
Lent 2014 J. Newton

Modular Forms: Example Sheet 3

1. Show that for N ≥ 5 X(Γ1(N)) has no elliptic points and every cusp is regular.

2. Suppose n and N are positive integers and let SNn be the set of matrices
(
a b
0 d

)
with ad = n,

a ≥ 1 coprime to N and 0 ≤ b < d. If L is a lattice in C and t ∈ C/L is a point of order N , show
that L has a basis ω1, ω2 with t = ω2/N +L and ω1/ω2 ∈ H. For σ ∈ SNn let Lσ denote the lattice
with basis ( anω1 + b

nω2,
d
nω2) (with ω1, ω2 as above).

Finally, show that σ 7→ Lσ induces a bijection between SNn and lattices L′ ⊃ L with [L′ : L] = n
such that t+ L′ has order N in C/L′.

3. Show that, as operators on the q-expansions of modular forms in Mk(N,χ), there is an identity

Tn =
∑

0<d|n

χ(d)dk−1Vd ◦ Un/d.

Deduce that for f ∈Mk(N,χ) with f =
∑
n anq

n, we have

Tmf =
∑
n

bnq
n

where
bn =

∑
0<d|gcd(m,n)

χ(d)dk−1amn/d2 .

4. Show that for f ∈ Sk(Γ), with f =
∑
n anq

n, there is a constant C such that |an| ≤ Cnk/2 for all
n.

5. Let S0 ⊂ Sk(Γ0(N)) denote the sub-Q-vector space consisting of forms f =
∑
n anq

n with an ∈ Q.
You may assume that dimQ(S0) = dimC Sk(Γ0(N)).

(a) Show that if f =
∑
n anq

n ∈ Sk(Γ0(N)) is a normalised eigenform then the extension of Q
generated by all the an is a number field.

(b) Show that if f =
∑
n anq

n ∈ Sk(Γ0(N)) and σ ∈ Aut(C), then fσ :=
∑
n σ(an)qn ∈

Sk(Γ0(N)).
(c) Deduce that if f is a normalised eigenform then the extension of Q generated by the Tn

eigenvalues of f with n coprime to N is a totally real number field.

6. If Γ′ ⊂ Γ and −I /∈ Γ define a map

trΓ′/Γ : Sk(Γ′)→ Sk(Γ)

by f 7→
∑
γ∈Γ′\Γ f |γ,k.

(a) Show that for f ∈ Sk(Γ), g ∈ Sk(Γ′)

[Γ : Γ′]〈f, g〉 = 〈f, trΓ′/Γg〉.

Suppose Γ = Γ1(N) (for N > 3) and set Γ′ = Γ1(N) ∩ Γ0(p) and Γ′′ = Γ1(N) ∩ Γ0(p) with p - N
(here Γ0(p) is the congruence subgroup given by matrices which are lower triangular mod p).
Write Sk(Γ′)p−old for the subspace of Sk(Γ′) spanned by f(τ) and f(pτ) as f varies over Sk(Γ).
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(b) Show that for f ∈ Sk(Γ′), f(τ/p) ∈ Sk(Γ′′).
(c) Show that the orthogonal complement of Sk(Γ′)p−old is equal to the kernel of the map Sk(Γ′)→

Sk(Γ)⊕2 given by
f 7→ (trΓ′/Γf(τ), trΓ′′/Γf(τ/p)).

7. Admit the following fact: if f =
∑
n anq

n ∈ Sk(Γ1(N)) with an = 0 for all n coprime to N , then
f =

∑
p|N fp(pτ) for some fp ∈ Sk(Γ1(N/p)).

Show that if f ∈ Sk(N,χ)new is an eigenvector for the operators Tn with n coprime to N , then f
is an eigenform (for all the Tn).
You will need to assume that Sk(N,χ)new is stable under the action of all the Hecke operators. If
you like, prove this as an extra exercise.
Recall that a normalised eigenform in Sk(N,χ)new is called a newform. Show that Sk(Γ1(N) is
spanned by the set

{f(dτ) : f is a newform of level M and dM | N}.

In fact this set is a basis for Sk(Γ1(N)).

8. Let wN =
(

0 −1/
√
N√

N 0

)
and consider the operator W : Sk(Γ1(N))→ Sk(Γ1(N)) given by f 7→

ikf |wN ,k. Show that W 2 is the identity, and that W gives an isomorphism between Sk(N,χ) and
Sk(N,χ−1). Furthermore, show that W is self-adjoint, i.e. 〈Wf, g〉 = 〈f,Wg〉 for f, g ∈ Sk(Γ1(N)).

9. Show that if two Dirichlet series F (s) =
∑
n≥1 ann

−s, G(s) =
∑
n≥1 bnn

−s, converge absolutely in
Re(s) > σ for some σ > 0 and satisfy F (s) = G(s) for Re(s) > σ then an = bn for all n.

Comments, queries and corrections can be sent by email to jjmn2@cam.ac.uk.
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