On the Galois cohomology of ideal class groups

David Burns and Soogil Seo

Abstract. We use étale cohomology to prove some explicit results on the Galois cohomology of ideal class groups.

1991 Mathematics Subject Classification: Primary 11S40; Secondary 11R29 20C05

1. Introduction

Let K/k be a finite Galois extension of number fields. In several interesting cases, explicit class-field theoretic computations have been used to describe the cohomology of the ideal class group of the ring of algebraic integers of K as a Gal(K/k)-module. For example, such explicit descriptions play a key role in important recent work of Schoof [6, 7], of Cornacchia and Greither [3] and of Greither [4] and also in work of the second named author [8]. In this note we wish to point out that étale cohomology provides an alternative approach to the derivation of all such explicit descriptions and also allows one to make some new observations that are in much the same spirit. We do this by showing that the étale cohomology of the multiplicative group gives rise to canonical exact four term sequences in which the two outer terms are related to unit groups and ideal class groups and the two inner terms are cohomologically-trivial.

2. Canonical exact sequences

We set G := Gal(K/k) and let S denote the set of places of k consisting of all archimedean places and all which ramify in K/k. For any intermediate field E of K/k we write S(E) for the set of places of E lying above those in S, O_E for the ring of algebraic integers in E, O_{E,S} for the ring of S(E)-integers in E, Y_{E,S} for the (left) Gal(E/k)-module ⨁ w Z where w runs over all nonarchimedean places in S(E) and X_{E,S} for the kernel of the natural projection homomorphism Y_{E,S} → Z.

All G-modules are to be regarded as left modules. We set Z^′ := Z[^1_2 ] and for any G-module M we write M^′ in place of M ⊗_Z Z^′. For each such M we also write M[0] for the complex C^· which has C^0 = M and C^i = 0 for all i ≠ 0. We abbreviate ‘cohomologically-trivial’ to ‘c.t.’. The following observation is key to our approach.

Proposition 2.1. There exists a canonical complex of G-modules I^· with the following properties: each module I^i is c.t. and for each subgroup J of G and each integer a there is a canonical identification

H^a(H^0(J, I^·)) ∼=

(O^×_{KJ ,S} )^′, if a = 0 Pic(O_KJ_{,S} )^′, if a = 1 X^′_{KJ ,S} ⊗_Z′ Q/Z^′, if a = 2 0, otherwise.

Proof. For any intermediate field E of K/k we set U_E := Spec(O_{E,S} ). We also set G^′_m := G_m ⊗_Z Z^′, considered as an object of the category S(U_k) of sheaves on (U_k)_{ét}, and write G^′_m → C^·(G^′_m) for the Godement resolution of G^′_m (cf. [5, Chap. III, Rem. 1.20(c)]). We regard C^·(G^′_m) as a complex of objects of S(U_k), with C^0(G^′_m) placed in degree 0, and so we obtain a complex of G-modules by setting I^· := Γ(U_K , C^·(G^′_m)). Then, for each intermediate field E, with J = Gal(K/E), and each integer a, there is a canonical identification between H^a_{ét}(U_E , G^′_m) and the cohomology in degree a of the complex Γ(U_E , C^·(G^′_m)) = H^0(J, I^·). The stated description of each module H^a(H^0(J, I^·)) thus follows by means of a standard computation in étale cohomology (cf. [5, Chap. III, Exam. 2.22]).

To show that each module I^i is c.t. we first fix an injective resolution C^i(G^′_m) → D^{i·} in S(U_k). Then, since C^i(G^′_m) is flabby, there is a quasi-isomorphism between Γ(U_E , C^i(G^′_m))[0] and Γ(U_E , D^{i·}).

We next note that for each integer j ≥ 0 the G-module Γ(U_K , D^{ij} ) is injective. To prove this we fix an algebraic closure k^c of k which contains K and use the fact that each G-module M can be regarded as a Gal(k^c/k)-module and hence gives rise to a sheaf M^c on Spec(k)_{ét}. Further, if j : Spec(k) → U_k is the natural morphism, then M → j_∗(M^c) is an exact fully faithful functor from the category of G-modules to S(U_k) and there is a canonical isomorphism Hom_G(M, Γ(U_K , D^{ij} )) ∼= Hom_{S(Uk)}(j_∗(M^c), D^{ij} ). Hence, the G-module Γ(U_K , D^{ij} ) is injective because the functor F → Hom_{S(Uk)}(F, D^{ij} ) is exact. The complex Γ(U_K , D^{i·}) thus gives an injective resolution of the module I^i = Γ(U_K , C^i(G^′_m)) and so in each degree a > 0 one has H^a(J, I^i) = H^a(H^0(J, Γ(U_K , D^{i·}))) = H^a(Γ(U_E , D^{i·})) = H^a(Γ(U_E , C^i(G^′_m))[0]) = 0. As this is true for every intermediate field E and every integer a > 0, [1, Th. 9] shows that the G-module I^i is indeed c.t. □

Remark 2.2. With further effort one can prove a version of Proposition 2.1 (and hence of subsequent results in this manuscript) which does not involve inverting 2. To do this one must replace the role of I^· ∼= RΓ_{ét}(U_K , G^′_m) in the above argument by Hom(RΓ_{c,ét}(U_K , Z), Q/Z) where RΓ_{c,ét}(U_K , Z) is the cohomology ‘with compact support’ used in [2, Prop. 3.1]. However, we prefer to avoid such technicalities in the present manuscript.

