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Abstract

This text is the result of a ’mini-project’ part of the first year of the London School
of Geometry and Number Theory (LSGNT). It is written for a reader familiar with first
properties of the Galois theory of local fields and the arithmetic of elliptic curves over
local fields, in particular the reduction of elliptic curves. The aim is to describe the `-adic
representations associated to curves over non-archimedean local fields. For this we first
discuss some generalities on the structure of such representations. Then we move on to Tate
modules of elliptic curves which form an important simplified case in which the description
we give is very explicit, so that the tools given should allow the reader to determine the `-adic
representation of any elliptic curve they are presented with. Our treatment of higher genus
curves is less in-depth and refers to the literature for most proofs but should nonetheless
show the methods in examples and discuss the differences to the case of elliptic curves. We
conclude with a small application of the theory to the inverse Galois problem and prove a
restriction on the dimension of absolutely irreducible `-adic representations of local Galois
groups.
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1 Introduction

Amongst the many new developments inspired by the highly influential conjectures posed by
André Weil [Wei49] about 70 years ago is the theory of `-adic cohomology and with it the theory
of `-adic Galois representations. His conjectures concern the number of Fq-points on projective
varieties and his revolutionary idea was to study the number of such solutions with tools from
algebraic topology such as the Lefschetz trace formula. For this, a cohomology theory for general
algebraic varieties in characteristic p was necessary. To obtain results on the absolute number of
solutions and not just their congruence class modulo p, the coefficient field of such a cohomology
theory would need to have characteristic 0, it turns out that one can take Q` as such a field
[Mil13, I.19]. Then to count the number of solutions one has to calculate the eigenvalues of
the Frobenius automorphism acting on these cohomology groups [Mil13, II]. This is already an
example of an `-adic representation of the absolute Galois group of the finite field Fq, i.e. a

continuous homomorphism GFq → GLn(Q`), where GFq
∼= Ẑ carries the profinite topology.

The subject of this text are continuous representations GK → GLn(Q`), where K is a
discretely valued, complete field with finite residue field k and ` is a prime different from
the characteristic of k. The case when ` equals the characteristic of k is completely different
and falls under the name p-adic Hodge Theory which we do not discuss. Since there is a
natural surjection GK → Gk one can see the representations involved with the Weil conjectures
as a special case and indeed they play an important role in understanding the more general
representations. Nowadays `-adic representations of Galois groups are a major area of research.
Especially the representations of the absolute Galois group GQ remain mysterious and are the
protagonist of many conjectures, as outlined in [Tay04]. Although we only study the local case,
i.e. representations of groups such as GQp , this still has consequences for the group GQ since
GQp sits inside GQ as a decomposition group and by the Chebotarev Density Theorem we even
know that in theory studying all of these decomposition groups should answer all questions
about GQ. Later we give an example application of this idea to the inverse Galois problem.

For whichever reasons one might be interested in `-adic representations of GK , section 2
should explain their shape. We can usually assume that a lift of the Frobenius from Gk to GK
acts by a diagonalisable operator. In that case `-adic representations differ from continuous
representations GK → GLn(C) which always have a finite image by two classes of representa-

tions. Firstly, there are unramified characters χ : Gk → Q`
×

which are determined by their
value on the Frobenius and can have infinite image such as the cyclotomic character. Secondly
for any integer n ≥ 2, there is a reducible but indecomposable n-dimensional representation
sp(n), called the special `-adic representation on which the inertia group of K acts through
an infinite image, see definition 8. Then theorems 6 and 13 describe how these representations
combine with representations with finite image to produce all φK-semisimple representations
of GK . Moreover, we introduce the concept of a Weil-Deligne representation as in [Del72] and
show how it is used to define ’independence of `’ (definition 17). This allows us to say what it
means for an `-adic and `′-adic representation to be isomorphic.

In section 3, the heart of this document, we discuss the representation on the `-adic Tate
module of an elliptic curve E/K which we denote by V`E. Theorem 37 describes V`E in
terms of the reduction types of E and its content is summarised in figure 3. For instance the
representation is unramified if and only if E has good reduction. Moreover, in theorem 38 we
show that this representation is independent of `. This also shows that in practice the finite
group representations involved in the structure of the representation associated to E are not
very big, see for instance corollary 39. The case of elliptic curves illustrates many proof methods
while at the same time not requiring too much technical machinery. Further it is possible to
compute explicit examples such as

Example 42. Consider the elliptic curve E : y2 = x3−px over Qp where p > 3. It has additive
reduction which becomes good over Qp(p

1/4) and the automorphism g of Qp(p
1/4, i) which sends
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p1/4 7→ ip1/4 acts on Ẽ : y2 = x3 − x by (x, y) 7→ (−x, iy) where i ∈ Qp is a root of x2 + 1 = 0.
Moreover, the characteristic polynomial of g acting on V`E is T 2 + 1.

If p ≡ 3 (mod 4), then V`E ⊗Q` has the form

ρ(g) =

(
i 0
0 −i

)
ρ(Frobp) =

(
0

√
−p√

−p 0

)
If p ≡ 1 (mod 4), then V`E ⊗Q` has the form

ρ(g) =

(
i 0
0 −i

)
ρ(Frobp) =

(
α 0
0 β

)
for some explicitly computable α, β.

This is very helpful for the next section, where we outline the same theory for higher genus
curves. The main focus in that section lies on showing examples to illustrate the general results
rather than explaining why they are true. For instance we show

Example 67. Consider the plane curve C : xy(x+ 2y − 1)(2x+ y − 1) = p over Qp for p > 2.
Then V` Pic0(C) ∼= χcyc ⊗ sp(2)⊕3.

In section 5 we end by showing some applications of the theory by constructing explicit
Galois representations with special properties. In particular we construct an elliptic curve E/Q
and a large set of primes ` such that the map GQ → Aut(E[`]) is surjective:

Proposition 72. Let E : y2 = x3 + 5x2 + 74 · 52, then the action GQ → Aut(E[`]) is surjective
for all primes ` 6∈ {5, 7}.

Finally, our propositions 74 and 75 pose a restriction on the dimension of absolutely ir-
reducible `-adic representations of GK as hinted at in [AD17, footnote 2]. These imply for
instance

Corollary 76. Let p 6= 2, 3 and K/Qp a finite extension. Moreover, let d be a prime such that
2d + 1 is not a prime, then there is no abelian variety A/K of dimension d whose associated
Galois representation V`A is absolutely irreducible. In particular there are no abelian varieties
A/Qp of dimension 7, 13 or 17 with absolutely irreducible V`A.

This restriction explains why constructing an abelian variety A/Q of arbitrary dimension
with surjective Galois representation is more difficult than in the elliptic curve case.
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1.1 Notation

For convenience we list some common notations that are used throughout the text. For any
field F we write F for a separable closure of F and GF for Gal(F/F ) and K is always a local
field with finite residue field.

Symbol Meaning

K field, complete with respect to a discrete valuation and finite residue field
OK ring of integers of K
mK maximal ideal of OK
k residue field of K
p characteristic of k
q cardinality of k
` prime different from p
IK inertia group of K
PK wild inertia group of K

Frobk the Frobenius automorphism of k
FrobK the arithmetic Frobenius, i.e. a lift of Frobk to GK
φK The geometric Frobenius, i.e. a lift of Frob−1k to GK

Figure 1: Notation for objects related to the local field K.

Symbol Meaning

χcyc The `-adic cyclotomic character, see definition 5.
V (n) nth Tate twist of V , i.e. V (n) = V ⊗ χncyc
t` The tame `-adic character, see definition 7.

sp(n) The special `-adic representation, see definition 8.
T`E The `-adic Tate module of an elliptic curve E or abelian group E, see subsection 3.1.
V`E T` ⊗Z`

Q`

Figure 2: Notation for representations of GK .

2 Representation Theory

The subject of the present section is the structure of continuous representations ρ : GK →
GLn(F ), where F is a finite extension of Q` and K is a field complete with respect to a discrete
valuation and finite residue field k of characteristic p 6= `. These are called `-adic representations.
The aim is to explain and prove the structural theorems stated in [DA14]. These are also proven
in [Del72, §4, §8] and its elaboration [Roh94] but we reprove all the statements we need to make
the exposition more readable and self-contained.

One of the reasons for the interest in the coefficient field Q` is the existence of continuous
representations of GK with infinite image, as opposed continuous representations GK → GLn(C)
which land in a compact and hence finite subgroup of GLn(C). Recall [CF67, I.§7 Theorem 2]
that there is a short exact sequence 1 → IK → GK → Gk → 1, where IK is the inertia group
of K and the map GK → Gk is given by the action of GK on k = OK/mK , where OK is the
ring of integers of K and mK is its maximal ideal. Fix a geometric Frobenius φK ∈ GK , i.e. an
element which reduces to Frob−1k ∈ Gk. It turns out that for the `-adic representations of K
which interest us, φK acts as a diagonalisable operator. In particular this is the case for the Tate
module of an elliptic curve or more generally of an abelian variety. The essence of this section
boils down to the classification of the possible infinite pieces of such so-called φK-semisimple
representations.
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Definition 1 (φK-semisimplicity). Let V be a continuous GK-representation, then V is φK-
semisimple if φK acts semisimply on V I′ for all open subgroups I ′ < IK , where IK is the inertia
group of K.

There are only two kinds of such infinite pieces. Firstly there are unramified characters:
For any a ∈ OQ`

, there is a unique continuous character χ : GK → Q`
×

such that χ(φK) = a

and χ(IK) = 1. The prototypical example is the cyclotomic character χcyc : GK → Z×` which is

determined by the equation g(ζ`r) = ζ
χcyc(g)
`r , where ζ`r is a primitive `rth root of unity. Thus

we have χcyc(φK) = q−1, where q is the cardinality of k.

Secondly, for each integer n ≥ 2, there is a reducible, indecomposable representation sp(n)
of dimension n, called the special `-adic representation (definition 8). The special `-adic repre-
sentation arises from a surjection t` : IK → Z` called the tame `-adic character (definition 7)

which in the case of K = Qp simply satisfies g(p1/`
r
) = ζ

t`(g)
`r p1/`

r
. Now g ∈ IK acts on sp(n)

by exp(t`(g)N) where N is an indecomposable nilpotent operator on Qn
` .

Then theorems 6 and 13 below describe how these infinite pieces combine with representa-
tions with finite image to produce all φK-semisimple representations of GK :

Theorem 6. Let F be a topological perfect field and ρ : GK → GLn(F ) a continuous φK-
semisimple representation with underlying vector space V such that ρ(IK) is finite and the eigen-
values of ρ(φK) are contained in F . Then there exists an isomorphism of GK-representations

V ∼=
⊕
i

χi ⊗ Vi,

where χi are unramified characters such that the χi(φK) are the eigenvalues of ρ(φK) and Vi
are representations of GK over F such that the kernel of GK → GL(Vi) is an open subgroup.

