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Abstract. The linear lambda calculus is very weak in terms of expres-
sive power: in particular, all functions terminate in linear time. In this
paper we consider a simple extension with Booleans, natural numbers
and a linear iterator. We show properties of this linear version of Gédel’s
System 7 and study the class of functions that can be represented. Sur-
prisingly, this linear calculus is extremely expressive: it is as powerful as
System 7.

1 Introduction

One of the many strands of work stemming from Girard’s Linear Logic [8] is
the area of linear functional programming (see for instance [1,19,14]). These
languages are based on a version of the A-calculus with a type system corre-
sponding to intuitionistic linear logic. One of the features of the calculus (which
can be seen as a minimal functional programming language) is that it provides
explicit syntactical constructs for copying and erasing terms (corresponding to
the exponentials in linear logic).

A question that arises from this work is what exactly is the computational
power of a linear calculus without the exponentials, i.e., a calculus that is syn-
tactically linear: all variables occur exactly once. This is a severely restricted
form of the (simply typed) A-calculus, and is summarised by just the following
three rules:

Ix:A+t:B I'+t:A—oB AFu: A
viAbaz: A Pzt A—oB [ Abtu: B

Due to the typing constraints—there is no contraction or weakening rule—terms
are linear. Reduction is given by the usual g-reduction rule, but since there is
no duplication or erasing of terms during reduction, this calculus has limited
computational power—all functions terminate in linear time [12].
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Our work builds this language up by introducing: pairs, Booleans with a
conditional, and natural numbers with the corresponding iterator, to obtain
a linear version of Godel’s System 7 which we call System L. The study of
System L led us to the discovery of an interesting interplay between linearity
and iteration in Goédel’s original System 7. We will show that there is a great
deal of redundancy in Goédel’s System 7 and the same computational power can
be achieved in a much more restricted system. Godel’s System 7 is a formalism
built from the simply typed A-calculus, adding numbers and Booleans, and a
recursion operator. It is a very simple system, yet has enormous expressive power.
We will show that its power comes essentially from primitive recursion combined
with linear higher-order functions—we can achieve the same power in a calculus
which has these two ingredients: System L.

It is interesting to note that, in contrast with previous linear versions of
System 7 (e.g., [16,13]), System L accepts iterators on open linear functions,
since these terms are linear. Reduction is only performed on those terms if the
function becomes closed (i.e., reduction does not create non-linear terms). This
design choice has an enormous impact in the computation power of the calculus:
we show that our calculus is as powerful as System 7, whereas previous linear
calculi were strictly weaker (see [16]).

From another perspective there have been a number of calculi, again many
based on linear logic, for capturing specific complexity classes ([2,7,11,3,15,
24,4]). One of the main examples is that of bounded linear logic [11], which
has as one of its main aims to find a calculus in-between the linear A-calculus
and that with the exponentials (specifically the polynomial time computable
functions). There is also previous work that uses linear types to characterise
computations with time bounds [13]. Thus our work can be seen as establishing
another calculus with good computational properties which does not need the
full power of the exponentials, and introduces the non-linear features (copying
and erasing) through alternative means.

Summarising, this paper studies the computational power of a linear System
T, exposing the structure of the components of Gédel’s System 7. We show that
System 7 is intrinsically redundant, in that it has several ways of expressing
duplication and erasure. Can one eliminate this redundancy? The answer is yes;
in this paper we:

— define a linear A-calculus with natural numbers and an iterator, and intro-
duce iterative types and the closed reduction strategy for this calculus;

— show that we can define the whole class of primitive recursive functions in
this calculus, and more general functions such as Ackermann’s;

— demonstrate that this linear System 7 has the same computational power
as the full System 7.

In the next section we recall the background material. In Section 3 we define
System £ and in Section 4 we demonstrate that we can encode the primitive
recursive functions in this calculus, and even go considerably beyond this class
of functions. In Section 5 we show how to encode Godel’s System 7. Finally we
conclude the paper in Section 6.



2 Background

We assume the reader is familiar with the A-calculus [5], and with the main no-
tions on primitive recursive functions [23]. In this section we recall some notions
on Godel’s System 7, for more details we refer to [10].

