that

o = (em))(- ;FW(W“” ® 1) = Duda(y's ® p) + ;[sﬁA, ¢5)(1@ p*))er @0’
i

1 v
= -3 " €r — Duday" vser(n”) panr + 5[@1, osler(n”) p Py (7.78)

1 5 )
= 5 wYes — DMQSAVMVB:O%EI + §[¢A,¢B]P£9€I

where pil; = (n7)" pann’.

Problem: Using the fact that < My, My >= Tr(MlTMg) defines a complex inner prod-
uct, convince yourself that the set

17 YD1, Vs Vv Vuvs (779)

where the number of spacetime indices is no bigger than D/2, is a basis for the space
of 2P/2 x 2P/2 matrices.

Solution: We denote a general element of this set by ~r. Since ’yl = YoYuYo and

72 = +1 we see that /yr = 1. Hence up to a constant (which is 2°/2, the dimension of
the representation) all these elements have unit length.

The key point is that, since yp41 oc €t#2H3ry, ., Oone can always express any
Yy piopis..in. Which has n > D/2 spacetime indices as proportional to Vi otz i 2
possibly including one factor of yp, 1, which has no more than D/2 indices. Hence we
have that

71T“VF’ = Z Croryre (7.80)
>

where number of spacetime indices on any given 7 matrix is no bigger than D /2. If we
take the trace, and use the fact that only the identity has a non-vanishing trace, then
we see that all the yr are orthogonal.

Finally we need to count the number of ~f.s. If D is even the list is

17 YD+15 Vs VYD1 Yuws Yur VYD+1--+5 7}11-.-;11)/2 (781)
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(note that Viur.ip 2 BPPEATS but Vit tip 2 YD+1 will not) which contains

1+1+D+D+(D)+<D)+...+(D)+o:i(D):2D (7.82)

2 2 D/2 =\ k
elements. If D is odd then ypy; = 1 and hence the list is
177#”7/“’"" (783)
which has
D D L~ (DY _Llop _ oo
1+D+(2>+"'+<(D—1)/2>_QZ(k)_QQ =2 (7.84)

=0
elements. In either case this is the number of 2[P1/2 x 2[P1/2 matrices.

Problem: Show that in three dimensions the Fierz rearrangement is

_ 1 _ 1,
C)xa = =5 (A0 = 5 (Mx) (7)o (7.85)
Using this, show that in the special case that A = x one simply has
_ 1 _
(M)A = — 5 (BN (7.86)

for Majorana spinors. Convince yourself that this is true by considering the explicit 3D

~v-matrices above and letting
— = 7.87
() e= (1 (7.87)

What is the Fierz rearrangement in two dimensions (Hint: this last part should take
you very little time)?

Solution: In three dimensions the y-matrix products are

Lovu s Yaw > Yuwa (7-88)

However one has that v,,, o< €,,01 and also that 7, o e#,,,\’y’\. Thus only 1 and v, are
independent matrices. Indeed since there are four of these and they are 2 x 2 matrices
this is the correct counting. Furthermore all of these matrices square to one, except for
~o which squares to minus one. Thus our discussion in the lectures tells us that

585 = S + 50 (789

«
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Note that the minus sign in 72 is automatically taken care of by the minus sign involved
in raising the ¢ = 0 index. Thus we have

AM)Xa = A*Upxs050]

1

= (ot~ 5 () (6 (7.90)

where the minus sign is due to interchanging the order of ¢) and Y.
For the case that A = y we note that, for a Majorana basis in three-dimensions,

(Cr)" = (o) =707 = —%070% = Cu (7.91)

Thus, since )\, is anti-commuting and Cv, is symmetric, we have 5\%)\ = 0 and the
result follows.
Let us compute this in the explicit matrix representation:

w = (2 o)
"= ((1) (1])
w = (y 1) (792

We start with the right hand side:

A\ = ()\1’)‘2)(—01 (1)) <§;)

Ads — Aahp (7.93)
= 2M )\
SO 1 1
—i(j\A)wl = —)\1)\2¢1 and — 5(5\)\)@02 = —Al)\gwg (794)

Next look at the left hand side
- 0 1
= Mt — Aty (7.95)

Since A2 = 0 we find

(AOA = (A — Aath1) A
— A1\ (7.96)

= —AMAth
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similarly

(AMP)A2 = (Mihe — Agth1) A
A1t g (7.97)
= —AiAat

and thats what we had to show.

To find the Fierz rearrangement in two dimensions we note that the two-dimensional
Clifford algebra is essentially the same as the three-dimensional Clifford algebra, only
now 7, is called 73 and treated as a chirality matrix (and not one of that +,). All this
just amounts to separating out 7, for the others and calling it v3. This leads to

< 1

()Xo = — 5 ()i — 5

2

1

(AX)¥a 5

(Mux) (¥ )e = 5 (Msx) (158)a (7.98)

where now p = 0, 1.
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