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5CCP2332

SECTION A

Answer SECTION A in an answer book. Answer as many parts
of this section as you wish. Your total mark for this section will
be capped at 40.

1.1 If Sis aset, and p,q € S are related by relation x and we write p X q.
Describe reflexive, transitive and symmetric relations between objects in the
set S.

[% marks|B

1.2 Let H be a subgroup of group G. Define the index of H in G.
[% marks|B

1.3 Consider the Klein four-group V, with elements {e, a, b, ¢} where e is the
identity, and the group laws are given by ab = ¢, a®> = b? = ¢ = e. Construct
the multiplication table for V.

How many proper subgroups are there in V,?
[5 marks|B

1.4 The Methane molecule CH, is made out of 4 hydrogen atoms H bonded
to a central carbon C atom. Due to inter-atomic forces, the hydrogen atoms
are equidistant from each other, and individually equidistant from the central
carbon atom. The symmetry group of Methane is the set of operations which
leave the molecular configuration invariant. What is the symmetry group of
Methane? Explain your answer with the help of an illustration.

[5 marks|UP

QUESTION CONTINUES ON NEXT PAGE
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1.5 Let Z be the set of all integers, and x be a binary operator between
elements of Z, such that

axb=2-a-b, a,bel,
where the dot operator - denotes usual multiplication.

Determine whether
(i) % is commutative,
(ii) * is associative,
(iii) an identity exists (find it if it does).
[4 marks|UP

1.6 The symmetry group of the pentagon is described by the Dihedral group
Ds. This group is generated by two generators, a rotation operator R such
that R® = e and an operator m. Let U be a 2 x 2 representation for Ds, with

o= () e ) o= (] 5): 0

Show that the representations for the reflection operators m; are given by

0 62(j—1)7ri/5 )

U(m;) = ( e—2Gi—1)mi/5 0 (2)

where m; = m.
[5 marks|UP

1.7 Consider the following differential equation

dz? dr — 2x3y

Suppose the coordinate x undergoes a dilatation z — az’ for a # 0. Find
the corresponding transformation for y which leaves the equation invariant.
[5 marks|P

SEE NEXT PAGE
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Solution 1.1 Let S be a set, and a,b,c € S

e Reflexive: if a x a for every a € S
e Symmetric: if a x b then b x a for a,b € S

e Transitive: if a x b, and b X ¢ then a x ¢ for a,b,c € S.

Solution 1.2 The index of H in G is the number of distinct left cosets
gHVg € G.
Solution 1.3

There are 3 order 2 proper subgroups {e, a}, {e,b} and {e, c}.

Solution 1.4

Methane looks like a tetrahedral where the hydrogens are at the vertices,
and the carbon is in the centroid. The molecule is symmetric under any
permutations of the hydrogen atoms, and hence is Sy (i.e. permutation group
of 4 elements).

Solution 1.5

(i) a* b= 2ab = 2ba = b+ a, commutative

(i) (@ *b) * ¢ = 4abc = a x (b* ¢), associative

(iii) Suppose e is the identity, then e xa = a. But e x a = 2ea = a and
hence e = 1/2 ¢ 7Z. Identity does not exist.

Solution 1.6

Recall that the reflection operators are generated by m; = R/~'m (taught
in class, but a clever student can figure this out), and since U(R) is a diagonal
matrix, taking the power of the matrices simply mean taking the power of
the diagonal elements. Matrix multiplication yields the required answer.

Solution 1.7

Let y = by, we get

d*y' dy 1
ba?’x’f’%‘% — ba?’x'A‘d—i, + 2(ba®) 19(:Ty =0

hence b = a73.

SEE NEXT PAGE
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SECTION B - Answer ONE question
Answer section B in an answer book
2
(i)

Consider a matrix group G whose elements M € G are given by

[ 1+a b
M(“’b”)—( c (1+bc)/(1—|—a)> (4)

where a, b, c € R are the parameters of the group.

