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THE STEKLOV SPECTRUM OF CUBOIDS

ALEXANDRE GIROUARD, JEAN LAGACE, IOSIF POLTEROVICH AND
ALESSANDRO SAVO

Abstract. The paper is concerned with the Steklov eigenvalue problem on
cuboids of arbitrary dimension. We prove a two-term asymptotic formula for the
counting function of Steklov eigenvalues on cuboids in dimension d > 3. Apart from
the standard Weyl term, we calculate explicitly the second term in the asymptotics,
capturing the contribution of the (d — 2)-dimensional facets of a cuboid. Our
approach is based on lattice counting techniques. While this strategy is similar
to the one used for the Dirichlet Laplacian, the Steklov case carries additional
complications. In particular, it is not clear how to establish directly the completeness
of the system of Steklov eigenfunctions admitting separation of variables. We prove
this result using a family of auxiliary Robin boundary value problems. Moreover, the
correspondence between the Steklov eigenvalues and lattice points is not exact, and
hence more delicate analysis is required to obtain spectral asymptotics. Some other
related results are presented, such as an isoperimetric inequality for the first Steklov
eigenvalue, a concentration property of high frequency Steklov eigenfunctions and
applications to spectral determination of cuboids.

§1. Introduction and main results.

1.1. Asymptotics of the Steklov spectrum. The Steklov eigenvalues of a
bounded Euclidean domain  C R¢ are the real numbers o € R for which
there exists a non-zero harmonic function # : 2 — R such that d,u = ou
on the boundary d€2. Here 0, denotes the outward normal derivative, which
exists almost everywhere provided the boundary 92 is Lipschitz. Under this
assumption, it is known that for d > 2 the Steklov spectrum is discrete (see [1])
and is given by the increasing sequence of eigenvalues 0 = oy < 01 < 02 <
.-+ /1 0o, where each eigenvalue is repeated according to its multiplicity. The
counting function N : R — N is then defined by N(0) :=#{j e N:o; < o}.
For domains with smooth boundary, one can show using pseudodifferential
techniques that the counting function satisfies Weyl’s law

Wd—1

—(Zn)d_ﬂold,l(asz)od” + 00 aso / +oo, (L)

N(o) =
where wy_1 is the measure of the unit ball B;(0) ¢ R?~!. The remainder
estimate in (1.1.1) is sharp and attained on a round ball. Moreover, a two-
term asymptotic formula for the counting function holds under a non-periodicity
condition of the geodesic flow on a2 (see [14, formula (5.1.8)]).
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THE STEKLOV SPECTRUM OF CUBOIDS 273

Understanding precise asymptotics for Steklov eigenvalues on domains with
singularities, such as corners and edges, is significantly more challenging,
since pseudodifferential techniques do not work in this case (see [5, §3] for
a discussion). Using variational methods, one can prove a one-term Weyl
asymptotic formula that holds for any piecewise C' Euclidean domain (see [1]):

W41

a1 Pl-1 @0 o™ ase 7 too. (1.12)

N(o) =
However, in order to get sharper asymptotics, one needs to understand the
contribution of singularities to the counting function. In two dimensions, some
results in this direction have been recently obtained in [12]. In the present paper
we aim to explore the most basic higher-dimensional example: the Euclidean
cuboids.

1.2. Main result. Givend € N, the cuboid' with parameters aj, ..., aq > 0
is defined as a product of the intervals

Q= (—ay,ar) x (—az, @) X --- x (—aq, az) C R,

Ifa; =ay =--- = ag we say that Q is a cube. The main result of this paper is
the following theorem.

THEOREM 1.1. Let Q@ C R? be the cuboid with parameters ay, . ..,dq > 0.
For d > 3, the counting function of Steklov eigenvalues satisfies a two-term
asymptotic formula as ¢ — 00:

N(o) = C;Voly_1(0Q)o¢™ ! + C2Voly_2(32Q)c? 2 + 0(c™), (1.2.1)

where 3%S2 denotes the union of all the (d — 2)-dimensional facets of Q. Here
n=2/3ford=3andn=d—-2—-1/(d — 1) ford > 4. The constants C| and
C, are given by

Wd—1
Ci=———
1 (zn)dfl
and
Cr — 2=, _, _2Gg-11 wa-—
2 (2n)d_2 gd—1 z(zn)d—Q’
where
/2 /2 d—2 d—2
Ga-1,1 = / / arccot(l_[ csc9j> l_[ sink(ek) do; ... d0i_».
0 0 i _
—_— j=1 k=1
d-2

For d = 2, the counting function admits a one-term asymptotics

N(o) = 7~ 'Vol; (3Q)o + O(1).

I Cuboids are also often referred to as boxes, d-orthotopes or hyperrectangles. The term “cuboids”
appears to be more common in recent literature on spectral geometry (see [6, 18]).
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Figure 1: (N (o) — C;Volp(0R)a2 — C,Vol; (02Q)0)/02/3 for o < 750.

Remark 1.2. It can be shown that C, > 0 for all d > 3, see Appendix B. The
constants G4,1 are special cases of constants G ; which will be introduced in
§3. The constants G3,1 and G3,1 can be computed explicitly as

G = 2(=1+ V2,
Gi1 = g(=2+ 7).

Remark 1.3. For d = 2, the above asymptotics also follows from [12,
Corollary 1.6.1]. In dimensions d > 3 we do not expect the error estimates
obtained in Theorem 1.1 to be sharp (see also Remark 3.18), and it is an
interesting open problem to determine the optimal value of the exponent 1 in
(1.2.1).

Remark 1.4. Ford = 3, Theorem 1.1 implies that

N(o) — C1 Vol (0Q)a2 — C, Vol (32Q)o

(o) = S/

is a bounded function of o. In order to validate the expression for the constant
C, obtained in Theorem 1.1, we have checked numerically that this claim holds,
using the approximate eigenvalues introduced in §3 on a cube with side lengths 2.
Figure 1 shows that |2(0)| < 3 for o < 750 which corresponds to approximately
a million eigenvalues.

1.3. Outline of the proof. The proof of Theorem 1.1 is given in §3. The
outline of the argument is as follows. First, we show that the Steklov eigenvalue
problem on a cuboid admits separation of variables, see Lemma 2.1 below.
Separation of variables yields eigenfunctions that are products of trigonometric,
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THE STEKLOV SPECTRUM OF CUBOIDS 275

hyperbolic and possibly linear factors. One can check that the number of
eigenvalues corresponding to eigenfunctions containing linear terms is at most
finite, see Theorem 2.6. The same theorem also shows that the eigenvalue
counting problem can be reduced to a family of approximate lattice counting
problems. More specifically, given 1 < p < d, we consider the counting function
N, of eigenvalues corresponding to eigenfunctions with exactly p trigonometric
factors. It turns out that for each p > 1, the counting function N, satisfies a two-
term asymptotic formula, see Proposition 3.1. The functions N, for p =d — 1
and p = d — 2 are the dominant ones. In particular, the main term in (1.2.1)
corresponds to the main term in the asymptotics for N;_;. The second term in
(1.2.1) is obtained as a sum of the main term in the asymptotics of Ny_p and
the second term in N;_1. The latter also splits into two parts: one is the standard
contribution of overcounted lattice points (see Lemma 3.17), and the other has to
do with the geometry of the domain E, defined by (3.4.12) arising in the lattice
counting problem. While this domain E, converges to a ball as 0 — oo, the
approximation produces an error that contributes to the second term of (1.2.1).
This explains why the coefficient C» is represented by a sum of three constants.
Note that while two of these constants are negative, the coefficient C; is always
positive; see Appendix B.

1.4. Discussion. The second term in Weyl asymptotics (1.2.1) for cuboids
could be compared with the corresponding term in the asymptotic expression
[14, formula (5.1.8)] mentioned earlier, which holds on smooth manifolds with
boundary, satisfying a non-periodicity condition. Recall that in the smooth case,
the second term is proportional to the integral of the mean curvature of the
boundary. Note that a cuboid could be viewed as a limit of smooth hypersurfaces
with all the curvatures concentrated in small neighbourhoods shrinking to the
union of the (d — 2)-dimensional facets of the cuboid. This naive observation
provides some intuition regarding the nature of the second term in asymptotic
formula (1.2.1).

It would be very interesting to establish an analogue of Theorem 1.1 for
arbitrary Euclidean polyhedra and, more generally, for Riemannian manifolds
with edges, satisfying certain non-periodicity assumptions. While the present
paper was in the final stages of preparation, Ivrii [10] informed us on his work
in progress in this direction.

