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PLAN OF THE PRESENTATION

e Example: Ericksen-Leslie equations

e Example: Eringen equations

e [ he general theory

PUNCHLINE: All these equations are obtained by Euler-Poincaré
and Lie-Poisson reduction from material representation. These re-
duction procedures need to be extended to include affine terms and
the groups have a relatively complicated internal structure adapted

to complex fluids.
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EXAMPLE:
ERICKSEN-LESLIE EQUATIONS

Liquid crystal state: a distinct phase of matter observed between
the crystalline (solid) and isotropic (liquid) states. Three main
types of liquid crystal states, depending upon the amount of order:

Nematic liquid crystal phase: characterized by rod-like molecules,
no positional order, but tend to point in the same direction.

Cholesteric (or chiral nematic) liquid crystal phase: molecules re-
semble helical springs, which may have opposite chiralities. Molecules
exhibit a privileged direction, which is the axis of the helices.

Smectic liquid crystals are essentially different form both nematics
and cholesterics: they have one more degree of orientational or-
der. Smectics generally form layers within which there is a loss of

positional order, while orientational order is still preserved.
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Three main theories:
due to Oseen, Frank, Zocher, Ericksen and Leslie

and , due to Eringen, which take
into account the microinertia of the particles and which is applica-
ble, for example, to liquid crystal polymers

approach, due to Lhuillier and Rey, which com-
bines the director theory with of the micropolar models.

In all that follows D c R3 and all boundary conditions are ignored:
in all integration by parts the boundary terms vanish. We fix a
volume form p on D.

EXAMPLE: DIRECTOR THEORY (nematics, cholesterics)

. only the direction and not the sense of the molecules
matter. The preferred orientation of the molecules around a point
IS described by a unit vector n: D — 82, called the director, and n

and —n are assumed to be equivalent.
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Ericksen-Leslie equations in a domain D, constraint ||n|| = 1, are:

(/0 OF OF
—u4+V —0; | p=—-V

P (at“+ “u) 5p—1 (” on ”)

D2
< Jd—n—2qn—|—h—0

5, D 5, 5,
—p+d = 0, = — 4 Vu=— .V
\ 8t'0+ iv(pu) 7t 8t+ u 6t+u

u Eulerian velocity, p mass density, n: D — R3 director (n equiva-
lent to -n), J microinertia constant, and F(n,n ;) is the free energy.
The requires that

F(p~',A"'n,A"'VnA) = F(p~!,n, Vn),
for all A € O(3) for nematics, or for all A € SO(3) for cholesterics.
OF 8F
h:=p— -0,
on 811,7;
is called the molecular field. g is unknown and determined by
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This is seen in the following way.

Take the dot product with n of the second equation to get

D2
2q = pJn - En—l—n h=mn-h- pJH H

since |n||2 = 1 implies n-% = 0 and hence, taking one more
material derivative gives
n- —Il_
dt? H H

Think of the function ¢ in the Ericksen-Leslie equation the way
one regards the pressure in ideal incompressible homogeneous fluid
dynamics, namely, the ¢ is an unknown function determined by the
imposed constraint ||n|| = 1.

WHAT IS THE STRUCTURE OF THESE EQUATIONS?
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Let (u,p,n) be a solution of the Ericksen-Leslie equations such that
In|| = 1 and define

D D 0
=n X — F D,R3 : — V  material derivative.
vi=nxgm e (DR ST T
Then (u,v,p,n) is a solution of the equations
( 0 OF OF
( u -+ Vuu> i | P -Vn |,
: ot 3p on ;
(motion) < :
D
pJ—v = h X n,
T dt
(0
o T div(pu) = O,
(advection) < %
—I = V X 1,
| dt

Evolution of p, n (where n € Diff(D), x € F(D,SO(3)) is

p=Jm H(poon~t) and n= (xng)on t.
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These equations are Euler-Poincaré/Lie-Poisson for the group
(Diff(D) ® F(D,SO(3))) ® (F(P) x F(D,R3)).
EXPLANATION:
e Diff(D) acts on F(D,SO(3)) via the right action
(n,x) € DIff(D) x F(D,SO(3)) — xon € F(D,SO(3)).
Therefore, the group multiplication in Diff(D)® F(D,SO(3)) is

(7, x) (@, %) = (now,(xop)Y).
e The bracket of X(D)® F(D,s0(3)) is

ad(uﬂ/)(v,g‘) = (aduv,ady (+dv-v—-d{-u),

where aduv = —[u,v], ad, ¢ € F(D,s0(3)) is given by ad, ((z) :=
ad, () ((x), and dv-v € F(D,s0(3)) isgiven by dv-v(z) := dv(x)(v(x)).

e (n,x) € DIff(D)® F(D,SO(3)) acts linearly and on the right on
the advected quantities (p,n) € F(D) x F(D,R3), by

(p,n) — (J(M)(pon),x (nom)).
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e [ he associated infintesimal action and diamond operations are

nu=Vn-u, nrv=nxv, mojn= ~vn!l'm and moon = nxm,
where v, m,n € F(D,R3).

e EP equations for (DifF(D)@]—“(D,SO(:%))) ® (f(D) X ]—"(D,R3)):

(9 5l 5 5l 4l 51 SN
90l _ —£y— —divu— — —-dv 4 pd— — (vnT-—) ,
< otou ou ou ov dp on
0 ol ol ) ol
__=Vx__d.v(_u)+n><_,
| Otdov ov ov on
e [ he advection equations are:
(0
—p + div(pu) =0,
o
— Vn- X v = 0.
\ 8tn + Vn-u+nxv
e Reduced Lagrangian for nematic and cholesteric liquid crystals:

1 1 _
l(u,v, p,m) = /DplluHQu +2 /D pJ || — /D pF(p~1,n, Vn)u.
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e [ he functional derivatives of the Lagrangian [ are:

