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Abstract. An isometric action of a connected Lie group H on a Riemannian manifold M is

polar if there is exists a connected closed submanifold Σ of M which intersects each orbit of

the action and is orthogonal to the orbit at each point of intersection. We present a survey

about polar actions on Riemannian symmetric spaces, with emphasis on the noncompact

case.

1 Introduction

Let H be a compact Lie group acting on a real vector space V equipped with an
H-invariant inner product ⟨·, ·⟩. Such an action provides naturally an orthogonal
representation π : H → O(V ) of H on V . For v ∈ V we denote by H ·v the H-orbit
containing v and define a linear subspace Σv of V by Σv = {w ∈ V | ⟨w, h(v)⟩ =
0 for all h ∈ H}. The subspace Σv is a cross-section of the H-action, that is, it
meets each orbit of the H-action. A cross-section of minimal dimension is called a
minimal cross-section. It is clear that Σv is a minimal cross-section if and only if
the orbit H ·v is of maximal dimension. The representation π : H → O(V ) is said to
be polar if the H-orbits intersect one (or equivalently, every) minimal cross-section
orthogonally.

An elementary example of a polar representation is the standard representa-
tion of SOn on Rn. Further examples of polar representations can be constructed
from Riemannian symmetric spaces. Let M = G/K be a Riemannian symmetric
space and denote by o a fixed point of the K-action on M . Then the isotropy
representation π : K → O(ToM) of K on the tangent space ToM of M at o is po-
lar. Dadok established in [12] a remarkable relation between polar representations
and Riemannian symmetric spaces. He proved that for every polar representation
π : H → SO(V ) there exists a Riemannian symmetric space M = G/K with
dimM = dimV such that the orbits of the H-action on V and the orbits of the
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K-action on ToM are the same via a suitable isomorphism V → ToM . In fact,
Dadok classified in [12] all real irreducible polar representations.

The concept of polar representations has been generalized to Riemannian man-
ifolds. An isometric action of a connected Lie group H on a Riemannian manifold
M is called polar if there exists a connected closed submanifold Σ of M such that
Σ meets each orbit of the action and intersects it orthogonally, that is, for each
p ∈ M the intersection of Σ and the orbit H · p of H containing p is nonempty,
and for each p ∈ Σ the tangent space TpΣ of Σ at p is contained in the normal
space νp(H · p) of H · p at p. Such a submanifold Σ is called a section of the ac-
tion. Every section of a polar action is a totally geodesic submanifold (see e.g. [2],
Theorem 3.2.1). A polar action is said to be hyperpolar if it admits a flat section.
Since every totally geodesic submanifold of a Euclidean space Rn is flat, every polar
action on Rn is hyperpolar. In this article we present some of the main results and
recent developments concerning the classification of polar actions on Riemannian
symmetric spaces. In Section 2 we discuss the compact case and in Section 3 the
noncompact case.

2 The compact case

In this section we will discuss polar actions on simply connected irreducible
Riemannian symmetric spaces M = G/K of compact type. It is easy to see that
every polar action on the sphere M = Sn = SOn+1/SOn is the restriction of some
polar action on Rn+1. Therefore Dadok’s classification of polar representations on
Euclidean spaces induces a classification of polar actions on spheres.

Polar actions on the projective spaces CPn = SUn+1/S(UnU1), HPn =
Spn+1/SpnSp1 and OP 2 = F4/Spin9 have been investigated and classified by
Podestà and Thorbergsson in [22].

Let M ′ = G′/K ′ be a Hermitian symmetric space of complex dimension n+ 1.
Then the isotropy representation of K ′ on the tangent space ToM

′ induces a polar
action of K ′ on ToM

′. Since the action of K ′ is compatible with the complex
structure on ToM

′ ∼= Cn+1, it induces an action of K ′ on CPn. This induced action
is polar on CPn with cohomogeneity equal to r, where r + 1 is the rank of M ′,
and the section is a totally geodesic real projective space RP r ⊂ CPn. Podestà
and Thorbergsson showed that every polar action on CPn is orbit equivalent to one
of these actions. For r = 1 this coincides with the classification of homogeneous
hypersurfaces in CPn obtained by Takagi [24].