Another promising direction of further research in the subject is to explore
the asymptotic expansion for the Steklov heat trace on Euclidean polyhedra, as
well as on arbitrary Riemannian manifolds with edges. In particular, one could
ask whether the Steklov spectral asymptotics contains information on the lower-
dimensional facets of polyhedra. While the Weyl asymptotics does not appear to
be accurate enough for that purpose, the Steklov heat trace asymptotics is likely
to give a positive answer to this question. We intend to explore it elsewhere.

Remark 1.5. The existence of a two-term asymptotic formula for the
counting function of Steklov eigenvalues on a cube was claimed earlier in [13].
However, the proof of this claim contained a miscalculation invalidating the
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argument. Indeed, in the beginning of [13, §3], the authors write down the
boundary condition at x; = 0 in case B; < 0 and get c;/[Bi] = Aca, while
it should be —c1+/[B;] = Aca, since the normal derivative at x; = 0 is —d;.
Due to this missing minus sign, the authors obtain the equation sin(y/B;) = 0
leading to an exact correspondence between Steklov eigenvalues and lattice
points. However, in reality this correspondence is only approximate (see §2.3),
and therefore counting eigenvalues is a significantly more difficult task. Note
also that the completeness of eigenfunctions admitting separation of variables
was not justified in [13].

1.5. Anisoperimetric inequality for the first Steklov eigenvalue. Given a cuboid
Q c R? with parameters ap, ..., ag > 0, let Q* and QF be the cubes such that

Volg_19Q* = Voly_19Q and VolyQF = VolQ.

THEOREM 1.6. For any cuboid 2, we have:
e 01(Q%) = 01(2), with equality if and only if Q* = Q;
o 01(QY) > 01(Q), with equality if and only if QF = Q.

The proof of the theorem is presented in §4.3. In a way, it is not surprising
that the cube, being the most symmetric of all cuboids, maximizes o7 under
both volume and surface area restrictions. Theorem 1.6 could be compared
with the well-known Weinstock’s inequality [19] stating that the disk is a
unique maximizer for o1 among planar simply connected domains with a given
perimeter (see also a recent generalization of this result for convex domains in
higher dimensions obtained in [4]), as well as with Brock’s result [3] which
states that balls are unique maximizers among Euclidean domains € C R? with
prescribed d—volume.

It follows from Theorem 1.6 that any cube is spectrally determined among all
cuboids.

COROLLARY 1.7. Let @ C R? be a cuboid which is isospectral to the cube
Qq C R™ with side lengths 2a > 0. Then d = m and Q2 = Q.

Proof. 1t follows from Theorem 1.1 that d = m and Voly_1(02) =
Vol,;_1(0€2,). Moreover, since o1(2) = 01(£2,), the conclusion follows from
the uniqueness of the maximizer in Theorem 1.6. g

Note that a similar corollary with an almost identical proof holds for planar
simply-connected domains, among which the disk is spectrally determined,
using the case of equality in Weinstock’s theorem [19].

It is still unknown whether there exist non-isometric Steklov isospectral
Euclidean domains. Our results imply that if two rectangles are Steklov
isospectral, they are isometric.

COROLLARY 1.8. The Steklov spectrum of a rectangle uniquely determines
its side lengths.
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THE STEKLOV SPECTRUM OF CUBOIDS 277

The proof of this corollary is presented in §4.4. Let us conclude the
introduction with the following conjecture.

CONJECTURE 1.9. Any two Steklov isospectral cuboids are isometric.

Plan of the paper. In §2, we explore the structure of Steklov eigenvalues and
eigenfunctions on cuboids. In particular, in §2.1 we describe separation of
variables and prove that it yields a complete system of Steklov eigenfunctions.
In §2.2 a classification of eigenfunctions is presented based on the number of
linear, trigonometric and hyperbolic terms, which is later used in §2.3 to reduce
the problem of counting eigenvalues to counting approximate lattice points.
Theorem 1.1 is proved in §3. This is the most technically involved part of
the paper, involving tools from analytic number theory and Fourier analysis.
Other results of the paper are proved in §4. In particular, a somewhat surprising
observation that Steklov eigenfunctions may concentrate on lower-dimensional
facets of cuboids is presented in §4.1. Sections 4.3 and 4.4 provide the proofs of
Theorem 1.6 and Corollary 1.8. Appendix A contains the proof of an auxiliary
Lemma A.1 used in §3.4. In Appendix B we justify the positivity of the constant
C, as stated in Remark 1.2.

Remark 1.10. Right before submitting our paper on the archive, we learned of
the preprint [17] which discusses Steklov eigenvalues of rectangles and cuboids
of dimension 3. Note that [17, Conjecture 3.1] immediately follows from our
Proposition 4.2.

§2. Eigenfunctions and separation of variables.

2.1. Separation of variables. The following lemma shows that the method of
separation of variables is applicable to the computation of the Steklov spectrum
of a product of compact manifolds with boundary. In particular, we justify
completeness of the system of Steklov eigenfunctions admitting separation of
variables.

LEMMA 2.1. Let M and M be smooth compact Riemannian manifolds with
boundary. Let o > 0 be a Steklov eigenvalue of the product manifold M =
M x M» with the eigenspace Fo C L2(M). There exists a basis (uV, ..., u™)
of Fy such that each uD s M x My - Ris separable:

u(xp, x0) = ul pus (), 1< j <m,
where ugj) M| — Randuéj) My, — R
Proof. Consider the Robin problem with parameter o > 0 on M

Au+iu=0 inM,
ot =ou on dM.
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It is well known that the Robin problem on M admits separation of variables,
since L2(M) = L2(M) ® L*>(M>) is a product space, see e.g., [16, §11.5]. The
number ¢ > 0 is a Steklov eigenvalue of M if and only if O is an eigenvalue of
the Robin problem with parameter o, and the corresponding eigenspace is the
same for both problems. Since one can find a separated eigenbasis for F, by
virtue of it being a Robin eigenspace on M, it then suffices to use the same basis
for F; when we consider it as a Steklov eigenspace. (]

Remark 2.2. Tt is not easy to show directly that the traces of all separable
Steklov eigenfunctions form a basis in L2(d M), since the boundary dM of a
product manifold is not itself a product manifold.

Remark 2.3. Lemma 2.1 yields completeness of the system of separable
Steklov eigenfunctions on cuboids. Surprisingly, a complete proof of this result
has not appeared in the literature even in the case of rectangles. Note that the
completeness argument for the square presented in [5, §3] does not extend to
arbitrary rectangles, contrary to the claim made in [2, §4] and in [17]. Indeed, the
proof given in [5] uses in a crucial way the diagonal symmetries of the square,
which allow us to use a connection to the vibrating beam problem via mixed
Steklov—Neumann-Dirichlet problems on an isosceles right triangle.

Let d € N and consider the cuboid 2 with parameters ai,...,aq > 0.
Because 2 is a product of compact intervals, it follows from Lemma 2.1 that
there exists a complete set {u};en, of separated Steklov eigenfunctions on £2.
Consider a function u# : 2 — R given by the product u(x) = ui(xy) - - - ug(xq),
where u; : [—aj,a;] — R. Requiring u to be a Steklov eigenfunction with
eigenvalue o > 0 leads to numbers A, Ay, ..., Ay € R such that

u’J’ +ijuj=0 on(—aj,aj),
u’j(aj) =ouja;), (2.1.1)

—u'y(=aj) = ouj(—aj),

subject to the harmonicity condition
d
> =0 (2.1.2)
j=1

The following lemma describes the eigenvalues and eigenfunctions of the
auxiliary one-dimensional Steklov spectral problem (2.1.1) with a parameter
reR.

LEMMA 2.4. Let . € R. The non-zero solutions ¢ : [—a,a] — R of the
differential equation ¢” + Lo = 0 subject to the boundary conditions
¢'(@) =09 and —¢'(—a) =o¢(-a)

for some constant o > 0 are constant multiples of one the following functions:
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(i) forr=0¢9@t)=1lando =0o0r¢(t)=tando =a~';

(i) forr=a? >0, oneof

¢(t) = sin(at) with o = a cot(aa),

o(t) = cos(at) witho = —a tan(aa)

(in other words, for each £ € {0,1}, 0 = acot(wa + £(;/2)) is an
eigenvalue);
(iii) for» = —B% < 0, one of

@(t) = sinh(Bt) with o =  coth(Ba),
¢(t) = cosh(Bt) witho = Btanh(Ba)

(in other words, for each j € {—1, 1}, 0 = B tanh(Ba)’ is an eigenvalue).