5l . 51
= — = = — = J
m Su pu’, K 51 pJV,
sl 1, .~ 1 5 1 OF sl OF OF
— == —J —F4+= ., — = —p—0; = —h.
5, = S SIIVIP = F+2 g =g (an)

e By the Legendre transforma’uon, the Hamiltonian is:

1 /1 1 1
h ’ y M :_/ - 2 —/ - 2 / F _17navn .
(m, k, p;n) 1= Dp||m|| ht o Dpllf‘éll wt | pE(p Iz

e T he Poisson bracket for liquid crystals is given by:

{f,9}(m, p,k,n) = /Dm- [;—r{l ;—ﬂ T
+ o (G e+ 45 s o o)

of 5g dg Of
_q2. 2L
+/p< Sm dp 5m>“

(oS S8 e ),
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e [ he Kelvin circulation theorem for liquid crystals reads:

d 1 OF OF
—]{ w=¢ ~vnl-h where h= p— —O; | p :
dt Je, ct P on on ;

Now do the converse: show that the EP equations imply the Ericksen-
Leslie equations. For this one needs to show first that if v and n
are solutions of the EP equations then:

(i) |[ng|| = 1 implies ||n|| = 1 for all time.

(i) %(n-u) = 0. Therefore, ng-vg = 0 implies n-v = 0 for all time.

(iii) Suppose that ng-vg =0 and |ng|| = 1. Then

D D
—m=vXxn becomes v =nx—n
dt dt
and
JD h x becomes JD2 2gn + h 0
—VUV = 1n —1 — 1n p— .
Po P 112 d
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If (u,v, p,n) is a solution of the Euler-Poincaré equations with initial
conditions ng and vq satisfying |ng|| = 1 and ng - vg = 0, then
(u, p,n) is a solution of the Ericksen-Leslie equations.

The g does not appear in the Euler-Poincaré formulation relative to
the variables (u,v,p,n), since in this case, the constraint |n|| = 1
IS automatically satisfied.

Consequence of this theorem: the Ericksen-Leslie equations are
obtained by Lagrangian reduction. Right-invariant Lagrangian

L(p(),no) T [DIff(D) @f(p, 50(3))] — R

induced by the Lagrangian [ (make it right invariant after freezing
the parameters (pg,ng)). Assume that |ng|| = 1 and vg-ng = 0.
A curve (n,x) € DIiff(D)® F(D,SO(3)) is a solution of the Euler-
Lagrange equations for L pomg): with initial condition ug, vg iff

e =1 - -1 -1
(u,v) ;== (Mon ",xx ~on )
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IS a solution of the Ericksen-Leslie equations, where

p=Jm N(poon ') and n=(xng)on .
The curve n € DIiff(D) describes the Lagrangian motion of the
fluid or macromotion and the curve y € F(D,S50O(3)) describes the

local molecular orientation relative to a fixed reference frame or
micromotion. Standard choice for the initial value of the director is

ng(x) := (0,0,1), for all x € D.
In this case we obtain

X13
n=,_ x23 | °n
X33
This relation is usually taken as a definition of the director, when

the 3-axis is chosen as the reference axis of symmetry.

—1
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Standard choice for F'is the Oseen-Zocher-Frank free energy:

pF(p~t,n,Vn) = K> (n- curln)—|—2K11(d|Vn) += K22 (n- curln)2

chirality splay tW|st

1
+ K33 |In x curl n||?,

bend
where Ko, # 0 for cholesterics and Ko = 0 for nematics. The
free energy can also contain additional terms due to external elec-
tromagnetic fields. The constants Kj1, Koo, K33 are respectively
associated to the three principal distinct director axis deformations
in nematic liquid crystals, namely, splay, twist, and bend.

One-constant approximation: K11 = Koo = K33 = K. Free energy
IS, up to the addition of a divergence,

_ 1
pF(p™",n,Vn) = K| Vn|?
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Recall that the molecular field was given by
ol OF OF
— = —p— + 0 — —h.
sn~ Pon T (pan)

In the case of the Oseen-Zocher-Frank free energy for nematics
(that is, K, = 0), the vector h is given by

h =K71graddivn — Ko>(Acurln 4+ curl(An))
+ K33(B x curln + curl(n x B)),

where A :=n-curln and B := n x curln.

In the case of the one-constant approximation, h = —KAn.
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EXAMPLE:
ERINGEN EQUATIONS

This is the micropolar theory of liquid crystals.

Microfluids are fluids whose material points are small deformable
particles. Examples of microfluids include liquid crystals, blood,

polymer melts, bubbly fluids, suspensions with deformable particles,
biological fluids.

SKETCH OF ERINGEN'S THEORY

A material particle P in the fluid is characterized by its position X
and by a vector = attached to P that denotes the orientation and
intrinsic deformation of P. Both X and = have their own motions,
X —x=n(X,t) and = — £ = x(X,=,t), called respectively the
macromotion and micromotion.
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The material particles are thought of as very small, so a linear
approximation in = is permissible for the micromotion:

£ = x(X,1)=,
where x(X,t) € GL(3)T := {4 € GL(3) | det(A) > 0}.

T he classical Eringen theory considers only three possible groups in
the description of the micromotion of the particles:

GL(3)T o K(3) o SO(3),
where
K(3) = {A c GL(3)T | there exists A € R such that AAT = >\I3}.

These cases correspond to micromorphic, microstretch, and mi-
cropolar fluids. The Lie group K(3) is a closed subgroup of GL(3)™T
that is associated to rotations and stretch.

T he general theory admits other groups describing the micromotion.
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Eringen’s equations for non-dissipative micropolar liquid crystals:

(D ow ow ow ow
paul = alap_l — O, (p ’Y?) , pop =0 (p—> — ElmnP " Vns

8»7% (9")’%€ a’)’%@
< D . D . .
&P + pdivu = 0, %jkﬁl + (Ekprjlp + glprjkp)y"“ =0,
D

@’7? = Owa + Vab’)’? — Y7 Opur.