Theorem 13. Let F be a finite extension of Q`, ` 6= p. Let ρ : GK → GLn(F ) be a continuous
φK-semisimple representation with underlying vector space V such that all the eigenvalues of
φK are contained in F . Then

V ∼=
⊕
i

Vi ⊗Q`
sp(ni),

for some positive integers ni and continuous φK-semisimple representations Vi such that IK
acts through a finite quotient on Vi.

Theorem 6 says that φK-semisimple representations on which inertia acts through a finite
quotient consist of unramified characters and representations of finite Galois groups (represen-
tations which factor through a finite quotient of GK are also called Artin representations). If
inertia acts through an infinite image then theorem 13 says that the only new ingredients are
the the special `-adic representations, which are reducible, indecomposable representations of
GK such that IK acts through an infinite image. In summary, indecomposable φK-semisimple
`-adic representations of GK over a sufficiently large coefficient field look like

( unramified character )⊗ ( Artin representation )⊗ sp(n).

Finally, we discuss how we can vary `, i.e. we define what it means for an `-adic and an
`′-adic representation to be compatible, see definition 17. This is done via the formalism of
Weil-Deligne representations. Often one has many possible choices for the prime ` and this
explains in what sense ρ` can be independent of `. Below we show that Tate modules of elliptic
curves have this independence of ` property and again any ’geometric’ example is expected to
have this property. Beyond providing a conceptual reassurance that we don’t have to consider
all primes ` this has explicit consequences for the arithmetic of elliptic curves (e.g. Corollary
39).
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2.1 Structure Theory

We need generalities about semisimplicity and change of coefficient field.

Lemma 2. Let F be a perfect field and F ′/F a field extension. If V is a semisimple F [x]-
module, then V ⊗F F ′ is a semisimple F ′[x]-module.

Proof. Since the tensor product distributes over direct sums we may assume without loss of
generality that V is simple. Then V ∼= F [x]/(f) for some irreducible polynomial f ∈ F [x].
Since F is perfect, f has distinct factors in any field extension. Consequently the chinese
remainder theorem shows that F ′ ⊗F V ∼= F ′[x]/(f) is semisimple.

Lemma 3. Let A,B be not necessarily commutative rings with a ring map A → B which
makes B into a free A-module. Assume M is an A-module such that B ⊗AM is a semisimple
B-module. Then M is a semisimple A-module.

Proof. We show that every short exact sequence of A-modules of the form 0 → M ′ → M →
M ′′ → 0 splits. If we are given such a sequence, then

0→ B ⊗M ′ → B ⊗M → B ⊗M ′′ → 0

is exact since B is free over A. By semisimplicity of B ⊗M the sequence splits with a B-linear
section σ : B ⊗M ′′ → B ⊗M .

The map M → B⊗M : m 7→ 1⊗m is injective and so we may define a section σ̃ : M ′′ →M
by σ̃(x) = π(σ(1⊗ x)), where π : B ⊗M → B ⊗M is induced by a A-linear projection B → A
with 1 7→ 1. σ̃ is A-linear and furnishes the desired splitting of the original sequence.

Corollary 4. Let F be a perfect field and ρ : GK → GLn(F ) a representation, then the following
are equivalent

(a) ρ is φK-semisimple;

(b) ρ⊗F F ′ is φK-semisimple for all field extensions F ′/F ;

(c) ρ(φK) is diagonalisable over a finite extension F ′/F .

Proof. Lemma 2 shows (a) =⇒ (b). The implication (b) =⇒ (c) just follows from taking F ′

to be extension obtained by adjoining the eigenvalues of ρ(φK). For (c) =⇒ (a) we not that
if ρ(φK) is diagonalisable then clearly ρ is φK-semisimple and apply lemma 3 to the ring map
F [φK ]→ F ′[φK ].

The absolute Galois group GK of K is a split extension

1→ IK → GK → 〈φK〉 → 1,

where IK < GK is the inertia group of K and 〈φK〉 is the closure of the group generated by
φK . There is a natural isomorphism 〈φK〉 ∼= Ẑ ∼= Gk, where Gk is the absolute Galois group of
k. A representation ρ is called unramified if ρ(IK) = 1, i.e. it is just a representation of Gk. In
particular an unramified character is determined by its value on φK . The first example of such
a character and an `-adic representation with infinite image is the cyclotomic character:

Definition 5. The `-adic cyclotomic character χcyc : GK → Z×` is the character such that

g(ζ`r) = ζ
χcyc(g)
`r for any g ∈ GK and primitive `rth root of unity ζ`r .

Note that χcyc(φK) = q−1. This character appears very often in the sequel and we also write
Z`(1) for the free Z`-module of rank one equipped with a GK-action by χcyc. More generally
for a Z`[GK ]-module V we write V (n) := V ⊗Z`

χncyc for n ∈ Z. The first part of the structure
theory basically just comes from the split exact sequence 1→ IK → GK → Gk → 1.

6



Theorem 6. Let F be a topological perfect field and ρ : GK → GLn(F ) a continuous φK-
semisimple representation with underlying vector space V such that ρ(IK) is finite and the eigen-
values of ρ(φK) are contained in F . Then there exists an isomorphism of GK-representations

V ∼=
⊕
i

χi ⊗ Vi,

where χi are unramified characters such that the χi(φK) are the eigenvalues of ρ(φK) and Vi
are representations of GK over F such that the kernel of GK → GL(Vi) is an open subgroup.

Proof. Let ρ be a φK-semisimple representation such that ρ(IK) is finite and V its underlying
vector space. Set G = ρ(GK) and I = ρ(IK), then there is a split short exact sequence

1→ I → G→ 〈ρ(φK)〉 → 1. (1)

Since I is finite, so is Aut(I) and thus (g 7→ ρ(φK)agρ(φK)−a) = idI for some a ≥ 1. By
assumption ρ(φK) is diagonalisable and

V ∼=
⊕
i

Wi,

where Wi are Eigenspaces of φK with eigenvalues λi. Let v ∈ Wi, and g ∈ IK , then ρ(g) and
ρ(φaK) commute, hence φaKgv = gφaKv = λai gv. Thus for any eigenvalue µ of φaK , GK acts on
the eigenspace Vµ =

⊕
j:λaj=µ

Wj .

For each such µ choose an index i satisfying λai = µ and let χµ be the unramified character
such that χµ(φK) = λi. Then

V ∼=
⊕
µ

χµ ⊗ (χ−1µ ⊗ Vµ)

and it remains to show that an open subgroup of GK acts trivially on (χ−1µ ⊗ Vµ). One such

group is H = 〈φaK〉(ker ρ ∩ IK). H acts trivially on Vµ by construction and it is open since it
is closed and has finite index in GK since the sequence (1) shows that I × Z/aZ surjects onto
GK/H.

To treat the case of IK acting through an infinite image we need to do more work. Recall that
IK contains a unique pro-p-Sylow subgroup PK , where p is the characteristic of k [CF67, I.§8
Theorem 1]. PK is called the wild inertia group and IK/PK is the tame inertia group. The fact
that PK is a pro-p-group tells us that it must through a finite quotient when ` 6= p (see lemma
11). Moreover, there is an isomorphism IK/PK ∼=

∏
` 6=p Z`, where φK acts by conjugation as

multiplication by q−1 [NSW08, Chapter VII.§5] which turns out to be very useful. It provides
us with first examples of representations infinite image on inertia:

Definition 7 (Tame Character). Let ` be a prime different from the characteristic of k. Then
the projection from IK/PK ∼=

∏
v 6=p Zv to the `th factor is denoted by t` : IK → Z` and called

the tame `-adic character. This is only well-defined up to multiplication by a constant c ∈ Z×` .

Definition 8 (Special `-adic Representation). For integers n ≥ 1 we define the `-adic special
representation sp(n) : GK → GLn(Q`) by

sp(n)(h) = exp


0 t`(h) 0 · · ·
0 0 t`(h) · · ·
...

. . .

0 · · · 0

 for h ∈ IK

7



and

sp(n)(φK) =


1

q
. . .

qn−1


and for g ∈ GK there is a unique factorisation g = φaKh with a ∈ Ẑ and h ∈ IK so we can set
sp(n)(g) = sp(n)(φK)asp(n)(h).

Lemma 9. sp(n) is well-defined and its isomorphism class is independent of the choices of φK
and t`.

Proof. Note that qa is well defined for a ∈ Ẑ since |q|` = 1 and qa ∈ Z/`NZ only depends on a
(mod `N−1(`− 1)). Hence it is clear that sp(n) defines a continuous function GK → GLn(Q`).
It remains to show that it is a group homomorphism. This requires two ingredients. Firstly,
conjugation by φK acts on IK/PK as multiplication by q−1 [NSW08, Chapter VII.§5]. Secondly,
an easy matrix computation shows ρ(φK)−1ρ(h)ρ(φK) = ρ(h)q, where ρ = sp(n). Using this we
find

ρ(φaKuφ
b
Kv) = ρ(φa+bK φ−bK uφbKv) = ρ(φa+bK ubqv) = ρ(φK)a+bρ(u)bqρ(v) = ρ(φK)aρ(u)ρ(φK)bρ(v)

for integers a, b ≥ 0. Now a density argument shows that ρ is indeed a group homomorphism.
If we make a different choice t′` = ct` for the tame character, then it is easily seen that

sp′(n)(g) =


1

c
. . .

cn−1


−1

sp(n)(g)


1

c
. . .

cn−1

 ∀g ∈ GK .

Suppose we make a different choice of Frobenius φ′K = φKw with w ∈ IK . Set s = −t`(w)/(q−1)
and

N =


0 1

0 1
. . .

0

 .

Then we have the relation Nρ(φK) = qρ(φK)N and hence

exp(sN)ρ(φK) exp(−sN) = ρ(φK) exp((q − 1)sN) = ρ(φK)ρ(w−1).

On the other hand, using φ′K instead of φK leads to the representation ρ′ with

ρ′(φK) = ρ′(φ′Kw
−1) = ρ(φK)ρ(w−1).

Further, exp(sN) commutes with ρ(h) for all h ∈ IK and so

exp(sN)ρ(g) exp(−sN) = ρ′(g)

for all g ∈ GK .

What follows is a series of lemmas to form the proof of theorem 13.

