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Linear Equations—I

Three of the Basic Types: Representatives

o Elliptic PDE:
Laplace's Equation: Axu =0
@ Parabolic PDE:
Heat Equation: ou— Axu =0
@ Hyperbolic PDE:
Wave Equation: O — Axu =10
Transport Equation: du+b-Vxu=0
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Linear Equations—I|

o Mixed Hyperbolic-Parabolic Type
Ou+b(x) - Vxu — Vx - (A(x)Vxu) =0,  A(x) = (ai(X))dxa > 0
o Mixed Hyperbolic-Elliptic Type

Lavrentyev Equation:

Ozttt + sign(x)Oyyu = 0

Tricomi Equation (hyperbolic degeneracy at x = 0):
Ogatt + 0pyu =0

Keldysh Equation (parabolic degeneracy at 2 = 0):
20pzt + Oyyu = 0
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@ Nonlinear PDEs of Mixed Hyperbolic-Parabolic Type

9 Nonlinear PDEs of Mixed Hyperbolic-Elliptic Type in Fluid Mechanics

© Nonlinear PDEs of Mixed Hyperbolic-Elliptic Type in Differential
Geometry

e Nonlinear PDEs of No Type in Differential Geometry
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Nonlinear PDEs of Mixed Hyperbolic-Parabolic Type

Anisotropic Degenerate Diffusion-Convection Equations

Ou+ Vi - f(u) = Vi - (A(u)Vxu) ueR, xeR?
for the unknown function u: R X R —5 R where

o f ¢ Lip,,.(R;R?) is the convection flux function
o A(u) = (a;j(u)) > 0 is the symmetric diffusion matrix so that
A(w)=o(wo(u)',  o(u) = (ok(u))
where oy (v) = (o1x(u), ..., o0, (w))" € LE(R;RY), k=1,...,d

Applications

@ Viscous-inviscid two phase flows, - -----

@ Sedimentation-consolidation processes, fluids in porous media ------
Example:
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Nonlinear PDEs of Mixed Hyperbolic-Parabolic Type

Anisotropic Degenerate Diffusion-Convection Equations

Ou+ Vi - f(u) = Vi - (A(u)Vxu) ueR, xeR?
for the unknown function u: R X R —5 R where

o f ¢ Lip,,.(R;R?) is the convection flux function
o A(u) = (a;j(u)) > 0 is the symmetric diffusion matrix so that
A(w)=o(wo(u)',  o(u) = (ok(u))
where oy (v) = (o1x(u), ..., o0, (w))" € LE(R;RY), k=1,...,d

Applications

@ Viscous-inviscid two phase flows, - -----

@ Sedimentation-consolidation processes, fluids in porous media ------
Example: Ou+ Vi - f(u) = Axuy

e {u>0}:  Viscous phase

o {u<0}: Inviscid phase

o {u=0}: Free boundary interface separating the two phases
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Diffusion Dominated Case: Degenerate Parabolic Egs.

Ou+ Vx - f(u) = Vx - (A(u)Vyu) ueR, xeR?

Degenerate points in u are isolated:

The set {u : rank(A(u)) < d} contains only isolated points

Well-Posedness

o Caffarelli-Friedman, Brézis-Crandall, Vazquez, ------
@ Bénilan, DeBenedetto, Giding, Jager, ------

Similarity Solutions, - - -
o Barenblatt, ------

Parabolic Approaches
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Diffusion Vanished Case: Hyperbolic Conservation Laws

In this case, the equation becomes a scalar hyperbolic conservation law
Ou+ Vyx - f(u) =0, ult=0 = up(x)
Linear Case: E.g. Transport equation: dyu + ad,u =0, a # 0 const.
u(t,x) = uo(x — at).

@ Well-posed in any norms

o If ug(x + P) = ug(x), then u(t, x) is oscillatory as ¢ — oo: No Limit
Nonlinear Case: E.g. Burgers equation: d;u + 895(”72) =0

e Well-posed in BV, L>°, L': Oleinik, Lax, Volpert, Kruzkov, - - -

Lions-Perthame-Tadmor, - --
@ Decay of period solutions in L>°: Lax (d = 1)
Engquist-E (d = 2), Chen-Frid(d > 2)
FL{E: 7+ () -k=0})=0 forany |7]°+|k[*=1,
then U — U= ﬁ Jp uo(x)dx in L

Hyperbolic Approaches
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Isotropic Degenerate Parabolic-Hyperbolic Equations

Isotropic Case (A (u) = 3/ (u)l):  Ouu+ Vyx - f(u) = AxfS(u)
Solutions u € L™

One-dimensional case d = 1:

o Wu-Yin 1989
@ Bénilan-Touré 1995

Multidimensional case d > 1:

@ Regularity: f(u(t,x)) € C DiBenedetto 1982

o u € L°: Carrillo 1999 — Karlsen-Risebro 2001
Mascia-Porretta-Terracina 2002

e u € L : Chen-DiBenedetto: SIAM J. Math. Anal. 2001
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Anisotropic Degenerate Parabolic-Hyperbolic Equations

General Case & Solutions © € L!

Goal: Identify and/or develop Unified Approaches to deal with
both parabolic and hyperbolic phases

Chen-Perthame: Kinetic Approach
Ann. |. H. Poincaré-Anal. Non Linéaire, 20 (2003), 645—668
Proc. Amer. Math. Soc. 137 (2009), 3003-3011

Motivations/Connections:
@ Boltzmann Equation, Large Particle Systems
= Euler Equations, Navier-Stokes Equations

@ Earlier Works on Numerical Methods for Conservation Laws:
Brenier, Giga-Miyawake, Croisille-Delorme, Deshpande, Kanel,
Perthame, Xu-Prendergast, - - -
@ Earlier Works on Kinetic Formulation, esp. for Hyperbolic Conservation
Laws: Lions-Perthame-Tadmor 1991, 1994....
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Kinetic Function

Cauchy Problem

Ou+ Vx - f(u) = Vx - (A(u)Vxu) ueR, x € RY,
U|t:0 = UO(X) eL! (Rd)

Introduce the kinetic function: Quasi-Maxwellian x on R?:
+1  for 0<€&<u,

x(&u)=< =1  for u<{<O0,
0 otherwise.

Then

u € L([0,00); L' (RY)) = x € L([0, 00); L' (R*1))
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Kinetic Solutions

(i) Kinetic Equation:
0 x (& u) +£(§) - Vxx(&u) — V- (A(E) Vix (&5 1)
= J¢(m +n)(t,x;§) in D'(RT x R4+

holds with initial data: x(&;u)|—0 = x(&; o),
for some measures m(t,x;£) > 0 and n(t,x;&) > 0:
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Kinetic Solutions

(i) Kinetic Equation:

e x(&u) +£(€) - Vex(& ) — Vi - (A(E) Viex(&; 1))
= de(m +n)(t, x; &) in D'(RT x R4+

holds with initial data: x(&;u)|—0 = x(&; o),
for some measures m(t,x;£) > 0 and n(t,x;£) >0

o (&) nlt, x;€) dE = S0 (Ve BY (ult, x)))? € L2([0, 00) x RY)

with 6k = ["\/i(v)op(v)dv for any ¢ € C3°(R) with ¢ > 0;
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Kinetic Solutions

(i) Kinetic Equation:

e x(&u) +£(€) - Vex(& ) — Vi - (A(E) Viex(&; 1))
= de(m +n)(t, x; &) in D'(RT x R4+

holds with initial data: x(&;u)|—0 = x(&; o),
for some measures m(t,x;£) > 0 and n(t,x;£) >0
o (&) nlt, x;€) dE = S0 (Ve BY (ult, x)))? € L2([0, 00) x RY)

with 6k = ["\/i(v)op(v)dv for any ¢ € C3°(R) with ¢ > 0;

(i) The following inequality is satisfied:
Jo° Jga(m+n)(t,x; &) dt dx — 0 as |&| — oo
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Kinetic Solutions

(i) Kinetic Equation:

e x(&u) +£(€) - Vex(& ) — Vi - (A(E) Viex(&; 1))
= de(m +n)(t, x; &) in D'(RT x R4+

holds with initial data: x(&;u)|—0 = x(&; o),
for some measures m(t,x;£) > 0 and n(t,x;£) >0
o (&) nlt, x;€) dE = S0 (Ve BY (ult, x)))? € L2([0, 00) x RY)

with 6k = ["\/i(v)op(v)dv for any ¢ € C3°(R) with ¢ > 0;

(i) The following inequality is satisfied:
Jo° Jga(m+n)(t,x; &) dt dx — 0 as |&| — oo

(iii) For any nonnegative 11, 12 € C§°(RR),
D1 (u(t,x)) Vs - B2 (u(t,x)) = V- B2 (u(t,x))  aee.

