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Outlines

• Introduction of fuzzy logic systems
• Fundamentals and basic components
• Basic working principles
• Type-1, interval type-2 and general type-2 fuzzy sets

• Fuzzy rule-based applications
• Fuzzy-model-based applications
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What is Fuzzy Logic?

• Fuzzy logic can represent human spirit/knowledge/expertise and 
realise intelligence
• Information of Illness, uncertainty, vagueness

• small, medium, big, large, short, long, fast, very fast, more or less

• Applications
• Control of cars, robots
• Classification

• Biomedical signals: EMG, ECG
• Decision marking

• Investment
• Time series prediction

• Stock market price predict
• Machine learning

• As a framework to represent knowledge/intelligence
• Many many more . . .
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Sources: Figures are from Internet; Roche, Aidan D., et al. "Prosthetic myoelectric control strategies: a clinical perspective." Current 
Surgery Reports 2.3 (2014): 44.
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Example: Drive a car and keep a safe distance

Linguistic Rules:
Rule 1: If distance is small Then speed is low
Rule 2: If distance is medium Then speed is steady
Rule 3: If distance is large Then speed is high

What is Fuzzy Logic?
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Fuzzy Logic System

• To implement knowledge/expertise
• To perform reasoning and the realization of intelligence

• A block diagram of Fuzzy Logic System

5

Fuzzy Inference System

A fuzzy inference system (FIS) is also known as fuzzy-rule-based system, fuzzy expert
system, fuzzy model, fuzzy associative memory (FAM) and fuzzy logic controller and fuzzy
system.

An FIS is a computing framework based on the concepts of fuzzy set theory, fuzzy (If-Then)
rules and fuzzy reasoning.

An FIS consists of 4 components: fuzzifier, Knowledge base (rule base or database), fuzzy

inference engine and defuzzifier.

Fuzzifier

Knowldedge Base

Fuzzy Inference Engine

Input
(Crisp)

Defuzzifier
Output
(Crisp)

Fuzzy
Input

Fuzzy
Output

Figure 4: A diagram of fuzzy inference system.
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Fuzzifiers

Linguistic Rules:

Rule 1: If distance is small Then speed is low

Rule 2: If distance is medium Then speed is steady

Rule 3: If distance is large Then speed is high
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Figure 9: Fuzzification Process.
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Level of Distance Speed

0.25 of Small A little bit Low

0.8333 of Medium More Steady

0 of Large Definitely not High

Input: 3.5m

Speed should be a bit Low, 
more towards Steady but 

definitely not High

Output:
20 miles/hour
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Linguistic Rules:
Rule 1: If distance is small Then speed is low
Rule 2: If distance is medium Then speed is steady
Rule 3: If distance is large Then speed is high

Fuzzy Inference Engine
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Speed should be a bit Low, 
more towards Steady but 
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Type-2 Fuzzy Logic System
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Although the RT is extremely useful for theoretical devel-
opments, it is not yet useful for computation because the num-
ber of embedded sets in the union can be astronomical.
Typically, the RT is used to arrive at the structure of a theoret-
ical result (e.g., the union of two IT2 FSs), after which practical
computational algorithms are found to compute the structure. 

For an IT2 FS, the RT states that an IT2 FS is the union of
all of the embedded T1 FSs that cover its FOU. The impor-
tance of this result is that it lets us derive everything about IT2 FSs
or systems using T1 FS mathematics [9]. This results in a tremen-
dous savings in learning time for everyone.

Type-2 Fuzzy Logic Systems (FLS)
How and why are T2 FSs used in a rule-based system? A rule-
based FLS [5, Ch. 1] contains four components—rules, fuzzifi-
er, inference engine, and output processor—that are
inter-connected, as shown in Figure 4. Once the rules have
been established, a FLS can be viewed as a mapping from
inputs to outputs (the solid path in Figure 4, from “Crisp
inputs” to “Crisp outputs”), and this mapping can be expressed
quantitatively as y = f (x). This kind of FLS is widely used in
many engineering applications of fuzzy logic (FL), such as in
FL controllers and signal processors, and is also known as a

fuzzy controller or fuzzy system.
Rules are the heart of an FLS. They

may be provided by experts or extracted
from numerical data. In either case, the
rules can be expressed as a collection of
IF–THEN statements, e.g. IF the total
average input rate of real-time voice and
video traffic is a moderate amount, and the
total average input rate of the non-real-
time data traffic is some, THEN the con-
fidence of accepting the telephone call is
a large amount. The IF-part of a rule is its
antecedent, and the THEN-part of a rule
is its consequent. FSs are associated with
terms that appear in the antecedents or
consequents of rules, and with the inputs
to and output of the FLS. MFs are used
to describe these FSs, and they can beFIGURE 4  Type-2 FLS.