Let M ′
i = G′

i/K
′
i be a quaternionic Kähler symmetric space, i ∈ {1, . . . , k},

k ≥ 1, M ′ = M ′
1× . . .×M ′

k, and let n+1 be the quaternionic dimension of M ′. The
stabilizer K ′

i can be written as K ′
i = H ′

iSp1, where both H ′
i and Sp1 are normal

subgroups of K ′
i. Assume that at least k− 1 of the symmetric spaces M ′

i have rank
one. Then the action ofH ′ = H ′

1×. . .×H ′
k×Sp1 on the tangent space ToM

′ is polar.
In this situation the action of H ′ is compatible with the quaternionic structure on
ToM

′ ∼= Hn+1 and hence induces an action on the quaternionic projective space
HPn. This action of H ′ on HPn is polar with cohomogeneity equal to r, where r+1
is the rank of M ′. The section Σ is a totally geodesic real projective space RP r ⊂
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HP r. Podestà and Thorbergsson showed that every polar action on HPn is orbit
equivalent to one of these actions. For r = 1 this coincides with the classification
of cohomogeneity one actions and homogeneous hypersurfaces on HPn obtained by
Iwata [15] and D’Atri [13] respectively.

For the Cayley projective plane OP 2, Podestà and Thorbergsson determined
explicitly the subgroups of F4 acting polarly on OP 2. The possible cohomogeneity
is one or two, and in each of the two cases there are four groups. For cohomogeneity
one the groups are Spin9, Sp3, Sp3U1 and Sp3Sp1. The orbits of Spin9 consist
of a single point {o}, its antipodal projective line OP 1, and the distance spheres
centered at o. The other three groups are orbit equivalent. Each of them has a
totally geodesic quaternionic projective plane HP 2 ⊂ OP 2 and its focal set, an
11-dimensionsal sphere S11, as a singular orbits; the principal orbits are the tubes
around this HP 2. The polar actions with cohomogeneity two are given by Spin8,
Spin7U1, SU4Sp1 and SU3SU3. The group Spin8 ⊂ Spin9 is the stabilizer of a
flag {o} ⊂ OP 1 ⊂ OP 2, the group Spin7U1 ⊂ Spin9 is the stabiliser of a flag
RP 1 ⊂ OP 1 ⊂ OP 2, the group SU4Sp1 ⊂ Spin9 is the stabilizer of a flag CP 1 ⊂
OP 1 ⊂ OP 2, and the group SU3SU3 is the stabilizer of a flag HP 1 ⊂ OP 1 ⊂ OP 2.
For all these polar actions the section Σ is a totally geodesic real projective space
RP r ⊂ OP 2, where r ∈ {1, 2} is the cohomogeneity of the action. For r = 1 this
coincides with the classification of cohomogeneity one actions on OP 2 obtained by
Iwata [16].

Polar actions on symmetric spaces of higher rank were investigated thoroughly
by Kollross in [17], [18] and [19]. The main result of [17] is the classification of
hyperpolar actions on irreducible Riemannian symmetric spaces of compact type up
to orbit equivalence. Since cohomogeneity one actions are hyperpolar, this implies
a classification of homogeneous hypersurfaces in these symmetric spaces. Biliotti
proved in [10] that every polar action on a compact irreducible Hermitian symmetric
space of rank bigger than one is hyperpolar. This generalized earlier results by
Podestà and Thorbergsson [23] for SOn+2/SOnSO2 and by Biliotti and Gori [11]
for complex Grassmannians. Biliotti also conjectured in [10] that every polar action
on a compact symmetric space of rank bigger than one is hyperpolar. In [18] and [19]
Kollross proved that this conjecture is true if the isometry group of the symmetric
space is simple, or if the symmetric space is one of the compact exceptional Lie
groups G2, F4, E6, E7 or E8. Just recently Kollross and Lytchak proved in [21]
that the conjecture is true for irreducible compact symmetric spaces.

