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ABSTRACT. We introduce a general algorithm for the computation of the scale functions of a
spectrally negative Lévy process X, based on a natural weak approximation of X via upwards
skip-free continuous-time Markov chains with stationary independent increments. The algorithm
consists of evaluating a finite linear recursion with, what are nonnegative, coefficients given explicitly
in terms of the Lévy triplet of X. Thus it is easy to implement and numerically stable. Our main
result establishes sharp rates of convergence of this algorithm providing an explicit link between
the semimartingale characteristics of X and its scale functions, not unlike the one-dimensional It6
diffusion setting, where scale functions are expressed in terms of certain integrals of the coefficients

of the governing SDE.

1. INTRODUCTION

It is well-known that, for a spectrally negative Lévy process X [5, Chapter VII] [33, Section 9.46],
fluctuation theory in terms of the two families of scale functions, (W(q))qe[o,oo) and (Z(q))qe[o,oo)a
has been developed [23] Section 8.2]. Of particular importance is the function W := WO in terms
of which the others may be defined, and which features in the solution of many important problems
of applied probability [22 Section 1.2]. It is central to these applications to be able to evaluate
scale functions for any spectrally negative Lévy process X.

The goal of the present paper is to define and analyse a very simple novel algorithm for computing
W. Specifically, to compute W (z) for some x > 0, choose small h > 0 such that z/h is an integer.
Then the approximation W, (z) to W (x) is given by the recursion:

y/h+1
Wiy + 1) = Wa(0) + 37 Waly +h—kR)=EE W(0) = (onh) (1.1)
k=1
for y = 0,h,2h, ...,z — h, where the coefficients v}, and (y_x)r>1 are expressible directly in terms

of the Lévy measure ), (possibly vanishing) Gaussian component ¢ and drift u of the Lévy process

X (see (2.4)—(2.5) in Subsection below).
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Indeed, the algorithm just described is based on a purely probabilistic idea of weak approxima-
tion: for small positive h, X is approximated by what is a random walk X" on a lattice with spacing
h, skip-free to the right, and embedded into continuous time as a compound Poisson process (see
Definition . Then, in recursion , W), is the scale function associated to X" — it plays
a probabilistically analogous role for the process X", as does W for the process X. Thus W), is
computed as an approximation to W (see Corollary .

When it comes to existing methods for the evaluation of W, note that analytically W is char-
acterized via its Laplace transform /V[7, W in turn being a certain rational function of the Laplace
exponent ¢ of X. However, already ¢ need not be given directly in terms of elementary /special
functions, and less often still is it possible to obtain closed-form expressions for W itself. The user is
then faced with a Laplace inversion algorithm [I3] [22] Chapter 5], which (i) necessarily involves the
evaluation of 1, typically at complex values of its argument and requiring high-precision arithmetic
due to numerical instabilities; (ii) says little about the dependence of the scale function on the Lévy
triplet of X (recall that ¢ depends on a parametric complex integral of the Lévy measure, making
it hard to discern how a perturbation in the Lévy measure influences the values taken by the scale
function); and (iii) being a numerical approximation, fails a priori to ensure that the computed
values of the scale function are probabilistically meaningful (e.g. given an output of a numerical
Laplace inversion, it is not necessary that the formulae for, say, exit probabilities, involving W,
should yield values in the interval [0, 1]).

By contrast, it follows from and the discussion following, that our proposed algorithm
(i) requires no evaluations of the Laplace exponent of X and is numerically stable, as it operates in
nonnegative real arithmetic [31, Theorem 7]; (ii) provides an explicit link between the deterministic
semimartingale characteristics of X, in particular its Lévy measure, and the scale function W; and
(iii) yields probabilistically consistent outputs. Further, the values of W}, are so computed by a
simple finite linear recursion and, as a by-product of the evaluation of Wp,(z), values Wj(y) for all
the grid-points y = 0, h, 2h,...,x — h, x, are obtained (see Matlab code for the algorithm in [29]),
which is useful in applications (see Section [6] below).

Our main results will (I) show that W} converges to W pointwise, and uniformly on the grid
with spacing h (if bounded away from 0 and +o00), for any spectrally negative Lévy process, and
(IT) establish sharp rates for this convergence under a mild assumption on the Lévy measure.

Due to the explicit connection between the coefficients appearing in and the Lévy triplet of
X, also has the spirit of its one-dimensional It6 diffusion analogue, wherein the computation
of the scale function requires numerical evaluation of certain integrals of the coefficients of the
SDE driving said diffusion (for the explicit formulae of the integrals see e.g. [9, Chapters 2 and 3]).
Indeed, we express W as a single limit, as h | 0, of nonnegative terms explicitly given in terms
of the Lévy triplet. This is more direct than the Laplace inversion of a rational transform of the

Laplace exponent, and hence may be of purely theoretical significance (see Remark on how
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the scale functions are affected by a perturbation of the Lévy measure, following directly from a
transformed form of )

Finally, note that an algorithm, completely analogous to , for the computation of the
scale functions W@ and also Z(@, ¢ > 0, follows from our results (see Corollary Eq.
and ) and presents no further difficulty for the analysis of convergence (see Theorem be-
low). Indeed, our discretization allows naturally to approximate other quantities involving scale
functions, which arise in application: the derivatives of W@ by difference quotients of W}EQ); the
integrals of a continuous (locally bounded) function against dW (@ by its integrals against dW}Eq);
expressions of the form fox F(y, W@ (y))dy, where F' is continuous locally bounded, by the sums

,Eiédfl F(kh, W}Eq)(kzh))h etc. (See Section |§| for examples.)

1.1. Overview of main results. The key idea leading to the algorithm in is best described
by the following two steps: (i) approximate the spectrally negative Lévy process X by a continuous-
time Markov chain (CTMC) X" with state space Zj, := {hk: k € Z} (h € (0, hy) for some h, > 0),
as described in Subsection [2.1} (ii) find an algorithm for computing the scale functions of the chain
X", The approximation in Subsection implies that X" is a compound Poisson (CP) process,
which is not spectrally negative. However, since the corresponding jump chain of X" is a skip-free
to the right Zj-valued random walk, it is possible to introduce (right-continuous, nondecreasing)
scale functions (W,Eq))qzo and (Z}(lq))qzo (with measures dW,Eq) and dZ}(Lq) supported in Zjp), in
analogy to the spectrally negative case. Moreover, as described in Corollary a straightforward
recursive algorithm is readily available for evaluating exactly any function in the families (W}Eq))qzo
and (Z;(Lq))qzo at any point. More precisely, it emerges, that for each x € Zj, W}(Lq) (x) (resp.
Z,(Zq) (x)) obtains as a finite linear combination of the preceding values W,Eq) (y) (resp. Z,(lq) (y)) for
y € {0,h,...,z — h}; with the starting value W,Eq)(O) (resp. Z(9(0)) being known explicitly. This
is in spite of the fact that the state space of the Lévy process X" is in fact the infinite lattice Zj,.

In order to precisely describe the rates of convergence of the algorithm in , we introduce
some notation. Fix ¢ > 0 and define for K, G bounded subset of (0, c0):

)

Aé(v(h) = sup ‘W}(LQ) (m — 50h) — W(Q) (CL‘)‘ and A?(h) = sup ‘Z}(LQ) (.I‘) N Z(q) (.%')
r€ZpNK z€ZrNG

where §° equals 0 if X has sample paths of finite variation and 1 otherwise. We further introduce:
k(9) := / ly|\(dy), for any 6 > 0.
[_17_5)

If the jump part of X has paths of infinite variation, i.e. in the case the equality (0) = oo holds,

we assume (throughout the paper we shall make it explicit when this assumption is in effect):

Assumption 1.1. There exists € € (1,2) with:
(1) limsupg o 0A(—1, —d) < 0o and
(2) liminfsyo f;_5q) 2°A(dz)/6%7¢ > 0.
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Note that this is a fairly mild condition, fulfilled if e.g. A\(—1,—0) “behaves as” 6™, as ¢ | 0; for
a precise statement see Remark

Here is now our main result:

Theorem 1.1. Let K and G be bounded subsets of (0,00), K bounded away from zero when o = 0.
If k(0) = oo, suppose further that Assumption is fulfilled. Then the rates of convergence of the

scale functions are summarized by the following table:

AR) =0 AE(h) = O(h?) and AG(h) = O(h)
0 < A(R) & x(0) < oo AE (h) + A (h) = O(h)
K(0) = o0 Ay (h) + AG(h) = O(h*~)

Moreover, the rates so established are sharp in the sense that for each of the three entries in the
table above, examples of spectrally negative Lévy processes are constructed for which the rate of

convergence is no better than stipulated.

Remark 1.1. (1) The rates of convergence depend on the behaviour of the tail of the Lévy measure
at the origin; by contrast behaviour of Laplace inversion algorithms tends to be susceptible to the
degree of smoothness of the scale function (for which see [12]) itself [I].

(2) More exhaustive and at times general statements are to be found in Propositions In
particular, the case o2 > 0 and x(0) = co does not require Assumption to be fulfilled, although
the statement of the convergence rate is more succinct under its proviso.

(3) The proof of Theorem consists of studying the differences of the integral representations of
the scale functions. The integrands decay only according to some power law, making the analysis
much more involved than was the case in [30], where the corresponding decay was exponential. In
particular, one cannot in the pure-jump case directly apply the integral triangle inequality. The
structure of the proof is explained in detail in Subsection [5.1

(4) Since scale functions often appear in applications (for which see Section |1.2| below) in the form
WD (z)/W@(y) (x,y > 0, ¢ > 0), we note that the rates from Theorem [1.1] transfer directly

to such quotients, essentially because W}EQ) (y) = WWD(y) € (0,00), as h | 0, and since for all

1 1 WP @)-w)
h € (Oah‘*)7 W(Q)(y) - W}(IQ)(y) - Wh<q)(y)W,(lq)(y) :

(5) For a result concerning the derivatives of W (@ see Subsection

1.2. Overview of the literature and of the applications of scale functions. For the general
theory of spectrally negative Lévy processes and their scale functions we refer to [23, Chapter §]
and [5, Chapter VII], while an excellent account of available numerical methods for computing them
can be found in [22], Chapter 5]. Examples, few, but important, of processes when the scale functions
can be given analytically, appear e.g. in [I8]; and in certain cases it is possible to construct them
indirectly [22], Chapter 4] (i.e. not starting from the basic datum, which we consider here to be the
characteristic triplet of X). Finally, in the special case when X is a positive drift minus a compound

Poisson subordinator, we note that numerical schemes for (finite time) ruin/survival probabilities
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(expressible in terms of scale functions), based on discrete-time Markov chain approximations of
one sort or another, have been proposed in the literature (see [36], 16 11, [15] and the references
therein).

In terms of applications of scale functions in applied probability, there are numerous identities
concerning boundary crossing problems and related path decompositions in which scale functions
feature [22, p. 5]. They do so either (a) indirectly (usually as Laplace transforms of quantities which
are ultimately of interest), or even (b) directly (then typically, but not always, as probabilities in
the form of quotients W (z)/W (y)). For examples of the latter see the two-sided exit problem [5]
Chapter VII, Theorem 8]; ruin probabilities [23| p. 217, Eq. (8.15)] and the Gerber-Shiu measure
[24], Section 5.4] in the insurance/ruin theory context; laws of suprema of continuous-state branching
processes [8, Proposition 3.1]; Lévy measures of limits of continuous-state branching processes with
immigration (CBI processes) [2I, Eq. (3.7)]; laws of branch lengths in population biology [25]
Eq. (7)]; the Shepp-Shiryaev optimal stopping problem (solved for the spectrally negative case in
[4, Theorem 2, Eq. (30)]); [27, Proposition 1] for an optimal dividend control problem. A further
overview of these and other applications of scale functions (together with their derivatives and the
integrals Z (‘1)), e.g. in queuing theory and fragmentation processes, may be found in [22) Section
1.2], see also the references therein. A suite of identities involving Laplace transforms of quantities

pertaining to the reflected process of X appears in [2§].

1.3. Organisation of the remainder of the paper. Section[2]gives the setting and fixes general
notation. Section [3| introduces upwards skip-free Lévy chains (they being the continuous-time
analogues of random walks, which are skip-free to the right), describes their scale functions and
how to compute them. In Section [l we demonstrate pointwise convergence of the approximating
scale functions to those of the spectrally negative Lévy process. Then Section [5|establishes the rate
at which this convergence transpires. Finally, Section [6] provides some numerical illustrations and
further discusses the computational side of the proposed algorithm. Appendices [A] and [B] contain
the proofs of technical results from Subsection while Appendix [C] provides some additional

numerical examples.

2. SETTING AND GENERAL NOTATION

Throughout this paper we let X be a spectrally negative Lévy process (i. e. X has stationary
independent increments, is cadlag, Xo = 0 a.s., the Lévy measure A of X is concentrated on
(—00,0) and X does not have a.s. monotone paths). The Laplace exponent ¢ of X, defined via
Y(B) :=log E[e#X1] (B € {y € C: RNy > 0} =: C~), can be expressed as (see e.g. [, p. 188]):

1
v(3) = 58+ b+ [

(_0070)

(eﬁy — Béy) — 1) Ady), BeT™. (2.1)

The Lévy triplet of X is thus given by (02, \, )z, ¢ := idr1_y,p) with V' equal to either 0 or 1, the
former only if f[il 0y 17[A(dz) < co. Further, when the Lévy measure satisfies f[il o) 1Z[A(dz) < oo,
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we may always express ¢ in the form ¥ (3) = %(7262 + pofB + f(_oo 0) (eﬁy — 1) A(dy) for B € C—. If
in addition 02 = 0, then necessarily the drift 1o must be strictly positive, o > 0 [23, p. 212].

