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Abstract. We use the theory of reduced determinant functors of Burns and Sano [24] to
give a new, computationally useful, description of the relative K0-groups of orders in finite
dimensional separable algebras that need not be commutative. By combining this approach
with a canonical generalization to non-commutative algebras of the notion of ‘zeta element’
introduced by Kato [51], we then formulate, for each odd prime p, a natural main conjecture
of non-commutative p-adic Iwasawa theory for Gm over arbitrary number fields. This
conjecture predicts a simple relation between a canonical Rubin-Stark non-commutative
Euler system that we introduce and the compactly supported p-adic cohomology of Zp and
is shown to simultaneously extend both the higher rank (commutative) main conjecture for
Gm formulated by Burns, Kurihara and Sano [19] and the K-theoretical formalism of main
conjectures in non-commutative Iwasawa theory developed by Ritter and Weiss [72] and by
Coates, Fukaya, Kato, Sujatha and Venjakob [27]. In particular, via these links we obtain
strong evidence in support of the conjecture in the setting of Galois CM extensions of
totally real fields. Our approach also leads to the formulation over arbitrary number fields
of a precise conjectural ‘higher derivative formula’ for the Rubin-Stark non-commutative
Euler system that is shown to recover upon appropriate specialisation the classical Gross-
Stark Conjecture for Deligne-Ribet p-adic L-functions. We then show that this conjectural
derivative formula can be combined with the main conjecture of non-commutative p-adic
Iwasawa theory to give a strategy for obtaining evidence in support of the equivariant
Tamagawa Number Conjecture for Gm over arbitrary finite Galois extensions of number
fields, thereby obtaining a wide-ranging generalization of the main result of [19].
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1. Introduction

1.1. Background and main results. The theory of determinant functors for complexes
of modules over commutative noetherian rings was developed by Knudsen and Mumford
in [55], with later clarifications provided by Knudsen in [54], in both cases following initial
suggestions of Grothendieck. It was subsequently shown by Deligne in [33] that for any
exact category (in the sense of Quillen [71]) there exists a universal determinant functor
that takes values in an associated category of ‘virtual objects’.

Such determinant functors have hitherto played a key role in the formulation with respect
to non-commutative coefficient rings of arithmetic special value conjectures, including the
equivariant Tamagawa Number Conjecture that was formulated by Burns and Flach [17],
following the seminal work of Bloch and Kato [4] and of Fontaine and Perrin-Riou [36].

In an earlier article [24], we constructed a canonical family of extensions of the determi-
nant functor of Grothendieck, Knudsen and Mumford in the setting of the derived categories
of perfect complexes over orders in finite dimensional separable algebras that need not be
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commutative. These ‘reduced determinant functors’ are of a more explicit, and concrete,
nature than are the virtual objects used in [17] and, after establishing certain necessary
results in integral representation theory, we were able, as a first application, to use them
to develop a theory of non-commutative Euler systems in the setting of p-adic representa-
tions that are defined over arbitrary number fields and are endowed with the action of an
arbitrary Gorenstein Zp-order.

In this article we consider the question of whether the general approach developed in [24]
can be expected to have concrete consequences for the study of special value conjectures
relative to non-commutative coefficient rings. In particular, we answer this question affir-
matively in the special case of the equivariant Tamagawa Number Conjecture for Gm, or
eTNC(Gm) for short in the rest of this introduction, relative to arbitrary Galois extensions
of number fields.

As some motivation for focusing on this case, we recall that eTNC(Gm) is both known to
strengthen many classical refinements of Stark’s seminal conjectures on the leading terms
at zero of Artin L-series (see, for example, [14]) and can also, via the philosophy described
by Huber and Kings in [45, §3.3] and by Fukaya and Kato in [37, §2.3.5], be seen to play an
important role in the study of the most general case of the equivariant Tamagawa Number
Conjecture (in fact, in [52, Ch. I, § 3.3] Kato even refers to this special case of the conjecture
as ‘the universal case’).

However, in order to directly apply the constructions of [24] to the study of eTNC(Gm), we
must first prove several intermediate results which we feel may themselves be of independent
interest. To better orientate the reader through the article, therefore, we shall separate the
remainder of this discussion according to these intermediate steps.

1.1.1. Zeta elements and relative K-theory. In the first part of the article (comprising §2
to §4) we prove some results in relative K-theory.

These results are established in the setting of an order A that is defined over a Dedekind
domain R and spans a (finite-dimensional) separable algebra A over the quotient field of
R. Recalling that the ‘Whitehead order’ ξ(A) of A is a canonical R-order in the centre
of A that is defined in [24], we shall here introduce natural notions of ‘locally-primitive’
and ‘primitive’ bases over ξ(A) for the reduced determinant lattices of perfect complexes of
A-modules.

By using these notions, we shall then give (in Theorem 4.8) a concrete, and compu-
tationally useful, interpretation of the sort of equalities in relative K0-groups that have
hitherto underpinned the formulation of refined special value conjectures relative to non-
commutative coefficient rings.

In particular, in this way we shall obtain an explicit reinterpretation of eTNC(Gm) in
terms of a natural non-commutative generalization of the notion of ‘zeta element’ introduced
by Kato in [51] (for details see Remark 4.9).

We recall that the notion of zeta element plays a key role in the strategy to investigate
eTNC(Gm) over abelian extensions of arbitrary number fields that is developed by Burns,
Kurihara and Sano in [18, 19]. In a little more detail, then, one of the main aims of the
present article will be to use the techniques introduced in [24] to extend the latter strategy
to the setting of arbitrary Galois extensions of number fields.
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1.1.2. Non-commutative Euler systems. After reviewing in §5 relevant properties of the
canonical Selmer modules and modified étale cohomology complexes that are constructed
in [18], our next step will be to adapt, and in appropriate ways refine, aspects of the theory
of non-commutative Euler systems that is developed in [25].

To this end, in §6 we introduce a notion of ‘(higher rank) non-commutative (pre-)Euler
system for Gm’ and use a detailed analysis of the compactly supported p-adic cohomology
of Zp to give an unconditional construction of such systems over any number field. In this
way we are able, for example, to strengthen the main result of [25] concerning the existence
of ‘extended cyclotomic Euler systems’ over Q (for details see Theorem 6.19).

More generally, for any Galois extension of number fields E/K, we use the values at zero
of higher derivatives of the Artin L-series of complex characters of Gal(E/K) to uncondi-
tionally define a ‘non-commutative Rubin-Stark element’ εRS

E/K for E/K. These elements

belong, a priori, to the real vector spaces spanned by an appropriate reduced exterior power
bidual of unit groups and we show that, for any fixed set Σ of archimedean places of K, as
E varies over the finite Galois extensions of K (in some fixed algebraic closure) in which all
places in Σ split completely, the elements εRS

E/K constitute a pre-Euler system εRS
K,Σ of rank

|Σ| for Gm over K.
Such systems εRS

K,Σ will be referred to as ‘Rubin-Stark pre-Euler systems for K’ and play
a fundamental role in our approach. In preparation for such applications, we formulate,
as Conjecture 6.8, a natural generalization to non-abelian Galois extensions of the central
conjecture formulated by Rubin in [74] and show that this ‘non-commutative Rubin-Stark
Conjecture’ implies that the systems εRS

K,Σ are non-commutative Euler (rather than just

pre-Euler) systems of rank |Σ| for Gm over K.

1.1.3. Non-commutative Iwasawa theory. In §7 and §8 we then develop certain aspects of
non-commutative Iwasawa theory that are necessary for our approach.

As a first step, in §7 we formulate a ‘main conjecture of higher rank non-commutative
p-adic Iwasawa theory’ for Gm over an arbitrary number field K. This prediction is stated
as Conjecture 7.4 and uses the formalism of primitive bases developed in §4 to express a pre-
cise connection between the non-commutative Rubin-Stark pre-Euler system εRS

K,Σ and the
reduced determinant of the compactly supported p-adic cohomology of Zp over a compact
p-adic Lie extension of K in which all places in Σ split completely.

Conjecture 7.4 can be seen to simultaneously generalize both the higher rank main con-
jecture of (commutative) Iwasawa theory that is formulated by Burns, Kurihara and Sano in
[19] and the standard formulation of main conjectures in non-commutative Iwasawa theory
following the approaches of Ritter and Weiss in [72] and of Coates, Fukaya, Kato, Sujatha
and Venjakob in [27]. In particular, in an important special case (in which Σ is empty) our
approach allows us to deduce the validity of Conjecture 7.4 by using the known validity,
due independently to Ritter and Weiss [73], and to Kakde [50], of the main conjecture of
non-commutative Iwasawa theory for totally real fields.

In §8, we then prove the existence over arbitrary compact p-adic Lie extensions of K of
a distinguished family of resolutions of the compactly supported p-adic cohomology of Zp.
This family of resolutions has two important roles in the present article and will also have
further applications elsewhere (cf. §1.1.6).
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In the remainder of §8 we use these resolutions to introduce a natural notion of ‘semisim-
plicity’ for the Selmer module of Gm over p-adic Lie extensions of K of rank one. This
notion provides our theory with an appropriate generalization of the hypothesis that a
finitely generated torsion module over the classical Iwasawa algebra should be ‘semisimple
at zero’ (which is a standard assumption that arises in relation to descent computations
in contexts in which the associated p-adic L-functions have trivial zeroes). In addition,
we show that, in all relevant cases, our notion of semisimplicity specializes to recover the
generalization, due to Jaulent [47], of the ‘Order of Vanishing Conjecture’ for p-adic Artin
L-series at zero that was originally independently conjectured (for CM fields) by Gross [41]
and Kuz’min [57].

1.1.4. The Generalized Gross-Stark Conjecture. As the final preparatory step in our ap-
proach, in §9 we formulate a generalization to arbitrary Galois extensions of number fields
of the (p-adic) Gross-Stark Conjecture. We recall that the latter conjecture was originally
formulated by Gross [41] in the setting of CM Galois extensions of totally real fields and
has been unconditionally verified for all odd p by Dasgupta, Kakde and Ventullo in [29].

To formulate our conjecture we first use the resolutions constructed in §8 to introduce,
under appropriate hypotheses, a canonical notion of the ‘value of a higher derivative’ of the
non-commutative pre-Euler system εRS

K,Σ. By comparing the reduced exterior products of
certain natural Bockstein maps with those of canonical ‘valuation’ maps, we also construct
a canonical ‘L -invariant’ homomorphism between the exterior power biduals (of differing
ranks) of unit groups.

Then, in any given setting, the ‘Generalized Gross-Stark Conjecture’ of Conjecture 9.7
predicts an explicit formula for the value of an appropriate higher derivative of εRS

K,Σ in
terms of the image under the relevant L -invariant map of a non-commutative Rubin-Stark
element of an appropriately higher rank.

This conjectural derivative formula encodes families of significant, and even sometimes
explicit, integral relations between the non-commutative Rubin-Stark elements of differing
ranks that are defined relative to finite Galois extensions of K. In this way, the conjecture
therefore also encodes information about families of fine integral relations between the values
at zero of higher derivatives (of different orders) of the Artin L-series defined over K.

For example, in the setting of CM extensions of totally real fields, we can show that
the ‘odd component’ of the derivative formula in Conjecture 9.7 precisely recovers the
classical Gross-Stark Conjecture. In this special case, therefore, we can thereby derive the
unconditional validity of Conjecture 9.7 as a consequence of the main result of Dasgupta et
al [29].

1.1.5. eTNC(Gm). In §10 we finally establish a concrete link between the results obtained
in earlier sections and the conjecture eTNC(Gm).

Before doing so, however, we start by reviewing what is presently known concerning
eTNC(Gm) over non-abelian Galois extensions and, at the same time, clarify aspects of the
results of Burns in [16].

Under a suitable semisimplicity hypothesis, we are then able to establish over arbitrary
finite Galois extensions of number fields a precise link between the non-commutative higher
rank Iwasawa main conjecture (of Conjecture 7.4), the explicit derivative formula given
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by the Generalized Gross-Stark Conjecture (of Conjecture 9.7) and the reinterpretation of
eTNC(Gm) in terms of zeta elements that is presented in §4. The latter result is stated
explicitly as Theorem 10.15 and constitutes our desired generalization to arbitrary Galois
extensions of the main result of Burns, Kurihara and Sano in [19].

The result of Theorem 10.15 sheds new light on the essential nature of eTNC(Gm) over
arbitrary Galois extensions and also, more concretely, presents a strategy for obtaining
evidence for it beyond the case of CM-extensions of totally real fields. It is therefore to be
hoped that, in the same way the main result of [19] has motivated subsequent work and
led to significant arithmetic results (see, for example, the recent articles of Bley and Hofer
[3] and of Bullach and Hofer [12]), the strategy presented here will lead to concrete new
evidence for eTNC(Gm) for families of non-abelian Galois extensions. For example, even in
the case of non-abelian CM extensions of totally real fields, Theorem 10.15 already gives a
significant simplification of the proofs of results of Burns in [16] (see, for example, Remark
10.17).

1.1.6. Other connections. To end the introduction, we note that the techniques developed
here, and in the earlier articles [24] and [25] of Burns and Sano, can also be shown to
have consequences for the formulation and study of special value conjectures over non-
commutative coefficient rings beyond the special cases that we focus on in the present
article.

As an example, in work of Burns, Puignau, Sano and Seo [22] it is shown that the
distinguished family of resolutions constructed in §8 can be used to define canonical ‘non-
commutative Artin-Bockstein maps’ that extend the classical reciprocity maps of local class
field theory to non-abelian Galois extensions (of local fields) and thereby to formulate a
generalization to arbitrary finite Galois extensions of the ‘refined class number formula
conjecture for Gm’ (or, as it is also often known, the ‘Mazur-Rubin-Sano Conjecture’).
We recall that the latter conjecture was independently conjectured for abelian extensions
by Mazur and Rubin in [63] and by Sano in [75] and has played a key role in the study of
eTNC(Gm) over such extensions. We further note that its natural generalization to arbitrary
Galois extensions (as formulated precisely in [22, Conj. 5.1]) essentially constitutes a refined
version ‘at finite level’ of the Iwasawa-theoretic Generalised Gross-Stark Conjecture that
we formulate here as Conjecture 9.7.

One can also change focus from Gm to abelian varieties. We recall that, in this direction,
the article [61] of Macias Castillo and Tsoi already gives interesting applications of the
algebraic constructions made in [24] to the study of the Hasse-Weil-Artin L-series of dihedral
twists of elliptic curves over general number fields. In addition, in [20] Burns, Kurihara and
Sano have established an analogue of the main result of [19] that is relevant to the study
of the Birch-Swinnerton-Dyer Conjecture for elliptic curves over Q (see, in particular, [20,
Th. 7.6 and Rem. 7.7]). In light of this, it would be interesting to know if the general
approach developed here can be adapted to shed further light on concrete relations between
the Birch-Swinnerton-Dyer Conjecture and the GL2 Main Conjecture of Iwasawa theory for
elliptic curves without complex multiplication of Coates et al [27].

Finally, and in a much more general setting, the theory of non-commutative Euler systems
developed in [25] can be seen to play an important role in relation to the strategies described
by Huber and Kings [45, §3.3] and Fukaya and Kato [37, §2.3.5] to study the general case
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of the equivariant Tamagawa number conjecture. In particular, given a motive M defined
over Q, one can ‘twist’ in an appropriate sense the family of cyclotomic non-commutative
Euler systems that is constructed unconditionally in Theorem 6.19 of the present article in
order to obtain analytic families of classical, commutative Euler systems (of suitable rank)
for lattices Tp(M) in the p-adic realisation of M . Then, by applying the general theory
of higher rank Euler systems of Burns, Sakamoto and Sano [23] to these systems, one can
study the Selmer modules of Tp(M). This important aspect of our theory will be discussed
elsewhere.

1.2. General notation. For the reader’s convenience, we collect together some general
notation that will be used throughout the article.

For each ring R, we write ζ(R) for its centre and Rop for the corresponding opposite ring
(so that ζ(R) = ζ(Rop)). By an R-module we shall, unless explicitly stated otherwise, mean
a left R-module. The transpose of a matrix M over R is denoted by M tr.

We write Z(p) for the localization of Z at a prime number p. We write Ap for the pro-p
completion of an abelian group, or complex of abelian groups, A (so that Zp is the ring of
p-adic integers) and use similar notation for morphisms. We often abbreviate E ⊗Z A to
E ·A for a field E.

We fix an algebraic closure Qc
p of the field of p-adic rationals Qp and a completion Cp

of Qc
p. For a finite group Γ we write Ir(Γ) and Irp(Γ) for the respective sets of irreducible

C-valued and Cp-valued characters of Γ.
If A is a Γ-module, then we endow linear duals such as A∨ := HomZ(A,Q/Z) and

HomZ(A,Z) with the natural contragredient action of Γ.
For a Galois extension of fields E/F we often abbreviate Gal(E/F ) to GE/F .
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Part I: Reduced determinants and relative K-theory

The equivariant Tamagawa Number Conjecture is formulated in [17] in terms of Deligne’s
categories of virtual objects and takes the form of an equality in the relative algebraic K0-
group of an appropriate extension of rings.

Alternative approaches to the formulation of conjectures in such groups were subsequently
developed by Breuning and Burns [11] using a theory of ‘equivariant Whitehead torsion’, by
Fukaya and Kato [37] using a theory of ‘localized K1-groups’, by Muro, Tonks and Witte [64]
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using Waldhausen K-theory and by Braunling [6, 7, 8] using a theory of ‘equivariant Haar
measures’ (and see also the associated article [9] of Braunling, Henrard and van Roosmalen).

In this first part of the article (comprising §2 to §4), our main aim is to explain how the
theory of ‘reduced determinant functors’ that is developed in [24] can also be used to give
a new approach to the formulation of such conjectures.

The key contribution that we shall actually make in these sections is to introduce a notion
of ‘(locally-)primitive basis’ in the setting of reduced determinants and to show that this
notion is both well-defined and functorially well-behaved on the reduced determinants that
arise from objects in suitable derived categories (for details see §3).

To relate this construction to relative algebraic K-theory, we shall also introduce a nat-
ural generalization of the notion of ‘zeta element’ that was first used in a (commutative)
arithmetic setting by Kato in [51] (cf. Definition 4.6 and Example 4.7).

Our main result in this regard (Theorem 4.8) is then entirely K-theoretic in nature
and perhaps of some independent interest. However, it also provides a natural, and very
concrete, interpretation of the equalities that underlie several existing refined special value
conjectures in arithmetic (cf. Remark 4.9). In addition, and more importantly, it can also
be computationally useful in such contexts.

In particular, in later sections of this article, we shall find that this approach leads
to a more direct formulation of main conjectures in non-commutative Iwasawa theory, to
a natural generalization of the classical Gross-Stark Conjecture, to improvements in the
descent formalism that relates such conjectures to the relevant cases of eTNC(Gm) and
thereby to the derivation of further concrete evidence in support of eTNC(Gm) itself.

2. Reduced determinants

For the convenience of the reader, we shall first review relevant facts concerning the
theory of reduced determinant functors developed by Burns and Sano in [24].

To do so we fix a Dedekind domain R with field of fractions F of characteristic zero. We
also fix a finite dimensional separable F -algebra A and an R-order A in A.

2.1. Reduced exterior powers. We write the Wedderburn decomposition of A as

A =
∏

i∈I
Ai,

where I is a finite index set and each algebra Ai is of the form Mni(Di) for a suitable natural
number ni and a division ring Di with F ⊆ ζ(Di).

We next choose a field extension E of F that, for every index i, contains ζ(Di) and splits
Di and then fix associated isomorphisms

Di ⊗ζ(Di) E
∼= Mmi(E)

for a suitable natural number mi.
For each index i we also fix an indecomposable idempotent ei of Mmi(E). Then the direct

sum Vi of ni-copies of eiMmi(E) is a simple left Ai,E := Ai ⊗ζ(Ai) E-module.
Each finitely generated A-module M decomposes as a direct sum

M =
⊕

i∈I
Mi,

where Mi denotes the Ai-module Ai ⊗AM .
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For each non-negative integer r we then define the r-th reduced exterior power ofM over
A by setting

(2.1.1)
∧r

A
M :=

⊕
i∈I

∧rdi

E
(V ∗
i ⊗Ai,E

Mi,E),

with di := dimE(Vi) = nimi, Mi,E :=Mi ⊗ζ(Ai) E, and V ∗
i := HomE(Vi, E). This construc-

tion depends on E, but is independent of each space Vi up to isomorphism.
To discuss linear duals we note that HomA(M,A) has a natural structure as left Aop-

module and we consider its exterior powers over Aop. We also note that, for each index i,
the space V ∗

i is a simple left Aop
i,E-module, and that its dual V ∗∗

i is canonically isomorphic
to Vi. In this case, the definition above therefore gives

(2.1.2)
∧r

Aop
HomA(M,A) =

⊕
i∈I

∧rdi

E
(Vi ⊗Aop

i,E
HomAi,E

(Mi,E , Ai,E)).

For each integer s with 0 ≤ s ≤ r there are then natural duality pairings

(2.1.3)
∧r

A
M ×

∧s

Aop
HomA(M,A)→

∧r−s

A
M, (m,φ) 7→ φ(m).

To make this pairing explicit we fix, for each index i, an E-basis {vij : 1 ≤ j ≤ mi} of
eiMmi(E). If Ai is commutative, and hence a field (so that mi = 1), then we always take
vi1 to be identity element of E. The (lexicographically-ordered) set

ϖ(i) := {ϖiaj : 1 ≤ a ≤ ni, 1 ≤ j ≤ mi}

is then an E-basis of Vi, where ϖiaj is the element of Vi that is equal to vij in its a-th
component and is zero in all other components.

For any subsets {ma}1≤a≤r of M and {φa}1≤a≤r of HomA(M,A) we then set

(2.1.4) ∧a=ra=1ma :=
(
∧1≤a≤r(∧x∈ϖ(i)x

∗ ⊗mai)
)
i∈I ∈

∧r

A
M

and

(2.1.5) ∧a=ra=1φa :=
(
∧1≤a≤r(∧x∈ϖ(i)x⊗ φai)

)
i∈I ∈

∧r

Aop
HomA(M,A).

Here we writemai and φai for the projections ofma toMi,E and of φa to HomAi,E
(Mi,E , Ai,E)

and {x∗ : x ∈ ϖ(i)} for the basis of V ∗
i that is dual to ϖ(i).

These constructions clearly depend on the collection ϖ of ordered bases {ϖ(i) : i ∈ I}
and so should strictly be written as ‘∧ϖ’ rather than ‘∧’. However, for simplicity, we prefer
not to indicate this dependence, since in practice it does not cause difficulties.

For example, in the sequel we will often use the following fact (from [24, Lem. 4.13]) that
is independent of the choice of ϖ: if M is a free A-module of rank r with basis {ba}1≤a≤r,
then for each φ in EndA(M) one has

(2.1.6) ∧a=ra=1(φ(ba)) = NrdEndA(M)(φ) · (∧a=ra=1ba) ∈
∧r

A
M.

Finally, we recall that, with these definitions, for subsets {mb}1≤b≤r ofM and {φa}1≤a≤r
of HomA(M,A), the pairing (2.1.3) sends

(
∧b=rb=1mb,∧a=ra=1φa

)
to the element

(2.1.7) (∧a=ra=1φa)(∧b=rb=1mb) = NrdAop((φa(mb))1≤a,b≤r) ∈ ζ(A).
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Remark 2.1. Let Γ be a finite group and F a subfield of C. For each character χ in
Ir(Γ) we write nχ for the exponent of the quotient group Γ/ ker(χ) and Fχ for the field
generated over F by a primitive nχ-th root of unity. Then, following Brauer [5], we may fix
a representation

ρχ : Γ→ GLχ(1)(Fχ)

of character χ. In particular, if F ′ is any extension of F that contains Fχ for every χ in
Ir(Γ), then the induced F ′-linear ring homomorphisms ρχ,∗ : F

′[Γ]→ Mχ(1)(F
′) combine to

give an isomorphism of F ′-algebras

F ′[Γ] ∼=
∏

χ∈Ir(Γ)
Mχ(1)(F

′).