System 7 is the simply typed A-calculus (with arrow types and products,
and the usual [-reduction and projection rules) where two basic types have
been added: numbers (built from 0 and S; we write 7 or S 0 for S ... (S 0))

——

n
and Booleans with a recursor and a conditional defined by the reduction rules:

ROuv —u cond trueu v — u
R(St)uv— v (Rtuwv)t cond false u v — v

System 7 is confluent, strongly normalising and reduction preserves types (see
[10] for the complete system and results). It is well-known that an iterator has
the same computational power as the recursor. We will replace the recursor by
a simpler iterator:

iterOuv — u iter (St) uv — v(iter t u v)

with the following typing rule:
I'trt:Nat OF7u:A Absv:A— A
IO, At-ritertuv: A
In the rest of the paper, when we refer to System 7 it will be the system with

iterators rather than recursors (it is also confluent, strongly normalising, and
type preserving). We recall the following property, which is used in Section 5:

Lemma l. — IfI't7 dxw:T thenT =A — Band Ix : A7 u: B for
some A, B.

—IfI't7r m(s): T then I't7 s: T x B for some B.

— IfI'tgy ma(s): T then I't7 s : AX T for some A.

We now define a call-by-name evaluation strategy for System 7: ¢t || v means
that the closed term t evaluates to the value v.

v is a value ti Azt t'u/z] v td(s,s) sdv tl(s;s") s o

viwv tu | v m(t) Jv mao(t) J v
tiwv t{S"0 s"(u) Yo b | true t{wv b || false ul v
St|Swv itertus{v condbtu v condbtu v

Values are terms of the form: S™0, true, false, (s,s’), Az.s.

Lemma 2 (Adequacy of - || - for System 7). 1. Ift | v thent —* v.
2.IfI'Ft:T,t closed, then:

T=Nat =¢t|S(5...(50)) T=AxB =t {(u,s)
T =Bool=t|true ortlfalse T=A—B=1t| s

A program in System 7 is a closed term at base type (Nat or Bool).



3 Linear A-calculus with Iterator: System L

In this section we extend the linear A-calculus [1] with numbers, Booleans, pairs,
and an iterator, and we specify a reduction strategy inspired by closed reduc-
tion [6,9]. We call this system System L. We begin by defining the set of linear
A-terms, which are terms from the A-calculus restricted in the following way
(fv(t) denotes the set of free variables of ¢).

x
Azt if x e fu(t)
tu  if fu(t) Nfv(u) =

Note that x is used at least once in the body of the abstraction, and the condition
on the application ensures that all variables are used at most once. Thus these
conditions ensure syntactic linearity (variables occur exactly once). Next we add
to this linear A-calculus: pairs, Booleans and numbers. Table 1 summarises the
syntax of System L.
Pairs:

(t,u) if fv(t) Nfv(u) = &

let (x,y) =t inwu if x,y € fv(u) and fv(t) Nfv(u)=2

Note that when projecting from a pair, we use both projections. A simple ex-
ample of such a term is the function that swaps the components of a pair:
Az.let (y,z) =z in (2,y).

Booleans: true and false, and a conditional:

condtuwv if fv(t) Nfv(u) = @ and fv(u) = fv(v)

Note that this linear conditional uses the same resources in each branch.
Numbers: 0 and S, and an iterator:

iter t w v if fv(t)Nfv(u) =fv(u)Nfv(v) =fv(v)Nfv(t) =&

Construction |Variable Constraint Free Variables (fv)
0, true, false — (%]

St — fu(t)

iter t u v fv(t) Nfv(u) = fv(u) Nfv(v) = fv(t) N fv(v) = S|fv(t) U fv(u) U fv(v)

x — {z}

tu fv(t) Nfv(u) = @ fv(t) U fv(u)

Az.t x € fu(t) fv(t) < {z}

(t,u) fv(t) Nfv(u) = & fv(t) Ufv(u)

let (x,y) =t inu|fv(t) N fv(u) =g, x,y € fv(u) fv(t) U (fv(u) ~ {z,y})
condtuv fv(u) = fv(v), fv(t) Nfv(u) = & fv(t) Ufv(u)

Table 1.