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 11/



Remarks on Kinetic Solutions

e L': Well-posed space for kinetic solutions and well-defined space
for the kinetic equation, although f(u), A(u) ¢ L' generally.

o If u € L*°, then wu is an entropy solution:
For any n € C* 1(u) > 0, multiplying 7(£) both sides of the
kinetic equation and then integrating in £ € R yields
Omn(u) +V - (q(t ) Au)Vin(u))
= — [o " (&) (m +n)(t,x;£)dE < 0.
In particular, take U(IL) = +u to yield the PDE.
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Remarks on Kinetic Solutions

e L': Well-posed space for kinetic solutions and well-defined space
for the kinetic equation, although f(u), A(u) ¢ L' generally.

o If u € L*°, then wu is an entropy solution:
For any n € C* 1(u) > 0, multiplying 7(£) both sides of the
kinetic equation and then integrating in £ € R yields
Omn(u) +V - (q(t ) Au)Vin(u))
= — [o " (&) (m +n)(t,x;£)dE < 0.
In particular, take U(IL) = +u to yield the PDE.

o Existence of a kinetic solution when uy € W2t 1 H 1 L>(RY)
can be achieved by the vanishing viscosity method.
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Remarks on Kinetic Solutions

e L': Well-posed space for kinetic solutions and well-defined space
for the kinetic equation, although f(u), A(u) ¢ L' generally.

o If u € L*°, then wu is an entropy solution:
For any n € C* 1(u) > 0, multiplying 7(£) both sides of the
kinetic equation and then integrating in £ € R yields
Omn(u) +V - (q(t ) Au)Vin(u))
= — [o " (&) (m +n)(t,x;£)dE < 0.
In particular, take U(IL) = +u to yield the PDE.

o Existence of a kinetic solution when uy € W2t 1 H 1 L>(RY)
can be achieved by the vanishing viscosity method.

o When A(u) = /#'(u)I, condition (iv) automatically holds, which
is actually a chain rule.
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Remarks on Kinetic Solutions

e L': Well-posed space for kinetic solutions and well-defined space
for the kinetic equation, although f(u), A(u) ¢ L' generally.

o If u € L*°, then wu is an entropy solution:
For any n € C* 1(u) > 0, multiplying 7(£) both sides of the
kinetic equation and then integrating in £ € R yields
om(u) + V- (q(u) — A(u)Vn(u))
= — Jan"(€)(m +n)(t, x;£)d¢ < 0.
In particular, take 7(u) = +u to yield the PDE.

o Existence of a kinetic solution when uy € W2t 1 H 1 L>(RY)
can be achieved by the vanishing viscosity method.

o When A(u) = /#'(u)I, condition (iv) automatically holds, which
is actually a chain rule.

e Condition (iii) implies that m + n has no support at u = co.
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L'-Stability Theorem and Remarks

Theorem (Chen-Perthame: Ann. |. H. Poincaré-AN 2003)

Let u,v € L([0,00); L' (RY)) be kinetic solutions with initial data
ug, vo € L'(RY) respectively. Then

(] ||U(t,) *UO(')HL](Rd) — 0 ast‘)O,'

® |lut,) —v(t, )l we) < lluo = vollLr(re)-
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L'-Stability Theorem and Remarks

Theorem (Chen-Perthame: Ann. |. H. Poincaré-AN 2003)

Let u,v € L([0,00); L' (RY)) be kinetic solutions with initial data
ug, vo € L'(RY) respectively. Then

(] ||U(t,) *UO(')HL](Rd) — 0 ast‘)O,'

® |lut,) —v(t, )l we) < lluo = vollLr(re)-

Remarks
e Existence for ug € L': There exists a sequence
uj € WA 0 H' 0 L*°(RY) such that |lu§ — ug|| 11 (gay — 0 as e — 0.
Then there exists a corresponding sequence of kinetic solutions
ut € L>°(]0,00); L' (RY)). The L'-stability theorem implies that {u°}
is a Cauchy sequence so that there exists u € L>([0, 00); L'(R%))
satisfying that u°(¢,x) — u(t,x) in L' when ¢ — 0.
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L'-Stability Theorem and Remarks

Theorem (Chen-Perthame: Ann. |. H. Poincaré-AN 2003)

Let u,v € L([0,00); L' (RY)) be kinetic solutions with initial data
ug, vo € L'(RY) respectively. Then

(] ||U(t,) *UO(')HL](Rd) — 0 ast‘)O,'

® |lut,) —v(t, )l we) < lluo = vollLr(re)-

Remarks

e Existence for ug € L': There exists a sequence
uj € WA 0 H' 0 L*°(RY) such that |lu§ — ug|| 11 (gay — 0 as e — 0.
Then there exists a corresponding sequence of kinetic solutions
ut € L>°(]0,00); L' (RY)). The L'-stability theorem implies that {u°}
is a Cauchy sequence so that there exists u € L>([0, 00); L'(R%))
satisfying that u°(¢,x) — u(t,x) in L' when ¢ — 0.

o When uy € L>°(R?), then the kinetic solution u € L™ is the unique
entropy solution.
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|deas of Proof for the  -Stability—Formal Proof

u(t, x) ~ m(t,x;§) > 0

n(t,x;€) = 6(6 — ult, %)) Y4, (Vx - Bi(u(t, x)))?
u(t,x) ~ p(t,x;§) >0

a(t,x;€) = 6(€ — o(t,%)) 4y (Vi - Br(v(t, x)))?
Step 1. Microscopic Contraction Function:

Qt,x;€) = [x(&u)| + [x(&v)| —2x(&u)x(§v) =0
Then

/ Q(t, %; £)d = [u(t, x) — v(t, %)
R

Step 2. Multiplying the Kinetic Equation by sign(§):

Ilx (& u)| +1£(€) - V|x(&u)| — Vi - (A V(& u))
= sign(§)0g(m + n)(t,x;§).
Then

& Jpaer IX(& w)]dxdE = =2 [pa(m +n)(t,x;0)dx,
4 [ (&) dxd€E = 2 [ra(p + q)(t,x;0)dx.
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Ideas of Proof: Conti.

Step 3. Multiplying the Eq. for u by x(&;v) and the Eq. for v by x(&; u),
and then adding together yield

a
dt Jpa+1

=13 [ 0O 0 (€ v
i

(—2x(&§u)x (&5 v))dxd
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Ideas of Proof: Conti.

Step 4. Combining Step 2 with Step 3 yields

% fRd lu(t,x) — v(t, x)|dx
- % Jras1 Q(t,x; &) dxdg
=43 Jparr aij(§) 0z, X (& u) Oz, x (& v)dxdE
i,j
—2 [ {(m +n)(t,%;€) 6(€ — v)
+(p+ @) (t,x;€) 6(§ — u) bdxd§

< 42 S+ @i (§)0z, 1 0p,v 6(§ — u)d (€ — v)dxd§

-2 z Jga 6(€ = u)d(€ —v) ((Vx - Bi(u)? + (Vx - Br(v))?)dxdé
< 42 Jra+1 azj(f)ariu 0,0 0(§ — u)d(€ — v)dxdE

—4 Z fRdH —u)d(§ — v)ogi(u)or;(v) Oz, u Op, v dxd

ki,
=0.
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Rigorous Proof: Regularization, Truncation, and Limits

() €= (en.22): eltx) = () ()

for ©; >0, [ ¢; = 1,supp(¢1) C (—1,0)
Set
Xe = Xe(&§ult, x)) = (X *x) 9e) (T, %5 6),
Me 1= M *(¢ x) P, Ne 1= N *(g x) Pe-
(i) 1s5(€) = Lub(5): Set xe5 := Xe * Us.

(iii) &-Truncation: Kg(§) = K(}%) —las R — o
for 0 < K(€) < 1 K(¢) = Tas|| < 1/2 K(€) = Dasl¢] > 1,

Sending 0 — 0 first and R — oo second lead to

a
dt Rd+1

where Q:(t,%x;&) = [xe(§u)| + [xe(§5v)] — 2xe (& u)xe (&5 v).

Q:(t,x;&)dxd¢ <0 for anye,
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Decay of Periodic Kinetic Solutions in L>

Theorem (Chen-Perthame: PAMS 2009)

Let ug(x + Pe;) = ug(x) be periodic with period Tp := 1<, [0, P;] C R with
P; > 0 and (e;)1<;<q the basis of RY. Let the flux function f(u) and the diffusion
matrix A (u) satisfy the “nonlinearity-diffusivity” condition: For any § > 0,

sup / - A df o 5 = ws(A) 5 0
rl+ml>6 Jigl<fuolloe AT T +E(E) - K> + (T A(§)K)
Then the kinetic solution u(t,x) € L is asymptotically decay:

pr ‘u(t,x) B \TlT\ fqrp UO(X)dX) dx — 0 when t — oo.
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Let ug(x + Pe;) = ug(x) be periodic with period Tp := 1<, [0, P;] C R with
P; > 0 and (e;)1<;<q the basis of RY. Let the flux function f(u) and the diffusion
matrix A (u) satisfy the “nonlinearity-diffusivity” condition: For any § > 0,

sup / - A df o 5 = ws(A) 5 0
rl+ml>6 Jigl<fuolloe AT T +E(E) - K> + (T A(§)K)
Then the kinetic solution u(t,x) € L is asymptotically decay:

pr ‘u(t,x) B \TlT\ fqrp UO(X)dX) dx — 0 when t — oo.

For smooth coefficients, the “nonlinearity-diffusivity” condition is equivalent to

LHEER 7+ £(6) k=0,0_ ai(€)rir; =0}) =0, ¥ 72+ s> =1
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Decay of Periodic Kinetic Solutions in L>

Theorem (Chen-Perthame: PAMS 2009)

Let ug(x + Pe;) = ug(x) be periodic with period Tp := 1<, [0, P;] C R with
P; > 0 and (e;)1<;<q the basis of RY. Let the flux function f(u) and the diffusion
matrix A (u) satisfy the “nonlinearity-diffusivity” condition: For any § > 0,

A dg
sup /
irl+lrl>8 Jigl<iiuo)l A 1T +HE(E) - k]2 4+ (KT A(E)K)?

= ws(A) —= 0.

A—0

Then the kinetic solution u(t,x) € L is asymptotically decay:

pr ‘u(t,x) B \TlT\ fqrp UO(X)dX) dx — 0 when t — oo.

