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Local existence theorem for NS eq.

 vt − ∆v + (v ,∇)v + ∇q = 0 in (0, T ) × Rn

div v = 0 in (0,T ) × Rn

v = v0 on {t = 0} × Rn
(NS eq.)

• Mild solution:

v(t) = et∆v0 −
� t

0

e(t−s)∆Pdiv(v(s) ⊗ v(s))ds

• Regularizing effect of et∆f = Γ ∗ f as analytic semigroup on Lp, p ∈ [1,∞],
e.g.

|| d

dt
et∆f ||Lp ≤ C

t
||f ||Lp(

||et∆PdivF ||Lp ≤ C

t1/2
||F ||Lp

)
• Γ = Γ(x , t) : Heat kernel

• P = I −∇(−∆)−1 div : Helmholtz projection.
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Analyticity of the Stokes semigroup


vt − ∆v + ∇q = 0 in (0, T ) × Ω

div v = 0 in (0, T ) × Ω
(B.C.) v = 0 on ∂Ω
(I.C.) v(x , 0) = v0 on {t = 0}

(Stokes eq.)

in domain Ω ⊂ Rn with n ≥ 2

• S(t) : v0 7→ v(·, t), t ≥ 0: Stokes semigroup

• Multiply P to Stokes eq.: vt − Av = 0 with A = P∆ (Non-local op.)

• S(t) is an analytic semigroup on Lp(Ω), p ∈ (1,∞) for various Ω, e.g. bdd
and exterior domains: Solonnikov ’77, Giga ’81

• Analyticity results for uniformly regular domains Ω:
Farwig-Kozono-Sohr ’05, Geissert-Heck-Hieber-Sawada ’12
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L∞-type results

Problem: Is S(t) an analytic semigroup on L∞-type spaces?

• A typical L∞-type space:

C0,σ(Ω) = L∞-closure of {v ∈ C∞
c (Ω) | div v = 0}

• Analyticity results for Rn
+ : Desch-Hieber-Prüss ’01, Solonnikov ’03,

Maremonti-Starita ’03

• General elliptic operators in uniform regular Ω (e.g. A = ∆ ): Masuda ’72,
Stewart ’74

• How to control ∇q = (I − P)∆v on L∞?

||∇q||p � Cp||∆v ||p when p = ∞

• P : L∞(Ω) 9 L∞(Ω)
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Admissible domains

Theorem (A-Giga, to appear)

Let Ω be a uniformly C 3-domain. Then S(t) is an analytic semigroup on C0,σ(Ω)
provided that Ω is admissible (e.g. bdd.)

• A priori L∞-estimates:

sup
0≤t≤T0

||N(v , q)||∞(t) ≤ C ||v0||∞ for v0 ∈ C0,σ(Ω)

N(v , q)(x , t) = |v(x , t)|+t
1
2 |∇v(x , t)|+t|∇2v(x , t)|+t|∂tv(x , t)|+t|∇q(x , t)|

• Key idea: Pressure estimates

sup
x∈Ω

dΩ(x)|∇q(x , t)| ≤ CΩ||curl v × nΩ||L∞(∂Ω)(t)
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What kinds of domains are admissible?

• Neumann problem for pressure q

∆q = 0 in Ω, ∂q/∂nΩ = div∂Ω(curl v × nΩ) on ∂Ω

• Ω is strictly admissible if an a priori estimate,

sup
x∈Ω

dΩ(x)|∇P(x)| ≤ CΩ‖W ‖L∞(∂Ω)

holds for all solutions to

∆P = 0 in Ω, ∂P/∂nΩ = div∂Ω W on ∂Ω

• Remarks:
• Strictly admissible: e.g. bounded, exterior C 3 domains
• Not strictly admissible: e.g. layer domains

• Conjecture: Ω is strictly admissible ⇔ lim|x|→∞dΩ(x) = ∞
(Not quasicylindrical)
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Angle of analytic semigroups

Definition (Analytic semigroup)

Let X be a Banach space and {T (t)}t≥0 ⊂ L(X ) be a semigroup.
We call T (t) analytic semigroup if ∃C > 0 s.t.∣∣∣∣∣∣dT (t)

dt

∣∣∣∣∣∣
L(X)

≤ C

t
for t ∈ (0, 1].

