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Abstract The Gross-Stark conjecture gives a precise description of the leading term
of a p-adic L-function at s = 0. It was proven in [DDP11], [Ven] and [DKV18]. We give
an introduction to the conjecture and a survey of the article [DDP11].
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1 Introduction

L-functions are a central object of study in modern number theory. They were origin-
ally invented by Dirichlet to prove the prime number theorem (“primes in arithmetic
progressions”), the proof of which crucially relies on the fact that a Dirichlet L-function
associated to a non-trivial Dirichlet character is non-zero when evaluated at s = 1.

Similarly, the idea behind Stark’s proof in [Sta67] of Gauss’s conjecture that there are
exactly 9 imaginary quadratic fields of class number 1 is evaluating a certain L-function
at s = 1 in two ways. Stark therefore wondered if it is possible to evaluate a general
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2 2 The Gross-Stark Conjecture

Artin L-series at s = 1 and subsequently developed a conjecture concerning these in
a series of seminal papers ([Sta71], [Sta75], [Sta76] and [Sta80]). He also realised that
easier, but equivalent by the functional equation, is determining the leading term at
s = 0 and so Stark’s conjecture is now usually stated as a conjecture concerning the
leading term at s = 0.1

Some time later, once Deligne-Ribet [DR80] and, independently, Cassou-Noguès [CN79]
and Barsky [Bar78] constructed p-adic L-functions, Gross [Gro81] and Serre [Ser78] con-
jectured analoguous formulas for the values at s = 0 and s = 1, respectively, of these.
Note that p-adic L-functions do not admit a functional equation, therefore these two
conjectures are, unlike in the global case, distinct.

Gross’s conjecture, usually referred to as the Gross-Stark conjecture, was proven in
the rank 1 case assuming Leopoldt’s conjecture and a technical condition by Dasgupta-
Darmon-Pollack [DDP11]. Both of these assumptions have later been removed by Ven-
tullo in [Ven]. The general case of arbitrary rank was settled by Dasgupta-Kakde-
Ventullo [DKV18].

The content of this article is now organised as follows: After recalling Stark’s (abelian)
conjecture and the (abelian) Gross-Stark conjecture we give an account of the ideas
that contribute to the proof of Gross-Stark in [DDP11], [Ven] and [DKV18]. The basic
strategy is Ribet’s method of constructing a cohomology class using modular forms
that originated in Ribet’s proof of the Herbrand-Ribet theorem [Rib76] and was later
used by Mazur and Wiles to prove the Iwasawa Main conjecture for totally real fields
([MW84] and [Wil90]). We will focus on outlining the proof in [DDP11]. Thus, we
shall give a cohomological interpretation of Gross’s regulator in Chapter 3 and this
way reduce the proof to the construction of a suitable cohomology class. In Chapter 4
we will describe the construction of a certain Hida family that Λ-adically interpolates
a suitable family of Hilbert modular forms. The construction of the cohomology class
needed to conclude the proof is then sketched in Chapter 5.

Notation We adopt the convention for extension of scalars to write, for example, CA
instead of C⊗Z A, where A is an abelian group.

Acknowledgment I am indebtful to Mahesh Kakde for his supervision on this mini-
project. I also wish to thank Alex Daoud, Martin Hofer, Matthew Honnor and Pascal
Stucky for helpful comments on an early version of this document.

2 The Gross-Stark Conjecture

We begin by reviewing Stark’s conjecture and subsequently use the same ideas involved
in its formulation to obtain a p-adic analogue, namely the Gross-Stark conjecture.

1For a more detailed account on Stark’s motivation see [Sta11].
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2.1 L-functions and Stark’s conjecture

Conventions on characters Let K be a number field with absolute Galois group GK,
and χ : GK → Q

×
a continuous character. Such a character can also be thought of as

a character on the group F(K) of fractional ideals of K in the following way. Let L
denote the cyclic extension cut out by χ, i. e. the fixed field of ker χ. Class field theory
therefore gives a surjection

cl(f)→ Gal(L|K), p 7→ Frobp,

where f denotes the conductor of L|K and cl(f) is the (narrow) ray class group of K
modulo f. We can now define

χ : F(K)→ Q
×

, p 7→
{

χ(Frobp) if p - f,
0 if p | f.

and say that χ is a ray class character modulo f (or has modulus f). These two ways of
viewing χ will be used interchangeably.

If E is a field containing the values of χ, then we let E(χ) be the one-dimensional
E-vector space on which GK acts as multiplication by χ.

Artin L-functions Fix an embedding Q ↪→ C. This allows us to view the character χ

as taking values in C×.

2.1 Definition. Let S be a finite set of places of K that includes the set S∞ of infinite
places. The S-truncated L-function associated to χ is defined as

LS(χ, s) = ∏
p 6∈S

(1− χ(p)Np−s)−1

for a complex variable s satisfying Re s > 1. This gives a holomorphic function that
has a meromorphic continuation to the whole complex plane which we will also denote
by LS(χ, s), in case S = S∞ this notation is shortened to L(χ, s). It is well known that
LS(χ, s) is in fact an entire function if χ is non-trivial, and holomorphic on C \ {1} with
a pole at s = 1 if χ = 1.

2.2 Remark. Let rS(χ) denote the order of vanishing of LS(χ, s) at s = 0. Then

rS(χ) =

{
|S| − 1 if χ = 1,

|{v ∈ S | χ(Gv) = 1}| if χ 6= 1,

where Gv ⊆ GK denotes a choice of decomposition group at v. If SL denotes the set of
places of L lying above the places in S and O×L,SL

the group of SL-units of L, then one
also has that

rS(χ) = dimC eχCO×L,SL
,

where eχ = 1
|G| ∑σ∈G χ(σ)σ−1 is the usual idempotent (see [Tat84, Proposition I.3.4]).
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Stark’s regulator In this paragraph we quickly recall Stark’s conjecture. We only give
as much details as are needed to see the analogy with the Gross-Stark conjecture. For a
more extensive treatment the reader is referred to, for example, Tate’s influential book
[Tat84].

For a place w of L we write Lw for the completion of L at w and normalise the
corresponding absolute value ‖ · ‖w : Lw → R≥0 in the following way:

|x|w =


sgn(x) · x if Lw = R,

x · x if Lw = C,

Nw−ordw(x) if w is finite.

Let YS =
⊕

w∈SL
wZ be the free abelian group on SL and define the subgroup XS ⊆ YS

by means of the exact sequence

0 XS YS Z 0,
deg

where deg denotes the augmentation map ∑w∈SL
aww 7→ ∑w∈SL

aw. As a consequence
of the product formula the image of the regulator map

λS : CO×L,SL
→ CYS, a 7→ − ∑

w∈SL

log |a|w · w,

is actually contained in CXS. Dirichlet’s unit theorem states that the resulting map

λS : CO×L,SL
→ CXS

is actually an isomorphism of C[Gal(L|K)]-modules. Considering CXS and CO×L,SL
as

complex representations of Gal(L|K) one finds that these have to be already isomorphic
over Q, i. e. there exists a (non-canonical) isomorphism f : QXS → QO×L,SL

. Complexi-
fying thus gives an isomorphism f : CXS → CO×L,SL

.

2.3 Definition. Let F be a number field that contains the values of χ. The determinant

R(χ) = det
(

λ ◦ f | (C(χ)⊗Z XS)
Gal(L|K)

)
= det

(
λ ◦ f | eχ−1(F · XS)

)
∈ F×

is called Stark’s regulator.