For smooth coefficients, the “nonlinearity-diffusivity” condition is equivalent to
LH{EER ::T7+1() k= O,szzl aij(€rik; =0}) =0, V 2+ k> =1

The well-posedness theory = There exists a unique entropy solution
u € L>([0,00) x RY) such that
u(t,x) is Tp-periodic a.e. and [Ju(t,-)|| L~ < |Juo| L
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|deas of Proof—I: W.O.L.G., assume fT up(x)dx = 0

Step 1. The well-posedness theory and the averaging compactness result
= The unique periodic entropy solution u(t, ) € L satisfies
(i) For any to >t > 0,

/ |u(t2,x)]dx§/ lu(t1, x)| dx,

Tp Tp

/ |u(t2,x)|2dx</u(tl,x)de (energy estimate).
Tp T

= The function I(t) := -[’Jl‘p lu(t,x)|> dx is a non-increasing, bounded
function, which implies that the following limit exists:

tlinolol(t) = I(00) =: Inx € ]0,00).

Question: I, =0 77
(ii) When the flux function f(u) and the diffusion matrix A(u) satisfy
the nonlinearity-diffusivity condition, then the solution operator
u(t,") = Sypug(+) : L — L} is locally compact for ¢ > 0.
Averaging Compactness: Lions-Perthame-Tadmor 1994; Also see
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|deas of Proof for the Decay—II

Step 2. Translations.  Set vy (t,x) := u(t + k, x).
Then we find that, for ¢t > —k,

(1) lloe(t, Lo = lJu(t +k, )l Lo < [luol|Le;
(ii) vk (t,x) is also a periodic entropy solution;
(iii) -[?Tp vg(t, x) dx = pr up(x) dx = 0;
(iv) for each k > 0, x(&; vF(t,x)) satisfies
Dx (& 0") + £(€) - Vaex(&0%) = Vi (A V(& 0Y))
= Je(m” +nF)(t,x,€) in D'((—k, 00) x R4TY)

Step 1 (ii) applied to v*,
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|deas of Proof for the Decay—II

Step 2. Translations.  Set vy (t,x) := u(t + k, x).
Then we find that, for ¢t > —k,

(1) lloe(t, Lo = lJu(t +k, )l Lo < [luol|Le;
(ii) vk (t,x) is also a periodic entropy solution;
(iii) -[?Tp vg(t, x) dx = pr up(x) dx = 0;
(iv) for each k > 0, x(&; vF(t,x)) satisfies
Dx (& 0") + £(€) - Vaex(&0%) = Vi (A V(& 0Y))
= Je(m” +nF)(t,x,€) in D'((—k, 00) x R4TY)

Step 1 (ii) applied to v*, there exists a subsequence v"i and
o(t,x) € L= (R1), with [ v(t,x)dx = 0, such that

o (t,x) = v(t, x) ae. (t,x) € R4H! as j — oo.

X(&oh (%) = x(&o(t,x)  ae (6x,6)  asj— oo
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|deas of Proof for the Decay—III

Step 3. The kinetic equation =

/lT / (m* +n)(t,x,&) dtded¢ < ~(I(k—T)—I1(k+1))
JorJrpr

— N =

< 5ITplluoli~

2
= There exists a subsequence k; and a measure ) (¢,x,&) such that

(mkj + nk’j)(t,x,g) — M(t,x,£) >0 weakly in M as j — oc.
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|deas of Proof for the Decay—III

Step 3. The kinetic equation =

/lT / (m* +n)(t,x,&) dtded¢ < ~(I(k—T)—I1(k+1))
JorJrpr

— N =

< 5ITplluoli~

2
= There exists a subsequence k; and a measure ) (¢,x,&) such that
(mki +nki)(t,x,€) = M(t,x,€) >0 weakly in M as j — oo.

Since I(t) converges, we have I(k —T)— I(T + k) — 0 as k — oo, which
implies  AM(R9+2) = 0.
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|deas of Proof for the Decay—III

Step 3. The kinetic equation =

/lT / (m* +n)(t,x,&) dtded¢ < ~(I(k—T)—I1(k+1))
JorJrpr

— N =

< 5ITplluoli~

2
= There exists a subsequence k; and a measure ) (¢,x,&) such that
(mki +nki)(t,x,€) = M(t,x,€) >0 weakly in M as j — oo.

Since I(t) converges, we have I(k —T)— I(T + k) — 0 as k — oo, which
implies M (R92) = 0. Letting k — oo in the kinetic equation, then
x(&;v) is a Tp-periodic solution in D'(IR x Rt of

atX + f/(g) ’ va - vx : <A<£)vx>() =0.
Multiplying the above equation by £ and then integrating dxd¢, we have
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|deas of Proof for the Decay—III

Step 3. The kinetic equation =

/lT / (m* +n)(t,x,&) dtded¢ < ~(I(k—T)—I1(k+1))
JorJrpr

— N =

< 5ITplluoli~

2
= There exists a subsequence k; and a measure ) (¢,x,&) such that

(mki +nki)(t,x,€) = M(t,x,€) >0 weakly in M as j — oo.
Since I(t) converges, we have I(k —T)— I(T + k) — 0 as k — oo, which
implies M (R92) = 0. Letting k — oo in the kinetic equation, then
x(&;v) is a Tp-periodic solution in D'(IR x Rt of

atX + f/(g) ’ va - vx : <A<£)vx>() =0.
Multiplying the above equation by £ and then integrating dxd¢, we have

/ lv(t,x)|*dz = I € [0,00), VteR,
Tp

where I, = I(o0) is a constant, independent of t.
Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 21 / 102




|deas of Proof for the Decay—IV

Step 4. The rest of the proof consists in showing that

@ such a function x(&;v) is very particular and is in fact constant;

e v(t,x) =0 a.e. for (t,x) € R x R%.

— I =0

== The proof is complete.
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|deas of Proof for the Decay—V

Step 5. Claim: v(t,x) =0 a.e. for (£,x) € R x R%.
For a time-truncation function ¢(t),0 < ¢(¢) < 1, so that ¢y belongs to
L?(R x Tp x R), we have

0(¢x) + £(€) - Va(dx) = Vi - (A(E)Val(ex)) = x 0o in D'(RH?),
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|deas of Proof for the Decay—V

Step 5. Claim: v(t,x) =0 a.e. for (£,x) € R x R%.

For a time-truncation function ¢(t),0 < ¢(¢) < 1, so that ¢y belongs to
L?(R x Tp x R), we have

0(¢x) + £(€) - Va(dx) = Vi - (A(E)Val(ex)) = x 0o in D'(RH?),

Since ¢y and ¢, are periodic in x, we take the global Fourier transform
in t € R and the local Fourier transform in x € Tp to obtain

g(r m:€) for (¢x)(t,x,€) and  A(T, k&) for (x 00)(1,%,€) in L?,

where the frequencies k = (k1,- - , Kg) are discrete:
I{i:n%7 n:Ojj:17:|:2’
That is, for example, §(7, K; &) = ﬁ Je Jo(6x)(t, %, &) e i THHEX) Gty

so that (gbx)(t X, 5 QL fR T, K; é‘ i(Tt+ k- X)dT

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 23/



|deas of Proof for the Decay—V

Step 5. Claim: v(t,x) =0 a.e. for (£,x) € R x R%.
For a time-truncation function ¢(t),0 < ¢(¢) < 1, so that ¢y belongs to
L?(R x Tp x R), we have

O(@X) +£(€) - Va(¢x) = Vo - (A(€)Valox)) = x o in D'(RT?).

Since ¢y and ¢, are periodic in x, we take the global Fourier transform
in t € R and the local Fourier transform in x € Tp to obtain

g7, 5:€) for (o) (1, x,6) and  h(r, k; &) for (x o) (t, %, ) in L2,
where the frequencies k = (k1,- - , Kg) are discrete:
Ri=n3,  n=041,42,. ..
That is, for example, §(7, K; &) = ITI fR Je(@x)(t,x, &) e TH=X) dtdy

sothat  (dx)(t,x,&) = &= 3, [ 9(7, k; &) e THH=¥)dr,
Taking the global Fourier transform in t € R and the local Fourier

transform in x € T in the kinetic equation, we obtain

i(T+f(¢) k) +r AR

>

Na)Y
|
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|deas of Proof for the Decay—VI

Step 5.—Conti: Following usual ideas from the kinetic averaging lemmas,

we may introduce a free parameter A > 0 (to be chosen later on) and
write

(fA +i(r+ () k) + RTA(f)m)f] = h+ Vg
This leads to
= (h+ VX !
g ( + g) \f“‘ Z(T+ f/(g) . IQ) + IQTA(g)IQ

Integrating in & and using the Cauchy-Schwarz inequality, we find
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|deas of Proof for the Decay—VI

Step 5.—Conti: Following usual ideas from the kinetic averaging lemmas,
we may introduce a free parameter A > 0 (to be chosen later on) and
write

(fA +i(r+ () k) + RTA(f)m)f] = h+ Vg

This leads to

§=(h+vAg) !

VA+i(t+ f(€) - k) + kTAOK

Integrating in & and using the Cauchy-Schwarz inequality, we find
[¢vf*(7, &)
1 2

= 2</RiL2d€ - )\-/R§2d£) /]R ‘ﬁﬂ'(f (8- k) +kTAGK -

The nonlinearity-diffusivity condition gives that, when x # 0,
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|deas of Proof for the Decay—VI

Step 5.—Conti: Following usual ideas from the kinetic averaging lemmas,

we may introduce a free parameter A > 0 (to be chosen later on) and
write

(fA +i(r+ () k) + RTA(f)m)f] = h+ Vg

This leads to

1
g_(hﬂL\fg) \f—FZ(T—'—f/(E)H)"i‘K/TA(g)R

Integrating in & and using the Cauchy-Schwarz inequality, we find

|pvl*(r, )
. X 1 2
SQ(/R}defﬂ./Rgzdf) /R‘ﬁ+i(7+f/(g)-n)+nm(g)n at.

