Electronic Notes in Theoretical Computer Science 68 No. 2 (2002)

URL: http://www.elsevier.nl/locate/entcs/volume68.html 18 pages

Interaction Nets with McCarthy’s amb

Maribel Fernández and Lionel Khalil^1

LIENS (CNRS UMR 8548), École Normale Supérieure 45 Rue d’Ulm, 75005 Paris, France

Abstract Interaction nets are graphical rewrite systems which have been successfully used to implement various efficient evaluation strategies in the λ-calculus (including optimal reduction). However, they are intrinsically deterministic and this prevents from applying these techniques to concurrent languages where non-determinism plays a key rôle. In this paper we show that a minimal extension — the addition of one agent in the spirit of McCarthy’s amb operator — allows us to define nondeterministic processes such as angelic and infinity merge, and more generally, to encode process calculi and wide classes of term rewriting systems (including systems defining parallel functions). We also show that Alexiev’s INMPP (interaction nets with multiple principal ports) can be encoded, for which we give a textual calculus and a type system that ensures the absence of deadlock.

1 Introduction

Interaction nets [9] are a graphical model of computation derived from the multiplicative proof nets of linear logic. An interaction net program consists of a graph with agents at the nodes, and a set of graph rewriting rules which specify the interaction between two agents connected through their principal ports (each agent has a unique principal port, and there is a unique rule for each pair of agents). Interaction nets have been used to implement the optimal evaluator for the λ-calculus [7,3], on which the programming language BOHM [2] is based. They enjoy nice theoretical and pragmatic properties, such as strong confluence and locality of rewriting. However, they are not suitable for modelling parallel functions and non-deterministic systems, such as process calculi or term rewriting systems.

In the past, several extensions to interaction nets have been proposed with the aim of implementing non-deterministic features of programming languages [1,5]. These extensions are roughly of two kinds: either they use the 1_{Email: maribel@di.ens.fr, khalil@di.ens.fr}

cfl2002 Published by Elsevier Science B. V.

same nets but break the confluence property by relaxing some conditions in the definition of interaction rule (for instance, in [5] a state is added, and agents are allowed to interact through the state), or they extend the formalism by adding specific agents with rewriting mechanisms which are not allowed in conventional interaction nets (for instance, in the language INMPP [1] agents are allowed to have more than one principal port).

In this paper we consider the latter alternative, and define a minimal extension of interaction nets, called INAMB, which allows us to encode nondeterminism but remains as close to conventional interaction nets as possible. The extension consists of adding just one agent, amb, with two interaction rules (similar to McCarthy’s amb operator [11]). To demonstrate the expressive power of the extended system, we first show that the non-deterministic angelic and infinity merge processes can be defined in INAMB, but fair merge cannot. We then show that INAMB is actually powerful enough to encode the whole language INMPP (nets with multiple principal ports), which Alexiev used to encode a process calculus. Finally we show that INAMB is a parallel model of computation which can implement all functions defined by constructor term rewriting systems (including non-sequential functions, that cannot be implemented in conventional interaction nets). This makes this formalism a good candidate for the implementation of concurrent programming languages based on term rewriting.

We present the extension first in an intuitive graphical way, and then give a textual calculus for INMPP (which applies also to INAMB as a particular case) with a formal operational semantics, and a type system that ensures the absence of deadlock.

Overview. In the next section we recall some basic preliminaries on interaction nets. Section 3 gives examples of the kind of system we would like to model, and defines the extension of interaction nets with the agent amb and the encoding of the parallel merge primitives. In Section 4 we formalize the system, giving the operational semantics and a type system that ensures deadlock-freeness. We use this calculus to prove the equivalence between IN- AMB and INMPP. Section 5 describes the encoding of term rewriting systems in INAMB. We conclude the paper in Section 6.

2 Interaction Nets

An interaction net system is specified by a set Σ of agents, and a set IR of interaction rules. Each α ∈ Σ has an associated (fixed) arity. If the arity of α is n, then the agent has n + 1 ports: a distinguished one called the principal port depicted by an arrow, and n auxiliary ports:

`ȷ́ı^α_?^{@ �· · ·x1 xn}_2

A net N built on Σ is a graph (not necessarily connected) with agents at the vertices. The edges of the net connect agents together at the ports such that there is only one edge at every port (edges may connect two ports of the same agent). A net may also have edges with free extremes, called wires, and their extremes are called ports by analogy. The interface of a net is its set of free ports.

A pair of agents (α, β) ∈ Σ^2 connected together on their principal ports is called an active pair; the interaction net analogue of a redex. An interaction rule ((α, β) =⇒ N) ∈ IR replaces an occurrence of the active pair (α, β) by the net N. Rules have to satisfy two very strong conditions: the interface of the active pair must be equal to the interface of the right-hand side, and at most one rule can be defined for each active pair. These conditions imply that interactions are always binary, local, and strongly confluent. For this reason, interactions can take place in any order in a net, even in parallel. We refer to [9] for a detailed presentation and examples of interaction nets.

We recall the interaction calculus developed in [6], which provides a textual notation for nets and rules, as well as a formal account of the rewriting process. Let Σ be a set of agents and N a set of names (or variables) disjoint with Σ. Terms are defined by the grammar t ::= x | α(t_1, . . . , t_n) where x ∈ N , α ∈ Σ, n is the arity of α and t_1, . . . , t_n are terms with the restriction that each name can at most appear twice (linearity constraint). N (t) denotes the set of names occurring in t, and we write (t_1, . . . , t_n) as ⃗t. An equation α(⃗t) = β(⃗u) indicates a connection between the principal ports of the agents α and β. We denote a list t_1 = u_1, . . . , t_n = u_n of equations by t = u. To represent nets we use configurations, which are pairs ⟨⃗t | Δ⟩ where ⃗t is the interface and Δ is a multiset of equations describing the connections between the agents in the net. Configurations satisfy the linearity constraint (each variable occurs at most twice).

An interaction rule between α and β is written α(⃗t) ▷◁ β(⃗u), where ⃗t and ⃗u represent the net in the right-hand side of the graphical rule (intuitively, since the rule preserves the interface, it is sufficient to indicate the subnets to be connected to each port in the interface of the active pair, see [6] for details).

Let R be a set of rules, the rewriting process is defined by four computation rules that apply to configurations: Interaction: α(⃗s^′) ▷◁ β(⃗u^′) ∈ R ⇒ ⟨⃗t|α(⃗s) = β(⃗u), Γ⟩ → ⟨⃗t|s = s^′, u = u^′, Γ⟩ Indirection: x ∈ N (u) ⇒ ⟨⃗t | x = t, u = v, Γ⟩ → ⟨⃗t | u[t/x] = v, Γ⟩ Collect: x ∈ N (⃗t) ⇒ ⟨⃗t | x = u, Γ⟩ → ⟨⃗t[u/x] | Γ⟩ Multiset: Θ �^∗ Θ^′, ⟨⃗t_1 | Θ^′⟩ → ⟨⃗t_2 | Δ^′⟩, Δ^′ �^∗ Δ ⇒ ⟨⃗t_1 | Θ⟩ → ⟨⃗t_2 | Δ⟩ where � is an equivalence that states the irrelevance of the order of equations in the multiset, as well as the order of the members in an equation.

Two configurations which are the same up to renaming of variables are called α-convertible, and in the first rule above we always use α-conversion to get a copy of the interaction rule with all variables fresh.

Example 2.1 Addition of natural numbers. We use agents Z, S, Add with arity(Z) = 0, arity(S) = 1, arity(Add) = 2, and two interaction rules: Add(S(x), y) ▷◁ S(Add(x, y)) Add(x, x) ▷◁ Z The addition 1 + 0 is represented by the configuration ⟨a | Add(a, Z) = S(Z)⟩, which rewrites to the configuration representing 1 as expected: ⟨a | Add(a, Z) = S(Z)⟩ −→ ⟨a | a = S(x^′), y^′ = Z, Z = Add(x^′, y^′)⟩ −→^∗ ⟨S(x^′) | Z = Add(x^′, Z)⟩ −→ ⟨S(x^′) | x^{′′} = x^′, x^{′′} = Z⟩ −→^∗ ⟨S(Z) | ⟩ 3 Adding a non-deterministic agent

Interaction nets have been used as a tool to model and implement functional programming languages [3,10]. They provide efficient evaluation strategies, and are well suited for parallel implementations since the order of the interactions does not matter [14]. However, although interactions can occur in parallel, the constraints in the definition of rules make them unsuitable for the implementation of concurrent languages. More precisely, in the interaction net framework it is not possible to define non-deterministic processes, or non-sequential functions (see for instance [4] for a definition of sequential function). A well-known example of such a function is parallel-or, defined by the rewrite system:

por(True, x) → True

por(x, True) → True

por(False, False) → False

As an example of a non-deterministic process, we consider a parallel merge: it can be specified in three ways, called angelic merge, infinity merge, and fair merge [13]. All the merge primitives have a pair of input sequences and one output sequence. The elements of the input sequences appear unaltered in the output sequence, and their relative order in the input sequence is preserved (but elements from different input sequences can appear in any order in the output). The difference between these primitives is that, in a fair merge, every element of an input sequence will eventually appear in the output, whereas for an angelic merge all that is guaranteed is that the output sequence is infinite if at least one of the input sequences is infinite. The infinity merge has the dual property: it guarantees that if one of the input sequences is infinite then all the elements of the other one will appear in the output. It is well-known that angelic merge can be implemented using fair merge, and that infinity merge can be implemented with angelic merge. Moreover, these three levels of expressivity are fundamentally different: fair merge cannot be implemented by angelic merge, which in turn cannot be implemented by infinity merge [12].

Our aim is to increase the expressive power of the interaction net framework, but remaining as close as possible to the original definition. A first idea would be to allow two rules with the same left member. In this way we obtain a demonic non-determinism. Instead, we will define a minimal extension of interaction nets which consists of adding one agent with two principal ports (used as inputs) and two auxiliary ports. The agent, which we call amb inspired by McCarthy’s work [11], is defined by rules as shown below, where α is any agent.

`ȷ́ı^{α �`}_{� @· · ·}

 `ȷ́ı^{amb@m �a}_{� @Rb =⇒} `ȷ́ıα_{· · ·}^{m6}_{� @ b}^a
          `ȷ́ı^α_{· · ·� @}^{@I}

        `ȷ́ı^{amb@ �m a}_{� @Rb =⇒b}^a `ȷ́ıα_{· · ·}^{6m}_{� @}

When an agent α has its principal port connected to a principal port of amb, an interaction can take place, and the agent α arrives at the main output port of amb, which we called m in the diagram above. If in a net there are agents with principal ports connected to both principal ports of amb, the choice of the interaction rule to be applied is non-deterministic.

To illustrate the expressive power gained by this extension we give the definition of angelic and infinity merge.

Example 3.1 Parallel Merge. We implement angelic merge using amb, an agent AM of arity 2, and unary agents α representing the elements of the input sequences L_1 and L_2, as shown in Fig. 1 (the angelic merge process is represented by the net at the left and the corresponding reduction rules for each α ∈ L_1, L_2 are given at the right).

L_2 L_1

=⇒ α

α

AM amb AM AM amb

Fig. 1. Angelic Merge

Stark [15] gives an implementation of infinity merge using an oracle, which is a process that generates an infinite sequence of arbitrary numbers. This oracle is used by a process that repeats forever:

• read a value n from the oracle and output n values from L_1; • read another value n^′ from the oracle and output n^′ values from L_2. If at any point we have less than n tokens left in the input sequence then the process is blocked. But we can guarantee that if one input sequence is infinite then all the tokens in the other one will eventually be in the output (which is the specification of infinity merge). Therefore, to show that infinity merge can be defined in interaction nets with amb it is sufficient to show the implementation of a random number generator, which can then be used to build the oracle. Fig. 2 shows a random number generator: the net at the left generates an arbitrary number in the output port x using the interaction rules given at the right, where ϵ and δ (the standard eraser and duplicator agents) are used to preserve the interface. Notice that there are active pairs in the right hand sides of these rules. ϵ

0

0 0 0 ϵ

f

S f f S f S S δ f

S =⇒ =⇒ x amb amb

Fig. 2. Random Number Generator

We remark that the fair merge primitive cannot be implemented in interaction nets with amb: this is a consequence of the results of [12]. Actually, the addition of amb turns out to give a computational model which is as powerful as Alexiev’s INMPP (interaction nets with multiple principal ports). To show this, in the next section we formalize the operational semantics of the system.

