ON THE POISSON EQUATION FOR METROPOLIS-HASTINGS CHAINS

ALEKSANDAR MIJATOVIC AND JURE VOGRINC

ABSTRACT. This paper defines an approximation scheme for a solution of the Poisson equation
of a geometrically ergodic Metropolis-Hastings chain ®. The approximations give rise to a
natural sequence of control variates for the ergodic average Sy (F) = (1/k) ¢, F(®;), where
F' is the force function in the Poisson equation. The main result of the paper shows that the
sequence of the asymptotic variances (in the CLT's for the control-variate estimators) converges
to zero. We apply the algorithm to geometrically and non-geometrically ergodic chains and

present numerical evidence for a significant variance reduction in both cases.

1. INTRODUCTION

A Central Limit Theorem (CLT) for an ergodic average Si(F') = %Zle F(¥;) of a Markov
chain (Uy)ken, evolving according to a transition kernel P on a general state space X, is well-

known to be intimately linked with the solution F of the Poisson equation
(PE(P, F)) PE—F=n(F)-F

with a force function F: X — R (see [MT09, Sec.17.4]), where 7 is the invariant probability
measure of ¥ on X, n(F) = [, F(x)r(dz) and PG(x) = E,[G(¥;)] for any G : X — R. In fact,
the Poisson equation in is of fundamental importance in many areas of probability,
statistics and engineering (see [MT09, Sec.17.7, p.459]). However, solving Poisson’s equation
for the chains arising in most applications, even for very simple functions F, is for all practical
purposes impossible (see e.g. relevant comments in [Hen97)).

This paper develops a novel approximation scheme for the solution F of for the
class of Metropolis-Hastings chains and (possibly discontinuous) force functions F' satisfying
certain general assumptions. This class of Markov chains is of great importance in statistics
and other areas of science, see e.g. review papers [RR04, [Tie94] and the references therein. In
this context, the main motivation for building approximations to F is to reduce the asymp-
totic variance in the CLT of the Markov Chain Monte Carlo (MCMC) estimators based on
the Metropolis-Hastings algorithm. The remainder of the introduction is structured as follows:
Section states our approximation algorithm, Section describes the convergence criterion,
based on the asymptotic variance in the CLT, and states our main result and Section relates

our result to the relevant literature and describes the structure of the paper.
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1.1. Algorithm. A potential direct approximation approach for computing F, based on the
Poisson equation itself, would suffer from at least two problems: (1) in discrete
time, the transition kernel P is typically non-local, implying that the value of the solution
F at any point in the state space X may depend on the values of F at all other points of
the state space (rather than only on the points near by), and (2) the value of the constant
m(F) is a priori unknown. Our proposed algorithm circumvents these issues by exploiting the
probabilistic structure underpinning the Poisson equation in . More precisely, the
approximation of F is based on the weak approzimation of the chain ¥ by a sequence of “simpler”
Markov chains (converging in law to ¥), such that the solutions of the Poisson equations for the
approximating chains can be characterised algebraically. Our approximation of Fis expressed in
terms of the numerical solution of these linear-algebraic equations. The finite state Markov chain
underpinning our algorithm mimics the behaviour of ¥ as follows: its state space is a partition
{Jo, J1,...,Jm} of the state space X’ and its transition matrix consists of the probabilities of ¥

jumping from an element in J; into the set Jj.

Algorithm
Data: Transition kernel P, function F', partition {Jy, J1,...,J} of X and a
representative a; € J; for each j € {0,1,...,m}.

Result: Approximate solution F to the Poisson equation in (PE(P, F)).
(I) Define a matrix A € RU™HDx(m+1) with entries A;;, where 4,5 € {0,1,...,m} and

Aij = N

= 2 kef0,.migi} Plais Jk),  if i =j;

(IT) Replace the first column of A by a column of ones: A;g:=1,i=0,...,m;
(I1I) Define a vector f € R™T! with entries f; :== F(a;), j =0,...,m;
(IV) Solve Af = —f to find f € R™t1;
(V) Define F := Py flej;

This approximation algorithm is naturally phrased for a general transition kernel P, with
f in step (IV) being the solution of the Poisson equation for the approximating chain. The
convergence analysis under the precise assumptions on the partition of the state space, stated
in Section |2, will be carried out for the Metropolis-Hastings kernel P (see below).

Numerical examples and the implementation of the algorithm are discussed in Section [5| below.

1.2. Convergence. In order to specify the convergence criterion for the successive approxima-
tions of F' produced by the [Algorithm| assume that the random sequence (Si(F))ren satisfies
the law of large numbers (LLN), limj_,o, Sk(F') = w(F) a.s., and the CLT

(CLT(, F)) VE (Sp(F) — 7(F)) % op - N(0,1)  (as k — o0)

where N(0,1) is a standard normal distribution and 0% is a positive constant known as the
asymptotic variance. Put differently, the variance of the estimator Si(F') is approximately

equal to J% /k. Tt is hence intuitively clear that if U% is large, which occurs in applications



ON THE POISSON EQUATION FOR METROPOLIS-HASTINGS CHAINS 3

particularly when F has super-linear growth (as 0% oc Var,(F), see e.g. [RR04, Sec.5] and
the references therein), the variance of the estimator Si(F) will also be big, requiring a large
number of steps k for convergence. In contrast, imagine we knew the solution F' of the Poisson
equation and could evaluate the function PF — F'. Then the estimator given by the
ergodic average Sy (F+PE—F) (for any k € N) would be equal to the constant 7(F) for any (not
necessarily stationary) path of the chain U, i.e. its variance vanishes for a deterministic starting
point m-a.e. and a m-integrable F' in . As mentioned above, solving
is not feasible, but a good approximate solution F to could lead to a significantly
reduced asymptotic variance (0%, < o%) in the |CLT(\I/, F+ U)|, where U = PF — F (and
hence 7(F + U) = w(F')). This would reduce the error of the estimator Si(F + U) (cf. figures
in the examples of Section .

This method of variance reduction is well-known and has been developed in various Markovian
settings [AHO93| Hen97, [HG02, HMTO03]. Its applications in stochastic networks theory are
described in [Mey08|, Ch. 11], while applications in statistics for the random scan Gibbs sampler

were developed in [DKI12]. However, to the best of our knowledge, no systematic approach
capable of (at least theoretically) reducing the asymptotic variance arbitrarily for a general
class of discrete-time (e.g. Metropolis-Hastings) Markov chains has been developed so far.
For example, [DK12| guesses the function G that solves in the special case of the
random scan Gibbs sampler with a multivariate normal target distribution and the force function
F(x) = x. It then constructs control variates of the form PG — G, where G is releated to G, for
other target distributions and the same F' without specifying a procedure to arbitrarily reduce,
algorithmically improve or otherwise analyse the achieved variance reduction.

The main contribution of the present paper is to prove that successive applications of the [AT]
can produce approximations F to the solution of the Poisson equation for a Metropolis-
Hastings chain ® on R? (with an invariant measure 7 and a transition kernel P in (MH(q, 7)),
such that the asymptotic variance in the [CLT(®, F + PF — F)|is arbitrarily small for a large

class of m-a.e. continuous functions F': R? — R. By [GM96, Thm 2.3], the Poisson equation
in possesses a solution if we assume that P satisfies a geometric drift condition with
a drift function V' (see Assumptions below for the precise formulation) and that the
force function F is globally bounded by a positive multiple of V. A drift function V in this
context is by definition strictly positive and typically “bowl” shaped, i.e. it takes “uniformly”
large values on the complements of large compact sets. In order to improve arbitrarily the
quality of the approximate solution produced by the assume we have a sequence
(Jn ={Jg, ... Jn, )nEN of partitions of R?, such that the set R?\ J§ = U;”Z"I J1' is bounded
for every n € N. Moreover, assume that the diameter of J}' (for any 1 < j < my,) tends to zero
and infyejp V(x) tends to infinity, as n — oo. The following theorem gives the main result of

the paper (for the precise formulation of the assumptions see Theorem in Section :
Theorem 1.1. For each n € N, let F,: RY — R be the function obtained by the |Algorithm| with

input: P, F, J, and representatives (a?)OSjSmn (i.e. aj € JJ”) chosen appropriately. Let o2
denote the asymptotic variance in|CLT(<I>, F+ PF, — Fn)| Then it holds that lim,, o 02 = 0.
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It is clear that the does not require the chain ® to be reversible. We stress here
that, likewise, the proof of the main result relies only on the weak approximation of the kernel
P in and does not use its reversibility. The precise condition on the choice of
representatives in Theorem is given in Section (see Definition and is, by Remark
a mild technical requirement easily satisfied in applications. The proof of our main result
depends crucially on two ingredients: (i) the uniform (in n € N) convergence to stationarity of
the approximating Markov chains, a fact based on the deep results [MT94, Th. 2.3] and [Bax05,
Th. 1.1] in the theory of general Markov chains, and (ii) an a priori bound of the solution
of given in [GM96, Thm 2.3]. For an overview of the proof see Section

A natural question arising from Theorem is about the rate of decay of the sequence
of asymptotic variances o2 — 0. Theorem below gives an upper bound on this rate. It
transpires that, under certain general integrability conditions, the decay is governed by the
greater of the two quantities: the mesh of the partition {J7, ..., J2 } of the bounded set R?\ J&!
and the integral m(V21 Jg). This result, which we hope is of independent interest, can be used
in applications as a guide for balancing the size of the bounded set R? \ Jy and the mesh of
its partition {J7',...,JJ, }. Furthermore, in the case of random walk Metropolis chains studied
in [RT96al, [JTHOO], Theorem yields the rate of decay expressed in terms of the target density

7 under easier to check sufficient conditions involving 7 only (see Proposition 4.2)).

1.3. Literature overview. The construction of control variates using the function PG — G,
where G is an approximation of the solution to the Poisson equation, goes back to the PhD
thesis [Hen97]. This approach, extended in [HG02, [HMTO03] and applied in the context of
stochastic networks [Mey08], is in spirit close to ours as the construction of G depends on solving
Poisson’s equation for a related Markov process. The definition of the related Markov process in
these contexts relies on the particular model under consideration and it is not immediately clear
how to transfer the construction to a more general setting. In contrast, the based
on the weak approximation by simple Markov chains, can be applied at least in principle to any
discrete time Markov chain with very little modification. Analogous weak approximation ideas
have been applied in continuous time in the context of Brownian motion [Mij07], Lévy [MV.J14]
and Feller [MP13] processes.

When approximately solving Poisson’s equation, one typically chooses basis functions, either
by picking a commonly used basis (e.g. [DK12]) or using insight into the structure of the un-
derlying problem (e.g. [Hen97]), and then seeks to represent the solution to Poisson’s equation
as a linear combination of these basis functions (see [DK12] and the relevant references for a
description of this general methodology). In all cases known to us, thus obtained control variates
depend in some way on the quantities they are supposed to estimate (recall that 7(F) features
in (PE(P, F'))), therefore having to rely on their estimation by more basic methods using the
sampled path of the chain. Hence, even though they are typically consistent, the resulting es-
timators introduce a bias even if the chain is started from stationarity. Our method is based

purely on the weak approximation of the Metropolis-Hastings chain and does not require an a
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priori estimate of 7(F') in order to construct the control variate, as all the necessary information
is contained in the transition matrix approximating the kernel P in (cf. Remark
in Section . As a consequence, when the chain is started in stationarity, the method based on
the remains unbiased.