2.1. The approximation. We now recall from [30], specializing to the spectrally negative setting,
the spatial discretisation of X by the family of CTMCs (X"),e(0.,) (Where h, € (0,+00]). This
family weakly approximates X as h | 0. As in [30] we will use two approximating schemes, scheme
1 and 2, according as 02 > 0 or 02 = 0. Recall that two different schemes are introduced since
the case 02 > 0 allows for a better (i.e. a faster converging) discretization of the drift term, but
the case 02 = 0 (in general) does not [30, Paragraph 2.2.1]. Let also V = 0, if X is finite and
V =1, if X is infinite. Notation-wise, define for h > 0, CZ = /\(Ah) with Ah [y —h/2,y + h/2)
(y € Zy, ™ =Ly N (=00,0)); Af := [~h/2,0);

= [ Plvo@ia) wd = Yy / 1) (2)A(dz).
0 yEeL;, ~
Now, it is clear from [30] that, for each h € (0, hy), X" is a CP process, with X{} =0, a.s., and whose
positive jumps do not exceed h. Thus each X" admits its Laplace exponent ¢"(3) := log E[eﬁX{L ]
(8 € C~), which in turn uniquely determines its law. Moreover, " may be obtained from the
characteristic exponent by analytic continuation, and we have from [30, Eq. (3.1) and (3.2)] (for

B € C) under scheme 1,
el — e=Ph Pl e=Ph 2

W) = (- 1)+ (P )+ Y ¢ <eﬁy—1), (2.2)
YEL, ~
and under scheme 2,
Bh _q Bh | o—Bh _ 9
W(B) = (o= i) Z B(et—1). (2.3)
z-

To properly appreciate where the different terms appearing in these Laplace exponents come from,

we refer the reader to our paper [30], especially Section 2.1 therein.

Lévy measure/diffusion part a2>0 =0
AR) < o0 V =0, scheme 1 | V =0, scheme 2
AR) =0 V =1, scheme 1 | V =1, scheme 2

TABLE 1. The usage of schemes 1 and 2 and of V' depends on the nature of o2 and \.

Indeed, note that, starting directly from [30, Eq. (3.2)], the term (p — ) — in should
actually read as:

ePh -1 1—e bk
(0 — " ( ; Ljg,00) (1t — 1) + hﬂ(_oo,m(u—uh)> :
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However, when X is a spectrally negative Lévy process with 02 = 0, we have p—u” > 0, at least for
all sufficiently small h. Indeed, if f[—LO) ly|A(dy) < oo, then ug > 0 and by dominated convergence
pw— " — po as h L 0. On the other hand, if f[—l,O) ly|A(dy) = oo, then we deduce by monotone
convergence —u” > %f[fl,fh/2) ly|A(dy) — oo as h | 0. We shall assume throughout that h, is
already chosen small enough, so that p — p > 0 holds for all h € (0, hy).

In summary, then, h, is chosen so small as to guarantee that, for all h € (0,hy): (i) p—p* >0
and (ii) 1" is the Laplace exponent of some CP process X", which is also a CTMC with state
space Zj, (note that in [30, Proposition 3.9] it is shown h, can indeed be so chosen, viz. point
(ii)). Eq. and then determine the weak approximation (X")ue( p,) precisely. Finally,
for h € (0, hy), let A" denote the Lévy measure of X”. In particular, y"(8) = [ (e/¥ — 1) \"(dy),
B € C”, h e (0,h), so that the jump intensities, equivalently the Lévy measure, of X" can be
read off directly from —. It will also be convenient to define ¢° := 1.

We conclude this subsection by expressing explicitly the coefficients of the linear recursion in

in terms of the Lévy triplet of X. Define:

L1 1
%= 2h2<‘7 +CO) o= 2h(“ ’“‘)

and note that " is non-negative for h € (0, h*). Recall that V equals 0 or 1 according as to whether
A is finite or infinite and note that, if V = 0, we have 67 = 0?/2h? and ji" = p/2h. We can now
define the coefficients in (1.1)) by:

Vi = 67 + L(o,00) (02" + Lioy (022", Voh =63 — Lo,00) (07" + A(—00, —h/2] (2.4)
V—kh := A(—o0, —kh + h/2], where k£ > 2. (2.5)

2.2. Connection with integro-differential equations. Note that an alternative representation
of (as generalized to the case of arbitrary ¢ > 0; see of Proposition is the analogue of
the relation (L — q)W(q) = 0 in the spectrally negative case, the latter holding true under sufficient
regularity conditions on W@ (see e.g. [7, Eq. (12)]). This suggests there might be a link between
our probabilistic approximation and solutions to integro-differential equations.

Indeed, one can check, for each ¢ > 0, by taking Laplace transforms (using , the expression
for the Laplace transform of W9 [22, p. 100, Eq. (4)], nondecreasingness of W, and the theo-
rem of Fubini), that the function W@ satisfies the following integro-differential equation (cf. [3}
Corollary 1V.3.3] for the case 02 = 0, A(R) < 400, and survival probabilities):

(@) oo
%UQ d‘gx =1—uW? () + /O (W“‘) (& =) (A(=00, =9) + ) = WP @AV, ~9)L0v) (y)) dy (2:6)

(for the value of W(9(0) see [22, p. 127, Lemma 3.1]). Note that in the last integral of (2-6), the
two terms appearing in its integrand cannot be separated when £(0) = 4o0.

Furthermore, as generalized to arbitrary ¢ > 0 (see Corollary Eq. can be rewritten,
when 02 = 0, as (for z € ZT):

z/h

(9) (9)
LpWal@ = W@ =h) _ ) | (b ywi@ (e +hZW (x — kh) (A(=o0, —(k — 1/2)h) +q), (2.7

270 h




MARKOV CHAIN APPROXIMATIONS TO SCALE FUNCTIONS OF LEVY PROCESSES 8

: (@) — 1 2 . Ty,
with W,*(0) = pE oy —_ and when 0 > 0, as (again for z € Z;™):
1/ o o\ W) — Wz~ h) w  WO@) + W (x — h)
z/h
+h > WD (@ — kh) (AM(—o00, —(k — 1/2)h) +q) (2.8)
k=1

with W% (0) = T

Thus and can be seen as (simple) approximation schemes for the integro-differential
equation E| However, from this viewpoint alone, it would be very difficult indeed to “guess
at” the correct discretization, which would also yield meaningful generalized scale functions of
approximating chains — the latter being our starting point and precisely the aspect of our schemes,
which we wish to emphasize. Indeed, higher-order schemes for , if and should they exist, would

(likely) no longer be connected with Lévy chains.

2.3. General notation. With regard to miscellaneous notation, we let R, (respectively RT) be
the nonnegative (respectively strictly positive) real numbers; Z, = Ny (respectively Z*, Z_, 7Z™)
the nonnegative, (respectively strictly positive, nonpositive, strictly negative) integers; ZZ (respec-
tively Z;Jr, Z, , Z; ") the nonnegative (respectively strictly positive, nonpositive, strictly negative)
elements of Zj, := {hk : k € Z}; C* := {z € C: Rz < 0} (respectively C := {z € C: Rz > 0})
with C* (respectively C—) denoting the closure of this set (note that the arrow notation is sug-
gestive of which halfplane is being considered). To a nondecreasing right-continuous function
F : R — R a measure dF' may be associated in the Lebesgue-Stieltjes sense; stating that F' is
of M-exponential order means |F|(z) < CeM? for all x > 0, for some C' < co. On the other
hand, a real-valued function f, defined on some (a,0), a € R is said to grow asymptotically M-
exponentially, M € (0, 00), if {lim inf,_,oo f(2)e % limsup,_,, f(z)e"*} C (0,00). Further, for
functions g > 0 and h > 0 defined on some right neighborhood of 0, g ~ h (resp. g = O(h), g = o(h))
means limg4 g/h € (0,00) (resp. limsupg, g/h < oo, limg4 g/h = 0). Next, the Laplace transform
of a measurable function f : R — R of M-exponential order, with f|_ ) constant (respectively
measure x on R, concentrated on [0, 00)) is denoted f (respectively i): f(8) = Ie e P f(x)dx for
RB > M (respectively i(8) = f[O,oo) e P2 u(dx) for all B > 0 such that this integral is finite). For
{z,y} CR, |z] =max{k € Z: k <z}, x Vy = max{z,y} and x Ay = min{x,y}. A sequence
(hn)nen of non-zero real numbers is said to be nested, if hy,/h,41 € N for all n € N. 4, denotes
the Dirac measure at x € R. Finally, increasing will mean strictly increasing; DCT stands for the

Dominated Convergence Theorem; and we interpret +a/0 = +oo for a > 0.

lWe are grateful to an anonymous referee for pointing out this connection, on an earlier draft of this paper.
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3. UPWARDS SKIP-FREE LEVY CHAINS AND THEIR SCALE FUNCTIONS

In the sequel, we will require a fluctuation theory (and, in particular, a theory of scale functions)
for random walks, which are skip-free to the right, once these have been embedded into continuous-
time as CP processes (see next definition and remark). Indeed, this theory has been developed in

full detail in [35] and we recall here for the readers convenience the pertinent results.

Definition 3.1. A Lévy process Y with Lévy measure v is said to be an wupwards skip-free
Lévy chain, if it is compound Poisson and the Lévy measure v satisfies supp(rv) C Zj and

supp(¥[5((0,00))) = {h} for some h > 0.
Remark 3.1. For all h € (0, hy), X" is an upwards skip-free Lévy chain.

For the remainder of this subsection we let Y be an upwards skip-free Lévy chain with Lévy
measure v, such that v({h}) > 0 (h > 0).
The following is either clear or else can be found in [35, Subsection 3.1]:
(i) One can introduce the Laplace exponent ¢ : C= — C, given by ¢(8) 1= [p(e"® — 1)v(dz)
(B € C7), for which: E[e®Y*] = exp{tp(B)} (B € C~, t > 0). ¢ is continuous in C~,
analytic in C7, lim o ¢lj0,00) = +00 With ¢ljg ) strictly convex.
(ii) Let ®(0) € [0,00) be the largest root of  on [0,00). Then ¢|p(0),00) : [P(0),00) — [0,00)
is an increasing bijection and we let @ := (¢|p(0),00)) " ¢ [0,00) = [®(0), 00) be its inverse.
We introduce in the next proposition two families of scale functions for Y, which play analogous
roles in the solution of exit problems, as they do in the case of spectrally negative Lévy processes,
see [35, Subsections 4.1-4-3]:

Proposition 3.1 (Scale functions). There exists a family of functions W@ : R — [0,00) and
lz/h|h
ZD(x)=1+¢q / W@ y)dy, zeR
0

defined for each q¢ > 0 such that for any q > 0, we have W@ () =0 for x <0 and W@ s char-
acterised on [0,00) as the unique right-continuous and piecewise constant function of exponential

order whose Laplace transform satisfies:

W@ (B ze—forﬁ><bq.
D= Bne@ -0 @
Remark 3.2. (i) The functions W are nondecreasing and the corresponding measures dW (%)

are supported in Zj, for each ¢ > 0.
(ii) The Laplace transform of the functions Z(@ is given by:

ﬁ(ﬁ)—;(l—i— > for 5> ®(q), ¢ > 0.

q
¢(B) —q
(iif) For all ¢ > 0: W@ (0) = 1/(hv({h})).
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Finally, the following proposition, whose corollary will gives rise to a method for calculating the
values of the scale functions associated to Y, follows from the strong Markov property of Y (see [35],
Subsection 4.4]).

Proposition 3.2. Let P be the transition matriz of the jump chain of the CTMC'Y and let ¢ > 0,
vy =1+ q/v(R). Assume (for ease of notation and without loss of generality) that h = 1. Then,
seen as vectors, W9 := (W@ (k))pez and Z'9 := (ZD(k))pez satisfy, entry-by-entry:

(PW D)z, = vgW Dz, and (PZD)|z, = v, 2@z,

i.e. with v := v(R), p := v({1})/vy and q, == v({—n})/y (n € N), the recursive relations (for
n € NU{0}):

P4 1) = (142 W) = Y- v n - ), (1)
k=1
and
n—1
pZD(n +1) (1 — —Z qk> = ( ) ZD(n) =y " 2D (n — k) (3.2)
v k=1
hold true. Additionally W D|,— =0 with W@ (0) = 1/v({1}), whereas ZD|_ = 1.

Corollary 3.1. We have for alln € NU{0}:

n+1

WO (n+1) = WD)+ S WW(n+1- k)w, W@ () = 1/v({1}),  (3.3)
k=1
and for ?‘1) = 7@ — 1,
Z@(n+1) = (n+ 1)% + i%(w 1- k)w, Z@0)=0.  (3.4)
k=1

Remark 3.3. Whilst we have based our algorithm on Eq. and , nevertheless Eq. and
should not be discounted entirely. For example, they allow to make the following observation.

Recall W}, is given by , as applied to the process Y = X" /h, equivalently then it may be
obtained from , again as applied to the process Y = X" /h. Assume next (by scaling, without
loss of generality) V < x € Zj,.