2.4 Conjecture (Stark). Put rS(χ) = r for notational simplicity. Then there exists a
number aS(χ) ∈ F such that

1
r! L(r)

S (χ, 0) = RS(χ) · aS(χ).

2.5 Remark. The validity of this conjecture does not depend on the choice of isomorph-
ism f (see [Tat84, p. I.6.2]) or set of places S ⊇ S∞ (see [Tat84, Proposition I.7.3]).
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2.2 p-adic L-functions and the Gross-Stark Conjecture

Let now p be a prime number and fix an embedding Q ⊆ Cp, so we can regard χ as tak-
ing values in Cp. In order to define a p-adic L-function we cannot use an Euler product
as in Definition 2.1 as such an expression would not converge p-adically. Instead one
strives to find a p-adic function interpolating the values of LS(χ, s) at negative integers
s, a dense subset of Zp.

2.6 Theorem. Suppose that S contains both S∞ and the set Sp of all primes of K that
divide p. Then there exists a unique meromorphic function

Lp,S(χ, ·) : Zp → Cp

such that
LS(χ, n) = Lp,S(χωn−1, n) for every integer n ≤ 0,

where ω : GK → Z×p denotes the Teichmüller character.

It follows from parity considerations using the functional equation of the L-function
that Lp,S(χω, s) is the zero function unless K is totally real and χ is totally odd. The
latter notion means the following:

An element σ ∈ GK is called a conjugation for K if it generates the decomposition
group of a place w of Q the restriction of which to K is real. The character χ is called
totally odd if χ(σ) = −1 for every such conjugation σ ∈ GK. Equivalently, when
viewing χ as a character on ideals modulo f, we can define the sign of χ as the tuple
r = (rσ)σ∈Hom(K,R) ∈ {0, 1}|Hom(K,R)| satisfying

χ(aOK) = ∏
σ∈Hom(K,R)

sgn(σa)rσ for a ≡ 1 mod f,

and then define the character χ to be totally odd if r = (1, . . . , 1).

Assume for the remainder of the article that K is totally real and χ totally odd.

Gross’s p-adic Regulator In his paper [Gro81] Gross develops a theory of absolute
values taking values in Qp and of a p-adic regulator map paralleling the classical theory
of absolute values and of Stark’s regulator.

2.7 Definition. For every finite place w of L we define the p-adic absolute value associ-
ated to w as the map

| · |w,p : L×w → Z×p , x 7→
{
(NLw|Qp x)(Nw)−w(x) if w | p,

(Nw)−w(x) if w - p

and in the case of a infinite place w we set

|x|w,p =

{
1 if Lw = C,

sgn x if Lw = R.

It is not hard to show that a product formula holds for these values, that is

∏
w
|x|w,p = 1 for every x ∈ L×.
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2.8 Remark. These p-adic absolute values behave different than the usual ones. Unlike
the classical case, |x|w,p = 1 for all places w does not necessarily imply that x is a
root of unity as there might exist totally positive units. To retrieve this property of the
usual absolute values, we will therefore restrict most of the remaining discussion to the
subgroup

(L×)− = {x ∈ L× | ∀w | ∞ : |x|w,p = 1}

on which it is still true that |x|w,p = 1 for all places w implies that x is a root of
unity (see Proposition 1.11 of [Gro81] and the discussion preceding that Proposition).
Equivalently, if c ∈ GK denotes complex conjugation, then

(L×)− = {x ∈ L× | c(x) = −x}

is just the minus eigenspace of L×. We also set (O×L,SL
)− = O×L,SL

∩ (L×)−.

In parallel to the classical Dirichlet regulator from above, Gross’s p-adic regulator is
defined as

λp,S : (O×L,SL
)− → QpYS, x 7→ − ∑

w∈SL

logp |x|w,pw

and also, due to the respective product formula and L being totally imaginary, actually
takes values in QpX−S\S∞

, where X−S\S∞
is the minus eigenspace of complex conjugation

c acting on XS\S∞
.

However, in contrast to the classical setting we do not know whether the induced map
λp,S : Cp(O×L,SL

)− → CpX−S\S∞
is an isomorphism. To measure the extent of λp,S failing to

be an isomorphism (on χ-components), we compose λp,S with a suitable isomorphism
CpX−S\S∞

→ Cp(O×L,SL
)− to obtain an endomorphism we can take the determinant of. A

convenient choice of such an isomorphism is the inverse of

op : Qp(O×L,SL
)− → QpX−S\S∞

, x 7→ ∑
w∈SL\S∞,L

ordw(x) · w.

This map is indeed an isomorphism by Remark 2.8. We can therefore make the follow-
ing

2.9 Definition. Let E be a finite extension of Qp containing the values of χ. The number

Rp,S(χ) = det
(

λp,S ◦ o−1
p | (Cp(χ)⊗CpX−S\S∞

)Gal(L|K)
)

= det(λp,S ◦ o−1
p | eχ−1(E · XS\S∞

)) ∈ E

is called Gross’s regulator.

2.10 Conjecture (Gross). Put r = ords=0Lp,S(χω, s). Then

(a) r = ords=0LS(χ, s),

(b) 1
r! L(r)

p,S(χω, 0) = Rp,S(χ) · L(χ, 0) · ∏
p∈S

χ(p) 6=1

(1− χ(p)).

2.11 Remark. (a) Note that the relevant case of Stark’s conjecture is actually known.
Indeed, since χ is totally odd we have rS∞(χ) = 0 (in particular, L(χ, 0) 6= 0) and
so Stark’s conjecture follows from Proposition I.7.3 and Theorem III.1.2 of [Tat84].
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(b) Part (b) of the conjecture has been solved by Dasgupta, Kakde and Ventullo in
[DKV18]. Regarding part (a), it is shown in [Ven, Lemma 3.4.1] that the inequality

ords=0Lp,S(χω, s) ≥ ords=0LS(χ, s)

follows from Wiles’s proof of the Iwasawa Main Conjecture, at least for odd p.
Since part (b) of the conjecture is now a theorem, part (a) is reduced to showing
that Rp(χ) 6= 0. Gross showed that for ords=0 LS(χ, s) ≤ 1 in [Gro81, Proposition
2.13] using Brumer’s p-adic analogue of Baker’s Theorem.

(c) There is also a non-abelian version of Conjecture 2.10. However, using Brauer
induction (and the result of Dasgupta, Kakde and Ventullo) the validity of the
non-abelian Gross-Stark Conjecture can be reduced to part (a) of (the abelian)
Conjecture 2.10, see [Bur, Remark 2.2 and Theorem 2.6].

(d) It is shown in [BKS17, Theorem 4.9] that the Gross-Stark Conjecture can be con-
sidered as a special case of an Iwasawa-theoretic version of the Mazur-Rubin-Sano
Conjecture.

2.12 Lemma. Let S and S′ be finite sets of places of K, both containing the set S∞ of
infinite places and the set Sp of places dividing p. Then Conjecture 2.10 is true for S if
and only if it is true for S′.

Proof. It suffices to consider the case S′ = S ∪ {q} for some place q 6∈ S. Then

Lp,S′(χω, s) = (1− χ(q)Nq−s) · Lp,S(χω, s).