The reminder of the paper is organised as follows. Section [2| describes our assumptions, gives
examples of widely used Metropolis-Hastings chains satisfying these assumptions and formulates
the full version of our main result (Theorem . In Section |3| we prove Theorem The
structure of the proof is given in Section while Sections and [3.5] carry out the

steps. Section[4]formulates and establishes an upper bound on the rate of decay of the asymptotic

variance for the Section [o] applies the to specific geometrically and non-

geometrically ergodic chains and quantifies numerically the variance reduction. It also discusses
the construction of the matrix A in the Section [6] concludes the paper.

2. ASSUMPTIONS AND THE MAIN RESULT

2.1. Setting. Let m be a density function of a probability measure on R? with respect to the
Lebesgue measure pP and let ¢: R x R? — R be a transition density function, i.e. for every
r € R? the function y ~ g(x,y) is a density on R?. The idea behind the dynamics of a
Metropolis-Hastings chain is to propose a move from a density ¢(z,-) to a new location, say v,

and accept it with probability

W) | r(@)g(a,y) >0,

1, m(x)q(x,y) = 0.

a(z,y) =

The Markov transition kernel P(x,dy) for this dynamics is given by the formula

(MH(g, 7)) P(z,dy) := a(z,y)q(x, y)dy + <1 - /Rd a(z, 2)q(z, Z)d2> 6z(dy),

where 6, is Dirac’s measure centred at =, and the Markov chain (®y)ren generated by it is known
as the Metropolis-Hastings chain (see [MRRT53, [Has70]). In this context, 7 is termed a target
density and q a proposal density. It is easy to see that the chain @ is reversible (i.e. it satisfies
m(x)dzP(x,dy) = n(y)dyP(y,dz)) and hence stationary (i.e. [pa P(x,dy)m(z)dr = w(y)dy)
with respect to m. The measure 7(z)dz is also known as the invariant probability measure for
the chain ®. Throughout the paper we assume that the kernel P in satisfies the

following assumptions:

Al: There exists a compact set Cyy C R?, positive constants Ay < 1, ky and a 7-integrable
function V: R% — [1,00) mapping bounded sets to bounded sets, having bounded sub-
level sets (i.e. V=1 ([0, c]) is bounded Ve € R) and satisfying

PV(z) < MWV () +rvle, (z), VoeRY

A2: The target density 7: R — (0, 00) is continuous and strictly positive.
A3: The proposal density ¢: R? x R? — (0, 00) is continuous, strictly positive and bounded.
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Remark 2.1. (i) The inequality in is known as the geometric drift condition and is our
most important assumption. Under we may without loss of generality assume that the
drift function V satisfies 7(V?) < oo, as we may work with v/V instead of V. Indeed, the

geometric drift condition and Jensen’s inequality imply the inequalities

PWVV) < VPV < /MWV + rvle, < VAVY + Vrrle,.

(ii) Assumptions and guarantee that Metropolis-Hastings chain ® driven by P
in is m-irreducible (i.e pP-irreducible), strongly aperiodic and positive Har-
ris recurrent (see [MT96, Lemmas 1.1, 1.2] and [Tie94, Thm 1, Cor. 2]). We refer the
reader to the monograph [MT09] for the definitions of these notions and the theory of
Markov Chains based on them. In our setting, their main relevance lies in the fact that,
since 7 is invariant for ®, they imply the LLN for any m-integrable F' [MT09, Thm 17.1.7]
and the CLT for any F' with modulus bounded by a positive multiple of V' (assuming
7(V?) < co) [MT09, Thm 17.4.4].

(iii) Assumptions and [A3| can be relaxed somewhat (their current form is chosen to simplify
the arguments in Sections 3| and {)). If the state space is an open subset of R? ¢,
continuous pP-a.e., 3¢, > 0 such that g(z,y) > ¢, for all ,y in a neighbourhood of Cy
(Cy is the set in the drift condition in and 7 bounded away from zero on compact
sets, then the main result, Theorem below, remains valid. The only difference may be
that F, are well-defined only for all sufficiently large integers n.

(iv) Even if 7 is known only up to a normalising constant, the kernel P in (MH(q, 7)) (and
hence the chain ®) is uniquely defined, as it depends only on the ratio w(y)/m(z). As a
consequence the may be applied even if only an unnormalised version of 7 is

known. Furthermore, Theorem [2.4] remains valid in this case.

2.2. Main result. Let the drift function V' be as in[AT] and define the function space

G
(1) Ly := {G: R? — R; G measurable and [|G||y < oo}, where ||G]|y := sup | (x)\
z€ER? V(l’)

Note that L equipped with the norm || - ||y is a Banach space (see [HLL99, Proposition 7.2.1]).

Remark 2.2. Since we are assuming m(V?) < oo (cf. Remark , Assumption implies
that every G € L{® satisfies the following: 7(G?) < oo, PG(z) is well defined for any x € R?
(where the transition kernel P is given in MH(g, 7)), PG € Ly and (PG — G) = 0. In
particular, for any F' € L{7 the LLN (for the chain ® driven by P) and the hold
(see [MT09, Thms 17.1.7 and 17.4.4] respectively). Hence, for an arbitrary G € L{?, the
holds with the same mean 7(F") as in but a possibly (substantially)

different asymptotic variance 0% +pG—q- This motivates the following general definition.

Definition 2.1. Let ¥ be a Markov chain with a transition kernel P and F a measurable
function on its state space X. Let (Gp)nen be a sequence of measurable functions on X', such
that the |[CLT(V, F + PG,, — G,,) holds with the asymptotic variance o2. We call (Gy)nen 2

sequence of approzimate solutions of Poisson’s equation [PE(P, F)|if lim, s 02 = 0.
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Remark 2.3. The function PG, — G,, does not change, if we shift G,, by a constant. Hence,
if (Gn)nen is a sequence of approximate solutions of Poisson’s equation [PE(P, F)| then so is
(G, + ¢cn)nen for any sequence (¢p)nen of real numbers. This observation will be useful in the

proof of Theorem [2.4] as solutions of Poisson’s equation are unique only up to a constant shift.

The remainder of the section is devoted to defining a sequence of approximate solutions for
the Metropolis-Hastings chain generated by P in[MH(q, 7)l This requires the following concepts.

Definition 2.2. (a) Let J be a partition of R? into measurable sets Jg, J1, .. ., Jm, such that
U7t Jj is bounded and MLEb(Jj) > 0 holds for all 0 < j < m. Let X = {ag,a1,...,am}
be a set of represntatives: a; € J; for all 0 < j < m. The pair X := (J, X) is called an
allotment and let m be the size of the allotment X.

(b) Let W: R? — [1,00) be a measurable function and X an allotment. W -radius and
W -mesh of the allotment X are, respectively, defined by

(2) rad(X, W) := inf W(y),
y€Jo
(3) (X, W) = max| max sup |y —a;|, max sup(W(a;)/W(y)—1)],
ISJSmyer OSJSmyer

where |z| denotes the Euclidean norm of any z € R%.
(c) A sequence of allotments (Xp,), oy is evhaustive with respect to the function W if the
following limits hold: lim,, . rad(X,,, W) = co and lim,,_,o, 6(X;,, W) = 0.

Remark 2.4. An allotment X is a partition of R?, together with representative points (one in
each set), and Jy is the only unbounded set in the partition. For the W-radius of X to be large,
the union U?L:p’j of all the bounded sets in the partition has to cover the part of R? where W is
small. The W-mesh is a maximum of two quantities: the first is a standard mesh of the partition
{J1,...,Jm} of the bounded set R\ Jo = UJ",J;. The second quantity in implies that for
the W-mesh to be small, representatives a; have to be chosen so that W (a;) and inf,c;, W(y)
are close to each other, relative to size of W on Jj;. Intuitively, if W (ao) is close to inf,cz, W (y)
and W is continuously differentiable, then the second term in is roughly equal to

Ty — a;
2, Sup ((VlogW(y)) (y a;))-

Thus, if W does not exhibit super-exponential growth, the representatives ay,...,a, can be

chosen arbitrarily.

Proposition 2.3. Let W: R? — [1,00) be a continuous function with bounded sublevel sets.

Then an exhaustive sequence of allotments with respect to W' exists.

Remark 2.5. The idea behind the proof of Proposition is to use the uniform continuity of
W on the set W~ ((—oco,ry)) (for a sequence r, 1 00) to define the n-th partition and its

representatives. For a detailed proof see Appendix [A] below.
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Given the transition kernel P in[MH(q, 7)land an allotment X = (J, X'), we define a stochastic
matrix px with entries (0 <4,j < m):

fJ aza awy)dy if i#j

(4) (px)ij == P(a;, J;) = S
_fRd\Jia(aivy) (ai,y)dy it i=j.

Remark 2.6. Assumptions and Definition (a) (uteb(J;) > 0 for all 0 < j < m) imply
that all entries of px are strictly positive. Hence the chain on the state space X, driven by px, is
irreducible, recurrent, aperiodic and admits a unique invariant probability measure. Moreover,
Poisson’s equation for px and any force function on X possesses a solution, unique up to the
addition of a constant function (see [MS02, Theorem 9.3]).

We can now state our main result.

Theorem 2.4. Let the transition kernel P in satisfy for a drift function V

with (V%) < co. Let F € LYY be continuous m-a.e. and let (X, = (Jn, Xp)),cn be an ezhaustive
sequence of allotments with respect to V. For each n € N define p,, := px, and let f,: X, =+ R
be the restriction of F' to X,,. Take fn to be the unique solution of Poisson’s equation
fn )l which satisfies fn(a{}) = 0. For each n € N define a function F,: R* — R by the formula

an 1Jn:E Vz € RY.

Then, ( n)neN s a sequence of approzimate solutions of Poisson’s equation |PE(P,F ) and, for
every n € N, the output of the|Algorithm| with input P, F and X,, is well defined and equals F,.

We conclude this section by recalling well-known classes of examples of Metropolis-Hastings
chains that satisfy Assumptions [ATHAJ] of Theorem [2.4]

Example 2.1. Random walk Metropolis in R: the proposal density takes the form ¢(z,y) =
¢*(y — x) for some density ¢*: R* — R. In [MT96] it is shown that geometric ergodicity of ®
(see ]RR0O4, Sec. 3.4] for definition and properties) is essentially equivalent to the tails of the
target m being exponential or lighter. More precisely, in [MT96] the following class of target
densities on R was introduced: m is log-concave in tails if it is positive everywhere and there exist
positive constants # and ¢ such that E % <ePl—lforally>az>cory<az<—c Ifmis
log-concave in tails and ¢} : R — (0, 00) a positive, continuous, symmetric (i.e. ¢j(z) = ¢j(—z))
density satisfying ¢} (x) < be=P% (for some constant b > 0 and all x € R), then [MT96, Thm 3.2]
implies that for any 0 < s < f3, the transition kernel P; in (with the proposal

q1(z,y) = ¢ (y — x)) satisfies With the drift function V(z) = e*1*l. Hence, P satisfies

Example 2.2. Random walk Metropolis in R%: this example is based on [RT96a] and [JHOQ].
If the proposal density ¢5: R? — R is bounded away from zero in some neighbourhood of the
origin and the target mo is positive, continuously differentiable and

) m L V(ogm)(s) = —oo  and  limsup L. L22Z)

<0
|| =00 | 2lsoo 12| [Va(@)]
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hold, where V f denotes the gradient of a differentiable function f : R? — R, then the transition

kernel P, in with ¢a2(x,y) = ¢5(y — x), satisfies a geometric drift condition with the
drift function V(z) = cmy 1/2 (x) (for some constant ¢ that ensures V' > 1), see [JHO0, Thms 4.1
and 4.3]. Assuming further that ¢; is continuous, strictly positive and bounded, the transition
kernel P, satisfies Intuitively, the target densities satisfying decay uniformly at a
sub-exponential rate along any ray from the origin and the radial projection from the level sets
{m = ¢} C R? to the unit sphere in R? is one-to-one for all sufficiently small ¢ > 0. In particular
a density proportional to e P@) where p = pi + pp_1 IS a polynomial of order k (py_1 is a
polynomial of degree at most k — 1 and py consists of the k-th order terms in p) and pg(z) — oo

as |x| — oo, satisfies (see [JHOO, Theorem 4.6]).