This shows that F ′ is a splitting field for F [Γ], that the spaces

Vχ := (F ′)χ(1),

considered as the first columns of the respective χ-components Mχ(1)(F
′) of F ′[Γ], are a

complete set of representatives of the isomorphism classes of simple F ′[Γ]-modules and that

the standard F ′-basis of (F ′)χ(1) constitutes an ordered F ′-basis of Vχ.
In this way, a fixed choice of representations

{ρχ}χ∈Ir(Γ)
as above gives rise, for each finitely generated F [Γ]-moduleM , to a canonical normalization
of the constructions (2.1.1), (2.1.2), (2.1.4) and (2.1.5). We further note that, for each
non-negative integer r, the resulting ζ(F [Γ])-module

∧r
F [Γ]M is then finitely generated and

behaves functorially under change of F .

2.2. Reduced Rubin lattices.

2.2.1. In the sequel we write Spec(R) for the set of all prime ideals of R and Spm(R) for
the subset Spec(R) \ {(0)} of maximal ideals.

For p in Spec(R) we write R(p) for the localization of R at p and for an R-module M set
M(p) := R(p)⊗RM . For p in Spm(R) we also write Rp for the completion of R at p and for
an R-module M set Mp := Rp ⊗RM .

A finitely generated module M over an R-order A is said to be ‘locally-free’ if M(p) is
a free A(p)-module for all p in Spec(R). We recall that for p in Spm(R), the A(p)-module
M(p) is free if and only if the Ap-module Mp is free (this follows as an easy consequence of
Maranda’s Theorem - see, for example, [28, Prop. (30.17)]).

We write Modlf(A) for the category of (finitely generated) locally-free A-modules. For

M in Modlf(A) the rank of the free A(p)-module M(p) is independent of p and equal to the
rank of the free A-module MF := M(0) = F ⊗R M . We refer to this common rank as the
‘rank’ of M and denote it rkA(M).

Remark 2.2. Localization is an exact functor and so a locally-free A-module is projective.
There are important cases in which the converse is also true.
(i) If A = R, then every finitely generated torsion-free A-module M is locally-free, with
rkA(M) equal to the dimension of the F -space spanned by M .
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(ii) If G is a finite group for which no prime divisor of |G| is invertible in R and A = R[G]
then, by a fundamental result of Swan [80] (see also [28, Th. (32.11)]), a finitely generated
projective A-module is locally-free. For any such module M the product rkR[G](M) · |G| is
equal to the dimension of the F -space spanned by M .
(iii) There are also several classes of order A for which a finitely generated projective A-
module is locally-free if and only if it spans a free A-module. This is the case, for example,
if A is commutative (cf. [28, Prop. 35.7]), or if A(p) is a maximal R(p)-order in A for all
p in Spm(R) (cf. [28, Th. 26.24(iii)]), or if A = R[G] for any finite group G (cf. [28, Th.
32.1]).

2.2.2. We use the R-submodule of ζ(A) defined by

ξ(A) := R ·
{
NrdA(M) :M ∈

⋃
n≥0

Mn(A)
}
.

For each p in Spm(R), we similarly define an R(p)-submodule ξ(A(p)) of ζ(A) and an Rp-
submodule ξ(Ap) of ζ(Ap) and we recall that

ξ(A) =
⋂

p∈Spm(R)
ξ(A(p))

by [22, Lem. 2.2]. Further, by [24, Lem. 3.2], one knows that ξ(A) is an R-order in ζ(A)
(referred to as the ‘Whitehead order’ of A in loc. cit.), that ξ(A) = A if and only if A is
commutative and that, in general, one has

ξ(A)(p) = ξ(A(p)) = ζ(A) ∩ ξ(Ap)

for every p in Spm(R).
For a finitely generated A-module M , and a non-negative integer r, the r-th reduced

Rubin lattice of the A-module M is then defined (in [24, Def. 4.15]) to be the ξ(A)-
submodule of

∧r
AMF obtained by setting⋂r

A
M :=

{
a ∈

∧r

A
MF : (∧i=ri=1φi)(a) ∈ ξ(A) for all φ1, . . . , φr ∈ HomA(M,A)

}
.

This module is finitely generated as a consequence of [24, Th. 4.19(ii)]. The latter result
also shows that, whilst the definition (2.1.5) of reduced exterior products depends on the
choices of ordered bases ϖ, the lattice

⋂r
AM is independent, in a natural sense, of these

choices (which are therefore not explicitly indicated in our notation).
We next note that the argument of [24, Lem. 4.16] implies injectivity of the canonical

‘evaluation’ homomorphism of ξ(A)-modules

(2.2.1) evrM :
⋂r

A
M →

∏
φ
ξ(A); x 7→

(
(∧j=rj=1φj)(x)

)
φ
,

where in the direct product φ = (φ1, . . . , φr) runs over all elements of HomA(M,A)r.
We further recall from [24, Prop. 5.6] that if M belongs to Modlf(A), with r := rkA(M),

then
⋂r

AM is an invertible ξ(A)-module with the property that⋂r

A
M =

⋂
p∈Spm(R)

(⋂r

A
M
)
(p)
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and so can be explicitly computed via its localizations as follows: if for each p in Spm(R)
one fixes an ordered A(p)-basis bp = {bp,j}1≤j≤r of M(p), then

(2.2.2)
(⋂r

A
M
)
(p)

=
⋂r

A(p)

M(p) = ξ(A(p)) · ∧
j=r
j=1bp,j .

In particular, if M is a free A-module, with ordered basis {bj}1≤j≤r, then one can take
bp,i = bi for all i with 1 ≤ i ≤ r and so the ξ(A)-module

(2.2.3)
⋂r

A
M = ξ(A) · ∧j=rj=1bj

is free of rank one (with basis ∧j=rj=1bj).

Remark 2.3. For other examples of the explicit computation of Whitehead orders and
reduced Rubin lattices see [24, Exam. 3.4, Exam. 3.5 and Rem. 4.16].

2.3. Reduced determinant functors.

2.3.1. We write D(A) for the derived category of (left) A-modules. We also write Clf(A)
for the category of bounded complexes of modules in Modlf(A) and Dlf(A) for the full
triangulated subcategory of D(A) comprising complexes that are isomorphic to a complex

in Clf(A).
We write Klf

0 (A) for the Grothendieck group of Modlf(A) and recall that each object C of

Dlf(A) gives rise to a canonical ‘Euler characteristic’ element χA(C) in Klf
0 (A) (for details

see [24, §5.1.3]).
We also write SKlf

0 (A) for the kernel of the homomorphism Klf
0 (A) → Z that is induced

by sending each M in Modlf(A) to rkA(M).

We then write Clf,0(A) for the subcategory of Clf(A) comprising complexes C for which

χA(C) belongs to SKlf
0 (A) and Dlf,0(A) for the full triangulated subcategory of Dlf(A)

comprising complexes C for which χA(C) belongs to SKlf
0 (A). (The latter condition is

equivalent to requiring that C is isomorphic in D(A) to an object of Clf,0(A)).

Remark 2.4. Assume A is such that, for all p in Spec(R), the reduced projective class
group SK0(A(p)) of the R(p)-order A(p) vanishes (as is the case, for example, for all of the

orders discussed in Remark 2.2). Then, in this case, Dlf,0(A) is naturally equivalent to the

full triangulated subcategory of the derived category Dperf(A) of perfect complexes of A-
modules that comprises all (perfect) complexes whose Euler characteristic in K0(A) belongs
to the subgroup SK0(A). A proof of this fact is given in [24, Lem. 5.2].

2.3.2. In the next result we record relevant properties of the reduced determinant functors
constructed in [24, §5].

To state this result we recall that, in terms of the notation used in §2.1, the ‘reduced
rank’ of a module M in Modlf(A) is defined to be the vector

rrA(M) :=
(
rkA(M) · di

)
i∈I ,

where each natural number di is defined as in §2.1. By using [24, Lem. 5.1], this vector is
regarded as a locally-constant function on Spec(ξ(A)).
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We also write Dlf(A)Isom for the subcategory of Dlf(A) in which morphisms are restricted
to be isomorphisms and P(ξ(A)) for the category of graded invertible ξ(A)-modules. We
recall that each object of P(ξ(A)) is a pair

X = (Xu, gr(X))

comprising an ‘ungraded part’ Xu that is a locally-free, rank one, ξ(A)-module and a
‘grading’ gr(X) that is a locally-constant function on Spec(ξ(A)).

Finally, we note that the concept of ‘extended determinant functor’ originates in [55] and
is recalled precisely in [24, Def. 5.12].

Then the following result is an immediate consequence of [24, Th. 5.4].

Theorem 2.5. For each set of ordered bases ϖ as in §2.1, there exists a canonical extended
determinant functor

dA,ϖ : Dlf(A)Isom → P(ξ(A))

that has all of the following properties.

(i) For each exact triangle

C ′ → C → C ′′ → C ′[1]

in Dlf(A) there exists a canonical isomorphism in P(ξ(A))

dA,ϖ(C
′)⊗ dA,ϖ(C

′′)
∼−→ dA,ϖ(C)

that is functorial with respect to isomorphisms of triangles.
(ii) If C belongs to Dlf(A) is such that every module H i(C) also belongs to Dlf(A), then

there exists a canonical isomorphism in P(ξ(A))

dA,ϖ(C) ∼=
⊗

i∈Z
dA,ϖ(H

i(C))(−1)i

that is functorial with respect to quasi-isomorphisms.
(iii) For each P in Modlf(A) one has

dA,ϖ(P ) =
(⋂rkA(P )

A
P, rrA(P )

)
,

where the reduced Rubin lattice
⋂rkA(P )

A P is defined with respect to ϖ.

(iv) The restriction of dA,ϖ to Dlf,0(A)Isom is independent of the choice of ϖ.

Remark 2.6. The approach of Deligne in [33, §4] constructs a ‘universal determinant

functor’ for the exact category Modlf(A), with values in an associated commutative Picard
category V lf(A) of ‘virtual objects’. In particular, in this way each determinant functor
dA,ϖ constructed as in Theorem 2.5 naturally induces a strongly monoidal functor

ϕlfA,ϖ : V lf(A)→ P(ξ(A)).

It is known that, in most cases, this functor ϕlfA,ϖ is not an equivalence of commutative

Picard categories. For more details see [24, Rems. 5.5 and 5.8].
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Remark 2.7. For any free rank one ζ(A)-module W we set

W 1 :=W and W−1 := Homζ(A)(W, ζ(A)),

with the linear dual regarded as a (free, rank one) ζ(A)-module via the natural composition
action. For each basis element w of W we set w1 := w and write w−1 for the (unique) basis
element of W−1 that sends w to 1. For any invertible ξ(A)-module L we similarly define
invertible ξ(A)-modules by setting

L1 := L and L−1 := Homξ(A)(L, ξ(A)).

For any complex P • in Clf(A) of the form

(2.3.1) · · · → P a
da−→ P a+1 → · · · ,

we then set

d⋄A,ϖ(P
•) :=

⊗
a∈Z

(⋂rkA(Pa)

A
P a
)(−1)a

,

where the tensor product is taken over ξ(A), and

(2.3.2) rrA(P
•) :=

∑
a∈Z

(−1)a · rrA(P a) =
(∑

a∈Z
(−1)a · rkA(P a)

)
· (di)i∈I .

Then claims (i) and (iii) of Theorem 2.5 combine to give a canonical identification

dA,ϖ(P
•) =

(
d⋄A,ϖ(P

•), rrA(P
•)
)

so that dA,ϖ(P
•)u = d⋄A,ϖ(P

•).

3. Primitive and locally-primitive bases

In this section we introduce natural notions of ‘primitive basis’ and ‘locally-primitive
basis’ in the setting of the functors that are discussed in Theorem 2.5.

In the sequel we always regard the set of ordered bases ϖ that occurs in Theorem 2.5 as
fixed and use the following abbreviations for the associated reduced determinant functors

dA(−) := dA,ϖ(−) and d⋄A(−) := d⋄A,ϖ(−).

3.1. Primitive bases.

3.1.1. We write Modf(A) for the full subcategory of Modlf(A) comprising (finitely gener-

ated) free A-modules and Cf(A) for the full subcategory of Clf(A) comprising complexes

P • in which every term P a belongs to Modf(A).
Fix P • in Cf(A) and for each integer a set ra := rkA(P

a). Then the equality (2.2.3)
(with M and r taken to be each P a and ra) implies that the ξ(A)-module d⋄A(P

•) defined
in Remark 2.7 is free of rank one.

Further, if for each a we fix an ordered A-basis

ba = {ba,j}1≤j≤ra
of P aF , then we obtain an element of the ζ(A)-module d⋄A(P

•)F by setting

(3.1.1) Υ(b•) :=
⊗

a∈Z
(∧j=raj=1 ba,j)

(−1)a .
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In particular, if each ba is an A-basis of P a, then (2.2.3) implies that Υ(b•) is a basis of
the ξ(A)-module d⋄A(P

•).
This fact motivates us to make the following definition.

Definition 3.1. For any complex P • in Cf(A) we shall say that a basis element b of the
(free, rank one) ξ(A)-module d⋄A(P

•) is ‘primitive’ if it is equal to Υ(b•) for some choice of
ordered bases ba of the A-modules P a.

The key observation that we shall make about this definition is that it extends naturally
to give a well-defined concept on objects of Dlf(A).

To state the precise result we recall that for any integer d greater than or equal to the
stable range sr(A) of A, the natural homomorphism

GLd(A)→ K1(A)(3.1.2)

is surjective (cf. [28, Th. (40.42)]). We further recall Bass has shown that sr(A) is equal
to one if R is local, and hence A is semi-local, and that sr(A) is equal to two in all other
cases. (For more details see [28, Th. (40.31)] and [28, Th. (40.41)] respectively.)

Proposition 3.2. Let λ : P •
1 → P •

2 be a quasi-isomorphism in Cf(A) and assume that P •
1

and P •
2 each have a term of rank at least sr(A). Set r := rrA(P

•
1 ) = rrA(P

•
2 ).

Then an element b of d⋄A(P
•
1 ) is a primitive basis of d⋄A(P

•
1 ) if and only if the image of

(b, r) under dA(λ) is equal to (b′, r) for a primitive basis b′ of d⋄A(P
•
2 ).

The proof of this fact uses several results concerning the functorial behaviour of primitive
bases with respect to the constructions that underlie the proof of [24, Th. 5.4]. In this regard
we recall that the arguments in loc. cit. adapt earlier arguments of Burns and Flach in [17,
§2] and so rely on explicit constructions made by Knudsen and Mumford in [55].

3.1.2. We first establish several useful technical results.

Lemma 3.3. Let P • be a complex in Cf(A) of the form (2.3.1) for which there exists an
integer a with rkA(P

a) ≥ sr(A).
Let b be a primitive basis of d⋄A(P

•). Then any other element b′ of d⋄A(P
•) is a primitive

basis of d⋄A(P
•) if and only if b′ = u · b with u in NrdA(K1(A)).

Proof. In each degree s set rs := rkA(P
s). Then (2.1.6) implies that for any choices of

ordered A-bases {bsj}1≤j≤rs and {b′sj}1≤j≤rs of P s there exists a matrix Us in GLrs(A)
such that

∧j=rsj=1 b
′
sj = NrdA(Us) · ∧j=rsj=1 bsj .

Since NrdA(Us) is a unit of ξ(A), this observation (in each degree s) implies that the stated
condition is necessary.

To prove sufficiency we assume that b is a primitive basis of d⋄A(P
•) and that b′ = u · b

with u in NrdA(K1(A)).
Since, by assumption, ra ≥ sr(A) the homomorphism (3.1.2) (with d = ra) is surjective

and so there exists a matrix ua = (ua,tw)1≤t,w≤ra in GLra(A) with NrdA(ua)
(−1)a = u.

We then fix ordered bases bs := {bs,t}1≤t≤rs of the A-modules P s such that b = Υ(b•)
and write b′s := {b′s,t}1≤t≤rs for the ordered basis of each A-module P s that is obtained by



16 ON NON-COMMUTATIVE IWASAWA THEORY

setting b′s,t := bs,t if s ̸= a and b′a,t :=
∑w=ra

w=1 ua,twba,w. Then the equality (2.1.6) implies
that

b′ = u · b = NrdA(ua)
(−1)a ·Υ(b•) = Υ(b′•),

and hence that b′ is a primitive basis of d⋄A(P
•), as required. □

Lemma 3.4. Let

0→ P •
1 → P •

2 → P •
3 → 0

be a short exact sequence in Cf(A) and write

∆ : dA(P
•
1 )⊗ dA(P

•
3 )
∼= dA(P

•
2 )

for the isomorphism induced by Theorem 2.5(i). Set rj := rrA(P
•
j ) for j = 1, 2, 3.

Then r1 + r3 = r2 and, for any primitive bases x1 of d⋄A(P
•
1 ) and x3 of d⋄A(P

•
3 ), there

exists a primitive basis x2 of d⋄A(P
•
2 ) such that

∆((x1, r1)⊗ (x3, r3)) = (x2, r2).

Proof. The given exact sequence induces in each degree a a (split) short exact sequence in

Modf(A) of the form

(3.1.3) 0→ P a1 → P a2
ϕa−→ P a3 → 0.

These sequences imply that rkA(P
a
1 ) + rkA(P

a
3 ) = rkA(P

a
2 ) and so the claimed equality

r1 + r3 = r2 follows directly from the definition (2.3.2) of each term rrA(P
•
j ).

In addition, if one sets raj = rrA(P
a
j ) for j = 1, 2, 3, then the above sequences combine

with Remark 2.7 to show that the remaining claim is valid provided that for any primitive
bases xa1 of d⋄A(P

a
1 ) and x

a
3 of d⋄A(P

a
3 ), there exists a primitive basis xa2 of d⋄A(P

a
2 ) such that

the isomorphism

∆a : dA(P
a
1 )⊗ dA(P

a
3 )
∼= dA(P

a
2 )

induced by (3.1.3) sends (xa1, r
a
1)⊗ (xa3, r

a
3) to (xa2, r

a
2).

For this we fix an A-module section σ to ϕa and note that, if xj corresponds to the
ordered A-basis {bjs}1≤s≤raj of P aj for each j = 1, 3, then one obtains an ordered A-basis
{bσs }1≤s≤ra2 of P a2 by setting

bσs :=

{
b1s, if 1 ≤ s ≤ ra1 ,
σ(b3s−ra1

), if ra1 < s ≤ ra2 .

Then ∧j=r
a
2

j=1 b
σ
j is a primitive basis of d⋄A(P

a
2 ) =

⋂ra2
A P

a
2 and so the required result is true

because the isomorphism ∆a is defined (in [24]) by the condition that

∆a
(
(∧s=r

a
1

s=1 b
1
s, r

a
1)⊗ (∧t=r

a
3

t=1 b
3
t , r

a
3)
)
= (∧j=r

a
2

j=1 b
σ
j , r

a
2).

□

Lemma 3.5. Let P • be an acyclic complex in Cf(A) and b a primitive basis of d⋄A(P
•).

Then rrA(P
•) = 0 and the canonical isomorphism dA(P

•) ∼= (ξ(A), 0) sends (b, 0) to (u, 0)
for some element u of NrdA(K1(A)).
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Proof. The acyclicity of P • implies that
∑

a∈Z(−1)a · rkA(P a) = 0 and hence also that
rrA(P

•) = 0, as claimed.
Regarding the second claim, we note that the ‘only if’ part of Lemma 3.3 (the argument

for which does not require the existence of an integer a with rkA(P
a) ≥ sr(A)) reduces us to

proving the existence of a primitive basis b of d⋄A(P
•) such that the canonical isomorphism

dA(P
•) ∼= (ξ(A), 0) sends (b, 0) to (u, 0) for some element u of NrdA(K1(A)).

We first prove this in the special case that there exists an integer a such that P i vanishes

for all i /∈ {a, a+1}. In this situation the acyclicity of P • implies it has the form At θ−→ At for
a suitable natural number t and isomorphism of A-modules θ. In particular, if we write b for
the primitive basis of d⋄A(P

•) that corresponds to the standard basis of At (in both degrees
a and a+1), then (2.1.6) implies that the canonical isomorphism dA(P

•) ∼= (ξ(A), 0) sends
(b, 0) to (NrdA(Mθ), 0), where Mθ is the matrix of θ with respect to the standard basis of
At. The required result is therefore true since NrdA(Mθ) belongs to NrdA(K1(A)).

Turning now to the general case, we write a and a′ for the least and greatest integers m
for which Pm is non-zero. Then, if necessary by taking the direct sum of P • with a suitable

collection of complexes of the form A id−→ A (and applying Lemma 3.4), we can assume that
rkA(ker(d

j)) ≥ sr(A) for each j with a < j < a′.
Then, since P • is acyclic, the Bass Cancellation Theorem (cf. [28, Th. (41.20)]) combines

with an easy downward induction on j to imply, firstly that each A-module im(dj) =
ker(dj+1) is free and hence that there is an isomorphism of A-modules P j ∼= ker(dj)⊕im(dj),
and secondly that each module P j/ ker(dj) ∼= im(dj) is free.

Now write P •
1 for the complex P a

da−→ im(da) where the first term is placed in degree a,
and ι for the natural inclusion of complexes P •

1 → P •. Then there is a tautological short
exact sequence of acyclic complexes

(3.1.4) 0→ P •
1

ι−→ P • → cok(ι)→ 0

in Cf(A) and, by applying Lemma 3.4 to this sequence, one can use an induction on the
number of non-zero modules P j to reduce to the special case (that P j vanishes except in
two consecutive degrees) that was considered earlier. □

3.1.3. We can now prove Proposition 3.2.
For j ∈ {1, 2} and each integer a we set raj := rkA(P

a
j ). For each j and a we then fix an

ordered A-basis bj,a := {bj,ak}1≤k≤raj of P aj and write xj for the associated primitive basis

Υ(bj,•) of d
⋄
A(P

•
j ).

Then Lemma 3.3 implies that the stated claim is true if and only if there exists an element
u of NrdA(K1(A)) such that

(3.1.5) dA(λ)((x1, r)) = (u · x2, r)

with r := rrA(P
•
1 ) = rrA(P

•
2 ). To prove this we shall adapt an argument of Knudsen and

Mumford from [55, proof of Th. 1] (see also [38, Chap. III, §3, Lem.]).
For this purpose we recall that the mapping cylinder of λ is the complex Z•

λ that has

Zaλ = P a1 ⊕P a2 ⊕P
a+1
1 in each degree a and is such that, with respect to these decompositions,

the differential in degree a is represented by the matrix
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da1 0 −1
0 da2 λa+1

0 0 −da+1
1


where daj denotes the differential of P •

j in degree a.
Then, with this notation there are quasi-isomorphisms λ1 : P •

1 → Z•
λ, λ2 : P •

2 → Z•
λ and

λ′2 : Z
•
λ → P •

2 in Cf(A) with (in the obvious notation)

λ1 =

1
0
0

 , λ2 =

0
1
0

 and λ′2 =

λ1
0

 .