\

u € X(D) Eulerian velocity, p € F(D) mass density, v € F(D,R3),
microrotation rate, where we use the standard isomorphism between
s0(3) and R3, ji; € F(D,Sym(3)) microinertia tensor (symmetric),
o Spin inertia is defined by

D D

O 1= jkzla’/l + kimImnVVn = %(jk:l’/l)a

and v = (#) € Q1(D,s0(3)) wryness tensor. This variable is de-
noted by v = (v¢) when it is seen as a form with values in R3.

W =wW(p147):RxSym(3) x gl(3) — R is the free energy.
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The axiom of objectivity requires that

W(p AT A AT I A) = W (T 4,),
for all A € O(3) (for nematics and nonchiral smectics), or for all
A € SO(3) (for cholesterics and chiral smectics).

These equations are Euler-Poincaré/Lie-Poisson for the group

 Diff (D) ® F(D,SO(3))| ® | F(D) x F(D,Sym(3)) x F(D,50(3))|.
EXPLANATION:

e DIiff(D) acts on F(D,SO(3)) via the right action
(x,n) € F(D,SO(3)) x DiIff(D)x — xon € F(D,SO(3)).
Therefore, the group multiplication in Diff(D)® F(D,SO(3)) is

(1, x) (@, ¥) = (now,(xop)).
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e The bracket of X(D)® F(D,s0(3)) is

ad(ujy)(V,C) = (aduv,adyg’ +dv-v-—-d¢- U_),

where aduv = —[u,v], ad, ¢ € F(D,s0(3)) is given by ad, ((z) :=
ad, ;) ¢(x), and dv-v € F(D,s0(3)) is given by dv-v(z) := dv(z)(v(z)).

e DIff(D)® F(D,SO(3)) acts on F(D) x F(D,Sym(3)) x F(D, s0(3))
on the right. Need explicit action on the dual
F(D) x F(D,Sym(3)) x F(D,50(3))]"

= F(D) x F(D,Sym(3)) x QY(D,s0(3))
via L2 inner product.

e (n,x) € DIff(D)® F(D,SO(3)) acts linearly and on the right on
the advected quantities (p,j) € F(D) x F(D,Sym(3)), by

(p,3) — (Jn(pom),xT(Gomx) -
e (1,x) € Diff(D)® F(D,SO(3)) acts on v € QY(D,s0(3)) by

v = x ) x + x 1 Tx.

Thisis a right affine action. Note that v transforms as a connection.
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e [ he reduced Lagrangian
L | X(D)®F(D,R?)| ® |F(D) & F(D,Sym(3)) & QM(D,50(3))| — R

IS given by

, 1 1 , 1.
(u,v,p,j,7) = §/Dp||ull2u+§/Dp(Jv-V)u— /Dpw(p L i Mn.

The affine Euler-Poincaré equations for [ are:

I (%u + Vuu) = grad (;i:jl — O (,02;/27@) ;

< j%u — (jv) xv = —%div (p%—j) + v % g;l;,
%p + div(pu) = 0, %j + [5,2] =0,
%’H— Luy+d'v =0,

\

which are the Eringen equations after the change of variables ~ —
—~. Here d"v(v) :=dv(v) 4+ [y(v), v].
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L(po.ioro) - T [Diff(D) ® F(D,SO(3))] — R induced by the Lagrangian
[ by right translation and freezing the parameters . A curve (n,x) €
Diff(D) ® F(D,SO(3)) is a solution of the Euler-Lagrange equa-
tions associated to L(pOajO/VO) if and only if the curve

(u,v) = (non *,xx ton 1) € X(D)®F(D,SO(3))

is a solution of the previous equations with initial conditions (pg, j0,70)-
The evolution of the mass density p, the microinertia 5, and the
wryness tensor ~ is given by

p=Jm Npoon™ 1), 7= (xjox t)on ! v=n(x10x T+ xTx).
If the initial value ~q is zero, then the evolution of v is given by
Y = M (xTx_l) :
This relation is usually taken as a definition of v when using the

Eringen equations without the last one. This is often the case in
the literature.
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PROBLEM: Eringen defines a smectic liquid crystal in the mi-
cropolar theory by the condition Tr(v) = v + 5 +~v3 = 0. But
this is not preserved by the evolution v = ns (Xfyox—l + XTX—l), in
general. This is consistent with: the equation

2—Z+£uv+du+7xuzO.

does not show that if the initial condition for 4 has trace zero then
Tr~ =0 for all time.

So we believe that Eringen’s definition of smectic is incorrect. Here
IS a proposal. Find a function F' that is invariant under the action

v = x T ) x + x 1 Tx

In fact, the n plays no role so we need an F(D,SO(3))-invariant
function under the action

V — X_lv -+ X_lTx,

where v : D — R3, v : D — SO(3).
Dynamics and Complexity. UK—Japan Winter School, Bath, 8—11 January 2009

23




The affine Lie-Poisson bracket is in this case equal to:

{f,9}(m, K, p,j) =/p [grj; ;i]
R e i L

g of
+ e a(5) s a5 i)
df g Of dg . (d0gof dg Of
+/ (d'v (5](5m> T [53 &J —div (535m> [53 5,{])“
59 dg of
) - eeg)

(second to last term brackets are commutator bracket of matrices).
T he circulation theorems are:

\\ Y 1 ow
i%ub— a—dz—l—a—l dvy — —div | p— |~
dt Jey ci O 0~ I oy

dj:f —j{ux
dtct’y_ ct v

7
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One can show that
. So one

needs to compare the Lhuillier-Rey theory to the Eringen theory.