Suppose the Lévy measure A of X is modified below (possibly including) the level —z in such a
way that A\(—oo, —z] is preserved, whilst 1(_; o) A, o2 and p are kept fixed. Then , as applied
to X" /h for computing W}, on the interval [0, z], remains unaffected. This is because this recursion
up to level z depends solely on the probabilities of the jump-sizes with modulus at most x — h and
on the total Lévy mass of the approximating Lévy chain. The latter, however, do not change by
said transformation of the Lévy measure (see —). Consequently, since, as we shall see, Wj,
converges to W, as h | 0, this also means that the scale function W itself on the interval [0, z] is

invariant under such a transformation. Analogously for W@ and Z(@.
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4. CONVERGENCE OF SCALE FUNCTIONS

First we fix some notation. Pursuant to [23, Subsections 8.1 & 8.2] (respectively Section
we associate henceforth with X (respectively X") two families of scale functions (W(9) 5o and
(Z(9),>0 (respectively (W,Eq))qzo and (Z,(lq))qzo, h € (0, hy)). Note that these functions are defined
on the whole of R, are nondecreasing, cadlag, with W@ (z) = W}E )( )=0and Z@(z) = (q)( ) =
1 for x € (—00,0). We also let ®(0) (respectively ®(0)) be the largest root of Yl[0,00) (respectively
1ph|[0,oo)) and denote by ® (respectively ®") the inverse of Y|[®(0),00) (respectively ¢h|[¢h(0)7oo),
h € (0,hy)). As usual W (resp. W},) denotes W) (resp. W(O), h € (0,hy)).

Next, for ¢ > 0, recall the Laplace transforms of the functions W@ and Z@ 23] p. 214,
Theorem 8.1] (for 8 > ®(q)): [3° e PrW D (z)dx = 1/(¢(B) — ¢q) and I e P79 (z)dx =
% (1 + m) (where the latter formula follows using e.g. integration by parts). The Laplace

transforms of W}Eq) and Z}(lq), h € (0, hy), follow from Proposition and Remark

Proposition 4.1 (Pointwise convergence). Suppose " — ¢ and ®" — ® pointwise as h | 0.
Then, for each ¢ > 0, W}Eq) — W@ and Z}(lq) — Z\9 pointwise, as h | 0.

Remark 4.1. We will see in of Subsection [5.3| that, in fact, ¢* — 9 locally uniformly in [0, c0)
as h | 0, which implies that ®"* — & pointwise as h | 0. In particular, given any ¢ > 0, v > ®(q)
implies v > ®"(q) for all h € (0, hg), for some hg > 0.

Proof. Since ®"(q) — ®(¢) as h | 0, it follows via integration by parts (f[o 00) e PrdF (x) =
I3 f )€ ~PrF(z)dx for any f > 0 and any nondecreasing right-continuous F : R — R vanish-

ing on (— 00,0) [32, Chapter 0, (4.5) Proposition]) that, for some hy > 0, the Laplace transforms
of AW, dz@, (dW,sQ))he(Qho) and (dZ,(Zq))he(o,hO), are defined (i.e. finite). These measures are

o —

furthermore concentrated on [0, 00) and since " — 1) pointwise as h | 0, then dW,EQ) — dW (@)

and dZ,(lq) — m pointwise as h | 0. By [0, p. 110, Theorem 8.5], it follows that dW,Ei) = dw@
and dZ}(z(i) VAL vaguely as n — oo, for any sequence (hy)p>1 | 0. This implies that, as h | 0,
W}(Lq) — W@ (respectively Z }(LQ) — Z@) pointwise at all points of continuity of W (9 (respectively
Z(9)). Now, the functions Z(9) are continuous everywhere, whereas W9 is continuous on R\{0}
and has a jump at 0, if and only if X has sample paths of finite variation [23| p. 222, Lemma 8.6]. In
the latter case, however, we necessarily have 02 = 0 and f ]y|)\(dy) < oo [33] p. 140, Theorem
21. 9] and the j Jump size is W(@(0) = 1/po (see Section I 2| for deﬁnltlon of o). By Remark .m
and (2.3), h ( ) = 1/(RAM({R})) = 1/(u — u* + c}/h). The latter quotient, however, converges
to 1/uo, as h | 0, by the DCT. O

5. RATES OF CONVERGENCE

In this section we establish our main result, Theorem from the Introduction. Subsection

describes the general method of proof and establishes some preliminary observations and notation.
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Subsection [5.2| contains technical results, notationally and otherwise independent from rest of the
text, which are applied time and again in the sequel. Then Subsections [5.3H5.9| establish a series
of convergence results, which together imply Theorem [I.1] Finally, Subsection [5.10] contains a

convergence result for the derivatives W@

5.1. Method of proof, preliminary observations and notation. The key step in the proof
of Theorem [I.1] consists of a detailed analysis of the relevant differences arising in the integral
representations (see Paragraph of the scale functions, see Paragraph A more detailed
explanation of the method of proof will be given in Paragraph

Remark 5.1. With reference to Subsection there is of course extensive literature on numerical
solutions to integro-differential equations (IDE) of the relevant (Volterra) type (viz. Eq. (2.6]).
This literature will, however, typically assume at least the continuity of the kernel appearing in the
integral of the IDE, to even pose the problem, and obtain rates of convergence under additional
smoothness conditions thereon (and the solution to the IDE) [10, Chapters 2 and 3] [26, Chapters 7
and 11]. In our case the kernel appearing in is of course not (necessarily) even continuous (let
alone possessing higher degrees of smoothness). Further, discounting for a moment the continuity
requirement on the kernel, which may appear technical, some relevant general results on conver-
gence do exist, e.g. [26, p. 102, Theorem 7.2] for the case 02 = 0 & A(R) < +o0, but are not really
(directly) applicable, since one would need to a priori establish (at least) a rate of convergence for
the difference between the integral appearing in and its discretization (local consistency error;
see |26, p. 101, Eq. (7.12)]). This does not appear possible in general without a knowledge of the
(sufficient) smoothness properties of the target function W% (the latter not always being clear;
see [12]) and indeed, it would seem, those of the tail (y — A(—o00, —y)). Such an error analysis
would be further complicated when o > 0 (respectively x(0) = co), since then we are dealing with
the discretization also of the derivative of W (9 (respectively the integral in cannot be split
up as the difference of the integrals of each individual term of the integrand). It is then not very
likely that looking at this problem from the integro-differential perspective alone would allow us to
obtain, moreover sharp, rates of convergence (at least not in general).

By contrast, the method for obtaining the sharp rates of convergence that we shall use, based on
the integral representations of the scale functions and their approximations, will allow us to handle

all the cases within a single framework.
5.1.1. Integral representations of scale functions.

Proposition 5.1. Let ¢ > 0. For all B € C with RB > ®(q), Y(B) — q # 0 (respectively "(3) —

g #0) and one has (¥(8) — YW@ (B) = 1 (respectively Bh(¥"(8) — )W P (8) = e — 1), and
BZ/(\q)(B) = 1+W (respectively BZ,(LQ) (B) = 1+W} for the scale functions of X (respectively
X" h e (0,hy)).
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Proof. The stipulated equalities extend from 8 > ®(q) real, to complex g with 5 > ®(q), via
analytic continuation, using expressions for the Laplace transforms of the scale functions (the latter
having been noted in Section . In particular, so extended, they then imply ¥ (5) — ¢ # 0 for the

range of § as given. O

Corollary 5.1 (Integral representation of scale functions). Let g > 0. For any v > ®(q), we have,
for all x >0 (with 5 :=~v+1is):

@y Lo [T
W9 (z) = 5 T1—>oo/Tw(,8) ds (5.1)
and T s
(@) 1 e _a
70 = o pim [ (”W)—q)ds' (52

Likewise, for any h € (0,hy) and then any v > ®"(q), we have, for all x € Z; (again with
B = +is):

W, 1 [T/ )
W) = 5 /_W/h B —q™ (5:3)
and g
@, _ L [T e  Bh q
Zhe) =g /_W/h B 1 (“wm—q) o (54

Proof. First note that W@ and Z(@ (respectively W,Eq) and Z,(Zq)) are of ~-exponential order for
all v > ®(q) (respectively v > ®"(q), h € (0,h,)). Then use the inverse Laplace [I4, Section 3.3]
(respectively Z [19, p. 11]) transform. O

5.1.2. The differences Agf{,) and A(Zq). For x > 0, let T}, (resp. T/) denote the first entrance time of
X (resp. X") to [x,00), let X, := inf{X, :s€[0,¢]} (resp. X", :=inf{X":5¢€[0,t]}), >0, be
the running infimum process and X _ := inf{X, : s € [0,00)} (resp. X" :=inf{X}:s¢€[0,00)})
the overall infimum of X (resp. X", h € (0, hy)).

In the case of the spectrally negative process X, it follows from [23, Theorem 8.1 (iii)], regularity
of 0 for (0,00) [23, p. 212], dominated convergence and continuity of W(q)\(om) that, for ¢ > 0 and
{z,y} CR*:

W@ (z) W@ (z)
W@ (z + ) W@ (z+y)
On the other hand, we find [35, Theorem 4.6] the direct analogues of these two formulae in the

Ele~9T Xy, > —)] = and E[equyll(XTy > —z)] = (5.5)

case of the approximating processes X", h € (0,h,) as being (¢ > 0, {z,y} C Z;):
W}Eq) (2)
W}Eq) (z+y)

We conclude by comparing (5.5) with (5.6) that there is no a priori probabilistic reason to
favour either W}(Lq) or W}(Lq)(- — h) in the choice of which of these two quantities to compare to W (9.

W@ (z — h)
W@ (z—h+y)

Ele™ ™ 1(X "y > —2)] = and E[e™V 1(X 7y > —2)] = (5.6)

Nevertheless, this choice is not completely arbitrary:
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(a) In view of and (5.3), the quantity W,Eq)(- — h) seems more favourable (cf. also the findings
of Proposition especially when ¢ = |u| = 0). In addition, when X has sample paths of infinite
variation, a.s., W(®(0) is equal to zero [22, p. 33, Lemma 3.1] and so is W,Eq)(—h), whereas W}EQ)(O)
is always strictly positive (h € (0, hy)).

(b) On the other hand, when X has sample paths of finite variation, a.s., then W(9(0) = 1/ug > 0
[22, p. 33, Lemma 3.1] and if in addition the Lévy measure is finite, then in fact also W}(LQ)(O) =1/
for all h € (0, hy).

Remark 5.2. (i) Tt follows from the above discussion that it is reasonable to approximate W (@)

by W,EQ)(- — h) (resp. W,(LQ)), when X has sample paths of infinite (resp. finite) variation

(a.s.).
(ii) When ¢ = 0 or z = 0, ZW(z) = ,(lq) (x) =1, h € (0,h,). Thus, when comparing these

functions, we shall always assume ¢ A x > 0, for the only interesting case.

In view of Remark we define 6° to be equal to 0 or 1 according as the sample paths of X

are of finite or infinite variation (a.s.). Fix ¢ > 0. For h € (0, h,) we then define the differences:
A (2 h) = WO () =W (@ = °h), xeZ+U{6h} (5.7)
and
AD (2, h) = 29D () — 29D (@), zezi. (5.8)

Fix further any v > ®(q). Let h € (0, hy) be such that also v > ®"(q), Then Corollary [5.1| implies,
for any € Z;* U {doh} (we always let, here and in the sequel, 3 := ~ + is to shorten notation):

h
RCD A(CI) h _ li isx ds +/ is:c|: "/} —1l1 :| ds+
‘ mhw (@.h) 5% (7T,T)\(—7r/h,7r/h)e »(B) —q [—ﬂ/h,w/h]e W =g —q) (B)ds
(a) (b)
1750 / isT 1— ish L 5.9
( ) [—w/h,w/h]e ( ‘ )W(ﬂ)—q (5.9)
(c)
whereas for x € Z;Jr:
*’Yx2 A(Q) 7h — 1 ezsx < q )d
¢ Az (@,h) 50 (T TN (—n/hmshy B \Y(B) —¢ 3
(a)
eisz Bh q
— (11— d.
i /[77r/h,7r/h] B ( 1—6‘“) (wh(ﬁ)—Q) °
(b)
eisz wh_,l/] :|
+ — | ds. 5.10
q/[_w/h,ﬂ/h] B {(w—qxzp—q) (B)ds (5.10)

()
Note that in ([5.10|) we have taken into account that the difference between the inverse Laplace and

inverse Z transform, for the function, which is identically equal to 1, vanishes identically.
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5.1.3. Method for obtaining the rates of convergence in (5.9) and (5.10). Apart from the Brownian
motion with drift case, which is treated explicitly, the method for obtaining the rates of convergence
for the differences (5.9) and ([5.10)) is as follows (recall 8 = v + is):

(1) First we estimate |[¢)" — t|(8) to control the numerators. In particular, we are able to
conclude 1" — 1, uniformly in bounded subsets of C~. See Subsection

(2) Then we show [1)" — ¢|(8) is suitably bounded from below on s € (= /h, 7 /h), uniformly
in h € [0,hg), for some hyg > 0. This property, referred to as coercivity, controls the
denominators. See Subsection [5.5

(3) Finally, using and , one can estimate the integrals appearing in and
either by a direct | [ -ds| < [|-|ds argument, or else by first applying a combination of
integrations by parts (see below) and Fubini’s Theorem. In the latter case, the
estimates of |%W\ and the growth in s, as |s| = oo, of W, h €10, hy), also

become relevant, and we provide these in Subsection [5.4}

Remark 5.3. (i) Note that the integral representation of the scale functions is crucial for our
programme to yield results. The formulae and suffice to give a precise rate locally
uniformly in z € (0, 00).
(ii) The integration by parts in is applied according to the general scheme (f differentiable,
x> 0):

L (e p(s)) = i f(s) + ~eiow (), (5.11)

xds x
and with the integral [ %7 f(s)ds (over a relevant domain) in mind. Then, upon integration against
ds, the left-hand side and the second term on the right-hand side of admit for an estimate,
which could not be made for [ €*?f(s)ds directly, but in turn a factor of 1/x emerges, implying
(as we will see) that the final bound is locally uniform in (0, 00) (in the estimates there is always
also present a factor of €' which from the perspective of the relative error, and in view of the
growth properties of W@ and Z(@ at +oo [22, p. 129, Lemma 3.3], is perhaps not so bad). In
fact, the convergence rate obtained via — is uniform in bounded subsets of (0, c0), if does
not involve integration by parts.
(iii) Now, it is usually the case that the estimates from may be made by a direct application of
the integral triangle inequality. We were not able to avoid integration by parts, however, in the case
of the convergence for the functions W@, ¢ > 0, and even then only if 02 = 0 (see Subsections
and . Particularly delicate is the case when furthermore the sample paths of X are of finite
variation (a.s.). In the latter case a key lemma is Lemma which itself depends crucially on the
findings of Proposition [5.2
(iv) Even when 0% = 0, however, numerical experiments (see Section |§| and Appendix |C)) seem to
suggest that, at least in some further subcases, one should be able to establish convergence for the
functions W, ¢ > 0, which is uniform in bounded (rather than just compact) subsets of (0, c0).