Definition 1 (Closed Reduction). Table 2 gives the reduction rules for Sys-
tem L, substitution is a meta-operation defined as usual. Reductions can take
place in any context.

Name Reduction Condition

Beta (Az.t)v — t[v/x] fv(v) =@

Let let (z,y) = (t,u) inv — (v[t/z])[u/y] fv(t) = fv(u) = @
Cond cond true u v —u

Cond cond false u v —

Iter iter (St)uv — v(iter t uv) fv(tv) =2

Iter iter 0 u v —u fv(v) = @

Table 2. Closed reduction

Reduction is weak: for example, Az.(Ay.y)z is a normal form. Note that
all the substitutions created during reduction (rules Beta, Let) are closed; this
corresponds to a closed-argument reduction strategy (called ca in [6]). Also note
that Iter rules are only triggered when the function v is closed.

The following results are proved by induction, by showing that substitution
and reduction preserve the variable constraints given in Table 1.

Lemma 3 (Correctness of Substitution). Let t and u be valid terms, x €
fv(t), and fv(u) = &, then t{u/z] is valid.

Lemma 4 (Correctness of —). Let t be a valid term, and t — u, then:

1. fv(t) = fv(u);
2. u 1s a valid term.

Although reduction preserves the free variables of the term, a subterm of the
form iter n u v may become closed after a reduction in a superterm, triggering
in this way a reduction with an Iter rule.

3.1 Typed Terms

The set of linear types is generated by the grammar:
A,B ::=Nat|Bool | A—oB|A® B

Definition 2. Let Ag,..., A, be a list of linear types (note that Ao,..., A,
cannot be empty). It(Ao,...,A,) denotes a non-empty set of iterative types
defined by induction on n:

n=20: It(Ao) = {AO —OAQ}

n=1: It(Ao,Al) = {AO —OAl}

n Z 2: It(Ao, e ,An) = It(Ao, e 7An—1) U {An—l —O An}



Axiom and Structural Rule:

INz:Ay:B,AbFst:C

(Axiom) (Exchange)
v:Abcz: A INy:Bx:A Al t:C
Logical Rules:
Ix:Abct: B I'tet:A—-oB Absu:A
(—olntro) (—oElim)
't Xet: A—oB At tu: B
't A AL u:B I'Fet:A®B z:Ay:B,AFsu:C
(®Intro) (®Elim)
INAbF, (t,bu): A® B I'N'Abglet (z,y) =tinu: C
Numbers
I'Fz n: Nat
—— (Zero) — (Succ)
Fz 0: Nat I'F.Sn:Nat

I'ket:Nat Ok u: Ao Al‘gU:It(Ao,...,An) (*)
O, Abcitertuv: A,

(%) where if ¢ = S™ 0 then n = m otherwise n =0
Booleans

(Iter)

——— (True) —— (False)
. true : Bool . false : Bool

Abst:Bool I'Fpu:A TI'bFLv: A

(Cond)
I'Abgcondtuv: A

Fig. 1. Type System for System L

Iterative types will serve to type the functions used in iterators. Note that
It(Ap) = It(Ao, Ao) = It(Ao, ..., Apg). We associate types to terms in System £
using the typing rules given in Figure 1, where we use the following abbrevia-
tions: I' kg t @ It(Aog, ..., A,) iff I'kp t: B for each B € Tt(Ay,...,Ay). We
use a Curry-style type system; the typing rules specify how to assign types to
untyped terms (there are no type decorations).

Note that the only structural rule in Figure 1 is Exchange, we do not have
Weakening and Contraction rules: we are in a linear system. For the same reason,
the logical rules split the context between the premises. The rules for numbers
are standard. In the case of a term of the form iter ¢ u v, we check that ¢ is a term
of type Nat and that v and u are compatible. There are two cases: if t is S™ 0 then
we require v to be a function that can be iterated n times on u. Otherwise, if ¢ is
not (yet) a number, we require v to have a type that allows it to be iterated any
number of times (i.e. u has type A and v : A —o A, for some type A). The typing
of iterators is therefore more flexible than in System 7, but we will see that this
extra flexibility does not compromise the confluence and strong normalisation
of the system. Also note that we allow the typing of iter t u v even if v is open
(in contrast with [16, 13]), but we do not allow reduction until v is closed. This



feature gives our system the full power of System 7 (whereas systems that do
not allow building iter with v open are strictly weaker [16]).

