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Semisimplicity of Classical Iwasawa Modules

Let p be an odd prime and K a number field. Let K1/K be a Zp-extension
of K, let � = Gal(K1/K) and let ⇤ = Zp[[�]]. Finally, let L1 denote the pro-p
Hilbert class field of K1 and X = Gal(L1/K1), which was shown by Iwasawa
to be a finitely generated torsion ⇤-module.

Given a finitely generated torsion ⇤-module Y , one can show that the sub-
module Y � is pseudo-isomorphic to the quotient Y�. Furthermore, there is an
obvious ⇤-module homomorphism Y � ! Y�, namely the composition of the
inclusion ◆ : Y � ! Y with the projection ⇡ : Y ! Y�. However, for an arbitrary
Y , this composition need not be a pseudo-isomorphism.

We say that a torsion ⇤-module Y is T -semisimple if the map ⇡�◆ : Y � ! Y�

is a pseudo-isomorphism and we say that a Zp-extension K1/K is T -semisimple
if the associated ⇤-module X = Gal(L1/K1) is T -semisimple.

In [2], Greenberg proved that if K/Q is abelian and K1/K is the cyclotomic
Zp-extension, then K1 is T -semisimple. In [1], Carroll and Kisilevsky extended
Greenberg’s result to show that certain other Zp-extensions of an abelian number
field which are Galois over Q are T -semisimple. However, Kisilevsky and Jaulent
independently showed that a Zp-extension K1 of an abelian number field K
need not be T -semisimple, even if K1/Q is Galois (in [4] and [3], respectively).

I will review these results and show how Greenberg’s result can be used to
prove that T -semisimplicity is in some sense a generic condition when K/Q is
abelian. More precisely, suppose that K/Q is a complex abelian extension. Let
K̃1 denote the compositum of all Zp-extensions of K and �̃ = Gal(K̃1/K).

From Leopoldt’s conjecture, we know that �̃ ' Z[K:Q]/2+1
p and �̃+ ' Zp.

Let us call a Zp-extension K1/K anti-cyclotomic if complex conjugation (in

Gal(K/Q)) acts on � = Gal(K1/K) nontrivially (i.e., if K1 ✓ K̃�̃+

1 ). By
studying decomposition subgroups, I will show that T -semisimplicity for the cy-
clotomic Zp-extension of K implies that every other Zp extension of K in which
all primes above p ramify and which is not anti-cyclotomic is also T -semisimple.
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