Lemma 10. Let G be a profinite group and ρ : G→ GLn(F ) a continuous representation, where
F is a field with discrete valuation. Then ρ is equivalent to a representation ρ′ : G→ GLn(OF ),
where OF = {x ∈ F : v(x) ≥ 0}.
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Proof. Let V ∼= Fn be the F -vector space underlying ρ, then it suffices to find a free OF -
submodule Λ ⊂ V of rank n which is G-stable, i.e. such that GΛ ⊂ Λ. Let Λ0 = OnF ⊂ Fn,
then HΛ0 ⊂ Λ0 where H = ∩ni=1 Stab(ei) < G is open. Choose a set of left coset representatives
R of G/H. Since H is open and G is compact, R is finite and we define Λ := RΛ0. Then Λ
is G-stable by construction. Moreover, it is a finitely generated, torsion-free OF -module and
hence free as OF is a discrete valuation ring. Since Λ0 ⊂ Λ we have rank(Λ) ≥ n and since
Λ ⊂ Fn also rank(Λ) ≤ n.

Lemma 11. Let ρ : GK → GLn(F ) be a continuous representation, where F/Q` is a finite
extension and ` 6= p. Then ρ(PK) is finite and its cardinality divides |GLn(OF /mF )|.

Proof. This proof is the reason for the hypothesis ` 6= p. First by lemma 10 we may assume
that ρ has image in GLn(OF ). PK is a pro-p-group and all the kernels

ker
(

GLn(OF /mk
F )→ GLn(OF /mF )

)
= 1 + Matn(mF /m

k
F )

are `-groups. Thus if H < GK is an open subgroup such that ρ(h) ≡ 1 (mod mK) for all h ∈ H,
then ρ(H ∩ PK) = 1 and so the image of PK under ρ equals the image of the monomorphism
PK/(PK ∩H)→ GLn(OF /mF ).

Lemma 12 (Grothendieck Monodromy Theorem [SeTa, Appendix]). Let ρ : GK → GLn(F ) be
a continuous representation with underlying vector space V , where F/Q` is a finite extension.
Then there is a unique nilpotent N ∈ End(V ) and an open subgroup φK ∈ H < GK such that
ρ(h) = exp(t`(h)N) for h ∈ H ∩ IK .

Proof. As usual apply lemma 10 to assume that ρ has its image in GLn(OF ). Similarly to the
proof of lemma 11 we take φK ∈ H < GK open such that ρ(h) = 1 (mod mF ) for all h ∈ H∩IK .
Then we saw that ρ maps IK onto a pro-`-group. t` : IK → Z` defines an isomorphism of the
maximal `-quotient of IK onto Z`. Hence ρ|IK factors through t`. Let h ∈ IK ∩ H such
that t`(h) generates t`(IK ∩ H), then it suffices to show that ρ(h) = exp(t`(h)N) for some
nilpotent N . Equip V with the maximum norm ‖(x1, . . . , xn)‖ = maxi |xi| so that the induced
matrix norm is given by ‖A‖ = maxij |Aij | for A ∈ Matn(F ). If necessary, shrink H < GK
such that ‖1 − ρ(IK ∩ H)‖ < 1, then N := t`(h)−1 log ρ(h) ∈ Matn(F ) converges. Moreover,
φ−1K NφK = qN [NSW08, Chapter VII.§5] and hence if λ is a non-zero eigenvalue of N , then
so is qλ. As F has characteristic 0 this would imply that N has infinitely many distinct
eigenvalues. Absurd. Consequently N is nilpotent and the uniqueness follows from the formula
N = t`(h)−1 log ρ(h).

Theorem 13. Let F be a finite extension of Q`, ` 6= p. Let ρ : GK → GLn(F ) be a continuous
φK-semisimple representation with underlying vector space V such that all the eigenvalues of
φK are contained in F . Then

V ∼=
⊕
i

Vi ⊗Q`
sp(ni),

for some positive integers ni and continuous φK-semisimple representations Vi such that IK
acts through a finite quotient on Vi.

Proof. By lemma 12 there is a nilpotent N ∈ End(V ) and an open subgroup φK ∈ H < GK
such that

(a) ρ(h) = exp(t`(h)N) for h ∈ H ∩ IK ;

(b) ρ(h) = 1 for h ∈ H ∩ PK .

9



Let V be the vector space underlying ρ. By assumption ρ(φK) is diagonalisable on V IK∩H =
kerN . Let v1, . . . , vm be an eigenbasis with ρ(φK)vi = λivi of kerN . Set

Vi = {v ∈ V : N sv = µvi for some µ ∈ F, s ∈ Z≥0},

then V ∼=
⊕m

i=1 Vi and each Vi is H-invariant since if N sv = µvi, then the relation

qN = φ−1K NφK

shows that N sφKv = qsλiµvi, hence φKv ∈ Vi.
Suppose Nwi = vi for some wi ∈ Vi, then φKwi − qλiwi ∈ kerN ∩ Vi and hence φKwi =

qλiwi + µvi for some µ ∈ F ′. Let vi,1 = wi − µ/λi, then φKvi,1 = qλivi,1 and Nvi,1 = vi.
Successively we find a basis vi, vi,1, . . . , vi,di of Vi such that φKvi,j = qjλivi,j and Nvi,j = vi,j−1.
In other words, H acts on Vi like χi ⊗ sp(di + 1) restricted to H, where χi : GK → (F ′)× is the
unramified character of K such that χi(φK) = λi.

Let ρ1 =
⊕m

i=1 χi ⊗Q`
sp(ni), where ni = di + 1. Then we have shown that ρ|H = ρ1|H . By

Frobenius reciprocity we conclude

IndGK
H V ∼= IndGK

H

m⊕
i=1

χi ⊗Q`
sp(ni).

Shrinking H if necessary we may assume that it is an open normal subgroup and hence for any
F ′[GK ]-module M we have IndGK

H M ∼= F ′[GK/H] ⊗F ′ M ∼=
⊕

η η
⊕ dim η ⊗F ′ M , where η runs

through the irreducible representations of GK/H. In particular V is a direct summand of a
representation of the form ⊕

j

ρj ⊗Q`
sp(nj),

where the ρj are continuous irreducible representations of GK/(IK∩H) and φK acts semisimply
on ρj . It remains to show that each M := ρj ⊗Q`

sp(nj) is indecomposable. Let h ∈ H ∩ IK
such that t`(h) 6= 0 and let N : M → M : x 7→ hx − x. Since h fixes e1 ∈ sp(nj) and
acts trivially on ρj , N is nilpotent. Moreover, N preserves subrepresentations of M and gives
rise to a filtration 0 < kerN < kerN2 < · · · < kerNnj = M . From the definition of sp(nj)
and choice of h it is clear that kerN ⊂ M is a subrepresentation isomorphic to ρj and more
generally kerN s/ kerN s−1 is isomorphic to χ1−s

cyc ⊗Q`
ρj which is in particular an irreducible

representation.
Now suppose M = A ⊕ B is a decomposition into smaller GK-representations. Then by

the irreducibility for each 1 ≤ t ≤ nj , either A ∩ kerN t + kerN t−1 = kerN t and B ∩ kerN t ⊂
kerN t−1 or vice versa. Without loss of generality we may assume that A ∩ kerN = kerN and
B ∩ kerN = 0. We now show by induction that for t ≥ 2 we also have A∩ kerN t = kerN t and
B∩kerN t = 0 which yields the desired contradiction. So suppose that A∩kerN t−1 = kerN t−1

and B ∩ kerN t−1 = 0, then we need to exclude the possibility that A ∩ kerN t = kerN t−1

and B ∩ kerN t + kerN t−1 = kerN t. If this were the case, then by inductive hypothesis
NB ∩ kerN t−1 ⊂ B ∩ kerN t−1 = 0 and hence B ⊂ kerN ⊂ A which is absurd.

2.2 Independence of ` and Weil-Deligne Representations

Suppose we have two prime `, `′ different from p and continuous representations ρ : GK →
GLn(Q`), ρ

′ : GK → GLn(Q`′). How can we compare ρ and ρ′? A first attempt might be to
choose an isomorphism Q`

∼= Q`′ and compare the representations there. The problem with
this is that we lose information by going to the algebraic closure and much more seriously that
no such isomorphism is continuous.

For example consider the cyclotomic character χcyc, it is determined by χcyc(φK) = q−1

which does not depend on `. However, for non-integral a ∈ Ẑ, χcyc(φ
a
K) = q−a depends on

10



the topology of Q`. To address this issue we restrict our representations to the Weil group
WK ⊂ GK .

Definition 14. The Weil group WK ⊂ GK is the subgroup formed by elements of the form
φaKg with a ∈ Z and g ∈ IK , this is depicted in the following diagram

0 IK GK Ẑ 0

0 IK WK Z 0

Since WK ⊂ GK is dense, ρ|WK
determines ρ and now there is a character χcyc : WK → Q×

such that χcyc(φK) = q−1 and χcyc(IK) = 1. The second source of representations which depend
on the topology of Q` come from the tame character t` and this is not yet dealt with by the WK

construction. However, if we take N as in 12, then σ : IK → GLn(Q`) : g 7→ ρ(g) exp(−t`(g)N)
is continuous with respect to the discrete topology on Q` and has a chance of being independent
of `. This leads to the following definition.

Definition 15 (Weil-Deligne Representation [Del72, 8.4.1]). A Weil-Deligne Representation of
WK over a field F is a pair (V,N), where V is a finite dimensional F -vector space with WK-
action such that an open subgroup of IK acts trivially and N : V → V is a nilpotent linear
map such that φ−1K NφK = qN and hN = Nh for all h ∈ IK . A morphism of Weil-Deligne
representations is a WK-equivariant linear map which commutes with the nilpotent operator.

Below we will show that for an elliptic curve E/K there exists a Weil-Deligne Representation
(V,N) over C such that for all ` 6= p we have ρ`(φ

a
Kg) = ρ(φaKg) exp(t`(g)N) for all φaKg ∈WK ,

where ρ : WK → GL(V ) is the action on V and ρ` is the `-adic representation on the Tate
module of E. In particular the isomorphism class of ρ` is determined by data which is completely
independent of `. The trick is that a Weil-Deligne representation does not use the topology of
the coefficient field. Thus the significance of the next proposition is that `-adic representations
of GK can be understood without referring to the topology of Q`.

Proposition 16. Let F/Q` be a finite extension, then there is an equivalence of categories
between continuous representations of WK over F , denoted RepF (WK) and Weil-Deligne rep-
resentations of WK over F such that the eigenvalues of φK are in O×F , denoted WDF (WK). The
equivalence is given by RepF (WK) → WDF (WK) : ρ 7→ (φaKg 7→ ρ(φaKg) exp(−t`(g)N), N),
where N is the operator from lemma 12 (which holds also for WK instead of GK with the same
proof) and WDF (WK)→ RepF (WK) : (ρ,N) 7→ (φaKg 7→ ρ(φaKg) exp(t`(g)N)),

Proof. It is clear that those two functors are inverse to each other given that they are well-
defined. This just follows from the relations t`(φ

−1
K gφK) = qt`(g) and φ−1K NφK = qN . Moreover,

the statement about the eigenvalues ensures that the F -representation associated to a Weil-
Deligne representation is continuous. See also [Del72, 8.3.7].