We denote by dom(I") the set of variables x; such that z; : A; € I'. Since
there are no Weakening and Contraction rules, we have:

Lemma 5. If 't t: A then dom(I") = fv(t).

Theorem 1 (Subject Reduction). If I' - M : A and M — N, then
'k, N: A

Proof. By induction on the type derivation I' ko M : A, using a Substitution
Lemma: If INx : Abs t: Band Abg u: A (where fv(t) Nfv(u) = @) then
I Ab, tlu/z] : B. ad

3.2 Strong Normalisation.

In System L, every sequence of reductions starting from a typable term is finite
(i.e. typable terms are strongly normalisable). Note that, although System £
extends the linear A-calculus (where every term is strongly normalisable), un-
typed terms of System £ may have infinite reductions. Strong normalisation for
System L is a consequence of strong normalisation for System 7. We start by
defining a translation from System £ into System 7.

Definition 3. We define the compilation of types and terms in System L into
System T, denoted [-], in the following way:

[Nat] =Nat [Bool] =Bool

[A— B]=[A] — [B] [A® B]=[A] x [B]
[0] =0
[true] = true
[false] = false

[S ] = S([tD)

[«] =z

[My.t] = \y.[t]

[tu] = [t][u]

[(t,)] = ([1], [])

[Let (z,y) = ¢ in u] = [ul{(m [1]) /=) [(m11]) /9]

[cond t u v] = cond [t] [u] [v]

[iter t u v] = {[[v]]m([[u]]) z'ft:SmO,‘m>0
iter [t] [u] [v] otherwise

UI=x:A,...xn : Ay, then [I'] = z1 : [A1],... 2, : [As]. Note that the

translation of an iterator where the number of times to iterate is known and

positive, develops this iteration. If it is zero or not known we use System 7’s

iterator.



Theorem 2 (Strong Normalisation). If I' b, t : T, t is strongly normalis-
able.

Proof (Sketch). Strong normalisation for System £ is proved by mapping all
the reduction steps in System L into one or more reduction steps in System 7.
Notice that reduction steps of the form iter S0 u v — v(iter S™0 u v) map
into zero reduction steps in System 7, but we can prove that any sequence of
reduction steps of that form is always terminating. a

3.3 Church-Rosser

System L is confluent, which implies that normal forms are unique. For typable
terms, confluence is a direct consequence of strong normalisation and the fact
that the rules are non-overlapping (using Newmann’s Lemma [21]). In fact, all
System L terms are confluent even if they are non-terminating: this can be
proved using parallel-reductions.

Theorem 3 (Church-Rosser). Ift —* t; and t —* to, then there is a term
ts such that t; —™* t3 and to —™* t3.

Theorem 4 (Adequacy). If t is closed and typable, then one of the following
holds:

— Fgt:Natandt —*n

— F, t:Bool and t —* true or t —* false

—Fgt: A—o B and t —* Axz.u for some term u.
—Fet: A® B and t —* (u,v) for some terms u,v.

Proof. By Lemma 5, typing judgements for ¢ have the form . ¢ : T, and T is
either Nat, Bool, A — B or A® B. By Subject Reduction, Strong Normalisation,
and Lemma 4, we know that ¢ has a closed, typable normal form u. We show the
case when F, wu : Nat, the others follow with similar reasoning. Since u is a closed
term of type Nat, it cannot be a variable, an abstraction or a pair. Hence u is
either an application, a pair projection, a conditional, an iterator or a number.

— Let u = ujus ... u,, n > 2, such that u; is not an application. Then wu; is
closed, and since u is typable, u; must have an arrow type. But then by
induction u; is an abstraction, and then the Beta rule would apply, contra-
dicting our assumptions.

— Let w = let (z,y) = s in v. Then s is closed and fv(v) = {z,y}. Since u
is typable, s has type A ® B, and by induction it should be a (closed) pair
(s1,82). But then the Let rule would apply contradicting our assumptions.