It will be useful to introduce a uniform notation for these eigenvalues. Given
a > 0and? € {0, 1}, let

t for ¢ =
Tae(x) = xcot(ax 4 g%) — {XCO (ax) orf =0,

—xtan(ax) forl =1,
and

x coth(ax) forf =0,

H, o(x) =
a.t (%) {x tanh(ax) forf =1.

It follows from Lemma 2.4 that separable eigenfunctions are products of
linear factors, trigonometric factors (the function sin for £ = 0, and cos for £ = 1)
and hyperbolic factors (the function sinh for £ = 0, and cosh for £ = 1). A careful
accounting of these will be presented.

2.2. Classification of eigenfunctions. It follows from the previous paragraph
that there is a complete set of Steklov eigenfunctions given by products of linear,
trigonometric and hyperbolic factors. They are of the form

uxi,....oxq) = [ [ [ Trig;ejxp) [ Hype Bexe).  (2:2.1)

iE‘L’o j€‘L’1 kE‘L’z

where 19, 71, 77 are disjoint subsets of Sy := {1, 2, ..., d} such that o U 7; U
7y = S;, and each Trigj € {sin, cos} and Hyp, € {sinh, cosh}. In order for this
function to be a Steklov eigenfunction corresponding to the eigenvalue o > 0,
the function # must be harmonic. This amounts to the following restatement of
condition (2.1.2) in terms of the constants «; and fy:

doai=> "B (2.2.2)

jen ken

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core
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This equation will be called the harmonicity condition. Moreover, the spectral
parameter o has to be the same on each face of the cuboid. By Lemma 2.4 this
translates into the following equations, called the compatibility conditions:

a;l fori € 19,

0 =Ty e0)(ai) fToriery, (2.2.3)
Hai,Z(i)(ﬁi) fori € .

Here the function ¢ : S; — {0, 1} is used to specify which trigonometric
and hyperbolic functions are used, according to the convention introduced in
Lemma 2.4. The corresponding eigenfunction (2.2.1) is then given precisely by
the product of the factors u; : [—a;, a;] — R which are specified by

Trigy ) (aixi) fori € 7y,
ui(x;) = { Hypyq)(Bix;) fori € r, (2.2.4)
Xi otherwise,

where Trig, = sin, Trig; = cos, Hyp, = sinh and Hyp; = cosh.

Note that any separated eigenfunction that has a linear factor u;(x;) = x;
contributes the eigenvalue o = aj_] to the spectrum. Since the multiplicity of
each eigenvalue is finite, this can occur at most a finite number of times. We

summarize the above mentioned facts in the following theorem.

THEOREM 2.5. Let p € {1,...,d — 1}, and let T, be the set of all ordered
bipartitions T = (11, ©2) of {1, ..., d} in the sets of cardinality p and g = d — p.
Foreacht € 9, and any £ : T U1y — {0, 1}, let Sy ¢ be the set of all numbers
o > 0 for which there exist positive numbers «; for i € 11 and Bj, for j € 13,
which solve

o = Tai,E(i)(ai) = Haj,ﬁ(j)(,Bj) foralli € ‘L’l,j S %)

subject to the constraint

2l =2 b

ieTn) jE‘L’z

Denote also by So the collection of Steklov eigenvalues corresponding to
separated eigenfunctions having a linear factor. Then the Steklov spectrum of
a cuboid Q2 is given by the union of So which contains at most finitely many
elements, and the families S; | for all possible choices of T and £.

2.3. Reduction to approximate lattice counting. We will now give a more
precise description of the spectrum by constructing a correspondence between
the Steklov eigenvalues of cuboids and the vertices of certain lattices.

Let 2 be a cuboid with parameters aj,...,aq. Let p € {1,...,d — 1}
represent the number of trigonometric factors of a separated eigenfunction
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THE STEKLOV SPECTRUM OF CUBOIDS 281

without linear factors. Each bipartition T = (11, 72) € 9, then corresponds to a
separated eigenfunction of the form

w(xi, ... xg) = [ [ Trig;(ejx;) [ Hypr (Bexo)- (2.3.1)

jen ken

Let Ng = {0, 1, 2, ...} be the set of non-negative integers. Given n € Ng , let

nit (n; + DHm
Iy = In,p,t = H(Z_al’ 2—61,] C RP,
LET]

The boxes Iy are fundamental domains of a lattice. The following theorem
shows that each box gives rise to a cluster of at most 29 eigenvalues and,
moreover, the boxes I, with n € N” and |n| large enough correspond to precisely
29 eigenvalues.

THEOREM 2.6. Given p € {1,...,d—1},andq =d — p, let T € T, specify
the position of trigonometric and hyperbolic factors of eigenfunctions of the form
(2.3.1). The following assertions hold.

(i) FEigenfunctions of the form (2.3.1) form a complete system of Steklov
eigenfunctions on a cuboid up to a finite number of eigenfunctions
containing linear factors.

(ii) For eachn € NP, there exist at most 29 eigenfunctions of the form (2.3.1)
witha € I.

(iii)  There exists a number N € N, such that for every n € NP with |n| > N,
there are exactly 29 eigenfunctions of the form (2.3.1) with a € Iy. The
corresponding eigenvalues o*nk) ,withk € {1, ...,2%}, satisfy

|otn|

o = i + O(In|™) (2.3.2)

for some ay € Iy, where f(x) = O(|x|~%°) means that f(x) = o(x|=™)
for N arbitrarily large.

(iv)  There exist only finitely many eigenfunctions of the form (2.3.1) such that
ne Ng \ N?. For eachn € Ng \ N?, there are at most 29 eigenfunctions
of the form (2.3.1) with a € I.

Assertions (ii) and (iii) essentially say that up to a finite number of boxes,
there is always exactly 29 solutions in the box Iy, while assertion (iv) says that
while some boxes touching the coordinate hyperplanes {x; = 0} might contain
solutions, this will only happen a finite number of times. This means that while
all the three cases are needed to fully describe the spectrum, asymptotically we
can only count eigenvalues described by (iii), up to a O (1) error.

Proof of Theorem 2.6. Assertion (i) is a direct consequence of Lemmas 2.1
and 2.4. In order to prove assertion (ii), for each £ : S; — {0, 1} and n € N?

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core

282 A. GIROUARD et al

we will show that there exists at most one eigenfunction. Up to a small error, the
corresponding eigenvalue will be equal to the norm of a point which is located
in the box Iopym,p,z» where m € {0, 1}? is determined by the restriction of £ to
71. Together with the choice of £ on 15, this will account for clusters of at most
29 eigenvalues corresponding to each of the boxes Iy.

Construction of an eigenfunction. For each i € 71, the function f; —
Hyg, ¢i)(Bi), 1s increasing and positive for g; > 0. It satisfies Hy, ¢)(Bi) =
Bi + O(B;7>°) as i — oo and

1
. — if£@) =0,
llmOHa,-,e(i)(ﬁi)= a;
bi= 0 ifel) =1.
This implies that the equations
Hg, 0)(Bi) = Ha;0(jy(Bj) foralli, j € v (2.3.3)
define a connected curve Cy = Cpp. C R? (the index H stands for

“hyperbolic”’) which behaves like the diagonal

{BeR?: B =pjforeachi, j € v}
to infinite order as |B| — oo. The common value given by equation (2.3.3)
increases monotonically from some ¢ > 0 to infinity along the curve Cy as
it moves away from the origin. In fact, this non-negative constant is

c¢ = max{0, ai_l 11 €1, L) =0}

On the other hand, for each i € t; the restricted function

9

nir  L@)m niw i)+ Dm
Ty (7 4 BT mem (@) + 1)
a; 2a; al 2a;

] —> [0,00) (2.3.4)

is decreasing and surjective. Hence, for each point B € Cy C RY, there exist
unique numbers

i L@ i (i 1
i (B) e (M IRAOLIR N M] (for cach i € 11)
a; 2a; aj 2a;
such that
Ta,-,((i)(ai) = Haj,g(j)(ﬂj) foralli € ‘L’],j € 1. (2.3.5)

This defines an image curve C7 C R” given by

Cr ={ai(B):i €11, B €Cn}.
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Figure 2: Various C7 curves in the situation where d = 3, p =2 and 7 = {1, 2}.

In other words, we have defined a continuous map @ : Cy —> Cr between
these two curves. It follows from (2.3.4) that the curve Cr is contained in the
box Iop+m, Where m € {0, 1}” is determined by the restriction of £ to 7. In
particular, as the value of || increases from its minimal value to 400 along the
curve Cg, the value of | ()| is contained in the compact interval

[ inf |x|, sup |x|]C(O,oo).

