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This talk is based in the following articles:

» The smallest Laplace eigenvalue of homogeneous 3-spheres.
Bull. Lond. Math. Soc. 51 (2019), 49-69. arXiv:1801.04259.

» The first eigenvalue of a homogeneous CROSS. With Renato
Bettiol and Paolo Piccione. Preprint, January 2020.
arXiv:2001.08471.
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Laplacian

(M, g) a compact connected Riemannian manifold.
A the Laplace—Beltrami operator.

Spec(M, g):
0=2Xo(M,g) < A\i(M,g) < A(M,g) <---

and \((M, g) = +o0o as k — oo.

Shing-Tung Yau about the the fundamental tone \1(M, g):

While this constant has analytic importance, it also gives
strong insight in the geometry of the manifold.
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Homogeneous Riemannian manifolds

(M, g) is called homogeneous if Iso(M, g) acts transitively on it.

G a compact Lie group acting isometrically and transitively on M,
K := isotropy subgroup of G at a point p € M.

We have the following identifications:
» G/K=M, aKw—a-p.
> p=TpM, wheregz%@L p.
» {G-inv. met. on M} <— {Ad(K)-inv. inner products on p},
g () = gp.

To find all homogeneous Riemannian metrics on M, one needs to
classify the compact Lie groups acting smoothly and transitively on
M.
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e 5" ~SO(n+1)/SO(n): only round metrics. A\; v/

e 521 ~ SU(n +1)/SU(n): two parameters.
A1 v Bettiol and Piccione [Calc. Var. PDE 47 (2013)] by using the
method by Bérard Bergery and Bourguignon.

53 ~ SU(2): three parameters (up to isometry).
Urakawa (1979) determined A; for Berger 3-spheres, showing that
Al(M,g)/voI(M,g)ﬁ is not bounded.

e S$41+3 ~ Sp(n+ 1)/ Sp(n): four parameters (up to isometry).
Bettiol and Piccione: variation of the round metric on S3 (two
parameters).

e 5%~ Spin(9)/Spin(7): two parameters. A1 v Bettiol-Piccione.

‘We next complete the list by filling the blue cases.
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Expression in dimension 3

S3 ~ SU(2). Its Lie algebra su(2) has R-basis

i 0 0 1 0 i
(o %) 2=(Go) %= o)

Any inner product on su(2) induces a left-invariant metric on S3.
8(a,b,c) = the inner prod. with orthonormal basis {aXi, bXz, cX3}.
Up to isometries: g(,p,c) fora>b>c > 0.

8(1,1,1) is the unit sphere.

Theorem (L. 2019)
>\1(S3ag(a,b,c)) = min{az + b2 + C27 4(b2 +c )}
four if  a® + b? + c? < 4(b* + c?),
with multiplicity { seven if — a? + b? + c? = 4(b? + c?),
three if ~ a® + b? + ¢ > 4(b? + ¢2).
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Dimension 4n + 3: isotropy representation

S4+3 ~ Sp(n+1)/Sp(n) =: G/K for n > 1.
G={AcGL(n+1,H):AA=Id}.
g={Xegl(n+1,H): X*+ X =0}.

t P1

P1 Po

The isotropy representation decomposes as p = pg @ p1, where

p1 = H", the standard representation,

0 0 0 0 0 0
po_spanR{Xl_<0 1>5X2_<0 J>5X3_<0 k>}

The action is trivial on pg.
po = Im(H) ~ sp(1) ~ su(2) ~ H:=Sp(1) =~ SU(2) ~ S5.

(KxH)/K=H — G/K — G/(K x H)

s* — S po(H).
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For a, b, c,s > 0, the Ad(K)-invariant inner product

(s Vabes) = 5+ abe)lpo + 2 Dolps
induces a G-invariant metric g(, ) on G/K = §4F3.
Up to isometries: g, pcs) fora>b>c>0,s>0.

(a,b,c,s) = (\%, %, %, 1) gives the unit sphere.

Theorem (Bettiol-L.-Piccione 2020)
Ap(S4m+3, 8(a,b,c,s)) is given by the minimum among

4ns? +2(a% + b2+ c?), 8(ns®+ b?>+c?), 8(n+1)s?

mult: 4(n+1) (n+1)(2n+3) n(2n+3)
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have any non-trivial w(G)-invariant subspace. (dim V, < c0).
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General procedure (Lie group case)

G a compact semisimple Lie group, g left-invariant metric on G,
{X1,...,Xm} on.b. of g w.rt. ge(-,:). Then

(B ) ==Y 5  Flxe(eX).

(m, Vi) € G, Ve®@ VF — C(G), v p — fou(x) = p(r(x) - v).

Peter-Weyl Theorem: [?(G) ~ @ Vi: ® VI as G-modules, i.e.
reG

(Ra - fugp)(x) = fupp(xa) = p(m(xa) - v) = fir(a)v)@e(X)-
(Ag - fep) (%) = fir(—c,)v)ep(X)

where C; = >, X? lies in the universal enveloping algebra U(g).

When g. = —Killing form, C; is the Casimir element which lies in
the center of U(g) (still true for g normal).
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Implicit description of the spectrum

For (m, V) € G veV, g€ v,
Dg - fugp = fr(—Cp)v)oes
with 7(—Cg) : Vr = Vi is a linear map.
If 7(=Cg) - v = Av, then Ag - fLg, = fivge = Mgy
Peter-Weyl Theorem gives

Spec(A U Spec(m )dim Va

reG

M(Ag) = min  Apin(m(—C)).
reG{lg}
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Procedure for )\1(53,g(a,b,c))
G=5U@2), X1=(i%), X%=(%%), X3=(9}),
8(ab.c) has on.b. {aX1, bXp, cXs}, thus C; = a2X2 + b2X2 + c2X2.

G = {(mk, Vi) : k > 0} with dim V} = k + 1.

a2+ b% + 2
[Wl(_cg)] = < 22 + b2 + C2>-

432 + 2h2 + 22 2b% — 2¢2
[2(—Cg)] = 2b% —2c¢? 422 +2b% +2¢?

4b% + 4c?
It turns out that [m,(—C,)] is tridiagonal (a;; = 0 if |[i — j| > 2).

Gershgorin Circle Theorem gives Amin(mx(—Cg)) > 2kb? + k2c2.

Hence  A1(S3, g(ap.c)) = min{a® + b2 + 2, 4b? + 4c?}.
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First application: spectrum distinguishes homogeneous
spheres

Theorem (L. 2019 and Bettiol-L.-Piccione 2020)

Two isospectral homogeneous spheres are isometric.

This was already known for S3 by Schmidt and Sutton.

Dimension 3: VOI(S3ag(a,b,c))v Sca|(53,g(a,b,c)), )\1(53,g(a7b7c))
with its multiplicity determine a, b, c.

Dimension 4n + 3, n > 1. quite involved.

Remaining dimensions: not difficult.
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