— Let w = cond n s v. Then n, ¢, v are closed. Since u is typable, n must have
a Boolean type, and by induction it should be either true or false. But then
the Cond rule would apply contradicting our assumptions.

— Let u = iter n s v. Since u is closed, so are n, t and v. Since u is typable n
must be a term of type Nat, and by induction, n is a number. But then the
Iter rule would apply contradicting our assumptions.

Thus, if -, ¢ : Nat then ¢ reduces to a number. O



4 Primitive Recursive Functions Linearly

In this section we show how to define the primitive recursive functions in System
L. We conclude the section indicating that we can encode substantially more
than primitive recursive functions.

Erasing linearly. Although System L is a linear calculus, we can erase numbers.
In particular, we can define the projection functions fst,snd : Nat ® Nat —o Nat:

fst = Ax.let (u,v) =z in iter v u (Az.2)
snd = Az.let (u,v) =z in iter u v (Az.2)

Lemma 6. For any numbers a and b, fst(a,b) —* @ and snd(a,b) —* b.

Proof. We show the case for fst. Let a = S™ 0, b=S"0.
fst(a,b) — (let (u,v) = (S™ 0,S™ 0) in iter v u Az.z)
— iter (5™ 0) (5" 0) Az.z —* S" 0 = a. O

Copying linearly. We can also copy natural numbers in this linear calculus. For
this, we define a function C : Nat —o Nat ® Nat that given a number 7 returns a
pair (n,n): C' = Az.iter x (0,0) (Az.let {(a,b) = x in (Sa, Sb)).

Lemma 7. For any number n, C n —™* (0, 7).

Proof. By induction on 7.
Co — iter 0 (0,0) (Az.let (a,b) = z in (Sa, Sb)) — (0, 0)
C (St 0) = iter (S**10) (0,0) (\z.let {(a,b) = x in (Sa, Sb))
— (Az.let {a,b) = x in (Sa, SbH))
(iter (S* 0) (0,0) (Az.1let (a,b) = x in (Sa,Sh)))
—* (Az.let (a,b) = = in (Sa, Sb))(t, t)
— let {(a,b) = (t,t) in (Sa, Sb) — (St, St) O

It is easy to apply this technique to other data structures (e.g. linear lists).
Note that we do not need iterative types for this (the standard typing of iterators
is sufficient). More interestingly, we will show in Section 5 that iterators will
indeed allow us to erase any closed term, and moreover copy any closed term.

Primitive Recursive Functions. System L can express the whole class of primitive
recursive functions. We have already shown we can project, and of course we have
composition. We now show how to encode a function h defined by primitive
recursion from f and g (see Section 2) using iter. First, assume h is defined by
the following, simpler scheme (it uses n only once in the second equation):

hz,0) = f(x)
h(z,n+ 1) = g(z, h(z,n))

Given a function g : Nat —o Nat —o Nat, let ¢’ be the term:

Ay.Az.let (z1,22) = C z in gz1(yz2) : (Nat —o Nat) —o (Nat —o Nat)



then h(x,n) is defined by the term (iter n f ¢')x : Nat, with f : Nat —o Nat.
Indeed, we can show by induction that (iter n f ¢')x, where z and n are numbers,
reduces to the number h(x,n); we use Lemma 7 to copy numbers:
(iter 0 f ¢')x — (f ) = h(z,0)
(iter (S"T10) f ¢') @ —* (Let (21,22) = C 2 in gz;1(y22))
(iter (5™ 0) £ ¢')/y,/2
—* let (21,22) = (x,x) in gz1((iter (S™ 0) f ¢')z2)
— g z((iter (5™ 0) f ¢')x) = h(z,n + 1) by induction.
Now to encode the standard primitive recursive scheme, which has an extra n in
the last equation, all we need to do is copy n: h(z,n) = let (ny,n2) = C' n in sz,
where s = iter ny f (Ay.Az.let (z1,22) = C z in gz1(yz2)n1). Note that the
iterator in the encoding of h(x,n) uses an open function, but it will be closed
before reduction.