The nonlinearity-diffusivity condition gives that, when x # 0,

go|? < 0“59) /Riﬂdg + Cws(N) /R g|?de  for any & € (0,d).
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|deas of Proof for the Decay—VII

Step 5.—Conti: Notice that the frequencies « are discrete and may
include k = 0; When & # 0, there exists 0y > 0 such that || > dy. Since
v(t,x) has mean zero in x over Tp, we have ¢v(7,0) = 0.
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|deas of Proof for the Decay—VII

Step 5.—Conti: Notice that the frequencies « are discrete and may
include k = 0; When & # 0, there exists 0y > 0 such that || > dy. Since
v(t,x) has mean zero in x over Tp, we have ¢v(7,0) = 0. Thus,

Z/ \bv|2dr <c“"’ Z/ h2dédr + Cuws(N) Z/ 162d¢dr

K#0 K#£0

we A . \2 - , ) y
<C——= (V) / (xor)“dtdxdé + Cws(N) / x| dtdxdé.
A RXTxR JRXTxR
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|deas of Proof for the Decay—VII

Step 5.—Conti: Notice that the frequencies « are discrete and may
include k = 0; When & # 0, there exists 0y > 0 such that || > dy. Since
v(t,x) has mean zero in x over Tp, we have ¢v(7,0) = 0. Thus,

Z/ \bv|2dr <c“"’ Z/ h2dédr + Cuws(N) Z/ 162d¢dr

K#0 K#£0

we A . \2 - , ) y
< C——+= (V) / (xor)“dtdxdé + Cws(N) / x| dtdxdé.
A RXTxR JRXTxR

=

/ |¢v|2dtdx§0w6)(\)\)/ |¢L|2|vdtdx+0w5()\)/ |6|2|v|dtdx.
RxTp RxT

RXTP
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Ideas of Proof for the Decay—VII

Step 5.—Conti: Notice that the frequencies « are discrete and may
include k = 0; When & # 0, there exists 0y > 0 such that || > dy. Since
v(t,x) has mean zero in x over Tp, we have ¢v(7,0) = 0. Thus,

/qu)vl dr <Cw° Z/ h2dedr + Cuws(N) / |g|2d¢dr
K#0 K#£0

ws(\) [ ,
<(V ()( )/ (X(v,)‘(]l(/.rdi+(7w(;(/\)/ ‘()X‘ (]/(I,I(]g.
A RxTxR JRXTxR
=
A

/ |¢v|2dtdx§0w5)(\ )/ |¢L|2|vdtdx+0w5()\)/ |6|2|v|dtdx.
RxTp RxT RxTp

-

I fR|¢|2dt < Cuws( /\ / ‘Z(]X ' /(), (/f+/ \()\2(/7‘
< O Iws(N) )\/RQM dt+/R|¢)] dt (%)
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|deas of Proof for the Decay—VIII

Step 5.—Conti:
Lo fy |62t < CV/Tocws(N) (% o lonf2dt + [ |of2dt) (%)
Choosing first A small and then [, |¢:|* small, we conclude from (*) that

I =0, that is, v(t,z) =0 ae. (t,r) € R x R%
On the contrary, if I, > 0,
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|deas of Proof for the Decay—VIII

Step 5.—Conti:
Lo fy |62t < CV/Tocws(N) (% o lonf2dt + [ |of2dt) (%)

Choosing first A small and then [, |¢:|* small, we conclude from (*) that
I =0, that is, v(t,z) =0 ae. (t,r) € R x R%

On the contrary, if /o, > 0, then we can choose A small enough so that
Cws(N)/v/Ie < 5 and find from (*) that

\ﬁ/\¢\dt<20 /\gb\dt
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|deas of Proof for the Decay—VIII

Step 5.—Conti:
Lo fy |62t < CV/Tocws(N) (% o lonf2dt + [ |of2dt) (%)

Choosing first A small and then [, |¢:|* small, we conclude from (*) that
I =0, that is, v(t,z) =0 ae. (t,r) € R x R%

On the contrary, if /o, > 0, then we can choose A small enough so that
Cws(N)/v/Ie < 5 and find from (*) that

\ﬁ/\¢\dt<20 /\gb\dt

It remains to choose a sequence of functions ¢5(t) = 1 for |t| < B, with
B a given large number and ¢/5(t) = 23 U for B < It| < 2B, and
¢p(t) =0 for [t| > 2B. In the above |nequa||ty, we find
Ve < CW&iA) é,
where C' > 0 is a constant independent of B and A. When B tends to oo,
this implies that I must vanish, which is a contradiction.
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Further Results

L'-Error Estimates and Continuous Dependence
Chen-Karlsen: Trans. Amer. Math. Soc. 2006

More General Degenerate Diffusion-Convection-Reaction Equations
ou+V - f(t,x;u) =V - (A(t,x;u)Vu) + c(t, x; u)
Chen-Karlsen: Comm. Pure Appl. Anal. 2005: Kinetic Equations:

i)f\(x‘ w) + £, (¢, x;€) - Vx(&u) — V- (AL, x;§) V(& u))
Z fo. (t,x;6) — c(t,x; S))()u\( u) = (m+n)(/.x:{).

Other Related Notions and Regularity Results of Weak Solutions

Bendahmane-Karlsen: Renormalized Solutions, SIMA 2004
Perthame-Souganidis: Dissipative Solutions, SIMA 2005, 2006
Tadmor-Terence Tao: Regularity of Solutions, CPAM 2008

Initial-Boundary Value Problems
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@ Nonlinear PDEs of Mixed Hyperbolic-Parabolic Type

9 Nonlinear PDEs of Mixed Hyperbolic-Elliptic Type in Fluid Mechanics

© Nonlinear PDEs of Mixed Hyperbolic-Elliptic Type in Differential
Geometry

e Nonlinear PDEs of No Type in Differential Geometry
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Bow Shock in Space generated by a Solar Explosion

FIG. 50: SOLAR EXPLOSION

A shock wave in space generated by a solar eruption. The sketch shows the fully ionized
nucleons attached to the solar magnetic field lines acting as the driving piston for the
shock wave. (Courtesy: UTLAS, after Gold, 1962).
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Blast Wave from a TNT Surface Explosion

FIG. 22: EXPLOSION FROM A 20-TON HEMISPHERE OF TNT

The blast wave S, and fireball F, from a 20-ton TNT surface explosion are clearly shown.
The backdrops are 50 feet by 30 feet and in conjunction with the rocket smoke trails, it is
possible to distinguish shock waves and particle paths and to measure their velocities,
Owing to unusual daylight conditions, the hemispherical shock wave became visible.
(Courtesy: Defence Research Board of Canada).
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Shock Waves generated by Transonic Aircrafts
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Shock Waves generated by Supersonic Aircrafts
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Shock Reflection-Diffraction

t=-1 t=0
_  ——
(1) (0)
Wedge
? Shock Wave Patterns around a Wedge (airfoils, inclined ramps, - - -)
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Ernst Mach: 1878

Complexity of Reflection-Diffraction Configurations:

Uber den verlauf von funkenwellenin der ebene und im raume,
Sitzungsber. Akad. Wiss. Wien, 78 (1878), 819-838.
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John von Neumann: 1943

1. Oblique Reflection of Shocks, Explos. Res. Rep. 12 (1943),
Navy Dept., Bureau of Ordnance, Washington, DC., USA.

2. Refraction, Intersection, and Reflection of Shock Waves,
NAVORD Rep. 203-45 (1945), Navy Dept., Bureau of Ordnance,
Washington, DC, USA.

3. Collected Works, Vol. 6, Pergamon Press, 1963.
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Richard Courant and Kurt Otto Friedrichs: 1948

Supersonic Flow and Shock Waves,
Springer-Verlag: New York, 1948.  xvi+464 pp.
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Experimental Analysis: 1940s—

Walker Bleakney: Palmer Physical Laboratory
Princeton University, USA

Irvine Israel Glass: Institute for Aerospace Studies
University of Toronto, Canada

LeRoy Freame Henderson: School of Aerospace, Mechanical and
Mechatronic Engineering, University of Sydney, Australia

Tatiana V. Bazhenova: Joint Institute of High Temperatures
Russian Academy of Sciences, Moscow, Russia

Kazuyoshi Takayama: Institute of Fluid Science
Tohoku University, Japan
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A New Mach Reflection-Diffraction Pattern:

A. M. Tesdall and J. K. Hunter: TSD, 2002
A. M. Tesdall, R. Sanders, and B. L. Keyfitzz NWE, 2006; Full Euler, 2008

B. Skews and J. Ashworth: J. Fluid Mech. 542 (2005), 105-114
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Shock Reflection-Diffraction Patterns

@ Gabi Ben-Dor Shock Wave Reflection Phenomena
Springer-Verlag: New York, 307 pages, 1992.

Experimental results before 1991
Various proposals for transition criteria

@ Peter O. K. Krehl History of Shock Waves, Explosions and Impact
A Chronological and Biographical Reference
2009, XXII, 1288 p. 1200 illus., 300 in color.

@ Milton Van Dyke  An Album of Fluid Motion
The parabolic Press: Stanford, 176 pages, 1982.

Various photographs of shock wave reflection phenomena
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Scientific Issues

@ Structure of the Shock Reflection-Diffraction Patterns
@ Transition Criteria among the Patterns
o Dependence of the Patterns on the Parameters
wedge angle 6,,, adiabatic exponent v > 1
incident-shock-wave Mach number M,

Interdisciplinary Approaches:

@ Experimental Data and Photographs

@ Large or Small Scale Computing
Colella, Berger, Deschambault, Glass, Glaz, Woodward,....
Anderson, Hindman, Kutler, Schneyer, Shankar, ...
Yu. Dem'yanov, Panasenko, ....