4 A Calculus for INMPP

In order to give a formal operational semantics to the extension of interaction nets with amb, which we call INAMB hereafter, we will introduce a textual interaction calculus which is an extension of the one defined in [6] (see Section 2). INAMB is clearly a particular case of INMPP, and to facilitate the comparison in the other direction, we give the textual calculus for the whole of INMPP. The main feature of INMPP is that agents can have any finite number of principal ports, but interaction rules still specify binary interactions and preserve the interface of the active pair.

Intuitively, an agent α with n auxiliary ports connected to nets t_1, . . . , t_n and m principal ports connected to l_1, . . . , l_m, depicted:

`ȷ́ı^α_?^{@ �· · ·t1 tn}_{lp� @Rlm l1}

will be represented by a generalized term (l_1, . . . , l_m)α(t_1, . . . , t_n). If the pth principal port is ready to interact we will write an equation of the form (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(t_1, . . . , t_n) = l_p. Definition 4.1 Terms and Equations for INMPP. Let Σ be a set of agents and N a set of names disjoint with Σ. Terms are defined by the grammar: t ::= x | (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(t_1, . . . , t_n) where x ∈ N , α ∈ Σ, arity(α) = n, m is the number of principal ports of α, t_1, . . . , t_n, l_1, . . . , l_{p−1}, l_{p+1}, . . . , l_m are terms, and − indicates the selected principal port. Each variable occurs at most twice in a term: variables that occur once represent free ports and are called free variables and variables that occur twice represent links. If α has a single principal port we simply write α(⃗t) instead of (−)α(⃗t). The root of x is x, and the root of (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(t_1, . . . , t_n) is the agent α.

Equations are defined by the grammar: eq ::= (l_1, . . . , l_m)α(k_1, . . . , k_n) | t = u where α ∈ Σ, m > 0 is the number of principal ports of α, arity(α) = n, and l_1, . . . , l_m, k_1, . . . , k_n, t, u are terms. Equations of the form t = u are explicit, they indicate either a renaming (if t or u is a variable), or an active pair (a connection between two principal ports) that is ready to be reduced. Equations of the form (⃗l)α(⃗k), which we also call multiequations, indicate potential interactions between α and the agents at the root of the terms in ⃗l.

Definition 4.2 Interaction rules in INMPP. An interaction rule between the pth principal port of α and the qth principal port of β is written (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗t) ▷◁ (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), ⃗eq where ⃗t, ⃗u,⃗l, ⃗k, ⃗eq represent the right-hand side of the graphical rule.

Note that the definition of interaction rule differs from the one given for conventional interaction nets (see Section 2) in that it not only indicates the subnets of the right-hand side to be connected to each port in the interface of the left-hand side (terms ⃗t, ⃗u,⃗l, ⃗k), but it also allows extra equations ⃗eq. These equations are used to represent the active pairs in the right-hand side of the graphical rule. Although for conventional interaction nets it is sensible to assume that there are no active pairs in the right hand side of rules [9], to model non-deterministic primitives involving potentially infinite data structures it is crucial to allow active pairs in right-hand sides (see Fig. 2).

We represent nets by configurations, for which we first define normal terms (i.e. terms without implicit active pairs) to be used in the interface.

Definition 4.3 Normal Terms. A term t is normal if it is a variable or it has the form (x_1, . . . , x_{p−1}, −, x_{p+1}, . . . , x_m)α(u_1, . . . , u_n) where

• ⃗x ∈ N are the principal variables of t (i.e. names of principal ports of α),

• ⃗u are normal terms, and • if x is a principal variable of t or of any subterm of t, then x occurs at most once in t.

Note that since any principal variable occurs at most once in t, there are no connections between principal ports in the net represented by t.

Definition 4.4 Configurations. A configuration is a pair ⟨⃗t|Δ⟩ where Δ is a multiset of equations, ⃗t is a list of normal terms that do not share principal variables, and no principal variable occurring in ⃗t occurs in Δ. Each variable occurs at most twice in a configuration; variables occurring once are free.

The conditions on ⃗t guarantee that there are no active pairs in the interface of the configuration. The definition given in Section 2 for conventional interaction nets is a particular case, since conventional terms have no principal variable (every term is normal).

Before giving an example, we present the computation rules that define the dynamics of the system. These are a generalization of the computation rules for the interaction calculus in Section 2. There are three kinds of Indirection rules. The first is the standard rule. The second takes into account the fact that (l_1, . . . , l_{p−1}, x, l_{p+1}, . . . , l_m)α(⃗s) represents the same net as x = (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗s) since intuitively in both cases we are saying that x is the name of the pth principal port of α. The third Indirection rule transforms a multiequation into an explicit equation (where an active pair is represented explicitly); interaction then applies in the usual way. Choosing which equation is made explicit corresponds to choosing which principal port is used for interaction. We also need two Collect rules, since we have two kinds of equations. Intuitively, the Collect rules move to the interface of the configuration the subnets where the computation has already finished; we need some conditions on these rules to ensure that the result is a well-formed configuration.

Definition 4.5 The Multiset rule does not change (see Section 2), only the Interaction, Indirection and Collect rules are generalised: Indirection (i) x ∈ N (eq) ⇒ ⟨⃗t | x = u, eq, Γ⟩ → ⟨⃗t | eq[u/x], Γ⟩ Indirection (ii) x ∈ N (eq) ⇒ ⟨⃗t|(l_1, . . . , l_{p−1}, x, l_{p+1}, . . . , l_m)α(⃗s), eq, Γ⟩ → ⟨⃗t | eq[(l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗s)/x], Γ⟩ Indirection (iii) ⟨⃗t | (l_1, . . . , l_{p−1}, (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), l_{p+1}, . . . , l_m)α(⃗s), Γ⟩ → ⟨⃗t | (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗s) = (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), Γ⟩ Interaction (l^′_1, . . . , l^′_{p−1}, −, l^′_{p+1}, . . . , l^′_m)α(⃗s^′) ▷◁ (k^′_1, . . . , k^′_{q−1}, −, k^′_{q+1}, . . . , k^′_n)β(⃗u^′), ⃗eq ∈ R ⇒ ⟨⃗t | (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗s) = (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), Γ⟩ → ⟨⃗t | s = s^′, u = u^′, l_i = l^′_i (1 ≤ i ≤ m, i ≠ p), k_j = k^′_j (1 ≤ j ≤ n, j ≠ q), ⃗eq, Γ⟩

Collect (i)

x ∈ N (⃗t), u normal, no principal variable in u occurs in Γ ⇒ ⟨⃗t | x = u, Γ⟩ → ⟨⃗t[u/x] | Γ⟩ Collect (ii)

x ∈ N (⃗t), (l_1, . . . , l_{p−1}, x, l_{p+1}, . . . , l_m)α(⃗s) normal and no principal variable occurs in Γ ⇒ ⟨⃗t | (l_1, . . . , l_{p−1}, x, l_{p+1}, . . . , l_m)α(⃗s), Γ⟩ → ⟨⃗t[(l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗s)/x] | Γ⟩ In the Interaction rule we use α-conversion to get a fresh copy of the rule in R, as usual. Note that the Indirection rules do not change the underlying net, it is the Interaction rule that performs the actual computation.

It is easy to translate a diagram into the textual notation (but the translation is not unique): briefly, it suffices to give a name to each port, put in the interface of the configuration the names of the free ports of the net, and write an equation of the form (x_1, . . . , x_n)α(y_1, . . . , y_m) for each agent. We can then simplify the configuration using the Indirection rules. For the reverse translation, we use the Indirection rules in both directions to expand all the equations into terms such as (x_1, . . . , x_n)α(y_1, . . . , y_m), draw the agents, and draw the edges corresponding to two occurrences of the same name.

The Indirection and Interaction rules allow us to simulate the graphical reduction: when an interaction can take place in a net (i.e. there is a connection between principal ports), the corresponding configuration can be reduced using the Interaction rule, modulo Indirection.

Example 4.6 We show the interaction rules for the agents amb and α: (−, l)amb(α(⃗x), l) ▷◁ α(⃗x) (l, −)amb(α(⃗x), l) ▷◁ α(⃗x) and the interaction rule for angelic merge given in Fig. 1 (right): AM(α(x), z) ▷◁ α(z^′), (z, z^′)amb(AM(x, y), y) The following configuration c represents the angelic merge process shown in Fig. 1 (left), where the input sequences contain agents α_i and β_i respectively:

⟨x | (β_1(β_2(z^′)), α_1(α_2(α_3(z))))amb(AM(x, y), y)⟩

Using the computation rules we can reduce it as follows:

c →_{Indirection} ⟨x | (β_1(β_2(z^′)), −)amb(AM(x, y), y) = α_1(α_2(α_3(z)))⟩

→_{Interaction} ⟨x | l = β_1(β_2(z^′)), x^′ = α_2(α_3(z)), α_1(x^′) = AM(x, y), l = y⟩

→_{Interaction} ⟨x | l = β_1(β_2(z^′)), x^′ = α_2(α_3(z)), x^′ = z_1, x = α_1(x_1), y = z_0,

(z_0, z_1)amb(AM(x_1, y_1), y_1), l = y⟩

→^∗_{Indirection} ⟨x | x = α_1(x_1), (β_1(β_2(z^′)), α_2(α_3(z)))amb(AM(x_1, y_1), y_1)⟩

→_{Collect} ⟨α_1(x_1) | (β_1(β_2(z^′)), α_2(α_3(z)))amb(AM(x_1, y_1), y_1)⟩

The reduction sequence continues until both input sequences are empty.

4.1 A Type System for INMPP

Inspired by [9,6,8], we will develop a polymorphic type system for INMPP. We will use the type system to ensure the absence of deadlock (a deadlock is a cycle of principal ports).

Definition 4.7 We consider a user-defined set of types, built out of a set of type variables (φ, φ^′, . . .) and a set of type constructors (such as nat, bool, list, . . . ). The type of a port is written σ^s with two components: σ is the type of the information and s is the direction of the information passing through the port (−/+ for input/ output), modulo the equivalences: (σ�_)�_{= σ}+_{, (σ}�_)+_{= σ}�_{, (σ}+_)�_{= σ}�_{, (σ}+_)+_{= σ}+_{, (σ}s_)�_{= (σ}�_)s_{= σ}�s_{, (σ}s_)+_= (σ+_)s_{= σ}+s_{= σ}s.

To type equations we use the symbol ⋄ and to assign types to nets we use one-sided sequents and the following inference rules:

Definition 4.8 For each agent α with p principal ports there is a user-defined Graft rule: Γ1, t1: σ^{s1}1 , . . . , ti1 : σ^{si1}i_1 . . . Γk, tk: σ^{sk}_k , . . . , tik : σ^{sik}i_{k (Graft α)} Γ1, . . . , Γk, α(t1, . . . , tn): (τ^{s1}1 , . . . , τ^{sp}p ) which indicates that the types of the p principal ports of α are τ^{s1}_1 , . . . , τ^{sp}p , and specifies how the auxiliary ports are typed. Although when p > 1 α(t_1, . . . , t_n) is not a term according to Definition 4.1, this notation allows us to give the types of all the principal ports at the same time. Γ, t: σ, u: τ, Δ (Exchange) Γ, u: τ, t: σ, Δ Γ Δ (Mix ) Γ, Δ

To type edges, which are represented by variables and equations, we use the rules:

(Axiom) x: σ^s, x: σ�^s Γ, t: σ^s Δ, u: σ�^s (Cut) Γ, Δ, t = u: ⋄ ∀1 ≤ i ≤ m, l_i: σ�^{si}_i , Γ_i α(⃗t): (σ^{s1}1 , . . . , σ^{sm}_m ), Γ (MultiCut) Γ1, . . . , Γm, Γ, (l1, . . . , lm)α(^⃗t): ⋄ ∀1 ≤ i ≤ m, i ≠ j, l_i: σ�^{si}_i , Γ_i α(⃗t): (σ^{s1}1 , . . . , σ^{sm}_m ), Γ (Select) Γ1, . . . , Γm, Γ, (l1, . . . , lj�1, −, lj+1, . . . , lm)α(^⃗t): σ^{sj}j Definition 4.9 Typeable Configurations. Let {x_1, . . . , x_m} be the set of free names of t, then t is a term of type σ^s if there exist types τ_1, . . . , τ_m such that x_1: τ_1, . . . , x_m: τ_m, t: σ^s is derivable with the rules above.