3 The noncompact case

The classification of polar actions on Riemannian symmetric spaces M = G/K
of noncompact type is more involved due to the noncompactness of the groups;
the group G is a noncompact semisimple real Lie group. There are two types of
maximal subgroups in such Lie groups, reductive subgroups and parabolic sub-
groups. There is an important geometric feature which distinguishes reductive and
parabolic subgroups. A reductive subgroup which is strictly contained in G cannot
act transitively on M , whereas every parabolic subgroup acts transitively on M .
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For the reductive situation Kollross established in [20] a correspondence between
polar actions on symmetric spaces of noncompact type and of compact type using
the concept of duality. Let g = k⊕ p be a Cartan decomposition of the Lie algebra
g of G. Then g∗ = k ⊕ ip is a compact real semisimple subalgebra of the complex
semisimple Lie algebra gC. The corresponding homogeneous space M∗ = G∗/K is
a symmetric space of compact type. The correspondence M ↔ M∗ is known as
duality between symmetric spaces of noncompact type and of compact type. If H
is a reductive subgroup of G acting polarly on M , then there is a corresponding
dual group H∗ which acts polarly on the symmetric space M∗, and vice versa.
This relates the classification problem of polar actions by reductive subgroups on
Riemannian symmetric spaces of noncompact type to the compact case which was
discussed above.

The parabolic case has been investigated thoroughly by the author and his
collaborators Martina Brück, José Carlos Dı́az-Ramos and Hiroshi Tamaru in a
series of papers ([1], [3]–[9]). One of the main ingredients in this case is the Iwasawa
decomposition G = KAN , which provides a model for the symmetric space M =
G/K as a solvable Lie group AN equipped with a suitable left-invariant Riemannian
metric. Using this model for the symmetric space is motivated by our observation
that in the parabolic case some orbits, mainly singular orbits, can be realized as
solvable Lie groups. The papers [1] and [6]–[9] deal with the case of cohomogeneity
one actions and the papers [3]–[5] deal with the case of polar actions with higher
cohomogeneity.

A - Cohomogeneity one actions.

Let g = k⊕a⊕n be an Iwasawa decomposition of g and G = KAN be the corre-
sponding Iwasawa decomposition of G. The symmetric spaceM = G/K is isometric
to the solvable Lie group AN equipped with a suitable left-invariant Riemannian
metric. Let

g = g0 ⊕
⊕
λ∈Σ

gλ

be the restricted root space decomposition of g associated with a. The root space
g0 decomposes into g0 = k0 ⊕ a, where k0 is the centralizer of a in k. Denote by K0

the connected subgroup of K with Lie algebra k0. Let ∆ be the Dynkin diagram
associated with a set of simple roots α1, . . . , αr, where r is the rank of M , and put
Λ = {α1, . . . , αr}.

Let ℓ be a one-dimensional linear subspace of a and denote by a⊖ℓ the orthogonal
complement of ℓ in a. Then sℓ = (a⊖ℓ)⊕n is a codimension one subalgebra of a⊕n.
The corresponding closed subgroup Sℓ of AN acts on M with cohomogeneity one
and the orbits form a Riemannian foliation Fℓ of M . Two such foliations Fℓ and
Fℓ′ are isometrically congruent to each other if and only if there exists a symmetry
P of ∆ such that P̃ (ℓ) = ℓ′, where P̃ is the dual map of the inverse of the natural
extension of P to a linear isometry on a.