PROBLEM: How does one pass from ordered micropolar (or Ericksen-
Leslie) theory to Eringen theory? Eringen says that it is given by
vy=Vnxnand j:=J(I3—n®n). If so, then transformation laws
should be preserved.

a.) Ifn— y 1l(no n) is the transformation law for n, which is
imposed by Lhuillier-Rey (and also Ericksen-Leslie) theory, then j
transforms as j — x! (jon)y, which is correct. However, v does not
transform as v — x Y (n*y)x + x 1 Tx.

b.) One can find, by a brutal computation, what the Eringen equa-
tions should be under this transformation, if (u,v,p,j,n) are solu-
tions of the Lhuillier-Rey equations. The resulting system is almost

the Eringen system: there are two bad factors of j/J.
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THE GENERAL THEORY

p . G — Aut(V) denotes a right Lie group representation. Form the
semidirect product S = G(®V whose group multiplication is

(91,v1)(g2,v2) = (9192, v2 + pgo(v1))-
The Lie alebra s =g@®V of S has bracket

ad (¢, 4,)(€2,v2) = [(€1,v1), (€2,v2)] = ([€1,€2], v1€2 — v2€1),

where v¢ denotes the induced action of g on V, that is,

d
fo i & =0 pexp(tg) (U) c V.

If (£,v) € s and (u,a) € s* we have

ad?g’v) (:ua CL) — (adg H +vo a, af),
where a¢ € V* and voa € g* are given by

d

CLg L= % 1—0 pZXD(—tf)(a) and <’U<>a7§>g = —<(I£,’U>V,

(,)g 8" xg—Rand (-,-)y : V*xV — R are the duality parings.
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Lagrangian semidirect product theory
L: TG x V* — R which is right G-invariant.

So, if ag € V*, define the Lagrangian Lqy : TG — R by Lgy(vg) 1=
L(vg,ag). Then Lg, is right invariant under the lift to T'G of the
right action of Gqq on G, where Goy := {g € G | pjag = ap}-

Right G-invariance of L permits us to definel:gx V* — R by
l<TgRg—1(’Ug)aP;(aO)) = L(vg, ag).

For a curve ¢g(t) € G, let &(t) = TR, t)_l(g(t)) and define the
curve a(t) as the unique solution of the following linear differ-
ential equation with time dependent coefficients

a(t) = —a(t)&(t),

with initial condition a(0) = ag. Solution is a(t) = pz(t)(ao).

Dynamics and Complexity. UK—Japan Winter School, Bath, 8—11 January 2009
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I With ag held fixed, Hamilton’s variational principle
5ATL%uxwg@»m::a

holds, for variations 6g(t) of g(t) vanishing at the endpoints.

il g(t) satisfies the Euler-Lagrange equations for Lq, on G.

lil The constrained variational principle

to
5LZQ@MUWﬁZQ

holds on g x V*, upon using variations (6¢,6a) of the form

5———[5 nl, da = —an,

where n(t) € g vanishes at the endpoints.

iv The Euler-Poincaré equations hold on g x V*:

08 _ 8 0,
Ot 8¢ 5¢ | Sa
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Hamiltonian semidirect product theory
o H:T*G x V* — R which is right G-invariant.

e SO, if ag € V*, define the Hamiltonian Hy, : TG — R by
Hag(ag) := H(ag,ap). Then Hgyy is right invariant under the
lift to T'G of the right action of G4y on G.

e Right G-invariance of H permits us to define h: g* x V* — R by

h(Te Ry(ay), pglao)) = H(ayg, ao).

For a(t) € T;(t)G and p(t) ‘= TR, (a(t)) € g*, the following are
equivalent:

| a(t) satisfies Hamilton'’s equations for Ha,y, on T*G.
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Ii The Lie-Poisson equation holds on s*:

0 oh oh
S , p —ad>I< ; = — ad — — |, O p—
875(“ a) (g_ng_Z) (1, a) ( 5hM+ Sa a CL(S#) a(0) agp

where s is the semidirect product Lie algebra s = g® V. The asso-
ciated Poisson bracket is the Lie-Poisson bracket on the semidirect

product Lie algebra s*, that is,
- 5f 5g 5f dg 0gof
AS on the Lagrangian side, the evolution of the advected quantities

is given by a(t) = p;(t)(ao).

Legendre transformation: h(u,a) := (u, &) —1(&,a), where p = g—é. If
it is invertible, since

oh oh ol

—=¢ and @ — = ——,

O da da

the Lie-Poisson equations for h are equivalent to the Euler-Poincaré

equations for [ together with the advection equation a + a& = 0.
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Affine Lagrangian semidirect product theory

Let ¢ € F(G,V*) be a right one-cocycle, that is, it verifies the
property c(fg) = p;_l(c(f)) + ¢(g) for all f,g € V*. This implies
that c(e) =0 and ¢(g~1) = —pg(c(g)). Instead of the contragredient
representation ,0;_1 of G on V* form the affine right representation

Og(a) = p,-1(a) + c(g).

Note that
d

% =0 Hexp(tg) (CL) = a§ + dc(§)

and

(ag 4 de(€), vy = (dc’ (v) —voa,é)g,
where dc: g — V* is defined by de(¢) := Tee(€), and de! 1 V — g* is
defined by
(de’ (v), &)g := (de(€), v)y-
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L : TG x V* — R right G-invariant under the affine action
(vn, a) = (ThRg(vp), 0g(a)) = (ThRe(vp), p -1(a) + c(g)).

So, if ag € V*, define Lyy : TG — R by Lgy(vg) := L(vg,aq).
Then Lg, is right invariant under the lift to T'G of the right
action of Gg, on G, where Gg = {g € G | 04(ag) = ap}.

Right G-invariance of L permits us to definel:gx V* — R by
Z(TgRg—l(’Ug)an—l(aO)) — L(’Ugaao)-

For a curve g(t) € G, let £(t) := TR (t)_l(g(t)) and define the
curve a(t) as the unique solution of the following affine differ-
ential equation with time dependent coefficients

a(t) = —a(t)&(t) — de(€(t)),
with initial condition a(0) = ag. The solution can be written as
(l(t) — Qg(t)_l(ao).
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I With ag held fixed, Hamilton’s variational principle

to
5 /t " Lao(g(), 9(0)dt =0,

holds, for variations dg(t) of g(t) vanishing at the endpoints.
il g(t) satisfies the Euler-Lagrange equations for Lqy on G.

il The constrained variational principle

to
5/tl 1(£(t), a(t))dt = O,

holds on g x V*, upon using variations of the form

9,
5¢ = —”— €,m],  da = —an— dc(n),

where n(t) € g vanlshes at the endpoints.