XEDon+m X€lntm

Hence, if infyxep,,.,, [X| > c¢ there will be a point B € Cy such that @ = a(B)
satisfy || = |B]. This amounts to saying that any of the common values given
by (2.3.5) is a Steklov eigenvalue of the cuboid. It follows from monotonicity of
each factor in equation (2.3.5) that this solution (e, ) is unique.

Remark2.7. Letd =4,a1 =a = a3 = a4 =1, p =2 and 71 = (1,2).
In this case, Figure 2 shows the intersections of the four different curves Cr
with the boxes Iop4m C R2 forn = (12,2) and m € {0, 1}2. The corresponding
curve Cy for the particular choice of the hyperbolic factor given by £(3) = 1
and £(4) = 0, is shown on Figure 3. On each of these curves, the marked point
corresponds to the solution of the compatibility equations. Note that the curves
Cr intersect two of the boxes, and the functions T, ¢y defined on them are
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Figure 3: The curve Cg corresponding to £(3) = 1 and £(4) = 0: x3 tanh(x3) = x4 coth(xg).

positive in one box and negative in the other. The solutions of the compatibility
equations lie on the positive side.

We now turn to assertion (iii). Observe first that there is a uniform bound on
c¢ hence there is a N such that if [n| > N then

inf x| > cy.
xely

From the previous discussion this ensures that there are exactly 29 solutions
in the box I. We proceed in two steps for the more quantitative part of the
statement. First, we prove that eigenvalues do take the form (2.3.2), and then we
show that for all k € {1, 2, ..., 27} the same oy, works.

Localization. Fix the restriction £ : 7o — {0, 1}4 for the moment. The various
choices of trigonometric factors (represented by the choice of £ : t; — {0, 1}7)
gives rises to exactly one solution azn4m in each of the 27 boxes Irpim,
where m runs over all choices of m € {0, 1}”. For each of these m, the
corresponding eigenvalue is given by any of the functions appearing in equation
(2.3.5) evaluated on any of the coordinates of (€2n+m, Bonim) € R? x RY. It
follows that for each j € 7, and n € N4

Bal> =) Bai=aBa;+ O(n™™).
€T
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Hence for each j € 1o,

|Bxl
Va

The corresponding eigenvalue is therefore given, for any j € 13, by

|ﬂn| + 0(|n|_oo) _ ot
NG NG

Pn,j = + O0(In|™™).

on = Hg; 0(j)(Bn,j) = + O(In|™™),

as was announced.
Clustering. If £, £’ : S; — {0, 1} agree on 1y, it follows from
Hey; 00j)(x) — Haj 0(jy(x) = O(x™)
that the corresponding eigenvalues satisfy
On,e — one = O(In|~™).

The various choices of the restriction £ : 7, — {0, 1} therefore lead to 29
eigenvalues satisfying

k |atn|

0,
n \/q

+O0(n|™™) fork=1,...,2%.

Exceptional eigenvalues. For n € Ng \ N” we have that n; = 0 for at least
one i € 71. On the interval (0, /2a;], the function T, o is positive while 7, ;
is negative, hence an eigenvalue can only correspond to £(i) = 0. In this case,
the range of Ty, o is [0, a; h. A corresponding eigenvalue is therefore bounded
above by a; ! There is only a finite number of these, proving assertion (iv).

This concludes the proof of Theorem 2.6. O

In the next section we will take up the task of understanding the asymptotic
behaviour of the counting function N (o).

§3. Eigenvalue asymptotics. The goal of §3 is to prove Theorem 1.1.
The plan is to represent the counting function N(o) as a sum of auxiliary
counting functions corresponding to different families of eigenvalues provided
by Theorem 2.6. Each of those counting functions will be then investigated using
lattice counting techniques.

3.1. A hierarchy of counting functions. Let p € {1,2,...,d —1}. Givent =
(tr1,2) € Ipand £ : Sg — {0, 1}, define the counting function Nt :R >N
by

N o) =#{j e N: oj€Spandoj <o}
Recall that the bipartition T defines the location 77 of the trigonometric factors,
and the location 1, of the hyperbolic factors, whereas the function ¢ distinguishes

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core

286 A. GIROUARD et al

between sin and cos trigonometric factors, and sinh and cosh hyperbolic factors.
We also introduce

N7(0) := Z N%(o) and N,(o) :=ZNf(o). (3.1.1)

e:Sdﬁ{O,l}d ref‘/—p

Since there is only a finite number of eigenfunctions with linear factors, one has

d—1
N(@) =Y Ny(o)+ 0(l).
p=1

Set ¢ = d — p and let 392 denote the union of p-dimensional facets of a cuboid
2. Our goal is to prove the following asymptotics for N, (o).

PROPOSITION 3.1. Foreach p =1,...,d — 1, we have

12
Ny(o) = Q—V:)pprol,,(aq Q0P + cpVol,_1 (31T Qo1 + 0 (0",
(3.12)

where cp, are some explicitly computable constants and

1 2 2/3 if p =2,
np=maX<p—1——,p—2+—>= / ifp .
p p+1 p—1—1/p otherwise.

We prove Proposition 3.1 in §3.5.

3.2. Quasi-eigenvalues. In this section, we observe that the clustering of
eigenvalues in Theorem 2.6 allows us to simplify the eigenvalue counting
problem. Essentially, we will count every cluster as one eigenvalue with a weight
equal to the number of eigenvalues in the cluster.

Definition 3.2. Given p € Sy, q =d — p, 1 € I, £ : S4 — {0, 1} and
n € N”, the number |ety|/,/q defined in (2.3.2) is called a quasi-eigenvalue of
multiplicity 29.

It is clear from Theorem 2.6 that

d—1
N(o) = qu#{n ene o} + o). G.2.1)
q
p=1

The factor 27 accounts for the clustering of eigenvalues around the corresponding
quasi-eigenvalue. Note that the O(1) error can be absorbed in the error term
in (1.2.1). Therefore, in view of (3.2.1), for our purposes there is no need to
distinguish between counting eigenvalues and quasi-eigenvalues.
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3.3. Eigenfunctions with a single trigonometric factor. Consider first the case
p = 1. The choice of sin or cos for the trigonometric factor and the choice of
the coordinate corresponding to the trigonometric factor yields 2d families of
eigenfunctions, each having 29! possibilities for the choice of the hyperbolic
factor. As follows from Theorem 2.6, each of the 2d families contributes a cluster
of 2¢=1 eigenvalues which correspond to the same quasi-eigenvalue. Therefore,
as was mentioned earlier, this cluster can be counted for our purposes as a single
quasi-eigenvalue of multiplicity 2¢~!. The compatibility equations

Ha,«,ﬁ(i)(ﬂi) = Haj,ﬁ(j)(ﬂj) for all i,j IS %) (331)

define a connected curve in RY~! which goes to infinity along the diagonal while
its value increases to 4+-0o. Equating (3.3.1) to Ty, ¢«), k € T1 amounts to solving
the following equations:

Ok

vd—1

oy cot(aroy) = + O(Olk_oo) if £(k) =0,

and

Uk

vd —1

This yields eigenvalues of the form

—oy tan(aray) = + O, ™) ifl(k) = 1.

j n 1
aj\/d—l aj\/d—l

arccot((d — D™V2) + 0 =) if (k) =0,

nj

+ : arctan((d — 1)"V?) + 0(j ™) if€k) =1
ajvJd—1 aj/d—1 ’

each with quasi-multiplicity 2¢~!. Given that arccot and arctan are bounded
functions, and since

d
Vol (07'Q) =2 ) "a;,
j=1

we have that

Ja=1
Ny (o) = “”TVoll(ad—‘sz)a + o).

This concludes the proof of Theorem 1.1 for d = 2, since p = 1 is the only
possibility in this case. Observe that for d = 2, this is indeed the expected first

term of Weyl’s law (1.1.2).
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3.4. Eigenfunctions with many trigonometric factors. In this subsection, we
count the number of eigenvalues associated with eigenfunctions with more than
one trigonometric factor. The idea is to write the eigenvalues as the norms of
points & € R” that are close to some lattice points. The main difficulty is that
the compatibility equations are transcendental, making it impossible to explicitly
find a. We will therefore approximate the eigenvalues in a controlled way, and
we will show that this approximation results in a small enough error that could
be absorbed in the remainder in the two-term asymptotics for the eigenvalue
counting function. Finally, we will use the lattice point counting techniques
going back to [8, 15], and more recently used in [11].