Let αi ∈ Λ, and let ξ ⊂ gαi be a one-dimensional linear subspace. Denote by
n⊖ ξ the orthogonal complement of ξ in n. Then a⊕ (n⊖ ξ) is a codimension one
subalgebra of a ⊕ n. If ξ and ξ′ are two one-dimensional linear subspaces of gαi ,
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then the corresponding subalgebras are conjugate in g. We denote by si ⊂ a ⊕ n
a representative of this conjugacy class. The corresponding closed subgroup Si of
AN acts on M with cohomogeneity one and the orbits form a Riemannian foliation
Fi of M . Two such foliations Fi and Fj are isometrically congruent to each other
if and only if there exists a symmetry P of ∆ with P (αi) = αj .

The author and Tamaru proved in [6] that every cohomogeneity one action on
M whose orbits form a foliation (without singular leaves) is orbit equivalent to one
of the cohomogeneity one actions constructed above. In particular, the parame-
ter space for the set of such cohomogeneity one actions up to orbit equivalence is
(RP r−1 ∪ {1, . . . , r})/Aut(∆).

The situation for cohomogeneity one actions with singular orbits is more compli-
cated, except for the real hyperbolic space RHn. Every singular orbit of a cohomo-
geneity one action on RHn is totally geodesic and therefore congruent to a subspace
RHk ⊂ RHn for some k ∈ {0, . . . , n − 2}. In other words, up to orbit equivalence
the only cohomogeneity one actions on RHn = SOo

1,n/SOn with a singular orbit
are the standard actions by SOo

1,k × SOn−k ⊂ SOo
1,n. For the other irreducible

Riemannian symmetric spaces of noncompact type, the cohomogeneity one actions
with a totally geodesic singular orbit were classified by the author and Tamaru in
[7]. The totally geodesic submanifolds arising in this context are precisely the reflec-
tive submanifolds for which the complimentary reflective submanifold has rank one,
plus five other non-reflective submanifolds which are all related to the exceptional
Lie algebras g22 and gC2 .

The author and Brück investigated in [1] systematically cohomogeneity one
actions with a non-totally geodesic singular orbit in the hyperbolic spaces over C,
H and O. In this situation we have just one simple root α and n = gα ⊕ g2α. Let v
be a linear subspace of gα with dim v ≥ 2 and such that the normalizer NK0(v) of v
in K0 acts transitively on the unit sphere in v. Let Sv be the closed subgroup of AN
with Lie algebra a⊕ (gα ⊖ v)⊕ g2α. Then No

K0
(v)Sv ⊂ KAN = G acts on M with

cohomogeneity one and singular orbit Sv ⊂ AN = M . The conjugacy classes of such
subspaces v were explicitly calculated in [1] for the complex hyperbolic space CHn,
n ≥ 2, the quaternionic hyperbolic plane HH2 and the Cayley hyperbolic plane
OH2. However, for the quaternionic hyperbolic space HHn, n ≥ 3, the complete
classification is still an open problem. The author and Tamaru proved in [8] that
every cohomogeneity one action with a non-totally geodesic singular orbit on CHn,
n ≥ 2, HH2 and OH2 is orbit equivalent to one of the actions constructed in [1].

For higher rank symmetric spaces the cohomogeneity one actions with a non-
totally geodesic singular orbit were systematically studied by the author and
Tamaru in [9]. We proved that every cohomogeneity one action with a non-totally
geodesic singular orbit on an irreducible Riemannian symmetric space of rank ≥ 2 is
orbit equivalent to an action obtained through one of the following two construction
methods. Choose a simple root αi and denote by qi the maximal parabolic subal-
gebra of g determined by Φi = {α1, . . . , αr} \ {αi}, and by Qi the corresponding
parabolic subgroup of G. Let qi = mi⊕ai⊕ni and Qi = MiAiNi be the correspond-
ing Langlands decompositions. The orbit Bi = Mi · o of the reductive subgroup Mi

is a Riemannian symmetric space of noncompact type and gi = [mi,mi] is the Lie
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algebra of the isometry group of Bi. The submanifold Bi is also known as a maximal
boundary component of M , as it appears naturally in one of the Satake compact-
ifications of M . By defining li = mi ⊕ ai and Li = MiAi we get the Chevalley
decompositions qi = li ⊕ ni and Qi = LiNi. The orbit Fi = Li · o is a Riemannian
symmetric space of noncompact type which is isometric to Bi ×E and is embedded
in M as a totally geodesic submanifold. Here E is a Euclidean line.