This remains open for future research.
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Remark 5.4. Sharpness of the rates is obtained by constructing specific examples of Lévy processes,
for which convergence is no better than stipulated (cf. the statement of Theorem [I.1). The key

observation here is the following principle of reduction by domination:

Suppose we seek to prove that f > 0 converges to 0 no faster than g > 0, i.e. that
limsupy, o f(h)/g(h) > C > 0 for some C. If one can show f(h) > A(h) — B(h)
and B = o(g), then to show limsupy,, f(h)/g(h) > C, it is sufficient to establish
limsupy, o A(h)/g(h) = C.
(This principle was also applied in [30] to establish sharpness of the stated rates of convergence
there.)

We will use the basic, but very useful, principle of reduction by domination without explicit

reference in the sequel.

5.1.4. Further notation. Notation-wise, we let (where 0 € [0,1]):
§(0) 1= /[ o P, 5(0) = /[ ), C(0) = 85(6) and 3(5) 1= A1, ~9)

and remark that, by the findings of [30, Lemma 3.8], v(d) + () + &£(0) — 0 as 6 { 0.

Finally, note that, unless otherwise indicated, we consider henceforth as having fixed:
X, (X"hcony, @=0 anda 5> d(q).

We insist that the dependence on x of the error estimates will be kept explicit throughout, whereas
the dependence on the Lévy triplet, ¢ and v will be subsumed in the capital (or small) O (o)
notation. In particular, the notation f(x,h) = g(z,h) + l(x)O(h), x € A, means that [(z) > 0 for
x € A and:

sup |(f(z,h) — g(z, h))/l(x)| = O(h)

€A
and analogously when O(h) is replaced by o(h) etc. Further, we shall sometimes resort to the

notation:
A(s) == A%(s) := (v + is) — ¢ (for s € R) and A"(s) := " (y +is) — q (for s € [-7/h,7/h]),

h € (0, h,), where reference to ¢ and « has been suppressed. We stress that in Subsections 5.10)

we reserve the symbol 5 to mean « + is, i.e., throughout we shall have:

B =y +is.

The remainder of our analysis in this section will proceed as follows. First we list in Subsection [5.2

for the readers convenience, a number of auxiliary technical results. Their proofs, which are inde-
pendent of the analysis in Section [5] are relegated to Appendices [A] and [B] Then Subsection [5.3
estimates the absolute difference [ —1)|, Subsection analyzes the derivatives A" and the differ-
ence |A" — A’|, while in Subsection [5.5 we prove suitable coercivity of 1) — g|. Subsections
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deal with the various cases of convergence for the scale functions. Subsection [5.10| establishes a

convergence result for the derivatives of W@ in the case when o2 > 0.

5.2. Auxiliary technical results. [Apart from the notation of Subsection[2.3] the contents of this
subsection is notationally and otherwise independent from the remainder of the text. For proofs
see Appendices [A| and ]

5.2.1. Some estimates and bounds.

Lemma 5.1. For every v, € Ry and hy € RT, there is an Ay € (0,00) such that for all v €
[—Ys Vx)s b € (0, hy) and then all s € [—m/h,w/h] (with =~ + is):
(i) |55 (P — e=M)[ < Ao|B].
(ii) " — 1] < Ao|B|h.
(iti) |5(e"" —1) = B] < AohlBI*.
(iv) |52 (7" + 7" = 2)[ < Ao|BI.
(v) gz (e + 7P = 2= (Bh)?)] < Aoh?|B]".
(vi) |5 (" — e=Ph —28Rh)| < Agh?|B|3.

Further:
(a) For any & € [0,27), (u (1 — cos(u /u2) is bounded away from 0 for u € [—¢,&].
(b) For any & € [0,27), (u > 2z (cosh(u) — 1) ) is bounded away from 0 for Su € [—¢,&].
(¢) For any & € [0,27) and L € ]R (u }L(e“ — 1)) is bounded away from 0 for Su € [—&,¢]
and Ru > L.

Remark 5.5. In |(a)f(c), at u = 0, the relevant limit (which exists) is taken, in order to make the

mappings well-defined in this single point.

Lemma 5.2. The family of functions f,, : [—-m,7] — R, defined by: fy,(s0) :=
1-— 1_203233_01-50> ’Yoiiso’ so € [—m, 7|, is uniformly bounded for ~y belonging to bounded subsets
of R\{0}.

Lemma 5.3. (i) For any z € C<: |e* — 1] < |z|.

(ii) There exists C € (0,+/5/2], such that for any z € C<: |e* — z — 1] < C|z|2.

Lemma 5.4. (i) Let {z,y} C R_, |z —y| < h/2 < |y|. Then for any a € C~ we have:
|2 —ax — (e — ay)| < 2hlaf[yl.
(i) There exists C € (0,00) such that whenever {;U y}y CR_, a € C7 and |z —y| < h/2 < |y,
e — ax — 0‘22”"2 - ( Y — ay — )‘ < Chy?|al?.

we have:

5.2.2. Some asymptotic properties at 0 of measures on R. Let v be a measure on R.

Proposition 5.2. If v is compactly supported and locally finite in R\{0}, then: [ |z|v(dz) < oo,
precisely when, [ <3 ds [ v(dx)(1 — cos(sx)) < oo.
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Lemma 5.5. Let r > 0. Then:

(i) fOT xv(dz) f[o,r} v((t,r])dt.
i) [ lelw(de) = fo v, At

(iii) f[—l,l]\[—r,r] |z|v(dx) = rg(r) + f(rl]g t)dt whenever r < 1 and with g¢(r) :=
(- )

(iv) f 2?v(dx) = 2f0r tv((t,r])dt.

(v) f_m]m v(dr) = 2f[o,r] tv([—r,r]\[—t, t])dt.

Proposition 5.3. Suppose g(0) := v([—1,1]\[-6,8]) ~ 1/6'7® as § | 0, so that in particular g(5)
is finite for all 0 < 6 <1 and necessarily o > —1. Then:

(a) v(6) := 8?v([~1,1]\[-4,6]) ~ 617> as § | 0.

(b) f[—l,ll 2?v(dr) < oo, iff a < 1. If a € (—1,1), then f[—&fﬂ 2?v(dx) ~ 817 as § | 0.

(¢) v is a Lévy measure, iff v(R\[—1,1]) < oo, v({0}) =0 and o < 1.

(d) f[—l,l] |z|v(dx) = o0, iff 0 < a.

(e) Finally, as ¢ ¢ 0, if a« > 0, f((; 1]g t)dt ~ 0~ and if « = 0, then f(&l]g(t)dt ~ |logd|. In

particular, () := 5f[ LA [=6.6] |z|v(dz) ~ 817, when a > 0, respectively ((8) ~ d|logé|,

when o = 0.

Proposition 5.4. Define \(dx) = 1(_y)(z)xlv(dz). Furthermore, let a € (0,1), with
lim supg o v((—1,1)\[=6,0])0'+* < 0o. Then each of the quantities limsupg o A((—1,1)\[—6, 6])6?,
lim supy o f[—M] 2?v(dz)d*" and supeg) (o} ﬁ\ [ (€Y — 1)X(dy)| is finite.

5.3. Estimating the absolute difference \wh —1|. Recall that 8 is defined to be y+is through-
out. We establish in this subsection two key properties of the difference ¢ — 1:

(A1) " — 4 as h | 0, uniformly in bounded subsets of C—.
(Az) There exists Ag € (0,00), such that for all h € (0, h, A 2) and then all s € [—7/h, 7/h], the
following holds (see Table 1| for values of the parameter V'):
(i) When o2 > 0:

" = [(8) < Ao [P?|B]* + heé(R/2)|B]* + h|B| + V(h/2)|B7] .
In particular, if in addition #(0) < oo, we have:
" —[(B) < Ao[h®|BI* + BB
If, moreover, A(R) < oo, then
" —p1(8) < Ao[h®|B]* + RIB|).
(i) When o2 = 0:

" —¥l(8) < Ao [h&(h/2)IB° + (h + ¢(h/2))I8]7] -
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If in addition k(0) < oo, then:

" —p|(8) < Aoh|B[%.

Proof of |(A1) and [(Az). Indeed, suppose 0? > 0 (respectively o2 = 0), so that we are working
under scheme 1 (respectively scheme 2). We decompose, referring to , and , the
difference 1" — v into terms, which allow for straightforward estimates. To wit, for any hg € (0, 2]
and pp > 0, there exists Ay € (0,00), such that for all h € (0, ho) and then all s € [—7/h,7/h], as

well as all p € [0, po] (with a = p + is):

(1) ‘02 (% - %)‘ < Agh?|al* by |(v)| of Lemma (respectively this is void).

(2) ‘c(’)‘ (% - %)’ < Agh%€£(h/2)|al* by |(v)| of Lemma
(3) By a direct Taylor expansion:

2
v / N (dy) / (% — Vay — 1) A(dy)
[~h/2,0) 2 [—h/2,0)

< Ao (VIalhé(h/2) + (1 = V)lalh).

V1

(@) [u (<155 —a)| < Aoh2lap by
Lemma [5.1)).

(5) ((—uh) (% —04)’ < AgVR2s(h/2)|a® (respectively ‘(—uh) (ea’;L_l _a)‘ <
AoV hk(h/2)|al?), by the same token, since in fact:

= Yy / 1y (2)A(dz) < —2V 2A(dz) = 2Vr(h)2).
yorem A [-1,-h/2)

(respectively ‘,u (eaz_l - a)‘ < Aph|al? by |(iii)| of

—
~—

(6) Finally:

Z CZ (e —1) —aph — / (€% — azl_y,0)(2) — 1) A(dz)
- (—o0,—h/2]
yEZy,
< |y / (€ — ™) Ndz)| +| > / (e — e — Va(y — 2)) A(dz)
ez~ AN (=o00,—V) yez - AhN[-V,0)
< Ap (|a|h + V|a|2h/<(h/2)) ,

by of Lemma (since [e® — | < |1 — e*W=2)|) and [(i)| of Lemma
From the estimates follows, since any compact subset of C~ is contained in the
rectangle [0, po] x [—7/h m/h], for all h € (0, hg), so long as pg is chosen large enough, and hg small
enough. On the other hand follows by taking hg = hx A2 and pg = p =7, so that a = 3. U

Remark 5.6. Pursuant to (A1) above and Remark we assume henceforth that h, has already
been chosen small enough, so that in addition v > ®"(q) for all h € (0, hy)
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5.4. Estimating the absolute difference |A"” — A’| and growth of A" at infinity. We es-
tablish here the following two properties pertaining to the derivatives A’ and A", h € (0, h):

(A!) For any finite ho € (0, h,], there exists an Ay € (0,00) such that for all h € [0, ho) and then
all s € (—n/h,m/h):
|AM(5)] < Aols|,
where € = 2, if 02 > 0; € = 1, if 02 = 0 and x(0) < oo; finally, if 02 = 0 and x(0) = oo, then
€ must satisfy of Assumption from the Introduction.
(AY) There is an Ay € (0,00), such that for all h € (0, h, A 2) and then all s € [—7/h,7/h], the
following holds:
(i) When o2 > 0:

A" (s) = A'(s)| < Ao(R?|BI° + hé(h/2)|BI* + (h + ¢(R/2))18]).
(ii) When o2 = 0:
|A'(s) = AM(s)| < Ao [h+ ((h/2) + &(h/2)] 1.
If in addition %(0) < co, then:
[ —¢l(8) < AohlB].

Proof of |(A! ) and|(A} ). Indeed, we have, using differentiation under the integral sign, for s € R:

A(s) = 1028 + i+ i /( i (¢ ~ 1y (2)) Ad2). (5.12)

Suppose now first that o> > 0. Then, for h € (0, h,) and s € [—7/h, 7/h]:

Bh —Bh Bh —Bh Bh —Bh
e +e . e +e e € .
L ( - 1) + (0 )i i ) /Ah y (eﬁy - Jl[fv,m(Z)) A(dz).
Y

yeZ;7

A" (s) =i

From these expressions it follows readily, using of Lemma and of Lemma
h|p"| < 2hk(h/2) < 4f[_170) y*A(dy) and Jy| < 2|z, e < /2 for 2 € Al y € Z;~, that A’
and A" are both bounded by an affine function of |s| on s € (=7 /h,7/h), uniformly in h € (0, ho)
for any finite hg € (0, hy].