For any G-module M, any subgroup J of G and any integer a we write Ĥ^a(J, M) for the corresponding Tate cohomology group.

Corollary 2.3. Let e be any central idempotent of Z^′[G] which annihilates X^′_{K,S} and ℘ any prime ideal of O_K which ramifies in K/k. Then e Pic(O_{K,S} )^′ is equal to the quotient e Pic(O_{K,(℘)})^′ of e Pic(O_K )^′ by the subgroup generated by e-times the ideal class of ℘ and there exists a canonical exact sequence of G-modules

(1) 0 → e(O^×_{K,S} )^′ → A → B → e Pic(O_{K,(℘)})^′ → 0

in which A and B are both c.t.. In particular, if J is any subgroup of G and a is any integer, then there exists a canonical isomorphism

(2) Ĥ^{a+2}(J, e(O^×_{K,S} )^′) ∼= Ĥ^a(J, e Pic(O_{K,(℘)})^′).

Proof. Proposition 2.1 implies that there exists a tautological exact sequence

0 → e(O^×_{K,S} )^′ −→ eI^{0 d0}−→ e ker(d^1) → e Pic(O_{K,S} )^′ → 0

where d^· denotes the differential of I^·. Further, the natural exact sequence eY^′_{K,S}^c−→ e Pic(O_K )^′ → e Pic(O_{K,S} )^′ → 0 combines with the equality eX^′_{K,S} = 0 to imply im(c) is equal to the subgroup of e Pic(O_K )^′ that is generated by e-times the ideal class of ℘ and so e Pic(O_{K,S} )^′ = e Pic(O_{K,(℘)})^′. Now the G-module A := eI^0 is a direct summand of I^0 and so is obviously c.t.. To prove that the G-module B := e ker(d^1) is also c.t. we shall use the brutal truncation σ_{≥1}(eI^·) (thus, this complex is 0 in degrees less than 1 and agrees with eI^· in all strictly positive degrees). Indeed, it is clear that B = H^1(σ_{≥1}(eI^·)) and that Proposition 2.1 (with J the identity subgroup of G) combines with the equality eX^′_{K,S} = 0 to imply H^i(σ_{≥1}(eI^·)) = 0 for all i > 1. The (−1-shift of the) complex σ_{≥1}(eI^·) thus constitutes an acyclic resolution of the G-module B. Hence, for each integer a > 2 and each subgroup J of Gal(K/k), one has H^{a−1}(J, B) = H^a(H^0(J, σ_{≥1}(eI^·))) = e(H^a(H^0(J, I^·))) = 0, where the last equality is by Proposition 2.1. When taken in conjunction with [1, Th. 9] this implies that B is c.t., as required.

At this stage we have proved the existence of an exact sequence (1). It thus only remains to note that the isomorphism (2) follows directly by splitting (1) into two short exact sequences and then considering the associated long exact sequences of Tate cohomology for the subgroup J. □

3. Special cases

In this section we consider some special cases of Corollary 2.3.

3.1. CM fields. In this subsection we assume that K is a CM field and that k is totally real. We write K^+ for the maximal real subfield of K (so k ⊆ K^+) and τ for the (unique) non-trivial element of Gal(K/K^+), and we assume that every (non-archimedean) place which ramifies in K/k does not split in K/K^+. Then in this case the idempotent e^− :=^1_2 (1 − τ) is central in Z^′[G] (because K^+/k is Galois) and annihilates Y^′_{K,S} and hence also X^′_{K,S} . In addition, it is clear that e^− Pic(O_{K,{℘}})^′ = e^− Pic(O_K )^′ and that [9, Th. 4.12] implies e^−(O^×_{K,S} )^′ = μ^′_K where μ_K is the torsion subgroup of K^×. From (2) we thus obtain canonical isomorphisms Ĥ^{a+2}(J, μ^′_K ) ∼= Ĥ^a(J, e^− Pic(O_K )^′). This implies, in particular, that if μ^′_K ic c.t., then so also is e^− Pic(O_K )^′. The latter fact was first proved (in the case G is abelian) by Greither [4, Th. 2.1] as a slight extension of an earlier result of Schoof [6, Th. 2.1(i)] which was itself proved by means of explicit computations in class field theory.