Method 1: Let Hi be a connected subgroup of the isometry group of Bi, and
let hi ⊂ gi ⊂ mi be the Lie algebra of Hi. Then h = hi ⊕ ai ⊕ ni is a subalgebra
of qi. If Hi acts on Bi with cohomogeneity one, then the corresponding subgroup
H of Qi acts on M with cohomogeneity one. If Hi has a singular orbit on Bi, then
H has a singular orbit on M . In some exceptional situations this singular orbit is
totally geodesic, but generically the singular orbit is not totally geodesic, even if
the orbit on Bi is totally geodesic. We say that such a cohomogeneity one action on
M is obtained by canonical extension of a cohomogeneity one action on a maximal
boundary component of M .

Method 2: Let λ ∈ Σ+ be a positive root which is not in the root system Σi

generated by {α1, . . . , αr}\{αi}, that is, λ ∈ Σ+\Σ+
i . Note that ni = ⊕λ∈Σ+\Σ+

i
gλ.

Let H1, . . . ,Hr be the dual basis of α1, . . . , αr. Then λ(Hi) is a positive integer,
and therefore we get a natural gradation of ni which is generated by the subspace
n1i = ⊕λ∈Σ+\Σ+

i , λ(Hi)=1gλ. Assume that dim n1i ≥ 2 and let v be a linear subspace

of n1i with dim v ≥ 2. Define ni,v = ni ⊖ v and assume that the identity component
No

Li
(ni,v) of the normalizer of ni,v in Li acts transitively on Fi and that the identity

component No
Ki

(ni,v) of the normalizer of ni,v in Ki = Qi ∩K acts transitively on
the unit sphere in v. Let Ni,v be the closed subgroup of Ni with Lie algebra ni,v.
Then Hi,v = No

Li
(ni,v)Ni,v ⊂ LiNi = Qi ⊂ G acts on M with cohomogeneity one

and singular orbit with codimension equal to dim v.

Whereas we can produce many new cohomogeneity one actions through the first
method, we know only of two cohomogeneity one actions which can be constructed
through method 2 and not through method 1 or other known methods. These two
examples are related again to the exceptional Lie algebras g22 and gC2 .

B - Hyperpolar actions.

In this section we consider hyperpolar actions of higher cohomogeneity on Rie-
mannian symmetric spaces M of noncompact type whose orbits form a Riemannian
foliation of M . Such actions were investigated and classified up to orbit equivalence
by the author, Dı́az-Ramos and Tamaru in [5]. Above we considered subsets of the
set of simple roots which have cardinality rk(M)− 1. In the context of hyperpolar
actions we have to consider so-called orthogonal subsets Φ of Λ. A subset Φ of Λ
is said to be orthogonal if no two distinct roots in Φ are connected by a line in the
Dynkin diagram ∆. Let Φ be such an orthogonal subset and define aΦ = ∩α∈Φkerα.
For each α ∈ Φ choose a one-dimensional linear subspace ℓα of gα and define
ℓ = ⊕α∈Φℓα. Let V be a linear subspace of aΦ. Then sV,ℓ = (a ⊖ V ) ⊕ (n ⊖ ℓ)
is a subalgebra of a ⊕ n. Let SV,ℓ be the closed subgroup of AN with Lie algebra
sV,ℓ. Then the action of SV,ℓ on AN = M is hyperpolar and the orbits form a
Riemannian foliation of M . The cohomogeneity of the action of SV,ℓ on M is equal
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to dimV +dim ℓ ≤ rk(M). Conversely, every hyperpolar action on M whose orbits
form a Riemannian foliation of M is orbit equivalent to the action of SV,ℓ for some
subspaces V and ℓ as above. The classification has a nice geometric interpretation
in terms of hyperbolic spaces and horospherical decompositions, and we refer the
interested reader to [5] for details.