3.4.1. Approximate eigenvalues. Suppose thatd >3 and p € {2,...,d —1}.
Lett € 9pand £ : Sy — {0, 1} be given.

Given n € N7, it follows from Theorem 2.6 and the compatibility equations
(2.2.3), that the corresponding solution & = &y € I satisfies the following for
eachi, j € 11:

L) L(j)m o
o COt(Oliai + (2) ) =0 cot(ajaj + %) [;l' + O(In|~>).
Hence, foreach i € 11, we have, choosing the principal branch of arccot, a family
of solutions indexed by n € N?

- o) ! o 241/2 o
aja; = (n, 4 7)71 +arccot(ﬁ|:1 + Z (Ot_1> :| ) + O(In|™).

J#ieT

Since «; = (n; + £(i)/2)/a; + O(1), we can rewrite the previous equation as
follows:

_ i+ L@/

ai
1 1 (nj +£(j)/2)m/a; + ta (n))Tﬂ)
il —1
+ o arccot(\/q[ + ;( (ni +8(D)/Dm/a; + 1o, ()
ot (34.1)

where the functions fo; are bounded. Since £(i) ranges over {0, 1}, the solution
set to the previous equation is the same as the one to

_ . 2112
o = ni + iarccot(\/_[l + Z(n]n/Zaj * ta/.(n)> j| ) + O0(In|~*).

2a; a; n;m/2a; + ty; (M)

(3.4.2)

LEMMA 3.3. Define ; as

~ _nmm 1 ainj e
a,—z—%—l—zarccot(\/_[ +Z( )} ) (3.4.3)
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Then
& =a; +0(n|™H. (3.4.4)

Proof. In Lemma A.1 in the Appendix, take x; = n;/a; and y; = t,,. Then
one readily sees that
x| =< [n],

where f < g means that f = O(g) and g = O(f). The lemma then follows. [

Note that the right-hand side of equation (3.4.3) does not depend on «;
anymore, which makes it easier to analyse.
We now have eigenvalues indexed by n € N” given by

(3.4.5)

(3.4.6)

are called the approximate eigenvalues.

Remark 3.5. Up until now, eigenvalues, quasi-eigenvalues and approximate
eigenvalues were indexed by n € N”. In the following two theorems it is
convenient to use n € N to index them in ascending order.

The following lemma allows us to estimate the error induced by counting
approximate eigenvalues instead of eigenvalues.

LEMMA 3.6. Let (a,), (b,) be two sequences of positive numbers which tend
to infinity. Suppose there exists a number s > —1 such that a, = b, + O (b,*).
Let

NoA) =#{n:a, <A} and Np(L) =#{n:b, <A}.

Suppose that there exists a number K such that

K
Na() =) cxdP™*+ 000,
k=0
withr < p — K. Then
K
Ny) =D arr+o0"), (3.4.7)
k=0

where r' = max(r, p — 1 —s).

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core

290 A. GIROUARD et al

Remark 3.77. Note thatif 7' > p — K, some of the terms in the sum in (3.4.7)
might be absorbed in the error term.

Proof. Indeed, the assumption on the sequences a, and b, implies that there
exists ¢ > 0 such that

c c
Na()\'—’—)\’_j‘) < Np(A) < Na<)\.—F).

A direct computation of N, (A = cA™%) completes the proof of the lemma. [J

Recall now the definition of N7 (o) given by (3.1.1). We will write N for the
counting function of the corresponding approximate eigenvalues.

LEMMA 3.8. We have
INT(0) = N"(0)] = O(cP~'1/P).
Proof. Both the eigenvalues and the approximate eigenvalues are, up to a
bounded error, the norms of the points of the lattice I' = f:] (7w /2a; /N,
repeated 24 times. Denote by [, := {|y| : y € I'},, the sequence of norms of the

points of the lattice I" arranged in ascending order. It is well known that there is
a constant C such that

Ni(o) = Co? + 0(c?™h),

where C depends on I" and N; denotes the counting function of the sequence [,
as in Lemma 3.6. Applying Lemma 3.6 with s = 0 yields

N'(o) =21Co? + O(cP™").

Reversing this expression tells us that

n \!» 1/p
an:(%> +om''?). (3.4.8)

From equations (3.4.6) and (3.4.8) we have that
Gu=0n+ O /P).
Therefore, applying once again Lemma 3.6, but this time with s = 1/p, yields

N'(0) = N'(0) + O(cP~1-1/P), (3.4.9)
0
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3.4.2. Another representation of the counting function. For every t, let us now
define a family of sets E, C R” with the property that

N¥(o)= > 29x ( )+0(1) (3.4.10)
neN?
where x := x, is the indicator function of E,. Let us define elliptic polar

coordinates in R” with the convention that 6, = 0:

=)

24,/ (3.4.11)
aj .
Xj = rJT cos(8;) 1_[ sin(6;).
1<Jj
We define the family of sets
2 1 H(
E, ;:{(r,o)eRP:r2+lZ—g- ) <1}, (3:4.12)
o~ aj o
JET
with
N 172
g;j(0) :=cosb; Hsm@ arccot( [1 +Z< l) :| ) (3.4.13)
i<j i#]
and

H=H@®)= Z —.arccot( |: + Z(;) :|1/2)2.

jen

From equation (3.4.6), we can observe that the evaluation of yx at o~ !n in
coordinates (3.4.11) is 1 if and only if 6, < o.If |n| > N as in Theorem 2.6,
there are 29 solutions close to any order to oy,. This achieves our stated goal of
equation (3.4.10). Let us now prove a few properties of the set E, that will be
required in the sequel.

LEMMA 3.9. There exists og, such that for o > oq the set E, is strictly
convex and the principal curvatures of d E, are positive and uniformly bounded
away from 0. Furthermore, the boundary dE; is smooth for all o > o¢, and
all the derivatives of the boundary defining function are uniformly bounded in
o > 0p.
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Proof. From equation (3.4.12) d E,; is the level set of the function

2r 1 H(9)
Fr,o)=r"+=Y —g;j6)+—",
(r0)=r"+ = Zajg,<)+ —
JETI

which satisfies
F(r,0) =r>+ 0@,
[VFX)]; = + 0™ ),
ai/q (3.4.14)
T
Hess F :diag< ) + 0(071).
aiﬂ ieTn

One can observe that H and g;, j € T are all smooth functions of § € SP=!. This
automatically yields the claim on the smoothness and the uniform boundedness
of the derivatives of the boundary defining function.

Furthermore, for o large enough, the second fundamental form of d E,, being
a positive multiple of Hess F, is positive, with its smallest eigenvalue uniformly
bounded away from 0. This implies the claim on the principal curvatures, which
in turn yields strict convexity of E. O

This directly implies the following corollary.

COROLLARY 3.10. The product of the principal curvatures of 0E, is
uniformly bounded away from zero for o large enough.

3.4.3. Poisson summation formula. In this section, we use the general scheme
of the proof of [11, Theorem 1.1]. Recall that

N @)=Y 2%(2) + o)

neN?

=207 Y (g) + Re(0) + O(D), (3.4.15)

nezr

where R;(o) is the error term induced by the overcounting of points on
hyperplanes with one vanishing coordinate.

Our goal is now to compute the terms appearing in equation (3.4.15)
using the Poisson summation formula which states, under sufficient smoothness
assumptions, that

Yoofmy= )" fom), (3.4.16)

nezr mezZpP

where the Fourier transform is given by

76 = /R e ax
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However, x is not regular enough for us to use the Poisson summation
formula, hence we need to mollify it. Let us introduce a non-negative function
¥ € C°(R) supported in [—1, 1] and such that

/Ooownrf’—ldr -

p—1

with V), being the volume of the (p — 1)-dimensional unit sphere in R”. We
then define a family W, : R” — R of radial bump functions of total mass 1 by

1 (x|
Y (x) = E—pl/’(?)

Set W := W Consider the smooth function . = W, * x. Note that
U (§) = W(ek).
We now prove the following lemma.

LEMMA 3.11. Let x, x_ : R” — R be defined by

xd(X) = xe((1 — nye)x),
Xe (X) = xe((1 +n_€)x)

for some n_, ny > 0. One can choose n_, n in such a way that for all o large
enough

X&) < x(®) < xF®)
forall x € R? and all € > 0 small enough.

Proof. For the first inequality, observe that

Xe((I+n_e)x) = /R XMW (1 +n_e)x—y)dy

=/ XMV +n-€)x —y)dy
B(l+r],e)x(€)

< sup x(y).
B(1+n_e)x(5)

Hence, to show that x.((1 + n—e)x) < x(x) for all x, by convexity of E, it is
sufficient to show that for all x € 0 E,, there exists n_, independent of o such
that the following holds for each € > 0 small enough

Bity_ox(€) NE; = 2.
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Note that for all x € d E, we have that
dist((1 + 1)x, 0Eo) = (x - Ny, (X))t + O(1?), (3.4.17)

where A5, is the Gauss map of the boundary. To see this, denote by Tx0 E,
the tangent hyperplane of d E, at X, and by Py the orthogonal projection on that
hyperplane. We have by the triangle inequality that

|dist((1 + )X, dEy) — dist((1 + 1)x, Ted Ey)| < dist(Px((1 + £)x), dEy).