In addition, one checks that λ′2 ◦ λ1 = λ and λ′2 ◦ λ2 = idP •
2
and that both of the complexes

cok(λ1) and cok(λ2) are acyclic objects of Cf(A). It follows that, for each i in {1, 2} there
are natural isomorphisms

dA(λi)
′ : dA(P

•
i )
∼= dA(P

•
i )⊗ dA(cok(λi)) ∼= dA(Z

•
λ),

where the first map is induced by the acyclicity of cok(λi) and the second by the tautological
short exact sequence

0→ P •
i

λi−→ Z•
λ → cok(λi)→ 0.

By applying Lemma 3.5 to the first isomorphism in this composite, and then Lemma 3.4
to the second, one deduces that there exists an element ui of NrdA(K1(A)) and a primitive
basis yi of d

⋄
A(Z

•
λ) such that

dA(λi)
′((xi, r)) = ((ui · yi, r)).

On the other hand, the explicit construction of dA(λ) in [24] implies directly that

dA(λ) = (dA(λ2)
′)−1 ◦ dA(λ1)′

and hence that
dA(λ)((x1, r)) = ((u1u

−1
2 u3) · x2, r)

where u3 is the element of NrdA(K1(A)) that is defined by (Lemma 3.3 and) the equality

y1 = u3 · y2.
In particular, since the element u := u1u

−1
2 u3 belongs to NrdA(K1(A)), this proves the

required equality (3.1.5) (for this value of u), and hence completes the proof of Proposition
3.2. □

3.2. Locally-primitive bases. We can now make the key definitions of §3.

Definition 3.6. Let C be an object of Dlf(A) and b an element of dA(C)F .

(i) We say that b is a ‘primitive basis’ of the ξ(A)-module dA(C) if C is isomorphic in Dlf(A)
to a complex P • in Cf(A) with the property that in some degree a one has rkA(P

a) ≥ sr(A)
and, with respect to the induced identification dA(C) ∼= (d⋄A(P

•), rrA(P
•)), the element b

corresponds to (b′, rrA(P
•)) for some primitive basis b′ of d⋄A(P

•).
(ii) We say that b is a ‘locally-primitive basis’ of the ξ(A)-module dA(C) if for all p in
Spm(R) the image of b in the p-completion dA(C)F,p = dAp(Cp)Fp of dA(C)F is a primitive
basis of the ξ(Ap)-module dAp(Cp).
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(iii) We say that b is a ‘generically-primitive basis’ of the ξ(A)-module dA(C) if its image
in dA(C)F = dA(CF ) is a primitive basis of the ζ(A)-module dA(CF ).

The arguments of §3.1 imply that the notion of (locally-)primitive basis is intrinsic to

objects of Dlf(A) and further that, in this setting, it has the following useful functorial
properties.

Proposition 3.7. Let C be an object of Dlf(A).
(i) If C is acyclic, then the canonical isomorphism

dA(C) ∼= (ξ(A), 0)

coming from Theorem 2.5 sends any primitive basis of dA(C) to an element of
(NrdA(K1(A)), 0).

(ii) Let b be a primitive basis of dA(C). Then an element b′ of dA(C)F is a primitive
basis of dA(C) if and only if b′ = u · b for some u in NrdA(K1(A)).

(iii) Let

C1 → C → C3 → C1[1]

be an exact triangle in Dlf(A). Then for any primitive bases, respectively locally-
primitive bases, x1 of dA(C1) and x3 of dA(C3), the canonical isomorphism

dA(C1)⊗ dA(C3) ∼= dA(C)

coming from Theorem 2.5 sends x1 ⊗ x3 to a primitive basis, respectively locally-
primitive basis, of dA(C).

Proof. The key point is Proposition 3.2 implies that if b is a primitive basis of d⋄A(P
•
1 ) for

any complex P •
1 in Cf(A) that is both isomorphic in Dlf(A) to C and such that in some

degree a one has rkA(P
a
1 ) ≥ sr(A), then it also corresponds to a primitive basis of d⋄A(P

•
2 )

for any other such complex P •
2 in Cf(A).

Given this fact, the assertions of claims (i), (ii) and (iii) follow directly from the respective
results of Lemmas 3.5, 3.3 and 3.4. □

We next clarify the links between the varying notions of basis considered above.

Proposition 3.8. Let C be an object of Dlf(A) and b an element of dA(C)F . Then the
following claims are valid.

(i) If b is a primitive basis of dA(C), then it is also both a locally-primitive and
generically-primitive basis of dA(C).

(ii) If dA(C) has a primitive basis, then the converse of claim (i) is true.
(iii) If b is an locally-primitive basis of dA(C), then it is a ξ(A)-basis of dA(C)

u.
(iv) Assume dA(C) has a primitive basis. Then the ξ(A)-module dA(C)

u is free and the
following claims are valid.
(a) Every basis of dA(C)

u corresponds to a primitive basis of dA(C) if and only if
ξ(A)× = NrdA(K1(A)).

(b) Every basis of dA(C)
u corresponds to a locally-primitive basis of dA(C) if and

only if ξ(A)× is the full pre-image of the direct product of NrdAp(K1(Ap)) over
p in Spm(R) under the diagonal map



20 ON NON-COMMUTATIVE IWASAWA THEORY

ζ(A)× →
∏

p
ζ(Ap)

× =
∏

p
NrdAp(K1(Ap)).

Proof. Claim (i) follows easily by a direct comparison of the respective definitions that are
given in Definition 3.6.

To prove claim (ii), we fix a primitive basis b of dA(C). Then, in view of Proposition
3.7(ii), it is enough to show that if b′ is both a generically-primitive and locally-primitive
basis of dA(C), then one has b′ = u · b for some u in NrdA(K1(A)).

Now, as b′ is a generically-primitive basis, Proposition 3.7(ii) implies the existence of a
(unique) element v of NrdA(K1(A)) such that b′ = v · b in dA(CF ). Then, since b′ is a
locally-primitive basis, we can deduce from Proposition 3.7(ii) (and the uniqueness of v)
that, for every p in Spm(R), the image of v in NrdAp(K1(Ap)) belongs to NrdAp(K1(Ap)).
But then, by a general result of K-theory (which, for convenience, we defer to Lemma 4.3(ii)
below), this implies that v belongs to NrdA(K1(A)), as required.

To prove claim (iii) we note that, for each p in Spm(R), the given element b is a basis of
the ξ(Ap)-module dAp(Cp)

u = dA(C)
u
p . This fact implies, firstly, that for every such p one

has

(ζ(A) · b
)
p
= ζ(Ap) · b =

(
ξ(Ap) · b)Fp =

(
dA(C)

u
F

)
p

and hence that ζ(A) · b = dA(C)
u
F . Then, upon applying the general result of [28, Prop.

(4.21)(vi)], one deduces the required equality by noting that

dA(C)
u =dA(C)

u
F ∩

⋂
p
dA(C)

u
p

=(ζ(A) · b) ∩
⋂

p
(ξ(Ap) · b)

=
(
ζ(A) ∩

⋂
p
ξ(Ap)

)
· b

= ξ(A) · b.

Here, in each intersection p runs over Spm(R), and the last equality is valid because

ζ(A) ∩
⋂

p
ξ(Ap) =

⋂
p

(
ζ(A) ∩ ξ(A)p

)
=
⋂

p
ξ(A)(p) = ξ(A).

Finally, to prove claim (iv), we fix a primitive basis b of dA(C) and an arbitrary element
b′ of dA(C)F . Then one has b′ = x · b for a unique element x = xb′,b of ζ(A).

Now, since b is a basis of the ξ(A)-module dA(C)
u one knows that b′ is a basis of this

module if and only if x ∈ ξ(A)×.
In a similar way, the result of Proposition 3.7(ii) implies that b′ is a primitive basis,

respectively locally-primitive basis, of dA(C) if and only if one has x ∈ NrdA(K1(A)),
respectively the image of x in ζ(Ap)

× = NrdAp(K1(Ap)) belongs to NrdAp(K1(Ap)) for
every p in Spm(R).

The assertions in claim (iv) follow directly from these observations. □

3.3. Primitive bases and Euler characteristics. The result of Proposition 3.7(iii) leaves
open the problem of whether there are conditions onA under which the freeness of dA(C)

u as
a ξ(A)-module can itself imply the existence of a locally-primitive basis, or even a primitive
basis, of dA(C).
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To shed light on this problem, in this section we reinterpret the conditions that dA(C)
u

is free, that dA(C) has a locally-primitive basis and that dA(C) has a primitive basis in
terms of the Euler characteristic χA(C).

As necessary preparation for this result, we shall also make some general observations
concerning class groups of orders.

3.3.1. We note first that the argument of [28, Rem. (49.11)(iv)] shows that SKlf
0 (A) is

naturally isomorphic to the ‘locally-free classgroup’ Cl(A) of A, as defined in [28, (49.10)].
We recall Cl(A) is finite, that it is equal to the set of stable isomorphism classes [I] of

locally-free, rank one, A-submodules I of A and that its addition is defined by setting

[I1] + [I2] := [I3]

whenever there is an isomorphism of A-modules I1 ⊕ I2 ∼= I3 ⊕A. (Recall from [28, Rem.
(49.11)(i)] that A-modules I1 and I2 are stably-isomorphic if and only if I1⊕A is isomorphic
to I2 ⊕A.)

We recall further that if A is commutative, then Cl(A) is naturally isomorphic to the
multiplicative group of isomorphism classes of locally-free, rank one, A-submodules of A.

Lemma 3.9. The association P 7→
⋂rkA(P )

A P for each P in Modlf(A) induces a well-defined
homomorphism of abelian groups

∆A : SKlf
0 (A)→ Cl(ξ(A)).

Proof. Since SKlf
0 (A) is naturally isomorphic to Cl(A), this result is equivalent to the fol-

lowing two claims: firstly, if I1 and I2 are any locally-free, rank one, A-modules that are
stably-isomorphic, then the ξ(A)-modules

⋂1
AI1 and

⋂1
AI2 are isomorphic; secondly, if I1, I2

and I3 are any locally-free, rank one, A-modules for which the A-modules I1⊕I2 and I3⊕A
are isomorphic, then the ξ(A)-modules (

⋂1
AI1)⊗ξ(A) (

⋂1
AI2) and

⋂1
AI3 are isomorphic.

To prove the first claim we note that if I1 and I2 are stably-isomorphic, then there exists
an isomorphism of A-modules

I1 ⊕A ∼= I2 ⊕A.

Then, since
⋂1

AA is a free ξ(A)-module of rank one (by (2.2.3)), the argument of Lemma
3.4 induces an isomorphism of ξ(A)-modules of the required form⋂1

A
I1 ∼=(

⋂1

A
I1)⊗ξ(A) (

⋂1

A
A)

∼=(
⋂1

A
I2)⊗ξ(A) (

⋂1

A
A)

∼=
⋂1

A
I2.

The second claim is proved in a similar way since the given isomorphism I1⊕ I2 ∼= I3⊕A
induces an isomorphism of ξ(A)-modules



22 ON NON-COMMUTATIVE IWASAWA THEORY

(
⋂1

A
I1)⊗ξ(A) (

⋂1

A
I2) ∼=

⋂2

A
(I1 ⊕ I2)

∼=
⋂2

A
(I3 ⊕A)

∼=(
⋂1

A
I3)⊗ξ(A) (

⋂1

A
A)

∼=
⋂1

A
I3.

□

Remark 3.10. The homomorphism ∆A constructed above has a conceptual interpretation.
To explain this we recall from Remark 2.6 that the reduced determinant functor dA,ϖ
induces a monoidal functor ϕlfA,ϖ : V lf(A) → P(ξ(A)). The latter functor in turn induces

a homomorphism of abelian groups π0(ϕ
lf
A,ϖ) from the Grothendieck group Klf

0 (A) to the

Picard group Pic(ξ(A)) of the commutative ring ξ(A) (cf. [24, Rem. 5.5]). This Picard
group is canonically isomorphic to Cl(ξ(A)) and, with respect to this identification, ∆A is
equal to the composite

SKlf
0 (A)→ Klf

0 (A)
π0(ϕlfA,ϖ)
−−−−−−→ Pic(ξ(A)) ∼= Cl(ξ(A))

in which the first arrow is the natural inclusion.

We shall next define a canonical subgroup ker(∆A)
lp of the kernel of ∆A comprising

‘locally-primitive classes’.
To do this we write Jf (A) for the group of finite ideles of the F -algebra A and {z1, z2}

for the standard basis of A2. For each locally-free, rank one, A-submodule I of A we then
write M(I) for the coset of

∏
pGL2(Ap) in GL2(Jf (A)) comprising matrices M = (Mp)p

with the property that for all p (in Spm(R)) the set {Mpz1,Mpz2} is an Ap-basis of Ip⊕Ap.
We write NrdJf (A) for the homomorphism GL2(Jf (A))→ Jf (ζ(A)) that is induced by the

product map
∏

pNrdAp . We also identify ζ(A)× with its image under the natural diagonal

embedding ζ(A)× → Jf (ζ(A)).

Lemma 3.11. Let ker(∆A)
lp denote the subset of Cl(A) comprising elements [I] for which

the set M(I) contains a matrix M with NrdJf (A)(M) ∈ ζ(A)×. Then ker(∆A)
lp is a well-

defined subgroup of ker(∆A).

Proof. The set X := ker(∆A)
lp is well-defined since if [I] = [J ], then the A-modules I ⊕A

and J ⊕A are isomorphic and so there exists a matrix M∗ in GL2(A) such that N belongs
to M(I) if and only if M∗ ·N belongs to M(J).

To show X is contained in ker(∆A) it is enough to prove that
⋂1

AI is a free ξ(A)-module
whenever [I] belongs toX. This is true since if we fixM inM(I) with NrdJf (A)(M) ∈ ζ(A)×,
then the ξ(A)-module isomorphisms
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⋂1

A
I ∼=

⋂1

A
I ⊗ξ(A)

⋂1

A
A

∼=
⋂2

A
(I ⊕A)

= ξ(A) · (NrdJf (A)(M) · (z1 ∧A z2))

imply
⋂1

AI is isomorphic to ξ(A).
Finally, to show X is a subgroup of ker(∆A) it is enough to prove the following claims:

(i) If [I1] belongs to X and I2 is any locally-free, rank one, A-module for which there
exists an isomorphism of A-modules I1 ⊕ I2 ∼= A⊕A, then [I2] belongs to X.

(ii) If [I1] and [I2] belong to X, then any isomorphism of A-modules I1 ⊕ I2 ∼= I3 ⊕ A
implies [I3] belongs to X.

Claim (i) is true since the isomorphism I1⊕ I2 ∼= A⊕A implies the existence of a matrix
M∗ in GL4(A) such that if M1 and M2 belong to M(I1) and M(I2), then in GL4(Jf (A))
one has

M∗ ·
(
M1 0
0 M2

)
= Id4,

where Idn is the identity matrix in GLn(Jf (A)), and so

NrdJf (A)(M1) ·NrdJf (A)(M2) = NrdA(M∗)
−1

belongs to ζ(A)×.
In a similar way, the above claim (ii) follows from the fact that the induced isomorphism

(I1 ⊕A)⊕ (I2 ⊕A) ∼= (I3 ⊕A)⊕ (A⊕A)

of A-modules implies the existence of a matrix M ′
∗ in GL4(A) such that if M1 and M2

belongs to M(I1) and M(I2), then there exists a matrix M3 in M(I3) such that

M ′
∗ ·
(
M1 0
0 M2

)
=

(
M3 0
0 Id2

)
in GL4(Jf (A)), and hence

NrdJf (A)(M3) = NrdA(M
′
∗) ·NrdJf (A)(M1) ·NrdJf (A)(M2).

□

3.3.2. We can now state the main result of this section. This result provides explicit criteria
in terms of Euler characteristics that determine whether primitive or locally-primitive bases
exist.

Theorem 3.12. Let C be an object of Dlf,0(A). Then χA(C) belongs to SKlf
0 (A) and the

following claims are valid.

(i) dA(C)
u is a free ξ(A)-module if and only if χA(C) belongs to ker(∆A).

(ii) dA(C) has a locally-primitive basis if and only if χA(C) belongs to ker(∆A)
lp.

(iii) dA(C) has a primitive basis if and only if χA(C) vanishes.
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Proof. We first fix a complex P • in Clf(A) that is isomorphic in Dlf(A) to C. Then, by a
standard construction of homological algebra (as, for example, in [32, Rapport, Lem. 4.7]),
there exists a quasi-isomorphism of complexes of finitely generated A-modules of the form

θ : Q• → P •,

where Q• is bounded and has the property that if a is the lowest degree of a non-zero
module Qa, then P j vanishes for all j < a + 2 and Qj is a free A-module for all j > a.
We set rj := rkA(Q

j) in each degree j and note that, if necessary after replacing Q• by the
direct sum of Q• and the (acyclic) complex

A id−→ A,
where the first term is placed in degree a, we can assume that ra ≥ 2, and hence also that
ra ≥ sr(A).

Now the mapping cone D• of θ is an acyclic complex for which in each degree j one
has Dj = P j ⊕ Qj+1. In particular, since Dj belongs to Modlf(A) for all j ̸= a − 1, the
acyclicity of D• combines with the Krull-Schmidt-Azumaya Theorem (as in the argument

of [24, Lem. 5.2]) to imply Qa belongs to Modlf(A), and hence that Q• belongs to Clf(A).
To prove claim (i) we now use [28, Prop. (49.3)] to choose an isomorphism of A-modules

of the form
Qa ∼= (I ⊕A)⊕N,

where I is locally-free of rank one and N is free of rank ra − 2. Then, since each of the
modules Qj for j ̸= a is free, the ξ(A)-module dA(C)

u is isomorphic to

d⋄A(Q
•) =

⊗
j∈Z

(
⋂rj

A
Qj)(−1)j(3.3.1)

∼=(
⋂2

A
(I ⊕A))(−1)a ⊗ξ(A) ((

⋂ra−2

A
N)(−1)a ⊗ξ(A)

⊗
j∈Z\{a}

(
⋂rj

A
Qj)(−1)j )

∼=(
⋂2

A
(I ⊕A))(−1)a .

In particular, since the ξ(A)-module
⋂2

A(I ⊕A) is isomorphic to

(
⋂1

A
I)⊗ξ(A) (

⋂1

A
A) ∼= (

⋂1

A
I),

the equivalence in claim (i) is a consequence of the fact that ∆A sends the element

χA(C) =χA(Q
•)(3.3.2)

=
∑

j∈Z
(−1)j(Qj)

= (−1)a(I) + ((−1)a(ra − 1) +
∑

j∈Z\{a}
(−1)jrj)(A)

to (−1)a times the isomorphism class of
⋂1

AI. This proves claim (i).
Next we note that the isomorphism (3.3.1) implies dA(C) has a locally-primitive basis if

and only if the module d⋄A((I ⊕A)[0]) =
⋂2

A(I ⊕A) has a locally-primitive basis. To prove

claim (ii) it thus enough to show that
⋂2

A(I ⊕ A) has a locally-primitive basis if and only
if the set M(I) contains a matrix M such that NrdJf (A)(M) belongs to ζ(A)×.
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To prove this we fix a matrix M = (Mp)p in M(I) and for each p set b1,p :=Mp · z1 and
b2,p :=Mp · z2. Then for each p (in Spm(R)) the equality (2.1.6) implies

(3.3.3) b1,p ∧ b2,p = NrdAp(Mp) · (z1 ∧ z2) = NrdJf (A)(M)p · (z1 ∧ z2)

and so the description (2.2.2) implies that(⋂2

A
(I ⊕A)

)
p
= ξ(A)p · (NrdJf (A)(M)p · (z1 ∧ z2)).

Assume now that µ := NrdJf (A)(M) belongs to ζ(A)×. Then µ · (z1 ∧ z2) is a generator

of the ζ(A)-module
(⋂2

A(I ⊕ A)
)
F

and one has µ = NrdJf (A)(M)p for all p in Spm(R).

By the argument of Proposition 3.8(iii), the above displayed equalities therefore imply that

µ · (z1 ∧ z2) is a locally-primitive basis of
⋂2

A(I ⊕A), as required.
To prove the converse we assume

⋂2
A(I ⊕ A) has a locally-primitive basis b that corre-

sponds to a choice of ordered Ap-basis bp of Ip ⊕ Ap for each p in Spm(R). Then, in this
case, the equalities (3.3.3) imply the transition matrices Mp from {z1, z2} to bp combine to
give a matrix M = (Mp)p in GL2(Jf (A)) with the property that

b = NrdJf (A)(M)p · (z1 ∧ z2)

for every p. These equalities combine to imply that NrdJf (A)(M) belongs to ζ(A)×, and

this completes the proof of claim (ii).
Turning to claim (iii), we note Proposition 3.2 implies that dA(C) has a primitive basis

if and only if C is isomorphic in D(A) to a complex K• that belongs to both Clf,0(A) and
Cf(A) and also has the property that rkA(K

a) ≥ sr(A) in some degree a.
In particular, if such a complex K• exists, then it is clear that the Euler characteristic

χA(C) = χA(K
•) vanishes. Conversely, if χA(C) vanishes, then the sum (3.3.2) also van-

ishes and so the A-module Qa ∼= (I ⊕A)⊕N is stably-free. Then, since rkA(Q
a) ≥ 2, the

Bass Cancellation Theorem implies Qa is a free A-module of rank at least sr(A) and hence
that the complex Q• implies dA(C) has a primitive basis, as required. □

The following result describes two useful, and concrete, consequences of Theorem 3.12.

Corollary 3.13.

(i) If A is commutative, then, for any object C of Dlf,0(A), an element of dA(C)F is a
primitive basis of dA(C) if and only if it is a basis of dA(C)

u as a ξ(A)-module.

(ii) If |Cl(A)| does not divide |Cl(ξ(A))|, then there exist objects C of Dlf,0(A) for which
dA(C)

u is a free ξ(A)-module but dA(C) has no primitive basis.

Proof. For claim (i) we note that, if A is commutative, then ξ(A) = A and the map
∆A identifies with the identity automorphism of Cl(A) = Cl(ξ(A)). The group ker(∆A)
therefore vanishes and so the conditions in Theorem 3.12(i), (ii) and (iii) are equivalent.

In particular, in this case, if dA(C)
u is a free ξ(A)-module, then dA(C) has a primitive

basis b. In addition, any basis b′ of the ξ(A)-module dA(C)
u must differ from b by multi-

plication by an element of A× = NrdA(A×) and so Proposition 3.7(ii) implies b′ is also a
primitive basis of dA(C). This proves claim (i).
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The hypothesis of claim (ii) implies that the group ker(∆A) is not trivial. Fix a non-zero
element c of this group and a locally-free, rank one, A-module I that corresponds to c under
the isomorphism Cl(A) ∼= SKlf

0 (A).
Then the complex C := I[0] ⊕ A[−1] belongs to Dlf,0(A) and its Euler characteristic

χA(C) is equal to c. From Theorem 3.12(i) and (iii) it therefore follows that the ξ(A)-
module dA(C)

u is free and that dA(C) has no primitive basis. This proves claim (ii). □

4. Relative K-theory and zeta elements

In this section we fix a finite extension F of either Q or Qp for some prime p. If F is a
finite extension of Q, then we write OF for its ring of integers.

We fix a Dedekind domain R with field of fractions F . We also fix an R-order A in a
finite dimensional separable F -algebra A and, for any extension field F of F , we consider
the (finite dimensional, separable) F-algebra AF := F ⊗F A.

4.1. Relative K-theory.

4.1.1. We write K0(A, AF ) for the relative algebraic K-group of the ring inclusion A ⊂ AF .
We recall from [81, p. 215] that this group can be described as a quotient (by certain

explicit relations) of the free abelian group on elements (P, g,Q) where P and Q are finitely
generated projective A-modules and g an isomorphism of AF -modules F ⊗R P ∼= F ⊗R Q.