Finally we reach our definition of compatibility.

Definition 17. Let `, `′ be primes different from p, F/Q`, F
′/Q`′ finite extensions and ρ, ρ′

continuous representations of GK over F and F ′ respectively. Then we say that ρ and ρ′

are compatible if their associated Weil-Deligne representations of WK are isomorphic when
considered as representations over C ∼= Q`

∼= Q`′ .

Consider a family of GK-representations (ρ`) where each ρ` is `-adic. If the ρ` are pairwise
compatible then the Weil-Deligne representation associated to any ρ` determines all the other
ρ`′⊗Q`′ completely. Or more formally one can chain together the equivalences from proposition
16 to get an equivalence of categories RepQ`

(WK) ∼ RepQ`′
(WK) for any `, `′ 6= p.

11



Remark 18. In our definition of compatibility we only consider Weil-Deligne representations over
C. Since the characteristic polynomials of the Weil-Deligne of an elliptic curve have rational
coefficients one might hope that one can take the whole representation to be defined over Q and
avoid going to the algebraic closure. This is not possible as shown in example 44 below.

3 Elliptic Curves

In this section we discuss our first examples of Galois Representations, namely Tate modules
of elliptic curves. To any elliptic curve E over a field F and a prime ` such that `−1 ∈ F one
can associate a free Z`-module T`E of rank 2 [AEC, III.7]. If F = C, then there is a natural
isomorphism T`E ∼= H1(E,Z`) and in general T`E is dual to the first `-adic cohomology group of
E/F [CS86, V.15.1]. The Tate module comes with a natural continuous GF -action and defines
a 2-dimensional representation V`E := T`E ⊗Z`

Q`. This is the `-adic representation associated
to an elliptic curve. It is an isogeny invariant and is used for instance to define the conductor
or the L-function associated to an elliptic curve over Q. Thus there are many reasons to be
interested in V`E. Later we also show how to realise the groups GL2(F`) as Galois groups of
finite extensions L/Q using Tate modules.

When F is a local field K we describe V`E rather explicitly in terms of its reduction types
using the structure theory from the previous section. Namely, we show the following theorem

Theorem 37. Let E/K an elliptic curve, then V`E is a 2-dimensional φK-semisimple contin-
uous representation of GK such that det(V`E) ∼= Q`(1) and

(a) If E has good reduction, then V`E is unramified and FrobK has characteristic polynomial
T 2− aT + q, where a = q+ 1− |Ẽ(k)|, i.e. over Q`(

√
a2 − 4q) V`E splits as the sum of two

characters.

(b) If E has split multiplicative reduction, then V`E ∼= χcyc ⊗ sp(2).

(c) If E has non split multiplicative reduction which splits over the unramified quadratic exten-
sion K ′/K, then V`E ∼= χ′ ⊗ χcyc ⊗ sp(2), where χ′ is the character of K ′.

(d) If E has additive reduction, then (V`E)IK = 0 and if the reduction is potentially multiplica-
tive then V`E ∼= χ⊗ sp(2) for some finitely ramified character χ.

Moreover, we prove the independence of ` of V`E, that is we prove

Theorem 38. For any g ∈ WK and prime ` 6= p, the characteristic polynomial of g acting on
V`E has coefficients in Q which are independent of `. Moreover, there exists a Weil-Deligne
representation (V,N) of WK over C such that for every ` 6= p, the Weil-Deligne representation
associated to V`E is isomorphic to (V,N), i.e. V`E and V`′E are compatible (definition 17).

The methods involved allow us to show that in fact even in the case of potentially good or
potentially multiplicative reduction one can still completely describe the representation V`E.
This is illustrated in example 42. The aim is to convince the reader that the local `-adic Galois
representation of an elliptic curve is a very explicit object. Finally we provide a computation
of the integral Tate module T`E in the case when E has split multiplicative reduction using the
Tate uniformisation.

Remark 19. Note that the independence of ` shows that in theorem 37 (d), the character χ
must have image in Q×. Further χ · χ−1cyc has finite image by parts (b) and (c). Since the only
roots of unity in Q are ±1, we must have χ = χ′ · χcyc, where χ′ : GK → {±1} is a ramified
character. A similar argument gives corollary 39. This illustrates that independence of ` is a
strong restriction on the representations V`E.

The description of V`E is summarised in figure 3, where we use the previous remark and the
fact that E has potentially good reduction if and only if j(E) is integral [AEC, VII.5.5].
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reduction?
V`E ⊗ Q`

∼= χ1 ⊕ χ2

unramified

v(j(E))?

V`E ⊗ Q`|H ∼= χ1 ⊕ χ2

unramified, where H <
GK open. See example

42 for full action.

V`E ∼= χ ⊗ χcyc ⊗ sp(2),
where χ : GK → {±1}

good

bad

≥ 0

< 0

Figure 3: How to determine V`E?

3.1 Tate Modules

Fix a prime ` 6= p and a field F of characteristic 0 or p. For any abelian group A we define the
Z`-module T`A as the limit of the diagram

A[`]
·`←− A[`2]

·`←− A[`3]← . . .

In other words, elements of T`A are sequences (an) such that an ∈ A[`n] = {a ∈ A : `na = 0}
and `an = an−1 and for example Z` = T`Z. The action of x ∈ Z` on (an) is given by the
multiplication action of Z/`nZ on A[`n]. This defines an additive functor T` from the category
of abelian groups to the category of Z`-modules. Similarly we define the functor V` from the
category of abelian groups to the category of Q`-vector spaces by V`A := T`A⊗Z`

Q`.

Example 20. If A = F
×

, then T`A ∼= Z` with a continuous GF -action given by the `-adic
cyclotomic character.

Lemma 21. T`A is torsion free for any abelian group A.

Proof. Suppose x = (xn) ∈ T`A is killed by `ru ∈ Z` where u ∈ Z×` , then for all n ≥ r,
xn−r = `rxn = 0 and hence x = 0.

Lemma 22. The functor V` is left exact.

Proof. Since Hom(Z/`rZ,−) is left exact, so is T`. Let

0→ A
f−→ B

g−→ C → 0

be a short exact sequence of abelian groups. Since tensoring with Q` is right exact, it remains to
show that f : V`A→ V`B is injective. Since Q`

∼= Z`[`−1], every element a ∈ V`A can be written
as a pure tensor a = (an) ⊗ `−r for some r. Thus if f(a) = 0, then f((an)) ⊗ `−r = 0 implies
that f((an)) ∈ T`B is a torsion element and hence 0 by lemma 21. Now the left exactness of T`
shows that a = 0.
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Definition 23. Let F be a field and E/F be an elliptic curve. For a prime `, we define
T`E = T`E(F ) and V`E := V`E(F ).

Since GF acts continuously on each E[`n], GF acts continuously on V`E, i.e. V`E is a
continuous representation of GF . One can show that T`E is a free Z`-module of rank 2 [AEC,
III.7.1.]. For instance in the characteristic 0 case one can reduce to the complex case by the
Lefschetz principle and use that elliptic curves over C are complex tori.

Proposition 24. V`E is an isogeny invariant.

Proof. Let φ : E → E′ be an isogeny of elliptic curves over F , then φ : E(F ) → E′(F ) is
surjective with finite kernel. The finite kernel is killed by V` by lemma 21. The left exactness of
V` furnishes an injective GF -equivariant map V`E → V`E

′ between 2-dimensional vector spaces
and thus an isomorphism V`E ∼= V`E

′.

Remark 25. In some cases there is a converse to the above proposition, namely over finite fields
(Tate) and over number fields (Faltings) the representation V`E is the only isogeny invariant
of E. [AEC, III.7.7.] However, over local fields it is not the only isogeny invariant already for
cardinality reasons. The set of possible representations is countable but the set of isomorphism
classes of elliptic curves over Qp is uncountable.

Corollary 26. Two elliptic curves over Fq are isogenous if and only if then they have the same
number of Fq-points.

Proof. The number of Fq points determines the characteristic polynomial of the frobenius acting
on V`E [AEC, V.2.3.1]. Moreover we show in lemma 33 below that V`E is semisimple and so
the characteristic polynomial determines V`E. This shows that isogenous curves have the same
number of Fq-points and Tate’s isogeny theorem yields the converse.

3.2 Reduction Types and V`E

The core result of this subsection is the famous criterion of Neron-Ogg-Shafarevich and its
refinement, theorem 37. It relates the reduction types of E/K to properties of V`E. Recall that
there are 3 basic types of reduction for an elliptic curve E/K:

� good reduction

� multiplicative reduction (split, non-split)

� additive reduction (potentially good, potentially multiplicative)

They are defined by taking a minimal Weierstrass model of E and looking at its reduction
Ẽ. This is a cubic curve over k which has at most one singularity. If there are no singularities
the reduction is good. If there is a nodal singularity the reduction is multiplicative and the
reduction map defines a surjective group homomorphism onto Ẽns(k) ∼= k

×
. If there is a

cuspidal singularity the reduction is additive and the reduction map defines a surjective group
homomorphism onto Ẽns(k) ∼= k. In this case there is a finite field extension K ′/K such that
over K ′, E has either good or multiplicative reduction. See [AEC, VII.2] for details.

Example 27. Let K = Qp, where p > 3 and E1 : y2 = x3 − x,E2 : y2 = x3 + x2 + p,E3 : y2 =
x3− p. Then E1 has good reduction, E2 has split multiplicative reduction and E3 has additive,
potentially good reduction.

Further there are subgroups E1(K) ⊂ E0(K) ⊂ E(K) such that E0(K) consists of the K-
points of E which reduce to a non-singular point of Ẽ and E1(K) consists of of the K-points
of E reduce to the identity of the group Ẽns(k). The group E1(K) has the useful description
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as mK-points of the formal group of E which implies for instance that it has no `-torsion or
non-trivial `-quotients.

All of the above reduction types have an interpretation in terms of V`E (in particular they
are isogeny invariant) and in fact they determine a lot of the structure of V`E, for instance any
curve E with split multiplicative reduction satisfies V`E ∼= χcyc ⊗ sp(2).

Proposition 28. There is an isomorphism of GK representations (V`E)IK ∼= V`Ẽns(k).

Proof. It is a fundamental fact that E(Kun)/E0(K
un) is finite. However, the proof relies on

Tate’s algorithm which uses the classification of possible special fibres of neron models of elliptic
curves [AAEC, IV.9.2d]. In particular this finiteness means that V`(E(Kun)/E0(K

un)) = 0 and
by left exactness of V`,

(V`E)IK ∼= V`E(Kun) ∼= V`E0(K
un).