(a) Show that G is the Lie group SL(2,R).
[2 marks|B

(b) Describe what it means for f(x) to be an analytic function in its domain?
[2 marks|B

(c) By expanding around the identity, show that the elements of the Lie
algebra sl(2,R) are given by

(2 h) e (80) (1)

[6 marks]U

(d) Find the structure constant(s) for this algebra.
[6 marks|U

QUESTION CONTINUES ON NEXT PAGE
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(i)
The motion of a point particle of mass m traveling under the influence of a

potential V' (x) which depends on the position x (in 1 dimension) is described
by Newton’s equation of motion

Az dv
M = (6)

Cdx
Consider the following transformations on both the time and space coordi-
nates
r— fa’, t =t (7)

where §,y € Rand 8 # 0,7 # 0.

Under these coordinate transformations, the potential transforms as
V(z) = V(Ba') = gV ('), (8)

where k is a real constant which depends on the exact form of the potential.

(a) Show that Newton’s equation of motion is invariant under these trans-
formations if 327Fy=2 = 1.
[3 marks]U

(b) Consider the momentum of the particle given by p = mi. Determine
how V(x) would transform (by finding k) such that the momentum of the
particle is a constant of motion.

[% marks|U

(c) Consider the special case of a particle falling under a local gravitational
field
V(z) = mgx 9)

where ¢ is the gravitational constant. What is k& for this potential? Argue
that under this potential, the distance traveled by a particle is proportional
to the square of the time elapsed.

[4 marks]U
QUESTION CONTINUES ON NEXT PAGE
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(d) Finally, consider the special case of a particle in a quadratic potential
(i.e. a Harmonic oscillator)

V(z) = %qu (10)

where ¢ is a constant. What is k for this potential? Use this result to argue
Hooke’s Law, i.e. the oscillation period w is independent of the physical size
of the oscillation.

[4 marks|U

SEE NEXT PAGE
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Solution

()

(a) Since a,b, ¢ € R and the matrix is 2 x 2, it is a linear group. It’s easy
to show that det(M) = 1, and hence the group is SL(2, R).

(b) An analytic function is an infinitely differentiable (C' ) function whose
Taylor series around a point zy converges to f(zq) for xy within its domain.

(c) The identity is given by parameters a = 0,b = 0,c = 0. By expanding
around the identity, we get

oM (1 0 )
Xy = — = (11)
9 |,_p—0,c—0 0 -1
oM 0 1
x, = M _ ( ) (12)
db a=0,b=0,c=0 00
oM ( 0 0 )
X.= — = (13)
9 {40 4=0,0=0 10

(d) We can compute (some tedious time consuming algebra for the student
without mathematica help, but this is compensated by the almost algebra-
less part (ii), pun unintended)

[meb]:(g g) , [Xa,XC]:<_02 8) , [Xb,Xc]I((l) _01)

(14)
Then using [X;, X;] = C; X} (summing over k), we find that C, = 2,05, =
—2, C¢. =1 and everything else is zero.
(i)

(a) Simple substitution gets us Sy~ 2d%2’/dt’* = —p*1dV/dz', hence
B%*~=2 = 1 is the condition to leave the equation invariant.

(b) Taking time derivative dp/dt = mi = —dV/dz. 1f dp/dt = 0 this
means that dV/dz = 0. Straight integration tells us that V' = constant for p
to be a constant of motion, hence k = 0.

(c) V(Ba') = Bmgz’, hence k = 1. This gives us 8 = 7?. This means that
the distance traveled distance (scaling like ) is proportional to the square
of the time elasped which scales as 2.



(d) Here k = 2. This gives us 72 = %, i.e. the time does not scale with
physical distanace, hence the since frequency w o 1/¢, and this means that
the oscillation period is independent of time.

QUESTION CONTINUES ON NEXT PAGE
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3.