We further recall that for any extension field F ′ of F there exists a commutative diagram

(4.1.1)

K1(A) −−−−→ K1(AF ′)
∂A,F′
−−−−→ K0(A, AF ′)

∂′A,F′
−−−−→ K0(A)∥∥∥ ιA,F,F′

x ιA,F,F′

x ∥∥∥
K1(A) −−−−→ K1(AF )

∂A,F−−−−→ K0(A, AF )
∂′A,F−−−−→ K0(A)

in which the upper and lower rows are the long exact sequences in relative K-theory of the
inclusions A ⊂ AF ′ and A ⊂ AF and the homomorphisms ιA,F ,F ′ and ιA,F ,F ′ are injective
and induced by the inclusion AF ⊆ AF ′ . (For more details see [81, Th. 15.5].)

For each prime ideal p of R we regard the group K0(Ap, Ap) as a subgroup of K0(A, AF )
by means of the canonical composite injective homomorphism

(4.1.2)
(⊕

p∈Spm(R)
K0(Ap, Ap)

) ∼= K0(A, A)
ιA,F,F−−−−→ K0(A, AF ),

in which the isomorphism is described in the discussion following [28, (49.12)].
We write p(p) for the residue characteristic of each p in Spm(R). If F is a finite extension

of Q in C, then for each p in Spm(R), we write Isomp for the set of field isomorphisms
j : C ∼= Cp(p) for which the induced embedding F ⊂ C→ Cp induces the prime ideal p.

4.1.2. Since AF is semisimple, one can compute in the Whitehead group K1(AF ) by using
the injective homomorphism

NrdAF : K1(AF )→ ζ(AF )
×

that is induced by taking reduced norms (see [28, §45.A]). The image of NrdAF is described
explicitly by the Hasse-Schilling-Maass Norm Theorem (cf. [28, (7.48)]). We recall, in
particular, that this map is bijective if F is either algebraically closed or a subfield of the
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completion Cp of an algebraic closure of Qp for any prime p, but that, in general, its cokernel
is of exponent 2.

We further recall that A is said to be ‘ramified’ at an archimedean place v of F if there
exists a simple component A′ in the Wedderburn decomposition of A that is ramified, as a
simple central ζ(A′)-algebra, at a place of ζ(A′) lying above v.

In the following result we construct, for suitable fields F , a canonical ‘extended boundary
homomorphism’ ζ(AF )

× → K0(A, AF ) (that extends the special case considered by Burns
and Flach in [17, §4.2, Lem. 9]).

Proposition 4.1. Fix an embedding of fields F → F with the following property:

• if F is a number field, then F ⊆ C and the chosen embedding induces an archimedean
place v of F in such a way that F = Fv.

Then there exists a canonical homomorphism of abelian groups

δA,F : ζ(AF )
× → K0(A, AF )

that has all of the following properties.

(i) The connecting homomorphism ∂A,F in (4.1.1) is equal to δA,F ◦NrdAF .
(ii) The kernel of δA,F comprises all elements of ζ(A)× whose image in ζ(Ap)

× belongs
to NrdAp(K1(Ap)) for every p in Spm(R).

(iii) For any extension E of F in F , the full pre-image of im(ιA,E,F ) under δA,F is equal
to ζ(AE)

×.
(iv) If F is a number field, then for all p ∈ Spm(R) and j ∈ Isomp, there exists a

commutative diagram of the form

ζ(AF )
× δA,F−−−−→ K0(A, AF )

j′∗

y yj∗
ζ(Cp(p) ⊗F,j A)×

δAp,Cp(p)−−−−−−→ K0(Ap,Cp(p) ⊗F,j A).
Here j′∗ denotes the embedding induced by the restriction of j to F and the homo-
morphism j∗ is induced by sending each tuple (P, g,Q) to (Pp,Cp(p) ⊗F ,j g,Qp).

(v) Assume F is a number field, A is unramified at all archimedean places other than
v and Spec(R) is open in Spec(OF ). Then, in terms of the notation in claim (iv),
for each x in ζ(AF ), the element δA,F (x) is uniquely determined by the elements
{δAp,Cp(j

′
∗(x))}p,j, as p ranges over Spm(R) and j over Isomp. In particular, in this

case, the map δA,F is uniquely determined by the commutativity of all diagrams in
claim (iv).

Proof. If either F is a finite extension of Qp, or F = C, then the map NrdAF is bijective
and we set

(4.1.3) δA,F := ∂A,F ◦ (NrdAF )
−1.

Then, with this definition, claim (i) is obvious and claims (ii) and (iii) both follow from the
exactness of the relevant case of (4.1.1) and the fact that NrdAE (K1(AE)) = ζ(AE)

×.
Hence, in the rest of the argument, we assume F is a number field and F = R arises as

the completion of F at a place v.
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Then, writing
∏
i∈IFi for the Wedderburn decomposition of ζ(A) and Σ(i, v) for the set

of places of each field Fi above v, there is a natural decomposition

(4.1.4) ζ(AF )
× =

∏
i∈I

(Fi ⊗F Fv)× =
∏

i∈I

∏
w∈Σ(i,v)

F×
i,w.

For any element x = (xi)i∈I of ζ(AF )
×, and each index i, we can therefore use the weak

approximation theorem to choose an element λi,x of F×
i with the property that for each

w in Σ(i, v) for which Fi,w = R, one has (λi,xxi)w > 0. Then, writing λx for the element
(λi,x)i∈I of ζ(A)×, the Hasse-Schilling-Maass Norm Theorem implies that the product λxx
belongs to NrdAF (K1(AF )).

We may therefore define an element of K0(A, AF ) by means of the sum

(4.1.5) δA,F (x) := ∂A,F
(
(NrdAF )

−1(λxx)
)
−
∑

p∈Spm(R)
δAp,Fp(λx).

Here the sum is regarded as an element of K0(A, AF ) via the embedding (4.1.2) (this makes
sense since the corresponding cases of the long exact sequence in (4.1.1) implies that each
element of ζ(A)× belongs to the kernel of δAp,Fp for almost all p in Spm(R)).

Note that if λ′x = (λ′i,x)i∈I is any other element of ζ(A)× chosen as above (with respect

to the same element x), then for each w in Σ(i, v) for which Fi,w = R, one has

(λ′i,x(λi,x)
−1)w = (λ′i,xxi)w · (λi,xxi)−1

w > 0

and hence λ′x(λx)
−1 ∈ NrdA(K1(A)). This fact implies that δA,F (x) is independent of the

choice of λx. It is also easily seen that the assignment x 7→ δA,F (x) is a group homomor-
phism.

Further, with this explicit definition, the property in claim (i) is clear since for each x in
im(NrdAF ) one can compute δA,F (x) by taking λx = 1 in (4.1.5).

Claim (iii) is also true since for each x in ζ(AF ), and any λx in ζ(A)× as fixed in (4.1.5),
one has

δA,F (x) ∈ im(ιA,E,F )⇐⇒ ∂A,F
(
(NrdAF )

−1(λxx)
)
∈ im(ιA,E,F )

⇐⇒ (NrdAF )
−1(λxx) ∈ im(ιA,E,F )

⇐⇒λxx ∈ NrdAF

(
im(ιA,E,F )

)
= NrdAE (K1(AE))

⇐⇒x ∈ ζ(AE)
×.

Here the first equivalence is true since each term δAp,Fp(λ) in (4.1.5) belongs to the subgroup
im(ιA,F,F ) of im(ιA,E,F ), the second follows from the exact commutative diagram (4.1.1)
(with F and F ′ replaced by E and F), the third is clear and the fourth is true since
λx ∈ ζ(A)×.

To prove claim (iv) we abbreviate p(p) to p and write ιj for the scalar extension map
K1(AF ) → K1(Cp ⊗F,j A) induced by j. Then the given diagram commutes since for each
x ∈ ζ(AF )

×, and each λ fixed as in (4.1.5), one has
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j∗
(
δA,F (x)

)
= j∗

(
∂A,F

(
(NrdAF )

−1(λxx)
))
− j∗

(
δAp,Fp(λx)

)
= ∂Ap,Cp

(
ιj(NrdAF )

−1(λxx)
)
− δAp,Cp(λx)

= δAp,Cp

(
j′∗(λxx)

)
− δAp,Cp(λ)

= δAp,Cp

(
j′∗(x)

)
.

Here the first equality follows from the formula (4.1.5) and the fact that j∗(δAq,Fq(λx)) = 0
for all q ∈ Spm(R) \ {p}, the second from commutativity of the relevant case of (4.1.1),
the third from the definition (4.1.3) of δAp,Cp and the compatibility of reduced norms under
scalar extension and the last equality is clear.

Claim (v) follows directly from the commutativity of the diagrams in claim (iv) and the
general result of Lemma 4.2 below.

In a similar way, since ζ(A)× is the full pre-image under δA,F of im(ιA,A,F ) (by claim
(iii)), the assertion of claim (ii) in the number field case follows from Lemma 4.2 and the
exactness of the relevant cases of (4.1.1).

This completes the proof of the proposition. □

In the next result we assume the notation and hypotheses of Proposition 4.1(v). For each
p in Spm(R) and j ∈ Isomp we also set Acj := Cp(p) ⊗F,j A.

Lemma 4.2. Assume F is a number field, A is unramified at all archimedean places other
than v and Spec(R) is open in Spec(OF ). Then the natural diagonal map

K0(A, AF )
(j∗)p,j−−−−→

∏
p∈Spm(R)

∏
j∈Isomp

K0(Ap, A
c
j)

is injective.

Proof. We consider the exact sequences that are given by the lower row of (4.1.1) with the
pair (R,F) taken to be (R,F ), (R,F), (Rp, Fp) and (Rp,Cp(p)) and the maps between these
sequences that are induced by the obvious inclusions and by an isomorphism j in Isomp.
Then an easy diagram chase gives a commutative diagram of short exact sequences

0 // K0(A, A) //

��

K0(A, AF ) //

��

K1(AF )/K1(A) //

��

0

0 // K0(Ap, Ap) // K0(Ap, A
c
j)

// K1(A
c
j)/K1(Ap) // 0.

In view of the isomorphism in (4.1.2) it is therefore enough to show that the natural diagonal
map

K1(AF )/K1(A)→
∏

p∈Spm(R)

∏
j∈Isomp

K1(A
c
j)/K1(Ap)

is injective. To do this we fix x in K1(AF ) with j∗(x) ∈ K1(Ap) ⊆ K1(A
c
j) for all p and all

j ∈ Isomp and must show that x belongs to the subgroup K1(A) of K1(AF ).
We use the (injective) maps NrdAF and NrdA to identify K1(AF ) and K1(A) with

NrdAF (K1(AF )) and NrdA(K1(A)) respectively. We then fix an F -basis {aω : ω ∈ Ω}
of ζ(A) so that x =

∑
ω∈Ωcωaω with each cω in F and for every j ∈ Isomp one has
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(4.1.6) j′∗(x) =
∑

ω∈Ω
j(cω)aω ∈ ζ(Ap)

×,

where j′∗ denotes the inclusion ζ(AF )
× → ζ(Acp)

× induced by j.
We now fix ω in Ω and consider the coefficient cω. If cω was transcendental over F , then

there would exist an isomorphism j in Isomp such that j(cω) ̸∈ Fp, thereby contradicting
(4.1.6). Therefore cω is algebraic over F . The fact that j(cω) belongs to Fp for all j ∈ Isomp

then implies that p is completely split in the extension F (cω)/F . Hence, since Spec(R) is
open in Spec(OF ), the Tchebotarov Density Theorem implies F (cω) = F .

At this stage, we know that x belongs to both NrdAF (K1(AF )) and ζ(A)× and so it
suffices to show that, under the stated hypotheses, one has

NrdAF (K1(AF )) ∩ ζ(A)× = NrdA(K1(A)).

To verify this we use the decomposition (4.1.4) and, for each i ∈ I, we write Σ(i, v)′ for
the subset of Σ(i, v) comprising (archimedean) places at which the algebra Ai ⊗Fi Fi,w is
ramified (and so Fi,w = R). It is then enough to note that the Hasse-Schilling-Maass Norm
Theorem implies both that

NrdAF (K1(AF ))

= {(xi,w)i,w ∈
∏

i∈I

∏
w∈Σ(i,v)

F×
i,w = ζ(AF )

× : xi,w > 0 for all w ∈ Σ(i, v)′},

and, as A is unramified at all archimedean places of F other than v, also

NrdA(K1(A)) = {(xi)i ∈
∏

i∈I
F×
i = ζ(A)× : xi,w > 0 for all w ∈ Σ(i, v)′}.

□

4.1.3. In the following result we describe another useful consequence of the long exact
sequence of relative K-theory.

Lemma 4.3. For each element x of NrdA(K1(A)) the following claims are valid.

(i) For each p in Spm(R) one has x ∈ NrdA(K1(A(p))) if and only if the image of x in
NrdAp(K1(Ap)) belongs to NrdAp(K1(Ap)).

(ii) The following conditions are equivalent:
(a) x ∈ NrdA(K1(A)).
(b) For all p ∈ Spm(R), one has x ∈ NrdA(K1(A(p))).
(c) For all p ∈ Spm(R), the image of x in NrdAp(K1(Ap)) belongs to NrdAp(K1(Ap)).

Proof. The relevant cases of the exact sequence (4.1.1) give rise to an commutative diagram
of abelian groups in which all rows are exact
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K1(A)
ιA−−−−→ K1(A) −−−−→ K0(A, A)y y yκ∏

pK1(A(p))
(ι(p))p−−−−→

∏′
pK1(A) −−−−→

⊕
pK0(A(p), A)y y y(κp)p∏

pK1(Ap)
(ιp)p−−−−→

∏′′
p K1(Ap) −−−−→

⊕
pK0(Ap, Ap).

Here ι(p) and ιp denote the scalar extension maps K1(A(p))→ K1(A) and K1(Ap)→ K1(Ap),∏′
p the restricted direct product over p in Spm(R) of K1(A) with respect to the subgroups

im(ι(p)) and
∏′′

p the restricted direct product of the groups K1(Ap) with respect to im(ιp).
In addition, the upper vertical arrows are the natural diagonal maps, the first and second
lower vertical maps are induced by the scalar extension maps K1(A(p)) → K1(Ap) and
K1(A)→ K1(Ap) and κp denotes the scalar extension map K0(A(p), A)→ K0(Ap, Ap).

We recall that each map κp is bijective since both groups K0(A(p), A) and K0(Ap, Ap)
identify with the Grothendieck group of finitely generated p-torsion A-modules of finite
projective dimension over A (cf. the discussion in [28, Rem. (40.19)]). From the commu-
tativity of the lower part of the diagram, one can therefore deduce that an element y of
K1(A) belongs to im(ι(p)) if and only if its image in K1(Ap) belongs to im(ιp). This implies
claim (i) since the maps NrdA and NrdAp are both bijective and, by definition, one has both
NrdA(K1(A)) = NrdA(im(ιA)) and NrdA(K1(A(p))) = NrdA(im(ι(p))).

In a similar way, the result of claim (i) combines with the injectivity of NrdA to reduce
the proof of claim (ii) to showing that an element y of K1(A) belongs to im(ιA) if and only
if, for every p in Spm(R), it belongs to im(ι(p)). It is thus enough to note that this property
follows directly from the injectivity of κ and the commutativity of the upper part of the
diagram. □

4.2. Virtual objects and zeta elements.

4.2.1. In this section we recall the construction of Euler characteristics that underlies the
formulation of a range of refined special value conjectures in the literature.

To do this we recall first that, as already mentioned in a special case in Remark 2.6, in
[33, §4] Deligne constructs for any category E that is exact in the sense of Quillen [71, p.
91] a universal determinant functor of the form

[−] : EIsom → V(E).
Here EIsom denotes the subcategory of E in which morphisms are restricted to isomorphisms
and V(E) is the Picard category of ‘virtual objects’ associated to E .

In the case that E is the category Modproj(Λ) of finitely generated projective left modules
over a ring Λ, we write V(E) as V(Λ).

If now Λ→ Σ is a ring homomorphism, then the functor Modproj(Λ)→ Modproj(Σ) that
sends each P to Σ⊗Λ P is exact and so, by [33, §4.11], induces a monoidal functor

V(Λ)→ V(Σ), L 7→ LΣ
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that is unique up to natural isomorphism.
Let P0 be the Picard category with unique object 1P0 and trivial automorphism group

AutP0(1P0). Then the fibre product diagram

V(Λ,Σ) //

��

P0
1P0

7→1V(Σ)

��
V(Λ) L7→LΣ // V(Σ)

defines a Picard category V(Λ,Σ) in which objects are pairs (L, t) with L in V(Λ) and t an
isomorphism LΣ → 1V(Σ) in V(Σ).

It is shown by Breuning and Burns in [11, Lem. 5.1] (following an argument of [17, §2.8,
Prop. 2.5]) that there exists a canonical isomorphism of abelian groups

τΛ,Σ : K0(Λ,Σ)→ π0(V(Λ,Σ)).
This map sends each element (P, g,Q) in K0(Λ,Σ) to the isomorphism class of the pair
comprising [P ]⊗ [Q]−1 and the composite isomorphism

([P ]⊗ [Q]−1)Σ −→ [Σ⊗Λ P ]⊗ [Σ⊗Λ Q]−1 [g]⊗id−−−−→ [Σ⊗Λ Q]⊗ [Σ⊗Λ Q]−1 −→ 1V(Σ).

In particular, if α is an automorphism of the Σ-module Σ⊗Λ P , and ⟨α⟩ its class in K1(Σ),
then one has

(4.2.1) τΛ,Σ(∂Λ,Σ(⟨α⟩)) = τΛ,Σ((P, α, P )) = [1V(Λ), uα].

Here ∂Λ,Σ : K1(Σ)→ K0(Λ,Σ) is the canonical connecting homomorphism as in (4.1.1), uα
denotes the image of ⟨α⟩ under the canonical identification

K1(Σ) ∼= π1(V(Σ)) := AutV(Σ)(1V(Σ)),

and we write [L, t] for the isomorphism class of a pair (L, t) in V(Λ,Σ).
The following definition of Euler characteristic underlies the constructions that are made

in [11] and [17].

Definition 4.4. Fix C in Dperf(A) and a morphism t : [CF ] → 1V(AF ) in V(AF ). Then
χA,F (C, t) denotes the element of K0(A, AF ) that τA,AF sends to [[C], t].

Remark 4.5. The homomorphism ∂′A,F in (4.1.1) sends each element χA,F (C, t) to the

classical Euler characteristic of C in K0(A). It is for this reason that the elements χA,F (C, t)
are sometimes referred to as ‘refined Euler characteristics’.

4.2.2. As in §3, we shall in the sequel abbreviate the functors dAF ,ϖ and dA,ϖ to dAF and
dA respectively.

The following definition is a natural analogue in our setting of the ‘zeta elements’ that
were introduced (in an arithmetic setting) by Kato in [51].

Definition 4.6. Let C be an object of Dlf,0(A) and λ an isomorphism in P(ζ(AF )) of the
form dAF (CF ) ∼= (ζ(AF ), 0).

Then, for each element x of ζ(AF )
×, the ‘zeta element’ associated to the pair (λ, x) is

the unique element zλ,x of dAF (CF ) that satisfies

λ(zλ,x) = (x, 0)
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in (ζ(AF ), 0).

Example 4.7. There are several important examples of zeta elements in the literature.
(i) Assume F = Qp, R = Zp and F = Cp. Let M be a motive defined over a number
field K with coefficients in a finite dimensional semisimple Q-algebra B, and T a Galois-
stable lattice in the p-adic realization of M that is projective over some Zp-order A in
A := Qp ⊗Q B. Fix a finite set Π of places of K containing all archimedean and p-adic
places and all places at which M has bad reduction. Then the p-adic étale cohomology
complex C(M) := RHomA(RΓc(OK,Π, T ),A[−2]) belongs to Df,0(A) and, after fixing an
isomorphism of fields C ∼= Cp, there exists a canonical ‘period-regulator isomorphism’ of

the form λ : dACp (C(M)Cp)
∼−→ (ζ(ACp), 0) (cf. Remark 4.9 below). In particular, if we

write x for the leading term L∗(M, 0) in ζ(AC)
× ∼= ζ(ACp)

× of the L-function of M at
s = 0, then the element zλ,x defined above generalizes the zeta elements defined for abelian
extensions by Kato in [51].
(ii) Assume F = Q, R = Z and F = R. Let L/K be a finite Galois extension of number
fields with group G and set A := Z[G] (so that AF = R[G]). Then, for a suitable choice
of complex C, isomorphsm λ and element x, the element zλ,x defined above generalizes the
‘zeta elements’ zL/K,Π defined for abelian extensions L/K by Burns, Kurihara and Sano in
[18, Def. 3.5] (following Kato [51]). For details, see Remark 6.7 below.

In the next result we interpret zeta elements in terms of the Euler characteristic con-
struction in Definition 4.4.

Before stating this result we note that every object of the category Modfg(AF ) of finitely
generated AF -modules is projective (as AF is semisimple) and so the construction of Deligne
[33] gives a determinant functor

[−] : Modfg(AF )Isom → V(AF ).

In particular, the universal nature of this functor implies that, for any choice of ordered
bases ϖ as in §2.1, there exists a canonical additive functor

ν = νAF ,ϖ : V(AF )→ P(ζ(AF ))

(cf. [17, §2.6, Lem. 2]).

This functor sends the virtual object [M ], for each M in Modfg(AF ), to dAF ,ϖ(M), and
[α], for each α in π1(V(AF )) ∼= K1(AF ), to the automorphism of (ζ(AF ), 0) that is given by
multiplication by NrdAF (α).

Theorem 4.8. We assume to be given data of the following sort:

• an R-order A in a finite dimensional separable F -algebra A;
• an embedding of fields F → F , as in Proposition 4.1;
• an object C of Dlf,0(A);
• a morphism t : [CF ]→ 1V(AF ) in V(AF ).

Then ν(t) is an isomorphism dAF (CF ) ∼= (ζ(AF ), 0) in P(ζ(AF )) and, for each element x
of ζ(AF )

×, one can consider the possible equality

(4.2.2) δA,F (x)
?
= χA,F (C, t)

in K0(A, AF ). In any such situation, the following claims are valid.
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(i) If (4.2.2) is valid, then zν(t),x is a basis of the ξ(A)-module dA(C)
u.

(ii) Assume F is a finite extension of Qp, R is its valuation ring and F is an extension
of F in Cp. Then (4.2.2) is valid if and only if zν(t),x is a primitive basis of dA(C).

In the remaining claims we assume that F is a number field, that A is unramified at all
archimedean places of F other than that corresponding to the fixed embedding F → F ⊆ C
and that Spec(R) is open in Spec(OF ).

(iii) The equality (4.2.2) is valid if and only if zν(t),x is a locally-primitive basis of dA(C).
(iv) If (4.2.2) is valid, then dA(C) has a primitive basis if and only if there exists an

element x′ of NrdAF (K1(AF )) of ζ(AF )
× such that, for all p in Spm(R), and all

field isomorphisms j in Isomp, one has j′∗(x · x′) ∈ NrdAp(K1(Ap)).
(v) If (4.2.2) is valid, then zν(t),x is a primitive basis of dA(C) if and only if one has

x ∈ NrdAF (K1(AF )).

