Conformal Blocks: solutions to most of the exercises

2. Generalities on conformal transformations
2.1 Special conformal transformations

Problem:

Show that the general quadratic solution €, = 7,2 2" to the equation d,€,+0,€, = (%) O (07 O€r)
in flat d-dimensional Euclidean space is e# = 22#(b - ) — bHa? .

Solution

We start from the most general quadratic term €, = vyu,,2"2” , where v, = Vupv. (Any part of y
antisymmetric in the last two indiceswould not actually contribute anything to € so we can take it
to be zero).

We have to substitute this into the equation

2
Ouey + 0pe, = <d> 0w (077 On€r) . (%)
We first calculate (using vrop = Vrvo)
8067' = 80(77’”1’ xuxp) = ’YTVP((SZ‘TP + m”ég) = ’VTUp‘Tp + '771/0131/ = 2'77'00‘77[)
= 077 0,6, = 27 ;2"

Since 777, will occur quite a lot in the calculation, let’s give it a name, a, = 77, and so we have
07T O0ger = 2a,2” .
Now the equation (x) that we have to solve becomes

2%upx” + 2Ypa” = (%) O 2ap”
We now want to get rid of the x on the left hand side. We can do this by differentiating with respect
to o and using 9,2” = 65 to get

= 2VYupo + 2Vwo = (%) 5#1/ Qo = Yopo t Vo = (%) 5;“/ Qo
This is just the sort of combination that occurs when calculating the Christoffel symbols in GR,
and we use the same trick here: we take three version of this equation with different permuattions
of the indices and use the symmetry on the last pair of indices:

(’Yuua + ’Yuua) ) aa(s/ux
~(Yuov + Youv) = (3)] ~wuo
+('Youu + ’Yl/au) +CLM61/U
= 2Yue = (%) (@60 — au0pe + audyy)
= 271/#0 = (%) (aaduu - aya,ucr + a,uduo’)
e = Yupt"2” = (3) (0p2" 20 + aya’zy — a,u1°3))

Putting a” = db” we get the general solution

e = (207 x4 )M — b (2?) .



Problem:

Consider the coordinate transformation of flat space

o ak— (22)bH

T 1-2x-b+z202’

where b is a constant vector. Show that % = ‘% — b+ .

I

Solution

We follow the hint and first find

1 z2
"2 2 2 21272
= —2(x-b b)) =

(z') (1 —2x - b+ 22b2)2 (x (z - b)z” + (z7) ) (1—2x-b+ 22b?)
so that

" (1-2x-b+2%?) o — bt ot "

()2 x? 1—2x-b+x202| (22)
Problem:

(22 -
Consider now the vector y#(t) with real parameter ¢ defined by y(t)* = % , where e = b

is the unit vector in the direction of b. We denote |b| = b so that b = be. Show that

e-x — ta? x2 dy*
(a) ey 1—2tx-e+x2t2’()y 1—2tx-e+a:2t2’(c) dt (e-y)y' =y e
Solution:
(a)
. _ x — (2%)te _ex—(N)tee  e-x— ()t
v = 1—2tx-e+22t2) 1-2tx-e+222 1—2tx-e+ 222

since e is a unit vectot, e-e = 1.
(b) We have already done this in part (a) where we calculated (z')2.
substitute b = te then we get 2'* = y* and so, (usinge - e = 1)
2 2
9 x x

If, for the moment, we

V' T -2z (te) +a2(te)?)  (1— 2tx- e+ a2t2)
()
dy* _d x — (22)te B —(2?)e [(2z-e+ 22%t)(z — (2?)te)
dt  dt |1-2tx-e+2%2] |[1-2tx-e+ 22 (1-2tx- e+ z%t?)?

2(e - x — 2%t)
— y,u |:

- 1_2t€'$+w2t2} — Py =2(e - y)y" —yPet.

as required.



2.2 Classical scale invariant Lagrangians

Consider a scalar field which transforms under an infinitesimal coordinate transformation z# — z'*
as ¢(x) = \8x’“/8x”\A/d ¢(x') , where |0x'*/Ox"] is the Jacobian of the transformation.

(a) Show that under a scale transformation z/# = A\z#, the field ¢ has scale dimension A.
)

(b) Show that if jz# = o, the variation of ¢ is ¢ = %((%oz“)gﬁ + a%9,¢ .