This shows the equivalence for part (a). Let r = ords=0 Lp,S(χω, s). Then

L(r)
p,S′(χω, 0) =

r

∑
i=0

(
r
i

)
· L(i)

p,S(χω, s) · dr−i

dr−is
(1− χ(q)Nq−s)|s=0

= L(r)
p,S(χω, 0) · (1− χ(q))

If χ(q) 6= 1, then Rp,S(χ) = Rp,S′(χ) and the equivalence of the validity of conjec-
ture 2.10 (b) for S′ and S is clear. If χ(q) = 1, then Lp,S′(χω, s) vanishes to order
r + 1 at 0. A computation similar to the one above yields

L(r+1)
p,S′ (χω, 0) = dr+1

dr+1s

(
Lp,S(χω, s) · (1− χ(q)Nq−s)

)
|s=0

= (r + 1) · (logp Nq) · L(r)
p,S(χω, s).

It therefore suffices to show that Rp,S′(χ) = (logp Nq) · Rp,S(χ). Observe that
eχ−1CO×L,{q} is one-dimensional. We can therefore choose a basis u1, ..., un of eχ−1CpO×L,S′L
such that

ordq(un) = 1 and ordquj = 0 for every 1 ≤ i, j ≤ n,

where n = |S|. As a consequence, Rp,S′(χ) is the determinant of a matrix of the
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form 
0(

λp,S′(ui)
)

1≤i≤n−1

...
0

∗ ∗ ∗ logp Nq

 .

This shows the claim.

2.13 Remark. If p ramifies in L|K, i. e. χ(p) = 0 for all p | p, then

Lp,Sp∪S∞(χω, 0) = LS∞∪Sp(χ, 0) = LS∞(χω, 0) 6= 0.

Since
dimE eχ−1 EXSp = dimE eχ−1 EOL[

1
p ]
× = 0

in this case, we have Rp,Sp = 1 and so Conjecture 2.10 is true. We will therefore assume
in the following that χ(p) 6= 0 for p | p.

3 Cohomological Study of the Conjecture

Some notation For a place v of K we denote by Kv its completion at v, by Gv ⊆ GK

a choice of decomposition group and by Iv ⊆ Gv the inertia subgroup. Recall that the
dual of a GK-module M is defined by

M′ = HomGK(M, µ),

where µ ⊆ Q
×

is the group of roots of unity and the action on M∗ is defined as
(σϕ)(m) = σϕ(σ−1m) for every m ∈ M and ϕ ∈ M′.

Explicit formula for the p-adic regulator We have seen in Lemma 2.12 that it suffices
to consider the case S = S∞ ∪ Sp. We further partition the set Sp of primes above p into

R = {p ∈ Sp | χ(p) = 1} and R′ = {p ∈ Sp | χ(p) 6= 1}.

Then, by Remark 2.2, rS(χ) = |R|, which we will abbreviate to r. Put Uχ = eχ−1(E ·
O×L,SL

), then dimE Uχ = r as well. If u1, . . . , ur ∈ Uχ denotes an E-basis and R =

{p1, . . . , pr}, Gross’s p-adic regulator can be explicitely written as

Rp(χ) =
det(−lpi(uj))

det(opi(uj))
, 1 ≤ i, j ≤ r,

where the appearing maps are defined as

lpi : K×pi
→ Zp, x 7→ (logp ◦NKpi |Qp)(x) and opi : K×pi

→ Z, x 7→ ordpi(x).

Note that we can choose the basis u1, . . . , ur such that ordpi(uj) = δij (see the proof of
Lemma 2.12. Hence the denominator appearing in the ratio above is non-zero.

In the following we shall give a cohomological description of this quantity. The
content is the same than in section 1 of [DDP] but generalised to the case of arbitrary r.
These generalised statements can also be found in section 3.3 of [Ven], the proofs there
are however not self-contained but rely on the rank one case treated in [DDP]. In order
to be self-contained we directly generalise the arguments used in [DDP].
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3.1 Local Cohomology Groups

Tate duality As before, let E be a finite extension of Qp that contains the values of
χ, with ring of integers OE and maximal ideal pE. If A is an OE-module, we mean by
A(χ) the GK-module with underlying group A and action

σ · a = χ(σ) · a for all σ ∈ GK, a ∈ A.

Similarly, A(1) is the abelian group which GK acts on through the cyclotomic character.

If M = OE/pn
E(χ

−1) for some n ∈ N , then M′ = OE/pn
E(1)(χ) and Tate duality for

that module gives a perfect pairing

bv,n : H1(Kv,OE�pn
E
(χ−1))× H1(Kv,OE�pn

E
(1)(χ))→ OE�pn

E
.

Taking the limit over all n and tensoring with E we therefore get a perfect pairing

bv : H1(Kv, E(χ−1))× H1(Kv, E(1)(χ))→ E.

First suppose χ(Gv) 6= 1. Since Gv/Iv is a pro-cyclic group, we have

H1(Gv�Iv, OE�pn
E
(χ−1)Iv) ∼= Ĥ−1(Gv�Iv, OE�pn

E
(χ−1)Iv)

= OE/pn
E(χ

−1)Iv�(χ−1(Frobv)− 1).

The last quotient is of size at most |χ−1(Frobv)− 1|v, so in particular has size bounded
independently of n. Hence H1(Gv/Iv,OE(χ

−1)) = lim←−H1(Gv/Iv,OE/pn
E(χ

−1)Iv) is tor-
sion and it follows that

H1(Gv�Iv, E(χ−1)) = H1(Gv�Iv,OE(χ
−1))⊗OE E = 0.

Now the restriction-inflation sequence implies that

H1
nr(Gv, E(χ−1)) = ker

{
H1(Gv, E(χ−1))

res−→ H1(Iv, E(χ−1))
}
= 0,

so there are no unramified classes in H1(Kv, E(χ−1)). If χ(Gv) = 1, on the contrary, we
have:

(1) We can define an unramified element in H1(F, E(χ−1)) = H1(F, E) = Homcont(G, E)
by

κnr : Gv → Gv�Iv → OE, Frobv 7→ 1.

(2) Define
κcyc := logp(εcyc) ∈ Hom(Gv, E),

where εcyc : Gv → Z×p denotes the cyclotomic character at p. This map κcyc is
ramified if v | p: The extension E(ζp∞) =

⋃
n∈N E(ζpn) where ζpn ∈ E denotes

a primitive pn-th root of unity is totally ramified and its Galois group over E is
mapped to a quotient of finite index of Z×p by εcyc. In particular its image under
logp is non-zero.

(3) The connecting homomorphism in the long exact sequence in Galois cohomology
arising from the Kummer sequence
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1 µn Kv
× Kv

× 1
(·)n

gives, by Hilbert 90, an isomorphism

δv,n : K×v�(K×v )n → H1(Kv, µn).

Taking the limit over n and tensoring with E we therefore have an isomorphism

δv : K̂×v ⊗Zp E→ H1(Kv, E(1)),

where K̂×v = lim←−K×v /(K×v )n.

(4) We can now compute the local Tate pairing in these special cases using the explicit
description of the Tate pairing that is, for example, given in [NSW08, Corollary
7.2.13]: Let u ∈ K̂×v ⊗Zp E, then

bv(κnr, δv(u)) = −κnr((u, Kv|Kv)) = −κnr((u, Knr
v |Kv)) = −ordv(u)

since by definition κnr(σ) = κnr(σ|Knr
v
) for every σ ∈ Gv. For the computation of

bv(κcyc, δv(u)), we need the following result of Lubin-Tate theory:

3.1 Theorem (see [Neu11], Ch. II, (7.16)). Let a = u · pm ∈ Q×p , where u ∈ Z×p , and
ζ a primitive pn-th root of unity. Then

(a, Qp(ζ)|Qp)(ζ) = ζr,

where r ≡ u−1 mod pn.
We therefore get:

bv(κcyc, δv(u)) = −κcyc((u, Kv|Kv)) = −(logp ◦εcyc)(u, Kv|Kv)) =

= −(logp ◦εcyc)(NKv|Qp(u), Kv|Qp))) = − logp(NKv|Qp(u
−1)) =

= logp NKv|Qp(u).