Beyond Primitive Recursion. Ackermann’s function is a standard example of a
non primitive recursive function:

ack(0,n) =Sn
ack(Sn,0) = ack(n,S0)
ack(Sn,Sm) = ack(n, ack(S n,m))

In a higher-order functional language, we have an alternative definition. Let
succ = Az.S = : Nat —o Nat, then ack(m,n) = a m n where a is the function
defined by:
a0 = succ Ag0 =¢(S0)
a(Sn)=A(an) Ag(Sn)=g(Agn)

Lemma 8. Both definitions are equivalent: For all z,y : Nat, a x y = ack(zx,y).

Proof. By induction on z, proving first by induction on n that if g = Ay.ack(x,y)
then A g n = ack(S z,n). O

We can define a and A in System L as follows:
an = iter n succ A : Nat —o Nat Agn=iter (Sn)(S0)g: Nat
We show by induction that this encoding is correct:

— a0 = iter 0 succ A = succ
Ag0O=iter(S0)(S0)g=g(S0)

— a (Sn) =iter (5" 0) succ A = A(iter n succ A) = A(an)
Ag(Sn)=iter (S(Sn)) (S0) g=g(iter (Sn) (50) g) =g(Agn).

Then Ackermann’s function can be defined in System L as:
ack(m,n) = (iter m succ (Agu.iter (Su) (S0) g)) n: Nat
The correctness of this encoding follows directly from the lemma above. Note
that iter (S u) (S 0) g cannot be typed in [16], because g is a free variable. We
allow building the term with the free variable g, but we do not allow reduction
until it is closed.



5 The Power of System L: System 7 Linearly

In this section we show how to compile System 7 programs into System L, i.e.
we show that System 7 and System £ have the same computational power.

Ezxplicit Erasing. In the linear A-calculus, we are not able to erase arguments.
However, terms are consumed by reduction. The idea of erasing by consuming is
not new, it is known as Solvability (see [5] for instance). Our goal in this section
is to give an analogous result that allows us to obtain a general form of erasing.

Definition 4 (Erasing). We define the following mutually recursive operations
which, respectively, erase and create a System L term. If 't t: T, then E(t,T)
is defined as follows (where I = A\x.x):

E(t,Nat) =itertI1I E(t,A® B) =1let (z,y) =t in &(z, A)E(y, B)
E(t,Bool) =cond t I I E(t,A— B) =E(tM(A), B)

M(Nat) =0 M(A®B) = (M(A), M(B))

M(Bool) = true M(A — B) = z.&(x, AAM(B)

Lemma 9. If ', t:T then:

1. (&, T)) =1v(t) and I' -z E(t,T) : A—0 A.
2. M(T) is a closed System L term such thatbp M(T): T

Proof. Simultaneous induction on T'. We show two cases:

— fv(&(t,A® B)) = fv(let (z,y) =t in E(x, A)E(y, B)) = fv(t). By induction:
x:Abp E(x,A): (C—-oC)—o(C—oC)andy: BI—LE,’(y7 B):C—oC
then z: A,y : B, E(x, A)E(y, B) : C —o C. Then
z:Ay:Brp E(t,A® B): C — C, for any C.

R(M(A® B)) = F((M(A), M(B))) = @ by TH(2), and ¢ (M(A), M(B)) :
A ® B by IH(2).

— fv(&(t, A —o B)) = fv(E(tM(A), B)) = fv(tM(A)) = fv(t) by ITH (1 and 2).
Also, by TH(1) I' bz E(tM(A),B) : C — C for any C, since o M(A) : A
by TH(2).
fv(M(A—oB)) = fv(Az.E(z, A)M(B)) = @ by TH(1 and 2). Also, -, M(A—o
B) : A —o B because by IH(1) « : A b, E(z,A) : B —o B and by IH(2)
F, M(B): B. O

c
, M
A

Lemma 10. Ifz: Abst:T and b v: A then: E(t,T)[v/x] = E(t[v/x], T).
Proof. By induction on T, using the fact that b, t[v/z] : T. O
Lemma 11 (Erasing Lemma). If. t: T (i.e. t closed) then E(t,T) —* I.
Proof. By induction on T'; using Theorem 4:

E(t,Nat) = iter t I I —* iter (S"0) I [ —* I



E(t,Bool) =cond t I I —* I.