Example 2.3. Metropolis adjusted Langevin chain (MALA): the proposal process is a Markov

chain on R% with transition density

() = (2h) 2 exp (~ly — 2 — 2V (log ws)(x)/20),

which incorporates information about the target 3. Put differently, starting from x the proposal
follows a normal distribution with mean 2+ 3hV(log 73)(z) and covariance hl, for some constant
h > 0. In [RT96D], sufficient conditions for 73 are given, such that is satisfied with the
drift function V(z) = e°*l (for any sufficiently small s > 0). These conditions involve the

acceptance region, where moves are accepted a.s., and the behaviour of the mean of the proposal

z + $hV(log m3)(x) as x| — oo (see [RT96D, Thm 4.1]). Hence |(MH(qs, 73))| satisfies

Example 2.4. The Metropolis-Hastings chain in this example satisfies the generalised assump-
tions mentioned in Remark [2.1](iii), but not Consider an exponential target my(z) = e™*
on (0,00) and a proposal g4(z,y) = Wx(o,xml[max(awﬂ),wﬂ} (y). Pick s € (0,1), define
V(z) := e**, and note that the kernel Py in [MH (g4, 74)| satisfies

1 1
PV (z) = AV (x) for any x > 1, where \:=1-— 2/ (1—e"%) (1 - e_(l_s)z) dz.
0

It is hence clear that P,V (z) < AV(x) 4 klp)(x) holds V& > 0, where x := €** > 0 and
A € (0,1). Furthermore, ¢y is u“*P-a.e. continuous and g4(z,y) > % for all z,y € [0, 1].

3. PrROOF OF THEOREM [2.4]

3.1. Overview of the proof. The proof of Theorem is in two parts. In the first part we
establish sufficient conditions for a sequence of functions to form a sequence of approximate
solutions to Poisson’s equation in the sense of Definition [2.1] This part of the proof, given in
Section below, relies on an a priori bound of the solution of the Poisson equation given in
the main result of [GM96, Thm 2.3].

The second part of the proof is more involved. It consists of verifying that functions (Fn)nGNa
defined in Theorem indeed satisfy the sufficient conditions from Section [3.2] (see Sections
and below). The key underlying fact needed for this purpose is that the family of the ap-

proximating finite state Markov chains driven by the stochastic matrices (p,)nen, defined in
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Theorem (cf. (), converge to their respective stationary distributions (m,),en uniformly
in n € N. This step is made possible by the deep results in [MT94, Theorem 2.3] and [Bax05,
Theorem 1.1] for a general state space Markov chain, which show that the constants appearing
in the geometric ergodicity estimate depend only and explicitly on the constants in the drift,
minorisation and strong aperiodicity conditions for that chain (see Theorem below for the
precise statement of this result). In Sectionwe establish the uniform convergence to station-
arity of the sequence of our approximating chains (see Corollary below) by proving that they
satisfy the drift, minorisation and strong aperiodicity conditions uniformly in n € N (i.e. the
constants in these inequalities do not depend on n, see Proposition and applying [Bax05,
Theorem 1.1].

In Section we show that the sequence (Fn)neN from Theorem satisfies Definition

This proof relies heavily on the uniform convergence to stationarity mentioned above. However,

in order to control the asymptotic variance in the (CLT(®, F + PF, — F,) the proof requires a

further weak approximation by a family of finite state Markov chains with stationary distribu-
tions that are explicit in the target density 7 (see for the definition of these Markov chains
and their invariant distributions), which is not the case for the stationary laws m, of the chains
generated by the stochastic matrices p,. The introductory paragraphs of Section [3.4] describe
how this new family of chains is used in the proof of Theorem

The final step in the proof of Theorem consists of showing that the solution to Poisson’s

equation [PE(p,,, f, )| coincides with the corresponding output of the [Algorithm| This argument

is given in Section We conclude this section with a remark on notation.

Remark 3.1. Throughout Section [3| we assume that the transition kernel P in|[MH(q, )| satisfies
Assumptions for a drift function V with 7(V?) < oo (cf. Remark [2.1[i)). In addition
to the notation used in Theorem throughout the remainder of the section we will use the

following objects: a solution ' € L$® of PE(P,F)|(which exists by Theorem [3.1)), the restrictions
vy, of the drift function V to the state space X,, and the unique invariant probability measure

7y, of the stochastic matrix p, on X,, (see Remark [2.6]).

3.2. Controlling the asymptotic variance. Let (G,,: R? — R),cn be a sequence of functions

in L{7. In this section we give sufficient conditions, in terms of the functions

(6) A, = PG, -G, + F —n(F),

for the asymptotic variance oy, in the|CLT(®, F' + PG, — Gy )|to converge to zero as n T co. The

key tool we deploy is the deep result in [GM96] on the existence and uniqueness of solutions to
Poisson’s equation for general Markov chains. For ease of reference we recall [GM96, Prop. 1.1

and Thm 2.3] stated in our setting.

Theorem 3.1. Let P be a Markov kernel on X with unique invariant probability measure .
Let V: X — [1,00) be a measurable function, C C X a measurable set and \ < 1, k positive
constants such that PV (x) < AV (z) + klc(x) holds for all x € X. Then there exists a positive
constant cy, such that for any force function F € L3P (defined as in ), Poisson’s equation
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PE(P, F) admits a solution F € L3 satisfying ||[F||v < ev||F||v. If F1 is any other w-integrable

solution of Poisson’s equation, then F' — Fy is a constant w-a.e.

The next result gives sufficient conditions for the functions (G, )nen to form a sequence of
approximate solutions to Poisson’s equation. It is stated in the setting of Metropolis-Hastings
chains, but Proposition[3.2/holds for any Markov chain satisfying the assumptions of Theorem [3.1]

with a virtually identical proof.

Proposition 3.2. Let (Gy)nen and F' be elements of LYY and, for A, in @, assume that

lim 7 (A2) =0 and sup||A,l, < oo.
neN

n—oo

Then (Gp)nen is a sequence of approximate solutions to|PE(P, F'). Furthermore, there exists a
constant Co > 0 such that 02 < Cy+/m(A2) for all n € N.

Proof. For any n € N, Remark and the definition in @ imply A, € Ly? and w(A,) = 0.
Theorem applied to Poisson’s equation in |[PE(P,—A,, )| yields a function H € L{7, such that

PH—-H=A, and [|H|lv <cv||Adlv,

for a constant cy, which is independent of n. Note that G, — F also solves [PE P,—A,) by
the definition of A,, in (6] and the fact that F is a solution of [PE(P,F)| Since G, — F' € L{?

Theorem implies that there exists ¢, € R such that the equality G, — F + ¢, = H holds
m-a.e. Note further that substituting G,, by G, + ¢, in definition @ does not alter the function
A,,. Hence, by Remark we may assume that ¢, = 0. This implies the inequality

[(Gn — F)(z)| < cysup||Ay|lyV(z) for all z € RY.
neN

Squaring this inequality, integrating with respect to m, taking a supremum in n € N and applying

the assumption in the proposition yields

(7) supm (G~ F)?) < i (V) sup || A < oc.

neN neN
The asymptotic variance o2 in [CLT(®,G)| can by [MT09, Theorem 17.4.4] be expressed in
terms of any solution G € L{? of Poisson’s equation [PE(P,G)| as

ok =m (@2 — (Pé)2> .

Trivially, G, — F' € L{? is a solution of [PE(P, F + PG,, — G,,)} Hence it holds that

(8) 0% = 0bpGu-, =7 ((Gn = F)? = (P(Gn — F))?).

Jensen’s inequality and the invariance of 7w imply

) . ((P(Gn —F))2> 7 (P (G FP)) =7 (G0~ F?).

Let K := G, — F, L := P(G,, — F) and note that K — L = —A,, (by @), m(L*) < 7(K?) <
(by and (9)) and m(K? — L?) = 02 (by (§)). Furthermore, Cauchy’s inequality yields

r(K* — I2) = 7 (K — L)?) + 7(2L(K — L)) < 7 (K — L)?) + 2 [x (L*)7 (K — L)%)]?,



12 ALEKSANDAR MIJATOVIC AND JURE VOGRINC

which implies

02 < w(A2) 42 [w(Ag) supm ((G,,c - F)2)} : :

This, together with and the assumption lim, 1o 7(A2) = 0, concludes the proof. Il

3.3. Uniform convergence to stationarity. A family of finite state Markov chains, corre-
sponding to the exhaustive sequence of allotments (X,,),en (see Definition and driven by
generator matrices p, = px, (see for definition), was introduced in the statement of The-
orem The main aim of this section is to prove that these chains are geometrically ergodic
uniformly in n € N. This constitutes a key step in the proof of Theorem and is achieved
as follows: first, the uniform drift, minorisation and strong aperiodicity conditions in ,
and , respectively, are established. Second, the uniform convergence to stationarity is de-
duced from the general result on the convergence of Markov chains in [MT94, Thm 2.3] (see
also [Bax05, Thm 1.1]).

Before proving the uniform drift, minorisation and strong aperiodicity conditions, we intro-
duce a function a™(-), mapping x € R? to the representative (in X,) of its partition set, and

record its basic properties. For each n € N, let a”: R? — R? be defined by

Mn
(10) a"(z) = Z CL;-Z].J;} (x) for every z € RY,
j=0
where {Jg,...,Jy } is the partition and X, = {af,...,a}, } are the representatives of the

allotment X,,. Since the sequence of allotments is exhaustive, the following limit holds:

(11) lim a"(z) =z  for every z € RY.

n—oo

The definition of a V-mesh (see in Definition implies the inequality
(12) V(a"(z)) =V (a"(z)) = V(z) + V(z) < (14 6,)V(x) for all n € N and = € R?,

where we denote 9y, := §(X,, V).
We are now ready to establish a family of geometric drift conditions, analogous to and a

family of related minorisation and strong aperiodicity conditions for transition matrices p,, = px,

(given by )

Proposition 3.3. Uniform drift, minorisation and strong aperiodicity conditions.
Let (X)), be an ezhaustive sequence of allotments with respect to the drift function V' from
Assumption[Adl For each n € N, define a function v, : X,, — R on the set of representatives of
the allotment X;, by vp(a}) :=V(a}), j € {0,...,my}. Then there exists a compact set C' C R?
such that the following statements hold.