(¢) Show for an infinitesimal scale transformation dz# = ex#, d.¢ = e(Ap + 70, ¢) .

(d) Show that the variation of the Lagrangian density £ = %8(,(1)8"(1) —V(¢), is a total derivative
under an infinitesimal scale transformation provided A = (d/2) — 1, and V = c¢P/? for some
constant c. [What are these potentials?]

Solution:

(a) If 2/* = \a# then 92/t /Ox” = Aoy, , or (9x'#/0x") = A1 , where I is the identity matrix.

This means that

dﬁ(?ﬁ) = detOWD) = = o) = (W) G() = AD g(a) .

We see that the field ¢ has scale dimension A.

(b) If z* = ot then

0
" = k4 oat =2t + ot :>@(x“+a”):55+8,,a“

We can write the Jacobian matrix of partial derivatives as
#+at) = I+ A
57 ¢ )

where I is the identity matrix and the elements of the matrix A are da*/0x”. Since ot is an
infinitesimal transformation, the entries in A are small and so

det(I+A) = 1+Tr(A)+0(A%) =1+9,a"

and thus
AJd

ozt o(x+ o) = ozt +a) (14 da” + O(ag))A/d

ox?
= (9(a) + %06+ 0(a?)(1 + 50,0" +0(0?) = 9(a) + (a7 + 00%9) + O(a?)

= 5¢:%(8-a)¢+a‘8¢

(c) If we have an infinitesimal scale transformation dx* = exu, then
0-a=0y(ext) =€dl, =ed, and «a-0=extd,,

and so

0¢ = €(Ap +270,0) . (1)



(d) We have

i Y%
oL = 60'(5¢)8 qb - 6¢87d)

where we have written 9V/d¢p =V’
= A0y ¢+ 070,00 )+ 17 0:0,00° ) — APV’ — 270,V

= (A+1)9,00°¢ + %f&(@m&%) — 0.7V + (8:27)V — AV’

= 00,006~ aTV) + [A b1 ;l] (06)% + (dV — ApV)
— 0L+ [A - ‘Z;Q} (96)2 + (dV — AV

This is a total derivative under an infinitesimal scale transformation provided A = (d/2) — 1, and
dV = A¢V'. This last equation is solved by V = ¢ ¢%2 for any constant ¢, as required.

d/A = d%dQ. This is an integer for d = 3,4, 6 in which case the classically scale-invariant potentials
are

d[3]4]6

V ‘ ¢6 ‘ ¢4 ‘ ¢3

We note that these are the renormalisable potentials.



2.3 Scale invariance is not conformal invariance
Consider the following Lagrangian in four dimensions
L=Ly+ Ly, where Ly = 0y 0%, L4 = —%FWF‘“’ ,

where ¢ is a complex scalar field, ¢ is its conjugate and F, w = 0, A, — 0, A, is the field strength of
a gauge field A,,. Under conformal transformations, the fields vary as

1 -1 _ _
0 = Z(a-ﬁﬁb‘i‘ﬁg o ¢, 0¢ = 1(8'6)¢+50 o® s 0AL = €05 A+ AsOpue” .

(a) Show that
6Ly = 0y |€"(0¢ - 09) + iqbqga“(a . 6):| — %d)qgc%ﬂe” + [8067 + Or€5 — %(8 . 6)7’]0-7-:| ¢ 0 ,

hence Ly is invariant (up to a total derivative) for conformal transformations (explain why).

(b) Show that
0F,, = (04€7)Foy + (00€° ) Fyo + €705 F)y

1 1
0L 4 = 80(—160FWF“”) — % [8067 + Or€5 — 5(8 . 6)7707-] F°,F™

so again L4 is invariant (up to a total derivative) for conformal transformations.

(c) Now consider the usual interaction term (up to a factor of —ie)
Ly =A"J, where J,=(¢0.0— ¢0,0).
Show that
6y =3(0€)Ju+ €705, + J-Ou€ .
6Ly = 0,(e7A-J) + [Oreu + Oper — (0 - €)mpur| ATJH

and hence the interaction term is (classically) invariant (up to total derivatives) under both scale
transformations and special conformal transformations.