On the other hand, when o2 = 0, we have for h € (0, hy) and then s € [—~7/h, 7/h]:

ich _ . )
AV(s) = 2—}2 (e’Bh —e ﬁh) +i(p — ph)ePh +i Z cZye’By (5.13)
yeEL;, ~
ich _ . .
= 2—}2 (eﬁh —e ’3h> +ipePh — (P — 1) +i Z /Ah Yy (eﬁy — ]l[_vp)(z)) A(dz).
yeZ, ~ Y

Now, if £(0) < oo, it follows readily from ¢} < hx(0), —u” < 2x(0) and f(—oo,(]) lyle?Y A(dy) < oo
that A’ and A" are bounded, uniformly in h € (0,hq) for any finite hg € (0, hy]. If, however,
1(0) = oo and then under Assumption[L.1] the desired conclusion of [[A])|follows from the estimates
of Lemma and Proposition using |[(1)| of Assumption
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Finally, from the above expressions for the derivatives A’ and A", follows using Lemma
and a decomposition similar to the one in Subsection which allowed to establish For
example, when o2 = 0, we have the following decomposition of A"(s)— A’(s) into three summands,
each of which is then easily estimated (h € (0, hy A 2)):

(1) ez Jag (™ = 11y () — 265 = 1_1.0)(2)] A(d2);
(2) i(u — p") (e = 1);
(3) ich |55 ] = ) ¥ = DA(dY).

Remark 5.7. Note that if 02 = 0, x(0) < oo, then also A’(s) = iug —|—if(_oo 0) yePY\(dy), s € R.

5.5. Coercivity of 1) — ¢|. In this subsection we establish the following coercivity property:

(C) There exists an hg € (0, hy] and a By € (0,00), such that for all A € [0, hy) and then all
s € (—m/h,7/h), the following holds (recall 1/° = 1), B = v + is):

[4"(8) = al = BolB",

where € = 2, if 02 > 0; e = 1, if 02 = 0 and x(0) < oo; finally, if 02 = 0 and x(0) = oo, then
€ must satisfy of Assumption from the Introduction.

Proof of . (In the argument which follows, once again we refer the reader to expressions ({2.1)),
E2) and (23))

Suppose first 02 > 0, so that we work under scheme 1. Consider 9(3). The diffusion term is
certainly quadratic in s. The drift term (viewed as a function of s) is bounded by an affine function

of |s|, and the Lévy measure integral has subquadratic growth in s, as can be seen immediately by
the DCT and Lemma [5.3

. 1
lim sup W

R—o0 ac€C™ |a|>R

/(_ 0 (e — ayl_y,0)(y) — 1) A(dy)| = 0. (5.14)

In addition (s — (¢ — ¢)(5)) is bounded away from zero on bounded subsets of R, by continuity
and Proposition [5.1] This establishes the claim for h = 0.

To establish coercivity for 1/"(8) — ¢, h > 0, we proceed as follows. First, by (i)| of Lemma
for any finite hg € (0, hy], there exists a By € (0,00), such that for all A € (0,ho) and then all
s € (—m/h,m/h):

) L (et _ =) < Bo|a).

2h
This controls the term involving p. Next, by of Lemma again for any finite hg € (0, hyl,
there are {A;, A2} C (0,00), such that for all A € (0, hy) and then all s € (—7/h,7/h):

Bh _ ,—Bh
‘_Mh <62h€ - 5) ’ < AR?|BPIU"| < A5l BIP¢(R/2)

with ¢(h/2) — 0 as h | 0. Further, just as in (5.14):
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B D ST | 2 (7 evtivo) =13 =0
where, additionally, one should note that for y € Z, ~ and z € AZ, lyl < 2]|z].

This, coupled with o2 > 0 and [(b)| of Lemma implies that there exist { By, Co} C (0, 00) and
an hg € (0, hy], such that for all h € (0, hg) and then all s € (—m/h,7/h)\(—Co, Co): [Y"(B) —q| >
Bys?. Finally, since, as h | 0, 1"(3) — ¢ — 1(B) — q uniformly in s belonging to bounded sets, and
¥(B) — q is bounded away from 0 on such sets, we obtain the asserted result.

Now suppose 02 = 0 (so that scheme 2 is in effect) and consider first the case when x(0) < co.

With regard to (), note that pof is linear in s, whereas:

1 ay _
L /(_oom (€% — 1) A(dy)

(5.15)
o€l |a|>R |l

lim su
R—oo P

by [(1)| of Lemma and the DCT. The asserted coercivity follows immediately in the case h = 0.
To handle h > 0, it will be observed first that pu — " — g > 0 as h | 0, e.g. by the DCT. Also
by the DCT, |(i)| of Lemma and the fact that x(0) < oo:

1
lim sup  sup — E e —1)| = 0.
R=00 T |a|> R k>0 @] v

Moreover, by of Lemma for any finite hg € (0, hy], there exists Ag € (0,00) such that for
all h € (0,hp) and then all s € (—x/h,7/h),

Bh —Bh __
h e + e 2)‘ /
g | —————— || < Aylp y|A(dy
0( 2h2 0‘ ‘ [ h/270)‘ ’ ( )

with f[—h/2,0) ly|\(dy) — 0 as h | 0, since x(0) < co. Coupled with |(c)| of Lemma the asserted
coercivity follows.

In the last instance, let 02 = 0 and k(0) = co. Necessarily, V = 1 and Assumptionis in effect.
We control first #(5). Clearly yu; f(_oo’_l)(ew cos(sy) — 1)A(dy) and f[_LO)(e'yy — vy — 1)\ (dy)
are bounded in s, whereas (by @ of Lemma, and of Assumption :

/ e’ (cos(sy) — 1)A(dy)| > 3152/ y2)\(dy) > Byls|*,
[-1,0) [—7/]s,0)

for all s € R with |s| > Ky, and some {Ky, By, B1} C (0,00). Coercivity for ¢(3) — g follows.
Now we turn our attention to 1"(3) and again we control R"(3). First observe that:
C’d” ~h —~h Cg
on3 (e +e 7" — 2) cos(sh) + 72 (cos(sh) —1). (5.16)
bounded in s =(I)<0
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Next, with respect to the term involving the drift u, we refer to of Lemma to obtain a linear
bound in s. On the other hand we have:

<0 bounded in s

since —p* < 2k(h/2) and ((h/2) — 0 as h } 0. Finally, we consider the term:

> d(eeos(sy) 1) - > 'yy/AhIL[_LO)(z))\(dz). (5.17)

YEL;, ~ yEL, v

Certainly the part of (5.17)) corresponding to 1(_ 1) - A is bounded in s. The part of (5.17)

corresponding to 1j_yg) - A is:

Sy O et

yeL) ~
= Z / Adz) [€7Y — vy — 1]+ Z / A(dz)e (cos(sy) —1). (5.18)
yez - AhN[-1,0) ez~ AhN[-1,0)
bounded in s =:(I1)<0

Combining and [(IT)] we have, via[(a)| of Lemma for some {Ay, By, Ko,a} C (0,00), hg €
(0, hy], for all h € (0, ho), and then all s € [-7/h,n/h]\[—Ko, Ko|:

RU(B)| > Bos® [ ch+ D | — Adlsl.
y€Z, ~ ,—y<n/|s|

Also:

h 2 h 4 2 4 2

co + Z yoey > g N Adu) > 9/ . u“A(du),

yeZ, ~,—y<m/|s| (*((?\*f)va)@) ~5757:0)
since either m/|s| > h, in which case (7/|s|) — (h/2) > %ﬁ, or m/|s| < h, in which case % > %ll
Using now item of Assumption the required coercivity follows at once. O

5.6. Brownian motion with drift (¢2 > 0 = A(R)). The scale functions can be calculated ex-
plicitly here, by using the recursive relations of Proposition[3.2] Then the following two proposition
follow readily (essentially by Taylor expansions; recall also the notation from ((5.7) and (5.8])):

Proposition 5.5 (02 > 0 = A(R) (W@ convergence)). Suppose 0> > 0 = A\(R) and let ¢ > 0. If
qV|p| =0, then for all h € (0, h,) and all z € Z;Jr: Ag{,)(x,h) = 0. If, however, ¢V |u| > 0, then:
(i) There exist {Ao, ho} C (0,00) such that for all h € (0,hg) and then all x € Z; with
xh? < 1:
A . 0)| < Agh*(1 + @),
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(i1) For any nested sequence (hy)n>1 4 0 and then any x € Unle;::

lim A%,)(x,hn) = ¢ () x

= %% .
n—eo Dy 2(p? + 20%q) (o) V12 + 202

(In particular, when g = 0, this limit is —% (2‘29)”3 e—2uz/0? )

(€470, — e*70_).

Here:
—u £/ pu? + 2qo?
o+ = 3
(o
0. = 13290 + 12 £ (3¢%(0%)? — p* — p?o’q)

3(02)3y/2q0? + p?
Remark 5.8. We note that for all x > 0:

W(Q)(:L-) — ; (€a+x o ea,m)

(when ¢ A || > 0) and W@ (z) = x (otherwise). Observe also that, unless ¢ = 0, a+ € £(0, 00).

Proposition 5.6 (62 > 0= A(R) (Z@ convergence)). Suppose o2 > 0= A(R), let ¢ > 0.
(i) There exist {Ao,ho} C (0,00) such that for all h € (0,hg) and then all x € Z; with
xh? < 1:
‘NZ‘J) (z, h)] < Ag [R2(1 + 2)e™+ + h(e®+T — *-7)] .

(ii) For any nested sequence (hy)n>1 4 0 and then any x € Unle;::

im = ——
n—00 hn 2 /’LQ 4 20.2q

ayx

_ ea_a:)
5.7. Non-trivial diffusion component. We consider the convergence when o2 > 0. This case is
relatively straightforward, as coercivity is very strong (namely, quadratic). Note that §° = 1 and

we work under scheme 1.

Proposition 5.7 (62 > 0 (W@ convergence)). Suppose o > 0 and let ¢ > 0.
(i) For any v > ®(q), there are {Ag,ho} C (0,00) such that for all h € (0,hy) and then all
T € Z;Jr:

A (@, )| < A0 (h+ C(h/2) + En/2) R 10g(1 /1)) €17,

In particular, if kK(0) < oo, then ‘Agf[]) (z, h)‘ < Aphe™ and under Assumption
(A(Vq; (z, h)’ < Agh> e,
(i) There exist:
(a) a Lévy triplet (o2, \, p) with 0% # 0 and 0 < k(0) < 0o;
(b) for each € € (1,2) a Lévy triplet (o2, \, ) with 0% # 0 and A\(—1,—3) ~ 1/56¢ as & | 0;
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and then in each of the cases|(a)i(b) a nested sequence (hp)pn>1 4 0 such that for each ¢ > 0

there is an x € Unle;f: with:

INCICN
liminf ——
n—co  hy V ((hn)
where hy V C(hyn) ~ hn, if K(0) < 0o and ~ h2¢, if K(0) = o0 as n — oo.

> 0,

Remark 5.9. Note that if A(—1,6) ~ 1/ as 6 | 0, with € € (1,2), then (as h | 0) £(h/2) ~ A%,
and ((h/2) ~ h?>7¢, so that h&é(h/2)log(1/h) = o(hkr(h/2)). See Proposition More generally,
Assumption is fulfilled if A(—1,—=9) ~ 07I(0) where 0 < liminfo; ! < limsupg, ! < 400 (see
Lemma .

Remark 5.10. Under Assumption it follows that ((h/2) +&(h/2) = O(h*7¢) as h | 0 (see again
Lemma .

Proof. First, with respect to[(i)] we have as follows. [(a)]of (5.9) is seen immediately to be of order
O(h) by coercivity whereas of (5.9) is of order O(h + h&(h/2)log(1/h) + V((h/2)) by
coercivity and the estimate of the absolute difference 1" — 1| Since §° = 1, of (5.9)

is void.
Second we prove

e We consider first Take A = 0_y /9, hpy = 1/3" (n > 1), u =0, o?=1,z¢€ Unle;j (z
is now fixed!). The goal is to establish no better than linear convergence in this case.

Now, @ of (5.9)) is actually of order O(h?). Indeed, in the difference to replacing 1 (3) — q

by —50232, this is seen immediately to be even of order O(h?), by coercivity |[(C)| and a simple

| [-| < J|-| argument. On the other hand:

. eisa:
lim
T=00 J (=1 T)\(~n/h,x/h)

ds = O(h?).

This is so by an integration by parts argument, writing:

d (eisz > ixeisx 2€isx

ds \ s2 52 PER
We can thus focus on @ of . Consider there the difference:
U (b2)
h o’ h . —Bh L 252 h
(V" = )(B) = on2 (66 +ePh 2) — 30 B +/(_Oo 0)(6674 — DA(dy) — Z cy(eﬁy —1).

yeL, ~
(5.19)

The part of in (5.9) corresponding to is, in the difference to the analogous term for
Brownian motion without drift, bounded (up to a non-zero multiplicative constant) by:

2 4 2
[~/ /h] 18
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(this follows by and of Lemma the fact that €% — 1 is uniformly bounded by 2, and
by coercivity . Since the term corresponding to just Brownian motion is shown to be of order
O(h?) itself (see Proposition , we can thus focus on The latter is e #/2 — e=(1-Mn)B/2 —
e P2(1 — ePMn/2). In the difference to replacing 1 — /2 by —Bh, /2, a term of order O(h2)
emerges in A(V?,)(:c,hn), this by of Lemma and coercivity |(C)l Hence it is sufficient to
study:

1 5 e=8/2p

- xT d
270 Jew iy (0 — QB — ) (B)

which we would like bounded away from 0, as n — co. Now, by coercivity [(C), and the DCT, this

expression in fact converges to:

oo B(z—1/2)
! / ¢ b ds =: g(x).