Recall that there is an exact sequence

0→ E1(K
un)→ E0(K

un)→ Ẽns(k)→ 0

of GK-modules and E1(K
un) is isomorphic to the mKun-points of the formal group of E.

Thus E1(K
un) contains no `-torsion and Ext1(Z/`nZ, E1(K

un)) = Z/`nZ ⊗ E1(K
un) = 0 and

T`E0(K
un)→ T`Ẽns(k) is an isomorphism.

Theorem 29 (Neron-Ogg-Shafarevich). Let d = dim(V`E)IK , then the reduction of E is

(a) good if d = 2,

(b) multiplicative if d = 1,

(c) additive if d = 0.

Proof. The idea is that we can read off the reduction type from the group structure of A :=
T`Ẽns(k) and to apply the proposition.

(a) If E has good reduction, then there is an isomorphism of Z`-modules A ∼= Z`⊕Z` and hence
d = 2.

(b) If E has multiplicative reduction, then there is an isomorphism of Z`-modules A ∼= T`(k
×

) ∼=
Z` and d = 1.

(c) If E has additive reduction, then there is an isomorphism of Z`-modules A ∼= T`(k) and
since ` is invertible in k, A = 0.

Corollary 30. The reduction type (good, multiplicative or additive) of E is an isogeny invariant.

Corollary 31. The integrality of j(E) is an isogeny invariant.

Proof. The j-invariant is integral if and only if E has potentially good reduction [AEC, VII.5.5].
This is the case if and only V`E is finitely ramified. But V`E only depends on the isogeny class
of E.

Remark 32. The valuation v(j(E)) is not an isogeny invariant. For instance this can be seen in
the 11-adic valuation of the j-invariants in [LMFDB, Isogeny class 32a].

Lemma 33. Let E be an elliptic curve over L where L is a field of characteristic p > 0. Then
the Frobenius automorphism φ of L acts semisimply on V`E for ` 6= p.
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Proof. The degree of an isogeny is a positive definite quadratic form on End(E). [AEC, III.
Corollary 6.3.]. We can extend this to a hermitian form on End(E)⊗C. Consider φ : E → E as
a degree p isogeny, then p−1/2φ acts unitarily on End(E)⊗C. Hence the ring C[φ] ⊂ End(E)⊗C
is semisimple and so is every module over it. Since C and Q` are both algebraically closed, of
characteristic 0 and have the same cardinality we may choose a field isomorphism C ∼= Q`

[Ste10]. Hence we can view V`E ⊗ Q` as a C[φ]-module. In particular φ acts semisimply on
V`E ⊗Q` and hence on V`E by lemma 3.

Theorem 34. Let E be an elliptic curve over K, and ` a prime different from the characteristic
of k. Then φK acts semisimply on V`E.

Proof. If E has good reduction then the reduction map E → Ẽ induces an isomorphism of tate
modules [AEC, VII.3.1] and the result follows from lemma 33.

Note that we may replace K by a totally ramified extension since this does not change the
Frobenius. Hence the theorem also holds for curves with potentially good reduction.

If this is not the case then by theorem 29 any open subgroup I ′ < IK acts non-trivially and
so dim(V`E)I

′ ≤ 1. In particular φK acts semisimply on (V`E)I
′

and theorem 13 shows that it
in fact acts semisimply on the whole space.

Remark 35. In general it is an open problem to decide whether the Frobenius acts semisimply
on the etale cohomology of a variety over a finite field.

Lemma 36. det(V`E) ∼= Q`(1).

Proof. The Weil pairing [AEC, III.8] induces a non-zero map det(V`E) → Q`(1) which is the
desired isomorphism.

Theorem 37. Let E/K an elliptic curve, then V`E is a 2-dimensional φK-semisimple contin-
uous representation of GK such that det(V`E) ∼= Q`(1) and

(a) If E has good reduction, then V`E is unramified and FrobK has characteristic polynomial
T 2− aT + q, where a = q+ 1− |Ẽ(k)|, i.e. over Q`(

√
a2 − 4q) V`E splits as the sum of two

characters.

(b) If E has split multiplicative reduction, then V`E ∼= χcyc ⊗ sp(2).

(c) If E has non split multiplicative reduction which splits over the unramified quadratic exten-
sion K ′/K, then V`E ∼= χ′ ⊗ χcyc ⊗ sp(2), where χ′ is the character of K ′.

(d) If E has additive reduction, then (V`E)IK = 0 and if the reduction is potentially multiplica-
tive then V`E ∼= χ⊗ sp(2) for some finitely ramified character χ.

Proof. The first part is theorem 34 and lemma 36.

If E has good reduction then this follows from [AEC, V.2.3.1.], the isomorphism V`E ∼= V`Ẽ
and theorem 34.

If E has multiplicative reduction, then by [AEC, VII.5.4.] E also has multiplicative reduction
over all finite extensions of K. The Neron-Ogg-Shafarevich Criterion shows that IK does not act
through a finite quotient on V`E. Consequently (V`E)I

′
is one-dimensional for all I ′ < IK open,

φK acts diagonally on it and theorem 13 implies that V`E ∼= χ ⊗Q`
sp(2) for some character

χ : GK → Q×` . Now by definition of sp(2) we have (V`E)IK ∼= χ and χ must be unramified

since otherwise dim(V`E)IK = 0. Thus is suffices to check how φK acts on Ẽns(k) ∼= k
×

. If
E has split multiplicative reduction then clearly φK just acts as multiplication by q−1. If E
has non-split multiplicative reduction, then we still know that φ2K acts as multiplication by q−2

because the reduction is split over a quadratic extension. If φK also acts as q−1 here then the
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reduction would be split since then there is an isomorphism Ẽns(k) ∼= k×. Thus φK acts as
−q−1 as required.

If E has additive reduction, then (V`E)IK = 0 by theorem 29. If the reduction is potentially
multiplicative, then we see from the above and theorem 13 that V`E ∼= χ ⊗ sp(2) for some
finitely ramified character χ.

3.3 Independence of `

When given an elliptic curve E/K we have constructed representations V`E for all primes ` 6= p.
We now show that these are all compatible in the sense of definition 17. Our main ingredient for
establishing this independence of ` is [AEC, III.8.6] which states that for an isogeny φ ∈ End(E),
the induced map φ` on V`E satisfies

det(φ`) = deg(φ) Tr(φ`) = 1 + deg(φ)− deg(1− φ).

In particular these values are in Z and independent of `. If E is an elliptic curve over a finite
field, then the Frobenius has the fantastic property of being both a field automorphism and and
a morphism of algebraic varieties.

Theorem 38. For any g ∈ WK and prime ` 6= p, the characteristic polynomial of g acting on
V`E has coefficients in Q which are independent of `. Moreover, there exists a Weil-Deligne
representation (V,N) of WK over C such that for every ` 6= p, the Weil-Deligne representation
associated to V`E is isomorphic to (V,N), i.e. V`E and V`′E are compatible (definition 17).

Proof. If E has good reduction then this follows directly from [AEC, III.8.6.] and the isomor-
phism V`E ∼= V`Ẽ(k).

If E has multiplicative reduction, then 37 shows that V`E ∼= χ⊗ sp(2) for some unramified
character χ which takes rational values on integral powers of frobenius which are independent
of ` (either (−q)−a or q−a). Thus the characteristic polynomial of g ∈ IK acting on V`E is
(T − 1)2 and the characteristic polynomial of φaK is (T − χ(φaK))(T − qχ(φaK)) which both have
rational values, independent of `.

If E has additive reduction, then there is a finite Galois extension K ′/K such that E has
good or split multiplicative reduction over K ′ [AEC, VII.5.4.]. First suppose that E has good
reduction over K ′ and let I be the inertia group of K ′/K, then by the Neron-Ogg-Shafarevich
criterion, the action of IK on V`E factors through I. Since I is finite, so is Aut(I) and after
possibly enlarging K ′ by an unramified extension, we may assume that conjugation by φK′ acts
trivially on I. Let Ẽ be the reduction of E over K ′. It is an elliptic curve over k′ the residue
field of K ′. The action of I on E induces an action on Ẽ and since conjugation by φK′ acts
trivially on I, this is even an action by k′-isogenies. Given P̃ ∈ Ẽ(k′) lift it to P ∈ E(K ′)
and then take the reduction of g(P ). This is well-defined since g acts continuously on E. In
particular

det(g|V`Ẽ) = deg(g) = 1, Tr(g|V`Ẽ) = 1 + deg(g)− deg(1− g) ∈ Z

by [AEC, III.8.6]. One can argue in the same fashion for elements of the form gφaK with a ≥ 0.
Finally since gφ−aK = (g−1φaK)−1 also elements of the form gφaK with a < 0 have characteristic
polynomials with rational coefficients independent of `. The compatibility of V`E and V`′E
follows because in this case the nilpotent operator of the associated Weil-Deligne representation
is 0 and so we are just dealing with semisimple representations of WK which are determined by
their characters [Bou62, ch. 8, §12, n° I, prop. 3].

Now suppose that E has potentially multiplicative reduction then again we may assume that
the finite group I acts by k′-morphisms on Ẽns. Such morphisms are of the form x 7→ x±q

r
for

some r ∈ Z and give rise to the eigenvalue ±qr ∈ Q on V`Ẽns(k) which determines the character
χ such that V`E ∼= χ ⊗ sp(2). The characteristic polynomial of gφaK ∈ WK is then given by
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(T − χ(g))(T − χ(g)qa) and independent of ` and the associated Weil-Deligne representation is(
χ⊕ χ · χ−1cyc,

(
0 1
0 0

))
.

Corollary 39. Suppose p ≥ 5, then if E has potentially good reduction it acquires good reduction
over a totally ramified Galois extension of degree 4 or 6.

Proof. By assumption on p, we can choose an ` such that p - (`2 − 1) and thus V`E is tamely
ramified by lemma 11. In such a representation I acts through a cyclic quotient. But the
characteristic polynomial of this action has coefficients in Q and so it must act through a cyclic
quotient of order 1, 2, 3, 4 or 6.

Corollary 40. Assume that the residue characteristic of K is ≥ 5. Let E have potentially good
reduction, then the residue class mod 12 of vK(∆E) is not invertible (mod 12).

Proof. Let K ′/K be the quartic or sextic extension from above and u ∈ K ′ such that x 7→
u2x, y 7→ u3y transforms E to a curve with good reduction, then the discriminant gets multiplied
by u12 and hence vK(∆E) must be divisible by 2 or 3, i.e. not invertible (mod 12).

Example 41. The elliptic curve E : y2 = x3 + x+ 1 does not have potentially good reduction
over Q31 since v31(∆E) = 1. Thus its `-adic representation of GQ31 must be of the form χ⊗sp(2)
for some character χ : GK → {±1}.