@ Asymptotic Analysis
Lighthill, Keller, Majda, Hunter, Rosales, Tabak, Gamba, Harabetian...
Morawetz: CPAM 1994

e Rigorous Mathematical Analysis?? (Global Solutions)

Existence, Stability, Regularity, Bifurcation, ------
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2-D Riemann Problem for Hyperbolic Conservation Laws

8tU+VxF(U):O, X:<ZL'17ZL'2)€R2
or BA(U, U, VU) + Vi - B(U, Uy, V) = 0

Books and Survey Articles:

Chang-Hsiao 1989, Glimm-Majda 1991, Li-Zhang-Yang 1998, Zheng 2001
Chen-Wang 2002, Serre 2005, Chen 2005, Dafermos 2010, - - -

Numerical Solutions: Glimm-Klingenberg-McBryan-Plohr-Sharp-Yaniv 1985
Lax-Liu 1998, Schulz-Rinne-Collins-Glaz 1993, Chang-Chen-Yang 1995, 2000
Kurganov-Tadmor 2002, - - -

Theoretical Roles: Asymptotic States and Attractors

Local Structure and Building Blocks...

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 44 / 102



Riemann Solutions |

580 TUNG CHANG, GUI-QIANG CHEN AND SHULI YANG

FiG. 5.5 Fic. 5.58

Density contour curves Self-Mach number contour curves

F1G. 5.5C. Pressure contour curves
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Riemann Solutions Il

FiG. 5.6a Fic. 5.68
Density contour curves Self-Mach number contour curves

FIG. 5.6c. Pressure contour curves
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Riemann Solutions vs General Entropy Solutions

Asymptotic States and Attractors
Observation (C-Frid 1998):

o Let 12(%) be the unique piecewise Lipschitz continuous Riemann
solution with Riemann data: R|,—g = RO(IX\)

o Let U(t,x) be a bounded entropy solution with initial data:

X
Uly—o = Ro(m) + Py(x), Ro € L®(S% 1Y), Py e L' N L™(RY)

@ The corresponding self-similar sequence U7 (¢,x) := U(Tt,Tx) is
compact in L}, (RE™)

ess hm/ |U(t,t&) — R(§)|d€ =0 for any Q C R?

Building Blocks and Local Structure

* Local structure of entropy solutions

* Building blocks for numerical methods
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Full Euler Equations:

Op+Vx-(pv)=0 (conservation of mass)
O(pv) + Vx-(pv@V)+Vxp=0 (conservation of momentum)
1 1
8t(§p\v\2 + pe) + Vi - ((ﬁp\v\Q + pe +p)v) =0 (conservation of energy)
Constitutive Relations: p = p(p,e)

o p—density, v = (v, v2) ' —fluid velocity, p—pressure
@ c—internal energy, f—temperature, S—entropy

For a polytropic gas:  p = (7 — 1)pe, e = c,0, y=1+ g > 1

p=p(p,S) = rpred, e = e(p, S)Llp%les/c“,
/7 —

@ R > 0 may be taken to be the universal gas constant divided by the effective
molecular weight of the particular gas
@ ¢, > 0 is the specific heat at constant volume

@ v > 1 is the adiabatic exponent, x > 0 is any constant under scaling
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Euler Equations for Potential Flow:

{ Op+ Vx - (pVx®) =0, (conservation of mass)

~ y—1
QP+ 5| Vx®2 + ?Lll = ’;Oﬁ, (Bernoulli’s law)

or, equivalently,

atp(atq)v vx@) pO) + Vg - (p(atq)y VX(I), po)vxq)> - 0:
with

_ 1 1
P02, Vs, p0) = (95 = (7 = (O + 3| Vx®[*)) 7.

@ The potential flow equations and the full Euler equations coincide in
important regions of the solution and are very close each other in the other
regions in the configuration of regular shock reflection-diffraction.

@ Aerodynamics/Gas Dynamics: Fundamental PDE

@ J. Hadamard: Lecons sur la Propagation des Ondes, Hermann: Paris 1903,
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Discontinuities of Solutions: Entropy Solutions

U+ V- -F(U)=0, x = (x1,27) € R?

An oriented surface I' with unit normal n = (n;,n1,72) € R? in the

(t,x)-space is a discontinuity of a piecewise smooth entropy solution U
with

Uy(t t . 0,
U(t,X)Z +(7X)’ (7X) n > )
U_(t,x), (t,x)-n <0,
if the Rankine-Hugoniot Condition is satisfied
Uy —U_,F(Uy)—FU-)) - n=0 along I.

The surface (I',n) is called a Shock Wave if the Entropy Condition (i.e.,
the Second Law of Thermodynamics) is satisfied:

(mUs) =n(U-),q(Us) —¢(U-)) - n >0  along T,
where (n(U), q(U)) = (—=pS, —pvS).
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Two Types of Discontinuities

Shock Waves:

F

) (peop) = (p-op-). v £ V- (i) (V)= (p-, V- ps # -
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Gui-Qiang G. Chen (Oxford)

(0)

t=0
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Initial-Boundary Value Problem:

Initial condition at ¢ = 0:

(V p p> _ (07071)0,/)0)7 ’1'2‘ > 1 tan by, 1 > 0,
o (u1707p1701)7 r1 < 0;

Slip boundary condition on the wedge bdry: v -v = 0.

X,

(1) ©)
<«
o
Vi

/-/_’ A"
Shock’

z\\\\\ m

Invariant under the Self-Similar Scaling: (¢,x) — (at,ax), a #0
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Self-Similar Solutions for the Full Euler Equations

pU)e + (pV)y +2p =0,
pU? + p)e + (pUV),, + 3pU = 0,
pUV )¢ + (pV? +p)y + 3pV =0,

(
(
(
(U500 +W>>f+<v<1pq +7'”’>>n+2<1pq2+7”’>:o,

1 2 1 2 -1

where ¢ = VU? + V? and (U, V) = (v; — &, v2 — 1) is the pseudo-velocity.
Ay = UV +er/q%—c2

Eigenvalues: Ao = %(repeated), = T
where ¢ = \/vp/p is the sonic speed
When the flow is pseudo-subsonic: ¢ < ¢, the system consists of

@ 2-transport equations: Compressible vortex sheets
@ 2-nonlinear equations of mixed hyperbolic-elliptic type: Two kinds of
transonic flow: Transonic shocks and sonic curves
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Boundary Value Problem in the Unbounded Domain

Slip boundary condition on the wedge boundary:
(U,V)-v=20 on 0D
Asymptotic boundary condition as &2 + n? — oo:

(0707]70;;00)7 5 > 50777 > gtanewa

(U+&V +n,p,p) —
(’1‘17071717,01)7 5 < 50,7] > 0.

! /
(v, =& =n,p1,p1) X

W, Vip, p) <G

|
V=0 0,) \:

[T - — Y
5’J_l"l’f’o ¢
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Normal Reflection

When 0, = 7, the reflection becomes the normal reflection, for
which the incident shock normally reflects and the reflected shock is
also a plane.

n
/
@ i
reflected _— location of
shock incident shock
/
(1) —
o
so“\oo -
/
(=& =mp2p)|
_ P14 0 — 1"
& pp=py |- %o P1=Po 3
/
elliptic
p -
SOniCCirCIe —
hyperbolic
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von Neumann Criterions & Conjectures (1943)

Local Theory for Regular Reflection (cf. Chang-C. 1986)
304 = 04(Ms, ) € (0, 75) such that, when Oy € (04, 5), there exist
two states (2) = (U$, V3, p%, p%) and (U5, Vi, p5, p5) such that
((Us, V)] > |(U3,V7)] and [(U3, V)] < c5.
Stability as 0y — 5 (C-Feldman 2005): Choose (2) = (Us, V', p§, p5)
Sonic Conjecture: There exists a Regular Reflection Configuration
when Oy € (05, %), for 0, > 0,4 such that [(Us, V3')| > 5 at A.
Detachment Conjecture: There exists a Regular Reflection
Configuration when the wedge angle Oy € (04, 5 ).

(0)

(6]

Incident
shock

Sonic Circle
of (2
/

. -
! Subsonic?

0
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Detachment Criterion vs Sonic Criterion 6, > 6,:

Courtesy of W. Sheng and G. Yin: ZAMP, 2008

g
Y
§
]
2
£
o
3
=)
c
5
30 e
Domain of appearing regular reflection
20 o
10 -
0 L L . L L L L L L
0 0.1 0.2 03 0.4 05 0.6 0.7 038 09 1
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Global Theory?
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Euler Egs. under Decomposition:

V- (pVp) +2p+ V- (pVW) =0,
1 1
V(§|w\2 + ) + ;Vp = (Vo+ W) - VW + (V2o + D)W,

V-((Vgo—i—W)w)—i—w—i—Vx(/l)Vp)—O,

(Vo +W)- VS =0.