There has been no thorough investigation yet of hyperpolar actions with singular
orbits on Riemannian symmetric spaces of noncompact type and rank ≥ 2.

C - Polar actions.

The author and Dı́az-Ramos investigated in [3] and [4] polar actions on the
complex hyerbolic space CHn = G/K = SU1,n/S(U1Un), n ≥ 2. The main result
in [3] is a classification of polar actions without singular orbits on CHn up to orbit
equivalence. The main result in [4] is a classification up to orbit equivalence of all
polar actions on the complex hyperbolic plane CH2.

Recall that the restricted root space decomposition for g = su1,n is

g = g−2α ⊕ g−α ⊕ g0 ⊕ gα ⊕ g2α,

where g = k0 ⊕ a, k0 ∼= un−1, dim a = 1 = dim g2α, gα ∼= Cn−1, and K0
∼= Un−1 acts

transitively on the unit sphere in gα in the usual way. Let V be a linear subspace
of a, that is, V ∈ {{0}, a}, and let ℓ be a real linear subspace of gα ∼= Cn−1, and
assume that k = dimV + dim ℓ > 0. Let SV,ℓ be the closed subgroup of AN with
Lie algebra sV,ℓ = (a⊖ V )⊕ (n⊖ ℓ). The orbits of Sa,{0} ⊂ SU1,n form a foliation
of CHn by horospheres. We denote by N ⊂ AN ∼= CHn the horosphere containing
the point o, that is N = Sa,{0} ·o, the orbit of Sa,{0} containing the point o. Another
interesting foliation of CHn by hypersurfaces arises from the Lie algebra s = s{0},ℓ
when dim ℓ = 1. We denote by S = S{0},ℓ · o the orbit of S{0},ℓ containing the point
o. S is a ruled real hypersurface of CHn with a ruling by totally geodesic complex
hyperbolic hyperplanes CHn−1 ⊂ CHn and generated by a horocycle in a totally
geodesic real hyperbolic plane RH2 ⊂ CHn. S is the only homogeneous ruled real
hypersurface in CHn, and it is a minimal hypersurface.

In [3] we proved that the action of SV,ℓ on CHn = AN is polar and of cohomo-
geneity k, and every section is a totally geodesic real hyperbolic space RHk ⊂ CHn.
Conversely, every polar action without singular orbits on CHn is orbit equivalent
to the action of SV,ℓ for some suitable subspaces V ⊂ a and ℓ ⊂ gα.

The action of Sa,ℓ leaves the horosphere foliation containing N invariant, and on
each horosphere it induces a polar action of cohomogeneity k − 1. The horosphere
N is isometric to the (2n− 1)-dimensional Heisenberg group H2n−1 equipped with
a suitable left-invariant Riemannian metric. The orbit of Sa,ℓ containing the point
o ∈ N is a totally geodesic H2(n−k)+1 × Ek−1 ⊂ H2n−1 = N . The section of the
action on the Heisenberg group H2n−1 is a (k − 1)-dimensional Euclidean space
which extends to a totally geodesic real hyperbolic space RHk ⊂ CHn by means of
the solvable extension of N by A to AN = CHn.

The action of S{0},ℓ has a similar interpretation using the other foliation of
CHn related to the ruled real hypersurface S. The action leaves this foliation
invariant. The orbit through o is a ruled submanifold of CHn with a ruling by
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totally geodesic complex hyperbolic subspaces CHn−k ⊂ CHn and generated by
a horosphere in a totally geodesic real hyperbolic space RHk+1 ⊂ CHn. Such a
horosphere is intrinsically isometric to Ek, and the (k − 1)-dimensional Euclidean
space in S which is perpendicular to this Ek and the corresponding CHn−k in the
ruling provides a section of the induced polar action on S. Similar to the previous
situation, this Euclidean space extends to a totally geodesic RHk ⊂ CHn which is
a section of the action of S{0},ℓ on CHn.