Iv The affine Euler-Poincaré equations hold on g x V*:

[
éiéf 5(% %—fy—ocz——dc (é—).
Ot d& & da
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Lagrangian Approach to Continuum T heories
of Perfect Complex Fluids

Two key observations:

1. Enlarge the configuration manifold Diff(D) to a bigger group G
that contains variables in the Lie group O of order parameters.

2. The usual advection equations (for the mass density, the entropy,
the magnetic field, etc) need to be augmented by a new advected
quantity on which the group G acts by an affine representation.

O the order parameter Lie group, F(D,O) :={x : D — O smooth}

Basic idea for complex fluids: enlarge the “particle relabeling group”
Diff(D) to the semidirect product G = Diff(D) S F(D, O).

Dynamics and Complexity. UK—Japan Winter School, Bath, 8—11 January 2009
34



Diff(D) acts on F(D,O) via the right action
(n,x) € DiIff(D) x F(D,0O) — xon e F(D,O).
T herefore, the group multiplication is given by

(7, x)(p, %) = (now,(xop)Y).

Fix a volume form p on D, so identify densities with functions, one-
form densitities with one-forms, etc. But the dual actions will be
of course different once these identifications are used.

The Lie algebra g of the semidirect product group is

g=X(D)®F(D,o),

and the Lie bracket is computed to be

[(u7 V)a (V7 C)] — ad(u,y) (Va C) — (adU-V7 adl/ C + dv-v — dC ’ U),

where adyv = —[u,v], ady( € F(D,o0) is given by ad,{(z) =
ad, ;) ¢(z), and dv-v € F(D, o) is given by dv-v(z) := dv(z)(v(z)).
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¢ = QYD)®F(D,0")
through the pairing
((m,m), (w0)) = [ (m-usr-v)p
The dual map to ad(u’y) IS

ady, ,y(m, k) = (.,eum + (divu)m + & - dv, ad* K + div(uﬁ:)).
Explanation of the symbols:

e - -dv e Q(D) denotes the one-form defined by

k- dv(vg) = k(x)(dv(vz))
e ad} k € F(D,o0*) denotes the o*-valued mapping defined by

ad) k(x) := ad;i(x)(/{(a:)).
e ux iS the 1-contravariant tensor field with values in o* defined by

uk(ag) ;= az(u(x))k(x) € o*.
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So uk is a generalization of the notion of a vector field. X(D, 0*)
denotes the space of all o*-valued 1-contravariant tensor fields.

e div(u) denotes the divergence of the vector field u with respect to
the fixed volume form p. Recall that it is defined by the condition

(diva)u = £Lypu.

This operator can be naturally extended to the space X(D,o0*) as
follows. For w € X(D,o0*) we write w = wqe® where (£%) is a basis
of 0* and wq € X(D). We define div : X(D, 0*) — F(D, 0*) by

divw = (divwg)e?.
Note that if w = uk we have

div(uk) = dk -u+ (divu)k.

Split the space of advected quantities in two: usual ones and new

ones that involve affine actions and cocycles.
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Affine representation space: Vl*@VQ*, VZ-* are subspaces of the space
of all tensor fields on D, possibly with values in a vector space.

e V¥ is only acted upon by the component Diff(D) of G.

e The action of G on V5 is affine, with the restriction that the affine
term only depends on the second component F(D, Q) of G.
e Right affine representation of G = Diff(D)® F(D,O) on Vi & V3

(a,v) e Vi ® V5 — (an,v(n,x) + C(x)) € V1 & V5,

where v(n,x) denotes the representation of (n,x) € G on v € V7,
and C € F(F(D,0), V) satisfies the identity

C((xop)Y) =C(x)(p,v) + C(¥).

The representation p and the affine term c in the general theory are

Plnr)-1(a:7) = (an,v(n,x))  and  c(n,x) = (0,C(x)).
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e The infinitesimal action of (u,v) € g on v € V5 is:

v(u,v) =yu+ .

e The diamond operation: for (v,w) € V1 & Vo we have

(v,w) ¢ (a,7) = (voa+wor vy, wor7),
where ¢1 and ¢o are associated to the induced representations of
the first and second component of G on VQ*. On the right hand side,
o is associated to the representation of Diff(D) on V. Usually, V{
is naturally the dual of some space V7 of tensor fields on D. For
example the (p, q) tensor fields are naturally in duality with the (q, p)
tensor fields. For a € Vl* and v € V7, the duality pairing is given by

(a,0) = [ (a-v)n,

where - denotes the contraction of tensor fields.

e The affine cocycle is ¢(n,x) = (0,C(x)). Hence
dc! (v, w) = (0,dCT (w)).
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e For a Lagrangian l(u,v,a,~)

L [X(D)®F(D,0)|® |Vi & V5| - R,

the affine Euler-Poincaré equations are

(O ol ol ol ol ol
— = —£Lu— — (d -d — —
< 8t5u “5u ( IVu) v VT a<>a—|— ’yolfy
0 ol ol 5l ol ol
— —ad*——dw( )—I——<>2’y dc’t
| Otov ov ov oy 57
and the advection equations are
a+au=20
¥+ yu+ v +dC(v) = 0.
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Complex Fluids Example

Choice: Vo = X(D,0%), V5 = QL (D, o). Vq is some space of tensor
fields on D.