27 | oo (0 — q)2(B)

Note that g is continuous in its parameter = € [0,00) by the DCT. Moreover, g cannot vanish
identically on UnleZ:, since then it would do so on R} by continuity. But this cannot be.
Naively, since in g we are looking at the inverse Laplace transform of a non-vanishing function
T. Formally, one performs a Laplace transform of g, and concludes, via Fubini and Cauchy’s
Residue Theorem (recalling the quadratic behaviour of ¥(8) as |8| — oo over C, see (5.14))) that
T = g, where T'(a) := % ( > 7). Then g vanishing implies the same of T, which is a clear

contradiction.

e Consider now @ We are seeking to establish strictly worse than linear convergence here,

since k(0) = oo.

For sure @ in is of order O(h). When it comes to @ consider its decomposition, in the
numerator of the integrand according to items from Subsection Now, thus yields
in[(b)]a term of order O(h); [(2)] one of order o(h); with respect to[(3)] we will choose a A which falls
under the scope of Remark [5.9| and hence this will contribute a term of order o(¢(h/2)); gives
a term of order o(h); contributes as o(hr(h/2)); whereas finally [(6)] yields a term of order O(h)
in the part corresponding to 1(_ 1) - A and the part corresponding to 1j_; ) - A is where we will
get sharpness of the rate from.

So we take 02 = 1, p =0, hy, = 1/3" (n > 1), A = S0 wpd_g,, T = Shy and wy, = 1/,
(k > 1). Clearly x(0) = oo and by checking it on the decreasing sequence (hy)p>1 it is clear that
A(—=1,—9) ~ 07 ¢ as 6 | 0. Moreover,

. 1
>/ o (e = By = (5 = ) = %07~ ) M@

YyEZ;,
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yields in (5.9)), by of Lemma and coercivity a term of order O(hlog(1/h)) = o(h?>~°).

Therefore it is sufficient to study:

Z / B2 (y* — 22)\(dz) = o9 — 01,
ALN[-1,0)

yeL, ~

where:
n

oy = / CANdu) = 3 2w, 03:= > (wr — ha/2)wy
[-1,—hn/2) k=1

k=1
and hence o1 — 02 = 2((hy/2) — v(hn/2) > ((hyn/2). Moreover,

18T 62 s eis:c 62 s
/[_w/hn,w/hn]e W= W — BN -/ W —a2)"

as n — oo by the DCT. By the usual arguments, this integral does not vanish simultaneously in

all x € Unzlz;:', whence tightness obtains. O

Proposition 5.8 (62 > 0 (Z9 convergence)). Suppose o > 0, let g > 0.

(i) For any v > ®(q), there are {Ag,ho} C (0,00) such that for all h € (0,hy) and then all
T € Z;Jr:

‘qu)(a:, h)‘ < Ao (h+C(h/2)) ™.

In particular, if k(0) < oo, then }A(Zq)(:n,h)‘ < Aphe’ and otherwise )A(Zq)(:z:,h)‘ <
AoC(h/2)e7™.

(i) (a) There exists a nested sequence (hp)p>1 | 0, such that for any ¢ > 0 and any = €
UnleZnJr, there exists a Lévy triplet (o2, pu, \) with 0> > 0 and 0 < k(0) < oo, and
such that:

‘A(le)(xahn)

lim inf > 0.
n—oo n

(b) There exists for each e € (1,2) a Lévy triplet (6%, \, ) with 0® > 0 and A\(—1,6) ~ 1/6¢
as § 1 0, and a nested sequence (hp)n>1 4 0 such that for each q > 0, there is an
x € U,LZlZZ:r with:

INCIEN

liminf -——
n—00 C(hn)

Proof. With respect to we have as follows. First, @of (5.10) is O(h?) andl@' O(h) by coercivity

(C)] (and by Lemma [5.2]in the case of [(b)]). Second, [(c)|is O(h + ¢((h/2)) by coercivity and the

estimate |(Ag)|
Next we show |(ii)

e We consider first @I Take 02 =1, p = 0 and A = ad_1, where we fix & > 0. The idea is to

note that convergence is ‘tightly linear’ in the Brownian motion case (see Proposition |5.6)),

> 0.

and then to show that by taking o small enough, we do not spoil this.
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Now, remark that:

— As a ] 0, 9 is nondecreasing, hence ®(q) is nonincreasing, and so a v > ®(q) can be chosen,
uniformly in all @ bounded.
— Moreover, the presence of o does not affect coercivity, which is in addition uniform in all
« small enough. Indeed, just take v > ®5M(q), where ®PM corresponds to the Brownian
motion part of this Lévy process. Then [¢%, (8) —q| > Bo|B|?, for all s € (—x/h,7/h), for
all b € [0, hg), for some { By, ho} C (0,00). The part of ¢"(3) corresponding to the CP term
is bounded uniformly in s and all A small enough (including 0), and moreover, scales with
. Hence there are { By, ho, a9} C (0,00) such that for all a € (0, ap): [¢"(8) —q| > Bo|B|?,
for all s € (—m/h,m/h), for all h € [0, hy).
Take now hy, = 1/2" (n > 1), and a fixed x € Unzlz,tj. We show that (5.10), when looked in the
difference to the analogous expression for the Brownian motion part, is of order o(h) + aO(h) (i.e.
bounded in absolute value by terms either decaying faster than linear, or else with a coefficient
that scales with «). Indeed, the difference of in follows readily as being aO(h). In
addition, @ of is of order O(h?). Also|(c)is of order o(h) except in the part corresponding
to the CP term, which is itself «O(h). Thus, choosing o small enough, the desired sharpness obtains.
However, at least in principle, the choice of o depends on ¢ and x, hence note the formulation of
the proposition.
e Consider now @ Clearly here the same example works as for the functions W(@: the

presence of the extra 1/ in the integrand of|(c)|of ([5.10) is of no consequence (if anything,

beneficial), and the rest of the terms are of order O(h) anyhow.

g

5.8. 02 = 0, finite variation paths. In this subsection we study the convergence when o2 = 0
and k(0) < co. Note that in this case necessarily po > 0, whereas 6° = 0, and we work under
scheme 2. The estimates are delicate here, since coercivity is weak (namely, linear).

We make the following key observation. By decomposing:

=:Ac(s) =:4,(s)

A(s) =(8) —q = moy + /(ew cos(sy) — D)A(dy) — q+ispo + i/ew sin(sy)\(dy) (5.20)

into its even and odd part, it can be shown that, crucially,
> ds
/ ?|Ae(s)| < 0. (5.21)
1

See Proposition On the other hand, a similar argument to (5.15)), shows that |A,(s)| > Bols|
for all s ¢ [ag, ap], for some {ag, Bo} C R. We shall refer to the latter property as “coercivity of
A7,

Note also that by the DCT, p — pu* — o as h | 0.
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We next prove a key lemma. While and thereof will both be used explicitly in the sequel,
the same cannot be said of . Nevertheless, the proof of the latter is instructive of the techniques
which we will be using, and so (also for the sake of completeness) we choose to keep it.

Lemma 5.6. Suppose 0% =0, k(0) < co. Let {l,a,b, M} C Ny and let hg € (0, hy] be given by the
coercivity condition .
(1) Ifa+b+1>M+1, then:

/ ie (h A 1)lfl/\(M+1)hl/\(M+1)SM
(&
[-=,x) A(s)aAh(S)b

sup ds| < oo.

(h,2)€(0,ho) xR
(2) If only a +b+1> M, then:

sup < 00

(h,2)€(0,hoAK) xR

; hlsM
182 d
/[ )0 Al ARG
for any K € (0,00).
(8) If even a+b+1> M + 2, then:

1 oo (€57 — 1)(h A 1)1 IA+2) pINM+2) M
/[ T € A(s)aAh(s)b

h’'h

ds| < oo.

sup

(h,z,2)€(0,ho) xRx (R\{0}) | #

Remark 5.11. Suppose [ = b =0 and a = M + 1 (respectively a = M, a = M + 2) for simplicity
(indeed the proof of and will be reduced to this case using and whereas will
(essentially) follow by an application of ) Then for large |s|, the integrand in ([1|) (respectively
@), () behaves as ~ €% /s (respectively e*?, **"(e’** — 1)/s?) in the variable s. It is then not
surprising that the proof of the claims is essentially a modification of the argument implying that
(in the sense of Cauchy’s principal values, as appropriate) f[—7r/h,7r/h] (€% /s)ds, f[—w/h,w/h} ze*%ds

and f[_w/h W/h](eisx(eisz —1)/s?)ds/z are bounded in the relevant suprema (as they are).

Proof. We use in the proof, without explicit reference, as has already often been the case, the
observation that |sh| < 7 within the integration domain and the basic | [ -ds| < [| - |ds-argument;
it will be clear whenever these are being applied. Further, we sometimes employ, but do not always
refer to, some elementary trigonometric inequalities, specifically |sin(v)| < |v|, 1 — cos(v) < v2/2
(v € R), as well as [(i)| of Lemma Finally, note that the integrands in the formulation of
this lemma are certainly locally bounded, by coercivity and (hence) the integrals well-defined.
Indeed, by the same token, it is only non-trivial to show the finiteness of the suprema in and
for h € (0, hg A1), a restriction which we therefore make outright. In this respect, note that in
the restriction to bounded h is made a priori.

Consider now first . By coercivity it is assumed without loss of generality that [ < M,
then a +b=M — [+ 1 and finally, [ = 0.

Next, it will be sufficient to consider the case when b = 0, since A(s) can then be successively
replaced in the denominator by A"(s) modulo a quantity, which, using coercivity and the
estimates remains bounded (in the supremum over (h,z) € (0,ho A1) x R).
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Recall now the decomposition A = A, + A, of . With ag as above, it will furthermore be
sufficient to establish (1) with the integration region [—m/h, 7/h]\[—ag, ao] in place of [—7/h,w/h],
the integrand being locally bounded in the supremum over (h, z) € (0,ho A 1) x R (again by [(C)).
Moreover, one can then successively replace A(s) by A,(s), using coercivity of A, and as
well as . Again this is done modulo a term which remains bounded in the supremum over
(h,z) € (0,hg A1) x R. Hence we need only establish the finiteness of the quantity:

sup
(h,2)€(0,hoAL) xR

/ 182 SM d
e ——aS| .
[-=,2\[~a0a0]  Ao(s)T!

Owing to the fact that the quotient in the integrand is odd in s, we may clearly restrict the
supremum to z € R\{0}, replacing also €*** by sin(sz) therein. A change of variables u = s|z| then
leads us to consider:

uM

sin(u) du, (5.22)
/[—ZZ|7ZZ|]\[—¢10|Z,&0|ZH (121 4o (u/|2[) M+

whose finiteness in the supremum over (h,z) € (0,hg A 1) x R\{0} we seek to establish. Let

A = [=T|z|, T|z|]\[—ao|z|, a0|z]]. By coercivity of A,, and since |sin(u)| < |u| (v € R), we do
indeed get a finite quantity for the integral (in (5.22])) over A N [—1,1]. On the other hand, to
handle the rest of the domain, A\[—1, 1], we resort to integration by parts;
a <cos(u) u! ) = —sin(u) “ +
du (121 4o (u/|2])) M+ (12140 (u/|2])) M+
MuM—1 M(M +1)A4,
T+ cos(u) ( WML O<Juw/+\;|>>
(1[40 (u/]2])) (I2[Ao(u/]21))

M

Now, once integration over A\[—1, 1] has been performed, on the left-hand side, a bounded quantity
obtains, by coercivity of A,. On the right-hand side we obtain from the first term the desired
quantity (modulo the sign), whereas what emerges from the second term is bounded by coercivity

of Ay, and the boundedness of A/, (see [[A])]in Subsection [5.4).
We next consider . Here an integration by parts must be done outright, thus:

i iss hlsl\/l s hlsl\l N isa thSM—l  ies hlsMaA/(s) hlsl\/fbAh/(S)
ds \© A(s)aAnr(s)p ) ~ ¢ Alsyear(sp T \A(s)aAr(s)p ) ¢ \A(s)ariAR(s)b | A(s)a AR (s)b

Further, once integration over [—m/h, 7w /h] has been performed in this last equality, on the left-hand
side a bounded quantity obtains by coercivity On the right-hand side, the first term yields the
desired quantity (modulo a non-zero multiplicative constant), and the second is bounded by part .
Now, using and , via Fubini’s Theorem, part again, and by elementary estimates
such as e’ being bounded for h bounded, | ZyEZ;_ chefo| < 2772 [ |yle\(dy), cf = O(h) and
of Lemma the claim obtains.

Finally, we are left to consider . Again by coercivity it is assumed without loss of
generality that | < M, then a +b= M — [+ 2 and finally, [l = 0. Moreover, by the same argument
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as for (1), we may further insist on b = 0, replace the integration region by [—m/h, 7/h]\[—ao, ao]
and finally A by A,. Thus we are left to analyse:

1 : —1)sM 1 s M
- / isT (cos(sz) M+gs ds and / elsx%d& (5.23)
2 J1-5, 21\ ~a0,0] Ao(s) 2 )iz i\ Faao)  Ao(8)
which we require both to be bounded in the relevant supremum.
In the first integral of ([5.23]) make the substitution v = s|z| to obtain:
: (cos(v) — 1)oM
sgn(z) / e/ I2| dv.
[~ 121, % |1\[=aol=|.ao =l (21 Ao(v/12]))M+2
Letting, as usual, A := [~7|z|, 7|z|]\[~aol|z|, ao|z[], the integral over A\[-1,1] (respectively A N

[—1,1]) is bounded by coercivity of A, (respectively the latter and since 1 — cos(v) < v?/2).
On the other hand, in the second integral of ([5.23)), note that by the oddness of A, only sin(sx)
makes a non-zero contribution. Then we may assume x # 0 and make the substitution u = s|x| to

arrive at:

T sin(u) sin(uz/|z|)uM

z /[—levilr}\[—aolxl,aoxll (el Ao(u/la]))+2

Let again A := [T |z|, 7 |z[]\[~ao||, ao|z[] be the domain of integration. It is clear that the integral

over AN [—1,1] is finite, using coercivity of A, and twice |sin(w)| < |w| (w € R). To handle the

remainder of the domain, A\[—1, 1], we use one last time integration by parts, thus;

z d (COS(U) sin(uz/\m|)uM> _ =z sin(u) sin(uz/|z|)u™ + sen(z) cos(u) cos(uz/|z|)u™
(lzAo(u/|z]))M+2 z (| Ao(u/|x]))M+2 (Jz Ao (u/|z]))M+2

x cos(u) sin(uz/|z|)MuM =" x cos(u)sin(uz/|z|)u™ (M + 2) AL (u/|x|)

z ([l Ao (u/fa])) M2 z (2| Ao (u/l2]))M+2

du.