If T = A® B, then t —* (a,b) and by Theorem 1 and Lemma 4: -, a : A
and F, b : B. By induction, £(a, A) —* I and &(b, B) —* I, therefore
let (z,y) = (a,b) in E(z, A)E(y, B) —* I.

If T = A—o B then £(t,A — B) = E(tM(A), B) and by Lemma 9 M(A) is a
closed System L term of type A, thus by induction £(tM(A), B) —* 1. O

Ezxplicit Copying. We have shown how to duplicate numbers in Section 4, but
to simulate System 7 we need to be able to copy arbitrary terms. The previous
technique can be generalised to other data structures, but not to functions.
However, the iterator copies (closed) functions. Our aim now is to harness this.
We proceed with an example before giving the general principle. Suppose that
we want to write Az.(z,z). This term can be linearised: A\xy.(z,y). If we now
apply this term to two copies of the argument, we are done. Although we don’t
have the argument yet, we can write a System £ term which will create these
copies: Az.iter (5% 0) (A\zy.(z,9)) (Az.22).

Lemma 12 (Duplication Lemma). Ift is a closed System L term, then there
is a System L term D such that Dt = (t,t).

Proof. Let D = Az.iter S(S 0) (A\xy.(z,y)) (Ax.zz) then
Dt — iter S(S 0) (Azy.(z,y)) (A\x.xt)
—* (Az.at)((Az.xt) Ay (z,y))) —* (t,1) O

This result also applies to numbers, so we have two different ways of copying
numbers in System L.

5.1 Compilation

We now put the previous ideas together to give a formal compilation of System
7T into System L.

Definition 5. System T types are translated into System L types using (-) de-
fined by:

(Nat) = Nat (Bool) = Bool

(A— B) = (4) = (B) (AxB)=(4)®(B)
Ifr=x1:Th,...,zn: T, then (I) = x1: (Th), ..., xn: (T).

Definition 6 (Compilation). Let t be a System T term such that I b7 t :
T. Its compilation into System L is defined as: [x1]...[x,]{t) where fv(t) =
{z1,... 2}, n >0, we assume without loss of generality that the variables are
processed in lexicographic order, and (-}, []- are defined below. We abbreviate



iter (5" 0) (Awy -+~ 2,.t) (Az.2x) as Cgr" t, and ([z]t)[y/x] as Ajt.

() =z

(tu) = (t)(u)

{Ax.t) = \x.[z](t), if = € fv(t)
= \x.&(z, (A))(t), otherwise, where 'brt: A— B=T (Lemma 1)
=0

(St) =5(t)

(iter nuv) =iter (n) (u) (v)

(true) = true

(false) = false

(cond n u v) = cond (n) {u) (v)

((t, ) = ({1}, (u))

(m1t) = let (z,y) = (t) in E(y, (B))x, where 'Fr t: Ax B=T (Lemma 1)
(mat) = let (x,y) = (t) in E(z, (A))y, where 'F7t: Ax B=T (Lemma 1)

and [-]- is defined as:

[SC](S t) = S([z]t)
[z (/\y t) = \y.
C“"l P2 (AL ) (AS x € fu(t),z € fv(u)
{ x € fu(t),z & fv(u)
x € fv(u),z & fv(t)
iter [ ]n uv x € fv(n),x & fv(uv)
iter n [z]u v x & fv(nv), z € fv(u)
iter n u [x]v x & fv(nu), z € fv(v)
[z](iter n u v) =  C7 Piter (AZ n) (AZ u)v € fv(n) Nfv(u),z & fv(v)
Cyvositer (A7 n) u (A7, v) x € fv(n)Niv(v),z & fv(u)
Cyrositer n (A7, u) (A7, v) x & fv(n),x € fv(u) Nfv(v)
Cirr2oiter (A7 n) (A7, u) (AL, v) x € fv(n) Nfv(u) Nfv(v)

[x](cond n u v) follows the same structure as iter above, replacing iter by cond.

Cirm2 (AL t, AL u),x € fv(t),x € fv(u)
[](t,u) = {([ Jt,u), x € fu(t), z & fv(u)
(t, [x]u), z € fv(u), z & fv(t)
let (y,2) = [z]t inu x € fv(t),r & fv(u)
[x](let (y,z) =t inwu) = {1et (y,z) =t in [z]u x & fv(t),z € fv(u)
Civ2(let (y,z) = A7 tin A7 u) x € fv(t),z € fv(u)

where the variables x1, ro and x3 above are assumed fresh.