Example 42. Consider the elliptic curve E : y2 = x3−px over Qp where p > 3. It has additive
reduction which becomes good over Qp(p

1/4) and the automorphism g of Qp(p
1/4, i) which sends

p1/4 7→ ip1/4 acts on Ẽ : y2 = x3 − x by (x, y) 7→ (−x, iy) where i ∈ Qp is a root of x2 + 1 = 0.
Moreover, the characteristic polynomial of g acting on V`E is T 2 + 1.

If p ≡ 3 (mod 4), then V`E ⊗Q` has the form

ρ(g) =

(
i 0
0 −i

)
ρ(Frobp) =

(
0

√
−p√

−p 0

)
If p ≡ 1 (mod 4), then V`E ⊗Q` has the form

ρ(g) =

(
i 0
0 −i

)
ρ(Frobp) =

(
α 0
0 β

)
for some explicitly computable α, β.

Proof. Over Qp(p
1/4) there is an isomorphism E → E′ : (x, y) 7→ (p1/2x, p3/4y) where E′ :

y2 = x3 − x. To compute the action of g, take (x̃, ỹ) ∈ Ẽ(Fp(i)), a lift (x, y) ∈ E′(Qp) which
corresponds to (p−1/2x, p−3/4y) ∈ E(Qp) and is mapped by g to (−p−1/2x, ip−3/4y) which
reduces to (−x̃, iỹ). This is an isogeny g̃ which satisfies g̃2(P ) + P = 0 and hence we also have
the relation g2 + 1 = 0 on V`E. This implies that the characteristic polynomial of g acting on
V`E is T 2 + 1.

If p ≡ 3 (mod 4) choose a basis of V`E ⊗ Q` which diagonalises g. Then the relation
Frobp g Frob−1p = g−1 implies that we can scale this basis so that ρ(Frobp) is of the form(

0 α
α 0

)
for some α. But we know that α2 = −p from lemma 36.

If p ≡ 1 (mod 4), then g and Frobp commute and hence can be diagonalised simultaneously.
To decide which eigenvalue of Frobp shares an eigenvector with i, respectively −i it suffices to
compute the eigenvalues of g Frobp. To do so observe that g Frobp is another choice of Frobenius
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which fixes elements of the form (ap)1/4 where a ∈ Z×p is not a square. But over Qp((ap)
1/4), E

obtains good reduction and so we can compute the eigenvalues of g Frobp by counting points.
This is explored in more detail in [DD11]. Let’s illustrate the method for p = 17. a = 3 is not
a square mod 17. Over Qp((3

−1p)1/4) E has the model y2 = x3− 3x where Frobenius has trace
−8 and eigenvalues −4 ± i. Over Qp(p

1/4) E has the model y2 = x3 − x where Frobenius has
trace 2 and hence its eigenvalues are 1 ± 4i. We know that the Frobenius over Qp((3

−1p)1/4)
equals g Frobp where Frobp is the Frobenius over Qp(p

1/4). Thus {iα,−iβ} = {−4 + i,−4− i}
and {α, β} = {1 + 4i, 1− 4i} and consequently α = 1 + 4i and β = 1− 4i.

Corollary 43. The elliptic curve E : y2 = x3−x is supersingular at all primes p ≡ 3 (mod 4).

Proof. 1 Any choice of Frobenius for Qp(p
1/4) is also one for Qp and E is supersingular if and

only if the trace of the Frobenius is zero (mod p). Over Qp(p
1/4), E is isomorphic to the curve

y2 = x3−px from the example where we computed that the Frobenius has trace 0. One doesn’t
actually need Galois representations to prove this and can use [AEC, V.4.1] instead.

Example 44. Consider the elliptic curve E : y2 = x3−x2−384x−2772 [LMFDB, Elliptic Curve
24.a1]. It has discriminant ∆ = 211 · 32, conductor N = 23 · 3 and j-invariant j = 2 · 3−2 · 11533.
Then the representation GQ2 → GL(V3E) is not defined over Q. This is about as ugly as
potential good reduction can get and it shows that the Weil-Deligne representation associated
to E/Q2 can not taken to be defined over Q even though we have the rationality statement
from theorem 38.

Proof. We show that IQ2 acts faithfully through a quotient which is isomorphic to SL2(F3). Then
we note that the quaternion group Q8 is a subgroup of SL2(F3) and has a unique irreducible
faithful representation whose Schur index is 2 and hence not defined over Q.

By a strengthening of the Neron-Ogg-Shafarevich criterion [AAEC, IV.10.3], E/Q2 has good
reduction over Q2(E[3]). Moreover since v2(∆) = 11, the ramification degree e of Q2(E[3])/Q2

satisfies e ≥ 12 and there is a natural embedding Gal(Q2(E[3])/Q2) ↪→ Aut(E[3]). By the Weil
Pairing, the image of IQ2 in Aut(E[3]) lands in SL2(F3) which has no proper subgroups of order
≥ 12. Consequently the inertia group of Q2(E[3])/Q2 is isomorphic to SL2(F3) and since E has
good reduction over Q2(E[3]) this completes the proof.

3.4 Tate Uniformisation and Split Multiplicative Reduction

Over the complex numbers every elliptic curve has the form C/(Z + τZ) with =(τ) > 0 [AEC,
VI.5.1.1]. In this subsection we present the analogue result for arbitrary complete fields. The
trick is to first note that the exponential map exp : C/(Z+ τZ)→ C×/e2πiτZ is an isomorphism
and then write out the power series which define the isomorphism C×/e2πiτZ → E. Luckily they
have rational coefficients so that one can plug in numbers from other complete fields [AAEC,
V.3]. As a consequence we will be able to describe the integral Tate module T`E for elliptic
curves with split multiplicative reduction rather than just V`E. Later we use this to solve the
inverse Galois problem for the groups GL2(F`). The theory of the Tate curve can be summarised
in the following theorem.

Theorem 45. Let K be a finite extension of Qp and t ∈ K× such that |t| < 1, then Et :
y2 + xy = x3 + a4(t)x + a6(t) is an elliptic curve over K such that Et(L) ∼= L×/tZ for all
algebraic extensions L/K, where

a4(t) = −
∑
n≥1

n3tn

1− tn
a6(t) = −

∑
n≥1

(5n3 + 7n5)tn

12(1− tn)
.

1This proof is interesting because we take a question about good reduction and solve it by considering a
’degeneration’ to bad reduction, similarly to how one can prove the degree-genus formula for plane curves by
degeneration to a union of lines.
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Moreover, if E/K is an elliptic curve such that |j(E)| > 1, then there exists a unique t ∈ K×
such that E is isomorphic to Et over K and E is K-isomorphic to Et if and only if E has split
multiplicative reduction.

Proof. Omitted. See [AAEC, V.3.1] and [AAEC, V.5.3].

Corollary 46. If E/K is an elliptic curve with split multiplicative reduction, then there is a
Z`-basis of T`E in which the action of φsKg ∈ GK with g ∈ IK is given by(

q−s q−st`(g)
0 1

)
Proof. By [AEC, VII.5.5] |j(E)| > 1 and the theorem implies that E is isomorphic to a Tate
curve K×/tZ for some |t| < 1. Consider the functor A 7→ A[n] = Hom(Z/nZ, A) which maps
discrete GK-modules to discrete GK-modules. Its first right derived functor is A 7→ A/nA.
Hence the short exact sequence

0→ tZ → K
× → E(K)→ 0

induces the exact sequence

0→ µn → E(K)[n]→ tZ/tnZ → 0

for any n. Thus for choices of an nth root of unity ζ and an nth root γ of t any element
of E(K)[n] can be written uniquely as ζaγb with a, b ∈ Z/nZ. Now specialise to n = `k, then
φsKg(ζaγb) = φsK(ζa+t`(g)bγb) = ζq

−sa+q−st`(g)b. It is clear that in the limit these give the claimed
matrix representation of T`E.

4 Higher Genus Curves

In this section we generalise the results of the previous section to curves of genus ≥ 2 over
K. Studying the `-adic representation of such curves requires a few more steps than the study
of Tate modules of elliptic curves. As a result there are few proofs in this section. The aim
is rather to describe the theory and to highlight the similarities and differences to the case of
elliptic curves.

The first hurdle is already the definition of the `-adic representation attached to a curve C
of genus g ≥ 2. One can define it as the Tate dual of the first `-adic cohomology group but
this description is too general to work with. When C was an elliptic curve we were able to use
the group structure on E. However, there is no group structure on C. For instance because
over the complex numbers such curves are not even topological groups since their fundamental
groups are not abelian.

However, we can still form the group Pic0(C) of degree 0 divisor classes on C. Moreover
this group carries a natural continuous GK-action induced by the GK-action on C(K). Note
that in the case of an elliptic curve E we have E(K) ∼= Pic0(E) by the Riemann-Roch theorem
[AEC, III.3.4] and so V` Pic0(C) is a generalisation of the Tate module of an elliptic curve. This
is the representation we describe in the present section.

It turns out that Pic0(C) is rather hard to study directly. Indeed I do not know of an
elementary proof of even first properties such as the dimension of V` Pic0(C). Over the complex
numbers, Pic0(C) is isomorphic to the complex torus H0(C,Ω1

C)∨/H1(C,Z) by the Abel-Jacobi
theorem [Lan, IV] which reveals the structure of this abelian group. This does not directly
have an analogue for general base fields. However, the aforementioned torus is also an abelian
variety, called the Jacobian variety of C and this does generalise to other fields [CS86, VII].
There exists an abelian variety J(C)/K of dimension g such that Pic0(C) ∼= J(C)(K).
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The second hurdle lies in the fact that the reduction of general curves is considerably more
complicated than the reduction of elliptic curves where we have the convenience of the minimal
Weierstrass model. It is not easy to even define what the reduction of a higher genus curve
should be and there are multiple ’correct’ answers. In our context we will mainly discuss the
minimal regular model. See [Con] for a comparison of the neron model, minimal regular model
and minimal weierstrass model of an elliptic curve.

To conclude, the aim of this section is to explain the following theorem.

Theorem 47. Let C/K be a curve of genus g ≥ 1 and C the minimal regular model of
C over OK . The GK-representation V` Pic0(C) is continuous and φK-semisimple such that
det(V` Pic0(C)) ∼= Q`(g). If we assume additionally, that the special fibre of C has semi-stable
reduction, then

V` Pic0(C) ∼= H1(Γ,Z)⊗ χcyc ⊗ sp(2)⊕ V` Pic0(C̃mK ),

where Γ is the dual graph (see definition 64) of CmK and C̃mK is the normalisation of CmK .
Moreover, these representations are independent of ` (definition 17).