S =c¢,In(pp~7)-Entropy; w = curl W = curl(U, V' )-Vorticity
When S = const., W =0, and w = 0 on a curve transverse to the fluid direction,
then, in the region of the fluid trajectories past the curve,
W =0, S=const. = W =0, p=-const.p”
Then we obtain the Potential Flow Equation (by scaling):

{V-@V@+2p&

1 2 p !
§(|V<,9| + @)+ po— = const. > 0.
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Potential Flow Dominates the Regular Reflection, provided

that across the Sonic Circle

) ) V- (pVe) +2p =0,
Potential Flow Equation : 1 9 1 !
sIVelP o+ =27 v>1

Potcx‘:n:inl Flow

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 61 / 102



Potential Flow Equation

V- (p(Ve,0,00)Ve) +20(Ve, 0, p0) =0

@ Incompressible: p = const. = Ap+2=0

o Elliptic: Vel < ey, po) = \/%(pgf — (v =1y

o Hyperbolic:  [Vip| > c.(i, po) := \/%(pg_l —(y=1y)

Second-order nonlinear equations of
mixed hyperbolic-elliptic type
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Simpler Nonlinear Models and Equations of Mixed Type

e Transonic Small Disturbance Equation:

((u— 2)u, + g)T + Uy =0

or, for v = u — x, VUgpy + Vyy +l.ot. =0

Analysis: Morawetz, Hunter, Canic-Keyfitz-Lieberman-Kim, - - -
o Pressure-Gradient Equations, Nonlinear Wave Equations

Y. Zheng, Canic-Keyfitz-Kim-Jegdic, C-Deng-Xiang (2011), - --
e Steady Potential Flow Equation of Aerodynamics

V- (p(Ve,po)Ve) =0

o Elliptic: V| < cilpo) := \/ A,ilpg_l

o Hyperbolic: ‘VQO‘ > Cy (p())
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Steady Potential Flow Equation of Aerodynamics

V- (p(Ve, po) V) =0

@ Pure Elliptic Case: Subsonic Flow past an Obstacle
Shiffman, L. Bers, Finn-Gilbarg, G. Dong, - - -

o Degenerate Elliptic Case: Subsonic-Sonic Flows
Shiffman, Chen-Dafermos-Slemrod-Wang, Elling-Liu, Xin, - --

e Pure Hyperbolic Case (even 2-D Full Euler Egs.):

Gu, Li, Schaeffer, S. Chen, Xin-Yin, Y. Zheng, - --
T.-P. Liu-Lien, S. Chen-Zhang-Wang, Chen-Zhang-Zhu, - - -

o Elliptic-Hyperbolic Mixed Case

Transonic Nozzles: Chen-Feldman, S. Chen, Xin-Yin, J. Chen, Yuan...
Wedge or Conical Body: S. Chen, B. Fang, Chen-Fang, - --
Transonic Flow past an Obstacle: Morawetz, Chen-Slemrod-Wang,...
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Global Theory?
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Setup of the Problem for in

e div (p(VQ/}, 1/%5777, PO)(Vw - (5 — U2, — UQ))) +l.0t.=0 (*)
o vw . V’wedge =0
L ¢|Fsonic = 0 = l'vu‘[-wmu - 0
@ Rankine-Hugoniot Conditions on Shock S:
{1 ']5’ =0
[p(Vih, 0, §,m, p0) (V) — (€ —uz,n —v2)) - v]s =0 (**)

Free Boundary Problem:
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Setup of the Problem for in

e div (p(VQ/}, 1/%5777, PO)(Vw - (5 — U2, — UQ))) +l.0t.=0 (*)
o vw . V’wedge =0
L ¢|Fsonic = 0 = l'vu‘[-wmu - 0
@ Rankine-Hugoniot Conditions on Shock S:
{1 ']5’ =0
[p(Vih, 0, §,m, p0) (V) — (€ —uz,n —v2)) - v]s =0 (**)

Free Boundary Problem:
e 15 ={¢= f(n)} such that f € C, f/(0) = 0 and

Qp={{>fIND={Y <p1—pa} N D,
S={p=p1—p2}ND (free boundary as a level set)
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Setup of the Problem for in

e div (p(VQ/}, 1/%5777, PO)(Vw - (5 — U2, — UQ))) +l.0t.=0 (*)
o vw . V’wedge =0
L ¢|Fsonic = 0 = l'vu‘[-wmu - 0
@ Rankine-Hugoniot Conditions on Shock S:
{1 ']5’ =0
[p(Vih, 0, §,m, p0) (V) — (€ —uz,n —v2)) - v]s =0 (**)

Free Boundary Problem:
e 15 ={¢= f(n)} such that f € C, f/(0) = 0 and

Qp={{>fIND={Y <p1—pa} N D,
S={p=p1—p2}ND (free boundary as a level set)

solves (*) in (2,

° ¥ € CH Q) NCHQ) { is subsonic in Q.

with (1% l/}u)

=0, Vi) - V‘u'('r[‘(/(' =0

Fso'niu
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Setup of the Problem for in

e div (p(VQ/}, 1/%5777, PO)(Vw - (5 — U2, — UQ))) +l.0t.=0 (*)
o vw . V’wedge =0
L ¢|Fsonic = 0 = l'vu‘[-wmu - 0
@ Rankine-Hugoniot Conditions on Shock S:
{1 ']5’ =0
[p(Vih, 0, §,m, p0) (V) — (€ —uz,n —v2)) - v]s =0 (**)

Free Boundary Problem:
e 15 ={¢= f(n)} such that f € C, f/(0) = 0 and

Qp={{>fIND={Y <p1—pa} N D,
S={p=p1—p2}ND (free boundary as a level set)

solves (*) in (2,

° ¥ € CH Q) NCHQ) { is subsonic in Q.

with (w, l/}u) Tsonic — 0, Vi) - V‘u'('r[‘(/(' =0
@ (1), f) satisfy the R-H Condition: Free Boundary Condition (**)
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Theorem (Global Theory for Shock Reflection-Diffraction

)

3 0. = 0:(po, p1,7) € (0, 5) such that, when Oy, € (0., %), there exist
(¢, f) satisfying

@ peC®()NCHYQ) and f € C®(PLP) NC2({P1P});

@ pE C1 across the sonic circle Py Py;

@ w0 —> wNR IN VV;): as 0w — 3.

x|? — I
= 0(t,%) = t9(¥) + B, p(tx) = (i7" = (v = (@ + 3[VE[) 7
form a solution of the IBVP.

Incident
Shock

(1)

Sonic Circle

P s
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Approach for the Large Wedge-Angle Case

o Cutoff Techniques by Shiffmanization
= Elliptic Free-Boundary Problem with Elliptic Degeneracy on I's,,;c
o Iteration Scheme for the Free Boundary Problem
Chen-Feldman: J. Amer. Math. Soc. 2003
e Domain Decomposition
Near T'sonic; Away from T'gopic

e (' Parabolic Estimates near the Degenerate Elliptic
Curve I',,,,;.
e Corner Singularity Estimates
In particular, when the Elliptic Degenerate Curve T's,;c Meets
the Free Boundary, i.e., the Transonic Shock
o Removal of the Cutoff

Require the Elliptic-Parabolic Estimates
with respect to the Large Wedge-Angle
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Near ', away from P;: Mixed Elliptic-Hyperbolic Type

e Linear: 21, + clz%y — Yz ~0
2

¥~ A2 + hot. when x ~ 0

e Nonlinear: (22 — (v + 1)) Vpe + %wyy—z/)x ~ o(z?)
Ellipticity: e <

¥

Apriori Estimate: [¢,| < 3(w+1)

More precisely, for Q' = QN {z < e} with small € > 0,

sup (a"/"“’“/Q*Q\afaél/)(zﬂ)

0<kti<2Z€Y
Irol koL (z
£ Y (g v EONON ¢
kti—2 % ZeQY z#Z 6(5 (Z, 2)
Asymptotics: (VRS (v+1) + h.o.t. when z ~ 0
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Optimal Regularity and Sonic Conjecture

Theorem (Optimal Regularity; Bae-Chen-Feldman: Invent. Math. 2009):
o € Ob! but NOT in C? across Py Py;

p € CF(Q\(PLPLU{P3})) N C*(Q\{P1, Ps}) N CHHOQ\{P3})UCH*(Q)
fe COO(Plpg) N Cz(Plpg).

— C-Feldman 2011: The global existence and the optimal

regularity hold up to the sonic wedge-angle 6, for any v > 1
for uy < ¢1; uy > ¢;. (the von Neumann's sonic conjecture)

Incident
Shock

)

Sonic Circle

P, P
Nonlinear PDEs of Mixed Type
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Existence for 0, € (Osonic,

1> U

P

Incident
shock

Sonic circle
of state(2)

@

Py

Py

©

Sonic circle
of state (1)

Ps \01

>

Issues: As the wedge angle becomes smaller, prove the shock does

not hit
(i) Wedge boundary,
(i) Symmetry line ¥,
(

iii) Sonic circle OB, (0,) of state (1), where O; = (uy,0),

(iv) Vertex point Ps.
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Existence for 0, € (Osonic,

Incident
shock

a<u (1) ©

Sonic cirdle
of state(2)

e Py O ba

Issues: As the wedge angle becomes smaller, prove the shock does
not hit

i) Wedge boundary,

ii) Symmetry line X,

iii) Sonic circle 9B, (0;) of state (1), where O; = (uy,0),
iv) Vertex point Ps;. This is unclear in the case ¢; < u;.

P
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Existence for 0, € (Osonic,

Incident
shock

a<u @ ©

attached Py L:Do<i
[P

P2 = P3 Sonic dircle

of state (1)

Is attached case possible for regular reflection?

For irregular Mach reflection attached case appears to be
possible, see Fig. 238 (page 144) of
M. Van Dyke, An Album of Fluid Motion,
The Parabolic Press: Stanford, 1982.
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Existence for 0, € (Osonic

Incident
shock
c1 > up @ ©
Soniccircle
of state(2)
P
Q 50
P2 ﬂ
e P No, DY

Theorem (C-Feldman). If p; > pg > 0, v > 1 satisfy u; < ¢y,
then a regular reflection solution ¢ as our Theorem (2005) exists
for all wedge angles 0., € (Osonic, 5 )-

The solution satisfies all properties stated in our Theorem (2005).
In particular, ¢ is C! near and across the sonic arc P, P;, and

the shock is a C? curve, and s < ¢ < q in €.
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Existence for 0, € (Osonic

Incident
shock

c1 <up ) ©

Sonic cirdle
of state(2)

o B O b

Theorem (C-Feldman). If p; > po > 0, v > 1 satisfy w1 > ¢,
then a regular reflection solution ¢ as in our Theorem (2005)
exists for all wedge angles 0, € (., §), where

-either ec = esoniw

-or 6. > Osonic and for 6, = 0. there exists an attached weak
solution of regular reflection-diffraction problem.
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Large Angle = Sonic Angle 0,.,;.: Admissible Solutions

Incident
shock 50

AN ® ©

-

Sonic circle \
of slaxe‘(l) Ps3 O >

_ Soniccirde
. of state(2)

The solution ¢ is called an admissible solution if
Q ¢ € CYPyPP,P3P,), and PoPyP, is C! curve,
© Equation is (strictly) elliptic in Q \ P,P,.
Q 2 <p<prinf
@ 1 — v in Q monotonically non-increases in directions Sp and S;.