Remark 4.9. The ‘equivariant Tamagawa Number Conjecture’ that is formulated by Burns
and Flach in [17, Conj. 4(iv)], and hence also various associated ‘equivariant leading term
conjectures’ in the literature, are equalities of the form (4.2.2) for suitable choices of data
A,F , x, C and t. We briefly mention two concrete applications of Theorem 4.8 in this
setting.
(i) If, in the setting of Example 4.7(i), we consider the composite morphism

t : [C(M)Cp ] = [Cp ⊗L
Zp

RΓc(OK,S , T )]−1 ∼= Ξ(M)−1
Cp

∼= 1V(ACp )
,

where Ξ(M) is the ‘fundamental line’ defined in [17, (29)] and the first and the second
isomorphisms are respectively induced by the morphisms ϑp(M,S) and ϑ∞ in [17, §3.4],
then the equivariant Tamagawa Number Conjecture for (M,A) is formulated as the equality
δA,Cp(L

∗(M, 0)) = χA,Cp(C(M), t). Theorem 4.8(ii) therefore implies that this conjecture
is valid if and only if the zeta element zν(t),L∗(M,0) is a primitive basis of dA(C(M)).
(ii) In the setting of Example 4.7(i), Theorem 4.8(iii) provides a similar reinterpretation
of the ‘lifted root number conjecture’ of Gruenberg, Ritter and Weiss [43]. For details see
Remark 6.7 below.

Remark 4.10. Assume the setting of Theorem 4.8(ii). Then, in this case, the result of
Theorem 4.8 combines with Proposition 3.7(ii) to give an equivalence

δA,F (x) = χA,F (C, t)⇐⇒ NrdA(K1(A)) · zν(t),x = dA(C)
pb,

where dA(C)
pb denotes the subset of dA(C) comprising all primitive-basis elements.

Remark 4.11. Assume A is such that a finitely generated A-module is locally-free if and
only if it is both projective and spans a free A-module (cf. Remark 2.2(iii)). Then, in this
case, it is easily seen that every element of K0(A, AF ) is of the form χA,F (C, t) for a suitable
choice of data C and t as in Theorem 4.8.

The proof of Theorem 4.8 will occupy the rest of §4.

4.2.3. To prove claim (i) it is enough to show that, for every p in Spm(R), the validity of
the image of (4.2.2) under the natural map K0(A, AF )→ K0(A(p), AF ) implies an equality

ξ(A(p)) · zν(t),x = dA(p)
(C(p))

u.
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Thus, after fixing p and replacing A by A(p) we will assume that R is local (with maximal

ideal p) and C belongs to Cf(A). For each integer a we then set ra := rkA(C
a) and fix an

ordered A-basis {bas}1≤s≤ra of Ca. Taken together, these choices determine an isomorphism
in V(A) of the form

κ : [C] ∼=
⊗

a∈Z
[Ca](−1)a ∼=

⊗
a∈Z

[Ara ](−1)a ∼= [A]
∑

a∈Z(−1)ara ∼= 1V(A)

where the last map is induced by the fact
∑

a∈Z(−1)ara = 0 (as C belongs to Clf,0(A)).
This isomorphism in turn induces an isomorphism in V(A, AF )

([C], t) ∼= (κ([C]), t ◦ κ−1) = (1V(A), t ◦ κ−1)

which combines with (4.2.1) to imply that

χA,F (C, t) = δA,F (ϵt,κ),

with ϵt,κ := NrdAF (t ◦ κ−1) ∈ ζ(AF )
×.

The validity of (4.2.2) is therefore equivalent to an equality δA,F (ϵt,κ) = δA,F (x), and
hence to a containment

(4.2.3) x · ϵ−1
t,κ ∈ ker(δA,F ).

In particular, if this containment is valid, then Proposition 4.1(ii) implies that x·ϵ−1
t,κ belongs

to both ζ(A)× and NrdAp(K1(Ap)) ⊆ ξ(Ap)
×. In this situation it would therefore follow

that x · ϵ−1
t,κ belongs to ζ(A) ∩ ξ(Ap)

× = ξ(A)×.
On the other hand, the ordered bases {bas}1≤s≤ra fixed above (for each a ∈ Z) together

determine a primitive basis z′ of dA(C) that ν(κ) sends to the element (1, 0) of (ζ(A), 0).
One therefore has ν(t)(z′) = (ϵt,κ, 0) and so the definition of zν(t),x implies that

(4.2.4) zν(t),x = (x · ϵ−1
t,κ) · z′.

Thus, if x · ϵ−1
t,κ belongs to ξ(A)×, then one has

ξ(A) · zν(t),x = ξ(A) · ((x · ϵ−1
t,κ) · z′)

= (ξ(A) · (x · ϵ−1
t,κ)) · z′

= ξ(A) · z′

= dA(C)
u,

as required to prove claim (i).
Claim (ii) of Theorem 4.8 also follows directly from the above argument and the fact that,

under the given hypotheses, the equality (4.2.4) combines with Proposition 3.7(ii) to imply
that zν(t),x is a primitive-basis of dA(C) if and only if x · ϵ−1

t,κ belongs to NrdA(K1(A)) =
ker(δA,F ).

Remark 4.12. Assume F is a finite extension of Q and fix a prime ideal p in Spm(R). Then
the above argument also shows that if the image of (4.2.2) under the natural localization map
K0(A,AF )→ K0(A(p),AF ) is valid, then zν(t),x is a basis of the ξ(A(p))-module dA(C)

u
(p) =

dA(p)
(C(p))

u.
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4.2.4. In the remainder of the argument we assume that F is a number field, that A is
unramified at all archimedean places of F other than the place v corresponding to F and
that Spec(R) is open in Spec(OF ).

To prove claim (iii) we also use the following notation: for each p in Spm(R) and each
isomorphism j in Isomp we set Aj := Ap, Aj := Ap, A

c
j := Cp(p) ⊗F,j A and Cj := Cp.

Then, in this case, Proposition 4.1(v) implies that the equality (4.2.2) is valid as stated if
and only if for all p in Spm(R) and all j in Isomp it is valid with A,F , x, C and t respectively
replaced by Aj , Acj , j∗(x), Cj and tj := Cp(p) ⊗F ,j t.

In addition, the argument of claim (ii) implies that (4.2.2) is valid for any such collection
of data if and only if zν(tj),j∗(x) is a primitive-basis of dAj (Cj). To deduce claim (iii) it is
therefore enough to note zν(tj),j∗(x) is equal to the image of zν(t),x under the natural map

dAF (CF )→ Cp(p) ⊗F ,j dAF (CF ) = ζ(Acj)⊗ξ(Aj) dAj (Cj).

To prove claim (iv) we note Theorem 3.12(iii) implies that dA(C) has a primitive-basis
if and only if χA(C) vanishes. In addition, since Remark 4.5 implies

χA(C) = ∂′A,F (χA,F (C, t)) = ∂′A,F (δA,F (x)),

the result of Proposition 4.1(i) combines with the exactness of the lower row of (4.1.1) to
imply χA(C) vanishes if and only if there exists an element x′ of NrdAF (K1(AF )) such
that x · x′ belongs to ker(δA,F ). The result of claim (iv) therefore follows directly from the
description of ker(δA,F ) given in Proposition 4.1(ii).

Finally, to prove claim (v) we abbreviate zν(t),x to z. We first assume z is a primitive-

basis of dA(C). In this case we can assume C belongs to Cf(A) and hence that z arises from
a choice of (ordered) A-bases of each module Ca. Then, just as in the proof of claim (i),
this choice of bases determines an isomorphism κ : [C] ∼= 1V(A) in V(A) with the property
that ν(κ) sends z to the element (1, 0) of (ζ(AF ), 0). The definition of z therefore implies
that

(x, 0) = ν(t)(z)

= ν(t ◦ κ−1)(ν(κ)(z))

=NrdAF (t ◦ κ
−1) · (1, 0)

= (NrdAF (t ◦ κ
−1), 0)

and hence that x belongs to NrdAF (K1(AF )), as required.
To prove the converse we assume x belongs to NrdAF (K1(AF )). In this case, the result

of claim (iv) (with x′ taken to be x−1) implies that dA(C) has a primitive-basis z′.
Since z is assumed to be a locally-primitive basis of dA(C), Proposition 3.7(ii) therefore

implies that z = y · z′ for some element y of ξ(A)× that belongs to NrdA(K1(Ap)) for all
p in Spm(R) and further that z is a primitive-basis of dA(C) if and only if y belongs to
NrdA(K1(A)). It therefore follows from Lemma 4.3(ii) that z is a primitive-basis of dA(C)
if y belongs to NrdA(K1(A)).

In addition, the same argument as used above shows that the image under ν(t) of the
primitive-basis z′ is equal to (u, 0) for some u in NrdAF (K1(AF )) and hence that
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(y, 0) = ν(t)(z) · ν(t)(z′)−1

=x · ν(t)(z′)−1

=(x · u−1, 0).

In particular, because x is now assumed to belong to NrdAF (K1(AF )), it follows that the
element y = x · u−1 belongs to both ζ(A)× and NrdAF (K1(AF )).

To deduce that y belongs to NrdA(K1(A)), and hence complete the proof of claim (v),
it is thus enough to note that, under the present hypotheses, the Hasse-Schilling-Maass
Norm Theorem implies (via the argument at the end of the proof of Lemma 4.2) that
ζ(A)× ∩NrdAF (K1(AF )) = NrdA(K1(A)).

This then completes the proof of Theorem 4.8.

Part II: Arithmetic over non-abelian Galois extensions

In the remainder of the article we shall make some technical improvements to the theory
of non-commutative Euler systems introduced by Burns and Sano in [24] and then combine
these strengthened results with theK-theoretic techniques developed in §3 and §4 to improve
aspects of the theory of leading term conjectures over arbitrary Galois extensions.

In particular, in this way we shall formulate both a natural main conjecture of higher-
rank non-commutative Iwasawa theory for Gm over arbitrary number fields and a precise
‘derivative formula’ for the ‘non-commutative Rubin-Stark Euler system’ that generalizes
to arbitrary Galois extensions of number fields the classical Gross-Stark Conjecture.

We shall also obtain strong evidence in support of both of these conjectures in important
special cases and establish a precise link between them and the equivariant Tamagawa
Number Conjecture for Gm over arbitrary Galois extensions, thereby generalising the main
result of Burns, Kurihara and Sano in [19].

5. Integral arithmetic cohomology and Selmer modules

As a convenience for the reader, in this section we shall first recall some basic facts about
the arithmetic modules and complexes that will play a key role in our theory.

Throughout, we fix a finite Galois extension L/K of global fields.

5.1. Selmer modules.

5.1.1. For a finite set of places Π of K and an extension E of K we write ΠE for the set of
places of E lying above those in Π, YE,Π for the free abelian group on the set ΠE and XE,Π

for the submodule of YE,Π comprising elements whose coefficients sum to zero.
For each place v of K we fix a place wv of L above v and for each intermediate field E

of L/K we write wv,E for the restriction of wv to E. For each non-archimedean place w of
E we write κw for its residue field and Nw for its absolute norm.

We write S∞
K for the set of archimedean places of K (so that S∞

K = ∅ unless K is a
number field). For an extension E of K we write Sram(E/K) for the set of primes of K
that ramify in E.
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If Π is non-empty and (in the number field case) contains S∞
K , then we write OE,Π for

the subring of E comprising elements integral at all places outside ΠE and O×
E,Π for the

unit group of OE,Π. (If Π = S∞
K , then we abbreviate OE,Π to OE .)

In this case, for any finite set of places Π′ of K that is disjoint from Π, we write O×
E,Π,Π′

for the (finite index) subgroup of O×
E,Π consisting of those elements congruent to 1 modulo

all places in Π′
E . In addition, we write ClΠ

′
Π (E) for the ray class group of OE,Π modulo∏

w∈Π′
E
w (that is, the quotient of the group of fractional OE-ideals whose supports are

coprime to all places in (Π ∪ Π′)E by the subgroup of principal ideals with a generator
congruent to 1 modulo all places in Π′

E).
If E/K is Galois, we set GE/K := Gal(E/K) and note each of the groups YE,Π, XE,Π,

O×
E,Π, O

×
E,Π,Π′ and ClΠ

′
Π (E) has a natural action ofGE/K . In this case, for a non-archimedean

place v of K we also fix a lift Frv to GE/K of the Frobenius automorphism of wv,E .

5.1.2. If Π contains S∞
K , then the ‘(Π-relative Π′-trivialized) integral dual Selmer group for

Gm over E’ is defined in [18, Def. 2.1] (where the notation SΠ,Π′(Gm/E) is used) by setting

SelΠ
′

Π (E) := cokernel(
∏

w/∈(Π∪Π′)E
Z −→ HomZ(E

×
Π′ ,Z)),

where E×
Π′ is the group {a ∈ E× : ordw(a − 1) > 0 for all w ∈ Π′

E} and the arrow denotes
the homomorphism that sends (xw)w to the map (a 7→

∑
w/∈(Π∪Π′)E

ordw(a)xw).

We recall from loc. cit. that there exists a canonical exact sequence

(5.1.1) 0→ ClΠ
′

Π (E)∨ → SelΠ
′

Π (E)→ HomZ(O×
E,Π,Π′ ,Z)→ 0,

and a canonical transpose SelΠ
′

Π (E)tr to SelΠ
′

Π (E) (in the sense of Jannsen’s homotopy theory
of modules [46]) that lies in a canonical exact sequence

(5.1.2) 0 −→ ClΠ
′

Π (E) −→ SelΠ
′

Π (E)tr
ϱE,Π−−−→ XE,Π −→ 0.

5.2. Modified étale cohomology complexes. We set G := GL/K and write D(Z[G])
for the derived category of G-modules. We also write Dlf,0(Z[G]) for its full triangulated
subcategory comprising complexes isomorphic to a bounded complex of finitely generated
locally-free G-modules C with the property that the Euler characteristic of Q ⊗Z C in
K0(Q[G]) vanishes.

The complexes that are used in the next result are described in terms of the complexes
RΓc,Π′((OL,Π)W ,Z) introduced by Kurihara and the current authors in [18, Prop. 2.4]. We
recall, in particular, that the latter complexes can be naturally interpreted in terms of the
Weil-étale cohomology theory that Lichtenbaum has constructed for global function fields
[59] and conjectured to exist for number fields [60] (see [18, Rem. 2.5] for more details).

Lemma 5.1. Let Π be a finite non-empty set of places of K containing S∞
K ∪ Sram(L/K),

and let Π′ be a finite set of places of K that is disjoint from Π. Then the complex

CL,Π,Π′ := RHomZ(RΓc,Π′((OL,Π)W ,Z),Z)[−2]

belongs to Dlf,0(Z[G]) and has the following properties.
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(i) CL,Π,Π′ is acyclic outside degrees zero and one and there are canonical identifications

H0(CL,Π,Π′) and H1(CL,Π,Π′) with O×
L,Π,Π′ and SelΠ

′
Π (L)tr respectively.

(ii) If Π1 is any finite set of places of K that contains Π and is disjoint from Π′, then

there is a canonical exact triangle in Dlf,0(Z[G]) of the form

CL,Π,Π′ → CL,Π1,Π′ →
(⊕

w∈(Π1\Π)L
RHomZ(RΓ((κw)W ,Z),Z)

)
[−1]→ CL,Π,Π′ [1],

where each complex RΓ((κw)W ,Z) is as defined in [18, Prop. 2.4(ii)].
(iii) If Π′

1 is any finite set of places of K that contains Π′ and is disjoint from Π, then

there is a canonical exact triangle in Dlf,0(Z[G]) of the form

CL,Π,Π′
1
→ CL,Π,Π′ →

(⊕
w∈(Π′

1\Π′)L
κ×w
)
[0]→ CL,Π,Π′

1
[1].

(iv) For any normal subgroup H of G there is a canonical ‘projection formula’ isomor-

phism in Dlf,0(Z[G/H])

Z[G/H]⊗L
Z[G] CL,Π,Π′ ∼= CLH ,Π,Π′ ,

and hence also a canonical isomorphism of Z[G/H]-modules

Z[G/H]⊗Z[G] Sel
Π′
Π (L)tr ∼= SelΠ

′
Π (LH)tr.

(v) If Π contains every p-adic place of K, then there exists a canonical exact triangle
in D(Zp[G]) of the form

CL,Π,Π′,p → RHomZp(RΓc(OL,Π,Zp),Zp)[−2]→
(
Zp ⊗Z

⊕
w∈Π′

L

κ×w
)
[0]→ CL,Π,Π′,p[1]

in which RΓc(OL,Π,Zp) denotes the compactly-supported p-adic cohomology of Zp
over the scheme Spec(OL,Π).

Proof. The descriptions in claim (i) follow directly from [18, Def. 2.6 and Rem. 2.7]. In
addition, since Π is assumed to contain all places which ramify in L/K, the fact that CL,Π,Π′

belongs to Dlf,0(Z[G]) follows from the argument used to prove [18, Lem. 2.8].
The canonical exact triangle in claim (ii), resp. (iii), results directly from applying

the functor C 7→ RHomZ(C,Z)[−2] to the triangle given by the right-hand column of the
diagram in claim (i), resp. the exact triangle in claim (ii), of Proposition 2.4 in loc. cit.

The first displayed isomorphism in claim (iv) follows by combining the construction of
CL,Π,Π′ in [18] with the canonical projection formula isomorphism in étale cohomology

Z[G/H]⊗L
Z[G] RΓc((OL,Π)ét,Z) ∼= RΓc((OLH ,Π)ét,Z).

The claimed isomorphism of Z[G/H]-modules then follows directly from this isomorphism
and the explicit description of cohomology groups given in claim (i).

Lastly we note that the existence of a canonical triangle as in claim (v) follows from the
discussion in [19, §2.2]. □

Remark 5.2. If, in the setting of Lemma 5.1(ii), v is any place in Π1 \ Π, then the direct
sum of RHomZ(RΓ((κw)W ,Z),Z)[−1] over places w of L above v is a complex of (left)
G-modules that identifies with

Z[G] x 7→x(1−Fr−1
v )−−−−−−−−−→ Z[G],
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where the first term is placed in degree zero and Frv is the Frobenius automorphism in G
of some fixed place of L above v.

Remark 5.3. If the group O×
L,Π,Π′ is torsion-free, then Lemma 5.1(i) implies that the

complex C∗
L,Π,Π′ := RΓc,Π′((OL,Π)W ,Z) is acyclic outside degrees one and two. Since

H2(C∗
L,Π,Π′) identifies with SelΠ

′
Π (L) (by [18, Prop. 2.4(iii)]), a similar argument to that

in Lemma 5.1(iv) implies the existence in this case, for any normal subgroup H of G, of a

canonical isomorphism of Z[G/H]-modules Z[G/H]⊗Z[G] Sel
Π′
Π (L) ∼= SelΠ

′
Π (LH).

6. Non-commutative Euler systems for Gm

6.1. Hypotheses and definitions. In this section we fix a number field K, with algebraic
closure Kc, and set GK := Gal(Kc/K).

We write Ir(K) for the set of irreducible Qc-valued characters of GK that have open
kernel.

For each character χ in Ir(K) we fix an associated (finite-dimensional) representation Vχ
of GK over Qc and we assume that all reduced exterior powers occurring in the sequel are
defined relative to these fixed representations (cf. Remark 2.1).

6.1.1. We fix a Galois extension K of K in Kc and a finite set S of places of K with

S∞
K ⊆ S.

We write ΣS(K) for the subset of S comprising places that split completely in K and set

rS = rS,K := |ΣS(K)|.

We assume that there exists a prime number p and a (possibly empty) finite set of places
T of K that is disjoint from S and such that the following condition is satisfied.

Hypothesis 6.1.

(i) K is unramified at all places of T , and
(ii) no element of K× of order p is congruent to 1 modulo all places in TK.

Remark 6.2. Hypothesis 6.1 is widely satisfied: for example, if K× contains no element of
order p, then one can take T to be empty.

We write Ω(K) = Ω(K/K) for the set of finite ramified Galois extensions of K in K. For
each F in Ω(K) we set

S(F ) := S ∪ Sram(F/K) and GF := GF/K

and we identify Ir(GF ) with the subset of Ir(K) comprising characters that factor through
the restriction map GK → GF .

We write Sall
K for the set of all places of K and fix an ordering

(6.1.1) Sall
K = {v(i)}i∈N

in such a way that

(6.1.2) ΣS(K) = {v(i)}i∈[rS ].
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In the sequel we use, for each set of places of K, the ordering that is induced by (6.1.1).
In particular, in all of the (exterior product) constructions that are made in the sequel, we
regard the sets S(F ) to be ordered in this way.

For each place v of K we fix a place wv of K and, by abuse of notation, also write
wv = wF,v for the restriction of wv to any field F in Ω(K). If v is not in S(F ) for a given F
in Ω(K) then we denote by GF,v the decomposition subgroup of GF relative to wv and write

Frv = FrF,v ∈ GF,v
for the Frobenius automorphism relative to wv.

6.1.2. The functoriality of reduced exterior powers implies that for F and F ′ in Ω(K) with
F ⊆ F ′, and any non-negative integer r, the norm map NF ′/F : (F ′)× → F× induces a
homomorphism of ζ(Q[GF ′ ])-modules

NrF ′/F :
∧r

Q[GF ′ ]
(Q · O×

F ′,S(F ′))→
∧r

Q[GF ]
(Q · O×

F,S(F ′)).

Since O×
F ′,S(F ′),T,p is torsion-free (as a consequence of Hypothesis 6.1(ii)), the general result

of [24, Lem. 6.10(ii)] implies NrF ′/F restricts to give a homomorphism of ξ(Zp[GF ′ ])-modules

(6.1.3)
⋂r

Zp[GF ′ ]
O×
F ′,S(F ′),T,p →

⋂r

Zp[GF ]
O×
F,S(F ′),T,p.

This fact helps motivate the following definition.

Definition 6.3. Let r be a non-negative integer. Then a ‘pre-Euler system of rank r’ for
Gm with respect to the data K/K, S and p is a family of elements

(cF )F ∈
∏

F∈Ω(K)
Cp ⊗Q

∧r

Q[GF ]
(Q · O×

F,S(F ))

with the property that for every F and F ′ in Ω(K) with F ⊂ F ′ one has

(6.1.4) NrF ′/F (cF ′) =

(∏
v∈S(F ′)\S(F )

NrdQ[GF ](1− Fr−1
F,v)

)
(cF )

in Cp ⊗Q
∧r

Q[GF ](Q · O
×
F,S(F ′)).

An ‘Euler system of rank r’ for Gm with respect to the data K/K, S, T and p is a pre-Euler
system (cF )F for K/K, S and p with the additional property that

cF ∈
⋂r

Zp[GF ]
O×
F,S(F ),T,p

for every F in Ω(K).
We write pESr(K/K, S, p) and ESr(K/K, S, T, p) for the respective collections of all such

pre-Euler systems and Euler systems.

It is clear that ESr(K/K, S, T, p) is an abelian group that is endowed with a natural
action of the algebra

ξp(K/K) := lim←−
F∈Ω(K)

ξ(Zp[GF ]),

where the transition morphisms are induced by the projection maps Zp[GF ′ ] → Zp[GF ] for
F ⊆ F ′ (and are surjective by [24, Lem. 2.7(iv)]).
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Remark 6.4. There are useful relations between different modules of (pre-)Euler systems
of any given rank.
(i) If K′ is a Galois extension of K in K, then the restriction of a system to the subset Ω(K′)
of Ω(K) defines a homomorphism of ξp(K/K)-modules

ESr(K/K, S, T, p)→ ESr(K′/K, S, T, p).