Moreover, if T (t) has an analytic continuation to a sector {t ∈ C | | arg t| < θ},
we say T(t) is angle θ.

• A priori L∞-estimates:

sup
0≤t≤T0

t||vt ||∞(t) ≤ C ||v0||∞

• Remarks
• S(t) is angle π/2 on Lp

σ

• S(t) is angle ε > 0 on C0,σ
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Resolvent approach

Question: Is S(t) angle π/2 on C0,σ ? λv − ∆v + ∇q = f in Ω
div v = 0 in Ω

(B.C.) v = 0 on ∂Ω
(Resolvent eq.)

on Σϑ,δ = {λ ∈ C | | arg λ| < ϑ, |λ| > δ} with ϑ ∈ (π/2, π) and δ > 0.

Goal: Give a direct estimate

sup
λ∈Σϑ,δ

‖Mp(v , q)‖∞(λ) ≤ C‖f ‖∞ for f ∈ C0,σ

for Mp(v , q)(x , λ) = |λ||v(x)| + |λ|1/2|∇v(x)| + |λ|n/2p‖∇2v‖Lp(Ω
x,|λ|−1/2 )

+ |λ|n/2p‖∇q‖Lp(Ω
x,|λ|−1/2 ),

Ωx,|λ|−1/2 = B(x , |λ|−1/2) ∩ Ω for p > n.
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Main results

Theorem (A-Giga-Hieber ’12)

Let Ω be a strictly admissible, uniformly C 2-domain. For ϑ ∈ (π/2, π) there exist
constants δ and C such that

sup
λ∈Σϑ,δ

||Mp(v , q)||L∞(Ω)(λ) ≤ C ||f ||L∞(Ω) for f ∈ C0,σ(Ω)

holds for p > n.

Our direct approach clarifies

• S(t) is an analytic semigroup of angle π/2 on C0,σ

• Application to the Robin B.C., i.e. B(v) = 0, v · nΩ = 0 on ∂Ω where

B(v) = αvtan + (D(v)nΩ)tan with α ≥ 0

and D(v) = (∇v + ∇T v)/2.
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Sketch of the proof

• Goal:
sup

λ∈Σϑ,δ

||Mp(v , q)||∞(λ) ≤ C ||f ||∞ for f ∈ C0,σ(Ω)

• Pressure estimate:

sup
x∈Ω

dΩ(x)|∇q(x)| ≤ CΩ||∇v ||L∞(∂Ω)

• Masuda-Stewart method:
• (1) Localization
• (2) Error estimates for pressure (key step!)
• (3) Interpolation
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Step1 (Localization)

Take

• x0 ∈ Ω, r > 0

• η ≥ 1: parameters

• qc ∈ C: constant

• θ: cut-off function s.t. θ ≡ 1 in Bx0(r) and θ ≡ 0 in Bx0((η + 1)r)c

Set
u = vθ and p = (q − qc)θ.

Then (u, p) solves 
λu − ∆u + ∇p = h in Ω′

div u = g in Ω′

v = 0 on ∂Ω′

where Ω′ = Bx0((η + 1)r) ∩ Ω and

h = f θ − 2∇v∇θ − v∆θ + (q − qc)∇θ,

g = v · ∇θ
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• Lp-estimates:

|λ|||u||Lp(Ω′) + |λ|1/2||∇u||Lp(Ω′) + ||∇2u||Lp(Ω′) + ||∇p||Lp(Ω′)

≤ Cp

(
||h||Lp(Ω′) + ||∇g ||Lp(Ω′) + |λ|||g ||W−1,p

0 (Ω′)

)
• Estimates for θ = θ0((x − x0)/(η + 1)r):

||θ||∞ + (η + 1)r ||∇θ||∞ + (η + 1)2r2||∇2θ||∞ ≤ K

• h = f θ − 2∇v∇θ − v∆θ + (q − qc)∇θ

• Estimates for velocity, e.g.

||∇v∇θ||Lp(Ω′) ≤ C
((η + 1)r)n/p

(η + 1)r
||∇v ||∞

• How to estimate (q − qc)∇θ ?(
||(q − qc)∇θ||Lp(Ω′) ≤ C

((η + 1)r)n/p

(η + 1)r
||∇v ||∞ ?