(a) There exist positive constants A < 1, k, such that the uniform drift condition holds:

(13) prvn(al) < Avg(ay) + Kkle(aj) Vn €N, Vai € Xp,.
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(b) Define C,, := X,,NC, for each n € N. There exist constants v, € (0,00) and a measure

Vn, concentrated on X, for each n € N, such that the uniform minorisation condition,
(14) (Pn)ij > vyn({a?}) VneN, Vi,j € {0,1,...,m,} satisfying ai € Cy,

and the uniform strong aperiodicity condition,
(15) Yn(Ca) =7 VnEN,

hold.

Proof. (a) Fix an arbitrary n € N and j € {0,...,my}. By definition of the function a”(-)

in , we find
povn(a) = vn(a) = [ (V("0) = Via}))ala} pale}. )i

By we get V(a"(y)) —V(a}) < V(y)—V(a})+6,V (y) for every y € R9. The form of kernel
P in (MH(g, 7)) and this inequality imply
pavn(a7) = vn(aj) < PV(af) = V(af) +0n | V(y)alaj,y)alaz,y)dy

< PV(a}) —V(a}) + 6, PV (a}) = (14 6,) PV (a}) — V(a}).

Since by definition V'(a}) = vn(a}), the geometric drift condition in [Alfimplies
Prvn(ay) < (14 ) Avon(al) + (14 6n)ky ey, (af).

Since lim,,_yoo 0, = 0, if we define C' := Cy, X := # and k := Ky (1 + sup, ey 6n), there exists
Ny € N such that the drift condition in holds for all n > Ny. Note that if we enlarge C
and increase k, the uniform drift condition in (13]) remains valid for all n it was valid for before
the modification. Finally, if Ny > 1, we enlarge C by all the representatives of the allotments
Xy,..., X}, (finitely many points) and increase  sufficiently, so that also holds for all
ne{l,...,Ng—1}.

(b) Recall that by Definition [2.2(c), the sequence (r, := rad(X,,V))nen tends to infinity,
though perhaps not monotonically. Let D be an open ball of radius rp > 2sup,,cy 0, in RY.
Since D is a bounded set, by the definition of V-radius (see (2))) and Assumption[A1] there exists
ng € N such that D C ﬂnZnO y-1 ((—oo, Tn)) We now enlarge the compact set C, constructed
in part (a) of this proof, to contain the bounded set

(16) (U RN U () vV ([0,70)).

n<ng n>no

We may assume the set C' is still compact, since the set in is bounded, and hence the

uniform drift condition in still holds.

Define a measure v on the Borel g-algebra of R? by v(B) := %B(g?

set B. For each n € N, define a measure on the set of representatives X, by v,({a}}) :== v(J7).

for any measurable

Define the constant v := pt(C)inf, secxc @z, y)g(x,y) and note that it is strictly positive
by Assumptions and and Definition (a). For every n € N and every 0 < 4,5 < my,
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such that a} € C,, the form of the kernel P in (MH(qg, 7)) implies the minorisation condition
in :

(pn)ij = P(a}, J7) > /Jmc a(ai,y)q(ai,y)dy > yw(J}') = yva({a}}).

We now establish the strong aperiodicity condition in ([15]). First assume that n > ng, let
D’ be an open ball of radius “2, with the same centre as D, and pick y € D'. The definition
of the V-radius r, = rad(X,,V) in implies D N J§ € V=1([0,7,)) N V1 ([rn,00)) and
hence DN J§ = 0. Since the radius rp of the ball D is strictly greater than 2sup,,cy 0, and the
inequality |y—a™(y)| < sup,ep 0, holds, it follows that a”(y) € D C C. Hence, by definition (10)),
it holds that D’ C Ugjianecy /i and
NLEb ( D’)
[eb(C)
If n < ng, then it holds that C,, = X, NC D {a}I :j=1,...,myu}, since C contains the set

in and hence R?\ J&. Therefore we find v,(C,,) > %w > 0. Hence holds for the

vn(Cn) = v (XnNC) =v (U{j;a;’?EC}J;’L> >v(D') = > 0.

positive constant

5o Lo peet(D) R
o pleb(C) Tn<no - pleb(C) f

This concludes the proof of the proposition. O

The following result for general state space Markov chains (see [MT94, Theorem 2.3] and
[Bax05, Theorem 1.1]) is essential for establishing the uniform geometric ergodicity of the Markov
chains generated by the transition matrices p, = px, (see ) We state this result because it
plays a key role in the proof of Theorem

Theorem 3.4. Let a transition kernel P on a general state space X satisfy the assumptions
of Theorem . In particular, assume there exist K > 0 and A € (0,1) such that Vx € X and
a measurable C C X we have PV (x) < AV (z) + klc(z). Assume further 3v,5 € (0,00) such
that the inequalities P(x, B) > yv(B), Vax € C and all measurable B C X, and yv(C) > 4 hold.
Then there exist constants ¢ > 0,0 € (0,1), depending only on k,\,v,7, such that (recall the
definitinon of the V-norm | - ||v in (1))

sup )pka(g;) _ W(G)’ < V(@) forallz € X and k € NU{0}.
IGlhv <1

Proposition [3.3] and Theorem [3.4] allow us to control the convergence to stationarity of the

approximating chains, with transition matrices p, = px, (defined in ), uniformly in n € N.

Corollary 3.5. There exist positive constants ¢ and 0 < 1, such that the inequality
sup ’(pflg)(b) — Wn(g)‘ < 6%, (b), forallbe X,,, ke NU{0} and n € N,
llgllon <1
holds, where the notation is as in Proposition[3.3, my, is the unique invariant probability measure
for the Markov chain on X,, generated by the stochastic matirz p, (cf. Remark , the supre-
mum is taken over the functions g : X, — R with the vy-norm, ||g|lv, = supyex, [9(0)|/vn (D),

bounded above by one and m,(g) denotes the integral (i.e. weighted sum) of g with respect to .
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Proof. Pick an arbitrary n € N and note that, by Remark there exists a unique station-
ary measure 7, on the state space X,,. According to Proposition the transition matrix
Py, satisfies the drift condition in , the minoriation condition in and the strong ape-
riodicity condition with the constants x, A, 7,7, which are independent of the choice of
n. Hence, by Theorem applied to the transition kernel p, on the state space X,,, we have
D/l <1 ‘(pflg)(a?) - ﬁn(g)‘ < C(n)vn(a?)e(n)k for every k € NU {0} and a} € X,, and some
positive constants ((n) € (0,00) and #(n) € (0,1), which are in fact independent of n, as they

are only a function of x, A, 7y, % from Proposition 3.3l This concludes the proof. O

3.4. A sequence of approximate solutions of Poisson’s equation |PE(P,F'). In this sec-
tion we prove that the functions (ﬁ'n)neN, defined in Theorem H by F, = E?:’”‘O fn(a?)l Jn, are
a family of approximate solutions of in the sense of Definition The function A,

defined in @, that corresponds to the sequence (Fn)neN, can be expressed as
(17) A, = P(F, — F) — (F, — F),

where F is a solution to [PE(P, F)| with a finite V-norm (its existence under is implied

by Theorem . As we are assuming 7(V?2) < oo (cf. Remark (i)), Proposition implies
that (F),)nen is a family of approximate solutions of [PE(P, F)|if the following conditions hold:

(18) sup ||Anllv < o0 and lim A, =0 w-ae.
neN

n—oo

The first condition in is implied by Proposition below, which shows that F),, shifted
by a constant, has its V-norm bounded uniformly in n € N. This result crucially depends on
the uniform convergence to stationarity of the approximating chains (see Corollary .

The second condition in requires bounding |A,| in by a sum of three non-negative
terms (see Lemma bellow) and controlling each of them separately. The first, given by
|F'(z) — F(a™(x))|, tends to zero by since the force function F' is assumed to be continuous
m-a.e. Proposition and the Dominated Convergence Theorem (DCT) are applied to control
the second term, which is of the form |U(z) — U(a™(x))| with U := PF,, — F,,. Controlling the
difference |m,(f,)—m(F)|, which arises naturally as the third term in the bound on |A,|, is more
involved (here 7, is the unique invariant measure on the state space X,, of the approximating
chain generated by the stochastic matrix p, and f, is the restriction of the force function F' to
Xp). It requires constructing a further approximating chain (based on the transition kernel P)
with state space X, and a transiont matrix p;, whose invariant distribution can be described
analytically in terms of the density 7 (see equation below). Proposition whose proof
depends on the uniform convergence to stationarity of the approximating chains driven by the
transition matrices p, (see Corollary , establishes the desired limit.

Proposition 3.6. Let functions F,,neN, be as defined as in Theorem . Then there erists

a positive constant & and a sequence of real numbers (cp)nen, such that the following inequality
HFn +CnHV <¢

holds for all n € N.
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Proof. Pick an arbitrary n € N. Since the force function F'is in Lj? by assumption, its restriction
ot Xn — R (fn(b) = F(b) for any b € X,,) satisfies || fn|lv, < ||F]||v, where v, is itself the
restriction of the drift function V' to X,, and the v,-norm, | ||y, , is defined in Corollary By
the same corollary, the function f, : X,, — R, given by

[e.9]

o= Z(pflfn — 7 (fn))s
k=0
is well defined and satisfies the inequality || an < S5l fallon < 1551IF||v. Furthermore,

by [MT09, Thm. 17.4.2], the function f,, solves P01sson S equatlonm Since fn X, =R,
in the definition of F},, also solves m, by Remark.there exists a constant ¢, € R such
that fn +cp = fn.

Recall that F,, = >0 An(a?)l Jr, pick an arbitrary = € R? and note that definition
implies F,,(x) = fn(a™(z)). Hence, we obtain

= V@ @) < S Fllvonla (@) =~ [PV (e (@)

Fo(x) + ¢,

< eV(x),  where & i= ——(1+supd)||Fllv
keN

-0

and the last inequality follows from . Since both z € R? and n € N were arbitrary, this

implies the proposition. U

In order to analyse the behaviour of the limit in , we need to define a furhter approximating

Markov chain on X,, with the transition matrix p; and the invariant measure 7, given by

(19) (pn)ij == /J?L WTF((;Z))P(JJ, Ji')dz and W,’;({a;b}) =m(Jj), fori,je{0,...,mn},

respectively. Note that (py,)ij = Px[®1 € JI'|®g € J7], where ® is the Metropolis-Hastings chain
we are analysing. It is clear from the definition in . ) that the equality m)p; = = holds.
Furthermore, if we define a function h,: X,, — R by

(20) hn(af) := / W(fn) F(z)dr for a} € Xy, it holds that m,(h,) = 7(F).
g m( j)

Proposition 3.7. The following inequalities hold for the measure 7 defined in (19) and the
transition matrix p, of the approximating chain defined in Theorem (cf. ):

APV |«
(21) = ) (f)] < I e,
where the constants 6 € (0,1) and ¢ > 0 and the measure 7, are as in C’omllary and
(22) I3 = mpnll, < (14 supd) / (V) + V(2)) Zn(2, y)dy m(z)dz,
keN Ré x R4
where Zy(z,y) ‘04 "(z),y)q(a™(x),y) — a(z,y)q(z,y)| for any x,y € R? and the function

a"(-) is given in (10) (see Remark (I) for the definition of |7, — 7 pull, ). Furthermore, the
following limit holds
Jim |7, (fn) = 7(F)] = 0.
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Remark 3.2. (I) For a signed measure p on X,, define its v,-norm to be |ul|y,
supjiq|l,, <1 |4(g)], where u(g) denotes the weighted sum (i.e. the integral) of the values of a
function ¢ : X,, — R with weights given by u. This defines the left-hand side of the inequality
in , which itself plays an important role in the proof of Proposition Furthermore, it
is natural to define the dual normed vector spaces (L, || - ||s,) (analogous to L{? in (1)) and
(M2, |[-]w, ) of functions on X, (with the norm defined in Corollary and signed measures on
X, (with the norm defined above). Note that since X, is finite, the vector spaces Lg° and Mp®
are isomorphic to the Euclidean space of dimension given by the cardinality of X,,. Furthermore,
any linear map B : LY — L7, g = Bg, induces a linear map on the dual B* : M® — Mp°,
w— B*p = puB (in this definition we interpret p as a row vector and B as a matrix).