In order to see the forest from the trees, focus on the single rule “IF x is F̃1 THEN y is G̃1.” It has one antecedent and one consequent
and is activated by a crisp number (i.e., singleton fuzzification). The key to using T1 FS mathematics to derive an IT2 FS fired-rule out-
put is a graph like the one in Figure 5. Observe that the antecedent is decomposed into its nF T1 embedded FSs and the consequent
is decomposed into its nG T1 embedded FSs. Each of the nF × nG paths (e.g., the one in lavender) acts like a T1 inference. When the

union is taken of all of the T1 fired-
rule sets, the result is the T2 fired-
rule set. The latter is lower and
upper bound, because each of the
T1 fired-rule sets is bound. How to
actually obtain a formula for B(y) is
explained very carefully in [9], and
just requires computing these
lower and upper bounds—and they
only involve lower and upper MFs
of the antecedent and consequent
FOUs. How this kind of graph and
its associated analyses are extend-
ed to rules that have more than
one antecedent, more than one
rule, and other kinds of fuzzifica-
tions is also explained in [9].

FIGURE 5  Graph of T1 fired-rule sets for all possible nB = nF × nG combinations of embedded
T1 antecedent and consequent FSs, for a single antecedent rule.

BOX 3. How T1 FS Mathematics Can Be Used to Derive IT2 FS Fired-Rule Outputs [9]
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IT2 FS is completely characterized
by its 2-D FOU that is bound by a
lower MF (LMF) and an upper
MF (UMF) (Figure 3), and, its
embedded FSs are T1 FSs.

Important Representations
of a T2 FS
Are there important representations of
a T2FS and, if so, why are they
important? There are two very
important representations for a
T2 FS; they are summarized in
Box 2. The vertical-slice repre-
sentation is the basis for most
computations, whereas the wavy-
slice representation is the basis for
most theoretical derivations. The
latter is also known as the
Mendel-John Representation Theo-
rem (RT) [8]. For an IT2 FS, both
representations can also be inter-
preted as covering theorems because
the union of all vertical slices and
the union of all embedded T1
FSs cover the entire FOU.

FIGURE 3  Interval T2 FS and associated quantities.

BOX 2. Two Very Important Representations of a T2 FS

Name of Representation Statement Comments
Vertical-Slice Representation Ã =

⋃
∀x∈X

Vertical slices (x) Very useful for computation

Wavy-Slice Representation Ã =
⋃

∀ j
Embedded T2 FS ( j) Very useful for theoretical  

derivations; also known  
as the Mendel-John   
Representation Theorem [8]

BOX 1. New Terms for T2 FSs

Term Literal Definition (see Figure 1 for many of the examples)

Primary variable— x ∈ X The main variable of interest, e.g. pressure, temperature, angle
Primary membership— Jx Each value of the primary variable x has a band (i.e., an interval) of MF values, e.g.  

Jx′ = [MF1(x′), MFN(x′)]
Secondary variable— u ∈ Jx An element of the primary membership, Jx′, e.g. u 1, . . . , u N

Secondary grade— fx(u ) The weight (possibility) assigned to each secondary variable, e.g. fx′(u 1) = wx′1

Type-2 FS— Ã A three-dimensional MF with point-value (x, u , µÃ(x, u )), where x ∈ X, u ∈ Jx , and 
0 ≤ µÃ(x, u ) ≤ 1. Note that fx(u ) ≡ µÃ(x, u )

Secondary MF at x A T1 FS at x, also called a vertical slice, e.g. top insert in Figure 1
Footprint of Uncertainty of The union of all primary memberships; the 2-D domain of Ã; the area between UMF (Ã) and  
Ã − FOU(Ã) LMF (Ã), e.g. lavender shaded regions in Figure 1
Lower MF of Ã − LMF(Ã) or µ