We observe that dist((1 +1)x, Tx0Ey) = (X- A3E, (X))t. Let F, as before, be the
function in R? such that the set F = 1 coincides with d E,. Taking the Taylor
expansion of F around x, we have that

dist(Px((1 + 1)x), dE5) < [[Hess F(X)|loo| Px((1 + D)X)|* = 0(1%),

where we used that ||Hess F(X)||oo is bounded uniformly for o > og and x €
d E, . Note that the strict convexity of d E, and equation (3.4.14) imply that x -
N3 E, (X) is bounded away from zero uniformly for o > o¢. This implies that we
can choose n_ large enough and independent in o such that indeed

Biin_ox(€) NE; = &.

For the second inequality, we have
Xe((I = ny€)x) = /R XWMVe((d —nye)x —y)dy
p

= / XMWY ((1 —npe)x —y)dy
B(lfn_'_e)x(e)

> inf  x(y).

B(]—T[+5)X(€)

Hence, to show that x (x) < xe((1 — n4)x), it is sufficient to show that for all
x € JE, there exists ny independent of o such that

B(l—n+)x(€) CE;.

Using once again equation (3.4.17) and arguing exactly as above yields the
desired number 7. ([l

The following is an immediate corollary of the previous lemma.
COROLLARY 3.12. We have that

3 xe_(;) <3 x(?) <3 xi(?)-

nezr nezr nezr

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core

THE STEKLOV SPECTRUM OF CUBOIDS 295

We will now apply the Poisson summation formula (3.4.16) to x, which
are smooth functions. This yields, using the basic properties of the Fourier

transform,
> w(5) = ¥ Eem
€ o €
nezr meZzZpP
R om ~( emo
=0 Z(1+0(e))x<1 )“’(1 )
meZr REUESS T N+e€

= oPVol(E,;) + O(ec?)

om ~ €emo
o0 Py )\ . 3.4.18
- (ZU X(IZFU:&E) <1:F77ﬂ:6>) ( )

meZP
m#0

Note that for this expression to hold, we will need to later choose € = o(1). Since
W is a Schwartz function, its Fourier transform is also Schwartz, hence to find
estimates on the asymptotic behaviour of equation (3.4.18), we only need to find
bounds on x. This is done in the following lemma.

LEMMA 3.13. For o large enough, the Fourier transform of x satisfies the
upper bound

X(E) = 01§72y, (3.4.19)

Proof. For o large enough, the set E, is strictly convex and has smooth
boundary. Therefore, following [9, Theorem 2.29] we have that for any function
f € C®°(RP) such that f #0on JdE,

/ f®e X8 dx = 0(g| 7D,
E(r

where the implicit constants depend on the product of the principal curvatures of
0 E, and stay bounded as long as the principal curvatures are bounded away from
0. Hence, by equation (3.4.14), these constants will be uniformly bounded for o
large enough. Applying this result with f(x) = 1 yields the desired result.  [J

Remark 3.14. Note that the estimates on lower-order error terms obtained in
[9, Theorem 2.29] depend on the derivatives of the boundary defining function
of 0E,. By Lemma 3.9 those derivatives are bounded uniformly for o > oy.

We now find the dependence on € of the third summand in (3.4.18). We will
choose the optimal value of € such that the second and the third terms are both
as small as possible. Splitting the third summand into two terms we use equation
(3.4.19) and the fact that U is a Schwartz function to obtain
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mo -~ €Emo
0 Py U
<ZU X<1:F7H:€> <1¢nie)>

meZP
m#£0

- Z |m|(p+1)/2

0<|m|<(e0)™!

+

Im|>(eo)~!

G(P—l)/Q(l F T]ié)(p+l)/2+N
|m|(p+1)/2+N(0€)N ’

for an arbitrary N > 0 which will be fixed below. Assuming that € is small and
taking into account that the summands on the right-hand side are decreasing in
|m|, we may estimate the first of those sums by

—1

Z o P=D2(1  npe)P+h/2 _ €)™ pp-l 0
|m|(1’+1)/2 1 rp+1)/2

0<|m|<(e0)~!
— 0(6(1*17)/2).
The second of those sums can be estimated, for N large enough that the integral
converges, by
o (P=D/2(1  pype)PtD/2HN
|m|(p—|-1)/2+N (GE)N

Im|>(eo)~!
oo p—1

< g (P=D/2(geyN A

=0 (o€) /(‘w)_l REESIYET dr

— O(E(I*P)/z).

The optimal € to make both o”¢ and €!=7)/2 as small as possible is
€ =g 2r/(+p)
yielding that

DX (g) = oPVOI(E,) + O(aP~2H2/1+P)), (3.4.20)

newzp

We now compute the volume of E, .

LEMMA 3.15. Let ¥ = SP~1n ]Ri We have

N 2°2/q"G g -2
Vol (Eg) = =% wp]_[aj—TZ]_[aiJrO(o ),

jer JETLi#]

(3.4.21)

where
Gpg = / gj(0)de, (3.4.22)
b

for any of the functions g; defined by equation (3.4.13).
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Remark 3.16. Note that G, ; does not depend on j by the symmetry of the
construction of g;.

Proof. By symmetry, we have that

22p /oP p@)
Vol(E,) = */_// P~ T a; dr a8,

JETI
where p () is the unique positive root (in r) of the equation

2 J
(o2 aj

JjEn

One can observe that

a/
JETI
Thus, we get that
8j\v) @) )
Vol(E,) = —]_[ ———Z + 0(c72)db.
JjeT P JjEeT j

Integrating and replacing in the previous equation the definition of G, , in
equation (3.4.22) yields

Vol(Ey) = w,, []ai- ” 1 Z [[ai+00™. (3423

jem JETi#]
O
Finally, we have to take into account the points that we have overcounted

with coefficient 1/2 on the hyperplanes {x; = 0}. This is given in the following
lemma.

LEMMA 3.17. The number of overcounted points on the hyperplanes {x; = 0}
is

/qP2Pw _lgpfl 7
R:(0) = 4(2711)717—1 Y [lai+0wr™. (3424
JETIi#]

Proof. One can observe that R; is given by

1 np—
Re(0) =5 Z#{a NP~ N E, N {x; = 0}}.
LET]
Since E, is convex, rough lattice point counting estimates due to Gauss tell us
that

R:(0) = lal’ 1Z\/olp 1(Es N {x; = 0}) + O(aP7?).

Computing the volumes in the same way as in the proof of the previous lemma
yields the desired result. O

Downloaded from https://www.cambridge.org/core. Bibliotheque de I'Universite Laval, on 13 Dec 2018 at 18:47:11, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579318000414


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579318000414
https://www.cambridge.org/core

298 A. GIROUARD et al
3.5. Proof of Proposition 3.1. Recall that 1\~lp is given by
Np(@)=Y_ N'(o).
€9,

Observe that
> 2Pt [ aj = Vol (399)
‘[Eg—p Jjen

and

> Y[l = a2 3 [la)

T€ET, jETIIF#] T€Tp-1 JET
= (g + DHVol,_; (397 Q). (3.5.1)

Combining these two formulas with equations (3.4.15), (3.4.20) and Lemmas
3.15, 3.17, yields

~ JqP
Np(o) = o )pa)pVOI p(@1Q)a?
+cpVol, 1 (31T Q)a P~ + 0 (o P2 P+,

Using equation (3.5.1), we have that ¢, = c;) + c;ﬁ, where

/ (g +DNgPGpy
Cc. = —

p TP

comes from the second term in equation (3.4.21) and

= _(q + 1)\/ qpa)p—l
P 4Q2m)r1

is obtained from the principal term in equation (3.4.24).
We then have from equation (3.4.9) that

12
Np(0) = ), Vol (34Q)0” + ¢, Vol ,_1 (37 Q)P + 0(a),

(2m)P
where
2
n,,:max( —1-1/p,p— 2—}—?)
2/3 if p=2,
- {p —1—1/p otherwise.
This completes the proof of Proposition 3.1. O

Remark 3.18. Observe that, for p > 2, studying the approximate eigenvalues
instead of the true eigenvalues yields an error which is larger than the one coming
from the standard Poisson summation formula methods.
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3.6. Proof of Theorem 1.1. Recall now that
d—1
N(o) =Y Ny(o)+ 0(1).

p=l1

Hence, applying the previous results we get

N(0) = Ng—1(0) + Ng—2(0) + O(c"*1)

1
= Wwd_l\k)ld_] (39)0‘171 + Cd_1VOld_2(82§2)Ud72
"
2d-2)/2 ) )
+ Gyaa @d-2Vola—2(d Qo2+ 00" )

= C1Volyg_1(32)a9™! + CyVoly_» (8?2042 + 0 (na—_1).