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 76 / 102



Large Wedge Angle = Sonic Angle Opic

o Class of Admissible Solutions including the Global Solutions
Constructed for the Large Wedge-Angle Case
@ Apriori Estimates

Separation of the Diffracted Shock from the Wedge,
the Symmetric Line, the Sonic Circle

Boundedness of the Diffracted Shock
Compactness

e Continuity Method/Degree Theory

— Existence of Admissible Solutions for the Wedge Angle
Up to the Sonic Angle or the Attached Angle

= von Neumann’s Sonic Conjecture: Chen-Feldman 2011

= von Neumann’s Detachment Conjecture: C-Feldman,Nov.2012
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Large Angles = Sonic Angle 0y,

(a)

()

. Apriori Estimates and Compactness

Establish the strict inequalities in (iii) and the strict monotonicities in
(iv) (thus 1 — ¢ strictly decreases for a cone of directions, thus the
shocks are Lipschitz graphs with uniform Lip estimates)

Establish uniform bounds on diam((2), [[¢|c0.1(q), the monotonicity
of ¢ — o near the sonic arc;

Establish a uniform positive lower bound for the distance from the
shock to the wedge, the sonic circle of state (1), and the uniform
separation of the shock and the symmetry line;

Make uniform regularity estimates for the solution and its shock in
weighted /scaled Holder norms (including near the sonic arc, which
imply C'! across the sonic arc);

Prove that the uniform limit of admissible solutions is an admissible
solution, and the uniform limit of the sequence of shocks is a shock.

Continuity Method/Degree Theory—Existence of Admissible Solutions

for Large Wedge-Angle: = von Neumann's Sonic Conjecture

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 78 / 102



Mach Reflection: Full Euler Equations

[T
7 Right space for vorticity w7

? Chord-arc z(s) = z) + [ €*®)ds, b € BMO?
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Self-Similar Solutions for the Full Euler Equations

pU)e + (pV)y +2p =0,
pU? + p)e + (pUV),, + 3pU = 0,
pUV )¢ + (pV? +p)y + 3pV =0,

(
(
(
(U500 +W>>f+<v<1pq +7'”’>>n+2<1pq2+7”’>:o,

1 2 1 2 -1

where ¢ = VU? + V? and (U, V) = (v; — &, v2 — 1) is the pseudo-velocity.
Ay = UV +er/q%—c2

Eigenvalues: Ao = %(repeated), = T
where ¢ = \/vp/p is the sonic speed
When the flow is pseudo-subsonic: ¢ < ¢, the system consists of

@ 2-transport equations: Compressible vortex sheets
@ 2-nonlinear equations of mixed hyperbolic-elliptic type: Two kinds of
transonic flow: Transonic shocks and sonic curves
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Further Problem 1: Shock Diffraction by the Wedge Corner

(1) (0)

Experimental /Asymptotic Results: Bargman (1945), Lighthill (1949),
Fletcher (1951), - --
Rigorous Results: Nonlinear Wave System:  Chen-Deng-Xiang 2011
Potential Flow Equation: Chen-Xiang 2012
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Further Problem 2: Supersonic Flow onto a Solid Wedge

? Two Steady Solutions with Shocks around the Solid Wedge

/weak shock
/ P

S

(ST 0) D = o, 0), Pocs Poc

Courant-Friedrichs (1948): “The question arises which of the two actually
occurs. It has frequently been stated that the strong one is unstable and that,
therefore, only the weak one could occur.

A convincing proof of this instability has apparently never been given".

von Neumann'’s celebrated panel discussions (Aug. 17, 1949) on

the existence and uniqueness of multiplicity of solutions of the aerodynamical
equations: von Neumann, Burgers, Heisenberg, Liepmann, von Karman......
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Shock Problem: Supersonic Flow onto a Solid Wedge

? Two Steady Solutions with Shocks around the Solid Wedge

von Neumann'’s celebrated panel discussions (Aug. 17, 1949):
Chairman: Dr. J. von Neumann, Discussion on the existence and uniqueness
or multiplicity of solutions of the aerodynamical equations,
Bull. Amer. Math. Soc. 47 (2010), 145-154.

Members: von Neumann, Burgers, Heisenberg, Liepmann, von Karman.

Serre, D.: von Neumann’s comments about existence and uniqueness
for the initial-boundary value problem in gas dynamics,
Bull. Amer. Math. Soc. 47 (2010), 139-144.

Liu, T.-P.: Multi-dimensional gas flow: some historical perspectives,
Bull. Institute of Math., Academia Sinica, 6 (2011), 269-291.
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Shock Problem: Prandtl-Meyer Reflection Configuration

Elling-Liu's Numerical Simulations (2009)
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Shock Problem: Prandtl-Meyer Reflection Configuration

Elling-Liu's Numerical Simulations (2009)
? There Exists a Global Solution of the Prandtl-Meyer Reflection
Configuration when the wedge angle is less than the sonic angle so that
the state behind of the attached shock at the tip of wedge is supersonic.
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Boundary Value Problem in the Unbounded Domain

Slip boundary condition on the wedge boundary:
Dy-v=0 on OW
Asymptotic boundary condition as r := /£2 4+ 1?2 — oco:
Dy — (U —&,—1) = 0 n > Etan by, & > 0.
Locations of two shocks S» and Sy  are apriori known.

*Ref: Bae-Chen-Feldman: arXiv 0389822 (2011); Preprint 2012
Also cf.  Elling-Liu: CPAM 2009
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© Nonlinear PDEs of Mixed Hyperbolic-Elliptic Type in Differential
Geometry
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- Embedding Problems
. == Metric
(First Fundamental Form: | — Zgijdxidxj)
I h e==) Curvatures

(Second Fundamental Form: || = Z hijdxidxj )

Given a metric gr_j and certain curvatures

Inverse Problem: CAN we find a surface

in our real world with this metric §;and n

corresponding curvatures?

Realization Question?
Sa -
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Question: CAN we produce even more
sophisticated surfaces or thin sheets?
Fundamental

* Mathematics: Differential Geometry, Topology, =«
* Understanding evolution of sophisticated shapes of surfaces or thin sheets
in nature, including
--Elasticity, Materials Science, «+++-
--Biology and Algorithmic Origami: Protein Folding, «««--
*US DARPA’s 10th question of the 23 Challenge Questions in the Sciences
[US Defense Advanced Research Project Agency]:
Build a stronger mathematical theory for isometric and rigid embedding
that can give insight into protein folding.
* Design, Visual Arts, «+++=

Histo FY. Schiaefii (1873), Darboux (1894), Hilbert (1901), Weyl (1916),
Janet (1926-27), Cartan (1926-27), Lewy (1936), Nash (1954-56), Kuiper (1955),
Yau (1980's, 1990's), Gromov (1970, 1986), Giinther (1989), Poznyak (1973),

Levi (1908), Heinz (1962), Alexandroff (1938, 1942), Pogorelov (late 1940's, 1972),
Nirenberg (1953, 1963), Efimov (1963), Bryant-Griffiths-Yan (1983), Lin (1985-86),
Hong (1991,1993), -----
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Every n-Dimensional Riemannian manifold

(analytic or C* k > 3) can be C* isometrically

imbedded in the Euclidean space R":
Compact Case: N =3s, +4n
Noncompact Case: N = (n+1)(3s, +

=s,+2n+3

4n)
Gromov (1986): N

Giinther (1989): N

Open Problems

max{s, + 2n,s, +n+5}

Important for Applications

1
Lowest Target Dimension?  Janet-D: N = s, = 2(2tl)?

Optimal or Assigned Regularity?
C!! Isometric Embedding? What about BV(C')?
Current Research Activities, ....
Efimov’s Example (1966): No C? Isometric Embedding

when n = 2,5, = 3.
Gui-Qiang G. Chen (Oxford)

Nonlinear PDEs of Mixed Type

the Subject of the
Hollywood Movie
A Beautiful Mind

7-11 January 2013



Gauss-Codazzi System: Compatibility /Constraint

Fundamental Theorem in Differential Geometry:

There exists a surface in B3 with 1st and 2nd fundamental form
coefficients {gj;} and {h;}, {g;} being positive definite,
provided that the coefficients satisfy the Gauss-Codazzi system.

*This theorem holds even when h; € [P (Mardare 2003-05)
Given {gj}, {hij} is determined by the Codazzi Eqs. (Compatibility):
M — L= 11D —2omr? 4+ nr?,
{HXN —ayM — —L1%) +2mry) — nrly,
satisfying the Gauss Equation (Constraint):
LN — M? = K,
where L:\;—lﬂ?—l. M:\;—%. N:%. lg| = g11822 — g%

Ff;‘)—(jhrisroffel symbols, depending on gjj up to their 1st derivatives
K(x.y)—Gauss curvature, determined by gj up to their 2nd derivatives

*Nonlinear PDEs of Mixed Elliptic-Hyperbolic Equatic
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Surfaces with Gauss Curvature of Changing Sign

K>0

Gauss Curvature K on a Torus:
Toroidal Shell or Doughnut Surface
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Fluid Dynamics Formalism for Isometric Embedding

Set L=pv’+p, M=—puv, N=pu’+p, ¢ =u>+v%
Choose p as the Chaplygin type gas:  p= —1/p.