4.1 Integral Models and Reduction

We now recall some parts of the theory of arithmetic surfaces as explained in [Liu10, Chapter
10]. This is necessary to describe the GK representation V` Pic0(C) associated to a curve C/K
of genus g ≥ 2. By a curve we will always mean a regular, irreducible, projective curve C/K.
For example consider the plane curves Ce : xy(x + y − 1)(x − y + 1) = pe over Qp and e ∈ Z.
The naive way of reducing Ce mod p is to just take the same equation and reduce its coefficients
mod p. However, it turns out that this only gives the right result when e = 1 and for Ce with
e < 0 one would have to multiply both sides by p−e to be able to reduce mod p but then we
just end up with the equation 0 = 1, i.e. empty reduction.

Formally we can describe this process of reducing the equations of C mod m as finding
some OK-scheme C such that CK ∼= C and then Ck = C ×OK

k is the reduction mod mK .
For instance if we consider Ce as an affine plane curve, then for e ≥ 1 we can take Ce =
SpecZp[x, y]/(xy(x+y−1)(x−y+1)−pe) and then Ce×k = SpecFp[x, y](xy(x+y−1)(x−y+1))
is the union of 4 lines in general position (at least if p > 2).

The issue is that there are many possibilities for C and they are not all interesting as we saw
above when e < 0. Thus we ask C to satisfy additional properties which eventually uniquely
determine it.

Definition 48. Let C be a curve over K. Then a model of C over OK is an integral, normal,
projective, flat OK-scheme C of dimension 2 together with a K-isomorphism f : C ×OK

K → C.
We say that C is a regular model if the scheme C is regular. A morphism of models is a
OK-morphism C → C′ which respects the isomorphisms CK ∼= C and C′K ∼= C.

If K = k((t)), then a model is an infinitesimal family of curves over k, so we can think of it
as a deformation of the special fibre CmK . This is a useful intuition to keep in mind. In fact the
whole theory of models of curves and their reductions is completely analogous to the birational
geometry of surfaces as shown in the book [Liu10]. For K = Qp one can imagine a model as
a deformation in p-direction. For instance this explains why the model SpecZp[x, y]/(xy − p)
should be regular but SpecZp[x, y]/(xy−p2) is not. Note that even though SpecZp[x, y]/(xy−p)
is regular, its special fibre SpecFp[x, y]/(xy) is not. This is a typical situation, for example any
complex projective plane curve sits in a continuous family which comes arbitrarily close to the
union of lines in general position.

Definition 49 (Good Reduction). We say that a curve C/K has good reduction if there exists
a model C → SpecOK such that the fibre CmK is geometrically regular. If there is no such model
then C has bad reduction.
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Definition 50 (Semi-Stable Reduction). We say that a curve C/K has semi-stable reduction
if there exists a model C of C over OK such that the only singularities in its special fibre over
k are ordinary double points.

Example 51. The curve x4 + y4 + z4 = 0 has good reduction over Qp for p > 2.

Proposition 52. This definition of good reduction agrees with the definition of good reduction
for elliptic curves.

Proof. Let E/K be an elliptic curve and W → SpecOK its minimal Weierstrass model. E has
good reduction as an elliptic curve if and only if WmK is regular. If this is the case then clearly
E is also regular as a curve. The converse is harder and proven in [Liu10, 10.1.23].

By the nature of the definition it is much harder to prove that a curve has bad reduction
than to prove good reduction since one has to consider all models. However, there is a best
model in some sense, called the minimal regular model and it turns out that it suffices to check
for good reduction or semi-stability on that model.

Definition 53. A model C of a curve C/K is a minimal regular model if it is regular and every
morphism C → C′ where C′ is another regular model of C is an isomorphism.

Theorem 54. If C/K is a curve of genus g ≥ 1, then C admits a unique minimal regular
model.

Proof. See [Liu10, 10.1.8].

Theorem 55. A curve C/K of genus g ≥ 1 has good (resp. semi-stable) reduction if and only
if it obtains good (resp. semi-stable) reduction over the minimal regular model of C

Proof. This is [Liu10, 10.1.21] and [Liu10, 10.3.34].

To find a minimal regular model of a curve C/K of genus g ≥ 1 one does the following. First
it is usually not too hard to find any model by just taking equations with integral coefficients
and possibly normalising. Then we have a normal scheme of dimension 2, which has only point
singularities [Liu10, 4.2.24] which necessarily lie on the special fibre. After a finite number of
blowups we can obtain a regular model C0. If the special fibre of C0 contains no (−1) curves then
C0 is minimal by Castelnuovo’s criterion [Liu10, 9.3.8]. Otherwise contract all such curves to
obtain the minimal regular model. See examples 67 and 68 for this method and [Liu10, 10.1.12]
for another example.

4.2 The Description of V` Pic
0(C)

Once we have found the minimal regular model we can describe the representation V` Pic0(C)
in terms of its reduction type much like we did for elliptic curves. So lets start with the first
part of theorem 47.

Lemma 56. Let C/K be a curve, then V` Pic0(C) is a 2g-dimensional continuous representation
of GK over Q` and det(V` Pic0(C)) = Q`(g).

Proof. If C is geometrically regular, then by choosing an isomorphism K ∼= C, X := C ×K
K becomes a complex projective curve of genus g and the Abel-Jacobi theorem provides an
isomorphism Pic0(C) ∼= H0(X,Ω1

X)∨/H1(X,Z) ∼= Cg/Λ where Λ is a lattice. This gives the
dimension of V` Pic0(C).2

2In fact for any abelian variety over a field of characteristic 6= ` and dimension g one has dimV`A = 2g and
so one could also use Weil’s algebraic construction of the Jacobian.
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For the determinant we use that J(C) is self-dual [CS86, VII. §6] so that again there is a
Weil pairing J(C)[n] × J(C)[n] → µn [CS86, V.§16] which glues together to a non-zero map∧2 V` Pic0(C) → Q`(1) and thus there is an non-zero map detV` Pic0(C) =

∧2g V` Pic0(C) →
Q`(g), as required.

For elliptic curves with good reduction we were able to compute the Galois representation
just by counting points. The same is true for any curve C/K with good reduction. This follows
from a base change theorem in etale cohomology, part of the Weil conjectures (the Lefschetz
trace formula) and the fact that (V` Pic0(C))∨ ∼= H1

et(C,Q`) [CS86, VII.9.6,V.15.1].

Theorem 57. Let X/OK be an integral, projective, smooth and flat scheme , then there is
a Galois-equivariant isomorphism H i

et(XK ,Q`) ∼= H i
et(Xk,Q`). In particular H i

et(XK ,Q`) is
unramified.

Proof. See [SGA5, XVI. 2.2 and 2.3].

Remark 58. For elliptic curves we saw that there is also a converse: if V`E is unramified, then
E has good reduction. This is false in general. See example 70 for a genus 2 curve which has
bad reduction but unramified Galois representation. However, for abelian varietes A/K it is
still true that V`A is unramified if and only if A has good reduction [SeTa]. This shows that
the relationship between the reduction of C and of J(C) is somewhat subtle.

Theorem 59. Let X/Fq be a geometrically irreducible projective variety, then

Z(X, t) =

2 dimX∏
i=0

det
(

1− tFrob−1q |Hi
et(XFq ,Q`)

)(−1)i+1

,

where Z(X, t) = exp
(∑

m≥1 |X(Fqm)| tmm
)

is the zeta function of X.

Proof. See [Del74, 1.5.4] for how to obtain the result from the Lefschetz formula which is proven
in [SGA5, III].

Corollary 60. Let C/Fq be a geometrically regular, irreducible, projective curve, then the eigen-
values of Frob−1q acting on V` Pic0(C) are the roots of (1− t)(1− qt)Z(C, t) (with multiplicity).

Proof. Frob−1q acts as 1 on H0 and as q on H2 [Del74, 2.3], hence

(1− t)(1− qt)Z(C, t) = det
(
1− Frob−1q t|H1

)
= det

(
1− Frobq t|V` Pic0(C)

)
.

Corollary 61. Let C/Fq be a geometrically regular, irreducible, projective curve, then V` Pic0(C)
is a semisimple GFq -representation and hence completely determined by the eigenvalues of Frobq.

Proof. Since Pic0(C) ∼= J(C) and Frobq acts on J(C) by endomorphisms it suffices that End(A)
is semisimple for any abelian variety A/Fq. This is proven in [CS86, V. §12].

Remark 62. Since Z(C, t) is ’easily’ computable (one just has to count Fqm-points for m ≤ g)
the Galois representations of curves over finite fields are rather explicit objects.

Example 63. Let p be an odd prime, then the hyperelliptic curve C : y2 = x5 − 1 over Qp has

good reduction. If p 6≡ ±1 (mod 5), then Z(C, t) = 1+p2t4

(1−t)(1−pt) and so Frobp acts on V` Pic0(C)

with eigenvalues ζ8
√
p, ζ38
√
p, ζ58
√
p, ζ78
√
p, where ζ8 is a primitive 8th root of unity.

Proof. Since p, p2 6≡ 1 (mod 5), x 7→ x5 is a bijection on Fp and Fp2 . Thus C(Fp) = p + 1
and C(Fp2) = p2 + 1. This shows that Z(C, t) = exp((p + 1)t + (p2 + 1)t2/2) + O(t3) and
so (1 − t)(1 − pt)Z(C, t) = 1 + O(t3). Since C has genus 2, Poincaré Duality [Del74, 2.3]
implies the functional equation Z(C, t) = pt2Z(C, p−1t−1) or P (t) = p2t4P (p−1t−1), where

P (t) = det
(

1− Frobp t|V` Pic0(C)

)
. We already know P (t) = 1+O(t3) and so P (t) = 1+p2t4.
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This concludes the discussion for the case when C/K has good reduction. For the case of
bad reduction we need the following combinatorial data which we will associate to the special
fibre of the minimal regular model of C.

Definition 64. The dual graph of a one-dimensional algebraic variety X is a multigraph con-
sisting of vertices for each irreducible component of X and an edge for every point of intersection
between said components.

Theorem 65. Let C/K be a curve of genus g ≥ 1 and C the minimal regular model of C over
OK . Assume that the special fibre of C has semi-stable reduction and Γ be the dual graph of
CmK , then Γ carries a natural unramified GK-action induced by the action on CmK and

V` Pic0(C) ∼= H1(Γ,Z)⊗ χcyc ⊗ sp(2)⊕ V` Pic0(C̃mK ),

where C̃mK is the normalisation of CmK .

Proof. See [Dok+18, 2.18].

Corollary 66. Let C/K be a curve of genus g ≥ 1, then the representations V` Pic0(C) for
` 6= p are φK-semisimple and independent of ` (definition 17).

Proof. The φK-semisimplicity follows from the fact that GK acts through a finite quotient on
Γ and Corollary 61. For the independence of ` we just observe that neither Γ, nor C̃mK depend
on ` and Corollary 60 establishes the independence of ` for the second summand.