Ã
(x) The lower bound of FOU(Ã) (see Figure 1)

Upper MF of Ã − UMF(Ã) or µÃ(x) The upper bound of FOU(Ã) (see Figure 1)
Interval T2 FS A T2 FS whose secondary grades all equal 1, described completely by its FOU, e.g. Figure 3;  

Ã = 1/FOU(Ã) where this notation means that the secondary grade equals 1 for all 
elements of FOU(Ã)

Embedded T1 FS— Ae(x) Any T1 FS contained within Ã that spans ∀x ∈ X; also, the domain for an embedded T2 FS, e.g.  
the wavy curve in Figure 3, LMF(Ã) and UMF(Ã)

Embedded T2 FS— Ãe(x) Begin with an embedded T1 FS and attach a secondary grade to each of its elements, e.g. 
see lower insert in Figure 1

Primary MF Given a T1 FS with at least one parameter that has a range of values. A primary MF is any one 
of the T1 FSs whose parameters fall within the ranges of those variable parameters, e.g. the  
dashed MF in Figure 1
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How do we know that the 
distance is exactly 3.5m?

What about it is about 3.5m, 
say, 3.1m, 3.85m?

Source: Mendel, Jerry M. "Type-2 fuzzy sets and 
systems: an overview." IEEE computational intelligence 
magazine 2, no. 1 (2007): 20-29.
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Source: Mendel, Jerry M. "Type-2 fuzzy sets and 
systems: an overview." IEEE computational intelligence 
magazine 2, no. 1 (2007): 20-29.
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Ã − FOU(Ã) LMF (Ã), e.g. lavender shaded regions in Figure 1
Lower MF of Ã − LMF(Ã) or µ
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(General) Type-2 Fuzzy Set Interval Type-2 Fuzzy Set

• Type-2 fuzzy sets can capture the 
uncertainties
• Measurement
• Linguistic terms
• System parameters

• Type-2 fuzzy logic system is equivalent 
to an infinity number of type-1 fuzzy 
logic system
• Enhance expressing capability
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Fuzzy Rule-Based Applications
• Mobile Robots
• Robot Soccer
• Drug Administration

10Source: Images from Internet or speaker’s paperH.K. Lam, Interval Type-2 Fuzzy System and its Applications



Control of Mobile Robots
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Rule 1: IF Error Distance is Small AND Error Angle is Small
THEN Translational Force is Small, Rotational Force is Small

Rule n: IF Error Distance is Large AND Error Angle is Large
THEN Translational Force is Large, Rotational Force is Large

Rule k: IF Error Distance is Medium AND Error Angle is Medium
THEN Translational Force is Medium, Rotational Force is Medium

.

.

.

.

.

.
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• P Controller • Fuzzy P Controller
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Robot Soccer
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Obstacle avoidance

Game strategy
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Drug Administration of Aesthesia
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Source: Figures from Internet; Araujo, H., Xiao, 
B., Liu, C., Zhao, Y. and Lam, H.K., 2014. Design of 
type-1 and interval type-2 fuzzy PID control for 
anesthesia using genetic algorithms. Journal of 
Intelligent Learning Systems and 
Applications, 6(02), p.70.

H. Araujo et al. 
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              Figure 7. BIS index regulation using two fuzzy PID controllers.                      
 

 

             Figure 8. BIS index regulation using one fuzzy PID controller with scaling factors.         
 

 

Figure 9. An example of IT2 membership functions. Dashed 
line: lower membership function. Dotted line: Upper member- 
ship function. Gray area: footprint of uncertainty.              

 
Another condition needed to be ensured is that at least one rule is fired for ( ) [ ]BIS 100,100kt∆ ∈ − . Between 

two adjacent membership functions, as long as they intersect each other, there exists one rule to be fired. On the 
left-hand side of membership function N and the right-hand side of membership function P, there are two ap-  
proaches to ensure this condition. One is defining 2 100pN =  and 2 100pP = , and another is defining  

1 4p pN N= = −∞  and 3 6p pP P= = +∞ . It can be found that solutions from the first approach can be imple- 
mented by the second approach. In other words, the second approach is more general than the first approach. 
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H. Araujo et al. 
 