We refer to the image of ε under this homomorphism as the ‘restriction of ε to K′’.
(ii) Let v be a (non-archimedean) place of K outside S ∪ T and σ an element of GK that
acts as the inverse of the Frobenius automorphism of a place above v on every F in Ω(K)
in which v is unramified. Then there exists a homomorphism of ξp(K/K)-modules

ESr(K/K, S, T, p)→ ESr(K/K, S ∪ {v}, T, p)

that sends each ε to the system εσ = (εσ,F )F specified at each F in Ω(K) by

εσ,F :=

{
(NrdQ[GF ](1− σ))(εF ), if v is unramified in F ,

εF , otherwise.

In such a case we say that the system ε is a ‘refinement’ of the system εσ.

6.2. Euler systems and L-series. In this section we define a canonical family of pre-Euler
systems in terms of the leading terms at zero of Artin L-series and discuss conditions under
which this family comprises Euler systems.

6.2.1. We must first discuss some necessary preliminaries in the general setting of §5.
For this we fix a finite Galois extension L/K of global fields of group G, a finite non-

empty set of places Π of K containing S∞
K ∪ Sram(L/K) and a finite set Π′ of places of K

that is disjoint from Π. For each intermediate field F of L/K we then set

Σ(F ) = ΣΠ(F ) := {v ∈ Π : v splits completely in F}.
We write

(6.2.1) RL,Π : R · O×
L,Π → R ·XL,Π

for the isomorphism of R[G]-modules that, for every u in O×
L,Π, satisfies

RL,Π(u) = −
∑

w∈ΠL

log|u|w · w,

where | · |w denotes the absolute value at w (normalized as in [82, Chap. 0, 0.2]).
Then, for each non-negative integer a, the map RL,Π induces an isomorphism of ζ(R[G])-

modules

λaL,Π :
∧a

R[G]
(R · O×

L,Π)
∼→
∧a

R[G]
(R ·XL,Π).

For each such a, the ‘a-th derived Stickelberger function’ of the data L/K,Π and Π′ is
defined to be the ζ(C[G])-valued meromorphic function of a complex variable z

θaL/K,Π,Π′(z) :=
∑

χ∈Ir(G)
(z−aχ(1)LΠ,Π′(χ̌, z)) · eχ,
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where LΠ,Π′(χ̌, z) is the Π-truncated Π′-modified Artin L-function for the contragredient χ̌
of χ and we use the primitive central idempotent

eχ := χ(1)|G|−1
∑

g∈G
χ(g)g−1

of C[G]. In the case a = 0, we set

(6.2.2) θL/K,Π,Π′(z) := θ0L/K,Π,Π′(z)

and refer to this function as the ‘Stickelberger function’ of L/K,Π and Π′.
An explicit analysis of the functional equation of Artin L-functions (as in [82, Chap. I,

Prop. 3.4]) shows that for each χ in Ir(G) one has

(6.2.3) ordz=0LΠ(χ, z) = χ(1)−1 · dimC
(
eχ(C ·XL,Π)

)
.

This formula implies, in particular, that if Π contains a proper subset of a elements that
split completely in L, then the function θaL/K,Π,Π′(z) is holomorphic at z = 0 and it is then

easily checked that its value θaL/K,Π,Π′(0) at z = 0 belongs to the subring ζ(R[G]) of ζ(C[G]).
This observation allows us to make the following definition.

Definition 6.5. Let Σ be a subset of Σ(L) with Σ ̸= Π and fix v′ ∈ Π \Σ. Then the ‘(non-
commutative) Rubin-Stark element’ associated to L/K,Π,Π′ and Σ is the unique element

εΣL/K,Π,Π′ of
∧|Σ|

R[G](R · O
×
L,Π) that satisfies

λ
|Σ|
L,Π(ε

Σ
L/K,Π,Π′) = θ

|Σ|
L/K,Π,Π′(0) · ∧v∈Σ(wv − wv′),

where the exterior product is defined with respect to the ordering of Σ induced by (6.1.1).

Remark 6.6.
(i) The condition Σ ̸= Π is automatically satisfied if Σ(L) ̸= Π and hence, for example, if
L/K is ramified.
(ii) Since every place v in Σ splits completely in L, the elements {wv −wv′}v∈Σ span a free
G-module of rank |Σ|. Given this, the explicit definition (via (2.1.1)) of reduced exterior
powers implies that the element eχ(∧v∈Σ(wv − wv′)) is non-zero for every χ in Ir(G). In

particular, since λ
|Σ|
L,Π is injective, the equality defining εΣL/K,Π,Π′ implies, for each χ, that

eχ(ε
Σ
L/K,Π,Π′) ̸= 0⇐⇒ eχ · θ|Σ|

L/K,Π,Π′(0) ̸= 0.

(iii) If Σ ̸= Σ(L), then |Σ| < |Σ(L)| and, in this case, (6.2.3) combines with the observation
in (ii) to imply that either εΣL/K,Π,Π′ vanishes or both L = K (so that Σ(L) = Π) and

|Σ| = |Σ(L)| − 1. By a similar argument one checks that, if Σ(L) ̸= Π (so that L ̸= K),

then θ
|Σ(L)|
L/K,Π,Π′(0) · (wv′1 − wv′) = 0 for every v′1 in Π \ Σ(L) and so the element

(6.2.4) εL/K,Π,Π′ := ε
Σ(L)
L/K,Π,Π′

depends only on the data L/K,Π and Π′.

(iv) If Σ is empty, then the map λ
|Σ|
L,Π = λ0L,Π identifies with the identity automorphism of

the space ∧0

C[G]
(C · O×

L,Π) = ζ(C[G]) =
∧0

C[G]
(C ·XL,Π)
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and ∧v∈Σ(wv−wv′) with the element 1 of ζ(C[G]). In this case, therefore, εΣL/K,Π,Π′ coincides

with the (non-commutative) ‘Stickelberger element’

θL/K,Π,Π′(0) :=
∑

χ∈Ir(G)
LΠ,Π′(χ̌, 0) · eχ ∈ ζ(Q[G])

that was first studied by Hayes in [44]. (We note here that, whilst θL/K,Π,Π′(0) belongs, a
priori, only to ζ(C[G]), a classical result of Siegel [78] combines with Brauer induction to
imply, via [82, Th. 1.2, p. 70], that it belongs to ζ(Q[G]), as indicated above.)

Remark 6.7. We now have all of the ingredients that are required to justify the observa-
tions in Example 4.7(ii) and Remark 4.9(ii). To do this, we fix data L/K,Π,Π′ as above

and use the complex C = CL,Π,Π′ defined in Lemma 5.1. Then C belongs to Dlf,0(Z[G])
and the isomorphism RL,Π from (6.2.1) combines with the explicit descriptions of coho-

mology in Lemma 5.1(i) to induce a canonical isomorphism λ : dR[G](CR)
∼−→ (ζ(R[G]), 0)

in P(ζ(R[G])). In this setting, the zeta element zλ,x associated by Definition 4.6 to the
leading term x = θ∗L/K,Π,Π′(0) at z = 0 of θL/K,Π,Π′(z) generalizes to non-abelian extensions

the ‘zeta elements’ zL/K,Π,Π′ defined in [18, Def. 3.5]. Further, an argument similar to
Example 4.7(i) shows Theorem 4.8(iii) implies that the ‘lifted root number conjecture’ for
L/K of Gruenberg, Ritter and Weiss [43] is equivalent to asserting that the element zλ,x
is a locally-primitive basis of dZ[G](C). This latter condition directly extends the leading
term conjecture ‘LTC(L/K)’ formulated for abelian L/K in [18, Conj. 3.6]. In addition, if
zλ,x is a locally-primitive basis of dZ[G](C), then Theorem 4.8(v) combines with the Hasse-
Schilling-Maass Norm Theorem to imply that zλ,x is a primitive basis of dZ[G](C) if and
only if, for every irreducible complex symplectic character χ of G, the leading term at z = 0
of LΠ(χ, z) is a strictly positive real number.

6.2.2. We next state a precise conjecture concerning the ‘integral’ properties of the Rubin-
Stark elements from Definition 6.5.

In particular, in this conjecture we fix data L/K,Π and Π′ as in §6.2.1. We also fix a
prime p and an isomorphism of fields C ∼= Cp and identify each element of the form εΣL/K,Π,Π′

with its image under the induced embedding of ζ(R[G])-modules∧|Σ|

R[G]
(R · O×

L,Π)→
∧|Σ|

Cp[G]
(Cp · O×

L,Π,p).

Conjecture 6.8. (Non-commutative Rubin-Stark Conjecture) Let Σ be a subset of Σ(L)
with Σ ̸= Π. Then, for every prime p for which the group O×

L,Π,Π′,p is torsion-free, one has

εΣL/K,Π,Π′ ∈
⋂|Σ|

Zp[G]
O×
L,Π,Π′,p.

Remark 6.9.
(i) If Tate’s formulation [82, Chap. I, Conj. 5.1] of Stark’s principal conjecture is valid
for L/K (as is automatically the case if K has positive characteristic), then the validity of
Conjecture 6.8 can be shown to be independent of the choice of isomorphism j : C ∼= Cp.
For this reason, we do not explicitly indicate the choice of j either in the statement of
Conjecture 6.8 or in the arguments that follow.
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(ii) If Σ = Σ(L) is empty, then (Σ ̸= Π and) εΣL/K,Π,Π′ = θL/K,Π,Π′(0) (cf. Remark 6.6(iv))

and also |Σ| = 0 so
⋂|Σ|

Zp[G]O
×
L,Π,Π′,p = ξ(Zp[G]) (by [24, Th. 4.19(i)]). In this case, therefore,

Conjecture 6.8 asserts that θL/K,Π,Π′(0) belongs to ξ(Zp[G]) for every prime p for which

O×
L,Π,Π′,p is torsion-free. Recent results of Ellerbrock and Nickel [34, Th. 1, Th. 2] provide

evidence in support of this prediction.
(iii) If O×

L,Π,Π′ is itself torsion-free, then Conjecture 6.8 (for all p) combines with [24, Th.

4.19(iii)] to predict that the element εL/K,Π,Π′ (from (6.2.4)) belongs to
⋂|Σ(L)|

Z[G] O
×
L,Π,Π′ .

This prediction is a natural generalisation to arbitrary Galois extensions of the Rubin-Stark
Conjecture that is formulated for abelian extensions in [74]. For this reason, we shall in the
sequel refer to Conjecture 6.8 as the ‘Rubin-Stark Conjecture’ for the data (L/K,Π,Π′, p).

6.2.3. As a final preliminary step, we establish some useful properties of a family of central
idempotents of Q[G] that will play an important role in the sequel.

To do this we note that, for any proper subset Π1 of the set of places Π of K fixed above,
one obtains an idempotent of ζ(Q[G]) by setting

(6.2.5) eL/K,Π,Π1
:=
∑

χ
eχ

where in the sum χ runs over all characters in Ir(G) for which eχ(Qc⊗ZXL,Π\Π1
) vanishes.

In the following result, we fix, for each χ in Ir(G), an associated Qc-representation Vχ
(cf. the beginning of §6.1).

Lemma 6.10. Fix L/K,Π and Π1 as above. Then, for every character χ in Ir(G), the
following conditions are equivalent.

(i) eχ · eL/K,Π,Π1
̸= 0.

(ii) The projection map eχ(Qc ⊗Z XL,Π)→ eχ(Qc ⊗Z YL,Π1) is bijective.

(iii) The multiplicity of Vχ in the decompositions of both Qc ⊗Z O×
L,Π and Qc ⊗Z XL,Π

is equal to
∑

v∈Π1
dimQc(V Gv

χ ), where Gv is the decomposition subgroup in G of any
fixed place w of L above v.

(iv) The order of vanishing of LΠ(χ, z) at z = 0 is equal to
∑

v∈Π1
dimQc(V Gv

χ ).

(v) If χ is non-trivial, then V Gv
χ vanishes for each v in Π \ Π1. If χ is trivial, then

|Π \Π1| = 1.

Proof. The definition (6.2.5) of eL/K,Π,Π1
ensures that eχ · eL/K,Π,Π1

̸= 0 if and only if the
space eχ(Qc ⊗Z XL,Π\Π1

) vanishes. The equivalence of conditions (i) and (ii) is therefore a
consequence of the natural exact sequence

0→ XL,Π\Π1
→ XL,Π → YL,Π1 → 0.

Conditions (ii) and (iii) are equivalent since XL,Π and O×
L,Π span isomorphic Qc[G]-

modules and for each place v in Π1 the space eχ(Qc ⊗Z YL,{v}) is isomorphic to the Gv-
invariants of Vχ.

The latter fact also combines with the explicit formula (6.2.3) to imply equivalence of
the conditions (ii) and (iv) and with the exact sequence

0→ XL,Π\Π1
→ YL,Π\Π1

→ Z→ 0
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to imply equivalence of the conditions (ii) and (v). □

Remark 6.11. If the set Π1 in Lemma 6.10 is the subset Σ of Σ(L) that occurs in Definition
6.5, then Gv is the trivial group for each v in Π1 = Σ and so, for every χ in Ir(G), one has∑

v∈Π1

dimQc(V Gv
χ ) =

∑
v∈Σ

dimQc(Vχ) = |Σ| · χ(1).

In this case, therefore, the equivalence of conditions (i) and (iv) in the above result implies,
for any auxiliary set of places Π′ as in §6.2.1, that

eχ · eL/K,Π,Σ ̸= 0⇐⇒ eχ · θ|Σ|
L/K,Π,Π′(0) ̸= 0

⇐⇒ eχ(ε
Σ
L/K,Π,Π′),

where the second equivalence follows from Remark 6.6(ii). In the space
∧|Σ|

R[G](R · O
×
L,Π),

one therefore has an equality

εΣL/K,Π,Π′ = eL/K,Π,Σ(ε
Σ
L/K,Π,Π′).

6.2.4. We now return to the setting of §6.1.1.
For every F in Ω(K) the set ΣS(K) is a proper subset of S(F ) (since Sram(F/K) ̸= ∅)

and so Remark 6.6(iii) implies that the non-commutative Rubin-Stark element

(6.2.6) εF,S,T := ε
ΣS(K)
F/K,S(F ),T

depends only on the data F/K, S, T and K.

Lemma 6.12. The collection

εRS
K,S,T := (εF,S,T )F∈Ω(K)

has the following properties.

(i) εRS
K,S,T belongs to pESrS (K/K, S, p).

(ii) If, for every F in Ω(K), Conjecture 6.8 is valid for the data F/K, S(F ), T and p,
then εRS

K,S,T belongs to ESrS (K/K, S, T, p).

Proof. Set r := rS = |ΣS(K)|. Then, if Conjecture 6.8 is valid for the data F/K, S(F ), T
and p for every F in Ω(K), each element

(εRS
K,S,T )F = εF,S,T = ε

ΣS(K)
F/K,S(F ),T

belongs to
⋂r

Zp[GF ]O
×
F,S(F ),T,p and so claim (ii) is a consequence of claim (i).

To prove claim (i) it suffices to show that the distribution relation (6.1.4) is valid for all

pairs F and F ′ with F ⊂ F ′ if we set cF := ε
ΣS(K)
F/K,S(F ),T .

For each finite set of places S′ of K that contains S(F ), and each χ in Ir(GF ), there is
an equality of functions

(6.2.7) LS′(χ̌, s) =
(∏

v∈S′\S(F )
det
(
1− Fr−1

F,v · (Nv)
−s | Vχ

))
· LS(F )(χ̌, s).

Taken together with the inflation invariance of Artin L-series this implies that

πF ′/F

(
θrF ′/K,S(F ′),T (0)

)
=
(∏

v∈S(F ′)\S(F )
NrdQ[GF ]

(
1− Fr−1

F,v

))
· θrF/K,S(F ),T (0),
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where πF ′/F is the natural projection map ζ(C[GF ′ ])→ ζ(C[GF ]). Given the explicit defini-

tion (in Definition 6.5) of each element cF = ε
ΣS(K)
F/K,S(F ),T , the validity of (6.1.4) in this case

will therefore follow if there exists a commutative diagram of ζ(R[GF ′ ])-modules∧r
R[GF ′ ](R · O

×
F ′,S(F ′))

λr
F ′,S(F ′)−−−−−−→

∧r
R[GF ′ ](R ·XF ′,S(F ′))

Nr
F ′/F

y θ

y∧r
R[GF ](R · O

×
F,S(F ′))

λr
F,S(F ′)−−−−−→

∧r
R[GF ](R ·XF,S(F ′)),

in which one has

θ
(
∧v∈ΣS(K)(wv,F ′ − wv′,F ′)

)
= ∧v∈ΣS(K)(wv,F − wv′,F )

for any choice of place v′ in S(F ) \ ΣS(K). The existence of such a diagram is in turn an
easy consequence of the fact that the following diagram commutes

R · O×
F ′,S(F ′)

RF ′,S(F ′)−−−−−−→ R ·XF ′,S(F ′)x x
R · O×

F,S(F ′)

RF,S(F ′)−−−−−→ R ·XF,S(F ′),

where the left hand vertical map is the natural inclusion and the right hand vertical map is
induced by sending each place wv,F to

∑
g∈Gal(F ′/F )g(wv,F ′) (cf. [82, bottom of p. 29]). □

Definition 6.13. The ‘Rubin-Stark (non-commutative) Euler system’ relative to the data
K/K, S, T and p is the element εRS

K,S,T of pESrS (K/K, S, p) described in Lemma 6.12.

Remark 6.14.
(i) If K/K is abelian, then εRS

K,S,T coincides with the pre-Euler system considered by Rubin

in [74, §6].
(ii) If ΣS(K) is empty, then, for every F in Ω(K), Remark 6.9(ii) implies that

(εRS
K,S,T )F = θF/K,S(F ),T (0).

In addition, Conjecture 6.8 predicts that θF/K,S(F ),T (0) belongs to ξ(Zp[GF ]) for every p for

which O×
F,S(F ),T,p is torsion-free (see Remark 6.9(ii)).

6.3. Euler systems and Galois cohomology. The ‘reduced determinant’ functor con-
structed in [24, §5] can be combined with the complexes constructed in Lemma 5.1 to give
an unconditional construction of non-commutative Euler systems.

In this section we shall describe this construction and then use it to strengthen one of
the main results of [24].

To do so, we introduce the following convenient notation: in the sequel, for each natural
number d, we consider the ordered set

[d] := {i ∈ Z : 1 ≤ i ≤ d}.



48 ON NON-COMMUTATIVE IWASAWA THEORY

For each finite group Γ, we then write {bΓ,i}i∈[d] for the standard (ordered) Z[Γ]-basis of

Z[Γ]d and {b∗Γ,i}i∈[d] for the corresponding dual basis of HomZ[Γ](Z[Γ]d,Z[Γ]).
In the case that Γ = GL for some L in Ω(K∞) we shall also use the abbreviations

(6.3.1) bL,i := bGL,i and b∗L,i := b∗GL,i
.

6.3.1. We start by proving a version of the construction made in [24, Lem. 8.8] that is
relevant to our setting.

As usual, we endow each set of places of K with the ordering induced by (6.1.1).

Lemma 6.15. Fix data L/K,G,Π and Π′ as in §6.2.1.
Fix a place v′ in Π, set n := |Π \ {v′}| = |Π| − 1 and let p be a prime for which O×

L,Π,Π′,p
is torsion-free. Then there exists a natural number d with d ≥ n and a canonical family of
complexes of Zp[G]-modules C(ϕ) of the form

Zp[G]d
ϕ−→ Zp[G]d

in which the first term is placed in degree zero and the following claims are valid.

(i) There exists an isomorphism κ : C(ϕ)→ CL,Π,Π′,p in Dperf(Zp[G]) with the following
property: for i ∈ [d], the image of bG,i under the composite map

Zp[G]d → cok(ϕ)
H1(κ)−−−−→ SelΠ

′
Π (L)trp

ϱL,Π,p−−−−→ XL,Π,p,

where ϱL,Π is as in (5.1.2), is equal to wvi−wv′, with vi the i-th element of Π\{v′},
if i ∈ [n] and is equal to 0 otherwise.

(ii) If C(ϕ′) is any complex in the family, then ϕ′ = η ◦ ϕ ◦ (η′)−1 where η and η′ are
automorphisms of Zp[G]d and η is represented, with respect to {bG,i}i∈[d], by a block
matrix

(6.3.2)

(
In ∗
0 Mη

)
,

where In is the n× n identity matrix and Mη belongs to GLd−n(Zp[G]).

Proof. We first fix a projective cover of Zp[G]-modules ϖ′ : P → ker(ϱL,Π,p) ∼= ClΠ
′

Π (L)p and
a module P ′ of minimal rank such that P ⊕ P ′ is a free Zp[G]-module. With d0 denoting

the rank of P ⊕ P ′, we fix an identification P ⊕ P ′ = Zp[G]d0 and write ϖ1 = (ϖ′, 0P ′)

for the induced surjective map Zp[G]d0 → ker(ϱL,Π,p). We finally set d := n + d0 and

SL := SelΠ
′

Π (L)trp and write ϖ : Zp[G]d → SL for the map of Zp[G]-modules that sends bG,i
to a choice of pre-image of wvi −wv′ under ϱL,Π,p if i ∈ [n] and to ϖ1(bG,i−n) if i ∈ [d] \ [n].
Then ϖ is surjective and such that

(6.3.3) ϱL,Π,p(ϖ(bG,i)) =

{
wvi − wv′ , if i ∈ [n]

0, if i ∈ [d] \ [n].

Now, since C = CL,Π,Π′ belongs to Dlf,0(Z[G]), and the module UL = H0(Cp) is torsion-
free, a standard argument (as in [21, Prop. 3.2]) shows the existence of an isomorphism

κ : C(ϕ)→ Cp in D(Zp[G]), where C(ϕ) has the required form Zp[G]d
ϕ−→ Zp[G]d and H1(κ)
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is induced by the map ϖ constructed above. In view of (6.3.3) this construction has the
properties described in claim (i).

To verify claim (ii), it is also enough to note that if κ′ : C(ϕ′)→ Cp is any alternative set
of data constructed as above, then the argument of [21, Prop. 3.2(iv)] shows the existence
of automorphisms η′ and η of Zp[G]d that lie in an exact commutative diagram of the form

(6.3.4)

0 −−−−→ O×
L,Π,Π′,p

H0(κ)−1

−−−−−→ Zp[G]d
ϕ−−−−→ Zp[G]d

H1(κ)†−−−−→ SL −−−−→ 0∥∥∥ η′
y yη ∥∥∥

0 −−−−→ O×
L,Π,Π′,p

H0(κ′)−1

−−−−−−→ Zp[G]d
ϕ′−−−−→ Zp[G]d

H1(κ′)†−−−−−→ SL −−−−→ 0.

Here H1(κ)† and H1(κ′)† are the composites of the respective tautological maps Zp[G]d →
cok(ϕ) and Zp[G]d → cok(ϕ′) with H1(κ) and H1(κ′), and η is represented with respect to
the basis {bG,i}i∈[d] by a block matrix of the required sort (6.3.2). □

6.3.2. We next derive a useful consequence of Lemma 6.15 in the setting of §6.1.1.
To state the result we use the following notation: if Γ is a finite group and X a finitely

generated ξ(Zp[Γ])-lattice, then we regard X as a subset of Qp ⊗Zp X in the natural way
and, for each element a of ζ(Qp[Γ]), we define a ξ(Zp[Γ])-submodule of X by setting

X[a] := {x ∈ X : a · x = 0} = {x ∈ X : x = (1− a) · x}.
We also note that, for every L in Ω(K), the set S(L) \ΣS(L) is non-empty (since L/K is

assumed to be ramified).

Proposition 6.16. Fix L in Ω(K), a place v′ in S(L) \ΣS(L) and a subset Σ of ΣS(L) of
cardinality a (so that a ≤ |ΣS(L)| < |S(L)|). Set G := GL and write e for the idempotent
eL/K,S(L),Σ of ζ(Q[G]) defined in (6.2.5).