Equations are typed in a similar way: an equation eq (which is either of the form t = u or (l_1, . . . , l_p)α(t_1, . . . , t_n)) with free names {x_1, . . . , x_m} is typeable if x_1: τ_1 . . . , x_m: τ_m, eq: ⋄ is derivable.

A configuration ⟨t_1, . . . , t_n | eq_1, . . . , eq_m⟩ with free names x_1, . . . , x_p is typeable by σ^{s1}_1 , . . . , σ^{sn}_n if there are types ρ_1, . . . , ρ_p such that

x_1: ρ_1, . . . , x_p: ρ_p, t_1: σ^{s1}_1 , . . . , t_n: σ^{sn}_n , eq_1: ⋄, . . . , eq_m: ⋄

is derivable.

Lafont [9] defines a class of (standard) interaction nets without deadlocks (cycles of principal ports), called semi-simple nets, which are built by induction using a set of operations on nets. This property can be checked (for the general nets in INMPP) using the type system above.

Proposition 4.10 (Absence of Deadlock) Typeable configurations are deadlock-free.

More generally, we can guarantee that reduction does not create deadlocks if typeable rules are used.

Definition 4.11 Typeable Rules. Let Σ be a set of agents with their associated Graft rules. An interaction rule (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗t) ▷◁ (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), eq_1, . . . , eq_i is typeable if:

(i) There is a type derivation D with conclusion (z_1, . . . , z_{p−1}, −, z_{p+1}, . . . , z_m)α(⃗x) = (z^′_1, . . . , z^′_{q−1}, −, z^′_{q+1}, . . . , z^′_n)β(⃗y): ⋄ and leaves containing assumptions for the variables ⃗z, ⃗z^′, ⃗x and ⃗y.

(ii) There is a type derivation with the same assumptions leading to the conclusion:

z_1 = l_1: ⋄, . . . , z_m = l_m: ⋄, z^′_1 = k_1: ⋄, . . . , z^′_n = k_n: ⋄, x_1 = t_1: ⋄, . . . , x_h = t_h: ⋄, y_1 = u_1: ⋄, . . . , y_j = u_j: ⋄, eq_1: ⋄, . . . , eq_i: ⋄ (iii) And whenever an equation (l^′_1, . . . , l^′_{p−1}, −, l^′_{p+1}, . . . , l^′_m)α(⃗t^′) = (k^′_1, . . . , k^′_{q−1}, −, k^′_{q+1}, . . . , k^′_n)β(⃗s^′) is typeable, its type derivation is obtained by using instances (replacing type-variables by types) of the Graft rules for α and β applied in D.

Example 4.12 The interaction rules for amb (see Example 4.6) are typeable using the following Graft rule:

Γ, t_1: φ^s, t_2: φ^s (Graft amb) Γ, amb(t_1, t_2): (φ^s, φ^s)

To check the typeability of the first rule for instance, we build a derivation for the active pair (−, y)amb(z, z^′) = α(⃗x): ⋄ which requires assumptions α(⃗x): σ^{−s}, y: σ^{−s}, z: σ^s and z^′: σ^s, where σ^{−s} is the type given to α in its Graft rule. Since the equations α(⃗x) = z, l = y, l = z^′ are trivially typeable with these assumptions, the rule is typeable.

Proposition 4.13 (Subject Reduction) The rules Indirection, Interaction, Collect and Multiset, preserve typeability and types.

As a consequence of Prop. 4.10 and 4.13, a typeable system remains deadlock free if we use typeable interaction rules for reduction.

4.2 Equivalence between INAMB and INMPP

Clearly, INAMB is included in INMPP. In this section we show that INMPP can be encoded in INAMB: we will simulate agents with n principal ports using the agents with a maximum of two principal ports available in INAMB. Let Σ be a set of agents and R a set of interaction rules in INMPP. The image in INAMB of Σ will be called Σ^′. For each agent (⃗t)α(⃗y) of Σ, we will emulate separately the non-deterministic choice between principal ports and the sequential reduction rules. For the encoding of the non-deterministic choice, let (⃗t)Samb_n(⃗x) be the following configuration (see Fig. 3, right): (⃗t)Samb_n(⃗x) =^{def} ⟨⃗x,⃗t | ∀i, 1 ≤ i ≤ n, t_i = δ(i(l_i), k_i), (⃗l)amb_n(select(⃗x, ⃗k))⟩ which selects one principal port to interact, and copies (with a duplicator agent δ) the nets connected to the other principal ports in case they are used in a rule as auxiliary information. More precisely,

• t_i = δ(i(l_i), k_i) duplicates and marks each input with a label, • (⃗l)amb_n(s) chooses in a non-deterministic mode an input • select(⃗x, ⃗k) selects the arguments corresponding to the chosen rule.

ϵ ϵ

ϵ

. . .

n 1 . . .

x_1 x_n

t_n t_1 . . . . . .

. . .

amb

amb

amb

amb_n select

δ δ

Fig. 3. Representation of amb_n and Samb_n

Let us now define the agents introduced in the configuration (⃗t)Samb_n(⃗x). For labelling the inputs, we use unary agents 1, 2, . . . , n, which will mark an agent before it interacts with amb so that we can know after the interaction which principal port of amb was used. We also use a clearing agent Cl to remove the labels. The interaction rules for these labelling agents are:

i(j(x)) ▷◁ j(i(x)) i(α_i(⃗u)) ▷◁ α(⃗u) i(Cl(x)) ▷◁ Cl(i(x))

Cl(Cl(x)) ▷◁ Cl(Cl(x)) Cl(α(⃗u)) ▷◁ α_i(⃗u)

The net amb_n behaves like amb but with n principal ports (see Fig. 3, left). It is defined by induction with the following configuration, where ϵ is the eraser:

(⃗t)amb_n(s) =^{def} ⟨s,⃗t | (t_1, s^′)amb(s, ϵ), (t_2, . . . , t_n)amb_{n−1}(s^′)⟩

The agent select is defined by the following rules: select(l_p, l_1, . . . , l_{p−1}, l_{p+1}, . . . , l_m, l_1, . . . , l_{p−1}, p(l_p), l_{p+1}, . . . , l_m) ▷◁ α_p(⃗ϵ) To emulate the sequential part of an agent (⃗t)α(⃗y) in INMPP with m principal ports and its rules R, we use an agent α^′ with one principal port, which is intuitively the projection of the agent on each of its principal ports. This agent α^′ can have a label such as α^′_1,. . ., α^′_n, which is a mark of the selected principal port of the agent interacting with it.

For each rule in R between the pth principal port of α and the qth principal port of β, we create a rule between α^′_q and β^′_p in R^′. Before giving the definition of the rules in R^′, we formalize the encoding of nets (configurations).

To simplify the encoding we will consider a class of shallow configurations where the interface contains only variables (this is always possible thanks to the Collect rule) and equations are of the form

• t = u where t, u are either variables or terms (l_1, . . . , −, . . . , l_m)α(⃗t) where ⃗l and ⃗t are variables, • or (⃗l)α(⃗t) where ⃗l and ⃗t are variables.

Proposition 4.14 For any configuration c there exists a shallow configuration c^′ such that c = c^′ modulo Indirection, Collect and Multiset.

Definition 4.15 Encoding Configurations. We define a function θ from configurations in INMPP over a set Σ of agents into configurations in INAMB over a set Σ^′ of agents containing:

• the set of labelling agents and the clearing agent:1, . . . , n, Cl, • amb, select, δ, ϵ, • for each agent α ∈ Σ, the agents α, α_i, α^′, α^′_i.

The translation of a configuration c in INMPP will be done as follows: Let ⟨⃗t | Δ⟩ be a shallow configuration equivalent to c (modulo Indirection, Collect and Multiset). Then θ(c) will simply be the configuration ⟨⃗t | ζ(Δ)⟩, where ζ is the function translating equations in INMPP to equations in INAMB as follows:

(i) an equation x = y is not changed by ζ, (ii) an equation x = (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗t) where ⃗l and ⃗t are variables, is translated as ζ((l_1, . . . , l_{p−1}, x, l_{p+1}, . . . , l_m)α(⃗t)) (iii) (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗t) = (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_r)β(⃗u) is translated as the union of ζ((l_1, . . . , l_{p−1}, z, l_{p+1}, . . . , l_m)α(⃗t)) and ζ((k_1, . . . , k_{q−1}, z, k_{q+1}, . . . , k_r)β(⃗u)), where z is a fresh variable, (iv) ζ((⃗l)α(⃗t)) is simply l = α(⃗t) if α has only one principal port, otherwise it is the multiset of equations in the configuration (⃗l)Samb_m(α^′(⃗t, g_2, . . . , g_m), Cl(g_2), . . . , Cl(g_m)).

The result of θ(c) is unique modulo Indirection and Multiset (we always work with configurations modulo α-conversion).

Definition 4.16 Encoding Rules. The rules R in INMPP are encoded in INAMB by a set R^′ of rules containing:

• the rules for the labelling agents and clearing agent, • the rules for amb, select, δ, and ϵ, • for each rule in R, which without loss of generality (thanks to the Indirection rules) we assume to be of the form (l_1, . . . , l_{p−1}, −, l_{p+1}, . . . , l_m)α(⃗t) ▷◁ (k_1, . . . , k_{q−1}, −, k_{q+1}, . . . , k_n)β(⃗u), ⃗eq where ⃗l, ⃗k,⃗t, ⃗u are variables, we include in R^′ the rule α^′_q(l_{p−1}, . . . , l_1,⃗t, l_m, . . . , l_{p+1}) ▷◁ β^′_p(k_{q−1}, . . . , k_1, ⃗u, k_n, . . . , k_{q+1}), ζ( ⃗eq) Proposition 4.17 (Completeness) For any configuration c in INMPP such that c → c^′ there exists a configuration d in INAMB, the image of c in the above encoding, such that d →^∗ d^′ where d^′ is the encoding of c^′ plus eventually some trees of δ, ϵ and labelling agents, which will be erased by further interactions.

Proposition 4.18 (Soundness) If d = θ(c) and d →^∗ d^′, then there exists a configuration c^′ such that c →^∗ c^′ and d^′ →^∗ d^{′′} where d^{′′} is the encoding of c^′ plus eventually some trees of δ, ϵ and labelling agents, which will be erased by further interactions.

Alexiev [1] shows that INMPP has the same expressive power as Interaction Nets with Multiple Connections (called INMC), and also shows that the finite π-calculus (i.e. the π-calculus without the operator of choice and replication) can be encoded in INMC. The same techniques can be applied to encode the finite π-calculus in INAMB, since we have shown how to encode INMPP using

INAMB. Due to space restrictions, we cannot give the encoding here and just state the result:

Proposition 4.19 (Encoding a Process Calculus)

The finitary π-calculus can be represented in INAMB.

5 Application: Implementation of Rewrite Systems

One of the motivations for adding non-deterministic primitives to interaction nets is to be able to implement parallel functions defined by term rewriting systems. As shown in [5], interaction nets can only implement a class of constructor term rewriting systems which satisfies a strong matching restriction: sequentiality (see [4]). The system defining Parallel-or in Section 3 does not satisfy this restriction. However, we can implement it in INAMB using the configuration: ⟨x, y, s | x = δ(or(l, b), a), y = δ(or(u, a), b), (l, u)amb(s, ϵ)⟩ which we call (x, y)P or(s), agents T and F to represent the booleans True and False, and rules F ▷◁ or(x, x) and T ▷◁ or(T, ϵ). It is easy to show that, given two boolean terms t_1 and t_2, (t_1, t_2)P or(s) reduces to true if one of the terms t_1 or t_2 reduces to true, and to false if both reduce to false.

More generally, we will show that INAMB can be used to implement the whole class of constructor term rewriting systems. A similar result was shown in [5] using an extension of interaction nets with state. The encoding in INAMB is simpler in that only one extra agent is added (the agent amb).

