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1 Introduction

Let M be a compact Reimannian manifold and consider the covering π : M̃ →
M of M . We denote its covering transformation group by Γ. In this talk,
we explain long time asymptotics of heat semigroup e−t∆�

M on M̃ when Γ is
nilpotent.

In 1993, Davies [2] obtained an asymptotic behavior of the heat kernel for
a second-order differential operator on R with periodic coefficients. Then he
pointed out that the long time behavior of the heat kernel can be approximated
by the heat kernel of a homogenized operator associated with the scaling on R.
Then Batty et. al. generalized the result of Davies to the case of a nilpotent
Lie group in [1]. After that, Kotani and Sunada proved long time asymptotics
of the heat kernel on abelian coveing manifolds in [5].

On the other hand, a long time behavior of the random walks on nilpotent
covering graphs are obtained in [4]. Recently, an approximation of the eigenval-
ues of the Laplacian on a compact Riemannian manifold by the eigenvalues of
Laplacians on a sequence of graphs by Otsu [8]. Then we apply these results to
obtain our problem.

1.1 Statemants of results

Let {Xn ⊂ M}n∈N be a sequence of nets, namely a sequence of finite subsets on
compact Riemannian manifold M . For each Xn and a positive r > 0, we define
an oriented graph Xn(r) = (Vn(r), En(r)) by

Vn(r) = Xn, x ∼ y ∈ Vn(r) ⇐⇒ dM (x, y) < r

(see Otsu [8]). We call it r-net. For a covering π : M̃ → M of M , we can define

the covering graph X̃n(r) in the same way. The discrete Laplacian ∆�
Xn(r)

on

Xn(r) is defined by

∆�
Xn(r)f(x) =

1

deg x

∑

x∼y

(f(x) − f(y)) .
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From the definiton of Xn(r), ∆�
Xn(r)

f(x) is rewritten by

∆�
Xn(r)f(x) =

1

#{y ∈ B(x, r)}

∑

y∈B(x,r)

(f(x) − f(y)) .

We consider whether a sequence of discrete Laplacians ∆�
Xn(r)

approximates to

the Laplacian ∆�

M
on M̃ . It is not trivial to find the sequence of nets so that the

sequence of Laplacians converges (see Fujiwara [3]). Then, in view of the result
of Otsu [8], we choose a sequence of nets {Xn} which is uniformly distributed,
namely the sequence such that for any continuous function f ∈ C(M),

lim
n→∞

1

#{Xn}

∑

x∈Xn

f(x) =
1

volM

∫

M

f(x)dvol (x).

Since M is compact, there exists such a sequence (see [6]). Then we have the
following convergence of the sequence of Laplacian:

Theorem 1 (cf. Otsu[8]) Let {Xn} be an uniformly distributed sequence of

nets in m-dimensional closed Riemannian manifold M and M̃ its covering.
Then for any ε > 0 and f ∈ C∞

0 (M̃), there exists r0 > 0 such that for 0 < r <

r0, there exists nr ∈ N such that for n ≥ nr

∥∥∥∥
2(m + 2)

r2
∆�

Xn(r)
f − ∆�

M
f

∥∥∥∥
L∞(

�

Xn)

< ε.

By the perturbation theory due to Trotter [9], we have

∥∥∥L�Xn(r)
[t 2(m+2)

r2 ]f − e−t∆�
M f
∥∥∥
∞

< ε,

where L�
Xn(r)

is a transition operator for the simple random walk on X̃n(r).

The uniformly distribution is not new notion. Indeed, there are a lot of re-
sults for the uniform distribution (see [6]). For example, the following result
characterizes the uniform distribution.

Theorem (cf. Kuipers and Niederreiter[6] p. 175) Let X be a compact
metric space with nonnegative regular normed Borel measure µ. Then a sequence
of nets Xn in X is uniformly distributed if and only if

lim
n→∞

#{x ∈ A ∩ Xn}

#{x ∈ Xn}
=

µ(A)

µ(X)

holds for all Borel subset A ⊂ X with µ(∂A) = 0.

To prove a central limit theorem on M̃ , we use a central limit theorem on
covering graphs. Let X be an oriented finite graph and consider its covering
π : X̃ → X . We assume that its covering transformation group Γ is nilpotent.
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By a theorem of Mal’cev [7], there exits a connected and simply connected
nilpotent Lie group GΓ such that Γ is identified with a cocompact lattice in GΓ.
Let ΦX : X̃ → GΓ be a realization, namely a Γ-equivariant map from X̃ to GΓ.
From the definition of nilpotent Lie group, there exists a decomposition of the
Lie algebra Lie(GΓ) = g = ⊕1≤k≤rg

k such that

[gi, gj ] ⊂ ⊕r
k≥i+jg

k,

where [·, ·] is the Lie bracket of g. For δ > 0, let τδ : GΓ → GΓ be the dilation
defined by

τδx = exp

(
r∑

k=1

δk exp−1 x
∣∣
gk

)
, x ∈ GΓ.

Then we have the following central limit theorem.

Theorem ([4]) Let L �

X
be a transition operator for the simple random walk on

a nilpotent covering graph X̃. Then for any f ∈ C∞(GΓ), as n ↑ ∞ and δ ↓
with nδ2 → vol (X)t we have

∥∥L �

X
n (τδΦX)

∗
f − (τδΦX)

∗
e−tΩX f

∥∥
∞

→ 0,

where ΩX is the sub-Laplacian on GΓ with respect to the Albanese metric on g
1.

Next we obtain an approximation of homogenized operator between on
graphs and on manifold in order to show the central limit theorem on M̃ . Let
ΩM be a sub-Laplacian on GΓ w.r.t. M̃ . Then we have the following.

Theorem 2 Let {Xn} be a sequence of uniformly distributed nets in m-dimensional

closed Riemannian manifold M and M̃ its covering. Then for any ε > 0 and
f ∈ C∞

0 (GΓ), there exists r0 > 0 such that for 0 < r < r0, there exits nr ∈ N

such that for n ≥ nr,
∥∥∥∥

vol (M)

vol (Xn)

2(m + 2)

r2
Ωnf − ΩMf

∥∥∥∥
∞

< ε,

where Ωn is a sub-Laplacian on GΓ w.r.t X̃n(r). By the perturbation theory, we
have

∥∥∥e−t
vol (M)
vol (Xn)

2(m+2)

r2 Ωnf − e−tΩM f
∥∥∥
∞

< ε.

By using Theorems 1, 2 and a central limit theorem on nilpotent covering graphs,
we prove a central limit theorem on nilpotent covering manifold M̃ . Let ΦM :
M̃ → GΓ be a Γ-equivalent map from M̃ to a connected and simply connected
nilpotent Lie group GΓ. Then we conclude

Theorem 3 For any f ∈ C∞(GΓ) and t > 0, we have
∥∥∥e−δ−2vol (M)t∆�

M (τδΦM )
∗
f − (τδΦM )

∗
e−tΩM f

∥∥∥
i
nfty → 0 (δ ↓ 0).
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