The Codazzi Equations become the Momentum Equations:

{ Du(puv) + 9y (pv* +p) = —(pv? + p)FéQQ) - 2pqu(122) — (pu® + p)F(121),
Dz (pu® + p) + 0, (puv) = —(pv? +p)Fglz) — szwI‘glz) — (pu* + p)F(l)

and the Gauss Equation becomes the Bernoulli Relation:

p=—V@+K.

Define the sound speed: ¢ = p/(p). Then ¢? = 1/p* = ¢* + K.

11>
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Fluid Dynamics Formalism for Isometric Embedding

Set L=pv’+p, M=—puv, N=pu’+p, ¢ =u>+v%
Choose p as the Chaplygin type gas:  p= —1/p.

The Codazzi Equations become the Momentum Equations:

{ Du(puv) + 9y (pv* +p) = —(pv? + p)FéQQ) - 2pqu(122) — (pu® + p)F(121),
Dz (pu® + p) + 0, (puv) = —(pv? +p)Fglz) — szwI‘glz) — (pu* + p)F(l)

and the Gauss Equation becomes the Bernoulli Relation:

p=—V@+K.

Define the sound speed: ¢ = p/(p). Then ¢? = 1/p* = ¢* + K.
2> q2 and the “flow” is subsonic when K > 0,
c? < ¢ and the “flow” is supersonic when K < 0,
¢? = ¢ and the “flow” is sonic when K = 0.
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Fluid Dynamics Formalism for Isometric Embedding

Set L=pv’+p, M=—puv, N=pu’+p, ¢ =u>+v%
Choose p as the Chaplygin type gas:  p= —1/p.

The Codazzi Equations become the Momentum Equations:
2 2 2
{ Bu(puv) + 9y (pv? + p) = —(pv* + P)Tsy — 2pul’(y) — (pu? +p)I'(7,

Dz (pu® + p) + 0, (puv) = —(pv? +p)Fglz) — QpUUF%) — (pu® + p)l“gll),

and the Gauss Equation becomes the Bernoulli Relation:

p=—V@+K.

Define the sound speed: ¢ = p/(p). Then ¢? = 1/p* = ¢* + K.
2> q2 and the “flow” is subsonic when K > 0,
c? < ¢ and the “flow” is supersonic when K < 0,
¢? = ¢ and the “flow” is sonic when K = 0.

7?7 Existence/Continuity of Isometric Embedding
< Weak Convergence Methods: Compensated Compactness
Chen-Slemrod-Wang:  Commun. Math. Phys. 2010

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 92 / 102



Outline

e Nonlinear PDEs of No Type in Differential Geometry
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Gauss-Codazzi-Ricci System for Isometric Embedding of

d-D Riemannian Manifolds into RY: d > 3

Gauss equations: ;b — high$y = Rijrl
Codazzi equations:
Ohe.  Oh.
lj kj miypa m apb __
ek o T Ly R, — Im + "ﬂkbhu Kiphy; =0

Ricci equations:
OKkf, Ok
ozk 9l
*R;;k is the Riemann curvature tensor, k%, = —«%_ is the coefficients of
the connection form (torsion coefficients) on the normal bundle; the
indices a, b, ¢ run from 1 to N, and 4,5, k,l,m,n run from 1 to d > 3.
*The Gauss-Codazzi-Ricci system has no type,
neither purely hyperbolic nor purely elliptic for general
Riemann curvature tensor 17,1
*Bryant-Griffiths-Yang (1983): Duke Math. J., 102 pages.
*Chen-Slemrod-Wang (2012): Positive Symmetry & Entrop
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Weak Continuity & Rigidity
of the Gauss-Codazzi-Ricci System
and the Embedded Surfaces in Geometry

Theorem (Chen-Slemrod-Wang: Proc. Amer. Math. Soc. 2010)

o Let (1}, xj;") be a sequence of solutions to the
Gauss-Codazzi-Ricci system, which is uniformly bounded
in LP,p > 2. Then the weak limit vector field (/.{;, xj;) of
the sequence (77", x;;") in L7 is still a solution to the
Gauss-Codazzi-Ricci system.

o There exists a minimizer (1{;, xj,) for the minimization
problem:

o) = HlbiH/Q varl (‘hijhijﬁ + |fflb/<~'1b|‘g) dz,

where S is the set of weak solutions to the system.

min | (1, )

v
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Observations: Div-Curl Structure of the GCR System

/_/% ~
div (0,---,0, hlJ ;0,0 ,th’j“,O.,-~ ,0) = Ry, curl (hlf,h27 o ,hzjig) = Ry,

/ﬁﬁ
. a,e a,e a,g a,g .
div(0,--+,0,k%,0, -+, —K7y,0,-++,0) = Rs, curl (k);, kg, Ky ) = Ra,

div(0,---,0,h%,0, -+, —hYe 0,---,0) = Rs, curl (WY, h55 - h%%) = Rg,

. b.e b.e be be b,e
div(0,---,0,k,7,0,--- ,—K.-,0,---,0) = Ry, curl (K], Ko, , - ,K,.) = Rs.
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Lemma (Div-Curl Lemma: Murat 1978, Tartar 1979)

Let ¢ R? d > 2, be open bounded. Let p,q > 1 such that % aF % = 1.
Assume that, for any € > 0, two fields

uf € LP(Q;RY),  of € LI(Q;RY)

satisfy the following:
@ u° — u weakly in LP(;RY) as e — 0;
@ v° — v weakly in LI(;R?Y) as e — 0;
@ divu® are confined in a compact subset of I/Vl;lp (4 R);
@ curlv® are confined in a compact subset of W, 9(€; R*4).

Then the scalar product of u® and v° are weakly continuous:

ut vt —u-v

in the sense of distributions.

*Various variations of this lemma for different applications/purposes.
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Observations: Div-Curl Structure of the GCR System

—_—~
. 3 ,€ ,€ €Y
div (0, - - Ohfj, , _hlw’ ;oo ,0) = Ry, curl( ‘fj’-, ;j,---, Zj)—Rg,
l
k
/—/%
. a,e o a,e a,e a,e\
div(0,---,0,k;%,0,- -+, —kpp,0,--+,0) = Rs, curl (k7,7 , ko -+ Ky ) = Ra,
l
k
—N—
div(0,---,0,h0%,0,- -+, —hYe 0,---,0) = Rs, curl (b5, h5S - h%9) = Ry,
l
k
—_—~
div(0. - 0.6% 0. —kP°0.... . 0)=R [ be L kY= R
IV(? ’ 7/{”1(:’ ’ 7"{]“7 ) ’ )7 75 cur (I{lc’}{”QC7 ’K’(l(:)* 8.

l
Weak Convergence: Div-Curl =

a,eq1 b,e a,e b,e a1.b a 1,b
h J 1 ki h h li — h[jhk’i — hk}jh’li7
a,e be a,e b € a b a b
Kb Ble = Ry Be  — BrpRie = BipFges

.a,epbe a,e1 be a1b
K h . — R h/ — Kkbh K/lbhkl

ivl0)
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Weak Continuity & Rigidity
of the Gauss-Codazzi-Ricci System
and the Embedded Surfaces in Geometry

Theorem (Chen-Slemrod-Wang: Proc. Amer. Math. Soc. 2010)

o Let (1}, xj;") be a sequence of solutions to the
Gauss-Codazzi-Ricci system, which is uniformly bounded
in LP,p > 2. Then the weak limit vector field (/.{;, xj;) of
the sequence (77", x;;") in L7 is still a solution to the
Gauss-Codazzi-Ricci system.

o There exists a minimizer (1{;, xj,) for the minimization
problem:

o) = HlbiH/Q varl (‘hijhijﬁ + |fflb/<~'1b|‘g) dz,

where S is the set of weak solutions to the system.

min | (1, )

v

Gui-Qiang G. Chen (Oxford) Nonlinear PDEs of Mixed Type 7-11 January 2013 99 / 102



Weak Continuity of Nonlinear Functions/Functionals

e Rigidity of Embedded Surfaces in Geometry:

The weak limit of isometrically embedded surfaces is still an
isometrically embedded surface in R? for any Riemann
curvature tensor 1?;;;; without restriction

e Motivation/Connection: Theory of Polyconvexity in
Nonlinear Elasticity by Ball (1977):

Weak Continuity of Determinants, - - -

e Stronger Compactness Framework for the
Gauss-Codazzi-Ricci System (CSD 2010): Given any
sequence of approximate solutions to this system which is
uniformly bounded in L? and has reasonable bounds on the
errors made in the approximation (the errors are confined in a
compact subset of ngcl), then the approximating sequence has
a weakly convergent subsequence whose limit is still a solution
of the Gauss-Codazzi-Ricci system.
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Concluding Remarks

Nonlinear Partial Differential Equations of Mixed
Hyperbolic-Elliptic Type, or even No Type,

naturally arise in many fundamental problems in
Fluid Mechanics
Differential Geometry

Materials Science: Phase Transition, ...
Relativity: Non-Vacuum State, Matter, ...

Optimization, Dynamical Systems

The solution to these fundamental problems in the areas
greatly requires a deep understanding of

Nonlinear Partial Differential Equations of
Mixed Hyperbolic-Elliptic Type
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Concluding Remarks: Conti.

During the last half century, the two different types of nonlinear

PDEs have been separately studied.

Focus: Mathematical tools to understand different properties
of solutions; Great progress has been made.

With these achievements, it is the time to initiate a
comparable attack:
To analyze systematically nonlinear PDEs of mixed type;
To explore unified mathematical approaches, ideas, and
techniques to deal with such problems.
In particular, we have presented several fundamental examples of
such PDEs, which indicate that some of the mixed-type
problems have been ready to be tractable.
Many important mixed-type problems are wide open and
very challenging, which require further new ideas,
approaches, techniques, ..., and deserve our special
attention and true effort.
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