The problem of classifying polar actions on CHn, possibly with singular orbits,
is much more involved. In [4] we solved this problem for the complex hyperbolic
plane CH2. There are of course the trivial and transitive actions, which are always
polar. Since CH2 does not have 3-dimensional totally geodesic submanifolds, there
cannot be polar actions with cohomogeneity three. All cohomogeneity one actions
on CH2 are polar, and such actions were classified in [8] up to orbit equivalence.
There are five such actions, and they are given by the invariance groups of five
submanifolds: {o}, CH1, RH2, N and S. The corresponding subgroups of SU1,2

are K ∼= U2, U1,1, SO
o
1,2, Sa,{0} and S{0},ℓ with dim ℓ = 1, respectively.

There are, up to orbit equivalence, four polar actions with cohomogeneity two.
The orbits of one of them give a foliation of CH2 and was discussed above: Sa,ℓ

with dim ℓ = 1. This action is induced by isometries of CH2 leaving both N and S
invariant: Sa,{0} ∩ S{0},ℓ with dim ℓ = 1. Note that the orbit through o is N ∩ S,
which is a 2-dimensional Euclidean plane E2 embedded in N as a totally geodesic
submanifold.

If the cohomogeneity of the polar action is two, the dimension of a singular
orbit must be either zero or one. If there exists a 0-dimensional orbit, it must be a
fixed point of the action. Polar actions with fixed points were investigated by Dı́az-
Ramos and Kollross in [14]. In the case of CH2 there exists just one such action,
up to orbit equivalence. It is the action of U1U1

∼= S(U1U1U1) ⊂ K. This action
fixes the point o and on each distance sphere it induces a polar action with two
circles as singular orbits and 2-dimensional tori as principal orbits. Note that the
distance spheres in CH2 are 3-dimensional Berger spheres. The group S(U1U1U1)
can be seen as the invariance group of a complete flag {o} ⊂ CH1 ⊂ CH2.

There are, up to orbit equivalence, two polar actions on CH2 with cohomogene-
ity two and only one-dimensional singular orbits. The first one is the invariance
group of a totally geodesic real hyperbolic line RH1 ⊂ CH2. The group G0 = K0A
with Lie algebra g0 = k0 ⊕ a leaves the real hyperbolic line RH1 = A · o invariant.
The group G0 actually leaves the CH1 which is determined by this RH1 invari-
ant and induces on this CH1 a foliation by RH1 and its equidistant curves. The
principal orbits are cylinders whose axes are these curves in the CH1.

The second polar action of cohomogeneity two with one-dimensional orbits is
induced by the invariance group of CH1 and N . The Lie algebra of this group is
k0 ⊕ g2α. The intersection CH1 ∩ N is a horocycle in CH1, and the polar action
induces on CH1 a foliation by horocycles. The principal orbits are cylinders whose
axes are these horocycles.
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4 Some open problems

In this section we list a few open problems.

1. Classify the polar actions with singular orbits on CHn, n > 2, up to orbit
equivalence.

2. Investigate the submanifold geometry of the orbits of the polar actions on
CH2 and characterize orbits by geometric data.

3. Classify the cohomogeneity one actions on the quaternionic hyperbolic space
HHn, n > 2, up to orbit equivalence.

4. Are there further cohomogeneity one actions on irreducible Riemannian sym-
metric spaces of noncompact type which can be constructed via Method 2
but not through any other known method?

5. Construct examples of hyperpolar actions with singular orbits and cohomo-
geneity ≥ 2 on irreducible Riemannian symmetric spaces of noncompact type.

6. Construct further examples of polar actions, with or without singular or-
bits, on the quaternionic hyperbolic space HHn, n ≥ 2, and on the Cayley
hyperbolic plane OH2.
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