3.2 Global Cohomology Groups

Recall that R ⊆ Sp is the subset of primes satisfying χ(p) = 1. The group of cohomology
classes unramified outside R is defined as

H1
R(K, E(χ−1)) = ker

{
H1(K, E(χ−1))

res−→
⊕
v 6∈R

H1(Iv, E(χ−1))

}
.

One can show that H1
R(K, E(χ−1)) ∼= H1(KR|K, E(χ−1)), where KR denotes the maximal

outside of R unramified extension of K. If we define

H1
nr(Kv, E(χ−1)) = ker

{
H1(Kv, E(χ−1))

res−→ H1(Iv, E(χ−1))
}

,

then we can also write

H1
R(K, E(χ−1)) = {x ∈ H1(K, E(χ−1)) | ∀v 6∈ R : resv x ∈ H1

nr(Kv, E(χ−1)}.

Similarly, we set

H1
R(K, E(χ)(1)) = {x ∈ H1(K, E(χ)(1)) | ∀v 6∈ R : resv(x) ∈ H1(Kv, E(χ−1))⊥},

where the orthogonal complement is taken with respect to the local Tate pairing.
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3.2 Proposition. There is an isomorphism Uχ → H1
R(K, E(1)(χ)). In particular,

dimE H1
R(K, E(1)(χ)) = |R|.

Proof. Let G = Gal(L|K) = GK/ker χ. We have the restriction-inflation sequence

H1(G, E(1)(χ)GL) H1(K, E(1)(χ)) H1(L, E(1)(χ))G H2((G, E(1)(χ))GL).res

Observe that εcyc(GL) 6= 1, so E(1)(χ)GL = E(1)GL = 0 and restriction is actually an
isomorphism. Let [ξ] ∈ H1(L, E(1)(χ))G and g ∈ G, x ∈ L. Then by definition of
the action on cocycles

(g · ξ)(x) = g · ξ(gxg−1) = χ(g)ε(g)ξ(gxg−1).

We also know that the cohomology classes [ξ] and [g · ξ] agree, hence the classes
[χ−1(g)ξ] and [x 7→ ε(g)ξ(gxg−1)] coincide as well. This means [ξ] ∈ eχ−1 H1(L, E(1)),
since GL = ker χ implies that a cocycle for E(1)(χ) is also a cocyle for E(1). We
therefore have

H1(K, E(1)(χ)) ∼= H1(L, E(1)(χ))G = eχ−1 H1(L, E(1)).

Using the isomorphism H1(L, E(1)) ∼= L̂× ⊗Zp E via the Kummer map δ, we get a
commutative diagram

H1(K, E(1)(χ)) eχ−1 H1(L, E(1)) eχ−1(L̂× ⊗Zp E)

∏
v 6∈R

H1(Kv, E(1)(χ)) ∏
w 6∈RL

eχ−1 H1(Lw, E(1)) ∏
w 6∈RL

eχ−1(L̂×w ⊗Zp E)

res
'

δ

'

res δ

'

We are interested in which elements of eχ−1(L̂× ⊗Zp E) get mapped to
H1

nr(Kv, E(1)(χ)) for v 6∈ R. Recall that H1
nr(Kv, E(1)(χ)) denotes the orthogonal

complement of H1(Kv, E(χ−1)) under the local Tate duality, so from the previous
calculation of the Tate pairing we know that such an element of eχ−1(L̂× ⊗Zp E)
needs to be a unit at v. Therefore, Uχ = eχ−1(O×L,RL

⊗Z E) is exactly the preimage
of H1

R(K, E(1)(χ)).

If W = (Wv)v∈R is any family of subspaces Wv ⊆ H1(Kv, E(χ−1)) = Homcont(Gv, E),
we set

H1
R,W(K, E(χ−1)) = {x ∈ H1

R(K, E(χ−1)) | ∀v ∈ R : resv x ∈Wv}.

3.3 Lemma. If W = (Wv)v∈R is a family such that κnr,v ∈Wv for all v ∈ R, then

dimE H1
R,W(K, E(χ−1)) = (∑

v∈R
dimE Wv)− |R|.
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Proof. Let Mn = OE/pn
E(χ

−1). Then the Poitou-Tate sequence associated to that
module reads

0 H1
[R](K, Mn) H1

R(K, Mn) ∏v∈R H1(Kv, Mn) H1
R(K, M′n)∨,⊆ res

where the map on the right is induced by the local Tate duality and

H1
[R](K, Mn) = {x ∈ H1

R(K, Mn) | ∀v ∈ R : resvx = 0}.

Consider the restriction-inflation sequence

0 H1(Gal(L|K), Mn) H1(K, Mn) H1(L, Mn),

where H1(L|K, Mn) ∼= Ĥ−1(L|K, Mn) = Mn/IL|K Mn is a finite group of size bounded
independently of n. This means that H1

[R](K, Mn) maps with kernel bounded in-
dependently of n to the group of homomorphisms from GL → OE/pn

E that are
everywhere unramified. Such a homomorphism factors through the class group
clL of L by class field theory. Let pm be the order of the p-part of clL, then the image
of such a unramified homomorphism is contained in

ker
{
O�pn

E

·pm

−→ O�pn
E

}
,

which has again size bounded independently of n. It follows that H1
R(K, Mn) has

bounded cardinality as n → ∞. Passing to the limit n → ∞ and tensoring with E,
we therefore obtain from the Poitou-Tate sequence above the exact sequence

0 H1
R(K, E(χ−1)) ∏

v∈R
H1(Kv, E(χ−1)) H1

R(K, E(1)(χ))∨.

The images of the elements κnr,v are linearly independent in H1(F, E(1))∨, which is
the same as saying that the maps

bv(κnr, ·) : Uχ → E, u⊗ e 7→ −e · ordw(u), for v ∈ R and w | v fixed

are linearly independent. This however follows from the fact that for every such w
the E-vector space eχ−1(E · O×L,{w}) has dimension 1.

Hence, since H1(K, E(1))∨ is a space of dimension r = |R| by Proposition 3.2, the
last arrow in the sequence above is actually surjective. The sequence also restricts
to an exact sequence

0 H1
R,W(K, E(χ−1)) ∏

v∈R
Wv H1

R(K, E(1)(χ))∨ 0,

which implies the lemma.
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3.3 Formula for the L -invariant

Define the subspace of “cyclotomic classes” H1
cyc(χ) ⊆ H1

R(K, E(χ−1)) to be the set of
all x ∈ H1

R(K, E(χ−1)) such that the restriction resvx is contained in the span of κnr,v

and κcyc,v for all v ∈ R. Then H1
cyc(χ) has E-dimension |R| by Lemma 3.3. Let x1, ..., xr

be a basis and write
resvxi = λivκnr,v + µivκcyc,v

for all v ∈ R. Now define

Lalg(χ) =
det(λiv)

det(µiv)
.

This ratio does not depend on the choice of basis, since another choice corresponds to
multiplying both the denominator and nominator by det A for some A ∈ GLr(E).
Also, the matrix (µiv) is indeed invertible: Suppose det(µiv) = 0, then we can eliminate
one of the columns and get a basis x′1, ..., x′r such that for, say, the place vr ∈ R we have

resvx′i = λivκnr,vr for all i ∈ {1, ..., r}.