We can write explicitly C> = ¢, | + cq—17 + 2“"22w,2) /((2m)472) to get
indeed that

_ 2=, _, _2Gg-11 wa-2
2 (27.[)(1—2 gd—1 2(27.[)61—2

when d > 3 and that
w]
N(o) = 2—V011(8S2)(7 + 0()
T

whend = 2.
We can now give explicit expressions for the constants G, 4:

pq_/ / arccot( [ —I—Zcot 0; [ [esc? 9}1/2)

i>j

X ]_[ sin® (0x) d6y - - dB,_,
/2 /2 1 p—1 p—1 .
= arccot| — csc@~> sin“(0;) dOy --- dB,_1.
/0 /0 (ﬂﬂ ! El ’

In particular, calculating the integrals forg = 1, p =2and g = 1, p = 3, we
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get
Ga1 = 2(=1+ V2,
G31 = §(=2+m)m.
This concludes the proof of Theorem 1.1. O

84. Further results.

4.1. Concentration of eigenfunctions. In this section, we discuss the
behaviour of the eigenfunctions, more precisely how they scar on the lower-
dimensional facets of a cuboid. This is made precise in the following theorem,
where we will slightly abuse notation and denote by u; both a Steklov
eigenfunction and its boundary trace.

THEOREM 4.1. Let 2 C R? be the cuboid with parameters ay, . ..,daq > 0.
Letpe{l,...,d — 1} and let T € T),. Consider the set

X: ={x = (X¢, Xp,) € 0Q : xj = %aj for j € 12}.

Then there exists a sequence of L*(3Q)-normalized eigenfunctions {uy}
concentrating on X, and getting equidistributed around X in the following
sense: for each measurable U C X, and every € > 0, consider the set

Ue = {Xx = (X¢,, Xp) € 0Q 1 X, € U and dist(x, U) < €}.

Then, for every € > 0,

. 2 Vol, (U)
lim lur(X)|“dx = —————.
k—o0 Jy, Vol p (X7)
For example, on a cuboid of dimension 3, the set X is a union of four parallel
edges in case p = 1, while for p = 2 it is a union of two opposite faces.

Proof. Without loss of generality, we will suppose that U is a subset of one
of the connected components of X, say the one where x; = a; for all j € 1;.
Fork € N, letk = (k, ..., k) € R” and consider the pair (a®, &) satisfying
the compatibility and harmonicity conditions

(

i

k) cot(oci(k)a,-) = ,BJ(.k) tanh(ﬁj(-k)aj) foralli € 11, j € 1,

Y @)= ()2

i€t JET

o

with «® e L. Note that this corresponds to choosing £(i) = 0 for all i € 1
and £(j) = 1 forall j € 7,. Since

2 1/2 7 \2\1/2
<§(ai )) =k(§<2—al_)) +0(1) = Ak+ 0(1)
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we have that for all j € 1o,

A
Bl = ﬁk + 0.

Let vi (x) be the associated eigenfunction, and observe that

vk(x)2 = 1_[ sinz(ozl.(k)xi) l_[ coshz(ﬂﬁk)xj)

i€T) JET
1
— [ 101 = cos@e"xi)) [T cosh?(8;"x)
i€t JET
1 wk
= 7 | (1 — COS((a_i + 0(1))xi))
LET]
< T1 cosh2(<ik + 0(1)>x~)
] )
JED \/6

Let us define the normalized eigenfunction

lvell 20
and estimate both |vg|? := ||vk||L2(m) and ng v (x)% dx. For ||vg|?, we have
that
el = 1‘[/ l—cos((— + 0(1)>x,) dx; ]‘[/ cosh?(B;x;) dx;
jer; VT JEL YT
d(Volp(XT) + o(1)) l_[ f cosh? (Bjxj) dx; 4.1.1)
jen

from the Riemann—Lebesgue lemma and the fact that

Vol(X;) =27 ] / dx;.

i€T]
Furthermore, for all j € t; we have that
aj
/ cosh2(,3jxj) dx;
—a;

- % / Y AANDIFOMNG | ~2AANDEFOONG | o dx;
—a;

«/_ (AL /Dka;
= (1+ o(1)). (4.1.2)

Setting C = ,/q/4A, equations (4.1.1) and (4.1.2) yield together that

Il = S Vol, (X)(l_[e”“ﬂ"“f)(1+o(1)) (4.1.3)
JET2
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We now also compute the integral of v,% on U, where we get, in a similar
fashion to (4.1.1), that

/U€ ve(0)? dx = zip(vm,,(U) +o() ] /,]— cosh?(Bjx;) dx;. (4.1.4)

JET

‘We also have that

aj C
// Coshz(ﬂjxj)dxj:Eez(A/ﬂ)kaf(l—Fo(l)), (4.1.5)
a

j—€

where once again C = ,/q/4A. Together, equations (4.1.4) and (4.1.5) yield

C4
f v (x) dx = WVOIP(U)(H ez<A/ﬁ>kaj>(1 +o(1)). (4.1.6)

€ JET
Finally, putting equations (4.1.3) and (4.1.6) together yields indeed that

vk (x)? Vol ,(U)
X=———,
llog 12 Vol (X+)

lim up(x)?dx = lim/
Ue

k— 00 U. k— 00

concluding the proof. (]

4.2. The first eigenfunction. In this section, we investigate the lowest non-
zero eigenvalue o on the cuboid. Let us first find the form of an eigenfunction
u associated with o7. By Courant’s nodal theorem u has exactly two nodal
domains. Thus, one of the factors u ; will have two nodal domains on the interval
[—aj,a;] and all the other factors only one nodal domain. In other words there
is one odd factor, and all the others are positive even functions. We show the
following proposition.

PROPOSITION 4.2. Suppose that a; < --- < aq. Then there is B = (B1, ...,
Bi—1) and ag = |B| < 7 /2a4 such that

d—1

u(xi, ... xq) = sin(eaxq) [ | cosh(Bxy)
k=1

is an eigenfunction with eigenvalue o.

Proof. We will first show that u is a product of one sine factor and d — 1
hyperbolic cosines factors. Suppose that one of the trigonometric factors was a
cosine. Let us study the number of nodal domains of cos(ax;) on the interval
[—aj, a;]. By the Steklov boundary condition we have that

cos(aaj) = —oasin(aa;).

There are three possible cases, whether sin(aa;) is equal to, greater than or
smaller than 0. Since the eigenvalue o¢ = 0 is simple, if sin(aa;) = 0 it would
imply that cos(aa ;) = 0, which is impossible.
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If sin(xaj) > 0, we have that cos(aa;) is negative. This would imply that
the function cos(ax) has changed sign on [0, a;] and since it is even it will
have at least two zeroes on [—aj, a;], that is at least three nodal domains, in
contradiction to Courant’s nodal theorem.

Finally, if sin(xa;) < O, this implies that ca; > 7, meaning that cos(a.x;)
has changed sign at least once on [0, a;]. This implies once again that there are
at least three nodal domains, completing the proof that none of the factors are
cosines.

Since there can only be one odd factor, if one is linear all the other factors are
a combination of cosines and hyperbolic cosines. We just proved that none of the
factors are cosines, and it is impossible for a product of linear functions with only
hyperbolic cosines to respect the harmonicity condition (2.1.2). We therefore
deduce that the only odd factor of u is a sine, and by the above discussion
all the other factors are hyperbolic cosines. This implies that there exists some
1<j<d,ajand B, k # j such that

u(xi, ..., xg) = sine;x;) ]_[ cosh(Bexk).
k]

and aja; < /2. The compatibility equations (2.2.3) hence become

oj COt(Otjaj) = B tanh(Bray),
al=182=) B
k#j

and oy is any member of the first equality. We show that o is smallest when a
is the largest side, i.e., a; = a4. Suppose not. Then thereis 1 < j < d — 1 such
that an eigenvalue associated with

v(x1, ..., xq) = sin(|y|x;) 1_[ cosh(y;x;).
k#j
is smaller than the one associated with
u(xt, ..., xq) = sin(|Blxa) | | cosh(Braxe).
k#d

The compatibility equations imply that for all k # j and k # d,

vk tanh(yxar) < By tanh(Bray).