Zdu +

The claim now obtains by coercivity of A,, boundedness of A’ @-j and by using the elementary
estimate |sin(w)| < |w| (w € R), as appropriate. O

Proposition 5.9 (62 = 0, x(0) < co (W@ convergence)). Suppose 0> = 0 and k(0) < co. Let
q=>0.
(i) For any v > ®(q) there are {Agp,ho} C (0,00) such that for all h € (0,ho) and then all
T € Z;:

h
‘quv)(m,h) < A2
(ii) For the Lévy triplet (0,0_1,1) and the nested sequence (hy :=1/2")y>1 1 0, for each ¢ >0

and any x € Unle;n N[0,1):

APz, h,)

n

lim
n—oo

Proof. With respect to we estimate the three terms appearing on the right-hand side of ([5.9)
one by one.
First, in (5.9) is easily seen to be of order %O(h) by an obvious integration by parts argument,

using coercivity and the fact that A’ is bounded.
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Second, when it comes to @ in (5.9), an integration by parts is also performed immediately:

(e () (g ) o (A )

Upon integration on [—m/h, 7 /h|, by coercivity, the left-hand side is of order O(h) and hence will
contribute 2O(h) to the right-hand side of (5.9). Write:
A(s) | AM(s)  AM(s)— A(s) (A(s) — A"(s))(A(s) + A" (s)
CAGE T A T AP A2 AN(5)? |
(1) 2)
We focus on each term one at a time. For there corresponds to it, modulo non-zero multi-
plicative constants, and by Fubini (using (5.12]) and ):

+ AM(s) (5.24)

Bh_ 1 Bh _ o—Bh A
h € isx h € € ST
— e"**ds + ¢ / ( > e”**ds
(k= n )/[—w/h,ﬂ/h] A(s)? ® Jicr ) 2h A(s)?
y(e? — 1y (2) — 2(”* = L_v)(2)) ..
+ E /A’; A(dz) /[—7r/h,7r/h] A0)? e**ds. (5.25)

yEZ;
There are three summands in (5.25)). The first is O(h) by employing the decomposition e%* — 1 =

(eP? — Bh — 1) + Bh and then using of Lemma and coercivity (respectively of
Lemma for the first (respectively second) term. The same is true of the second summand,

efh_e—Bh efh_e—Bh

noting that, for sure, 06‘ = O(h), employing the decomposition T = ( o — ﬁ) + 6 and

then using of Lemma and again coercivity (respectively of Lemma for the first
(respectively second) term. As for the third summand of (5.25)), write when z ¢ [V, 0):

@ (I1) (IIT)
- ~ ——
ye’ — ze%* = (y — 2)e™ +2e7 (P77 — By — 2) — 1+ By — 2)).

By the findings of Lemma the fact that \(—oo, —V') < oo and coercivity it is clear that
m and will contribute a term of order %O(h) to the right-hand side of (5.9). On the other
hand, for the same follows by of Lemma Next, when z € [V, 0) we write:
@ (I1)
ye — zeP* — (y — 2) = Py (P — 1)+ (y — 2) (77 — 1). (5.26)

When it comes to |(I), it is dealt with precisely as it was for z ¢ [-V,0) (but note also that
ly| < 2|z]). With regard to[(II)} apply (3 of Lemma [5.6]
To handle [(2)] of (5.24), i.e.:
() LAG) = A9 AGs) + 4(9)
A(s)2 AN (s)? 7

notice that in the difference to replacing this with

S)— h S
o AL A1)
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a term of %O(h) is contributed to (5.9) (just make successive replacements A" — A and study the
difference by taking advantage of coercivity [(C)] [[A2)and [[AL)l So it is in fact sufficient to study:

o577 s (A(s) — A"(s)) .
/[ﬂ/h,ﬂ'/h] Ae) A(s)? s

Now we do first Fubini for A’ (via Remark , and get, beyond a factor of ¢:

eisx(A(S)_Ah<3)) . - eis(:c+y)(A(3)—Ah(S)) .
MO/[—w/h,ﬂ/h] A(s)3 a +//\(dy)y /[—n/hﬂr/h] A(s)? s

So what we would really like, is to show that:

/ s (A"(5) — A(s))
[—n/hm/h]

Als)?
ePh—1 Bh —Bh
h isz h - ﬁ h 15z € +e -2 1
= (u—p / e’ ————ds+c / e ( ) ds
( ) (= /h,m/R] A(s)? R [ 2h? A(s)?
+ Y /\(du)/ gis= €7 = BYLivo () = (€7 = Bul vy (W) . (5.27)
Ah [—7/h,x/h] A(s)? .

YEL,
is bounded by a (constant times h), uniformly in z € R (it will then follow immediately that a term
of LO(h) is being contributed to (5.9)).

e Now, the part corresponding to 1(_,, _y) - A, namely:

3 / A(d )/ o=
u et — s,
ABA(=00,—V) (= /h,7/h] A(s)?

YyEZ,,

is clearly so.

e With respect to the term involving (:6‘ = O(h), make the decomposition:

ePh 4 e=Bh _ 9 B ePh feBh 9 2 B2
2h2 N 2h2 2

Then use coercivity and of Lemma (respectively of Lemma for the first

(respectively second) term.

i (e =1) -8
__,,h eis% h(e ds
(= )/[—w/h,w/h] A(s)?

e As regards:

write:
l(ﬂh_l)_ﬁ_l ﬁh_@_ﬁh_prﬁ (5.28)
o\ T 2 2 |’ '

By an expansion into a series, which converges absolutely and locally uniformly, and coer-

civity [(C)} it is clear that has the desired property, whereas of Lemma may be
applied to |(1I)]
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e Finally it will be sufficient to consider:

. ebu —(ePy —
Z / )\(du)/ eisz & pu (2 By) ds,
ABA[-V,0) (= /1] A(s)

yELy,

which we need bounded by a (constant times h) uniformly in z € R. For this to work it is
sufficient that the innermost integral produces (|u| times h times a constant). Moreover, it

is enough to produce |y| (or, a fortiori, |y — u|) in place of |u|. Now write:
= Bu— (" =y = (" =1) (" = Blu—y) = 1)+ Blu—y)) +

200 — )2 200 — u)2
<eﬂ(u—y)_5( . y) —,B(u—y)—1>+ﬁ( S y”

These terms can now be dealt with in part straightforwardly and in part by employing
and of Lemma

Third, with respect to of (5.9)), again an integration by parts is made outright, thus:

di <eism 114_h(€7§h> — imeism 1-— eiSh + ST _iheiSh eisx (1 B eiSh)Ah,(s) )
S S

AR(s) T AN AR (s)?
Now the left-hand side is handled using coercivity On the right-hand side, we apply of
Lemma to the second term. Finally, in the third term on the right-hand side we may replace
AM(s) by A'(s), followed by Fubini for A’ and an application of of Lemma All in all, a
term of order 2O(h) thus emerges on the right-hand side of (5.9).

Part can be obtained by explicit computation, and is elementary. O

Proposition 5.10 (02 = 0, x(0) < oo (Z(@ convergence)). Suppose 0% = 0 and k(0) < oo. Let
q > 0.
(i) For any v > ®(q), there are {Ag,ho} C (0,00) such that for all h € (0,hy) and then all
WS Z;Jr:
‘A(Zq)(a:,h)) < Aghe™™.
(ii) For the Lévy triplet (0,0_1,1) and the nested sequence (hy :=1/2")y>1 1 0, for each ¢ >0
and any x € unzlzgj N (0,1):
A(Q) hn 1
lim —4-— " (. fin) = §q(1 + q)ze®(1F9),

n—00 hy,

Proof. With respect to [(i)} we have as follows. First, [(a)| of (5.10) is of order O(h) by coercivity.
Second, in @ we employ the decomposition:

Bh ( Bh Bh) Bh
== (1 ) -

) I o
1—6_'8 1—6_Bh+2 2

Then the first term may be estimated via |(c)| of Lemma (for the denominator), a Taylor ex-

pansions into absolutely and locally uniformly convergent series (for the numerator) and coercivity
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(C)f while to the second term we apply of Lemma It follows that [(b)] of (5.10) is O(h).
Finally, when it comes to|(c)|of (5.10)), we have (beyond a non-zero multiplicative constant):

/ eisar (A(S) — Ah(s))ds
[=7/h,7/h] A(S)Ah(s)ﬁ .

This can now be seen to be O(h) in the same manner as was seen to be so (indeed, one can
simply follow, word-for-word, the argument pursuant to , and recognize that the substitution
of A(s)A"(s)p in place of A(s)? results in no material change).

Part follows by a direct computation. O

5.9. 02 = 0, infinite variation paths. Finally we consider the case when 02 = 0 and x(0) = oo.
We assume here that Assumption is in effect. Note also that 6° = 1 and we work under scheme
2. We do not establish sharpness of the rates.

Proposition 5.11 (02 = 0 & k(0) = c0). Assume 0® = 0 and Assumption letq>0,~v> ®(q).
Then there are {Ag, ho} C (0,00) such that for all h € (0,ho) and then all x € Z; " :

(i) | A (. )| < Agtters.

T

(i) (A;q) (z, h)‘ < Agh?cer®,

Proof. With respect to |(i), we have as follows. Note that in is LO(h¢) by an integration
by parts argument and m from Subsection We do the same for @

£ iy i) - ()

L g <A2(8)(A’“(8) — A'(s)) + A'(s)(A(s) — A"(s))(A(s) + Ah(S)))
A2(s5) AM(s)? '

Upon integration, one gets on the left-hand side a contribution of iO(he) to , by coercivity
With regard to the rightmost quotient on the right-hand side, we obtain a contribution of
order 2O(h?7¢), as follows again by coercivity [(C), Remark [5.10} [(A])|and the estimates [(A;)] and
@ Remark that € > 2 —e.

With respect to we have as follows. @ of is of order O(h€) by coercivity Also,
@ is of order O(h). Finally is of order O(h?~¢) immediately, with no need for an integration
by parts. O

5.10. A convergence result for the derivatives of W@ (52 > 0).

Proposition 5.12. Let ¢ > 0, 02 > 0. Note that W9 is then differentiable on (0,00) [22, Lemma
2.4]. Moreover, for any v > ®(q), there ezist {Ag, ho} C (0,00), such that for all z € Z; T \{h}:

- W) - W (@ — 2h)
2h

W () < Ao~ (h-+C(h/2) + E(h/2)hlog(1/h)).
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Remark 5.12. The case 02 = 0 appears much more difficult to analyze, since the balance between
coercivity and the estimates of the differences of Laplace exponents (and their derivatives) worsens.
Proof. First, integration by parts, monotone convergence and the fact that W@ (0) = 0 [23, p.

222, Lemma 8.6] yield (for 8 > ®(q)): W@/(B) = ﬂw(ﬁ) = (/(¢¥(B) — q). Then analytic

continuation, Laplace inversion and dominated convergence allow to conclude, for any x > 0 that:
1 0o Bz
W@ (z) = / Bt
27 —00 10(5) —q
On the other hand, it follows directly from Corollary m that for h € (0, h,) and then z € Z; "

W}(LQ) () - W@ (z—2n) 1 /”/h Bz (eﬁh — e_th) ds
i (

2h “or o 2h B —q

Now, it will be sufficient to estimate the following integrals:

w/h Bh _ —Bh n/h
BeP* A(s) " ds; / e’ (L - ,6) A" (s) " ds; / B (A(s) ™" — A"(s)™) ds.
—x/h 2h n/h

/< 50,00)\[~/h,/h]
An integration by parts, coupled with coercivity and the boundedness in linear growth of A’
(A7)| establishes the first of these two integrals as being of order 2O(h). The same emerges as
being true of the second integral, this time using the boundedness in linear growth of A" instead,
but also and of Lemma Finally, with respect to the third integral, again one performs
integration by parts, and then uses coercivity the decomposition (5.24) and |(A%)l The

claim follows. O

6. NUMERICAL ILLUSTRATIONS AND CONCLUDING REMARKS

6.1. Numerical examples. We illustrate our algorithm for computing W, described in Eq. (|1.1))
of the Introduction, in two concrete examples, applying it to determine some relevant quantities

arising in applied probability. The examples are chosen with two criteria in mind:

(1) They are natural from the modeling perspective (computation of (Example ruin pa-
rameters in the classical Cramér-Lundberg model with log-normal jumps and (Example
the Lévy-Kintchine triplet of the limit law of a CBI process).

(2) They do not posses a closed form formula for the Laplace exponent of the spectrally negative
Lévy processes. Such examples arise often in practice, making it difficult to apply the
standard algorithms for scale functions based on Laplace inversion. Our algorithm is well-

suited for such applications.