(1)
Let D be a 2 x 2 representation of the order 3 cyclic group Z3 generated by
a such that

D(e):<(1) (1)) ,D<a)=%(__¢1§ ?) ’DW):%(% f())
15

where z,y € R.
(a) Find z and y.
[2 marks|UP

(b) Calculate the characters y of this representation. Prove that the repre-
sentation above is reducible. You may use any theorems without proof.
[4 marks|UP

(c) Show that Z3 is abelian, and hence deduce its total number of irreps and
their dimensionalities. You may use any theorems without proof.
[4 marks|UP

(d) Let T : Z3 — C and U : Z3 — C be two inequivalent and non-trivial
1-dimensional representations of Z3. Find T and U.

(Hint: You may find the following relations useful

¢ = cos® +isinf , 1 =™ (16)

where n is an integer.)
[4 marks]U
(e) Show that D =U @ T.

(Hint: Any reducible representation can be decomposed into its irreps by using
the formula

1 mx

where X' are the characters of the m-th irrep.)
[4 marks|U
QUESTION CONTINUES ON NEXT PAGE
SEE NEXT PAGE
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(i)
Consider a finite order group G whose group order |G| > 2. Let g € G, and

suppose ¢g¥ = e, then the minimum k is called the order of g and denoted
9] = k.

(a) Prove that an element, other than the identity, whose inverse is itself (i.e.
g = g~') must have order 2.
[2 marks|]UP

(b) Prove that the order of any element g € G is also the order of its inverse
g~'. Le. prove that |g| = |¢7'|.
[5 marks|U

(c) Given (a) and (b) above, prove that all even order groups G (i.e. |G| = 2n
where n is an integer) must possess an order 2 element.
[5 marks]U

FINAL PAGE
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Solution

()

(a) Using D(a®) = D(e) = D(a)D(a*) =1, we get z =y = —1.

(b) The characters are x(D(e)) = 2, x(D(a)) = x(D(a?)) = —1 (simply
take traces). By using the theorem that >, x? = |G| for irreps, we see that
here >~ x7 = 2%+ (1) + (—1)*> = 6 > 3 hence D is a reducible rep.

(c) It is easy show that ab = ba by direct calculation. Since it is abelian,
the number of conjugacy classes is equal the order of the group 3, and hence
the number of irreps must be equal to 3 (Burnside). Using > n2, = |G]
(where n,, is the dim of irrep m) the only possible solution is that all the
three irreps are dimension 1.

(d) Using U(a®) = U(a)U(a)U(a) = U(e) = 1, and setting z = U(a), we
have 2% = 1 and hence z = e?*™/3, The two inequivalent representations are
given by n =1 and n = —1. Thus

T — {17 €2m/3,64m/3} 7 U = {1767271*1'/3’674#1'/3} (18)

(e) Since U and T (and the trivial rep V' = {1,1,1}) are 1-D irreps, the
elements are their own characters. Straightforward plugging yields

1
av=32-1-1)=0 (19)
1 , A
ar = 5(2 _ 6—27”/3 _ 6—471’1/3) -1 (20)
1 ) )
ay = 5(2 . 627”/3 o 647T’L/3) -1 (21)

and thus D=a, - V®ay -UDar- T=UT.

(i)

(a) If g = g~! then g*> = e, and hence it is order 2.

(b) First note the following equalities: (¢*)™! = g% = (¢~ 1)*. Now let k
be the order of g, i.e. ¢* = e, so by taking the inverse of both sides we
get(g71)* = e7! = e. Hence |g7!| < |g|. Note the inequality because ¢! can
have a lower order than g (the importance of minimum in th definition of
order) since the last equality could also imply that |g| = n|g~!| where n is an
integer. To complete that proof, we go “the other way”, i.e. (¢71)* = e and

12



hence taking the inverse of both sides again ((g71)*) ' =e ! or g8 =e1 =
e, implying |g| < |¢g7!|. Putting both iequalities together, we get |g| = |g7}|.
(c) The identity is its own inverse, so that leaves an odd number of elements
left to be accounted for. Now, using (b) above, for |g| > 2 we can pair off
with its inverse |g~!| > 2. This leaves one element left, and the group axioms

imply that it must has an inverse, so it must be its own inverse. Using (a)
above, this last element is order 2.

FINAL PAGE
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