Affine representation:

(a,7) — (an, Ad, -1 0"y 4+ x ' T),

where AdX_l n*y + x 1Ty is the o-valued one-form given by

(Ad,, 17"y + x 7 1Tx) (va) = Ad,, iy -1 (0™ v (v2)) + x(2) M Tx (va),
for vy, € T,D. One can check that ~(n,x) = Ad, n*y is a right

representation of G on V3 and that C(x) = x~ 1Ty verifies the
cocycle condition.

T his formula corresponds to the action of the automorphism group
of the trivial principal bundle O x D, on the space connections.
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For this example we have

ya= £Lyy, ~yw=-—ady,y and dC(v)=dv,
where ad,~v € Q1(M,0) and dv € Q1(D,0) are the one-forms

(ady ) (ve) 1= ad, )y (v(vz)) = [v(z),v(vz)], dv(vz) 1= Trv(vz) € 0.
A direct computation shows that
wory = (divw) - v —w-i dvy € QY(D),
w oy = — Tr(adjw) € F(D,0"),
dc? (w) = —divw € F(D, 0"),

where Tr denotes the trace of the o*-valued (1,1) tensor

adjw : T"D x TD — 0%, (ag,vz) — ad,*y(vx)(w(aa;)).

In coordinates we have Tr(ad}w) = adZ w’.
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The affine Euler-Poincaré equations become in this case

(0 0l ol ol ol 0l ol ol
= fu— — (div — = dv+ — div—1] - y——-i d
dt su w5 V+5a<>a+< 57) Ty Y

ol ol 0l 0l ol
3—=—ad;—+div — —u— | = Trlad:r =],

| Otdv ov 07y ov T oy
and the advection equations are

a+au=20
v+ Lyy—adyvy+dv =0.

These are, up to sign conventions, the equations for complex fluids
given by Holm[2002].

Write these equations more geometrically; v defines a connection:

(va, &) € TD x TyO — Ad_1((x) (vz) + TR, -1(&)) € o.
Covariant differential is denoted by d7. For a function v € F(D,o0)
d'v(v) == dv(v) + [v(v),v].
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The covariant divergence of w € X(D,0*) is the function
divlw :=divw — Tr(adjw) € F(D,0"),
defined as minus the adjoint of the covariant differential, that is,
d"v - =—/ v - divTw
/D( V-w) [ D( ) 1
for all v € F(D, o).

Note that the Lie derivative of v € Q1(D,0) can be written as

Luy(v) = d(y())(v) + iudy(v)
=d7(v(w)(v) = [v(v),y(W] + dv"(u,v) — [y(u),y(v)]
= d7(y(w)(v) + iuB(v),

where

B:=d'y =dvy+ [v,1],
is the curvature of the connection induced by ~.

Note also that, using covariant differentiation, we have

wory = (divw) -y—w-i dy=(diviw) -vy—w-i_ B.
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\

Therefore, in terms of d7,div?, and B = d7~, the equations read

AL S ERL . SOV DO VL DR
00 _ g (o) g oo
Ot ov ov ov 0y
and
{ a4+au=0
¥+ d7(y(u)) +iuB +d'v = 0.

The Curvature Representation

Want to reformulate the reduction process and the equations of
motion in terms of (u,v,a,B), instead of (u,v,a,v), where B =
dVy = dvy 4+ [v,7] € Q2(D,0) is the curvature of ~. With this choice
of variables the action of G becomes linear instead of affine. We
shall also assume that the Lagrangian L, and hence also [, depend
on v only through B. We shall use therefore standard Euler-Poincaré

reduction for semidirect products.
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If v = AdX_l n*y + x 1Ty then d7/’y’ = AdX_l n*d7y. Thus the

representation of Diff(D)® F(D,0O) on V{ ® Q2(D, o) is given by
(a,B) — (an,AdX_l n*B).

The associated infinitesimal action of (u,v) € X(D)® F(D,o0) is

(a,B)(u,v) = (au, B(u,v)) = (au, £yB — ad, B).

Duality: contraction and integration with respect to the fixed vol-
ume form u, so the space Q2,.(D,o0*) of k-contravariant skew sym-
metric tensor fields with values in o* is dual to Q%(D,0). Define
the divergence operators, div,div? : Qu(D,0*) — Q._1(D,0*), to be
minus the adjoint of the exterior derivatives d and d7, respectively.
For example, div? is defined on Q.(D, 0*) by

/D (d7a-w) pu = _/D (a-diviw) p,

where a € QF1(D,0) and w € Qi(D,0*) Note that we have used
the notations Q21(D,0*) = X(D, 0*) and Qu(D,0*) = F(D, 0*).
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If (v,b) € V1 ® Q2(D,0*) and (a, B) € Vi @ Q2(D,0), then
(v,b) o (a,B) = (voa+boy B,bos B),

where

boy B=(divb)-i B—b-i dB e Q1 (D)

boy B = —Tr(adjzb) = —adj, v e F(D,o").
The (usual semidirect product) Euler-Poincaré equation are
(0 0l Sl )/ Sl

——— = — £y— — (div -d —
otou . Ysu ;l “) gl vt g0
div— B — — dB

) +< v 53) LB—s5 L
0 6l , ol ol ol
e — — + —=<¢o2B—Tradg —

| 9o v 50 V582 ( BéB)

and the advection equations are

a+au=20
B+ £yB —ad, B =0.

T he affine Euler-Poincaré equations imply these standard ones.
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Affine Hamiltonian semidirect product theory
RI™ is the lift of right translation on G: Rl (ay) = T*R,-1(cy).

Let C: G x G — T*G be a smooth map such that Cy(f) € T G for
all f,g € G and define W, : T*G — T*G by

W(ay) == Ry (ay) + Cy(f),
where C : G x G — T*G satisfies Cy(f) € T}‘gG, for all f,g € G.