As an example, we show the compilation of the combinators:
— {Az.z) = \x

— (Azyz.22(y2)) = Awyz.iter 2 (Az122.221(y22)) Aa.az

— (Azy.x) = \vy.E(y, B)x

Lemma 13. Ift is a System T term, then:

1. fv([z1] -+ - [2a](t)) = fu(2).
2. [x1] -+ [xn){t) is a valid System L term (satisfying the constraints in Ta-
ble 1), if fv(t) = {x1,...,zn}.

Proof. The first part is by induction on ¢ using Lemma 9, and the second part
by induction on ¢ using the first part. a

We will now prove that the compilation produces a typable term in System
L. For this we will need a lemma in which we will use the type system for System
L augmented with weakening and contraction rules for variables in a certain set
X. Typing judgements in this system will be denoted I' Fr+x ¢ : T. We will
denote I'x the restriction of I" to the variables in X.

Lemma 14. If 'ty ¢: T and {z1,...,2,} C fv(t) then

1. (F|fv(t)) Frne () {T)

2. (F|fV(t)) Frex [z1]. .. [za]{t): {T) implies
(F|fv(t)) Fraxe [®][za] ... [zp](t): (T) where X = fv(t)—{z1,...,zp}, z € X,
X' =X —A{z}.

Proof. By simultaneous induction on t¢. d

Corollary 1. If I'F7 t: T and fv(t) = {x1,...,x,} then
(D) e o] [2)(0): (T).

We will now prove that we can simulate System 7 evaluations. First we prove a
substitution lemma.

Lemma 15 (Substitution). Let t and w be System L terms such that fv(t) =
{z1,..., 2}, n > 1, and fv(w) = &, then

([ea] - [n () (w) /1] —7 [wa] .. [2a] (tw/z1]).
Proof. By Lemma 13 (Part 1), fv({w)) = &, and 1 € fv([z1]...[z,](t)). We
proceed by induction on t. O

Theorem 5 (Simulation). Let t be a System T program, then: t | u =

(t) —" (u).

Proof. By induction on t || u. We show two cases:
Application. By induction: {tu) = (t){u) —* {Az.t'){u). There are now two
cases:

If « € fv(t') then using Lemma 15:



(Az.t')(u) = (A [z](¥')) (u) — ([«] (') [(u) /2] —" (#'[u/z]) — (v)
Otherwise, using Lemmas 10 and 11:
Azt ) (u) = (Az.E(z, A)(t'))(u) —" (E((u), (A))(t')) — (t')
= (t'[u/z]) — (v)
Projection. By induction and Lemmas 10 and 11:
(mt) = let (x,y) = (t) in E(y, (A))z —" Let (z,y) = ((u,v)) in E(y, (A))z
=1let (z,y) = ((u), (v)) in E(y, (A))z — E((v), (A))(u) —" (v) O

6 Conclusions

We have shown how to build a powerful calculus starting from the (very weak in
terms of computational power) linear A-calculus, by adding Booleans, numbers
and linear iterators. We have seen that linear iterators can express much more
than primitive recursive functions: the system has the computational power of
System 7.

We have focused on the computational power of the linear calculus in this
paper; there are other interesting aspects that remain to be studied:

— By the Curry-Howard isomorphism, the results can also be expressed as a
property of the underlying logic (our translation from System 7 to System
L eliminates Weakening and Contraction rules).

— Applications to category theory: It is well-known that a Cartesian closed
category (CCC) models the structure of the simply typed A-calculus (i.e.,
a CCC is the internal language for the A-calculus [17,18]). The internal
language of a symmetric monoidal closed category (SMCC) is the linear A-
calculus [20]. If we add a natural numbers object (NNO) to this category,
then this corresponds to adding natural numbers and an iterator to the cal-
culus. In this setting, a natural question arises : what is the correspondence
between CCC+NNO and SMCC+NNQ?

— Does the technique extend to other typed A-calculi, for instance the Calculus
of Inductive Constructions [22]?
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