Fix a prime p and a finite set of places T of K with T ∩ S(L) = ∅ and such that

UL,p := O×
L,S(L),T,p is torsion-free. Let Zp[G]d

ϕ−→ Zp[G]d be a representative of CL,S(L),T,p
of the form constructed in Lemma 6.15 (with respect to the place v′) and write

ι∗ :
⋂a

Zp[G]
UL,p →

⋂a

Zp[G]
Zp[G]d

for the injective homomorphism of ξ(Zp[G])-modules that is induced by the isomorphism

UL,p ∼= H0(CL,S(L),T,p) ∼= ker(ϕ). Then, with {bi}i∈[d] denoting the standard basis of Zp[G]d,
there exists an (ordered) subset I = IΣ of [d] of cardinality d− a such that the element

(6.3.5) xL := (∧i∈I(b∗i ◦ ϕ))(∧j∈[d]bj)

of
⋂a

Zp[G]Zp[G]d has all of the following properties.

(i) There exists a unique element εL of
⋂a

Zp[G]UL,p that is independent of the choice of

v′ and such that ι∗(εL) = xL.
(ii) ζ(Qp[G]) · εL = Qp ⊗Zp

(⋂a
Zp[G]UL,p

)
[1− e].

(iii) For each λ in ζ(Qp[G]) the following conditions are equivalent.
(a) λ · εL ∈

⋂a
Zp[G]UL,p.

(b) λ · xL ∈
⋂a

Zp[G]Zp[G]d.
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(c) λ · NrdQp[G](M) ∈ ξ(Zp[G]) for all matrices M = (Mij) in Md(Zp[G]) with the
property that Mij = (b∗i ◦ ϕ)(bj) for i ∈ I and j ∈ [d].

(iv) Let ε′L be an element of
⋂a

Zp[G]UL,p obtained by making the above constructions with

respect to another choice of representative of CL,S(L),T,p of the form constructed in
Lemma 6.15. Then there exists an element µ of the subgroup NrdQp[G](K1(Zp[G]))
of ξ(Zp[G])× such that ε′L = µ · εL.

Proof. Set R := Zp[G] and A := Qp[G].
Write I ′ = I ′Σ for the subset of [n] comprising integers i for which the i-th place vi in

S(L) \ {v′} belongs to Σ and set I := [d] \ I ′. By relabelling if necessary, we can (and will)
assume in the rest of the argument that I ′ = [a], and hence I = [d] \ [a].

Then, since every place in Σ splits completely in L, the construction of ϕ combines with
the properties of the surjective map fixed in (6.3.3) to imply b∗i ◦ ϕ = 0 for each i ∈ [a]. In
addition, the group Ext1R(im(ϕ), R) vanishes since im(ϕ) is torsion-free.

Given these observations, and the fact that the idempotent e is defined via the condition
(iii) in Lemma 6.10, claims (i) and (ii) are obtained directly upon applying the general result
of [24, Prop. 4.18(i)], with the matrix M in the latter result taken to be the submatrix(

(b∗i ◦ ϕ)(bj)
)
a<i≤d,1≤j≤d

of the matrix of ϕ with respect to the basis {bi}1≤i≤d. We note, in particular, that the
independence assertion in claim (i) is true since claim (ii) implies εL = e(εL), whilst Lemma
6.10(iii) implies e(v′) = 0.

Next we note that the vanishing of Ext1R(im(ϕ), R) also combines with [24, Th. 4.19(iv)]
to imply that the conditions (a) and (b) in claim (iii) are equivalent. Finally, we note that
condition (b) is equivalent to condition (c) since for every subset {θi}1≤i≤a of HomR(R

d, R)
one has

(∧i=ai=1θi)(λ · xL) =λ · (∧i=ai=1θi)
(
(∧i=di=a+1(b

∗
i ◦ ϕ))(∧

j=d
j=1bj)

)
=λ ·NrdA(−1)a(d−a) ·

(
(∧i=ai=1θi) ∧ (∧i=di=a+1(b

∗
i ◦ ϕ))

)
(∧j=dj=1bj)

=λ ·NrdA(−1)a(d−a) ·NrdA(M).

Here M is the matrix in Md(R) that satisfies

Mij =

{
θi(bj), if 1 ≤ i ≤ a, 1 ≤ j ≤ d
(b∗i ◦ ϕ)(bj), if a < i ≤ d, 1 ≤ j ≤ d,

and so the third equality is valid by [24, Lem. 4.10].
To prove claim (iv) we assume to be given a commutative diagram (6.3.4) and for any

map of ξ(R)-modules θ we set θQp := Qp ⊗Zp θ.
Then, using the automorphisms η′ and η from (6.3.4), we compute
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(∧aAη′Qp
)(xL) = (∧aAη′Qp

)
(
(∧j=dj=a+1(b

∗
j ◦ ϕ))(∧i=di=1bi)

)
=(∧j=dj=a+1(b

∗
j ◦ ϕ ◦ (η′)−1))

(
(∧dAη′Qp

)(∧i=di=1bi)
)

=NrdA(η
′
Qp

) · (∧j=dj=a+1(b
∗
j ◦ η−1 ◦ ϕ′))(∧i=di=1bi)

=NrdA(η
′
Qp

) · (NrdA(ηQp)
#)−1 · (∧j=dj=a+1(b

∗
j ◦ ϕ′))(∧i=di=1bi),

where we write x 7→ x# for the Qp-linear involution of ζ(A) that is induced by inverting
elements of GL. Before justifying this computation, we note that, if true, it implies the
validity of claim (iv) (with µ = NrdA(η

′
Qp

) · (NrdA(ηQp)
#)−1) since the commutativity of

the first square in (6.3.4) implies that the composite map (∧aA(η′Qp
)) ◦ ι∗ coincides with the

embedding
⋂a

Zp[G]UL,p →
⋂a

Zp[G]Zp[G]d induced by ι̂′.

Now the first and second equalities in the above computation are clear and the third is
true since

(∧dAη′Qp
)(∧i∈[d]bi) = NrdA(η

′
Qp

) · ∧i∈[d]bi
and because the commutativity of the second square in (6.3.4) implies that

b∗j ◦ ϕ ◦ (η′)−1 = b∗j ◦ η−1 ◦ ϕ′.

To verify the fourth equality it suffices (by virtue of the injectivity of the map evaZp[G]d
in

(2.2.1)) to show that

(∧j=aj=1θj) ∧ (∧j=dj=a+1(b
∗
j ◦ η−1 ◦ ϕ′)) = (NrdA(ηQp)

#)−1 ·
(
(∧j=aj=1θj) ∧ (∧j=dj=a+1(b

∗
j ◦ ϕ′))

)
for every subset {θj}1≤j≤a of HomR(R

d, R).

To prove this we write η̃ for the automorphism of Rd that is represented with respect to
the basis {bi}1≤i≤d by the matrix (

Ia 0
0 M ′

η

)
,

where M ′
η agrees with the corresponding (d− a)× (d− a) minor of the matrix (6.3.2) that

represents η. Then it is clear that

NrdA(ηQp) = NrdA(Mη) = NrdA(M
′
η) = NrdA(η̃Qp)

and also that

η−1 ◦ ϕ′ = η̃−1 ◦ ϕ′

since im(ϕ′) ⊆ R · {bi}a<i≤d. Thus, if for any given subset {θi}1≤i≤a of HomR(R
d, R) we

write φ for the (unique) map in HomR(R
d, Rd) with

b∗j ◦ φ =

{
θj , if 1 ≤ j ≤ a
b∗j ◦ ϕ′, if a < j ≤ d,

then for each j with a < j ≤ d one has

b∗j ◦ η−1 ◦ ϕ′ = (b∗j ◦ η̃−1) ◦ ϕ′ = (b∗j ◦ η̃−1) ◦ φ
and hence
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(∧j=aj=1θi) ∧ (∧j=dj=a+1(b
∗
j ◦ η−1 ◦ ϕ′)) = (∧j=aj=1(b

∗
j ◦ η̃−1 ◦ φ)) ∧ (∧j=dj=a+1(b

∗
j ◦ η̃−1 ◦ φ))

=
(
(∧j=aj=1(b

∗
j ◦ η̃−1)) ∧ (∧j=dj=a+1(b

∗
j ◦ η̃−1))

)
◦ ∧dA(φQp)

= (NrdA(η̃Qp)
#)−1 ·

(
(∧j=aj=1b

∗
j ) ∧ (∧j=dj=a+1b

∗
j )
)
◦ ∧dA(φQp)

= (NrdA(ηQp)
#)−1 ·

(
(∧j=aj=1(b

∗
j ◦ φ)) ∧ (∧j=dj=a+1(b

∗
j ◦ φ))

)
=(NrdA(ηQp)

#)−1 ·
(
(∧j=aj=1θj) ∧ (∧j=dj=a+1(b

∗
j ◦ ϕ′))

)
,

as required. Here the third equality follows from [24, Lem. 4.13] and the fact that the
reduced norm of the automorphism of HomR(R

d, R) that sends each b∗i to b∗i ◦ η̃−1 is the
inverse of NrdA(η̃Qp)

#, and all other equalities are clear. □

Remark 6.17. Claim (ii) of Proposition 6.16 implies that there is an equality εL = e(εL) in
Qp⊗Zp

(⋂a
Zp[G]UL,p

)
. Taken in conjunction with Remark 6.11, this shows that the elements

εL have the same invariance properties as do the relevant Rubin-Stark elements.

6.3.3. For each F in Ω(K) we now set

Ξ(F ) := dZ[GF ](CF,S(F ),T )

and for F ′ in Ω(K) with F ⊆ F ′ we consider the composite surjective homomorphism of
(graded) ξ(Z[GF ′ ])-modules

νF ′/F : Ξ(F ′)→ dZ[GF ](Z[GF ]⊗L
Z[GF ′ ] CF ′,S(F ′),T )(6.3.6)

→ dZ[GF ](CF,S(F ),T )⊗
⊗

v∈S(F ′)\S(F )
dZ[GF ](Cv)

→ Ξ(F ),

where we set

Cv :=
⊕

w
RHomZ(RΓ((κw)W ,Z),Z)[−1]

with w running over all places of F above v. Here the first map in (6.3.6) is induced by the
standard base-change isomorphism (from [24, Th. 5.2(ii)]), the second is the isomorphism
obtained by combining Lemma 5.1(iv) with an application of [24, Th. 5.2(i)] to the exact
triangle in Lemma 5.1(ii) and the final map uses the canonical isomorphisms

(6.3.7) dZ[GF ](Cv) ∼= (ξ(Z[GF ]), 0)

that are induced by the descriptions in Remark 5.2 (as per [24, (8.1.1)]).
We can therefore define a graded ξp(K/K)-module of ‘vertical systems’ for the data

K/K, S, T and p by means of the inverse limit

VS(K/K, S, T, p) := lim←−
F∈Ω(K)

Ξ(F )p,

where the transition morphism for F ⊆ F ′ is νF ′/F,p. The Hermite-Minkowski theorem
implies that the ungraded part of VS(K/K, S, T, p) is a free ξp(K/K)-module of rank one
but we make no use of this fact (and so do not give a proof).
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Theorem 6.18. There exists a canonical homomorphism of ξp(K /K)-modules

ΘK/K,S,T,p : VS(K/K, S, T, p)→ ESrS (K/K, S, T, p).

This homomorphism is non-zero if and only if θrSF/K,S(F )(0) ̸= 0 for some F in Ω(K).

Proof. Set Σ := ΣS(K), r := rS(= |Σ|) and UF := O×
F,S(F ),T and CF := CF,S(F ),T for

every F in Ω(K). Then, since each transition morphism νF ′/F,p is surjective, to construct a
map of the claimed sort it is enough to construct for each F a canonical homomorphism of
ζ(Qp[GF ])-modules

ΘΣ
F,S,T,p : Qp ⊗Zp Ξ(F )p → Qp ⊗Zp

⋂r

Zp[GF ]
UF,p

with all of the following properties:-

(a) ΘΣ
F,S,T,p(Ξ(F )p) ⊆

⋂r
Zp[GF ]UF,p.

(b) ΘΣ
F,S,T,p is the zero map if and only if θrF/K,S(F )(0) = 0.

(c) For all F ′ in Ω(K) with F ⊂ F ′ and all x in Ξ(F ′)p the equality (6.1.4) is valid with

cF ′ = ΘΣ
F ′,S,T,p(x) and cF = ΘΣ

F,S,T,p(νF ′/F,p(x)).

We write eF for the idempotent eF/K,S(F ),Σ of ζ(Q[GF ]) defined in (6.2.5) and note that
the space eF (Q⊗Z ker(α)) vanishes, where α is the composite surjective homomorphism

H1(CF )→ XF,S(F ) → YF,Σ ∼= Z[GF ]r.
Here the first map is induced by Lemma 5.1(i) and the exact sequence (5.1.2), the second is
the natural projection and the isomorphism is induced by sending the chosen set of places
{wv,F }v∈Σ to the standard basis of Z[GF ]r.

We then define ΘΣ
F,S,T,p to be the scalar extension of the following composite homomor-

phism of ζ(Q[GF ])-modules

dQ[GF ](Q · CF )(6.3.8)

∼= d⋄Q[GF ](Q · UF )⊗ d⋄Q[GF ](Q ·H
1(CF ))

−1

→ eF
(
Q ·
⋂r

Z[GF ]
UF
)
⊗ζ(Q[GF ]) eF

(
Homζ(Q[GF ])

(
Q ·
⋂r

Z[GF ]
Z[GF ]r, ζ(Q[GF ])

))
∼= eF

(
Q ·
⋂r

Z[GF ]
UF
)
.

Here the first map is induced by the standard ‘passage to cohomology’ isomorphism (cf. [24,
Prop. 5.14(i)]) and the descriptions in Lemma 5.1(i), the second is induced by multiplication
by eF , the isomorphism eF (Q ⊗Z α) and the argument of [24, Lem. 8.7(ii)] and the last
map uses the isomorphism of ξ(Z[GF ])-modules

⋂r
Z[GF ]Z[GF ]r ∼= ξ(Z[GF ]) induced by the

standard basis of Z[GF ]r (and [24, Prop. 5.6(i)]).
To verify that this definition of ΘΣ

F,S,T,p has the required properties, we fix a place v′ in

S(F ) \ΣS(F ) (so v′ /∈ Σ) and note that condition (6.1.2) ensures that Σ corresponds to the
first r elements of the (ordered) set S(F ) \ {v′}.

We use Hypothesis 6.1 to fix a representative of CF,p of the form

Zp[GF ]d
ϕF−−→ Zp[GF ]d
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used in Proposition 6.16. We write εF for the element of
⋂r

Zp[GF ]UF,p that is obtained in

this case via the formula (6.3.5) (noting that the present hypotheses imply the set I in the
latter formula is equal to [d] \ [r]). We write {bF,i}i∈[d] for the standard basis of Zp[GF ]d.
Then, setting

βF := ((∧i∈[d]bF,i)⊗ (∧i∈[d]b∗F,i), 0),
the argument establishing [24, (8.2.6)] shows that the restriction of ΘΣ

F,S,T,p to Ξ(F )p coin-
cides with the composite

(6.3.9) Ξ(F )p = dZp[GF ](CF,p)
∼−→ ξ(Zp[GF ])·βF →

⋂r

Zp[GF ]
UF,p

where the first map is the isomorphism induced by the given representative of CF,p and the
second map sends βF to εF .

Given this explicit description of ΘΣ
F,S,T,p, property (a) follows from Proposition 6.16(i)

and property (b) upon combining the results of Proposition 6.16(ii) and Lemma 6.10.
Finally, the fact ΘΣ

F,S,T,p has property (c) follows directly from the argument proving [24,

(8.2.4)], after making the following changes: the map CorrF ′/F and element Pv that are used

in loc. cit. are replaced by NrF ′/F and NrdQ[GF ](1 − Fr−1
F,v); the exact triangle in [24, Lem.

8.1(iv)] and the isomorphisms occuring in [24, (8.1.2)] are replaced by the exact triangle in
Lemma 5.1(ii) and the isomorphisms (6.3.7) that occur in the composite homomorphism
(6.3.6). □

6.3.4. We now use Theorem 6.18 to strengthen the result of [24, Th. 1.1], thereby fulfilling
a promise made in the Introduction to loc. cit.

To state the result we fix an embedding σ : Qc → C and for each subfield F of Qc write
wF,σ for the archimedean place of F corresponding to σ. For each natural number n we

write ζn for the unique primitive n-th root of unity in Qc that satisfies σ(ζn) = e2πi/n. We
write Qc,+ for the maximal totally real extension of Q in Qc.

For a finite group Γ we use the ideal δ(Z[Γ]) of ζ(Z[Γ]) introduced in [24, Def. 3.4].
Following [24, Def. 3.15], we then define the ‘central pre-annihilator’ of a Γ-module M by
setting

pAnnZ[Γ](M) := {x ∈ ζ(Z[Γ]) : x · δ(Z[Γ]) ⊆ AnnZ[Γ](M)}.
We note, in particular, that this lattice is a ξ(Z[Γ])-submodule of ζ(Q[Γ]) and is equal to
the annihilator of M in Z[Γ] if Γ is abelian.

Theorem 6.19. For each odd prime p, there exists an Euler system

εcyc = (εcycF )F

in ES1(Qc,+/Q, {∞}, ∅, p) that has the following properties at every F in Ω(Qc,+/Q).

(i) If F/Q is abelian, and of conductor f(F ), then

εcycF = NormQ(ζf(F ))/F (1− ζf(F )).

(ii) For φ in HomGF
(O×

F,S(F ),Z[GF ]), and every prime ℓ that ramifies in F , one has(∧1

Q[GF ]
φ
)
(εcycF ) ∈ pAnnZ[GF ](Cl(OF [1/ℓ]))p.
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(iii) For every χ in Ir(GF ) there exists a non-zero element uF,χ of Cp that satisfies both(∧χ(1)

Cp

V ∗
χ ⊗R[GF ] RegF,S(F )

)
(eχ · εcycF ) = uF,χ · Lχ(1)S(F )(χ̌, 0) · eχ(

∧1

Cp[GF ]
(wF,σ − wF,p)),

and ∏
ω∈Gal(Q(χ)/Q)

uF,χω ∈ Z×
p .

Proof. We set K := Qc,+ and write Kab for the maximal absolutely abelian subfield of K.
Then, since p is odd, Hypothesis 6.1 is satisfied for K with S = {∞} and T = ∅ (cf. Remark
6.2) and so Theorem 6.18 constructs a canonical map Θ := ΘK/Q,{∞},∅,p.

In addition, the known validity of the equivariant Tamagawa Number Conjecture in
the relevant case implies (via the argument of [24, Lem. 9.4]) that the (free, rank one)
ξp(Kab/Q)-module VS(Kab/Q, {∞}, ∅, p) has a basis element ηab with the following prop-

erty: for each F in Ω(Kab) the image ηabF of ηab in Ξ(F )p is sent by the homomorphism

ΘF := Θ
{∞}
F,{∞},∅,p constructed in the proof of Theorem 6.18 to NormQ(ζf(F ))/F (1− ζf(F )).

Since the projection map ξp(K/Q)× → ξp(Kab/Q)× is surjective (by [24, Lem. 9.5]),

we can then fix a basis element η of the ξp(K/Q)-module VS(Kab/Q, {∞}, ∅, p) that the
projection map

VS(K/Q, {∞}, ∅, p)→ VS(Kab/Q, {∞}, ∅, p)
sends to ηab. We then obtain a system in ES1(K/Q, {∞}, ∅, p) by setting

εcyc := Θ(η).

This construction ensures directly that for every F in Ω(Kab) one has

εcycF = ΘF (η
ab
F ) = NormQ(ζf(F ))/F (1− ζf(F )),

as stated in claim (i).
On the other hand, the properties in claims (ii) and (iii) are verified by mimicking the

arguments in [24, §9.2]. □

Remark 6.20. This result strengthens that of [24, Th. 1.1] since εcyc is a refinement (in
the sense of Remark 6.4(ii)) of the system in ES1(K/Q, {∞}∪ {p}, ∅, p) that is constructed
in loc. cit.

Remark 6.21. The displayed containment in Theorem 6.19(ii) can be interpreted as a
special case of the annihilation results relating to Selmer modules of p-adic representations
that are obtained by Macias Castillo and Tsoi in [61].

7. Higher rank non-commutative Iwasawa theory

In this section we use the constructions made in §6 to formulate an explicit main conjec-
ture of non-commutative Iwasawa theory for Gm over arbitrary number fields.

We then show that this conjecture simultaneously extends both the higher rank main
conjecture of (commutative) Iwasawa theory formulated by Burns, Kurihara and Sano in
[19] and the general formalism of main conjectures in non-commutative Iwasawa theory
following the approaches of Ritter and Weiss in [72] and of Coates et al in [27], and thereby
deduce its validity in important special cases.
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In the sequel we shall regard the prime p as fixed, write Lcyc for the cyclotomic Zp-
extension of each number field L and set ΓL := Gal(Lcyc/L).

We also fix a rank one p-adic Lie extension K∞ of K, set G∞ := Gal(K∞/K) and for any
infinite subquotient G of G∞ we write Λ(G) for the Iwasawa algebra Zp[[G]].

We recall that the total quotient ring Q(G∞) of Λ(G∞) is a semisimple algebra and hence
that there exists a reduced norm homomorphism

NrdQ(G∞) : K1(Q(G∞))→ ζ(Q(G∞))×.

Finally we set

Qp[[G∞]] := lim←−
L∈Ω(K∞)

Qp[GL],

where the transition morphisms are the natural projection maps.

7.1. Whitehead orders in Iwasawa theory. To help set the context for our conjecture,
we first clarify the link between the subrings ξp(K∞/K) and ζ(Λ(G∞)) of ζ(Qp[[G∞]]).

Lemma 7.1. Set R := ζ(Λ(G∞)) and R′ := ξp(K∞/K). Fix a central open subgroup Z of
G∞ that is topologically isomorphic to Zp and for each natural number n write Rn for the
subring Λ(Zpn) of R. Then the following claims are valid for each natural number n.

(i) The Zp-module R′/
(
R′ ∩R

)
has finite exponent.

(ii) There exists a natural number t such that the element pt · NrdQ(G∞)(p) belongs to

R∩R′ and any sufficiently large power of it annihilates R/
(
R∩ (R′ · Rn)

)
.

(iii) There are inclusions

R′ ⊆ R
[
p−1
]
⊆ (R′ · Rn)

[
p−1,NrdQ(G∞)(p)

−1
]
.

Proof. It is clearly enough to prove claims (i) and (ii) and to do this we use the fact (proved
in [24, Lem. 8.13]) that for any matrix B in Md(Λ(G∞)) the reduced norm NrdQ(G∞)(B)
belongs to R′ and is equal to

(7.1.1) NrdQ(G∞)(B) =
(
NrdQp[GL](BL)

)
L∈Ω(K∞)

where BL is the image of B in Md(Zp[GL]).
To prove claim (i) we fix an element x = (xL)L of R′. Then, for each L in Ω(K∞), there

exists a finite index set IL and, for each i ∈ IL, an element ai of Zp, a natural number di
and a matrix ML,i in Mdi(Zp[GL]) such that in ξ(Zp[GL]) one has

xL =
∑

i∈IL
ai ·NrdQp[GL](ML,i).