This implies H1
R,cyc(K, E(χ−1)) = H1

R,W ′(K, E(χ−1)) where W = (Wv)v∈R for Wvr =

〈κnr,vr〉 and Wvi = 〈κnr,vi , κcyc,vi〉 for i ∈ {1, ..., r− 1}. These two spaces are however of
different dimension by Lemma 3.3.

3.4 Proposition ([DKV18], Proposition 2.4). Let x ∈ H1
R(K, E(χ−1)) and u ∈ Uχ. Then

∑
v∈R

(resvx)(u) = 0.

Proof. Global Poitou-Tate duality states that the images of H1(K, E(1)(χ)) and
H1(K, E(χ−1)) are orthogonal complements of each other with respect to the pair-
ing

H1(K, E(χ−1)) H1(K, E(1)(χ))

∏′v H1(Kv, E(χ−1)) × ∏′v H1(K, E(1)(χ)) E.∑ bv

Using the isomorphism δ : Uχ
∼= H1

R(K, E(1)(χ)) from Lemma 3.2 we have that for
all x ∈ H1

R(K, E(χ−1)) in particular

0 = ∑
v∈R

bv(resvx, δ(u)) = ∑
v∈R

bv(resvx, δ(u)) = ∑
v∈R

(resvx)(u)

because, by definition, every element of H1
R(K, E(1)(χ−1)) is contained in the or-

thogonal complement of H1(Kv, E(χ−1)) for v ∈ R when restricted to Gv.

3.5 Proposition. The following equality holds:

Rp(χ) = Lalg(χ).
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Proof. Let u1, ..., ur be a basis of Uχ and x1, ..., xr a basis of H1
cyc(χ). Using Proposi-

tion 3.4, we have

∑
v∈R

bv(resvxj, δv(ui)) = 0 ⇔ ∑
v∈R

λvjov(ui) = − ∑
v∈R

µvjlv(uj).

Written using matrices, this is the statement (λvj) · (ov(uj)) = −(µvj) · (lv(uj)). It
follows that

Lalg(χ) =
det(λiv)

det(µiv)
= −

det(lv(uj))

det(ov(uj))
= Rp(χ).

The strategy of proof in [DDP] is now to construct a suitable cohomology class and
conclude using Proposition 3.5. This cohomology class is constructed using the Galois
representation arising from a Λ-adic cusp form. The construction uses the injectivity of
the restriction map

H1
R(GK, E(χ−1))→ H1(Gp, E)

which is however in general false if |R| > 1 but holds for |R| = 1 as seen in the proof of
Lemma 3.3. In [DKV18] the method is therefore different, also conceptually, and does
not make use of Proposition 3.5.

4 Modular Forms

The remainder of this article closely follows [DDP]. For simplicity we will only consider
the case Sp = {p} for a single prime p satisfying χ(p) = 1 which is in fact a weaker
version of Conjecture 2.10 than was proven in loc. cit. (see also Remark 5.4).

4.1 Hilbert Modular Forms

Definitions We briefly recall the definition of a Hilbert modular form on the totally
real field K. To begin fix an ordering of the n elements in Hom(K, Q). If a ∈ K is an
element, we will abbreviate by ai the image of a under the i-th element of Hom(K, Q).

Let ψ : cl(b)+ → Q
×

be a character on the narrow ray class group cl(b)+ for some
ideal b of OK with sign r = (r1, . . . , rn) and define

ψK :
(OK�b

)× → Q
×

, a 7→ sgn(a)r · ψ((a)),

where sgn(a)r = ∏n
i=1 ari

i .

4.1 Definition. Let k ∈N. A Hilbert modular form of weight k, level b and character ψ

is a tuple ( fλ)λ∈cl+ indexed by the narrow class group cl+ = cl+(1) of K and consisting
of of holomorphic functions

fλ : Hn → C,

where H is the complex upper half plane, satisfying the following properties:
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(a) For each λ ∈ cl+ choose a representative ideal tλ and put

Γλ = {
(

a b
c d

)
∈ GLs(K) |a, d ∈ OK, b ∈ t−1

λ d−1, c ∈ btλd,

ad− bc ∈ O×K and is totally positive}.,

where d denotes the different of K. Then we have

ψK(a) fλ(z) = det(γ)k/2(cz + d)−k fλ(γz) for every γ ∈ Γλ, z ∈H,n

where we use the shorthands

γz = (
a1z1 + b1

c1z1 + d1
, . . . ,

anzn + bn

cnzn + dn
)

and det(γ)k/2 = ∏n
i=1 det(γi)

k/2. In the latter expression each of the square roots
is chosen to be positive.

(b) For each integral ideal m coprime to b we have a Hecke operator S(m) acting on
the space of h-tuples ( fλ)λ∈cl+ satisfying (a) (see [Shi78, p. 648]). For all such m we
demand that

S(m) f = ψ(m) f .

(c) If K = Q we make the additional demand that f be holomorphic at ∞.

The space of all such Hilbert modular forms will be denoted asMk(b, ψ).

The modularity condition in (a) implies that every such function fλ has a Fourier
expansion

fλ(z) = aλ(0) + ∑
b∈tλ
b�0

aλ(b)eK(bz) for every z ∈Hn,

where eK(bz) = exp(2πi ∑n
i=1 bizi). The coefficients aλ(b) are called the unnormal-

ised Fourier coefficients of f . We define the normalised Fourier coeffcients c(m, f ) and
cλ(0, f ) of f as

cλ(0, f ) = aλ(0)(Ntλ)
−k/2

for every λ ∈ cl+ and, for every non-zero integral ideal m,

c(m, f ) = aλ(b)(Ntλ)
−k/2,

where m = (b)t−1
λ for a unique λ ∈ cl+ and a totally positive b ∈ tλ. This does not

depend on the choice of b since another such b′ differs from b by a totally positive unit
ε and the modularity property implies that fλ(εz)NK|Q(ε)

k/2 = fλ(z). Since ε is totally
positive, we have NK|Q(ε) = 1 and so aλ(b) = aλ(b′).

The form f is called a cusp form if for every γ ∈ GL+
2 (K) and λ ∈ cl+ the function

fλ|γ(z) := det(γ)k/2(cz + d)−k fλ(γz)

has vanishing constant term. The space of all such cusp forms of weight k, level b and
character ψ will be denoted by Sk(b, ψ).
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Eisenstein series In the sequel we shall mainly deal with certain Eisenstein series.
Note that if η and ψ are ray class characters modulo a and b, respectively, then we
always regard the product ηψ as a ray class character of modulus ab. In particular,
χω0 6= χ since χ(p) = 1 whereas ω(p) = 0.

4.2 Proposition ([DDP], Proposition 2.1). Let η and ψ be (possibly imprimitive) char-
acters of modulus a and b, respectively, and signs q, r ∈ (Z/2Z)n. We further assume
that there exists an integer k ≥ 1 such that

q + r ≡ (k, . . . , k) mod 2Zn.

Then there exists an element Ek(η, ψ) ∈ Mk(ab, ηψ) such that

c(m, Ek(η, ψ)) = ∑
c|m

η(mc )ψ(c)Nck−1

for all non-zero ideals m of OK. When k > 1, we have

cλ(0, Ek(η, ψ)) =

{
2−nη−1(tλLS(ψη−1, 1− k) if a = 1,

0 otherwise.