It is well known that the oparator norms conicide || B|,, = ||B*||vnE| Indeed, for any b € X,
the measure py,(f) := | f(b)|/vn(b) satisfies ||up||», = 1 and hence it holds that ||Bg||s, < ||B*lv,
whete g € L, [lglls, < 1, since [Bg(b)l/va(b) = lu(Bg)| = |(Bm)(@)| < 1Bl < 1Bl
Hence, ||Bllv, < ||B*|lv,.- To get the opposite inequality, note that || B*ul, < ||B||v, for any
pe M with [[ul, < 1, since [B*u(g)| = | Bllo, li(Bg/|Bl,)| < [Bll, for all g € LS with
llglls,, < 1. Hence it holds that || B||y, > ||B*||v,, implying the stated equality of the operator
norms. This fact, which holds in a much more general Banch space setting (see e.g. [HLL99,
Section 7)), plays an important role in the proof of Proposition
(II) The following estimate holds for any point z € R? and all n € N,y € R%:

q(y, a"(x))
m(a"(z))
By and we have 0 < inf{7(2) : |z — 2| < supgen O} < m(a™(x)), where 6 = §(X, V)
(see Definition , for all sufficiently large n € N. Thus, by and we have 71, € (0,00)
and the inequalities in , which will be used in the proofs of Proposition and Theorem

hold.

SUpP; yeRrd Q(Zu y)
infpenm(a™(x))

(23)  a(a"(x),y)q(a"(x),y) < m(y) < mem(y),  where 7y :=

Proof of Proposition[3.7. We can estimate the difference |m,(f,) — 7(F)| using the invariant

distribution 7 of the chain driven by the stochastic matrix p;, and the function h,, defined
in and respectively, as follows

[0 (fn) =7 ()] = |mn(fn) = mp(fn) + mp(fn) — ()|
(24) < (= mn) (fu) | 4 (70 (fn = B
We will prove that both terms on the right-hand side converge to zero as n — oo. The definitions

of % and h,, (in and above) and the function a™(-) (see (10)) imply that the second
term on the right-hand side of takes the form

T (fn—hp) = iﬂ'(JJ") (F(a;l) - /Jn ;F(S?)F(m)dx> = /Rd (F(a”(;g)) — F(,CE))W((L‘)dZE

"Recall that ||Bllv, = sup{||Bgllv, : g € L, l|gllv, <1} and [|B*||o, = sup{||B" pll, : p € L, lullo, < 1}-
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Since F' is continuous 7-a.e., the integrand converges to zero m-a.e. by . Furthermore, for
any = € R? it holds that

|F(a" () — F(2)]

IN

|F(a™(@))] + [F(x)| < |IFllv (V(a"(2)) + V()
HFHv(2+i1€1§5k)V(iv),

IN

where the last inequality follows from . Therefore, by the DCT (recall that by the assumption
in |A1{ we have 7(V) < 00), the second term in indeed converges to zero.

Establishing the convergence of the first term on the right-hand side in is more involved.
We start by establishing the following representation of the signed measure m;, — m),.

Claim. There exists a linear map By, : L} — L7, with the dual B}, : My® — Mp®, satisfying

¢

T = 0 = By, (M, = mypn) = (M = mupn) B and (| Byllo, = [1Ballo, < 17,

where the constants § € (0,1) and ¢ > 0 are as in Corollary For the definition of the vector
spaces Ly and M7® and the respective norms see Remark (I)

Define a transition matrix 1 ® m, on the state space X, by (1 ® m,)i; = ﬂn(a?’). The
corresponding chain is a sequence of independent rvs with the law given by 7, (independently

of the starting distribution). The inequality in Corollary can therefore be expressed as

o0
IpF — 1@ mpllo, < CO%, for all k € NU {0}, implying that B, := Z (pfl -1® 7rn>
k=0

is a well defined linear map on the normed space L, such that || By, < ¢/(1 —0). In order
to establish the first equality in the Claim above, note that p(1 ® m,) = 7, for any probability
measure g € Mg® and, by Remark (I) and Corollary the || - ||s,-norm of the linear
operator p +— pu(pf — 1 ® m,) on M7® is bounded above by COF for all k € N. In particular,
limy, o0 mipk = 7, in vy-norm since ||7EpE — mlly, = |75 (PE — 1@ 7)o, < COF|7E] |0, for all

n
k € N. Consider the identitiy

¢
(75 = Thpn) Y (pfi -1® Wn> =y —Tpn L WLEN,
k=0
and note that both sides converge in the appropreate || - |,,-norms as £ — oco. In the limit,
the left-hand side equals (7}, — 7py,) By, and the right-hand side is 7} — m,. This concludes the
proof of the Claim.
In order to establish the inequality in (21]), note that | fn|ls, < ||F|lv and Remark [3.2(1)

imply
(= ) (fa) | < I Fllv () = 7)o/ L fullon) < HE[vIIm = 70 o,
This inequality and the Claim imply .

The next task is to prove (22). Let g: X,, — R be a function satisfying | g|l,, < 1. Recall
that m, + 1 is the cardinality of X,, and that the function a"(-) is defined in . We apply
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the definitinons of the stochastic matrix p* and its stationary law 7*, given in , to obtain

Mp Mn

(mp = mipn) g =75 (0h =) g = Y _ D [7(T) ((01)i5 — (pn)ig) J9(a})

j=0 i=0

— in: {/ (z,J") — P(a"(x), J})) W(x)diﬂ} g(aj)

Jj=

:/Rd / z,y) — ala™(x),y)q(a™(x),y)]g(a})dy | =(z)dx

N /R d [( /R d a(m,z)q(x,z)dz) 5.(J7)

— /Rd </Rd g(a™(y)) [z, y)q(z, y) — a(an(x)7y)q(an(x)7y)]dy) (z)da
+ /Rd (/Rd g(a™(x)) [a(a"(x),y)q(a" (), y) — a(ﬂ:,y)q(x,y)]dy> w(z)dz,

where the identity 6,(J7')g(a}) = daqn(z)(J7)g(a}) = dan(x)(J})g(a™(z)), for any = € RY and
J €1{0,...,my+1}, implies the final equality. Since the function g € Ly, with [|g|l,, <1, in the
calculation above was arbitrary and satisfies |g(a™(x))| < vp(a™(x)) = V(a™(z)) for all z € RY,
we find

|5, = Tapnll,, = sup [ (m, —mppn) 9] < / (V(@" () + V(a" () Zn(x, y)m(2)dydz,
llgllo, <1 RdxRd

which, together with , implies .

We now apply the DCT to deduce that the right-hand side in converges to zero as n — 00.
The definition of Z,(z,y) in the proposition, the form of the transition kernel P in ,
the drift condition in and the inequality in (12]) imply the estimates

L@+ V@) Zuohdy < PV + PV (@) +2V (@)

< (2+ sup o) (A\v + ky) +2)V(z)

for all z € R?. Since, by Assumption we have 7(V) < oo, by the DCT the right-hand side
in tends to zero (as n — oo) if

(25) lim (V(y) +V(2)) Zn(z,y)dy =0 Vo € R%

n—o0o ]Rd
To establish the limit in , pick an arbitrary z € R? and note that for every y € R it holds
that limy, o Zn(x,y) = 0 by and the assumptions in and Hence the integrand
in converges to zero point-wise. By the estimate in , the integrand in is bounded

above by the function

y— (V(y) + V(@) (nm(y) + oz, y)q(z, y))
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which does not depend on n and is pP-integrable in y € R%. Hence the limit in holds by
the DTC and, consequently, the right-hand side in converges to zero as n — oo. This fact
and the estimates in and imply that the first term on right-hand side of tends to

zero as n — oo and the proposition follows. O

In order to prove that the limit lim, o, A, = 0 holds 7-a.e. (i.e. the second condition
in )7 where the function A, is given in , we need the following elementary estimate.

Lemma 3.8. The function A, : R — R, given in , can be bounded above as follows:

An(@)] < |F(x) = F(a™(@))] + |mn(fa) — 7(F)|
+ ‘(PF" N F”) (z) - (PFH - Fn) (an(ﬂﬁ))‘ for all x € R

Proof. Recall from the statement of Theorem that F,(z) = > fn(a;‘)l Jn (z). Hence it
holds that PF),(z) = >0 fn(ag-‘)P(x, J'). The following equalities hold

(26) An(b) = P(F = F)(b) = (Fp = F)(b) = ma(fn) = 7(F)  for any b € X,

since F' (resp. fn) solves the Poisson equation in [PE(P,F)| (resp. |[PE(p,,f)), the transition

matrix p,, takes the form in for the state space X,, and, for any a;l € X,, by definitnion it
holds fy,(a}) = F(a}). Recall that the function a”(-) is defined in (10). Applying the definition

of A, in , the equalities in and the fact that £ solves [PE(P,F yields

An(z) = (F - pﬁ) (z) - (F - pﬁ) (a"(x)) + <F - PF) (a"(z))
~ (Bu = PR, (a"(@)) + (Fu = PEy) ("(2) = (Fu = Py (@)
= F(2) = F(a"(@)) + mu(fa) = 7(F) + (PP — Fu) (2) = (PP = Fu) (a"(2))
for all 2 € R%. The triangle inequality implies the lemma. O

Proof of Theorem : (Fn)neN are an approximate solution for |PE(P,F ). By
Proposition it is sufficient to verify that the conditions in hold for the sequence of

functions (Ap)nen in (17). By Theorem the solution of the Poisson equation [PE(P,F)
satisfies F' € Ly?. Hence, Proposition implies the existance of a constant & and a real

sequence (¢, )nen such that the following estimate holds

Fo(x) 4 ¢ — F(m)’ <&V(x) for all n € N and = € R%

Note that by we have A,, = P(Fn + ¢, — ﬁ') — (Fn + ¢, — F) Hence the structure of the
transition kernel P in (MH(q, 7)) implies the following bounds for all n € N and = € R%:

Al [ (

< [ evate.vale.y)dy + V() / a(z,y)a(z, y)dy
R4 R4

<(PV(z)+ V() < (€ + & +myv)V (),

Foly) + cn — F(y)’ +

Ful@) + e = F(@)]) ol v)ale, 9)dy
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where the last inequality is a consequence of the drift condition in Hence, by the definition
of the V-norm in (1), we find that sup,,cy ||An||v < oo, which is the first condition in (18).