Example 67. Consider the plane curve C : xy(x+ 2y − 1)(2x+ y − 1) = p over Qp for p > 2.
Then V` Pic0(C) ∼= χcyc ⊗ sp(2)⊕3.

Proof. The obvious model given by the same equation over Zp is a regular model. It is minimal
since the special fibre contains no (−1)-curves (they are all (−3)-curves by [Liu10, 9.1.21]).
Hence the special fibre CmK is given by 4 Fp-lines in general position as shown in figure 4. The
dual graph is a tetrahedron and the normalisation is the disjoint union of 4 lines and hence
Pic0(C̃mK ) = 0 and H1(Γ,Z) = Z3 with trivial GK-action.

(a) Special Fibre

x = 0 y = 0

x+ 2y = 12x+ y = 1

(b) Dual Graph of Special Fibre

Figure 4: Reduction of xy(x+ 2y − 1)(2x+ y − 1) = p

Example 68. Consider the plane curve C : xy(x+ 2y− 1)(2x+ y+ 1) = p2 over Qp for p > 2.
Then again V` Pic0(C) ∼= χcyc ⊗ sp(2)⊕3.

Proof. Now the obvious model given by the same equation over Zp is not a regular model.
However [Liu10, 8.3.53] shows that the blowup of Zp[x, y]/(xy − p2) at (x, y, p) is regular and
its special fibre consists of 2 affine Fp-lines joined by the exceptional divisor which is a projec-
tive Fp-line. Since at every intersection of the 4 Fp-lines, Zariski locally our model looks like
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Zp[x, y]/(xy−p2) we can use this to find that the special fibre of the model obtained from blow-
ing up the 6 intersection points of the Fp-lines x = 0, y = 0, x+ 2y = 1 and 2x+ y = 1 consists
of 10 lines as shown in figure 5 and is regular. Now the special fibre contains 6 (−2) and 4
(−3) curves and so we have found the minimal regular model by Castelnuovo’s criterion [Liu10,
9.3.8]. Again this shows that Pic0(C̃mK ) = 0 and H1(Γ,Z) = Z3 with trivial GK-action.

(a) Special Fibre (b) Dual Graph of Special Fibre

Figure 5: Reduction of xy(x+ 2y − 1)(2x+ y − 1) = p2

Remark 69. Every curve admits semi-stable reduction over a finite separable extension by the
Deligne-Mumford theorem [Liu10, 10.4.3]. Thus theorem 65 already determines the represen-
tation of any curve up to ’finite index’. The complete representation is described in [Dok+18,
2.18].

If C/K is a hyperelliptic curve, then [Dok+18] basically answers all questions about the
V` Pic0(C). The gist is that if C is given by y2 = f(x), then the arithmetic of the roots of f
determines everything.

Example 70. Let p > 2 and C/Qp the hyperelliptic curve y2 = x(x+ p2)(x+ 2p2)(x− 1)(x−
1 + p2)(x− 1 + 2p2), then V` Pic0C is unramified and C has bad reduction.

Proof. This follows from [Dok+18, Theorem 1.8 (2),(5)].

5 Application to the Inverse Galois Problem

The inverse Galois Problem is a notoriously hard question: Which finite groups appear as Galois
groups of Galois extensions L/Q? See the book [SD08] for a survey of classical methods in the
field and [NSW08, IX.§6] for a proof of Shafarevic’s famous result that any solvable group
appears as the Galois group of a finite Galois extension of Q. In this section we prove that
GL2(F`) is the Galois group of a finite extension of Q for all primes `. To do so we construct
an elliptic curve such that the action GQ → Aut(E[`]) is surjective for all but an explicit finite
set of primes `. However, we also show that there are complications if one tries to use the same
method in higher dimensions because there is a restriction on the dimensions of irreducible
`-adic representations of GK whose characteristic polynomials have rational coefficients, see
propositions 74 and 75.

We need the following group theoretic lemma.

Lemma 71. Let H < GL2(F`) be a subgroup such that the inclusion H ↪→ GL2(F`) is an
irreducible representation and H contains an element of order `, then H contains SL2(F`).

Proof. See [Ser89, IV.3.2 Lemma 2].

Proposition 72. Let E : y2 = x3 + 5x2 + 74 · 52, then the action GQ → Aut(E[`]) is surjective
for all primes ` 6∈ {5, 7}.
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Proof. Fix a prime ` 6∈ {5, 7} and let ρ : GQ → GL2(Z`) be the `-adic representation of E. Since
` 6= 5, 7, the restrictions to GQ5 and GQ7 are the `-adic representations of E/Q5 and E/Q7,
respectively.

E has additive reduction at 5 which becomes good over K = Q5(5
1/3), where it has the

model E′ : y2 = x3 + 51/3x2 + 74. So the Galois representation factors through Gal(Kun/Q5) ∼=
Z/3ZoẐ, where (1, 0) ∈ Z/3ZoẐ corresponds to an automorphism σ such that σ(51/3) = ζ35

1/3

and (0, 1) corresponds to Frob5. If σ acted trivially, then E would be unramified and have good
reduction but this is not the case as can be seen by the minimal model. Hence ρ(σ) has
eigenvalues ζ3, ζ

−1
3 . As |E′(F5)| = 6, the characteristic polynomial of ρ(Frob5) is T 2 + 5. The

relation Frob5 σ Frob−1p = σ−1 shows that there is a F`-basis of E[`] in which

ρ(g) =

(
ζ3 0

0 ζ−13

)
, ρ(Frob5) =

(
0

√
−5√

−5 0

)
.

In particular GQ5 → Aut(E[`]) is irreducible.
E has split multiplicative reduction at 7 and by corollary 46 the image of GQ7 in Aut(E[`])

contains an element of order `. Now lemma 71 combined with the fact that det(V`E) = Q`(1)
shows that GQ surjects onto Aut(E[`]) as desired.

Remark 73. To deal with the primes 5 and 7 one can easily construct a similar curve and
replace 5 and 7 by different primes. Moreover, it is in fact a theorem of Serre that for any
non-CM elliptic curve E over a number field L, the image of GL in Aut(T`E) is open for all
` and surjective for most ` [Ser71]. Moreover, for any such elliptic curve, the representation
GL → Aut(V`E) is irreducible [Ser89, IV.2.1].

In the previous proof we exploited that V`E is irreducible. One might be inclined to try
a similar strategy to establish the inverse Galois problem for the groups GSp2n(F`). That is,
construct an abelian variety of dimension n with suitable bad reductions at certain primes.
Expanding on [AD17, footnote 2] we show why this strategy does not work in general.

Proposition 74. Let p be the characteristic of k and ` 6= p a prime. Let V be a continuous
φK-semisimple absolutely irreducible tamely ramified Q`-representation of GK such that the
characteristic polynomial of any h ∈ IK has rational coefficients, then there exists an integer m
such that dimV = ϕ(m).

Proof. Since sp(n) is not semisimple for n > 1, theorem 13 implies that IK acts through a finite
quotient on V . The tame inertia group is pro-cyclic and so IK acts on V through Z/mZ for
some integer m which we choose to be minimal. Let τ ∈ IK be a generator of this action, then
the eigenvalues of ρ(τ) are mth roots of unity. Suppose one of the eigenvalues is not a primitive
root of unity. Then there is n < m such that ρ(τ)n has a non-zero fixed subspace. The relation
φ−1K τφK = τ q implies that this is an invariant subspace of the whole representation. However, it
is not the whole representation since ρ(τ) has order m by the minimality of m. This contradicts
the irreducibility of V .

Thus all eigenvalues of ρ(τ) are primitive mth roots of unity and so det(X id−ρ(τ)) =
Φm(X)t for some t, where Φm is the mth cyclotomic polynomial. Moreover, finite group
representation theory applied to Z/mZ shows that ρ(τ) is diagonalisable over Q`. The re-
lation φ−1K τφK = τ q shows that φK maps the λ-eigenspace to the λq-eigenspace. So by
choosing an appropriate basis we can decompose V ⊗ Q` = ⊕ti=1Vi where Vi contains each
eigenvalue with multiplicity one. By absolute irreducibility we conclude that t = 1 and so
dimV = ϕ(m) = |{ζ ∈ Q` : ζ is a primitive mth root of unity}|.

Proposition 75. Assume that p is an odd prime and let ` 6= p be prime. Let V be a continu-
ous φK-semisimple absolutely irreducible wildly ramified Q`-representation of GK such that the
characteristic polynomial of any h ∈ IK , then (p− 1) | dimV .
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Proof. By lemma 11, PK acts faithfully through a finite quotient G on V . Since PK is a normal
subgroup ofGK we can apply Clifford’s theorem [Cli37, §1] to decompose the restriction of V⊗Q`

to G into irreducibles. Thus there is an isomorphism of G-representations V ⊗Q`
∼=
⊕

i Vi, where
the Vi are irreducible G-representations which are all conjugate, i.e. if ρi : G → GL(Vi) is the
corresponding homomorphism, then for all j, ρj(x) = ρi(gxg

−1) for some g ∈ G.
Note that V G < V is a subrepresentation since PK < GK is a normal subgroup. Thus

V G = 0 since otherwise V is tamely ramified. Consequently all the Vi are non-trivial. Let
Gi = G/ ker ρi be the quotient of G which acts faithfully on Vi. Since Gi is a p-group, there is a
non-trivial element gi in the center of Gi which acts as a scalar λi on Vi. As Gi acts faithfully we
have λi 6= 1 and hence the Galois orbit of the character of Vi contains at least (p− 1) elements.
Since the character of V is defined over Q, this implies that the decomposition of V contains
all these Galois conjugates and in particular that (p− 1) | dimV .

Corollary 76. Let p 6= 2, 3 and K/Qp a finite extension. Moreover, let d be a prime such that
2d + 1 is not a prime, then there is no abelian variety A/K of dimension d whose associated
Galois representation V`A is absolutely irreducible. In particular there are no abelian varieties
A/Qp of dimension 7, 13 or 17 with absolutely irreducible V`A.

Proof. Suppose A was such an abelian variety A/K of dimension d. By theorem 13, IK must act
through a finite quotient on V`A, i.e. A has potentially good reduction and the characteristic
polynomials of elements h ∈ IK have integral coefficients independent of ` by [SeTa, Theorem
2]. If V`A is tamely ramified then proposition 74 shows that 2d = dimV`A = ϕ(m) for some m.
Absurd. See [OEIS, A005277] for more examples of even integers which are not a value of ϕ. If
V`A is wildly ramified, then proposition 75 shows that (p − 1) | 2d, so p ∈ {2, 3, d + 1, 2d + 1}
contradicting the hypothesis that p 6= 2, 3 and 2d+ 1 is not prime.
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