 89 

 

Figure 20. BIS and drug concentration for testing profile by 
two PID controllers.                                     

 

 

Figure 21. BIS and drug concentration for testing profile by two 
T1 fuzzy PID controllers.                                   

 

 

Figure 22. BIS and drug concentration for testing profile by two 
IT2 fuzzy PID controllers.                                   
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Learning Systems and Applications, 6(02), p.70.
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Figure 21. BIS and drug concentration for testing profile by two 
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Figure 22. BIS and drug concentration for testing profile by two 
IT2 fuzzy PID controllers.                                   
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Classification of Epilepsy Seizure Phases

16

Sources: Image from Internet; Ekong, U., Lam, H.K., Xiao, B., Ouyang, G., 
Liu, H., Chan, K.Y. and Ling, S.H., 2016. Classification of epilepsy seizure 
phase using interval type-2 fuzzy support vector 
machines. Neurocomputing, 199, pp.66-76.

a type-reducer, the type-reduced set is confined to a finite interval
of numbers, the defuzzifier then obtains the defuzzified value
(which is a crisp output) by calculating the average of the upper
and lower bounds of this interval. A detailed description of the KM
algorithm is shown below in Sections 4.1 and 4.2.

4.1. Lower bound

(1) Determine the lower bound of the output xi ði ¼ 1;…;nÞ in
ascending order and then assign the same labels to them such
that x1rx2r⋯rxn.

(2) Match the weights ωi with the corresponding xi and reassign
the labels to match with the new xi which are now in
ascending order.

(3) Initialize ωi, i.e.,

ωi ¼
ωi þ ω i

2
where i ¼ 1;…;n ð19Þ

then calculate

y ¼
Pn

i ¼ 1 xiωiPn
i ¼ 1ωi

ð20Þ

(4) Determine the pivot point p where ð1rprN % 1Þ such that

xpryrxp þ 1 ð21Þ

(5) Assign the firing strength as

ω i; irp
ω i; i4p

(

ð22Þ

then calculate

y0 ¼
Pn

i ¼ 1 xiωiPn
i ¼ 1ωi

ð23Þ

(6) Check if y0 ¼ y; If yes, stop and set y ¼ y, if no, go to step 7
(7) Set y ¼ y0 and go to step 3

4.2. Upper bound

(1) Define the upper bound of the output xi ði ¼ 1;…;nÞ in
ascending order and then assign the same labels to them such
that x1rx2r⋯rxn.

(2) Match the weights ωi with the corresponding xi and reassign
the labels to match with the new xi which are now in
ascending order.

(3) Initialize ωi i.e.

ωi ¼
ωi þ ω i

2
where i ¼ 1;…;n ð24Þ

then calculate

y ¼
Pn

i ¼ 1 xiωiPn
i ¼ 1ωi

ð25Þ

(4) Determine the pivot point p where ð1rprN % 1Þ such that

xpryrxp þ 1 ð26Þ

(5) Assign the firing strength as

ω i; irp
ω i; i4p

(

ð27Þ

then calculate

y0 ¼
Pn

i ¼ 1 xiωiPn
i ¼ 1ωi

ð28Þ

(6) Check if y0 ¼ y; If yes, stop and set y ¼ y, if no, go to step 7
(7) Set y ¼ y0 and go to step 3

The defuzzified output of the IT2FIS is given as:

y ¼
y þ y
2

ð29Þ

5. Interval type-2 fuzzy support vector machines (IT2FSVMs)

In this section, the mechanism of the IT2FSVM classifier is
discussed. The standard SVM classifier is used for this hybrid
classification mechanism which involves the merging of an IT2FIS
with an SVM to form the IT2FSVM. The IT2FSVM can be char-
acterized as a multiple-input–single-output classifier. The ability
of the IT2FIS to handle uncertainty makes it very complementary
to the SVM in solving difficult non-linear problems.