The second condtion in stipulates lim,_,o, A, = 0 m-a.e. Fix an arbitrarty = € R?, such
that F' is continuous at z. The first term on the right-hand side of the inequality in Lemma [3.§|
therefore converges to zero by . The second term, which is independent of z, tends to zero
by Proposition In order to deal with the third term on the right-hand side of the inequality
in Lemma note that, by the definition of F, in Theorem it holds that F,(a™(z)) =
Fn(x) for all n € N. Consequently, the structure of the transition kernel P in
implies that this term equals | [pa(Fn(y) —Fy(2)) [a(z, y)a(z, y) —a(a™(x), y)q(a™(2), y)] dy|. The
integrand converges to zero for every y € R? by and Assumptions Furthermore, by
Proposition [3.6] we obtain the inequality

(27) Fn(y) - Fn(a:)’ = Fn(y) +cp — Fn(x) —cn| <EWV(y)+V(x)) foreveryye R

The inequality in yields an upper bound

(28) |z, ya(z,y) — ala" (@), y)e(a"(),y)| < nam(y) + alz,y)a(z,y) for all y € R%.

The product of the right-hand sides in the inequalities and is integrable over R% with
respect to pP(dy), since m(V) < oo (see and the definition of « in Section . Hence,
the DCT implies that the third term on the right-hand side of the inequality in Lemma (3.8
converges to zero. Therefore, lim,, o Ay, (z) = 0 holds for all z € R? at which F is continuous.

It only remains to note that, by the assumption on F in Theorem [2.4] this limit holds m-a.s. O

3.5. Compatibility with the Let A, be the matrix appearing in the
with the input P, F' and X,,. The first task is to show that A, is non-singular.

Proposition 3.9. Let p be a transition matriz for an irreducible Markov chain with a unique
invariant probability measure . on a state space with £ € N elements. Then the vector 1 € RY,
with all the coordinates equal to one, is not in the image of p— I (where I is the identity matriz

of size £) and any collection of £ — 1 columns of p — I is linearly independent.

Remark 3.3. By Proposition and Remark under Assumptions and the
produces a well-defined output for each allotment in an exhaustive sequence (X, )ncn (see

Definition [2.2)(c)). Furthermore, Proposition [3.9] implies that the [Algorithm| will produce a well
defined output for a much broader class of Markov Chains with a general transition kernel P.

Proof. Interpret u as a row vector with non-negative coordinates such that u1 =1 and up = u.
It holds that s is a left eigenvector of p — I for the eigenvalue zero. If 3z € Rf, such that
(p—1Iz =1, we would get 0 = (u(p — I))x = p1 = 1. Hence 1 is not in the image of p — I.
Since the chain is irreducible, all the entries of u are strictly positive. If p/ is another left
eigenvector of p, so is ¢’ + S for any large 8 > 0. Since the invariant measure y is unique, p’ is
hence proportional to  and the rank of p — I is £ — 1. Moreover ker(p —I) := {z € R : pr = x}
equals ker(p — I) = {A1 : A € R} and the proposition follows. O
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Proof of Theorem 12.4]: |Algorithm| with input P, F and X,, produces F,. The matrix
A, in the is equal to p, — I with the first column replaced by a column of ones,
where p,, is the stochastic matrix defined in Theorem (see also (4])) and I is the identity
matrix of dimension 1 + m,. By Remark the returns the unique solution vector

f of the system A, f = — fn, where the function f, is identified with a column vector.

Since p, is irreducible, the invariant measure m, charges all the points in X,,. Hence, by

Theoremm 3 f,, : X, — R satisfying [PE(p,, fu)|and f,(a?) = 0 (recall X,, = {a?,... s, 1)
We need to show that fz = fn(af) for 1 <1 < m,,, where fi, i €{0,...,my,}, are the coordinates

of f solving A, f = —fn. Poisson’s equation (pp, —I)fn = mn(fn)1 — fn can be viewed as a linear
system of m,, + 1 equations with m,, + 1 unknowns fn(a?), ie{l,...,my}, and m,(fp):
Mn
—Tn(fn) + Y ()i fn(a}) = falal) = =fala}) i€ {0,--- ,my}.
j=1
Hence g € R'™™n given by g := —m,(f,) and §; := fn(a?), 1 <i < my, satisfies A, g = —f,, for

Ay, from the [Algorithm| Since A,, is non-singular (by Proposition, the proof is complete. [

4. THE RATE OF DECAY OF ASYMPTOTIC VARIANCES

Theorem [2.4]states that, under the asymptotic variance ¢2 in [CLT(®, F + PF, — F,,)|

tends to zero as n T co. This section investigates the speed of this convergence. We show that,

under suitable Lipschitz and integrability conditions, the rate of decay is bounded above by the
slower of the decay rates of the sequences 7(V?1 Jgp) and 6, = 6(Xy, V) (see Remark (1) and
Equation (3) respectively). This result suggests that, when constructing an exhaustive sequence
of allotments (see Definition above) with respect to the drift function V' in it is optimal
to balance the growth of the size of the bounded set R?\ J@ and the mesh of the partition of

R?\ J§ in such a way that 6, and w(V?15) are comparable in size.

Theorem 4.1. Let the assumptions of Theorem[2.4 be satisfied and assume that the conditions

(29) liglj;p /Rd\Jg /Rd (V(z)* + V(a:)V(y))Ww(ac)dydx < 00,
(30) 1i7rln_>s;p /]Rd\(]n V(zx) |F(z) _;:(an(x))lw(x)daj < 00

hold, where Z,(x,y), for x,y € R%, is defined in Proposition and the function a™(-) is given
n . Then there exists a constant Cy > 0 such that

02 < Q) ma.X{ﬂ'(V21J6L),(5n} for alln € N.

Theorem [£.1], proved in Section below, holds under general conditions that may be hard
to verify in specific examples as the functions featuring in f depend on each other in a
rather complicated way and an appropriate drift function V' is often not available in closed form.
With this in mind we study a broad class of Metropolis-Hastings chains with the property that
V' can be described in terms of the target density m and conditions f can be deduced
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from certain geometric properties of the level sets of 7 near infinity. Our approach builds on the
work in [RT96a] and [JHOO], mentioned in Example [2.2 above.

More precisely, let m and ¢* be as in Example so that the kernel P in (with
q(z,y) = ¢"(y — z) = ¢*(x — y)) generates a symmetric random walk Metropolis chain in
R? and satisfies assumptions and while holds for the differentiable target w. The
kernel P in hence satisfies with a drift function proportional to 7~ /2(x)
(see [JHOO, Thms 4.1 and 4.3] and Example [2.2{above). By an argument analogous to the one in
Remark (i), we can take the drift function to be V,(z) := ¢yn™7(x) for any 0 < v < /2 and
some ¢, > 0, ensuring that V, > 1. Assume further that the following two technical conditions
hold: (i) there exists a function K, : R? — R and ¢, > 0 such that
(31) ) K (2)dz < oo and |¢*(2) — ¢" ()| < |z — 2| K,(2) V2,2 € RY with |2 — 2| < ¢;

R

(ii) there exist constants 5 € (0,1), cg > 0 and e; > 0 such that
(32) V()| < cpm(z)? Vo, i € RY with |z — F| < €.

Remark 4.1. Assumption (31]) is a version of a local Lipschitz condition and holds for many
proposals ¢* used in practice, e.g. Gaussian proposals. Assumption and condition hold
for the target densities 7 proportional to e P(*) where p is a polynomial of degree k with leading

order terms satisfying pi(z) — oo as |z| — oo (see Example [2.2] for the precise definition of py).
An application of Theorem [4.1] in this setting yields the following result.

Proposition 4.2. Let P z'n be the transition kernel of a random walk Metropolis chain
described above, i.e. q(z,y) = ¢*(y — x), ¢* is even and satisfies B1)), 7 satisfies and
and hold. Fiz v € (0,3/2) and let (X,)nen be an ezhaustive sequence of allotments
with respect to Vo, (cf. Definition and paragraph above). Then the V,-radius in equals
rad(Xy, V) = infyejp cym7(y) and the Vo -mesh 6y, = 6(Xy, V,), defined in [3), takes the form

(33) 0vy,n = max <sup |z —a"(x)], sup (7(z)/m(a"(x)))" — 1) ,

zgJy zeRd
where a™(+) is defined in . Let F' € Li’}i be continuously differentiable function satisfying
the inequality |VF(%)| < cpr®~Y(z) for all x,% € RY with |x — | < ep (for some constants
cr,ep > 0). Let 02 be the asymptotic variance in the |CLT(®, F + PF, — F,), where F, is
constructed by the[Algorithm| with input P, F and X,,. Then there exists a constant Cy, > 0 such
that

o2 < O, max (5%7“/ WI_QV(x)d:L) for all n € N.

JO
Remark 4.2. (i) Any polynomial F', and in fact any function whose gradient grows no faster

than a polynomial, satisfies assumptions of Proposition regardless of the chosen v € (0, 5/2).

Such functions for example include the mean and the variance of any coordinate.
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(ii) A natural question that arises in this context is the following: is it possible to take the limit
as v — 0 in Proposition Put differently, does the inequality o2 < Cpmax (0y,m, m(Jg)) hold
for all n € N, some positive constant Cp and a class of force functions (e.g. polynomials)? We

conjecture that the answer is negative but were unable to find such an example.

4.1. Proofs. For any two sequences of real numbers (ay,)nen and (b, )nen, we say that (an)nen
is of lesser order than (b,)nen if there exists a constant Cy > 0 such that a,, < Cyb,, holds for

all n € N. We first establish Theorem and then apply it to prove Proposition |4.2

Proof of Theorem [/.1] The asymptotic variance appearing in[CLT(P, G)|can be expressed in
terms of a solution to (see [MT09, Theorem 17.4.4]). Apply this to Poisson’s equation
|PE(P, F + PE, — Fn)| and its solution F}, — F' to obtain o2 = W((Fn — F)? —(P(F, — F))z)
Recall the definition of A, from and bound o2 as follows (constants c, are those from
Proposition :

02 = 7 ((By+ cn — F)? = (P(Fp + 0 — F))?)

w(((ﬁn tep— F) = P(Fy+ co— B))(Fy+ 0 — F) + P(Fp + ¢y — F)))

#(V(Fa— F)— P(E, — ) Lt = F)+ P o = )

< w(VIAR)(E + IFIv) L+ Ay + &)

2
n

inequality is a consequence of Proposition and
Thus, the sequence (02),en is of lesser order than (m(V]A,]))

The equalities hold, since neither o2 nor A, change, if we perturb F,, by a constant. The
nene Express m(V]|Ay|) as the
sum 7(V|An|Lyp) + 7(V]Ap|lgay ). Since A, € L7, sequence (W(V]Anlljg))ne
lesser order than (7T(V21J6’L))neN.