Since x tanh(ax) is an increasing function, we deduce that y; < By for all such k.
However, we also have that

lylcot(|ylar) < |Blcot(|Blaq)

and, since x cot(ax) is decreasing on its first period and a; < ag, this implies
that |y| > |B]. From this, we therefore have that

Bi+ D Bi<vi+ ) v
KT oy
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Since for all k # j, d we have that yx < B, we therefore deduce that 8; < yy.
However, once again using the compatibility conditions, we have that

yq tanh(ygag) < ,Bj tanh(,Bjaj).

Since ag > aj, by monotonicity of x tanh(ax) we deduce that y; < B;, a
contradiction. Hence, we have that the first eigenfunction is, taking into account

that oy = |B],
d—1
u(xi, ..., xq) = sin(|Blxq) [ ] cosh(B;x)),
j=1
concluding the proof of the proposition. U

4.3. Proof of Theorem 1.6. The first eigenvalue is given by the following min-
max principle:

. . Jo |Vul?
01(Q) = inf Rglu]l= inf =
ueC™(Q) ueC®(Q) [y u
Jyou=0 Jogu=

Denote by ¢ the cube [—1, 17. Then for any cuboid 2 = [—ay,a1] x -+ X
[—ag4, ag] we have that

d
/f(x)dxz/ flaixi.....agxq) [ [ ai dx
& 8o i=1

and

d
dx = d
fasz Jx)da jX:;/(;Qﬁ{ijiaj}f(X) g

d
= Z/ flaixy, ..., aqxq) na,- dx. 4.3.1)
io1 Y 0Nty ==%1} i)

This allows us to consider integration only on ¢ for Rg. Observe that the
eigenspace of 01(£2p) has dimension d, and that a basis for it is given by

wj(x1, ..., xq) = sin(|lxq) l_[cosh(ﬂixi).
i

The eigenfunctions u; are orthogonal to constants in the scalar product given
by the rescaled integral (4.3.1). Indeed, on all faces where the sin factor is not
constant, the integral vanishes since it is an odd function. On the pair of faces
where the sin factor is constant, we have that u j (x1, ..., aj, ..., xg) = —u;(x,
...,—aj, ..., xq) and hence the integrals cancel out on these two faces.
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Consider the eigenfunction
d
i=3u;.
J=l1

It is easy to see that the integral of u? on any face of € is identical, and we have
that R, [u] = 01(£20). We now compute

d 2
o Zj:l Hi;éj ai faszom{x_,:i]}“ dx
Rolu] ]_[?:1 aj fQo [Vu|?dx
1 WD Ty a
= - )
Roul 1,4,

Fix the volume Vol;(2) = Vol;(€2p), hence Hj aj = 1. Then, from the
inequality of arithmetic and geometric means,

Roylu] 1 ¢ T\
Rg[u]_ZZH“i><g”f ) -t

j=li#]

with equality if and only if for all j, k, []; £ i = [ £k @i which is true if and
only if a; = ay for all j, k, which implies in turn that o1 (2) < 01(£2), with
equality if and only if Q2 is a cube.

On the other hand, fix the area, Vol;—;(€2) = Volg—1(0), hence ) _ j Il oy
a; = d. Then

Ray[u] -1 d d(-d)fd 4 d (1-d)/d
%[:]:G:[af') :<HH‘”> 9(&2“%’) =1,

J=li j=lij

with equality in the same case as before. Once again, this implies that o1 (€2) <
01(R20), with equality if and only if 2 is a cube. This concludes the proof of
Theorem 1.6. |

4.4. Proof of Corollary 1.8. We want to show that among all rectangles,
the Steklov spectrum determines the lengths ai, a> of its sides. From spectral
asymptotics, the perimeter of the rectangle is obtained, giving L = a; + a»,
supposing without loss of generality that a; < a. On the other hand, we have
o1, and we know that it is the smallest root of

o1 = a cot(aay) = a tanh(aay).

Rewriting these to yield a, as a function of «, L and o7 gives

o o

()
ay = f(x) = — arctanh| — “4.4.1)
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and

1 (oa]
a)=g)=L—— arccot(—). 4.4.2)
o o

Given o1 and L, the intersection of these curves yield possible values a; for «.
We now show that they intersect at only one point. Equation (4.4.1) is defined
for @ > o7 and taking the derivative yields

, _ _arctanh(al /o) _ o1
fl(@) = " (1 = a2/e)

(4.4.3)
which is always negative for « > o1, and hence f is decreasing. We now show
that g is increasing on [0, 00). We have that

(@) arccot(o /o) o]
o) = — .
& a? a3(1 +of/a?)

Thus, g’ is positive if

o] 0’12
o arccot| — 1+—2 —o01 =2 0.
o o

However, we have that

o1 012 bid 71012
o arccot| — 1+—2 —0o1 2 ~a+ —~— —ol,
(07 o (07

and hence we need to have that > — 400/ + 012 = 0. This quantity is positive
at o = o1 since 2 > 4/m, and it is increasing since

40‘1
200 > —
T

for « > o1. We conclude that g is increasing. This implies that f and g have
exactly one intersection point, say at «g. We have that a; = f(xg) = g(xp) and
a; = L — ap. Note that since the square maximizes o} and since the eigenvalues
are continuous functions of the side lengths of a rectangle this means that among
all rectangles with given area or perimeter, o is a decreasing function of a,. This
concludes the proof of Corollary 1.8. O
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A. Appendix. Proof of Lemma A.1.
LEMMA A.1. Let

e\ 27172
fix) = arccot(c[l +Z<—]) ] )
Xi
J#i

for some ¢ > 0 and where by convention arccot(co) = 0, and let i : RP — RP
be a bounded function. Then

Ifix+ ¥ ®) — i) = 0(x]7. (A.1)
Proof. We have that
| fi(x) — fixo)| = O(x — X0V f (X0)]).

Consider spherical coordinates (r, 61, ...,0,_1)
r=|[x|,
xj = rcos(@)) [ [ sin(6h).
i<j

where by convention 6, = 0.
Denote x = (r, #) and X+ (X) = (ry, 0y ). Itis clear that since v is bounded
we have that

0 -0yl =00"").

Indeed, from planar geometry we get that

SUPycrr ¥ (X)
tan(|0 — @ < —.
an(| v ) "

One can observe that the functions in equation (A.1) depend only on 8, and 6.
Hence, showing that the gradient is bounded in 6 implies that | f; (x + ¥ (x)) —
fil=00"h.

By symmetry, we can suppose without loss of generality that i = p in
equation (A.1). Then using repeatedly the identity 1 + cot> # = csc? 6 we have
that

p—1
frx) = arccot(c 1_[ csc GJ-).

j=1

Now, we have that
~1

cot8; [Ti_; csc bk
1+ 2102 esc2 6
This is bounded, since when 6; — nm the singularities are of the same order
on the numerator and denominator, while when it is any other 6; — nm the

singularities are of order 1 in the numerator and 2 in the denominator. This
concludes the proof. O

a@jfp(x) =c
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B. Appendix. Positivity of the constant C;. We can rewrite C; as

(2(d+2)/2 — DTwi_2 — 2d+1Gd—1,l
227y ’

Cyr =

and we need to show that C; > 0 for d > 3. This will be done by showing that

(2(d+2)/2 — DT wi_2
2d+lGd—1,1

> 1. (B.1)

Let us first observe that the integrand in G4_1,1 is positive and that for any 6 €
[0, 7r/2]d_2 we have that

d—2
arccot(l_[ csc9j> < arccot(1l) < 1.

j=1

Hence,

/2 /2 d—2 d-2
Gg-1,1= / / arccot(l_[ csc9j> 1_[ sink(ek)de1 e dBy_n
0 0 ;
j=1 k=1

d-2 7/2
< ]_[ / sin® (6y) d6
k=10
22—dn,(2—d)/2
T'(d/2)

The last equality is true for d = 3, and is seen to be true for all 4 > 3 by induction
using the identity [7, 3.621 (1)]

/2 k+1 k+1
/ sin® () do = 2k—13<i, i)
0 2 2
and the gamma function duplication identity

(T (4 1/2) = 2'72/7T 2w).

Using the fact that
7@d=2)/2

T Ty

and replacing in equation (B.1) we have that
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(2(d+2)/2 — DT wi—2 - (2(d+2)/2 — )7
2d+1G d-1.1 = 8

for all d > 3, concluding the proof that C, > 0. |
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