In the constructor systems used in most functional programming languages the set of function symbols is partitioned into a set C of constructors and a set D of defined functions, and every left-hand side f(t_1, . . . , t_n) of a rule satisfies f ∈ D and t_1, . . . , t_n are built out of constructors and variables. We will restrict our attention to left-linear systems, since the encoding of nonleft-linear rules can be done in the same way as in [5] by using some standard interaction rules.

By adding new function symbols to the signature, we can assume without loss of generality that all the patterns used in the left-hand sides of rules have depth less than or equal to 1. We will show how to encode the rules defining each function symbol. Let f ∈ D be defined with m rules of the form R_p : f(x_1, . . . , c_{ip} (⃗y_i), . . . , c_{jp} (⃗y_j ), . . . , x_n) → t_{out:p} where c_{kl} are constructors and t_{out:p} is a term where the variables ⃗x and ⃗y may occur. Note that these rules might have superpositions. We will define an n-ary Parallel-or to encode rules with superpositions.

We use indexed agents T_i and F_i to represent the booleans True and False, where the indexes represent positions. The binary Parallel-or is represented by the configuration (x, y)P or(s) defined above, and rules F_i ▷◁ or(x, x) and T_i ▷◁ or(T_i, ϵ). We define by induction the configuration (⃗l)P or_n(s) representing an n-ary Parallel-or: ⟨l_1, . . . , l_n, s | (l_1, r)P or(s), (l_2, . . . , l_n)P or_{n−1}(r)⟩. Let R_{pi} be a set of agents which give True, specifically the agent T_{pi} , or False, specifically F_{pi} , depending on whether the ith argument of f matches or not the constructor c_{ip} of the rule R_p, that is, for 1 ≤ p ≤ m : c_{ip} (⃗y) ▷◁ R_{pi} (T_{pi} , ⃗y) and α(⃗y) ▷◁ R_{pi} (F_{pi} , ⃗y) for α ≠ c_{ip} . Using a binary agent and with rules and(y, y) ▷◁ T_i, and(F_i, ϵ) ▷◁ F_i we define by induction the n-ary agent and_n such that and_2 ≡ and, and and_n(z, and_{n−1}(z, y_3, . . . , y_n), y_3, . . . , y_n) ▷◁ T_i, and_n(F_i,⃗ϵ) ▷◁ F_i. The following configuration, called (⃗l)R_p(s, ⃗y), checks whether the lefthand side of the rule R_p is matched: ⟨⃗l, s, ⃗y | l_i = R_{pi} (r_i, ⃗y_i), r_1 = and_q(s, r_2, . . . , r_q)⟩ In the sequel, when there is no ambiguity, we use the name of the configuration to denote its multiset of equations.

The rewrite rules for f are then encoded with the interaction rules shown in Fig. 4 (right), which in the textual calculus are written: f(t_{out:p}(⃗z), ⃗z) ▷◁ T_p, 1 ≤ p ≤ m ∀p, 1 ≤ p ≤ m, f(x, ⃗u) ▷◁ F_p, (⃗u)δ_{mn}(⃗t, ⃗v), ⃗(⃗v_i)R_i(⃗z_i, ⃗y_i), (⃗z)P or_m(f(y_{out},⃗t)) where (⃗u)δ_{mn}(⃗t, ⃗v), ⃗(⃗v_i)R_i(⃗z_i, ⃗y_i), (⃗z)P or_m(f(y_{out},⃗t)) is used to loop if no rule matches. δ_{mn} is a compact notation for a net that creates m copies of a vector of n inputs.

t_{out:i} . . .

. . .

. . .

x_1 x_n δ_{mn} R1 f

x_1 x_n =⇒

=⇒

δ_{mn} R1 f

. . .

. . .

t_1 t_n f F_i

. . . x_1

f . . .

T_i

x_1 x_n

x_n

P or_m R_m

P or_m R_m

Fig. 4. Representation of f(t_1, . . . , t_n) (left), and rules for f (right).

Finally, terms are encoded using a function θ such that • θ(x) is x,

• If c is a constructor, θ(c(⃗s)) is the equation x = c( ⃗θ(s)), where the variable x is fresh, and denotes the root of the term, • If f is a defined symbol of arity n with m rewrite rules, and the roots of the terms ⃗t are translated using variables ⃗x_i, then θ(f(⃗t)) is defined by (see Fig. 4, left): θ(t_1), . . . , θ(t_n), (⃗x)δ_{mn}(⃗t^′, ⃗v), ⃗(⃗v_i)R_i(z_i, ⃗y_i), (⃗z)P or_m(f(x, ⃗t^′))) where x denotes the root of the translated term and: · (⃗x)δ_{mn}(⃗t^′, ⃗v) duplicates m + 1 times the input information ⃗t; · (⃗l_j)R_j (⃗r_j) analyzes the left hand side of the rule R_j , and gives T_j if ⃗l_j matches this rule, F_j otherwise;

· (⃗z)P or_m(s) chooses one rule for the reduction (between all the rules that matched);

· finally, s = f(x, ⃗t^′) reduces f(⃗t) into the right hand side of the selected rule.

Term rewriting systems can be seen as a high-level (implicit) parallel language, but they are also a useful tool for the implementation of theorem provers based on equational logic. Therefore an encoding of term rewriting systems in INAMB can also be seen as a first step towards the development of new implementation techniques for equational theorem provers.

6 Conclusions

We have defined a simple though powerful extension of interaction nets, IN- AMB, and shown that several interesting languages can be encoded in this framework, specifically term rewriting systems, INMPP (and as a consequence a process calculus). We leave for future work the study of the encoding of the full π-calculus. We have also shown the limits of INAMB, which can provide encodings for angelic and infinity merge, but not for fair merge.

The advantage of remaining close to standard interaction nets is that an implementation of INAMB can be obtained by a minor modification of an interaction net implementation. We hope to use the calculus defined for INMPP to define an abstract machine for INAMB similar to the one defined in [14].

Acknowledgments: We thank C. Palamidessi and P. Panangaden for several pointers to related work, and the members of the CNRS/NSF project Logic based specification and verification tools for concurrent languages and of the Working Group on Interaction Nets for many enlightening discussions.

References

[1] V. Alexiev. Non-deterministic Interaction Nets. PhD thesis, University of Alberta, 1999.

[2] A. Asperti, C. Giovannetti and A. Naletto. The Bologna Optimal Higher-order Machine. Journal of Functional Programming, vol.6(6):763–810, 1996.

[3] A. Asperti and S. Guerrini. The Optimal Implementation of Functional Programming Languages, volume 45 of Cambridge Tracts in Theoretical Computer Science. Cambridge University Press, 1998.

[4] P.-L. Curien. Categorical Combinators, Sequential Algorithms and Functional Programming. Progress in Theoretical Computer Science. Birkhauser, 1993.

[5] M. Fernández and I. Mackie. From term rewriting to generalised interaction nets. In Proceedings of PLILP’96. Programming Languages: Implementations, Logics, and Programs, number 1140 in Lecture Notes in Computer Science. Springer-Verlag, 1996.

[6] M. Fernández and I. Mackie. A calculus for interaction nets. In Proceedings of PPDP’99, Paris, number 1702 in Lecture Notes in Computer Science. Springer, 1999.

[7] G. Gonthier, M. Abadi, and J.-J. Lévy. The geometry of optimal lambda reduction. In Proceedings of ACM Symposium Principles of Programming Languages, pages 15–26, 1992.

[8] L. Khalil. Polymorphic types for interaction nets. In H. Ehrig and G. Taentzer, editors, Proceedings of GRATRA’2000, Joint Appligraph and Getgrats Workshop on Graph Transformation Systems, pages 257–266. Technical University of Berlin Report Number 2000–2, March 2000.

[9] Y. Lafont. Interaction nets. In Proceedings, 17th ACM Symposium on Principles of Programming Languages, pages 95–108, 1990.

[10] I. Mackie. YALE: Yet another lambda evaluator based on interaction nets. In Proceedings of the 3rd International Conference on Functional Programming (ICFP’98), pages 117–128. ACM Press, 1998.

[11] J. McCarthy. A basis for a mathematical theory of computation. In P. Braffort and D. Hirschberg, editors, Computer Programming and Formal Systems, pages 33–69. North Holland, 1963.

[12] P. Panangaden and V. Shanbhogue. The expressive power of indeterminate dataflow primitives. Information and Computation, 1992.

[13] D. Park. The fairness problem and non-deterministic computing networks.

In Proceedings of the 4th Advanced Course on Theoretical Computer Science. Mathematisch Centrum, 1982.

[14] J. S. Pinto. Sequential and concurrent abstract machines for interaction nets. In J. Tiuryn, editor, Proceedings of Foundations of Software Science and Computation Structures (FOSSACS), number 1784 in Lecture Notes in Computer Science, pages 267–282. Springer-Verlag, 2000.

[15] E. W. Stark. On the relations computable by a class of concurrent automata. In Proceedings, 17th ACM Symposium on Principles of Programming Languages, pages 329–340, 1990.

EXPRESS 2002 PreliminaryVersion

Interaction Nets McCarthy’s amb

Maribel Fernández and Lionel Khalil^1

LIENS (CNRS UMR 8548), École Normale Supérieure 45 Rue d’Ulm, 75005 Paris, Franc

Abstract

Interaction nets are graphical systems which have been successfully used to

implement various efficientevaluation strategies in the -calculus (including optimal reduction).However, they are intrinsically deterministic and this prevents from applying these techniques to concurrent languages non-determinism plays a key rôle. In this paper we show that a extension — the addition of one agent in the spirit of McCarthy’samboperator — allowsustodefinenondeterministicprocesses such as angelic infinity merge, and more generally, to encode processcalculiandwideclassesoftermrewriting(includingsystems defining functions). We also showthatAlexiev’sINMPP(interactionnets with multiple principal ports) can be encoded,forwhich we giveatextualcalculus and a type system that ensures the absence deadlock.

1Intro duction

In teractionnets[9 ]areagraphicalmo delof computationderiv ed from the

m ultiplicativ e pro ofnetsoflinearlogic. An in teractionnetprogram consists

of a graph agen ts at the no des, and a set graph rewriting rules whic h sp ecify the in teraction bet w een t w o agents connected through their principal

p orts (eac h agent has a unique principal p ort,and there is a unique rule for eac h pair of agen ts).In teraction nets ha v eb een used to implemen t the

optimal ev aluator for λ-calculus [7 ,3], on which the programming language

BOHM[2]isbased. They enjo ynicetheoreticalandpragmaticprop erties,

suc h as strong confluence and localit y of rewriting. Ho w ev er,they are not

suitable for modelling parallel functions and systems, suc h

as process calculi or term rewriting systems.

In the past, sev eralextensionstoin teraction nets have b een prop osed with the aim of implemen tingnon-deterministic featuresof programminglan-

guages [1 ,5]. These extensions roughly of t w o kinds: eithertheyusethe

1

Email: maribel@di.ens.fr,khalil@di.ens.fr Thisisapreliminaryversion. The final versionwillbe published in Notes in Theoretical Computer Science URL: www.elsevier.nl/locate/entcs

Fern andez and Khalil

samenetsbutbreaktheconfluence prop erty b y relaxing some conditions in the

definition of in teractionrule(for instance, in [5 ] a state added, and agen ts

areallo w ed to in teract through state), or they extend the formalism by

adding sp ecific agents with rewriting mec hanisms which are not allo w ed in

con v en tional in teractionnets(for instance, in the language INMPP ] agen ts

are allo w edto ha v e more than one principal port).

In this pap erw e consider the latter alternative, and define a minimal extension of in teraction nets,called

INAMB, whic h allo wsus to enco de non-

determinismbutremains asclose to con v en tionalin teraction nets as p ossible.

The extension consists of adding just agen

t, amb, with two interaction

rules(similar toMcCarth

y’s amb operator [11 ]). To demonstrate expres- siv e p ower of the extended system, we first sho w that the non-deterministic

angelic and infinit ymergepro cesses can b e defined INAMB, but fair merge

cannot.W e then sho w that INAMB actually p o w erful enough to encode the

whole language INMPP with m ultiple principal p orts),whic h Alexiev

used to encode a pro cess calculus. Finallyw e sho w that INAMB is a parallel

mo del of computation which can implemen t all functions defined b y construc-

tor term systems (including non-sequen tial functions,that cannot b e

implemented in con v en tional interaction nets). This mak esthis formalism a

go o dcandidate forthe implemen tation of concurren t programming languages

basedontermrewriting.