(d). Consider now the interaction term
L1 =A"K, where K, = (00,0+ ¢0.0).
Show that
6K, =10 €K, + €0, K, + K 0, + 560, (0-€) .
6Ly = 0, ("A-K) + [0rey + Oper — 5(0 - €)nur | ATKH + S99 A%(950,€7) .

Hence, this term is invariant (up to total derivatives) for conformal transformations for which
050-€™ = 0, ie for translations, rotations, scale transformations but not special conformal transfor-
mations (explain why).

This solution is included on the next page, labelled 13 from an MSc course problem set.
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3. Specialisation to d = 2

3.1 Conformal transformations in two dimensions
We have to consider the equation
Opev + 0vey = 0,(0°7 Op€r)

for each choice of indices {y, v} in Cartesian coordinates, that is for {u, v} = {z,z}, {z,y},{y, y}.

{w,v} = {z,2}:

2006, = (Opex +0yey) = Opey = Oyey

{p, v} ={z,y}:
Opey +0yex, = 0

{n, vy ={y,y}:

20pey = (Oper +0yey) =  Oyey = Opéy

If we now label the two components of € as €, = f and €, = g we see that we have the following
equations:

of 0y 0f 0y "
or 0oy’ 9y Oz
These are the Cauchy-Riemanns equations for the f and g to be the real and imaginary parts of a
complex function of z = z + iy. If we put

0 1 ,

) 0 1 )
F=f+ig, — = =(0; —10y), oF

0z 2

The equation that F' is a differentiable function of z is

0P _ (05 o\ (0 g
0_82_<6x 0y)+l<6y+8x ’

which are exactly the equations (x).



3.2 Special conformal transformations of the complex plane

We start from )
x/p, _ xﬂ B (1" )bﬂ

= 1

1-2x-b+ 222’ (1)
In complex coordinates z = x +_iy, Z=x—1iy we have XX = 2Z = ¢,z = gz, = 1/2,9.. = gzz = 0.
Hence with a* = (2, z),b* = (b, b),

;o z—(22)b o oz(l=zb) oz
- 1—(2b+2zb)+220b (1—2zb)(1—2b) 1—2zb

z

Similarly, or by complex conjugation, we get the transformation for z,

z z

Z

— _ )
T T 1— bz

If b=« +ip then
6z = dx+idy = (a+if)(z+iy)? = (a+iB) (z*—y*+2izy) = (a(z?—y*)—2Bzy)+i(B(x>—y?)+2azxy) ,
generated by Q = (a+i8)L1 + (o —iL1) = (L1 + L1) + Bi(L1 — Lq).

3.3 Mo6bius maps

A Mobius map is of the form
az+b

—>
& cz+d

The simplest way to show there is a unique map that sends v — v/, v — v/, w — w’ is to show there
is a unique map that sends u — oco,v — 1, w — 0 and then there is a unique composition that sends
u — oo — u/, ete.

Obviously to send u — co and w — 0 we must have

zZ—w
z— A

z—u
for some constant A and we choose A to send v — 1,

vV—u z—w
Z =

V—w 2 —U

A Mobius map is infinitesimal if it is close to the identity map which hasa =d =1, b=c¢ =0 and
so we require a =14+ «,d =140, b=, c =~ and get (ignoring second order terms)
az+b z+az+f

0z = ord ‘T 1451 - —z =~ (z4az4+8)(1-0—y2)—2z ~ B+(a—08)z+(—7)2? = A+B24+C2*

as required



3.4 Quasiprimary state

Let Lo|¢) = h|v) and L1[¢) = 0.

Now consider |x) = (L_2 — (3/(4h +2))L_1L_1)|¢).
Firstly, we can prove Lg|x) = (h + 2)|x)

LoL_slY) = [Lo, L-o]|¥)) + L_aLolth) = 2L_2|¢)) + hL_s[%))
= (h+2)L-2|s)
LoL_1L_al¢) = [Lo,L-1]L_1|¢) + L-1[Lo,L-1][¢)) + Lo1L—1Lo[¢))

LyL q|p) + Ly L_q|) +hL_yL_q[3)
= (h+2)L_1L_1|))
= Lolx) = (h+2)[x)-

Now we consider Li|x). We have

LiLso|y) = [L1,La][tp) + L_aLy|¢p) = 3L_2[1)) +0
= 3L_sly)
LWL L_1|Y) = [L1,L1]L_2|p) + L_1[L1,L1]|Y)) + L_1L_1L1|2))

= 2LoL_1|Y)) +2L_1Loly)) + 0
= 2[Lg, L_1]|¢)) +4L_1Lo|)
= 2L 4|Y)) + 4hL_|0)

= (4h+2)L_1[)

3 3
—L_L_ = 3L_ — (4h +2
g b L) = BLoal) - (h+2)

= 0.

