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Abstract

For a fixed length n and an alphabet Σ, what is the maximum number
of distinct Lyndon subsequences a string of length n can have?

Definition 1. A string is called Lyndon if it is strictly lexicographically smaller
than all its proper suffixes. Alternatively, it is Lyndon if it is strictly lexico-
graphically smaller than all its cyclic rotations. For instance, a, ab, aabab are
Lyndon, but neither aa, abab, nor abaab.

Definition 2. A subsequence of a string T [1..n] of the length ℓ is a string of
the form T [i1] · T [i2] · · ·T [iℓ] with 1 ≤ i1 < i2 < · · · < iℓ ≤ n.

Problem 1 ([2]). What is the maximum number of distinct Lyndon subse-
quences in a string of length n over an alphabet of size σ?

Comment 1. Trivial cases are σ ∈ {1, n}. For σ = 1, the string is unary
T = a . . . a, and therefore has only one distinct Lyndon sequence, namely a.
For σ = n, we can enumerate the characters by their ranks from 1 to n, and
study T = 1 · 2 · 3 · · ·n, for which we can see that any subsequence forms a
Lyndon subsequence. Since the number of subsequences is 2n for a string of
length n, the answer to our problem is also 2n.

Some results we achieved at the 4th AFSA SSSS 2022 [3]:

Comment 2. We can interpret the string T = 1 · 2 · 3 · · ·m with m = 2d as
a bit vector B of length n := md = m lgm. Since T has 2m distinct Lyndon
subsequences, so has B by taking always blocks of length d. So we have at least
2m = 2n/ lgm = Θ(2n/ lgn) different Lyndon subsequences in B.

Comment 3. For a given k, consider the string T = P ·
∏x−1

j=1 (Bj · 1) on the
binary alphabet {0, 1}, where P = 0 · · · 0 is a run of zeros of length k, and Bj

an arbitrary string of length k − 1 for j ∈ [1..x − 1]. Then any subsequence of
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T of the form P ·
∏x−1

j=1 (B
′
j · 1) is Lyndon, where B′

j is a subsequence of Bj .
If we say that the length of T is n, then the number of characters of all B′

js

is x−1
x n − (x − 1). This number is maximized to n − 2

√
n + 1 when x =

√
n.

Consequently, we can select n−2
√
n+1 characters at random. According to [1],

the maximum number of distinct subsequences is given by (n+3)-th Fibonacci
number decremented by one, for a string of length n. In our case, this gives a
new lower bound of about (1.618)n−2

√
n−3/

√
5.

Problem 2. Still countable are all Lyndon subsequences of T of length at most
k =

√
n since we have only counted those that start with P . There are at least√

n many of the form 0 · · · 01 · · · 1, but probably more.
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