W epresen t the extension first in an intuitive graphical w a y ,and then giv e

a textual calculus for INMPP (whic h applies also to INAMB a particular

case) with a formal operational seman tics, and a typ e system that ensures the

absence of deadlo c k. Overview. In the next section we recall some basic preliminaries on in-

teraction nets. Section 3 gives examples of the kind of system we w ould lik e

tomo del, and defines the extension of in teraction nets with the agen

tamb

and the enco dingof theparallel mergeprimitiv es.In Section 4 w e formalize

the system, giving the operational seman tics and a typ e system that ensures deadlo c k-freeness. W eusethiscalculustopro v e the equivalence b et w een IN-

AMB and INMPP

. Section 5 describes the enco ding of term rewriting systems

in INAMB. W e conclude the paper in Section 6.

2 Interaction Nets

An interaction net system is sp ecifiedb y a set Σ of agents,and a set IR of

interaction rules. Each α∈ Σ has an asso ciated(fixed)arity. If the arity of α

is , then the agen

t n + 1 ports :a distinguished one called the principal port depicted by an arrow, and n auxiliaryports :

� � α � � � · · · x 1 x_n

Fern andez and Khalil

Anet N built on Σ is a (not necessarily connected) with agents at the v ertices.The edges of the net connect agents together at the p orts such that

there is only one edge ev ery p ort (edges may connect t w o p ortsof thesame

agen t). Anetma y also ha v e edges free extremes, called wires,and their

extremes are called ports b y analogy

. Theinterface of a net is its set free

p orts.

A pair of agen ts (α, β )∈Σ 2 connectedtogether ontheirprincipalp ortsis

called an active pair ; the in teractionnetanalogue of a redex. An interaction

rule ((α, β ) =3DN ) ∈ IR replaces an occurrence of the active pair α, β ) by

the net N . Rulesha v e to satisfy t w ov ery strong conditions: thein terface of

the active pair m ust b e equal to in terface of the righ t-handside, and at

most one rule b e defined for eac h active pair. These conditions imply that

in teractions are alw a ysbinary

, lo cal, and confluen t. F or this reason,

in teractions can tak eplacein an y order in a net,ev en in parallel. W erefer

to [9 ] for a detailed presentation and examples of in teractionnets.

W e recall the interaction calculus dev elop edin[6], whic h pro videsa textual

notation for nets and rules,as w ell as a formal account of the rewriting pro cess.

Let Σ b e a set of agents and N a set of (or v ariables) disjoin twithΣ.

Terms are by the grammar t::=3Dx|α (t

1 , . . . , t n

)

wherex ∈ N , α ∈Σ, n is the arit

yofα and 1 , . . . , t n are terms with the

restriction that eac h name can most app ear t wice (linearity constraint).

N (t) denotes the set names o ccurring in t, andwe write (t

1 , . . . , t_n

) as ⃗

t.

An eα ( ⃗) =3D β (⃗) indicates a connection b etween the principal p orts

of the agen

ts α andβ . We denote a t

1^{=3D} u

1 , . . . , t n =3D u

n

of equations b

t =3D . To represent nets we use configurations,which are pairs ⃗ t | Δ⟩where ⃗t_{is} interface_{and Δ is a multiset of equations describing the connections}

b et w een the agents in the net. Configurationssatisfy thelinearit y constraint

(each v ariableo ccurs at most t wice).

An interaction ruleb etween α andβ is written α (

⃗ t_) ▷◁ β_(⃗u_{),where} ⃗t_{and}⃗u

represen tthenetin therigh t-hand side of graphical rule (in tuitiv ely ,since

the rule preserv esthein terface, it is sufficient to indicate the subnets to b e

connected to eac h p ortinthein terface of the active pair, see [6 ] for details).

Let R b e a set of rules,the rewriting pro cess is defined by four computation

rules that to configurations:

Interaction:α ( ⃗s

′ ) ▷◁β ( ⃗u ′ ) ∈ R ⇒ ⟨

⃗ t|_(⃗s_{) =3D} β_(⃗u_), ⟩ → ⟨ ⃗t|s s ′ , u_{=3D} u ′ , Γ⟩

Indirection:x ∈ N (u)⇒ ⟨ ⃗t|x =3D t, u v, Γ⟩ → ⟨

⃗

t | u[] =3D v, Γ⟩

Collect: x ∈ ( ⃗t)⇒ ⟨ ⃗t|x =3D u, Γ⟩→⟨ ⃗t[] | Γ⟩

Multiset:Θ ⇌

∗

Θ

′ ⟨ ⃗1 | Θ^′

⟩ → ⟨ ⃗ t

2 | Δ

′ ⟩, Δ

′ ⇌^∗

Δ ⇒ ⟨ ⃗ t_1 Θ⟩ → ⟨ ⃗ t

2 | ⟩

where ⇌ is an equivalence that states the irrelev anceof theorderofequations

inthem ultiset, as w ell as the order of the mem b ers in an equation.

Tw o configurations which are the same up to renaming of variables are

called α-con v ertible, and in the first rule ab o v e w e always use α -con v ersionto

get a cop y of the interaction rule with all v ariablesfresh.

Fern andez and Khalil

Example2.1 Addition of naturalnumbers. We use agents Z, S, Addwith

arity (Z) =3D 0, arityS ) =3D 1, arity(Add) =3D 2, and two interaction rules:

Add (S (x),y ) ▷◁ SAdd (x, y )) (x, x) ▷◁Z

The addition 1 + 0isrepresen ted b y the ⟨a | Add (a, Z) =3D S (Z⟩,

whic h rewrites to configuration represen ting 1 as expected:

⟨a | (a, Z ) =3D (Z )⟩ −→⟨a | a =3D Sx^′ ),y^′ =3D Z, Z =3D Add (x

′ , ′ )⟩ −→ ∗ ⟨Sx^′ ) Z =3D Add (x

′

, Z )⟩−→ ⟨S (x ′ ) | x ′′ =3D x

′

, x^{′′}

=3D Z⟩ −→

∗ ⟨SZ ) | ⟩

3Adding a non-deterministic agent

In teraction nets ha v eb een used as a to ol to model and implemen t functional

programming languages [3 ,10 ].They pro vide efficien tev aluation strategies,

andarew ell suited for parallel implementations since the order of the inter-

actions do es not matter ]. Ho w ev er, although interactions can o ccur in parallel, the constrain ts in definition of rules mak e them unsuitable for

the implemen tation of concurrent languages. More precisely, in the in terac-

tionnet framew ork it is not p ossibletodefine non-deterministic pro cesses,

or non-sequen tial functions (see instance [4 ] for a definition of sequential

function). A w ell-kno wnexampleofsuc h a function is defined b y

the rewrite system:

por (True, x) → True por (x,True) → True por (False, False) False

As an example of non-deterministic pro cess, w econsidera parallelmerge:

itcanb e sp ecified in three ways, called angelic merge, infinity mer

, and fair

merge[13 ]. All the merge primitives have a pair of input and one

output sequence. Theelemen ts of the input sequences appear unaltered in the

outputsequence, and their relativ eorderintheinput sequenceispreserved

(but elemen ts from differen t input sequences can app earinan y order in the

output).The difference b et w eentheseprimitiv es is that, inafairmerge, ev ery

elemen tofaninput sequencewillev en tuallyapp ear in the output, whereasfor

an angelic merge all that is guaran teed is that the output sequence is infinite

if at least one of the input is infinite. The infinit ymerge has the

dual prop erty: it guaran tees that if one of the input sequences is infinite then all the elemen ts of the other one app ear in the output. It is well-known

that angelic merge can be implemen ted using fair merge,and that infinit y

mergecanb e implemen ted with merge. Moreo v er, these three levels

of expressivit y are fundamen tally differen t: fairmergecannotb e implemen ted

b y angelic merge, whic hinturn cannotb e implemen tedb y infinit y merge [12 ].

Our aim is to increase the expressive p o w er of the interaction net frame-

w ork,but remaining as close as p ossibletotheoriginaldefinition. A first idea

Fern andez and Khalil

would b e to allo w two rules with the same left memb er. In this w a yw e obtain

a non-determinism. Instead, w ewill defineaminimal extensionof

in teraction nets whic hconsistsofaddingoneagen t with two principal p orts

(usedasinputs)andt w o auxiliary ports. The agen t, which w e call amb in-

spired b y McCarth y’sw ork [11 ], is defined by rules as sho wn b elow, where α

isan y agen t.

� � α � � � · · · � � amb � m � a � � �

b^{=3D} ⇒ � �

α

· · · m � � �

b

a

� � · · · � � � � amb � m a � � b

=3D⇒

b a

� � α · · �

m

� �

Whenan agen

t α has its p ort connected to a principal port of amb, aninteraction can take place,and the agent α arrives at the main output

port of amb, whic hw e called m in the diagram abo v e. If in a net there are

agen ts with principal p ortsconnectedtob oth principal ports of amb, the c hoice of the in teractionruleto b e applied is non-deterministic.

T o illustrate the expressive p o w er gained by this extension w e give the

definition of angelic infinit y merge.

Example3.1 Parallel Merge.We implement angelic merge amb, an

agen

tAM of arity 2, andunaryagents α representing the elements of the

input sequences L 1

and L_2

, as sho wn in Fig. 1 angelic merge pro cess is represen ted b y the net at the left and the corresp onding reduction rules for

eac h α ∈ L

1 , 2 are given at the righ

PSfrag replacements

Fig. 1.Angelic Merge

Stark [15 ] gives an implemen tation of infinity merge using an oracle, which

is a pro cess that an infinite sequence of arbitrary numb ers. This

oracleisused b y a pro cess that repeats forev er:

• read a v alue n from oracle and output n v aluesfromL 1 ;

• readanothervalue n

′

from oracle and output n

′

v alues from L

2

.

If at any p oin t w e have less than n tok ensleftintheinputsequencethen the pro cess is blo c k ed.But w e can guaran teethatif oneinputsequenceis infinite then all the tok ensintheotheronewill ev en tuallyb e in the output

(which is the sp ecification of infinity merge). Therefore, to show that infinit y

Fern andez and Khalil

mergecanb e defined in in teractionnetswithambitissufficient to sho w the

implementation of a random n um b ergenerator, whic h can then be used to

build the oracle.Fig. 2 sho ws a random numb er generator: the net at left

generates an arbitrary numb er in the output p ortxusingthein teraction rules

giv en at the righ t,whereϵandδ (thestandarderaser and duplicatoragen ts)

are used to preserv e the interface. Notice that there are active pairs in the

righ thand sidesofthese

PSfragreplacemen

Fig.2. Random Number Generator W e remark that the fair primitiv e cannot b e implemented in in ter-

actionnets withamb: this is a of the results of [12 ]. Actually, the

addition of turns out to giv e a computational model whic h is as p owerful

as Alexiev’s INMPP (interaction nets with m ultiple principal ports). T o sho w this, in the next section w eformalize theop erational semantics of the system.

4A Calculus for INMPP

Inordertogiv e a formal op erationalseman tics to the extension of interaction

nets with amb,whic h w e call INAMB hereafter,w e will in tro duce a textual

in teraction calculus which is an extension of the one defined in ] (see Sec-

tion 2). INAMBis clearly aparticularcase ofINMPP, and to facilitate the

comparisonintheotherdirection, w e give the textual calculus for the whole of

INMPP

. The main feature of INMPP that agen ts can ha v ean y finite n umb er of principal p orts, butin teraction rules still sp ecifybinaryin teractions

and preserve the in terface of the active pair.

In tuitiv ely, an agen

t α withnauxiliary p orts connected to t_1, . . . , t_n and m principal ports connected to l_1

, . . . , l_m

, depicted:

� � α � � � · · · t 1 t_n

l_p� �l

m

l_1

will b e represen tedb y a generalized term (l

1 , . . . , l m )αt_1, . . . , t_n ). Ifthepth

Fern andez and Khalil

principalp ort is ready to in teractw e will write an equation of the form

(l_1,...,l_{p−1}

,−,l_{+1} ,...,l m )α (t

1 , . . . , t n

) =3D l p

.