= L1 (L,Q —

L_1|v)



3.5 One—, two— and three—point functions
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4. Full infinite symmetry

4.1 Conformal invariance in light-cone coordinates
Light-cone coordinates for Minkowski space are defined as 2™ =t +x,27 =t — x.

(a) The simplest way to find the metric is from the line element,

dat +dz—\? _ dazt — dz—\?
2 2
= dotdz” =ny daetde 4+ 20, datde +9__dz da,

ds? = N da! dz¥ = de? — d?%2?% = <

from which we can read off that ny .y =n__ =0,n4_ =n_4 = % so that
0 3 0 2
n = (1 2> ) 77!“/ = ( > .
w 5 0 20
(b) We first find
T, =T " +T _=nt"T_ 4 +n Ty =4T;_=0.
Next,
8”TU+ - “”8MT,,+ == 28+T7+ + 287T++ == 287T++ - O 3
and finally

8VTV_ = n””@uT,,_ = 28+T__ + 28_T+_ = 28+T__ =0 y
(c) Finally, we use the chain rule

0 Ozt Ox~ 0 oxt ox~
o o T e T OO = Ot

ox ox
to re-write

=0, —0_,

d/oo (f@) Ty +g(a™)T--) da

<9
T

T (s 00) (@ Tes + 97T ) da

(F@*) Tt + g(a)T) da

Il
— =

83

[0+ (F@)Tus) + 0_(g(a)T__)] da

|
8

04 = ) @HTir) + (0= = 0:)(9l)T-)] da
< 9

o [f@) Ty —g(z7)T-—] dz

Il
O\\g\\

where we repeatedly used

- (f(@")Thy) =0, 94 (f(z7)T--)=0.



4.2 Highest weight states

To show that Lii) = 0 and L9t = 0 implies L,,|¢) = 0 for all m > 0.
We have [Ly,, L1] = (m — 1)Ly,41, or
Ly, = 7[[/7%—17-[/1] m>2,

and hence

2

This allows us to prove the result by induction.

Suppose that Ly|y) =0forp=1,...,m—1withm > 3, then L,[¢) = ﬁ (Ly—1L1]t) — L1 Ly—1|0)) =
0

L) = 5 (Ema Talt) = Ia L a4))

However, by assumption L;|y) = La|y)) = 0.
Hence L) =0 for all p > 1.



5. Brute Force

5.1 Determinant

This was not asekd for, but just for the record thuis is how to work out the matrix Ms.
Let |h) be a primary state of weight h and we normalised it as (h||h) = 1.
The space of descendants at level 2 is two dimensional with basis states

We can calculate their overlaps,

(h|LoL_s|h) =

(h|LoL_1L_i|h) =

(h|LiL1L_olh) =
(h|LiL1L_1L_1|h) =

L_slh), L_1L_1]h),

(h|L_oLa + [La, L_2]|h)

(hl(4Lo + 3)Ih) (using La|h) = 0)

(4h+ 5)(hlR) = (4h + 3)

<h|L_1L_1L2 + [LQ, L_1]L_1 + L_l[LQ, L_l]‘h>

<h|0 +3L1L_1 + L_1(3L1)’h>

(h|3L_1Ly + 3[L1, L_1] + 0]h)

(h|0 + 6Lo|h) = Gh

((h|LoL_1L_1|h))T = 6h

(hWLy(L_yL 1Ly + [L1, L)L + L_1[L1, L_1])|h)
(h|L1(0+2LoL—1 + L-1(2Lo))|h)

(L1 (2(h + 1)Ly +2hL_1)[h) = (4h + 2)(h| Ly Ly |h)
(4h + 2)(h|L_1 Ly + 2Lo|h) = 2h(4h + 2) = 4h(2h + 1)

This means the matrix of inner products is

My — det (4h(2h+1) 6h >

6h 4h +c/2
Now we calculate:

(h — hi2)(h — ha1)

= 4h(2h + 1)(4h + ¢/2) — 36h* = 32h(h® + hc + ¢/16 — 5h/8)

- (L) 0-[F-2))

R

4 41 16 8 8t

13—6t—6/t 5\ 13—6t—6/t

= pZypl=—=""_ A
* < 8 8>+ 16

= h%+h(c/8—5/8) +c/16.

where we used ¢ = 13 — 6t — 6/t. So, in total, since hi; =0,

det(MQ) =32 (h — hu) (h — hlg) (h — hzl) .