The following are equivalent.
I W, is a right action.

i For all f,g,h € GG, the affine term C' verifies the property

Con(f) = Ch(f9) + R} (Cy(f)).

iii There exists a € Q(G) such that Cy(f) = a(fg) — RL (a(f)).
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The one-form « is unique if we assume that a(e) = 0, which is what
we will do from now on. Let Q}(G) ;= {a € QY(G) | a(e) = 0}

Let G act on (T*G,Qcan) by the right affine action

Wo(8f) == Ry (8p) + Cy( ),
where C € C(G). Let a € ch)(G) be the one-form associated to V.

| to . Bq & (T*G, Qcan) — ﬁq — Oé(Q) & (T*G, Qcan — Wéd()é) SymD/eCtiC.
The action induced by Wy on (T*G, Qcan —§,da) through ta is RI.

il Suppose that da is G-invariant. Then the action Vg is symplectic
relative to the canonical symplectic form S2can.
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lil Suppose that there is a smooth map ¢ : G — g* that satisfies

i do = d(¢, £)

for all £ € g. Then Jo = Jpoty — domg is a momentum map for
the action W, relative to C2can. We can always choose ¢ such that
o(e) = 0. Then, the nonequivariance one-cocycle of Ju is —a¢.

v fo is the isotropy group of u relative to the affine action p +—
Adg(n) — ¢(g). The symplectic reduced space (J;l(u)/Gf,Qu) is

symplectically diffeomorphic to the affine coadjoint orbit (Oﬁ,wj‘a),
the symplectic diffeomorphism being induced by the G[f—invariant

smooth map ag € J;1 (1) — W —1(ag) € OF. Here
Wi, (V) (adE A = (¢, ), adp A = = (n, )
— <)‘7 [5777]> o Z(fﬂ?),
where (&, ) 1= Ted(§).
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Now work on the semidirect product G® V. Modify the cotangent
lift of right translation by adding the term

C(g,v)(f, U) = (Ofg,’l) _I_ Pg(u)a C(g))a

where ¢ € F(G,V*) is a group one-cocycle , that is, it verifies
c(fg) = p;_l(c(f)) + ¢(g). Thus, the affine right action on T*S is:

V(g (o (u,a)) = (Rg (ap),v + pg(u), pp-1(a) + c(9))

All properties of the preceding theorem hold (long calculations).
For example, o € Q%(S) associated to the affine term C is given by

Oé(gav)(fga (’U,’U,)) — <C(g)7u>7
for (g, (v,u)) € Ty ,)S,
Ja(ﬁfﬁ (’U,, a’)) — (T*Lf(ﬁf) +uoa— dCT(u)7 a)
and
—¢(f,u) = (uoc(f) —dc' (u),c(f)) € 5"

So, by the theorem
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J51(“7a)/5&,a) is symplectomorphic to

Ofay = {(Adj i+ o (p7-1(a) + e(9)) — de’ (W), p}-1(a) + e(9))| (g,w) € S|

relative to the symplectic form

wi (A, 0) ((adE A+ uo b — de” (u), b + de())
(adj; A +wo b — dc! (w), by + de(n)))
= A 1€ m)) + (b, un — wg) + (de(n), w) — (de(€), w).

Recall that the affine coadjoint orbits O(gb ) are the symplectic
leaves of the Poisson manifold s* with Poisson bracket

B 5f 8¢ 0fdg ogof
{fag}doz(/% CL) - < [5 5 ]> + < 5&5,& 5a5lu>

(e (G i)~ (2 (52) 5a)

With this geometric background we can state the analogue of the
affine Lagrangian semidirect product theorem.
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H:T*G x V* — R right-invariant under the G-action

(ansa) = (Ry (ap),09(a)) == (Ry (ap), pi-1(a) + (g)).
In particular, the function Hay := H|p«gyx{qy} - T7G — R is invariant
under the induced action of the isotropy subgroup Ggo of ag relative
to the affine action 6, for any ag € V*. Recall that

0g(a) .= ag + c(g)
for any g € G and a € V'*,

For a(t) € T*( )G and p(t) := T¢ Ry (alt)) € g*, the following are
equivalent:

I a(t) satisfies Hamilton's equations for Hq, on T*G.

Ii The following affine Lie-Poisson equation holds on s*:

0 oh oh oh oh
— = ads, p— — d —a— —d , a(0) = aq.
o, a) ( i o0+ ddl (5), —a C(w)) a(0) = ag

T he evolution of the advected quantities is given by a(t) = Hg(t)_l (ag).
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Hamiltonian Approach to Continuum Theories
of Perfect Complex Fluids

This is the counterpart of the Lagrangian approach, so the Lie-
Poisson space is

([X(D)®F(D,0)|® V1 @ 15])" = QYD) x F(D,0") x Vi x V5.

with affine Poisson bracket given by

_ [9f o9
{f,g}(m, K, a,v) = /Dm [(Sm,ém] v
Of og d0g of
+ [ n (adgz(sﬁd@ sm G 5—m)“

+/Da‘(5f5g _5g5f)

dadm odadm

of 0 0f o 0g 0 0g o
+/7.<fg_|_fg_gf gf)ﬂ

dvyom  dvok dyom Oy Ik

+ o (a0 () 32 -ae (52) 57 )

Dynamics and Complexity. UK—Japan Winter School, Bath, 8—11 January 2009
54



For a Hamiltonian h = h(m, k, a,~) : Q1(D) x F(D, 0*)x V] xV5 — R,
the affine Lie-Poisson equations of become