Definition4.1 Terms and Equations for INMPP.LetΣ b e a set of agents

and N a set of disjoint with Σ. Termsaredefinedby the grammar:

t ::=3D x | (l

1 , . . . , l p−1 , , l_{p+1} , . . . l_m )(t_1,...,t_n )

where x ∈ N ,α ∈ Σ, arity(α ) =3D n,m is the n um b erof principal p orts

α , t_1

, . . . , t

n , l_1

, . . . , l

p1 , l_{p+1}

, . . . , l_m

are terms, and indicates the se-

lected principal port. Eac h v ariable occurs at most t wice in a term:v ariables

that o ccuroncerepresen t free p ortsandarecalled free variablesand v ari-

ables that occur t wice represen tlinks. If α has a principal p ort w e

simplywriteα ( ⃗

t) instead of ()α ( ⃗ t). The roofxisx, and the root of

(l_1

, . . . , l_{−1} , −, l p+1 , . . . , l m )αt_1, . . . , t_n ) is the agent α .

Equationsaredefinedby the grammar:

eq ::=3D (l

1

, . . . , l m )αk_1, . . . , k_n ) | =3D u

where ∈ Σ, m > 0 is the numb er of principal p ortsof α , arityα ) =3D n, and

l_1,...,l_m ,k

1 ,...,k n ,t,u are terms.

Equations of the form =3D u are explicit, theyindicate eithera renaming

(iftoruisavariable),oranactive pair (a connection between two principal

p orts) that is ready to be reduced. Equations of the form (

⃗ l_{)(} ⃗k_{),which} w e also multiequations, indicate poten tial in teractions bet w een α and the

agen ts at the ro otofthetermsin ⃗

l .

Definition 4.2Interaction rules in INMPP.An interaction rule between the

pthprincipal p ort of α andthe q th principal p ortof β is written

l_1, . . . , l p−1 , , l_{p+1} , . . . , l_m )α( ⃗t)▷◁ (k_1

, . . . , k_{q−1} , −, k

q +1 , . . . , kn^{)(}⃗u^), ⃗eq

where ⃗

t, ⃗u,

⃗l, ⃗k, ⃗eq_{represent the right-handside of the graphical rule.}

Notethat thedefinition ofin teractionrulediffersfrom theonegiv enfor

con v en tional interaction nets (see Section 2) in that it only indicates the

subnets of the right-hand side to b e connected to each p ort in the in terface

of the left-hand side (terms⃗ t, ⃗u,

⃗ l,⃗ k ), but it also allows extra equations ⃗eq.

These equations are used to represen t the activ e pairs in the right-hand side of

the graphical rule.Although for con v en tionalin teraction nets it is sensible to

assume that there are no active pairs in the righ t hand side rules [9 ], to mo del non-deterministic primitiv es involving p oten tially infinite structures it is

crucial to allow activ e pairs in righ t-handsides (see Fig. 2).

W erepresen t nets b y configurations,for whic h w e first normal terms

(i.e. terms without activ e pairs) to b e used in in terface.

Definition 4.3Normal Terms. A t is normal if it is a variable or it has

the form x 1, . . . , x

p−1 −, x_{p+1}

, . . . , x

m

)α (u

1 , . . . , u_n

) where

•

⃗x ∈ N are principal variables of (i.e. names of principal p ortsofα ),

Fern andez and Khalil

• ⃗u are normal terms, and • if x is a variable of t or of any subterm of t, x o ccurs at most

onceint.

Note that since any principal v ariable o ccursatmostonceint, thereare

no connections b etween principal p orts in the represen ted b

y t.

Definition 4.4 Configurations. A configuration is a ⟨ ⃗t|⟩ where Δ is a

m ultisetof equations, ⃗is a list of normal terms that do not principal

v ariables, and no v ariable o ccurring in

⃗ t_{o ccurs in Δ.Each variable}

occurs at most t wice in a configuration; v ariables o ccurring once free.

The conditions on

⃗ t_{guaranteethattherearenoactive pairs in the inter-}

face of the configuration.The definition giv en in Section 2 con v en tional

in teractionnetsis aparticularcase, sincecon v en tional terms ha v enoprincipal

v ariable (every term is normal).

Beforegivinganexample, w e present the computation rules that define

the dynamics of the system. Theseareageneralizationof the computation

rules for the in teractioncalculus in Section 2. There are three of In-

direction rules. Thefirst isthestandard rule. Thesecondtak es in to ac-

coun t the fact that (l

1 , . . . , l p−1 , x, l p+1 , . . . , l m )α (⃗s) represents the same net as x =3D (l

1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α(⃗s) since intuitively in b oth cases we are sa ying x is the name of the pth principal port of α . The third Indirection

rule transforms a m ultiequationin to an explicit equation (where an active pair

is represen tedexplicitly); in teraction then applies the usual w a y . Cho os-

ing whic h equation is made corresp onds to c ho osingwhic h principal

p ortis usedfor in teraction. We also need t w o Collect rules,since w e ha v e t w o kinds of equations. Intuitively

, the Collect rules move to the in terface of

the configuration the subnets where computation has already finished; we

need some conditions on these to ensure that the result is a w ell-formed

configuration.

Definition4.5 The Multiset rule do esnot change (see Section 2),only the

In teraction,IndirectionandCollect rulesaregeneralised:

Indirection (i) x ∈ N(eq ) ⇒ ⟨

⃗

t | x u, eq, Γ⟩ → ⟨

⃗ t |_[u/3Dx_],_Γ⟩

Indirection (ii) ∈ N (eq ) ⇒ ⟨

⃗ t|_(l 1 , . . . , l p−1 , x, l p+1 , . . . , l m )α (⃗s), eq Γ⟩ → ⃗t | eql_1, . . . , l_{p−1} −, l_{p+1}

, . . . , l

m

)α (⃗s/3Dx], ΓIndirection (iii)

⟨

⃗

t | (l

1 , . . . , l p−1 , k_1, . . . , k

q −1 ,−,k q +1

, . . . , k_n

)β (⃗), l_{p+1}

, . . . , l_m

)α (⃗), Γ⟩ →

⟨

⃗t | l_1, . . . , l p−1 , , l_{p+1} , . . . , l_m )α(⃗s) =3D (k

1 , . . . , k

q −1 ,−,k q +1

, . . . , k_n

)β (⃗), Γ⟩

Interaction

(l^′

1 , . . . , l ′ p−1 , −, l^′ p+1 , . . . , l ′ m α ( ⃗s ′ ) ▷◁(k^′_1

, . . . , k^′

q −1 ,−,k^q

+1 , . . . , k ′ n β ( ⃗u ′ ), ⃗eq ∈ R ⇒ ⟨ ⃗ t |_(l 1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α(⃗s) =3D (k

1 , . . . , k

q −1 ,−,k q +1

, . . . , k_n

)β (⃗), Γ⟩ →

⟨

⃗t | s_{=3D} s

′

,u =3D u^′ ,l_i =3D l ′ i ≤ i ≤ m, i =3D p), k_j

=3D k^′

j

(1 ≤ j ≤n, j ≠3D q, ⃗eq, Γ⟩

Fern andez and Khalil

Collect(i)

x ∈ N (

⃗ t_{),} u_{normal, principal variable in} u_{occurs in Γ} ⇒ ⟨ ⃗ t | x u,_Γ⟩ → ⟨ ⃗ t[u/3Dx] | ⟩

Collect x ∈ N ( ⃗ t), (l_1

, . . . , l_{−1} , x, l

p+1

, . . . , l m )α (⃗s) normal and no principal variable

o ccurs in ⇒ ⟨ ⃗t (l 1,...,l p−1 ,x,l_{p+1}

,...,l_m

)α (⃗), Γ⟩ →

⟨

⃗t_{[(}l 1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α(⃗s)/3Dx]|Γ⟩

In the Interaction rule w e use α-con v ersion to get a fresh copy of the rule

in , as usual. Note that the Indirection do not c hange the underlying

net, it is the In teractionrulethatp erforms the actual computation.

It is easy to translate a diagram into the textual notation (but the trans-

lation is not unique): briefly, it suffices to giv e a name eac h p ort, put in

the in terface of the the names of the free p orts of the net,and

write an equation of the form x 1, . . . , x

n )(y_1,...,y_{) for each agent.We}

can then simplify configuration using the Indirection rules.F or the re-

v ersetranslation, w e use the Indirection in b oth directions to expand all

the equations in to terms such as (x 1

, . . . , x

n )α (y

1

, . . . , y m

), dra wtheagen ts,

and draw the edges corresp onding to two o ccurrences of the same name.

The Indirection and In teractionrulesallo w us to sim ulatethegraphical

reduction: whenanin teraction can tak eplaceinanet

(i.e. there is a connec-

tion b et w een principal ports), the corresp onding can b e reduced

usingtheIn teraction rule, mo duloIndirection.

Example 4.6We show the interaction rules for the agentsambandα :

−, l )ambα (⃗x ),l ) ▷◁ α (⃗x ) (l−)amb(α (⃗x ), l )▷◁ α (⃗x )

and the in teractionruleforangelic mergegiv en in Fig. (righ t): AMα (x), ) ▷◁ α (z ′ ), z, z^)amb^(AM^(x,y^), y^)

Thefollo wing configuration c represents the angelic merge pro cesssho wn in

Fig. 1 (left), the input sequences con tain agents α

i β_i resp ectively: ⟨x | β_1 (β

2^{(′ ))}, α

1

(α_2

(α_3

(z ))))amb(AM(x, y ), y)⟩

Using the computation w e can reduce it as follo ws: c →_{Indirection}

⟨x | (β

1^(β

2

(z^′

)), −)(AM (x, y, y ) =3D α

1

(α_2

(α_3

(z )))⟩

→ Interaction ⟨x|l^{=3D} 1^(β 2

(z^{))}, x^′

=3D α

(α 3z^{))}, α 1

(x^{) =3D} AM^(x, y^), l^{=3D} y⟩ →_{Interaction}

⟨x | l =3D β

1^(β

2

(z^′

)), x^′

=3D α_2

(α

3z )), x^′

=3D z_1

, x =3D α

1 (x_), y_{=3D} z

0

, (z 0 , 1 )amb(AM(x_1,y_1 ),y

1^),l^{=3D}y⟩

→^∗

Indirection ⟨x|x^{=3D} α 1

(x_),_(β_1

(β_2

(z

′ , α_2α_3 (z)))amb(AM (x

1 , 1 ), y_1 )⟩ →_{Collect}

⟨α_1

(x

1^)|^(β 1

(β

2z^′ )),α_2 (α

3^(zamb^(AM^(x

1

, y_1

), y_1

)⟩

Fern andez and Khalil

Thereductionsequencecon tin ues until b oth input sequences are empty . 4.1 A Type System for INMPP

Inspiredb y [9,6 ,8 ], w ewilldev elop a p olymorphict yp e system for INMPP .

W e will use the t yp esystemtoensurethe absenceofdeadloc k (a deadlo c k is

a cycle of principal p orts).

Definition 4.7 Weconsidera user-definedsetof types, built out of a set of

t yp e v ariables(φ, φ , . . .

) and a set of typ e constructors (suc

h nat, b o ol, list, . . . ). Thetyp e of a p ort is σ

s

with two comp onen

ts: σis the typ e

oftheinformationands isthe directionofinformation passing through

thep ort (−/3D+ for output), mo dulo the equiv alences:

(σ^−

)

−_σ +_{, σ} − )

+ =3D σ

−

, (σ

+ )^−

=3D σ^−

, (σ^+

)^+ =3Dσ^+ (σ^s )

− =3D (σ

− )^s

=3D σ^{−s}

, (σ^s

)^+ =3D

(σ^+ ) s =3D σ

+s

=3D σ

s

.

T ot yp e equations w e use the sym b ol ⋄ and to assign typ es to nets w e use

one-sided sequen ts and the following inference rules:

Definition4.8 For each agent α with p principal ports there is a user-defined

Graft rule:

Γ 1 , 1 : σ^s 1 1

, . . . , t i1 σ

s_i

1

i_1

. . . Γ

k , t : σ^{s k}

k^{, . . . , t} i_k^σ s_i

k

i_k

(Graftα ) Γ_1

, . . . , Γ

k

, α (t 1

, . . . , t

n ): (τ

s_1 1

, . . . , τ s p p ) whic h indicates that the typ es of the p principal ports of α are τ s 1 1 , . . . , s^pp

, and

sp ecifies how the auxiliary p orts are typ ed. Although when p 1 α (t 1

, . . . , t_n )

is not a term according Definition 4.1, this notation allows us to giv e the t yp es of all the principal ports at the same time.