Now consider the other term, W(V!Anlle\ Jg). By Lemma it is bounded by the sum of

the following three terms

(34)  Ty(n) = /R e |(PFu— B) (@)~ (P~ ) (a" @) (),

N s clearly of

Ty(n) = /R oy VEIFE) — P @@ and T = fra(f) = x(P) (V)

Assumption implies, that the sequence of second terms (T2(n))nen in (34]) is of the order

less than (0p,)nen. Using the form of kernel P and the fact, that F,(z) = F,(a"(z))
(Fn is piecewise constant), the first term can be transformed into:

[ v@| [ (Fa) — Falo) [aendatieny) - ale (o), ylala ). )] dy| w(o)d
R4\ Jg R
This, in turn, can be bounded by a constant multiplier of

/ / (V(SE)2+V(:U)V(y))Zn(x,y)W(x)dydaz
R\ Jp JRd

using F, € L{7, definition of Z, and triangle inequality. Hence, the sequence of first terms
(Th(n))nen in is also of lesser order than (6,)nen, by assumption (29).
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The sequence (T5(n))nen in is obviously of the same order as (|m(fn) — 7(F )DneN But
|70 (fn) — 7(F)| can be bounded above by |(m, — 7)) (fn)| + |7} (fn — hn)| (to recall definitions
see and (20)). It is straightforward to argue 7 (fn — hn) = [pa(F(x) — F(a"(z))7(2)dx.
Use this together with triangle inequality and bounds V' > 1, F < ||F||yyV and to conclude:

(o — )| < / V(@)|F(z) — F(a™(@))|m(z)dz

< ||F||lv(2 + sup 5n)ﬂ'(v21jgl) + / V(x)|F(x) — F(a"(x))|m(x)dz.
neN R\ Jg
Hence, by (30), (|7} (fn — n)|)n€N is of lesser order than (max(w(VQIJg), 5n))n€N.

Similarly, using inequalities and from Proposition we can argue, that
|(mn, — 5 )( fn)] is upper bounded by a constant multiplier (independent of n € N) of
Ja (Jga (V(y) + V(2)) Zp(2,y)dy) w(z)dz. Again we split integration with respect to z into
parts mtegratmg over Jj and R? \ J§, and then use , and to conclude, that
(|(mn — W;)(fn)|)n€N is of lesser order than (11123L><;(7T(V21Jg)7 6n))n€N'

Together this implies that the sequence of terms (75(n))nen of is of lesser order than

(max(w(V21J5L), 6n)) as well, and the proof is finished. O

neN

Proof of Proposition [{.2 Since P, F and X,, in Proposition satisfy the assumptions of
Theorem we need only to establish that conditions and in Theorem hold for
V =V, and §,, = dy,. Then, since 7T(V,Y21J6L) = cgf Jga ™% (z)dz, the proposition will follow
by Theorem

We will first establish in this setting. By we have |z — a"(z)| < §y,. Thus, by
Lagrange’s theorem and assumptions , we have, for all large enough n and some Z™ on a
line between x and a"(x), the following:

RA\ J2 R\ JR

Oyn |z — a(z)|

= x ") |m(x)dr < cye 7 ()7 Y27 (z)dx = cqc 2 (z)dz.
_/Rd\JSVy()IVF( In(e)de < exer [ 77 @r @)r(@)de = cer [ (@)

Rd

Target 7 decays supper-exponentially along any ray from the origin, hence so does 7. Thus, the

integral [pq 77 (x)dz is finite (the same holds for any other positive exponent) and follows.
Next, we show . As we are studying a symmetric random walk Metropolis, the acceptance

probability equals a(z,y) = min ( WExD Denote A, := {y € R?; w(z) < n(y)}. Keep in mind,

that if y € A,, then a(z,y) = 1 and V,(z) > V,(y) and that this inequality is reversed otherwise.
For a set B C R? denote (recall Z,(z,y) = |a(x, v (y — x) — a(a™(x),y)q¢* (y — a”(w))‘)

Zn(z,y
T.(B) = / </ (Vy(z)? + VV(JU)VV(y))n(S()dy> m(z)dz.
RAJ \JB v
Condition will follow, if we manage to prove limsup,, , ., Z,(R?) is finite. To do that, we
split the integral with respect to y into four integrals, depending on whether or not y € A, and
Y€ -Aa”(z)
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Ifye Bt = AN Aan(z), then we have

Zulxy) _ " (y — x) — ¢*(y — a™(2))]|

(35) 5o =)

< Ky(y — )

for all large enough n, using and |z —a"(x)| < 0. Because Vy(x) > V,(y) and 1 —2v > 0,
and imply the following:

(36) T, (BMY) < fRd\Jn 2V, ( (anlK )dy) m(z)da

< 27(V. fRd 2)dz < QfRd T (@) dw [pa Kq(2)dz < oo.

If y € B? = (RY\ A,) N(RE\ Aan(z)), then bound as follows:

B0 Zalon) <4210 |~ s T 0 w) - (- o)
oo ) @) x| w) |
< q*(y )W(a”(:v)) ) +W(an(x))\q (y—a"(x)) — ¢"(y — )|

By and Lagrange’s theorem we have

[rla" @) ~m@)  Im(@" @) = 7@ g an) < o)

Oy,m — |z an(2)]

for all sufficiently large n. Putting together the right inequality in , bound and the

above yields

(38)

Svm (an(x)) (Cﬁq*(y - x)ﬂﬁfl(x) + Kq(y — x)dy) .

By definition of 4, (see (33)), there exists ¢ > 0, such that sup,,cy sSup,cra ﬁ < cp. We

can, for instance, take c; = (1 4 sup,cy d4.1)"7. We argue:

@) < [ [ 20 (e e @) Kty 2y e
< /;72 2.V, (y)? <057r )8 1/qu —x dx—l—/ Ky ( —x)d:c) m(y)dy
(39) < 2c7rcﬂcgy /]Rd 72 (y)dy + ZCﬂC% /Rd T2 (y)dy y Kq(z)dz < oo.

The first inequality holds by (38]) and since V. (y) > V,(z) for y € B2, For the second we
have used Fubini’s theorem, bound ﬁ < ¢, and the fact, that 7(y)?~1 > 7(x)%~! (due to
y € By 2 and B < 1). For the final one we have merely increased the integration domain and
taken into the account, that ¢* is a density, that 3 > 2+ and the definition of V.

Denote By = A, (R4 \ Agn(z)) and Byt = Agny MR\ Az). In a similar way as in
and (39), we can also find finite upper bounds on Z,(BY*) and Z,(By*). Since RY =
Bt uBM? UBM U 82’4, this implies limsup,,_, o In(Rd) < oo and follows.
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5. APPLICATIONS OF THE [ALGORITHM]

In this section we discuss the implementation of the and describe numerical exam-
ples. Section [5.1] gives a simple IID Monte Carlo procedure to construct the matrix A defined in
steps (I) and (II) of the We stress here that this procedure depends neither on the
force function F : R — R nor the simulated path (®;)i=1,..x of the Metropolis-Hastings chain
®. It depends only on the characteristics of the underlying Markov process ®. In particular, the
same matrix A can be used over a family of functions F' and any set of simulated paths of ®.

In Section [5.2| we present numerical results for a variety of Metropolis-Hastings chains and
force functions. We study numerically both geometrically ergodic (Example and non-
geometrically ergodic chains (Example , including an example where the CLT for ergodic
averages is known not to hold (Example . Example deals with the well known
case of a slowly converging random walk Metropolis chain with a target distribution that has
irregularly (“banana”) shaped level contours. In these examples we use force functions that are
not necessarily Lipschitz and may have super-linear growth and discontinuities.

In order to compare the variances of the ergodic averages Sy(F) and Si(F + PF — F) numeri-
cally, where F and PF are constructed in Section in all the examples below we simulate 200
independent paths of the chain (started from stationarity) and report the quotient of estimated
variances (see (43))). We find that the variance of Sy (F + PF — F) is between several hundred to
several thousand times smaller than that of Si(F') (see Section [5.2|for precise figures), including

Examples and where Theorem [2.4]is not applicable is violated).

5.1. Implementation. Given the Metropolis-Hastings kernel , define a partition
{Jo,...,Jm} of the state space such that the probability 7(.Jy) is small, e.g. of order 1076 or
Jo is a five standard deviations event under w. This is feasible in the low dimensional examples
in this section. In practice Jy could be chosen so that the simulated path is contained in the
complement R?\ .Jy. For example, for the specific chains in Sections below, we set Jy
to be the complement of a large “box” and J;, for ¢ = 1,...,m, to be small boxes decomposing
it. We pick a; € Jj, for j > 0, to be the centres of the boxes and choose ag to be close to the
boundary of Jjy.

Remark 5.1. The choice of “partition into boxes” in our examples below is made for illustrative
purposes only as it is very simple to specify. But it is by no means optimal, particularly in
dimensions greater than one, where it may lead to many states in the weak approximation being
redundant as the Metropolis-Hastings chain spends no or very little time in most of the sets
Ji, for i = 1,...,m. A systematic investigation of the efficient constructions of allotments for
specific chains of interest in applications is left for future research. The choice of representatives

{ag,...,an} is arbitrary and bears little influence on the variance reduction levels in Section

Given the allotment (X, {Jo, ..., Jm}), where X = {ag,...,an}, and the Metropolis-Hastings
kernel (MH(q, 7)), we have the input required to construct the matrix A (steps (I)-(II) of
the|[Algorithml). As the precise computation of its entries is not feasible in general, we construct
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an unbiased estimate A of A. With this in mind, let i(z) be the unique index i € {0,...,m},
such that x € J;(,), and define a random function P:R¥x X — R, by the formula

iy 1P (e, Y] )a(x, Y]) if 5 ¢ {0,i(2)},

(40) P(‘T7a]) = ?’TQ 27:21 1]0(21"[)0((1’, qul) lf] = 0 ?é Z(l‘),
1= Yheqo.mpy Pl@ ar) if i(z) = j,
where ni,ne € N, random vectors le, Il =1,...,nq, are IID uniform in the set J; for any

Jj € {1,...,m} (recall that if j # 0, the set J; is bounded) and Zi, L =1,...,ny, are IID
random vectors distributed according to the proposal distribution ¢(z, z)dz in (MH(q, 7)|). It is
clear from this description that P(aj, a;) is an unbiased estimator of the transition probability

P(x,J;). We define the estimator A for the matrix A in the [Algorithm| by the formula
(41) A:= B+ (1—- Beg)ej, where By := P(aj,a;)—0; i,j€{0,...,m},

d;; is the Kronecker delta, e is the column vector in R!'*™ with the first coordinate equal to
one and the rest zero, eg is its transpose and 1 is the column vector with all coordinates one.
Given a function F' : R? — R, we can execute steps (I1I)-(V) in the [Algorithm| M Constructing
the ergodic average estimator Sy (F + PF—F ) requires the evaluation of the function PF along
the simulated path (®;);—

formula in to find an unblased estimate

i of the Metropolis-Hastings chain. We use the form of F and the

-----

(42) Zm:f P(z,a;)
=0

for PF(x) for any = € R%, where f is the solution of the system in step (IV) of the |Algorithm|

Remark 5.2. (I) There of course exist other unbiased estimators for P(x, J;), different from the
one in . The choice made here works well with small random samples: in all the examples
below we use n; = 1 and no = 10. Note also that, in the construction of the ergodic average
estimator Sy(F 4+ PF — F), the function PF is used in the evaluation of PF along the path
of the chain. In this context it is important that the uniform vectors le in the formula above
do not depend on the value of the argument z and can be reused. In the case of random walk
Metropolis, i.e. ¢(x,y) = ¢"(y — =), we have Zf) =z + Z;y for any x € R? and Z;, are also
simulated only once. This is clearly more efficient than simulating IID random vectors from the
distributions P(z,dz) in (MH(q, 7)), which would also lead to an unbiased estimate of PF(x),
as the random variates cannot be reused at distinct values = taken by the chain.