(0 . [ Oh dh  dh oh
—m=—£5hm—dlv<—>m—/<:-d — ca——01 Y
ot om om ok  da Oy

h h h
2/@ = —adj, k — div (5—/<;) — 5—<>2 ~+dct (6—>

< ot ok om Oy dy
0 Oh
— a4 = —q——

%t 551% oh oh
—y = —-—y— —~v——dC(— ).
(915’y 75m 75/-4; <5/<:>

Complex Fluids Example

Vo = X(D,0*), V5 := QL(D,0) and all formulas were already pre-
sented. The affine Lie-Poisson equations become in this case:
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( oh dh dh
sz—.f(;hm—div(—)m—/{-d — o a
ot om om ok  da
oh oh
- (div7 —> ~+ —-i d7y
0y 0y
oh oh
< gl-ﬂ) = —adj, k — div (—m) — div?’ —
ot 5K om dy
0 dh
o= —ag2"
%t o oh oh
9 :_dv( <_>> i dy — a2
Lot Tom/) ~ 5T % ek
or, in matrix notation (like in Holm[2002] up to sign conventions)
S [ mp0; + Orm; KpO; (Ooa); aj,)/?l;) — 7?,i 11 (5h/5m)k -
_ Oxka keCf 0 850, — Chs || (8h/6K)P
al 1Oy, O 0] 0 5h/5a '
Vi %0 050+ Oy 0 0 || (6h/67)] |
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The associated affine Lie-Poisson bracket is

{f,g}(mﬁsam)—/ [(Sf,é—g]u

om

-I-/ <ad5f +d5—f 5—g—d5—g'5—f>u

55 OK ok Om ok Om

N LA

dadm dadm

[ ) 2 (o £y)

Curvature Representation

The affine action on connections becomes a linear action on the
curvature and one can therefore reduce. The relevant group is

[DIff(D) ® F(D,0)] ® |Vi & Q3(D,0)],
where Diff(D) Q) F(D, ®) acts on Q2(D, o) by the representation

B — AdX_l n*B,

and where the space V{ is only acted upon by the subgroup Diff(D).
Dynamics and Complexity. UK—Japan Winter School, Bath, 8—11 January 2009

57



The Lie-Poisson reduction for semidirect products are

gm——f(ghm dlv(5h) m— K - d5h 5h<>a
ot sm sh om sh ok da
—div—+1 B4+ —-1 dB

9] 0B oh ob oh

— k= —ad% k —div|— Tr [ ad®
| " oh ¢ (5mm)+ ( BsB )

o Sh

%t T ém

—B=—-£s5 B+ ad

wr sh + 5h

if h depends on the connection only through the curvature.

The Lie-Poisson bracket is in this case:
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of 5g]

dm’ dm

{f.gh(mx,a,B) = [ m [
-I-/ <ad5f +d5—f 99 _ 4% 5f>

55 OK ok Om ok Om

N LA

dadm dadm

0g
£ B — ad B>.——(£ B — ad B>~
+/DK s of 6B 09 99

om oK

]
6B
—I_I

IS a Poisson map relative to the affine Lie-Poisson bracket and this
Lie-Poisson bracket.
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THE CIRCULATION THEOREMS

For compressible adiabatic fluids the Kelvin circulation theorem is
d
—j{ W = T'ds,
dt Jy Ve

where v C D is a closed curve which moves with the fluid velocity

u, T = 0e/0s is the temperature, and e, s denote respectively the
specific internal energy and the specific entropy.

Abstract Lagrangian version: Work under the hypotheses of the
affine Euler-Poincaré reduction. Let C be a manifold on which
(G acts on the left and suppose we have an equivariant map K :
CxV*—g*, thatis, for all g € G,a € V*, c € C, we have

(K(gc,0g(a)), p) = (K(c,a), Adg p),

where gc denotes the action of G on C, and 64 is the affine action
of G on V*.
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Define the Kelvin-Noether quantity I :C x gx V* — R by

I(c, & a) := <IC(C a), (§,a)>

Fixing cg € C, let £(t), a(t) satisfy the affine Euler-Poincaré equations
and define g(t) to be the solution of g(t) = TRg(t)g(t) and, say,
g(0) =e. Let c(t) = g(t)cg and I(t) = 1(c(t),&(t),a(t)). Then

%](t} = </C(C(t) a(t)) S Oa —de’ (§i>>

Abstract Hamiltonian version: Some examples do not admit a
Lagrangian formulation. Nevertheless, a Kelvin-Noether theorem
is still valid for the Hamiltonian formulation. The Kelvin-Noether
quantity is now the mapping J : C x g* x V* — R defined by

J(¢,pm,a) = (K(c,a), p).
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Fixing cg € C, let u(t),a(t) satisfy the affine Lie-Poisson equations
and define g(t) to be the solution of

g(t) =TR, (g—Z) . g(0) =e.

Let c(t) = g(t)cg and J(t) .= J(c(t), u(t),a(t)). Then

%J(t) — <IC(c(t) a(1)), —g—hoa—l—dc (§Z)>

In the case of dynamics on the group G = Diff(D), the standard
choice for the equivariant map K is

(K(c,a), m) := lm,
cp

where ¢ € C = Emb(S!, D), the manifold of all embeddings of the
circle S1 in D, m € Q1(D), and p is advected as (Jn)(pon).
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Consider the affine Euler-Poincaré equations for complex fluids.
Suppose that one of the linear advected variables, say p, is ad-
vected as (Jn)(pomn). Then

1 1
i% _ﬂ:%_ _ﬁdy+ﬁ0a+ﬁ017 :
dt Je; pou ct P v da dy

where c¢; is a loop in D which moves with the fluid velocity u.

Similarly, consider the affine Lie-Poisson equations for complex flu-
ids. Suppose that one of the linear advected variables, say p, is
advected as (Jn)(pomn). Then

d 1 1( Sh  Sh oh )

—k-d———0oa——09
X 0K 5aa5717

where c¢ is a loop in D which moves with the fluid velocity u, defined
be the equality

dt Ct; ct P

_ Sh

u = :
om
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There is also a circulation theorem associated to the variable ~
because of the equation

0

afy + Lyy = —dv + ady~.

Let n; be the flow of the vector field u, let cg be a loop in D and
let ¢ := ntocg. Then, by change of variables, we have

d d

a b T by ]iom(v—l- uy)

2% n; (—dv 4+ ad, v) :j{ ady vy € o,
Co Ct

that is, the ~-circulation law is

dj{ —%ad €0
dt ct,y_ Ct v .
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