3.2. X_{K,S} = 0. In this subsection we assume that there exists a unique nonarchimedean place v in S, that the decomposition subgroup of v is equal to G and that the (unique) prime ideal ℘ of O_K that lies above v is principal. Then X_{K,S} = 0 so one can take e = 1 in Corollary 2.3, e Pic(O_{K,(℘)})^′ = Pic(O_K )^′ and there is a natural exact sequence 0 → O^×_K → O^×_{K,S} → Z → 0. Hence, if J is any subgroup of G, then by combining the exact sequence of Tate cohomology (for J) of the latter sequence together with the isomorphisms (2) (with e = 1) and the fact that Ĥ^i(J, Z) vanishes for both i = −1 and i = 1, one deduces the existence of a canonical exact sequence

0 → Ĥ^0(J, O^×_K )^′ → Ĥ^{−2}(J, Pic(O_K ))^′ → Z^′/|J|

→ Ĥ^1(J, O^×_K )^′ → Ĥ^{−1}(J, Pic(O_K ))^′ → 0.

3.3. Cyclotomic fields. In certain cases one can obtain more precise information on the Galois cohomology of Pic(O_K ) in the setting of §3.2. For example, let p be a fixed odd prime, n a natural number, K_n the maximal real subfield of Q(e^{2πi/pn} ) and set O_n := O_{Kn} , G_n := Gal(K_n/Q) and k = Q. Then the unique prime ideal of O_n lying above p is principal with generator ζ_n := e^{2πi/pn} + e^{−2πi/pn} and so the conditions of §3.2 are satisfied (with v = p). In this case one also has a natural isomorphism O^×_{n,S} /C_n ∼= O^×_n /Cyc_n where C_n is the G_n-submodule of O^×_{n,S} generated by ζ_n and Cyc_n is the submodule of O^×_n generated by {g(ζ_n)/ζ_n : g ∈ G_n}. Now G_n is cyclic and so its Tate cohomology has period 2. In addition, the G_n-module C_n is isomorphic to Z[G_n] (via ζ_n → 1) and hence is c.t. and so Corollary 2.3 (with e = 1) implies the existence, for each subgroup J of G_n and each integer a, of an isomorphism of G_n/J-modules

Ĥ^a(J, O^×_n /Cyc_n)^′ ∼= Ĥ^a(J, O^×_{n,S} /C_n)^′ ∼= Ĥ^a(J, O^×_{n,S} )^′ ∼= Ĥ^a(J, Pic(O_n))^′.

We thereby obtain an alternative proof of the results of Schoof [7, Prop. 5.1(ii)] and of Cornacchia and Greither [3, Prop. 11].

Further, if J ⊆ G_1, and Cl_∞ and (E/Cyc)_∞ denote the inverse limits over n of Pic(O_n) and O^×_n /Cyc_n respectively (each with respect to the natural field theoretic norm maps), then by taking the inverse limit of the above displayed isomorphisms one obtains an isomorphism of lim←−_n Z[Gal(K_n/K_1)]-modules

H^a(J, (E/Cyc)_∞)^′ ∼= H^a(J, Cl_∞)^′.

This isomorphism recovers the main result (Corollary 1.4) of the second named author in [8]. We remark that the latter result was proved in loc. cit. by means of rather lengthy computations in class field theory.

References

[1] M. F. Atiyah, C. T. C. Wall, Cohomology of groups, in ‘Algebraic Number Theory’, J.

W. S. Cassells, A. Fröhlich (eds.), Academic Press 1967.

[2] D. Burns, M. Flach, On Galois structure invariants associated to Tate motives, Amer.

J. Math. 120 (1998) 1343-1397.

[3] P. Cornacchia, C. Greither, Fitting ideals of class groups of real fields with prime power conductor, J. Number Theory 73, 459-471 (1998).

[4] C. Greither, Some cases of Brumer’s conjecture for abelian CM extensions of totally real fields, Math. Zeit. 233 (2000) 515-534.

[5] J. S. Milne, Étale Cohomology, Princeton University Press, Princeton, 1980. [6] R. Schoof, Minus class groups of the fields of the l-th roots of unity, Math. Comp. 67 (1998) 1225-1245.

[7] R. Schoof, Class numbers of real cyclotomic fields of prime conductor, Math. Comp. 72 (2003) 913-937.

[8] S. Seo, Cohomology groups of the class groups over a Z_p-extension, Acta Arith. 120 (2005) 337-348.

[9] L. Washington, Introduction to cyclotomic fields, Graduate Texts in Mathematics 83, Springer 1982.

King’s College London, Dept. of Mathematics, London WC2R 2LS, England, United Kingdom

Dept. of Mathematics, Yonsei University, 134 Sinchon-Dong, Seodaemun-Gu, Seoul, South Korea