, t: σ, uτ , Δ (Exchange )

Γ, u: τ , : σ, Δ

ΓΔ (Mix) Γ, Δ T o t yp e edges,whic h are represen ted by v ariables and equations,w e use the

rules:

(Axiom ) x: σ^s

, x: σ^s

Γ, t: σ s Δ, uσ^{−s} (Cut )

Γ, Δ, t =3D : ⋄

∀1 i ≤ m, l_i

: σ^{−s} i i Γ_i α ( ⃗ t): (σ

s_1 1

, . . . , σ s m m^, Γ

MultiCut ) Γ

1

, . . . , Γ

m^, Γ^{, l} 1^{, . . . , l}

m )α ( ⃗ t ): ⋄

∀1 ≤ i ≤ m,i ≠3D j , l

i

: σ^{s i}_i

, Γ

i (^⃗ t): σ^{s 1}

1

, . . . , σ

s_m m ), Γ (Select ) Γ_1 ,... ,Γ_m

,Γ,(1

,... ,l

j−1

, , l j

, . . . , l m

)α (^⃗ t ): σ^s j j Definition4.9 Typeable Configurations. Let {x

1

, . . . , x m } b ethesetof free

names of t,then t is a term of t yp eσ s

if thereexist t yp es τ 1

, . . . , m such that x

1^: τ

1 , . . . , x m : τ

m

, t: σ s

is deriv ablewiththerulesab o v e.

10

Fern andez and Khalil

Equationsaret yp ed in a similar way: an equation eq (which is either of

the t =3D u or (l

1 , . . . , l p )αt_1, . . . , t n

)) with free {x 1, . . . x

m } is t yp eable if x

1

: τ_1

. . . , x_m

: τ

m , eq: ⋄ is derivable.

A configuration ⟨t

1

, . . . , t n | eq

1

, . . . , eq m ⟩ with free x_1, . . . , x p is t y-

p eable b

y σ^{s 1}_1

, . . . , σ^s n n iftherearet yp es ρ

1 , . . . , ρ p suc h that

x_1 :ρ_1,...,x_p :ρ p ,t_1

:σ^1 ,...,t n :σ

s

n n

,eq

1^:,...,eq m

:⋄

is deriv able.

Lafon t [9 ] defines a class (standard) in teraction nets without deadloc ks

(cycles of principal ports), called semi-simple , whic h are built b yinduc-

tion using a set of operations on nets. This propert y can b e c hec k ed(for the

general nets in INMPP) the t yp e system ab ove.

Prop osition 4.10 (Absence of Deadlo ck) Typeableconfigurations are dead-

lock-free.

Moregenerally , w e can guarantee that reduction do es not create deadlo c ks

if t yp eablerules are used.

Definition4.11 Typeable Rules. Let Σ b e a set of agents with their asso ci-

ated Graft rules. Anin teraction rule

(l 1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α( ⃗t)▷◁ (k_1

, . . . , k_{q−1} , −, k

q +1 , . . . , kn^{)(}⃗u^), eq

1 , . . . , eq i

is t yp eableif:

(i) There is a typ e deriv ation D with conclusion

(z_1,...,z_{p−1}

,−,z_{+1} ,...,z

m

)α⃗x) =3D (z

′

1, . . . , z^′_{q 1} , −, z ′ q +1

, . . . , z

′

n )β (⃗y ): ⋄

and lea v es con tainingassumptionsforthev ariables ⃗z,

⃗z

′

, ⃗x and⃗y .

(ii) Thereisat yp e deriv ationwiththesameassumptionsleadingtothe

conclusion:

z_1

=3D l_1

: ⋄, . . . , z

m =3D l

m

: ⋄, z ′ 1^{=3D}k 1^: , . . . , z^′

n

=3D k_n

: ⋄, x 1^{=3D} t

1

: ⋄, . . . , x_h =3D t h : ⋄,y_1 =3D u

1^: ⋄, . . . y j^{=3D} u j : ⋄,eq_1 : , . . . , eq_i

: ⋄

(iii) Andwhenev er an equation

l^′, . . . , l^′ p−1 , , l^′_{p+1}

, . . . , l^′ m )α (

⃗ t′

) =3D (k

′ 1 , . . . , k ′ q −1

, −, k^′

q +1 , . . . , k^′n β^( ⃗s ′

) is t yp eable, its t ype deriv ation is obtained by using instances (replacing t yp e-v ariables b yt yp es) of the Graftrulesfor α and βapplied in D.

Example4.12 The interaction rules amb (see Example 4.6) are typeable

using the follo wingGraft rule:

, t_1φ^s , t

2^{: s}

(Graft amb) Γ,amb(t_1

,t

2^{):}φ^s ,φ s

)

To c hec k the t yp eability of the first rule for instance,w e build a deriv ation for

the activ e pair

(−, y )ambz, z

) =3D α (⃗

): ⋄

Fern andez and Khalil

which requires assumptions α (⃗x): σ s , y : σ −s , z: σ^s andz^′ : σ s

, where σ is the t yp e giv en to αin its Graft rule.Since the equations α (⃗x ) =3D z, l=3D y, l =3D z

′

are trivially typ eable with these assumptions, the rule t yp eable.

Prop osition4.13(Sub ject Reduction) TherulesIndirection, Interaction,

Collect and Multiset, preserve typeability and types.

As a consequence of Prop. and 4.13, a t yp eablesystem remainsdead-

lo ck free if w e use t ypeable in teraction rules for reduction.

4.2 Equivalence between INAMB and INMPP

Clearly, INAMB is included in INMPP

.Inthissectionw e sho wthatINMPP

can b e encoded in INAMB: w e will simulate agen ts with n principal ports

using the agen tswitha maxim um of t w oprincipalp orts a v ailableinINAMB.

Let Σ b ea setof agen ts and R a set of in teraction rules in INMPP

.The

imagein

INAMB ofΣ willbe called Σ

′

. F or eac h agent (

⃗tα_(⃗y_{)of Σ, we}

will emulate separately the non-deterministic choice b et w een principal ports

and the sequen tialreduction rules. F or the encoding of the non-deterministic c hoice, let (

⃗ t)Samb_n

(⃗x) be the following configuration (see 3, right): ( ⃗ t)Samb_n

(⃗x) =3D^{def} ⟨⃗x,

⃗ t | ∀i,_1 ≤ i ≤ n, t i =3D δi(l_), k_),_( ⃗l)amb_n select(⃗x,

⃗

k ))which selects one principal port to interact, and copies (with duplicator

agen

t δ) the nets connected to the other p orts in case they are used

in a rule as auxiliary information.More precisely ,

• t_i =3Dδ (i(l

i

), k

i

) duplicates and marks each input with a lab el,

•

( ⃗ l )amb

n

(s) cho osesinanon-deterministicmo de an input

• select(⃗x, ⃗k) selects the arguments corresponding to the chosen

PSfrag replacements

Fig. 3.Representation of amb

n

and S amb n

Fern andez and Khalil

Letusno w define the agen tsin tro duced in the configuration (

⃗ t_)Samb n (⃗). F or lab ellingtheinputs, w e use unary agents 1, 2, . . . n, whic h will mark an

agen t b efore it interacts with amb so that we can kno w after the interaction

which principal port of amb w as used.W e also use a clearing agent Cl to

remo v ethelab els. The in teractionrules for theselab elling agents are:

i(jx)) ▷◁ ji(x)) i(α i (⃗)) ▷◁ α (⃗u ) i((x)) ▷◁ (i(x))

(Cl(x)) ▷◁Cl(Cl(x))Cl(α (⃗)) ▷◁ i (⃗u)

The net amb

n b eha v es lik

eambbutwithnprincipalports (see Fig. 3,

left).It is defined b y induction with follo wing configuration, whereϵis

the eraser:

( ⃗tamb_{n () =3D}^{def} s, ⃗t | t_1, s ′ )amb(s, ), (t_2

, . . . , t_n

)amb_{n1} (s^′ )⟩ The agent select is defined by the follo wing rules:

select(l

p , l , . . . , l_{p1} , l_{p+1}

, . . . , l_m

, l_1, . . . , l_{p−}, p_(l_p

), l

p+1

, . . . , l

m

) ▷◁ p

(⃗ϵ) T o em ulate the sequential part of an agen t ( ⃗ t_)α_(⃗y_{) in INMPP} m

principal p ortsandits rulesR, w euseanagen

t ′ with one principal p ort,

whic h is in tuitiv elythepro jection of the agen ton eac h of its principal ports.

This agen t α ′

can ha v ealab el suc h as α

′ 1. . . , α^′ n

, whic h is a of the

selected principal port of the agen t in teractingwith it.

F or eac hrule inR b et w een pth principal p ort of αand the q th principal

p ort of β , we create a rule b et w eenα^′_q andβ^′

p

inR^′

. Before giving the definition

of the rules in R

′

, w e formalize the encoding of nets (configurations).

T o simplify the enco dingw e will consider a class shallow configurations

where the in terface contains only v ariables (this is always p ossible thanks to

the Collect rule) and equations are of form

• t u where t, u are either variables or terms (1 , . . . , , . . . , l_m

)α (

⃗ t) where ⃗ l and ⃗ t are variables,

•

or ( ⃗

l )α⃗ t) ⃗ l and ⃗ t are variables.

Prop osition 4.14 Foranyconfiguration c there exists a shallow configura-

tion c^′ such that c =3D c ′

modulo Indirection, Collect and Multiset.

Definition 4.15 EncodingConfigurations. We define function θ from con-

figurations in INMPP o v erasetΣofagen ts in toconfigurationsinINAMB

o v erasetΣ

′

of agents con taining:

• the set of lab elling agents and the clearing agen

t:, . . . , n, Cl ,

• amb, select, δ , , • for each agen

t α Σ, the agents , α_i α^′ , α ′

i

.

Fern andez and Khalil

ThetranslationofaconfigurationcinINMPPwill b e done as follo ws: Let

⟨ ⃗t Δ⟩ b e a shallow configuration equivalenttoc(mo dulo Indirection,Collect

and Multiset). Thenθ (c) will simply be the configuration ⟨ ⃗

t | ζ (Δ), where

ζ isthefunctiontranslatingequationsinINMPPequationsinINAMBas

follo ws:

(i) an equation x y is not c hanged by ζ ,

(ii)an equation x =3D (l

1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α( ⃗t)where ⃗l and

⃗ t_{are vari-}

ables, is translated as ζ((l 1,...,l p−1 ,x,l_{p+1}

,...,l_m

)α ( ⃗ t)) (iii) (l

1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α( ⃗t)=3D(k_1,...,k_{q 1} , −, k

q +1 , . . . , kr^{)(}⃗u^{) is}

translated as the union of ((l

1,...,l_{p−1}

,z, l_{+1} , . . . , l

m

)α (

⃗ t_{)) and} ζ ((k_1

, . . . , k_{q−1} , z,k_{q +1} ,...,k_)β_(⃗u_{)),where}z_{is a fresh variable,}

(iv) ζ ((

⃗

l )α (

⃗ t_{)) is} l_{=3D} α_( ⃗ t) if α hasonlyone principalp ort, otherwiseit

is the m ultisetof equations intheconfiguration

(

⃗l_)Samb_{m (}α ′ ( ⃗ t, g_2

, . . . , g

m

), Cl(g

2 ), . . . , Clg_m )).

The result of θ () is unique mo dulo Indirection Multiset (w e alw a ys w ork with configurations mo duloα -con v ersion).