The overall IT2FSVM architecture is shown in Fig. 3. The feature
vector input is obtained after feature extraction has been carried
out on the EEG input data to extract the relevant features. Details
of this feature extraction method can be found in Section 6.1. As
the hyperplane can only separate 2 classes, multiple SVMs are
required as there are more than 2 classes in a classification pro-
blem. For the application in this chapter which is to differentiate
between the epileptic seizure stages, multiple SVMs are required
as there are three classes (seizure-free, pre-seizure and seizure).
There are three IT2 SVM blocks in the diagram which are used to
individually separate between the seizure phases. IT2 SVM
1 separates between the seizure-free and pre-seizure phases with
the label “% 1” indicating the input data belongs to the seizure-
free class and label “1” indicating the input data belongs to the
pre-seizure class. IT2 SVM 2 separates between the seizure-free
and seizure phase with the label “% 1” indicating the input data
belongs to the seizure-free class and label “1” indicating the input
data belongs to the seizure class. Finally, IT2 SVM 3 separates
between the pre-seizure and seizure phase with the label “% 1”
indicating the input data belongs to the pre-seizure class and label
“1” indicating the input data belongs to the seizure class. The
output labels of the three IT2 SVM blocks are presented in Output1
to Output3 which are then subjected to a rule-based class deter-
miner in order to determine what the final classification would be.

The rule based class determiner system for selecting the final
classification output for the IT2FSVM is shown in Table 1. The final
class is a whole number between 1 and 3 where “1” represents the
seizure-free phase, “2” represents the pre-seizure phase and “3”
represents the seizure phase.

The IT2FSVM block consists of a feature vector input, 3 fuzzy
rules each consisting of two SVMs associated with the lower and

Fig. 3. Block diagram of IT2FSVM.
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Fuzzy-Model-Based Control 
Applications
• Inverted Pendulum
• Blot-Tightening Application
• Continuum Manipulator 
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• Contributions
• Initiate an IT2 fuzzy model and modelling method subject to fuzzy model based control

point of view
• Propose an IT2 fuzzy controller
• Underpin a systematic analysis method for IT2 fuzzy-model-based control systems
• Develop a novel membership-function-dependent analysis for IT2 fuzzy-model-based

control systems

• Seminal Papers
• Lam, Hak-Keung, and Lakmal D. Seneviratne. "Stability analysis of interval type-2 fuzzy-

model-based control systems." IEEE Transactions on Systems, Man, and Cybernetics,
Part B (Cybernetics) 38.3 (2008): 617-628.

• Lam, Hak-Keung, et al. "Control design for interval type-2 fuzzy systems under imperfect
premise matching." IEEE Transactions on Industrial Electronics 61.2 (2013): 956-968.

• Impact
• Create a new sub-filed of research on IT2 fuzzy-model-based control systems
• Provide theoretical support for research of this field
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Control of Inverted Pendulum
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Blot-Tightening for Wind Turbine 
Assembly

21

• Wind Turbine Hub Bearing Assembly:
• Bolt tightening

H.K. Lam, Hongyi Li, C. Deters, H. Wurdemann, E. Secco and K. Althoefer, “Control design for interval Type-2 fuzzy systems under imperfect premise 
matching,” IEEE Trans. Industrial Electronics, vol. 61, no. 2, pp. 956-968, Feb. 2014. 
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Tracking Control of Continuum Manipulator 
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Peng Qi, Chuang Liu, Ahmad Ataka Awwalur Rizqi, H.K. Lam and Kaspar Althoefer, 
“Kinematic control of continuum manipulators using a fuzzy-model-based approach,” 
IEEE Trans. on Industrial Electronics, vol. 63, no. 8, pp. 5022 -5035, Aug. 2016
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Conclusion

• Fuzzy logic system and its working principle
• Type-1 fuzzy sets
• Type-2 fuzzy sets
• Interval type-2 fuzzy sets

• Interval/general type-2 fuzzy sets
• Capture uncertainties
• Enhance expressing capability

• Applications
• Fuzzy rule-based applications

• Complex actions described by expert knowledge in linguistic form
• Control of mobile robots
• Playing robot soccer game
• Classification of epilepsy seizure phases
• Automatic control of aesthesia by drug administration

• Fuzzy-model-based applications
• Well supported by mathematics
• Blot-tightening for wind turbine assembly
• Tracking control of continuum manipulator  
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