Here S denotes the set containing exactly the archimedean places of K and the primes
dividing ab. When k = 1, we have E1(η, ψ) = E1(ψ, η), and

cλ(0, E1(η, ψ)) = 2−n ·


η−1(tλ)LS(ψη−1, 0) if a = 1 and b 6= 1,

ψ−1(tλ)LS(ηψ−1, 0) if a 6= 1 and b = 1,

η−1(tλ)LS(η
−1ψ, 0) + ψ−1(tλ)LS(ηψ−1, 0) if a = b = 1,

0 if a 6= 1 and b 6= 1.

A product of Eisenstein series Returning to the setting of before, recall that χ is a
primitive character of, say, conductor n and that p | p satisfies χ(p) = 1. Since the
places dividing n do not contribute to the conjecture, we set

S = {λ | np∞} and R = S \ {p}.

Define moreover nS = np. We will denote by χS the character χ viewed as having
modulus nS. Since ω is totally odd, we have LS(ω

1−k, 1− k) 6= 0 and so we can define

Pk = E1(1, χ) · 2n

LS(ω1−k, 1− k)
Ek(1, ω1−k) ∈ Mk(nS, χω1−k).

It is a fact that every modular form inMk(nS, χω1−k) can be written uniquely as a linear
combination of a cusp form and the Eisenstein series Ek(η, ψ), where (η, ψ) run over the
set J of pairs of (possibly imprimitive) characters of modulus mη and mψ, respectively,
satisfying

mηmψ = nS and ηψ = χω1−k.

For each (η, ψ) ∈ J, let ak(η, ψ) ∈ E be the unique constant such that

Pk =

(
a cusp
form

)
+ ∑

(η,ψ)∈J
ak(η, ψ)Ek(η, ψ).
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To get a cusp form we need to eliminate the Eisenstein series appearing in the above
sum. Most of them we will annihilate by a suitable Hecke operator, the summand
Ek(1, χωk−1) however requires special attention since its constant term establishes the
link to the p-adic L-function. To retain control about this contribution, we will manually
substract the summand ak(1, χωk−1)Ek(1, χωk−1). It turns out that the same special
treatment is also necessary for the summand ak(χ, ωk−1)Ek(χ, ωk−1) since the Eisenstein
series Ek(1, χωk−1) and Ek(χ, ωk−1) both specialise to E1(1, χω0) = E1(χ, ω0) in weight
1.

The ordinary projection Let
e = lim

r→∞
Ur!

p ,

which defines an idempotent acting onMk(nS, χω1−k;OE), the OE-submodule of
Mk(nS, χω1−k) consisting of modular forms the normalised Fourier coefficients all of
which are contained in OE. This action can be extended to

Mk(nS, χω1−k; E) =Mk(nS, χω1−k;OE)⊗OE E

and explicitely described as follows: Let (η, ψ) ∈ J, then

UpEk(η, ψ) = (η(p) + ψ(p)Npk−1)Ek(η, ψ).

It follows that, for k ≥ 2,

eEk(η, ψ) =

{
Ek(η, ψ) if p - mη ,

0 otherwise.

As a consequence, the modular form P0
k = ePk can be written as(

a cusp
form

)
+ ∑

(η,ψ)∈J0

ak(η, ψ)Ek(η, ψ),

where J0 ⊆ J denotes the subset consisting of pairs (η, ψ) satisfying

mηmψ = nS, ηψ = χω1−k and p - mη .

Construction of a cusp form It is calculated in Propositions 2.6 and 2.7 of [DDP] that

ak(1, χω1−k) = −Lan(χ, k)−1 for all k ≥ 2,

ak(χ, ω1−k) = −Lan(χ
−1, k)−1 · 〈Nn〉k−1 for all k > 2,

where Lan(χ, k) =
−L′S,p(χω,1−k)

LR(χ,0) and 〈Nn〉 denotes the projection onto 1 + 2pZp, that is

〈Nn〉 = Nn
ω(Nn)

.
We therefore alter P0

k to our needs by setting

Hk = ukEk(1, χωk−1) + vkEk(χ, ω1−k) + wkP0
k ,

where
uk = − 1

ck
ak(1, χω1−k), vk = − 1

ck
ak(χ, ω1−k), wk = −1

and ck = −ak(1, χω1−k)− ak(χ, ω1−k) + 1. That is, ck is chosen such that uk + vk + wk =

1.
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4.3 Lemma ([DDP], Lemma 2.9). For each (η, ψ) ∈ J0 with η 6∈ {1, χ}, there is a Hecke
operator T(η,ψ) satisfying

T(η,ψ)Ek(η, ψ) = 0, T(η,ψ)E1(1, χS) 6= 0.

It follows that, for k > 2, the modular form

Fk =

∏
(η,ψ)

T(η,ψ)

Hk,

where the product is taken over all (η, ψ) ∈ J0 with η 6∈ {1, χ}, belongs to Sk(nS, χω1−k).

4.2 Λ-adic forms

The aim of this section is to Λ-adically interpolate the cusp form constructed in the last
section. The Galois representation associated to that Λ-form will then be used to finish
the proof.

Definitions and notations Let Λ = OEJTK be the Iwasawa algebra, where, as before,
E denotes a finite extension of Qp that contains the values of χ. We further fix a
topological generator for 1 + 2pZp, for example u = 1 + p if p is odd or u = 5 if p = 2.
For every k ∈ Zp we have an OE-algebra homomorphism

νk : Λ→ OE, T 7→ uk−1 − 1

called the specialisation to weight k. We will write Λ(1) for the localisation of Λ at
ker ν1 and sometimes view ν1 as a homomorphism Λ(1) → E.

4.4 Definition. An ordinary Λ-adic form F of level n and character χ consists of the
following data:{

an element c(m, F ) ∈ Λ for every integral ideal m ⊆ OK,

an element cλ(0, F ) ∈ Λ for each λ ∈ cl+K

such that for all but finitely many k ≥ 2 there is an element of Mk(nS, χω1−k; E) with
normalised Fourier coefficients νk(c(m, F )) for nonzero integral ideals m ⊆ OK, and
normalised constant terms νk(cλ(0, F )) for λ ∈ cl+K .

The space of Λ-adic forms of level n and character χ is denoted M (n, χ). A Λ-adic
form F is said to be a cusp form if νk(F ) belongs to Sk(nS, χω1−k) for almost all k ≥ 2,
that means for almost all k ≥ 2 there is an element in Sk(nS, χω1−k) the normalised
Fourier coefficents of which are the weight k specialisations of F . The space of such
cusp forms is denoted S (n, χ).

Λ-adic interpolation Let η and ψ be a pair of narrow ray class characters modulo a

and b, respectively, such that ηψ is totally odd.

4.5 Proposition ([DDP], Proposition 3.2). There exists a Λ-adic modular form E (η, ψ) ∈
M (ab, ηψ)⊗Λ Frac(Λ) such that

νk(E (η, ψ)) = Ek(η, ψω1−k)

for all k ≥ 1.
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Proof. Let k ≥ 1 be an integer. The Eisenstein series Ek(η, ψω1−k) satisfy

c(m, Ek(η, ψω1−k)) = ∑
c|m

η(mc )ψ(c)ω
1−k(c)Nck−1 = ∑

c|m
(c,p)=1

η(mc )ψ(c)〈Nc〉k−1.

Recall that for every s ∈ Zp the power series

(1 + T)s =
∞

∑
i=0

(
s
i

)
Ti

belongs to Λ. Thus, if s ∈ Zp is such that 〈Nc〉 = us, then

νk((1 + T)s) = 〈Nc〉k−1.