)
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Step2 (Error estimates for pressure)

Lemma (Poincaré-Sobolev-type inequality)

Let D be a bounded domain with C 2-boundary and p ∈ [1,∞). There exists a
constant CD s.t.

||ϕ − (ϕ)||Lp(D) ≤ CD ||∇ϕ||L∞
d (D) for ∇ϕ ∈ L∞

d (D)

where (ϕ) = −
�
D

ϕdx and

||∇ϕ||L∞
d (D) = sup

x∈D
dD(x)|∇ϕ(x)|.

• Ex. D = B(1)
ϕ(x) = log(1 − |x |) ∈ Lp even if |∇ϕ| = d−1

D /∈ Lp

• Pressure estimate by velocity:

||∇q||L∞
d (Ω) ≤ CΩ||∇v ||L∞(Ω)
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• Localized version for (PS)

||ϕ − (ϕ)||Lp(Ω′) ≤ Csn/p||∇ϕ||L∞
d (Ω)

in Ω′ = Ω ∩ B(s) with s = (η + 1)r .

• Pressure estimate by velocity:

||∇q||L∞
d (Ω) ≤ CΩ||∇v ||L∞(Ω)

• Apply to ϕ = q in Ω′ with qc =
�
Ω′ q(x)dx

||(q − qc)∇θ||Lp(Ω′) ≤C ((η + 1)r)−1||q − (q)||Lp(Ω′)

≤C ((η + 1)r)−1((η + 1)r)n/p||∇q||L∞
d (Ω)

≤C ((η + 1)r)−(1−n/p)||∇v ||L∞(Ω)
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Step 3 (Interpolation)

• Apply the Interpolation inequality:

||ϕ||L∞(Ωx0,r ) ≤ CI r
−n/p

(
||ϕ||Lp(Ωx0,r ) + r ||∇ϕ||Lp(Ωx0,r )

)
for ϕ = u and ∇u.

• Take r = |λ|−1/2 to get

Mp(v , q)(x0, λ) ≤ C

(
(η+1)n/p||f ||L∞(Ω)+(η+1)−(1−n/p)||Mp(v , q)||L∞(Ω)(λ)

)

• −(1 − n/p)< 0 ⇐⇒ p > n



. . . . . .

• Remark (Robin B.C.)

B(v) = 0, v · nΩ = 0 on ∂Ω with

B(v) = αvtan + (D(v)nΩ)tan for α ≥ 0,

D(v) = (∇v + ∇T v)/2

• B.C. for the localized equation:

B(u) = k, u · nΩ′ = 0 on ∂Ω′

with
k = vtan∂θ/∂nΩ′

• Lp-estimates with inhomogeneous B.C.:

|λ|||u||Lp(Ω′) + |λ|1/2||∇u||Lp(Ω′) + ||∇2u||Lp(Ω′) + ||∇p||Lp(Ω′)

≤ Cp

`

||h||Lp(Ω′) + ||∇g ||Lp(Ω′) + |λ|||g ||
W

−1,p
0 (Ω′)

+ |λ|1/2||k||Lp(Ω′) + ||∇k||Lp(Ω′)

´
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Summary

• Blow-up arguments: Stronger estimates

sup
0≤t≤T0

||N(v , q)||∞(t) ≤ C ||v0||∞ for v0 ∈ C0,σ

N(v , q)(x , t) = |v(x , t)| + t
1
2 |∇v(x , t)| + t|∇2v(x , t)| + t|∂tv(x , t)|

+ t|∇q(x , t)|

• Direct approach: Clarifies the angle

sup
λ∈Σϑ,δ

||Mp(v , q)||∞(λ) ≤ C ||f ||∞ for f ∈ C0,σ

Mp(v , q)(x , λ) = |λ||v(x)| + |λ|1/2|∇v(x)| + |λ|n/2p||∇2v ||Lp(Ω
x,|λ|−1/2 )

+ |λ|n/2p||∇q||Lp(Ω
x,|λ|−1/2 )