We have
13+ct+/(1—-¢)(25—-¢)

6
c:13—6t—¥ =1=
This means that ¢ is complex if 1 < ¢ < 15, in fact it will be a pure phase, t = exp(if) so that
c=13—12cosf .

Correspondingly, the only real values of h,s; will be when ¢ appears symmetrically. We have

2 2 2, .2 2 .2
re =1 (s*=1)t rs—1 ro+s"—2 ré— 5% | rs—1
hps = m + 1 -y = 5 cosf + 5 sinf — 5

This is only real for positive r and s if r = s and so the only vanishing curves in the region 1 < ¢ < 25

are
r?—1 1y -1 -1 r?—1
h=h.,= 1 <t+t>_ 5 = 3 (cosf —1) = o1 (1—c¢)

which are straight lines.




6. Differential equations
6.1 Singular vectors

We have to find the conditions under which |¢) = (L_a2L_2 —(3/5)L_4)|0) is a highest weight state.
We check

Lig) = Li(LosL y— L 4)|0)

5
3 3
= (L—2L—2Ly +[L1,Lo]L_g+ L_o[L1, L] — gL-al-1- g[Ll, L_4])[0)
3
= (0+3L41L_9+3LoL_1—-0-— 5(5L_3))\O>
(3L_oL_1 + 3[L_1, L_Q} +0—3L_3)|0)
= (04+3L_1 —3L_1)[0)
=0
and so we see that |¢) is always a quasi-primary state.
We only have now to check
3
Lo|¢) = Lo(L2L_5— gL—4)|0>
3 3
= (LoL oLy + Ly, L o]L o+ L o[La, L o] — gL—4L2 — E[LQ’ L_4])[0)
c c 18
= (0+ Lo+ )La+ Lo(dLo+5) = 0= —L)[0)
18
= B+e—P)Ll0)
22

= (Z+9L2)

so that |¢) is a highest weight state when ¢ = —22/5.
This is the central charge of the Lee-Yang model, the minimal model with ¢ = 2/5.

7. Recursion relations

7.1 For discussion in the live lecture.



8. AGT: an exact formula

8.1 Liouville theory
The standard parametrisation of ¢ and h is
c=1+46Q%, h=a(Q—-a), Q=b+1/b.
If b is real then we can put b = +e* and so Q = +2coshu and ¢ = 1 + 24 cosh? u > 25.
If b is pure imaginary then we can put b = +ie’ and so Q = £2isinhv and ¢ = 1 — 24sinh? v < 1.
If a = Q/2+iP then h = a(Q — ) = (Q/2+iP)(Q/2 — iP) = Q*/4+ P? = &1 + P2

This means that there are no null states in any of the representations which occur in (real-coupling)
Liouville theory.

9. “Old” Conformal Bootstrap
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We wse 7= (L—v,- % L l:‘\) oY

17 | !
s = (ot~ Bt o) i

¥
5 <olemey = ( —(Qf, —_‘;L(%X‘)gﬂ golatnls

) %(, go\o()\e7 =0

= g5\ 0‘(‘3\5—720.

Now  <h|\ o) \wy= {(Ti‘\") - %(;[\%—k)(i'k\} <h\s o7
[-gemr (22 (G -3 [awon
= mFnlh-g) glsiyiey

T ca,\gvsﬂxa be um 7Zeo ,{) h=0 ov L‘c\/?.-
TCW-\& ov.L-\'&L‘huo ot &M\-Q&;v- o 'Katf}z.u(,‘ -ﬁ,c:\{L




Lee-Yang

Here we calculate the structure constant Cy4e in the Lee-Yang model.
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10. “New” Conformal Bootstrap

For discussion in the live lecture.