Definition 4.16 EncodingRules. The rules R in INMPP are enco ded in

INAMB by a set R

′

of rules con taining:

• the rules for the lab ellingagen ts and clearing agen t,

• the rules amb, select, δ, and ϵ,

• for eac h rule in , whic h without loss of generality (thanks to the Indirection rules) w e assume to b eoftheform

(1 , . . . , l p−1 , , l_{p+1} , . . . , l_m )α( ⃗t)▷◁ (k_1

, . . . , k_{q−1} , −, k

q +1 , . . . , kn^{)(}⃗u^), ⃗eq

where ⃗

l,

⃗k, ⃗ t, ⃗u_{are variables, we include in} R ′ the α ′

q

(l

p−1 , . . . , l_1

, ⃗t, l m , . . . , l

p+1^) ▷◁ β^′_p

(k_{q 1} , . . . , k

1 , ⃗u,k_n ,...,k

q +1^),ζ^( ⃗eq^)

Prop osition 4.17 (Completeness)For any configurationcinINMPPsuch

c → c^′ there exists a configurationdinINAMB,theimageofcinthe

above encoding, suchthatd →^∗ d^′ where d^′ is the encoding of c^′ plus even-

tually some trees of δ, ϵandlabelling agents, whichwill be erasedbyfurther interactions.

Prop osition 4.18 (Soundness)If d =3D θc) and d →

∗

d^′

, then there exists a configuration c

′ such that c→^∗ c

′ and d

′

→^∗ d^{′′} where d^{′′} is the encoding of c^′ plus eventually some trees of δ, and labelling agents, which will be erased by further interactions.

Alexiev [1] sho ws that INMPP has same expressiv e p o w eras In teraction

Nets with Connections (called INMC), and also shows that the finite

π-calculus (i.e. the π -calculuswithout the op erator of choiceandreplication)

can b eenco ded in INMC. The same techniques can b e applied to encode the

finite π-calculus in INAMB, since w eha v e sho wn ho wto enco de INMPP using

Fern andez and Khalil

INAMB.Duetospacerestrictions, w ecannotgiv e the enco dinghereandjust

state the result:

Prop osition 4.19 (Enco dingaPro cess Calculus)

Thefinitaryπ-calculus can be representedinINAMB.

5 Application:Implementation of Rewrite Systems

One of the motiv ationsforaddingnon-deterministic primitiv estoin teraction

nets is to be able to implemen t parallel defined b y term rewriting systems. As sho wn in [5 ], interaction nets can only implemen taclass of con-

structortermsystemswhic h satisfies a strong matching restriction:

sequen tialit y(see[4]). The system defining Parallel-or in Section 3 do esnot

satisfy this restriction.Ho w ev er, w e can implement it in INAMB using the

configuration:

⟨x, y, s|x =3D δ (or(l, b), a, y =3D δ (or(u, a), b, (l, u)(s, ϵ)⟩

which w e call (x, y)P or (s),agen

ts T and Fto represent the b o oleansTrue

and F alse,and rules F ▷◁ or(x, x) and T▷◁ or (T, ). It is easy to sho wthat,

giv en t w ob o olean terms t 1

and t_2

, (t

1,t_2 )Por (s) reduces to true if of the

terms t 1

or t_{reduces to true, and to false if both reduce to false.}

Moregenerally , w e will show that INAMB can b e used to implement the

whole class of constructor term rewriting systems. A similar result was sho wn

in [5] using extension of in teraction nets with state.The enco ding in

INAMBissimplerinthatonlyoneextraagent is added (the agen t ).

In the constructor systems used most functional programming languages the set of function sym b olsispartitioned in to a set Cof constructors and a

setD of defined functions, andevery left-hand side ft_1, . . . , t_n ) of a rule

satisfies f ∈ Dand t , . . . , t

n are built out of constructors and variables. W e

will restrict atten tion to left-linear systems,since the enco ding of non-

left-linear rules can b edonein thesamew a y as in [5 ] by using some standard

interaction rules.

By adding new function sym b ols to the signature, we can assume without

lossofgeneralit y that all the patterns used in the left-hand sides of rules ha v e

depth less than or equal to 1.W e will sho w ho wtoenco de the rules defining

eac h function sym b ol.Let f ∈ D b edefinedwith mrulesof theform

R_p :f (x_1

, . . . , c

i p^( ⃗y i ), . . . , c

j p^(⃗y^j , . . . , x^n

) → t_{:p}

where k l are constructors t

out:is a term where the variables⃗x and ⃗ymay

o ccur. Notethattheserulesmigh t ha v esup erp ositions. W e will define an

n-ary Parallel-ortoenco de rules with sup erp ositions. W e use indexed agen

tsT_i andF i torepresen ttheb o oleans T rue and False,

where the indexes represent p ositions. The binary Parallel-or is represen ted by

Fern andez and Khalil

theconfiguration (x, y )Por (s) defined abo v e, and rules F i ▷◁ orx, x) and T_i ▷◁ or (T i , ϵ).We define by induction configuration ( ⃗l)P or_n

(s) representingan

n-ary Parallel-or:⟨l_1,...,l_n ,s|(l , r_)P ors_),_(l_2

, . . . , l_n

)P or_{n1} (r )⟩. Let R_i b e a set of agents which give True, sp ecifically the agent T_{p i}

, or

F alse, specifically F

p

i

, dep ending on the ith argumen t of fmatc hes

or not the c

i

of the rule R p

, that is, for 1 ≤ ≤ m :

c

i

p^(⃗y^) ▷◁ R

p

i^(T

p i ,⃗y ) and α (⃗y ) ▷◁ R p i F_{p i}

, ⃗y ) for α≠3D c

i

p

.

Using a binary agen

t and with rules andy, y ) ▷◁T_i , (F_i ,ϵ) ▷◁ F

i

w e define by induction the n-ary agent and

n such that and 2

≡ and, and

n (z, and_{n−1}

(z, y_3

, . . . , y_n

), y_3

, . . . , y

n

) ▷◁ T

i , and_n

(F

i ,⃗ϵ ) ▷◁ F i

.

Thefollo wing configuration, called( ⃗lR

p (s,⃗y ), checks whether left-

hand side of the R

p is matched: ⟨⃗ l, s, ⃗y l

i =3D R p i r_i , ⃗y_i ),r_1 =3D and q (s, r

2 , . . . , r q

)In the sequel, when there is no ambiguity , w e use the name the configuration

to denote its multiset of equations.

The rewrite for f are then enco dedwiththein teraction rules shown

in Fig. 4 (righ t),whic h in the textual calculus are written:

f (t_{:p} (⃗z), ⃗z ) ▷◁ T_p ,1 ≤ p ≤ m

∀p, 1 ≤ p m, f (x, ⃗) ▷◁ F

p , (⃗uδ_{mn} (

⃗ t, ⃗v_), ⃗_(⃗v_i R_{i (} ⃗z_i , ⃗y_{i )},_(⃗z_)P or m (fy_{out} ,

⃗

t)) where(⃗u)δ mn

( ⃗ t, ⃗v ),⃗ ( ⃗v i

)i ( ⃗z i

, ⃗y

i

), (⃗z )P or_m

(f (out ,⃗ t)) is used to lo op if no rule

matc hes. δ mn

is a compact notation for net that creates m copies of a vector

of n

PSfrag replacemen

Fig. 4.Representation of f t_1 ; : : : ; t_n ) (left), and for f (right).

Finally, terms are enco ded using a θ suc h • θ (x)isx,

Fern andez and Khalil

• If c is a θ (c(⃗)) is the equation x c( ⃗(s)), where the variable

x is fresh, and denotes ro ot of the term, • If f is a defined symb ol of arity n m rewrite rules, and the roots of the

terms ⃗

t are translated using variables⃗x_i ,then θ (f (

⃗ t_{)) is defined by (see}

Fig. 4, left):θ (t 1

), . . . , θt

n ),(⃗x)δ

mn

( ⃗ t

′ , ⃗v ), ⃗

(⃗v_i R_i (z i , ⃗y i ), (⃗z )P or

m

(f (x,

⃗ t′

)))

where x denotes the root of the translated term and:

· (⃗x)δ

mn ( ⃗ t^′ , ⃗v ) duplicates m + 1timestheinputinformation ⃗ t; · ( ⃗ l_j

)R

j (⃗r_j )analyzes theleft handsideof theR_j , andgives T_j

if

⃗l

j

matc hes this F

j otherwise;

· (⃗)P or_m

(s) cho osesonerulefor thereduction(b etween all the rules that

matched);

· finally, s =3D f (x,

⃗ t′

) reduces f ( ⃗

t) intotheright hand side of the selected

rule.

T erm rewriting can b e seen as a high-lev el(implicit)parallellan-

guage,but they are also a useful to olforthe implemen tation of theorem

pro v ers based on equational logic.Therefore an enco ding of term rewriting

systems in INAMB can also be seen as a first step to w ardsthedev elopmen t

of new implementation tec hniques for equational pro v ers.

6 Conclusions

W e ha v e defined simple though p o w erful extension of in teraction nets, IN-

AMB,and sho wn that sev eralin teresting languages can b eenco ded in this

framework, sp ecifically term rewriting systems,INMPP (and as a consequence a pro cess calculus). We lea v e for future work the study of the enco dingof the

full π -calculus.W e ha v e also shown the limits of INAMB, whic hcan pro vide

enco dingsforangelic andinfinit y merge, but for fair merge.

The adv antage of remaining close to standard interaction nets is that an

implementation of INAMB can b e obtained by a minor mo dification of an in-

teraction net implemen tation.W e hop e to use the defined for INMPP

to define abstract mac hine for INAMB similar to one defined in [14 ].

Acknowledgments: We thank C. Palamidessi and P. Panangadenforseveral

pointerstorelatedwork, and the members of the CNRS/NSF projectLogic based specification and verification tools for concurrentlanguages and of the Working

Group on Interaction Nets for many enlightening discussions.

References

[1] V.Alexiev. Non-deterministic Interaction Nets. PhD thesis, University of Alberta,1999.

[2] A. Asperti,C.Giovannetti and A. Naletto.The Bologna Optimal Higher-order

Machine. Journal of FunctionalProgramming, vol.6(6):763–810,1996.

Fern andez and Khalil

[3]A. Asperti and S. Guerrini.The Optimal Implementation of Functional ProgrammingLanguages, volume 45 Cambridge Tracts in Theoretical Computer Science. Cambridge UniversityPress,1998.

[4] P.-L.Curien. Categorical Combinators, Sequential Algorithms and Functional Programming.Progress in Theoretical Computer Science. 1993.

[5] M. Fern´andez and I. Mackie. From term rewriting to generalised interaction nets. In Proceedings of PLILP’96. Programming Languages: Implementations, Logics, and Progr, number 1140 in Lecture in Computer Science. Springer-Verlag, 1996.

[6] M. Fernández and I. Mackie.A calculus for interaction nets.In Proceedings of PPDP’99, Paris, number 1702 in Lecture Notes in Computer Springer, 1999.

[7] G.Gonthier, M. Abadi, and J.-J. Lévy. The geometry of lambda reduction. InProceedings of ACM Symposium Principles of Programming Languages,pages15–26,1992.

[8] L.Khalil. Polymorphic types for interaction nets.In H. Ehrig and G. Taentzer, editors, Proceedings of GRATRA’2000, Joint Appligraph and Getgrats Workshop on Graph Transformation , pages 257–266. Technical University of Berlin Report Number 2000–2, March 2000.

[9] Y. Lafont. Interaction nets. InProceedings, 17th ACM Symposium on PrinciplesofProgramming Languages, pages 95–108, 1990.

[10]I. Mackie. YALE: Yet another lambda evaluator based on interaction nets.In Proceedingsofthe3rd International Conference on Functional Programming (ICFP’98), pages 117–128. ACM Press, 1998.

[11] J.McCarthy. A basis for mathematical theory of computation. InP. Braffort and D. Hirschberg, editors, Computer Programming and Formal , pages 33–69. North Holland, 1963.

[12] P. PanangadenandV.Shanbhogue. The expressive power of indeterminate dataflow primitives.Information and Computation, 1992.

[13] D. Park. Thefairnessproblemandnon-deterministiccomputingnetworks. In Proceedingsofthe4thAdvanced Course on Theoretical Computer Science.

Mathematisch Centrum,1982.

[14] J. S. Pinto. Sequential and concurrent abstract machines for interaction nets. In J. Tiuryn, Proceedings of FoundationsofSoftware Science and Computation Structures (FOSSACS), number1784inLectureNotesin

ComputerScience,pages267–282.Springer-Verlag,2000.

[15] E. W. Stark.On the relations computable byaclassofconcurrent automata.In Proceedings,17thACM Symposium on Principles Programming L, pages 329–340, 1990.