(IT) Neither Theorem nor the implementation of the depend on the simulated
path (®;);=1 . . This should be contrasted with the approach to variance reduction based on
the Poisson equation (PE(P, F))), where the estimator Sy(F) of m(F) is essential in constructing
a guess for the solution of and hence the control variate itself (see e.g. [DK12| for
this approach applied to random scan Gibbs samplers). This produces a consistent but biased
estimator Si(F + PF - F ), even if the chain is started in stationarity, as the control variate

is a non-linear function of the estimate Si(F) of m(F). The bias can be avoided by splitting
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the path (®;);=1,. 1 into two parts, using the first part to construct the control variate and the
second for the estimation. But this approach requires additional simulation and was not used
in [DK12] (the level of variance reduction in the examples of [DK12] increases with k, likely due
to the reduction in the bias). Our implementation of the does not depend on the

simulated trajectory. Hence using the entire path yields an unbiased estimator.

5.2. Examples. In order to analyse numerically the level of variance reduction produced by

the implementation of the in Section let

> i1 (SL(F) — w(F))*/n
i (S (F+U) = w(F))?/n’
where n is the number of simulated paths of the chain (started in stationarity at independent
starting points) and k is the length of each path. The random vectors (Si(F),Si(F + U)),
for i = 1,...,n, are IID samples of the pair of ergodic average estimators (Si(F'), Si(F + U))
evaluated on the simulated paths, where U := PF—F with PF and F computed as in Section

Put differently, since the numerator (resp. denominator) of rs, is an unbiased IID estimator of

(43) Tkn =

the variance of Si(F) (resp. Si(F + U)), the quotient r,, specifies the factor of the variance
reduction achieved by the In the examples below we start the chain in stationarity,
thus eliminating the bias of (Si(F'), Sk(F + U)) and allowing us to focus on the variance.

5.2.1. Bimodal normal distribution. Let the target law be 7 := pN(u1,03) + (1 — p)N (u2, 03),
where the parameters take the values 3 = =3, 01 = 1, uo = 4, oo = 1/2, p = 2/5. In this
example the target density 7(+) is a mixture of two normal densities with the modes at —3 and
4. Moreover, 7(-) takes values close to zero in the neighbourhood of the origin. Let F(z) := 3,
x € R, be the force function and let the proposal density ¢(z,-) be N(z,1). Construct A, F and
PF by the formulae in ([d0)-(42) as in the previous example (decompose R \ Jo := [=8,7) into
700 subintervals of equal lengths and use n; = 1, ng = 10).

The assumptions of Theorem [2.4] are satisfied in this example and the chain is geometrically
ergodic. However, the estimator Si(F') struggles to converge as the chain tends to get “stuck”
under one of the modes for a long time, sampling values of F' far away from 7(F'). The variance
of the estimator Si(F + U) is thousands of times smaller than that of Si(F') as the function U

takes into account the existence of both modes (see Figure [1{for the evolution of the estimators):

path length k of the chain (n = 200 stationary paths) | 10% | 5-10% | 5-10%
factor of variance reduction 7, in Eq. 1170.4 | 3281.7 | 5735.9

5.2.2. Heavy tailed distribution. Let w(z) := (3/2m)(1 + 271 and F(z) = 1py(x) (z € R).
Since the target distribution 7 is heavy tailed, we take the proposal density ¢(z,-) to be the
density of N(x,100). As in the previous two examples, we construct A, F and PF by the
formulae in (40)-(42) using the decomposition of R\ Jy := [—15,15) into 1500 subintervals of
equal lengths and nq = 1, ny = 10.

The random walk Metropolis chain in the present example is known not to be geometrically
ergodic [MT96l, Theorem 3.3] and hence does not satisfy the main assumptionof Theorem|2.4
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Furthermore, the force function is not continuous, potentially leading to an increase in variance.
However, the variance reduction achieved by the is significant:

path length k of the chain (n = 200 stationary paths) | 10% |5-103 | 5-10*
factor of variance reduction 7, in Eq. 52437 | 15662 | 1427
The right plot in Figure [I| shows typical paths of the estimators.
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FIGURE 1. Evolution of the path averages S;(F) and S;(F +U), i = 1,...,k,
over k = 10° time steps in Examples (left graph) and (right graph).

5.2.3. A non-geometrically ergodic chain without a CLT. Consider the exponential target density

T

7(x) := e~ on the positive reals and a proposal density ¢(z,y) := 3e™Y, x,y € (0,00). The
chain @, generated by the transition kernel , is the so-called independence sampler
(the proposed value is independent of the current state). This chain is well known not to be
geometrically ergodic and the fails for the force function F(z) := z (see [Rob99,
Sec. 4]). Furthermore, the slow convergence properties of the ergodic average Si(F') is well
documented in the literature (e.g. the simulations in [RR9§| indicate that the average of the
path of such a chain over a million iterations returns a value of 0.8 (instead of 7(F) = 1) and
occasionally returns a very large value). In this example the chain tends to either spend a lot of
time jumping around the level 1/3 or jump to a value much higher than 1 and stay there. This
leads to a very unstable behaviour of the ergodic average Si(F).

In order to investigate numerically the level of improvement achieved by the let
(0,00) \ Jo := (0,13) and decompose it into 200 intervals of equal length. Using ny =1, ny = 10
and the formulae in f, compute A, F and PF. Although this example is clearly outside
the scope of Theorem the variance of the estimator Si(F + U) is significantly reduced
compared to that of Si(F):
path length k of the chain (n = 200 stationary paths) | 10® | 5-10% | 5-10*
factor of variance reduction 7, in Eq. 985.32 | 1063.8 | 2038.7

We obtain such a vast reduction in variance with longer paths, as the estimator Si(F') consis-

tently and significantly underestimates the mean. See Figure 2 for a path of the estimators.
Furthermore, note that [Rob99, Thm 3] implies that the CLT also fails for Si(F + U).

5.2.4. A target density with an unbounded curvature of level contours. Let ¢p : R? — R2,
é(x,y) := (x,y + Bx® — 100B), be a diffeomorphism of R? with a fixed “bananicity” constant
B > 0. It is well known [HSTO0I] that a random walk Metropolis chain with a normal proposal

and the target distribution 7 := fo¢p, where f is the density of a bivariate normal distribution
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with independent components and zero mean N (0,diag(100,1)), has very poor convergence

properties. In fact, even if the adaptive random walk Metropolis algorithm is used (for B = 0.1)

the mixing of the first component of the chain is still very slow after 5 - 10° iterations [RR09,

Sec.2.1]. Since the part of R?, where most of the mass of 7 lies, is heavily curved (i.e. banana

shaped), the chain struggles to traverse this set leading to poor mixing and slow convergence.
As in [RR09) Sec.2.1], we fix B = 0.1 and define F(x,y) := z. Hence it holds that

(2, y) o exp(—(2?/100 + (y + 0.12% — 10)?)/2)

and 7(F) = 0. This examples is based on a random walk Metropolis chain with the density
of the proposed increments given by N(0,diag(100,100)) and the target 7. Let R?\ Jy be the
image under ¢p of the rectangle [—50,50] x [—5,5]. Subdivide the longer (resp. shorter) of
the two sides of this rectangle into 300 (resp. 30) intervals of equal length, thus obtaining a
partition into 9000 rectangles of the box [—50,50] x [—5, 5]. Define the partition sets J; and the
representatives a;, j = 1,...,9000, to be the images of these rectangles and their centres under
the diffeomorphism ¢p. Figure|2|shows typical paths of the two estimators. The achieved factor
of variance reduction is several hundred:

path length k of the chain (n = 200 stationary paths) | 10% |5-103 | 5-10%
factor of variance reduction 7, in Eq. 247.4 | 238.2 | 255.2
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FIGURE 2. Evolution of the path averages S;(F) and S;(F +U), i = 1,...,k,
over k = 10° time steps in Examples (left graph) and (right graph).

6. CONCLUSION

In this paper we apply the idea of weak approximation of Markov processes to construct
approximate solutions of Poisson’s equation for discrete-time Markov chains. We show that,
under general conditions, these approximations in the case of Metropolis-Hastings chains lead
to ergodic averages with arbitrarily small asymptotic variance.

A number of questions of interest remain open. On the theoretical side, the key step in
the proof presented here consists of establishing the uniform convergence to stationarity of a
sequence of approximating chains (Section. Under suitable assumptions this fact is sufficient
for the convergence of the to the solution of Poisson’s equation (measured by the size
of the corresponding asymptotic variances, see Section and Definition . It is feasible
that the principle of uniform convergence to stationarity could be established in other contexts

(e.g. queueing models and stochastic networks [Mey0§]), both in discrete and continuous time,
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with the approximating Markov processes not necessarily having a finite state spaces. The main
requirement for the approximating processes is that they should be sufficiently simple that their
Poisson equations can be solved numerically. The key advantage of this approach is that the
control variates do not require prior estimates of mw(F') or any other functional of the law .
They only depend on the characteristics of the underlying process (i.e. a transition kernel (resp.
generator) in discrete (resp. continuous) time) converging to .

A very simple application of the described in Section [, shows numerically that
the variance of ergodic estimators for the well-known slowly converging low-dimensional exam-
ples of the Metropolis-Hastings chains can be reduced arbitrarily. Developing the idea of weak
approximation for the Poisson equation in the context of improving convergence of the estima-
tors in Bayesian hierarchical models (see e.g. [Ros95] and [RR04, Sec. 2.4]) is a natural next
step. For example, the chains based on the Metropolis-within-Gibbs [RR04] and the delayed Me-
tropolis [CF05] samplers appear to lend themselves well to weak approximations using simpler

Markov chains. These questions are left as a topic for future research.

APPENDIX A. PROOF OF PROPOSITION 2.3

Let (rp)nen be an increasing unbounded sequence of positive numbers, such that r; >
inf,cpa W(z). For each n € N define sets L,, := W1 ((—o0,7y)),

Ly = {z € R%; 3y € L,, such that |z — y| < Vd}.

Set L, is bounded and non-empty by definitions of W and r,,. So, W is uniformly continuous
on L,. There exists a positive sequence (€n)nen (satisfying lim, o €, = 0 and sup,cy €n, < 1)
such that |z — y| < €,V/d implies |[W(z) — W(y)| < L for each n € N and all z,y € L.

Fix n € N. For z = (z1,22,...,74) € R? denote K? := [x1,71 + €,) X -+ X [Tg, 24 + €5).
Clearly, it is possible to pick z',22,...2™» € R? so that sets K} = K75 (for 1 < j < my)
are disjoint and cover L, (assume the cover is minimal). Finally, take Jj to be the closure
of R\ Ui K7 and define J' := K7\ Ji. Note that uLeb(J]’-"”) > 0 for all 0 < j < m,,. For
1 < j < my, pick arbitrary a7 € J;" and choose ag € Ji}, so that W (ag) = infyejp W(z) (possible
since W has bounded sublevel sets and Jj is closed). Sets Jj' together with representatives af
define an allotment X,,.

By Pythagoras theorem |z — y| < enVd, for z,y from the same € Jj. Since €, < 1 and
K3 N Ly # 0, we get J?' C KJ' C Ly, for all 1 < j < my,. Hence,

— M < eyVd
é?gﬁn;;%w al| < e Vd

and by uniform continuity (recall W > 1)
W(aj) - W(y)

max sup J

<
0<j<mn yeJr W(y)

1
-

Doing the above for every n € N shows lim,,_, §(X,,, W) =0 (by (@)). By and definition
of Ly, rad(X,, W) > r, for every n € N. So, lim,_,~ rad(X,,, W) = co.
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