This shows that the coefficients c(m, Ek(η, ψω1−k)) can be viewed as the specialisa-
tions of elements in Λ. Since also the value Lp,S(η

−1ψω, 1− k) can be viewed as the
specialisation of a suitable element of Λ (see [Wil90, (1.3)]), the same is true for the
constant coefficients

cλ(0, Ek(η, ψω1−k)) =

{
2−nη−1(tλ)Lp,S(η

−1ψω, 1− k) if a = 1,

0 otherwise.

When we defined the series Pk above, we made use of the normalised Eisenstein
series

Gk−1(1, ω1−k) =
2n

ζp,S(K, 2− k)
Ek(1, ω1−k),

where ζp,S(K, s) = Lp,S(1, s) denotes the p-adic zeta function of K. This series can also
be Λ-adically interpolated, where the interpolation is most conveniently described via
shifting the weights by 1. That is, we will instead give a G satisfying

νk(G ) = Gk−1(1, ω1−k).

It is defined by the data

c(m, G ) = 2nζp,S(K, 2− k)−1 ∑
c|m

(c,p)=1

(Nc)−1〈Nc〉k−1, cλ(0, G ) = 1.

It follows from a result of Colmez [Col88] that if Leopoldt’s Conjecture is true for K,
then ζp,S(K, s) has a simple pole at s = 1. Therefore, ζp,S(K, 2− k)−1 is regular at k = 1
and vanishes at that point. Hence ν1(G ) equals the constant form 1 which will be
crucial later. Ventullo shows in [Ven, Theorem 4.1.1] that even if Leopoldt’s Conjecture
does not hold, there is still a suitable cusp form J such that G −J enjoys all of
these properties. This way Ventullo was able to remove the assumption of Leopoldt’s
Cconjecture made in [DDP].
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Construction of a Λ-adic cusp form We proceed in a way similar to how we construc-
ted the Hilbert modular cusp form Hk above, i. e. by applying suitable Hecke operators.
The Hecke operators Tλ for λ - np and Uq for q | np acting on Mk(nS, χω1−k; E) give
rise to Λ-adic counterparts acting on M (n, χ) that preserve the subspace S (n, χ) (see
[Wil88, §1.2]). The ordinary projection operator is again defined by e = limr→∞ Ur!

p .

We set
M 0(n, χ) = eM (n, χ) and S 0(n, χ) = eS (n, χ).

4.6 Proposition ([DDP], Proposition 3.4). Assume that

ords=1(Lan(χ, s) +Lan(χ
−1, s)) = ords=1Lan(χ

−1, s)

holds. Then there exist Λ-adic forms P ∈M (n, χ)⊗Λ Λ(1), P0, H ∈M 0(n, χ)⊗Λ Λ(1)
and F ∈ S 0(n, χ)⊗Λ Λ(1) satisfying, for almost all k ≥ 2,

νk(P) = Pk, νk(P
0) = P0

k , νk(Hk) = Hk, νk(F ) = Fk.

Sketch of Proof: The forms P and P0 are simply defined by setting

P = E1(1, χ)G and P0 = eP .

For the definition of H first observe that the coefficients uk, vk and wk used to
define Hk for k ≥ 2 can be viewed as specialisations of elements u, v and w in Λ. A
direct calculation then shows that these elements belong to Λ(1) and that u is even
invertible in that ring. Here the second technical assumption stated above is used.
In particular, we can define

H = uE (1, χ) + vE (χ, 1) + wP0

and a second calculation shows that this form belongs to M 0(n, χ)⊗Λ Λ(1). Finally,
F is defined by applying the counterparts of the Hecke operators used previously
to the form H .

The weight 1 + ε specialisation We now want to specialise at an element of Zp that is
“infinitesimally” close to 1. Recall that specialising to weight 1 corresponds to sending
T to 0. Therefore, we define the homomorphism ν1+ε via the commutative diagram

Λ = OEJTK OE[T]/(T2)

OE[ε],

ν1+ε T 7→(logp u)·ε

where ε is an indeterminate satisfying ε2 = 0.

4.7 Example. Above we have seen that 〈Nc〉k−1 is the specialisation to weight 1 of the
series

(1 + T)s =
∞

∑
i=0

(
s
i

)
Ti = 1 + sT + . . .
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where s =
logp〈Nc〉

logp u . It follows that

ν1+ε((1 + T)s) = 1 + logp〈Nc〉ε = 1 + κcyc(c)ε.

Consequently, the form E1+ε(1, χ) = ν1+ε(E (1, χ)) has the normalised Fourier coeffi-
cients

c(m, E1+ε(1, χ)) = ∑
c|b

χ(c)(1 + κcyc(c)ε),

where for every nonzero integral ideal m ⊆ OK we set b = m
gcd(m,p) . Similarly one

calculates that
c(m, E1+ε(χ, 1)) = ∑

c|b
χ(c)(1 + κcyc(

b
c )ε).

Since v1(H ) = E1(1, χS) (see Lemma 3.5 in [DDP]), these calculations lead to an
explicit description of H1+ε = ν1+ε(H ) which is best described using the following two
characters:

ψ1 : F(K)→ E[ε]×, q 7→ 1 + v1κcyc(q)ε, for q - p

ψ2 : F(K)→ E[ε]×, q 7→ χ(q)(1 + u1κcyc(q)ε) for q 6∈ S

These definitions are extended to the entire group of ideals of K by

ψ1(p) = 1 and ψ2(q) = 0 if q ∈ S.

4.8 Proposition ([DDP], Proposition 3.6). The Fourier coefficients of H1+ε satisfy c(1, H1+ε) =

1 and, for each prime ideal q of K, we have

c(q, H1+ε) = ψ1(q) + ψ2(q) if q 6= p,

c(p, H1+ε) = 1 + w′1ε,

where w′1 ∈ E is defined by ν1+ε(w) = w1 + w′1ε. Furthermore, H1+ε is a simultaneous
eigenform for the Hecke operators Tq for q 6∈ S and Uq for q ∈ S with eigenvalues given
by the two formulas in the display above.

Let T denote the Hecke algebra of Hecke operators acting on S0(n, χ). Since H1+ε

remains an eigenform, it defines a morphism

φ1+ε : T ⊗Λ Λ(1) → E[ε], t⊗ λ 7→ ν1+ε(λ) · eig(t, H1+ε),

where eig(t, H1+ε) means the eigenvalue of the operator t acting on the form H1+ε. Let
T(1) be the localisation of T ⊗Λ Λ(1) at ker φ1. We will view φ1+ε as a homomorphism
on T(1), which is possible since φ1+ε factors through the natural map T ⊗Λ(1) → T(1).
Proposition 4.8 then immediately implies that

φ1+ε(Tq) = ψ1(q) + ψ2(q) if q 6∈ S,

φ1+ε(Uq) = ψ1(q) if q ∈ R,

φ1+ε(Up) = 1 + u1Lan(χ)ε.

5 Galois representations

In this section we finally construct a cohomology class that allows to deduce the validity
of the Gross-Stark conjecture in a special case from Proposition 3.5.
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Representations attached to ordinary eigenforms Let L = Frac(T(1)) denote the total
ring of fractions of the local ring T(1). In our situation the ring T(1) is reduced (see
[DKV18, p. 857]) and so we have a canonical injection T(1) ↪→ L. The latter decomposes
as a product

L = L1 × · · · × Lt

of fields, where each Li corresponds to a cuspidal eigenfamily and is a finite extension
of Frac(Λ). Fix for the moment one of the Li appearing above. The following is a
restatement of Theorem 4.1 in [DDP]:

5.1 Theorem (Hida, Wiles). There is a continuous irreducible Galois representation

ρi : GK → GL2(Li),

where Li is endowed with the Λ-adic topology, such that

(a) ρi is unramified outside np,

(b) for primes q - np, the characteristic polynomial of ρi(Frobq) is

X2 − TqX + χ(q)〈Nq〉k−1.

