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Week 7+8

(1) The Ricci Tensor is the contraction of the 1st and 3rd indices of the Riemann Tensor

Rµν = gρσRρµσν . (1)

Use the result you computed in Homework 3, Problem 2, to show that the Ricci Tensor is symmetric

under the interchange of its two indices, i.e.

Rµν = Rνµ. (2)

(2) The Weyl tensor is given by

Cρσµν = Rρσµν −
1

d− 2
(gρµRνσ − gρνRµσ − gσµRνρ + gσνRµρ)

+
1

(d− 1)(d− 2)
(gρµgνσ − gρνgµσ)R. (3)

Check that the Weyl tensor has exactly the same symmetries of the Riemann tensor (shown in Question

2(iii) of Homework 3). Show explicitly that all the contractions of the Weyl Tensor vanish, i.e.

gρσCρσµν = gρµCρσµν = gρνCρσµν = gσµCρσµν = gσνCρσµν = gµνCρσµν = 0 (4)

(Hint : use the symmetries of the Riemann Tensor you computed in Homework 3, Problem 2, to calculate

the contraction of the Riemann tensor.)

(3) Compute the Ricci scalar for the metric in Homework 3, Problems 7 and 8.

(4) (Physical interpretation of the Ricci Scalar). In class, we argued that, for the Euclidean

2-Sphere S2, the Ricci scalar at point x, R(x), is given by

R(x) = lim
r→0

πr2 −A(x, r)

24πr4
(5)

where A(x, r) is the area on the sphere enclosed by a circle on the sphere of length r. We will now derive

this formula. Since the sphere is spherically symmetric (doh), every point is on the sphere is the same so

we can drop x from our formula.

(i) Consider a 2-sphere with radius of curvature R, i.e. the radius from the origin O to the sphere when

embedded in 3-D Euclidean space. Let p be a point on the sphere, and r be the length of an arc from p

to a circle. Let r � R, and hence the angle subtended at O by p and a point on the circle is r/R. Show

that the area A enclosed by the circle on the surface of the sphere is given by

A(r) = 2πR2(1− cos(r/R)). (6)

(ii) The area of a disk of radius r is given by πr2. Hence show that, up to the next non-vanishing order

in r, the formula

lim
r→0

πr2 −A(r)

24πr4
=

1

288R2
+O(r2/R4). (7)
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(iii) The metric for the 2-sphere is given by in the coordinate basis of (θ, φ) is given by

ds2 = R2dθ2 +R2 sin2 θdφ2. (8)

Compute the Riemann tensor and hence the Ricci scalar for this metric (don’t forget to use the symmetries

of the Riemann tensor to save work). Compare this result to the result you obtained in (ii). (Note that

you can ignore any overall normalization factors between the two results).

(5) Using the Bianchi Identity, derive the Contracted Bianchi Identity

∇µGµν = 0. (9)

(6) The metric perturbation hµν is defined such that

gµν = ηµν + hµν , |hµν | � 1 (10)

in the Cartesian coordinates basis, where ηµν = diag(−1, 1, 1, 1). Given that gµρgρν = δµν show that

gµν = ηµν − ηµρηνσhρσ +O(hµν)2. (11)

By defining hµν ≡ ηµρηνσhρσ, we can hence write gµν = ηµν − hµν to first order in h.

(7) For an n-dim maximally symmetric spacetime, the Riemann tensor is given by

Rρσµν =
K

n(n− 1)
(gρµgσν − gρνgσµ). (12)

(i) Calculate the Ricci Tensor and Ricci Scalar for this Riemann tensor.

(ii) Consider the metric for the 2-sphere in Question 4. Show that the metric is maximally symmetric,

and, by a suitable scale transformation, K = 1.

(8) The Robertson-Walker metric is given by

gµνdxµdxν = −dt2 + a2(t)

(
dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2)

)
= −dt2 + a2(t)γijdx

idxj . (13)

(i) Calculate the inverse 3-metric γij = (γij)
−1 and show that γijγjk = δik.

(ii) Compute the Christoffel symbols for the metric. (Hint: use the result in (i) to save work.)

(iii) Compute the Riemann Tensor, the Ricci Tensor and the Ricci Scalar for this metric. Again, use (i)

to save work.

(iv) Consider the energy momentum of a co-moving perfect fluid with energy ρ and pressure P

Tµν = (ρ+ P )uµuν + Pgµν . (14)

State what is uµ for the co-moving perfect fluid, and hence derive the Friedman equations for ȧ/a and

ä/a.

(v) Consider a particle of mass m, with momentum Pµ = (E, a−1pi) where E is the energy and pi is the

3-momentum respectively. Let Pµ be homogenous, i.e. ∂iP
µ = 0, then by using the geodesic equation,

show that

EĖ = −γijpipj
ȧ

a
, (15)

and hence argue that for massless m = 0 particles, the energy E ∝ a−1, i.e. the energy redshifts as the

universe expands.
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(vi) Consider a group of co-moving observers, such that their geodesics are given by the curves xµ =

(τ, 0, 0, 0) where τ is some affine parameter. Calculate their tangent vector Tµ = dxµ/dτ and hence show

that the expansion

θ ≡ ∇µTµ = 3H (16)

where H = ȧ/a is the Hubble parameter.

(9) Show that for Minkowski space, i.e. ηµν = (−1, 1, 1, 1) in the Cartesian basis, the Riemann tensor

identically vanishes, and hence the Einstein tensor also vanishes. Argue that Minkowski space is a solution

to the Einstein equation in empty space.

(10) Let Tµ be the tangent field to timelike congruence of geodesics such that TµTµ = −1. The deviation

tensor is defined by

Bµν ≡ ∇νTµ. (17)

Show that Bµν is orthogonal to Tµ, i.e. TµBµν = T νBµν = 0.
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