FEzxample 6.1. A popular choice for the claim-size modeling in the Cramér-Lundberg surplus
process is the log-normal distribution [3, Paragraph I.2.b, Example 2.8]. Fixing the values
of the various parameters, consider the spectrally negative Lévy process X having o2 = 0;
AMdy) = 1(—s0,0)(¥) exp(—(log(—¥))?/2)/(v2r(—y))dy; and (with V = 0) p = 5 (this satisfies
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the security loading condition [24], Section 1.2]). Remark that the log-normal density has fat tails
and is not completely monotone.

We complement the computation of W by applying it to the calculation of the density k of the
deficit at ruin, on the event that X goes strictly above the level a = 5, before venturing strictly

below 0, conditioned on Xy =z = 2:
Eo[~X - €dy, 7y <7,]=k(y)dy

(1o, respectively 7.7, being the first entrance time of X to (—oo,0), respectively (a,c0)). Indeed,

k(y) may be expressed as [24, Theorem 5.5] k(y) = [, f(z + y)W(w)W(a_;%,_(g(a)W(x_z) dz, where

f(y) = exp(—(log(y))?/2)/(V2my), y € (0,+00). We approximate the integral k by the discrete
sum ky, given for y € (0, 00) as follows:

a/h—1 z/h—1

30 Sy Wia k) e

- Wi(z — kh) f(kh + y) — Vo @+y) |

2
k=1

Wh(z)W(0)

kn(y) :==h | f(y +a) W (a)

Results are reported in Figure

Ezample 6.2. We take 0% = 0; the Lévy measure A = A, + A, has atomic part A\, = % (0—1 4+ d_2),
whilst the density of its absolutely continuous part A.(dy) = {(y)dy is given by:
3 1 e“W) (3 + ysin(y)) e

Wy) = Wﬂ[—l,o)(y) + Wl[—z,—l)(y) + ( )" + (71/)3) Two-1)(¥), yER;

and (with V' = 1) u = 15. Remark the case is extreme: the Lévy measure has fat tails at 0 and
—00, a discontinuity (indeed, a pole) in the Lévy density of its absolutely continuous part (which,
in particular, is not completely monotone), and two atoms. Furthermore, there is no Gaussian
component, and the sample paths of the process have infinite variation.

We compute W for the Lévy process having the above characteristic triplet, and complement
this with the following application. Let furthermore X be an independent Lévy subordinator,
given by XtF =t+ Zy, t € [0,00), where Z is a compound Poisson process with Lévy measure
m(dy) = € Y1 (gc0)(y)dy. Denote the dual —X of X by X*#. To the pair (X¥, Xf) there is
associated, in a canonical way, (the law of) a (conservative) CBI process [20]. The latter process
converges to a limit distribution L, as time goes to infinity, since ¢'(0+) > 0 [21, Theorem 2.6(c)]
and since further the log-moment of m away from zero is finite |21, Corollary 2.8]. Moreover, the

limit L is infinitely divisible, and:

—log/ e “dL(x) = uy — / (e7 "% — 1)@&5,
0 (0,00)

T

where v = bW (0) vanishes, whilst:

k() = bW/ (a+) + /( W@ =W = glm(ag),
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FIGURE 1. The scale function W and the density k of the deficit at ruin on the
event {7, < 75}, for the log-normal Cramér-Lundberg process. The relative errors
are consistent with the linear order of convergence predicted by Theorem See
Example @ for details.

where b = 1 and m are the drift, respectively the Lévy measure, of X [21, Theorem 3.1]. We

compute k via approximating, for x € Z;Jr, k(x) by kp(z):

z/h—1
o () = b2 () = th(x =) Wi~ hyml/2,00)— S Wa(x — kh— hym{kh—h/2, kh + h)2).
k=1

Results are reported in Figure

Let us also mention that we have tested our algorithm on very simple processes with completely
monotone Lévy densities [2] (Brownian motion with drift; positive drift minus a compound Poisson
subordinator with exponential jumps; spectrally negative stable Lévy process — see Appendix |C]),
and the results were in nice agreement with the explicit formulae which are available for the scale

functions in the latter cases.
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[Wh(-—h) — W1/216(‘ - 1/216)‘/W1/2'6(‘ - 1/216)

© h=1/2°
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FIGURE 2. The scale function W for the spectrally negative Lévy process X, as
described in Example followed by the k-function k of the weak limit (as time
goes to infinity) of the CBI process, whose spectrally positive component is the
dual X% = —X of X, whilst the Lévy subordinator part is the sum of a unit drift
and a compound Poisson process of unit intensity and mean one exponential jumps.
The relative errors are consistent with the O(\/E) order of convergence predicted by
Theorem See Example for details.

6.2. Concluding remarks. (1) Computational cost. To compute W,Eq) (x) or Z,(lq) (x) for some
x € Zj, one effects recursions and (as applied to Y = X" /h, h € (0,h,)), at a cost of
O((x/h)?) operations (assuming given the parameters of X").

(2) Quantity Z,(lq)(:v) may be obtained from the values of W,g‘;’) on [0,z] N Zy at a cost of order
O(xz/h) operations by a nonnegative summation (see Proposition [3.1]).

(3) The computation of the functions W@, g > 0, can be reduced, under an exponential change

of measure, to the computation of W [23, p. 222, Lemma 8.4] for a process having ®(0) = 0 [34].
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Under such an exponential tilting W}, (z) will have a temperate growth [35, Proposition 4.8(ii)],
since ®"(0) — ®(0).

Finally, in comparison to the Laplace inversion methods discussed in [22, Section 5.6], we note:
(1) Regarding only the efficiency of our algorithm (i.e. how costly it is, to achieve a given preci-
sion): Firstly, that Filon’s method (with Fast Fourier Transform) appears to outperform ours when
an explicit formula for the Laplace exponent v is known. Secondly, that our method is largely
insensitive to the degree of smoothness of the target scale function — and can match or outperform
Euler’s, the Gaver-Stehfest and the fixed Talbot’s method in regimes when the scale function is less
smooth, even as 1) remains readily available (such, at least, was the case for Sets 3 and 4 of [22,
pp. 177-178] — see Appendix . Thirdly, that when 9 is not given in terms of elementary/special
function, any Laplace inversion algorithm, by its very nature, must resort to further numerical
evaluations of ¢ (at complex values of its argument), which hinders its efficiency and makes it hard
to control the error. Indeed, such evaluations of i appear disadvantageous, as compared to the
more innocuous operations required to compute the coefficients present in our recursion.

(2) In our method there is only one spatial discretization parameter h to vary. On the other hand,
Filon’s method (which, when coupled with Fast Fourier Transform, appears the most efficient of
the Laplace inversion techniques), has additionally a cutoff parameter in the (complex) Bromwich

integral.
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APPENDIX A. PROOFS OF LEMMAS FROM PARAGRAPH [5.2.1]

Proof. (Of Lemma [5.1]) Assertions [(Q)l{(vi)] obtain at once by expansion into Taylor series which
converge absolutely and locally uniformly. @ follows from the equality 1 — cos(u) = 2sin®(u/2)
and the concavity of sin [(g ¢ /o). Then @ is got from (letting u = o + iso, {70, 50} C R):

2 [(coshvg — 1) 4 (1 — cos s0)]? - (73/2+ 1 — cos s0)?

(V8 + s2)? - (V8 + s2)?

1
(coshu — 1)

u? ’

since cosh |g, upon expansion into a power series, is a nondecreasing limit of its partial sums.

Finally, [(c)| obtains from (again u = o + iso, {70, 50} C R):
2 (€ —1)2 4 2¢70(1 — cos sp)

% + 56

)

noting that |7 — 1| > Blyo| for all v9 > L, for some B > 0, whereas exp |1 ) is itself bounded

away from zero. O

Proof. (Of Lemma [5.2) Expressing fy,(u) = 2:3;3;:2(5881223, use |(c)| of Lemma in the

denominator, and expansion into Taylor series which converge absolutely and locally uniformly in
the numerator. g
Proof. (Of Lemma ) The first inequality follows from (writing z = o + iso, {70, S0} C R):

e — 112 = (€7 — 1)* 4+ 2¢(1 — cos sp).

Then, since 79 < 0, €7 < 1 and 1 —€" < —~ (by comparing derivatives). Finally, use 1 — cos sg <
s3/2.
The second inequality obtains from the relation (for {79, so} C R):

grotiso _ (o +is9) — 1 =¢e"(cos(sg) — 1) + (€7 — 9 — 1) +i(e” — 1) sin(sg) + i(sin(sg) — so),

noting in addition, that €7 — oy — 1 < ~3/2 for 7o < 0 (compare derivatives), |sin(so)| < |so| and
finally sgn(so)(so — sin(so)) < (|so|2/6) A (2]s0]) < 2s3. O

Proof. (Of Lemma [5.4)) Apply the complex Mean Value Theorem [I7, p. 859, Theorem 2.2]. O



MARKOV CHAIN APPROXIMATIONS TO SCALE FUNCTIONS OF LEVY PROCESSES 43
APPENDIX B. PROOFS FOR PARAGRAPH [5.2.2)

Proof. (Of Proposition [5.2]) It is Fubini’s Theorem that:

= /OO Cslj/y(dx)(l _ cos(sz)) = /u(dw) /Ioo g(l _ cos(sz)).

Next, for each z € R, do integration by parts for the integral [, d—2 1 — cos(sx)); first,

d (1 - cos(sa:)) _1-cos(sz) , sin(sa)

T )
ds S ’

52 s

second, integrate from 1 to N against ds; third, let N — oo and use the Monotone Convergence

Theorem. We obtain:
o
I— / v(dz) <x / Sinsz) 1o v 1 cos(x))).
1 S

The inner integral is, of course, in the improper Riemann sense; now change variables in the latter

= /y(dx) (|a:| /: Sian“) du+ (1 — cos(x))> |

Since the sine integral is bounded, 1 — cos(x) < 22/2 and v is compactly supported, it follows that
I < oo whenever [ |z|v(dz) < oo. Conversely, if [ |z|v(dz) = oo, since foo sin u)d — [ Sm(u du €

to get:

(0,00) as © — 0, we deduce I = oo by the local finiteness of v in R\{0}. d
Proof. (Of Lemma [5.5]) Fubini’s Theorem. O
Proof. (Of Proposition [5.3l) Apply Lemma O

Proof. (Of Proposition[5.4]) The first assertion follows at once from of Lemma (applied to
the measure v). The second follows from the first and of Lemma applied to the measure .
Now we consider [(e’¥ — 1)A(dy). It is assumed without loss of generality that v is supported by
the positive half-line and s > 0. Furthermore, there is an A € (0, 00), with A(u) := A(u,1) < A/u®

for all uw € (0,1).
Consider the imaginary part of [(e**¥ — 1)A(dy) first. Fubini and dominated convergence yield:

/)\ dy) sin(sy) = s//\ dy) / cos(su)du = s/ du cos(su)A(u) =

We thus obtain an alternating series, whence: |I(s)] < s [ 37/(25) gy A(u). This is crucial. Indeed,

taking into account that )\( ) < A/u® throughout the integration region, we now obtain immedi-

SZ/ du cos(su)A(u) =: I(s).

k=0 (0,1)N[k7/2,kn+m/2)

ately sup,sq |1(s)]/s* < oo.

The real part is treated in a similar vein. First, Fubini yields:

/ A(dy)(1 — cos(sy)) = s / A(dy) /0  in(su)du = s /0 1 du sin(su)A(u)

and the remaining steps are very similar and hence omitted. O
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APPENDIX C. MORE NUMERICAL EXAMPLES

1r ° 05
—w . —w
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FIGURE 3. Left: Brownian motion with drift (02 = 1, (with V = 0) p = 1,
A = 0). Right: a stable process (0> = 0, (with V.= 1) p = 1/(8 — 1),
AMdy) = Wﬂ(_o@p) (y)dy, B = 3/2). Note the quadratic, respectively ‘square-

root’, order of convergence.

Ezample C.1. This example is taken from [22, pp. 177-178; Eq. (137), Table 4 (Sets 3 and 4)];
with two caveats: (i) parameter c4 is set equal to e in Set 3, since there appears to be a typo
in the last term of the expression for the Laplace exponent [22] p. 178, Equation (138)] and
presumably the form of the Laplace exponent as given (sic), is the one which was used in the
actual computations of [22]; (ii) our parameter p (with V' = 1) takes on such values as to ensure
equality of Laplace exponents (i.e. laws of the processes) between us and [22] for each of the
two sets. We perform the computation for the function W(/2) on the decreasing sequence (hp =

1/(20 - 1)) pne(s,20,80,320} - W}E;{j})( — dohaooo) is taken as a benchmark, and this gives max rel,, :=
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WL/ (i —b0hn) =W (2i—5ohaooo)|

MaX;e(100] W;(L;ézé(fﬁi—,z)ofif()oo) , where x; = i/20, i € [100] . Note the linear order of
convergence.
n ) 20 80 320

max rel,, (Set 3) | 0.0011 | 3.4086 - 10~ | 6.6513 - 107 | 1.2391 - 10~
max rel, (Set 4) | 0.0121 0.0031 7.5203-107* | 1.6512-10~*

02:0, u=2 02:0, p=1

0.7r

0.651

0.6

02=1, pu=2 02=1, p=1
0.71 1.4
— W
0.6F W, ,(31/2) 12F 0 W, (B1)
sl W, ,(B1/4) Al W, ,(31/2) 2
Cow W (B1/4)
0.4 0.8F
0.3} 0.6}
02t 04l
o1t A 02"
0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

FIGURE 4. Exponential jumps model (A(dy) = ape?1_o0)(y)dy, a = p = 1,
0? =0 and (with V =0) u € {2,1}). Note the linear order of convergence.
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