In particular, det ρi(Frobq) = χ(q) · ε(q),
(c) the representation ρi is odd, i. e. the image of any complex conjugation in GK

under ρ has characteristic polynomial X2 − 1,

(d) we have

(ρi)|Gp
∼
(

χεη−1
p,i ∗

0 ηp,i

)
,

where Gp ⊆ GK is a choice of decomposition group at p and ηi,p is the unramified
character

ηi,p : Gp → Li, Frobp 7→ Up.

Let Vi
∼= L2

i be the representation space attached to ρi and fix a choice of complex
conjugation δ ∈ GK. Since ρi is totally odd, we can choose a basis of Vi such that

ρi(δ) =

(
1 0
0 −1

)
.

Denote by ai, bi, ci, di : GK → Li the functions such that, with respect to that choice of
basis, we have

ρi(σ) =

(
ai(σ) bi(σ)

ci(σ) di(σ)

)
for every σ ∈ GK.

Let Ri denote the image of T(1) under the projection L→ Li. The ring Ri is a quotient
of T(1) and hence is also a local ring, with maximal ideal mi and residue field Ri/mi

∼= E.
We now bundle these representations obtained above and set

ρ : GK → GL2(L), σ 7→ (ρ1(σ), . . . , ρt(σ)).

Similarly, we define the functions a, b, c, d : GK → L as the tuples consisting of the
functions ai, bi, ci and di, respectively.

5.2 Lemma ([DDP], Theorem 4.2 (1) and Lemma 4.3 (2)). For all σ ∈ GK we have that
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(a) for all i, the entries ai(σ) and di(σ) belong to R×i , and

ai(σ) ≡ 1 mod mi and di(σ) ≡ χ(σ) mod mi,

(b) the entries a(σ) and d(σ) belong to T×
(1) and satisfy

φ1+ε ◦ a = ψ1, φ1+ε ◦ d = ψ2.

Proof. The trace of ρi(Frobq) is a Hecke operator and hence lie in Ri for every
prime q. By Cebotarev’s density theorem the same is true for the trace of ρi(σ) for
all σ ∈ GK. In particular,

ai(σ) =
1
2 (Tr ρi(σ) + Tr ρi(δσ)) and di(σ) =

1
2 (Tr ρi(σ)− Tr ρi(δσ))

are both elements of Ri. For all q 6∈ S we have

φ1(Tq) = 1 + χ(q) ⇔ Tq − (1 + χ(q)) ∈ ker φ1.

Projecting to Li, it follows that Tr ρi(q) ≡ 1 + χ(q) mod mi. Applying Cebotarev’s
theorem a second time, we find that Tr ρi(σ) ≡ 1 + χ(σ) mod mi for all σ ∈ GK.
As a consequence,

ai(σ) ≡ 1
2 (1 + χ(σ) + 1 + χ(δσ)) ≡ 1 mod mi,

di(σ) ≡ 1
2 (1 + χ(σ)− 1− χ(δσ)) ≡ χ(σ) mod mi.

Since Ri is a local ring with maximal ideal mi, this also shows that ai(σ) and di(σ)

are contained in R×i . Thus, a(σ) and d(σ) both belong to T×
(1). For all q 6∈ S we also

have that
φ1+ε(Tr ρ(Frobq)) = φ1+ε(Tq) = ψ1(q) + ψ2(q),

hence φ1+ε ◦ Tr = ψ1 + ψ2, again by Cebotarev’s density theorem. Observe that

ψ1(δ) = 1 and ψ2(δ) = −1

since χ(δ) = −1 and κcyc(δ) = 1. It follows that, for all σ ∈ GK,

(φ1+ε ◦ a)(σ) = 1
2 · φ1+ε(Tr ρ(σ) + Tr ρ(δσ))

= 1
2 (ψ1(σ) + ψ2(σ) + ψ1(δσ) + ψ2(δσ))

= ψ1(σ),

(φ1+ε ◦ d)(σ) = 1
2 · φ1+ε(Tr ρ(σ)− Tr ρ(δσ))

= 1
2 (ψ1(σ) + ψ2(σ)− ψ1(δσ)− ψ2(δσ))

= ψ2(σ).

5.3 Theorem ([DDP], Theorems 4.2 (2) and 4.4). (a) For all i, the matrix entry bi does
not vanish identically on the decomposition group Gp at p.

(b) There exists a cohomology class κ ∈ H1
{p}(K, E(χ−1)) satisfying

respκ = u1(−Lan(χ)κnr + κcyc).
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Sketch of Proof: The ring Ri is a finite extension of Λ, so we can choose an n ∈ N

such that Λn → Ri is surjective. Let B denote the Ri-submodule of Li generated by
the elements bi(σ) as σ ranges over GK, i. e. B is the image of the map

Λn × GK → Li.

Since B is compact, the Weierstrass Preparation Theorem implies that there are
integers i, j ≥ 0 such that B ⊆ π−i

E (F1 · . . . · Fj)
−1Ri

∼= Ri, where πE ∈ OE is a
uniformiser and F1, . . . , Fj ∈ Λ are distinguished polynomials. Λ being noetherian,
this implies that B is finitely generated as a Λ-module and hence also as an Ri-
module. As di(σ) ∈ R×i , we can define a function

Ki : GF → B, σ 7→ bi(σ)

di(σ)

and its reduction Ki : GK → B, where B = B/mB. It is easy to check that Ki defines
a class in H1(GK, B(χ−1)). The representation ρi is unramified outside p, so if we
assume that bi vanishes on Gp, then Ki is contained in the kernel of the map

H1
{p}(GK, B(χ−1))→ H1(Kp, B(χ−1)).

The proof of Lemma 3.3 shows that this map is injective, hence Ki is a coboundary.
One checks that this in fact implies Ki = 0, so Nakayama’s Lemma yields B = 0.
This contradicts the irreducibility of ρi, so bi cannot vanish identically on Gp.

Let now (
Aq Bq

Cq Dq

)
∈ GL2(L)

be a change of basis the transforms every component ρi of ρ into the form described
in part (d) of Theorem 5.1. We define

K : GK → T(1), σ 7→ Cp

Ap
· b(σ)

d(σ)
.

One has to check that this function is well-defined, i. e. Ap ∈ T×
(1), and then uses

a similar Nakayama argument as above to show that K maps to the maximal ideal
m = ker φ1 of T(1). We can therefore define a function κ : GK → E by means of the
equation

(φ1+ε ◦ K)(σ) = κ(σ)ε for all σ ∈ GK.

This function can then be checked to give the desired cohomology class.

5.4 Remark. Combining Theorem 5.3 with Proposition 3.5 we get that Conjecture 2.10
for the character χ is true in the special case that there is exactly one prime p lying
above p in K, that Leopoldt’s Conjecture holds for K and that

ords=1(Lan(χ, s) +Lan(χ
−1, s)) = ords=1Lan(χ

−1, s) (∗)

holds. The main result in [DDP] is in fact stronger: They show assuming Leopoldt’s
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Conjecture that

• if p is the only prime above p and aforementioned condition (∗) holds, then Con-
jecture 2.10 is also true for both χ and χ−1,

• if p is not the only prime above p and |R| = 1, then Conjecture 2.10 is true without
further conditions.
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