For each index i in IL we fix a pre-image M∞
L,i of ML,i under the natural (surjective)

projection map Mdi(Λ(G∞))→ Mdi(Zp[GL]). Then NrdQ(G∞)(M
∞
L,i) belongs to the integral

closure of Λ(Z) in ζ(Q(G∞)) (this follows, for example, from the observation of Ritter and
Weiss in [72, §5, Rem. (H)]) and therefore also to any choice of a maximal Λ(Z)-order in
Q(G∞). Hence, by the central conductor formula of Nickel [68, Th. 3.5], there exists a
natural number N (that is independent of both L and ML,i) such that pN ·NrdQ(G∞)(M

∞
L,i)

belongs to Λ(G∞).
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The latter containment combines with (7.1.1) to imply pN ·NrdQp[GL](ML,i) ∈ Zp[GL] for
each i and hence that pN · xL ∈ Zp[GL]. It follows that pN · x = (pN · xL)L belongs to

ζ(Qp[[G∞]]) ∩
∏

L
Zp[GL] = R,

and hence that R′/
(
R′ ∩R

)
is annihilated by a fixed power pN of p, as required.

To prove claim (ii) we fix a maximal Rn-order M in Q(G∞) that contains Λ(G∞). We
write Mn for the maximal Rn-order in ζ(Q(G∞)) and claim that the Rn-order generated
by the elements NrdQ(G∞)(M) as M runs over

⋃
n≥1Mn(M) has finite index in Mn. To

show this we note M is a finitely generated Rn-module and hence that it is enough (by the
structure theory of Rn-modules) to show that the localization of Mn at every height one
prime ideal ℘ of Rn is generated over Rn,℘ by NrdQ(G∞)(M) asM runs over

⋃
n≥1Mn(M℘).

In addition, since each such ring Rn,℘ is a discrete valuation ring and M℘ is a maximal
Rn,℘-order in ζ(Q(G∞)), this follows in a straightforward fashion from the arithmetic of
local division algebras (as in the proof of [28, Prop. (45.8)]).

We can therefore fix a natural number t1 such that for each x = (xL)L in R, there exists
a finite index set Ix, and for each i in Ix an element yi of Rn, a natural number ni and a
matrix Mx,i in Mni(M) such that

pt1 · x =
∑

i∈Ix
NrdQ(G∞)(Mx,i) · yi.

In addition, by another application of the central conductor formula [68, Th. 3.5], there
exists a natural number t that is greater than or equal to the integer N fixed above and is
such that for every i in Ix the matrix pt ·Mx,i belongs to Mni(Λ(G∞)). These facts combine
to imply that for every x in R one has

pt1 ·NrdQ(G∞)(p)
t · x =

∑
i∈Ix

NrdQ(G∞)(p
t ·Mx,i) · yi ∈ R′ · Rn.

In particular, since NrdQ(G∞)(p) ∈ R′, this containment implies (pt · NrdQ(G∞)(p))
t′ · x

belongs to R′ · Rn for any integer t′ that is greater than both t1/t and t. To complete the
proof of claim (ii) it is therefore enough to note that, since t ≥ N , the proof of claim (i)
above implies that pt ·NrdQ(G∞)(p) belongs to R′ ∩R. □

7.2. A main conjecture of higher rank non-commutative Iwasawa theory for Gm.

7.2.1. For each object C of Dperf(Λ(G∞)) we define a ξp(K∞/K)-module by setting

dΛ(G∞)(C) := lim←−
L∈Ω(K∞)

dZp[GL](Zp[GL]⊗
L
Λ(G∞) C)

where the transition morphism are induced by [24, Th. 5.4(ii)]. This ξp(K∞/K)-module
is free of rank one and, following the approach of §3, we now introduce a canonical set of
basis elements.

To do this we fix an isomorphism in Dperf(Λ(G∞)) of the form

(7.2.1) P • ∼= C,

in which P • is a bounded complex of finitely generated free Λ(G∞)-modules.
In each degree a we write ra for the rank of P a and fix an ordered Λ(G∞)-basis ba =

{ba,j}1≤j≤ra of P a. Then in every degree a and for every field L in Ω(K∞) the image
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bL,a = {bL,a,j}1≤j≤ra of ba under the projection map P a → P aL := H0(Gal(K∞/L), P
a) is

an ordered Zp[GL]-basis of P aL. The element

x(b•)L := (
⊗

a∈Z
(∧j∈[ra]bL,a,j)

(−1)a , 0)

is then a basis of the (graded) ξ(Zp[GL])-module dZp[GL](Zp[GL]⊗Λ(G∞)P
•) that is compatible

with the natural transition morphisms as L varies and so the tuple

x(b•) =
(
x(b•)L

)
L∈Ω(K∞)

is a ξp(K∞/K)-basis of dΛ(G∞)(P
•).

We use this construction to define an Iwasawa-theoretic analogue of the notion of primitive-
basis.

Definition 7.2. Fix C in Dperf(Λ(G∞)). Then an element x of dΛ(G∞)(C) is said to be
a ‘primitive basis element’ if, for every resolution of C of the form (7.2.1), there exists
a collection b• of ordered bases of the modules P a such that the induced isomorphism
dΛ(G∞)(P

•) ∼= dΛ(G∞)(C) sends x(b•) to x. We write dΛ(G∞)(C)
pb for the subset of dΛ(G∞)(C)

comprising all primitive basis elements.

Remark 7.3. The fact that the elements x(b•) are defined as inverse limits of the corre-
sponding elements x(b•)L over finite extensions L of K in K∞ is important. Specifically,
this property combines with the argument of Proposition 3.2 to imply that, in order to
show x belongs to dΛ(G∞)(C)

pb it is sufficient to check, for any fixed resolution (7.2.1) of
C, that there exists a collection b• of ordered bases such that the induced isomorphism
dΛ(G∞)(P

•) ∼= dΛ(G∞)(C) sends x(b•) to x.

7.2.2. The set Sram(K∞/K) of places of K that ramify in K∞ is finite and we define

(7.2.2) SK∞/K := S∞
K ∪ S

p
K ∪ Sram(K∞/K),

where SpK denotes the set of all p-adic places of K. We then fix a finite set S of places of
K with the property that

SK∞/K ⊆ S.

We note that, since S = S(L) for every L in Ω(K∞), the construction in Lemma 5.1 gives
rise to an object

CK∞,S,T := lim←−
L∈Ω(K∞)

CL,S,T,p

of Dperf(Λ(G∞)), where the transition morphisms for L ⊂ L′ are induced by the morphisms
in Lemma 5.1(iv). We further note that, since S contains SpK , Lemma 5.1(v) implies that this
object can be naturally interpreted in terms of the compactly-supported p-adic cohomology
of Zp.

We also set

O×
K∞,S,T := lim←−

L∈Ω(K∞)

O×
L,S,T,p
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where the transition morphisms for L ⊆ L′ are induced by the field-theoretic norm maps
(L′)× → L×. For each non-negative integer a we then define a ξp(K/K)-module by setting∧a

Cp·Λ(G∞)
(Cp · O×

K∞,S,T ) := lim←−
L∈Ω(K∞)

∧a

Cp[GL]
(Cp · O×

L,S,T,p)

and a submodule

(7.2.3)
⋂a

Λ(G∞)
O×

K∞,S,T := lim←−
L∈Ω(K∞)

⋂a

Zp[GL]
O×
L,S,T,p

where, in both cases, the limits are taken with respect to (the scalar extensions of) the
transition morphisms (6.1.3).

We set Σ := ΣS(K∞) and r := rS,K∞(= |Σ|). Then, since S = S(L) for every L in
Ω(K∞), there are identifications

dΛ(G∞)(CK∞,S,T ) = VS(K∞/K, S, T, p)

and

ESr(K∞/K, S, T, p) =
⋂r

Λ(G∞)
O×

K∞,S,T ,

and so the constructions in §6.3 gives a canonical homomorphism of ξp(K∞/K)-modules

ΘΣ
K∞,S,T : dΛ(G∞)(CK∞,S,T )→

⋂r

Λ(G∞)
O×

K∞,S,T .

For the same reason, the distribution relation (6.1.4) gives rise to an element

(7.2.4) εRS
K∞,S,T := (εΣF/K,S,T )F∈Ω(K∞)

of
∧r

Cp·Λ(G∞)(Cp · O
×
K∞,S,T ).

We can now formulate an explicit main conjecture of non-commutative p-adic Iwasawa
theory for Gm relative to K∞/K.

Conjecture 7.4. (Higher Rank Non-commutative Main Conjecture for Gm) Fix K∞/K
and S as above and set Σ := ΣS(K∞) and r := |Σ|. Then one has

NrdQ(G∞)(K1(Λ(G∞))) · εRS
K∞,S,T = ΘΣ

K∞,S,T (dΛ(G∞)(CK∞,S,T )
pb)

in
⋂r

Λ(G∞)O
×
K∞,S,T .

Remark 7.5. The validity of Conjecture 7.4 combines with the definition (7.2.3) (with
a = r) to imply that for every F in Ω(K∞) the element εΣF/K,S,T belongs to

⋂r
Zp[GF ]O

×
F,S,T,p

and hence implies the validity of Conjecture 6.8 for F/K, S and T . (Here we recall, from
Remark 6.6(iii), that for any field F in Ω(K∞) for which Σ ̸= ΣS(F ) the element εΣF/K,S,T
vanishes.)

Remark 7.6. If K∞/K is abelian, then [19, Th. 3.5] implies Conjecture 7.4 is equivalent
to the ‘higher rank main conjecture’ of Iwasawa theory formulated by Burns, Kurihara and
Sano in [19, Conj. 3.1]. In particular, the argument of [19, Cor. 5.6] shows that if K = Q
and K∞/K is abelian, then the validity of Conjecture 7.4 follows as a consequence of the
classical Iwasawa main conjecture in this setting, as proved by Mazur and Wiles.
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Remark 7.7. Following the general approach of Coates et al in [27], we let K′
∞ be any

compact p-adic Lie extension of K in K that is ramified at only finitely many places and
also contains an intermediate field K∞ that is Galois over K and such Gal(K∞/K) is
topologically isomorphic to Zp. Then K′

∞ is equal to the union of all compact p-adic Lie
extensions K∞ of rank one of K in K′

∞ and hence, by taking the limit of Conjecture 7.4
over all such extensions K∞/K, one can formulate a ‘main conjecture’ for Gm relative to
the extension K′

∞/K.

7.3. Evidence for the rank zero case. In this section we show that Conjecture 7.4
generalizes to arbitrary rank (of Euler systems) the standard formulation of main conjectures
in non-commutative Iwasawa theory, and thereby deduce the validity of an appropriate
component of Conjecture 7.4 for an important class of extensions.

7.3.1. Before stating the next result we recall that any object C of the category Dperf(Λ(G∞))
for which Q(G∞) ⊗Λ(G∞) C is acyclic gives rise to a canonical Euler characteristic element

χref
Λ(G∞)(C) in K0(Λ(G∞), Q(G∞)).

Proposition 7.8. Let ϵ be a non-zero idempotent of ζ(Λ(G∞)) such that the cohomology
groups of ϵ · CK∞,S,T are torsion Λ(G∞)-modules.

Then ΣS(K∞) is empty (so that r = 0) and the ϵ-component of Conjecture 7.4 is valid if
and only if there exists an element λ of K1(Q(G∞)ϵ) with the following two properties:

(i) λ is sent by the canonical connecting homomorphism K1(Q(G∞)ϵ)→ K0(Λ(G∞)ϵ,Q(G∞)ϵ)
to the element χref

Λ(G∞)ϵ(ϵ · CK∞,S,T );

(ii) λ is sent by the reduced norm map of the semisimple algebra Q(G∞)ϵ to ϵ·θK∞,S,T (0).

Proof. Lemma 5.1 implies, under Hypothesis 6.1, the complex CK∞,S,T is isomorphic in

Dperf(Λ(G∞)) to a complex P • of the form

Λ(G∞)d
ϕ−→ Λ(G∞)d,

where the first term is placed in degree zero (for a detailed construction of such a complex
see, for example, the proof of Proposition 8.2 below). We write

b• := {bi}i∈[d]
for the standard basis of Λ(G∞)d.

Then, since the cohomology groups of C := ϵ ·CK∞,S,T are assumed to be torsion Λ(G∞)-
modules, the matrix

M :=
(
ϵ · (b∗i ◦ ϕ)(bj)

)
i,j∈[d]

belongs to Md(Λ(G∞)) ∩ GLd(Q(G∞)ϵ) and its class ⟨M⟩ in K1(Q(G∞)ϵ) is a pre-image of
χref
Λ(G∞)ε(C) under the connecting homomorphism in claim (i).

The long exact sequence of relative K-theory therefore implies that the stated conditions
(i) and (ii) are equivalent to asserting that

NrdQ(G∞)ϵ(K1(Λ(G∞)ϵ)) · θK∞,S,T (0) = {NrdQ(G∞)ϵ(u · ⟨M⟩) : u ∈ K1(Λ(G∞)ϵ)}.

Remark 6.14(ii) implies that the left hand side of this equality is equal to the ϵ-component
of the left hand side of the equality in Conjecture 7.4. To complete the proof it is thus enough
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to show that

{NrdQ(G∞)ϵ(u · ⟨M⟩) : u ∈ K1(Λ(G∞)ϵ)} = Θ(dΛ(G∞)ϵ(C)
pb),

where we write Θ in place of ΘΣ
K∞,S,T . Since the description (7.1.1) of the reduced norm of

Q(G∞) combines with the argument of §3.1 to imply

Θ(dΛ(G∞)ϵ(C)
pb) = NrdQ(G∞)ϵ(K1(Λ(G∞)ϵ)) ·Θ(x(b•)),

where the tuple x(b•) is constructed using b as the ordered basis of both non-zero terms of
P •, it is therefore enough to show Θ(x(b•)) is equal to NrdQ(G∞)ϵ(⟨M⟩).

To prove this we first apply (7.1.1) to the matrix M to deduce that

NrdQ(G∞)ϵ(⟨M⟩) =
(
NrdQp[GL]ϵL(ML)

)
L∈Ω(K∞)

with

ML :=
(
ϵL · (b∗L,i ◦ ϕL)(bL,j)

)
i,j∈[d] ∈ Md(Zp[GL]),

where the standard basis elements b∗L,i and bL,j are as specified in (6.3.1), ϵL is the image

of ϵ in ζ(Zp[GL]) and ϕL is the endomorphism of Zp[GL]d induced by ϕ. In addition, for L
in Ω(K∞) the equality (2.1.7) implies

ϵL ·
(
∧i∈[d](b∗L,i ◦ ϕL)

)(
∧j∈[d]bL,j

)
= NrdQp[GL]ϵL(ML).

It is thus enough to show the left hand side of this expression is equal to the image yL of
Θ(ϵ · x(b•)) under the projection map⋂0

Λ(G∞)
O×

K∞,S,T →
⋂0

Zp[GL]
O×
L,S,T,p = ξ(Zp[GL]).

To verify this we note ϵL · CL,S,T,p is isomorphic in Dperf(Zp[GL]) to the complex

P •
L := ϵL(Zp[GL]⊗Λ(G∞) P

•)

and hence that (yL, 0) is the image of ϵL · x(b•)L under the canonical morphism

dZp[GL]ϵL(P
•
L) ⊂ dQp[GL]ϵL(Qp ⊗Zp P

•
L)
∼= dQp[GL]ϵL(0) = (ζ(Qp[GL]), 0)

induced by the acyclicity of Qp ⊗Zp P
•
L. The claimed result is thus true because the latter

morphism sends the element

ϵL · x(b•)L = ϵL · ((∧j∈[d]bL,j)⊗ (∧i∈[d]b∗L,i), 0)

to (ϵL · zL, 0) with

zL := (∧i∈[d]b∗L,i)(∧j∈[d](ϕL(bL,j))) = (∧i∈[d](b∗L,i ◦ ϕL))(∧j∈[d]bL,j).

□
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7.3.2. In the sequel we write L+ for the maximal totally real subfield of a number field L
and µp(L) for the p-adic cyclotomic µ-invariant of L.

Corollary 7.9. Assume K is totally real, L is CM and K∞ = Lcyc. Write ϵ for the idem-
potent (1− τ)/2 of ζ(Λ(G∞)), where τ is the (unique) non-trivial element of Gal(K∞/K+

∞).
Then, if µp(L) vanishes, the ϵ-component of Conjecture 7.4 is valid for the data K∞/K,

S = SK∞/K and any auxiliary set of places T .

Proof. Set G := G∞ and write Λ(G)#(1) for the (left) Λ(G)-module Λ(G) endowed with the
action of GK whereby each element σ acts as right multiplication by χK(σ) · σ̄−1 where
χK : GK → Z×

p is the cyclotomic character and σ̄ the image of σ in G. We then write C ′

and C for the respective complexes ϵ · RΓét,T (OF,S ,Λ(G)#(1)) and ϵ · CK∞,S,T .
Then, since ϵ(YF,S∞

K ,p) vanishes for all F in Ω(K∞), the complex Q(G)⊗Λ(G) C is acyclic
and the Artin-Verdier Duality theorem implies the existence of a canonical isomorphism
C ∼= C ′[1] in Dperf(Λ(G)) and hence of an equality in K0(Λ(G)ϵ,Q(G)ϵ)

χref
Λ(G)ϵ(C) = −χ

ref
Λ(G)ϵ(C

′).

We next note that Kcyc ⊆ K∞ and use a fixed choice of topological generator γK of ΓK
to identify (via the association γK − 1 ↔ t) the Iwasawa algebra Zp[[ΓK ]] with a power
series ring in one variable Zp[[t]]. We also write A(G) for the set of irreducible Qc

p-valued
characters of G that have open kernel.

We recall that for each χ in A(G) Ritter and Weiss have in [72, Prop. 6] constructed a
canonical homomorphism

jχ : ζ(Q(G))× → (Qc
p ⊗Qp Q(Zp[[t]]))×.

The Weierstrass Preparation Theorem combines with [72, Prop. 5(3)] to imply an ele-
ment x of ζ(Q(G))× is uniquely determined by the value jχ(x)(0) of jχ(x) at t = 0 for
every χ in A(G). In addition, if Vχ is a Qc

p[[G]]-module of character χ and x belongs
to ζ(Q(G)) ∩ ζ(Qp[[G]]), then jχ(x)(0) is equal to the χ-component of the image of x in

ζ(Qp[Gal(Kker(χ)
∞ /K)]). (This can be verified by an explicit computation and relies on the

fact that the elements γχ and eχ occurring in [72, Prop. 6] act trivially on Vχ.) In partic-
ular, since θK∞,S,T belongs to ζ(Q(G)) ∩ ζ(Qp[[G]]) (as a consequence, for example, of [72,
Prop. 11 and the proof of Th. 8]), one finds that if −τ acts as the identity on Vχ, then

(7.3.1) jχ(ϵ · θK∞,S,T )(0) = LS,T (χ̌, 0) = Lp,S,T (χ̌ · ωK , 0),
where ωK is the Teichmüller character ofK and Lp,S,T (χ̌·ωK , z) the S-truncated T -modified
Deligne-Ribet p-adic Artin L-series of χ̌ · ωK , as discussed by Greenberg in [40].

Next we note that jχ is related to the map

ΦG,χ : K1(Q(G))→ (Qc
p ⊗Qp Q(Zp[[t]]))×

defined by Coates et al in [27] by virtue of the fact (proved in [15, Lem. 3.1]) that for every
element λ of K1(Q(G)) one has

ΦG,χ(λ) = jχ(NrdQ(G)(λ)).

Given this, the above observations combine to imply an element λ of K1(Q(G)) satisfies
the conditions (i) and (ii) in Proposition 7.8 if and only if the connecting homomorphism
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K1(Q(G)) → K0(Λ(G), Q(G)) sends λ to −χref
Λ(G)ϵ(C

′) and, in addition, for every χ in A(G)
one has

ΦG,χ(λ)(0) = Lp,S,T (χ̌ · ωK , 0).
In view of Proposition 7.8, it is therefore enough to note that if µp(L) vanishes, then

the existence of such an element λ is deduced in [16, Prop. 7.1] from the proof (under the
given assumption on µp(L)) of the main conjecture of non-commutative Iwasawa theory for
totally real fields, due to Ritter and Weiss [73] and, independently, Kakde [50]. □

Remark 7.10. In [49] Johnston and Nickel identify families of (non-abelian) Galois exten-
sions L/K for which one can prove the main conjecture of non-commutative p-adic Iwasawa
theory for Lcyc/K without assuming µp(L) vanishes (or that p does not divide [L : K]).
In all such cases the argument of Corollary 7.9 shows that the (1 − τ)/2-component of
Conjecture 7.4 is valid for the data Lcyc/K, S = SK∞/K and any auxiliary set of places T .

8. Canonical resolutions and semisimplicity in Iwasawa theory

8.1. Canonical resolutions in Iwasawa theory. In this section we fix a compact p-
adic Lie extension K∞ of K of strictly positive rank for which Sram(K∞/K) is finite and
non-empty, and set G∞ := Gal(K∞/K).

We also fix a finite set S of places of K that contains the set SK∞/K specified in (7.2.2)
and a finite set of places T of K that is disjoint from S and such that Hypothesis 6.1 is
satisfied (with K taken to be K∞).

Then, since Sram(K∞/K) is non-empty, one has ΣS(K∞) ̸= S and so we can fix a place
v′ in S \ ΣS(K∞). We then set

S′ := S \ {v′}.

8.1.1. We first describe an important aspect of the descent properties of transpose Selmer
modules.

Lemma 8.1. Fix L in Ω(K∞), with G := GL, and a normal subgroup H of G with E := LH .
Consider the composite surjective homomorphism of G/H-modules

βE,S : SelTS (E)tr
ϱE,S−−−→ XE,S

αE,S,S′
−−−−→ YE,S′ ,

in which ϱE,S comes from (5.1.2) and αE,S,S′ is the natural projection map.
Then the image of ker(βL,S) under the composite homomorphism

SelTS (L)
tr → Z[G/H]⊗Z[G] Sel

T
S (L)

tr ∼= SelTS (E)tr,

in which the isomorphism is as in Lemma 5.1(iv), is equal to ker(βE,S).

Proof. The claimed result is obtained directly by applying the Snake Lemma to the following
exact commutative diagram

H0(H, ker(βL,S)) −−−−→ H0(H,Sel
T
S (L)

tr)
βL,S−−−−→ H0(H,YL,S′) −−−−→ 0y y y

0 −−−−→ ker(βE,S) −−−−→ SelTS (E)tr
βE,S−−−−→ YE,S′ −−−−→ 0.
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Here the lower row is the tautological exact sequence, the upper row is obtained by taking
H-coinvariants of the analogous tautological exact sequence, the right-hand vertical arrow
is the canonical isomorphism that maps the class of each place w in S′

L to the restriction of
w to E, the middle vertical arrow is the canonical isomorphism coming from Lemma 5.1(iv)
and the left hand vertical arrow is induced by the commutativity of the second square. □

8.1.2. In the sequel we will use the Λ(G∞)-modules that are defined by the inverse limits

STS (K∞)tr := lim←−F∈Ω(K∞)
SelTS (F )

tr
p

and, if Hypothesis 6.1 is satisfied, also

STS (K∞) := lim←−F∈Ω(K∞)
SelTS (F )p.

Here the respective transition morphisms for F ⊂ F ′ are the composite maps

SelTS (F
′)trp → Zp[GF ]⊗Zp[GF ′ ] Sel

T
S (F

′)trp
∼= SelTS (F )

tr
p ,

and

SelTS (F
′)p → Zp[GF ]⊗Zp[GF ′ ] Sel

T
S (F

′)p ∼= SelTS (F )p,

where the first map in both cases is the obvious projection and the second is the isomorphism
given by Lemma 5.1(iv), respectively Remark 5.3 (if Hypothesis 6.1 is satisfied).

In the following result we also use the object CK∞,S,T of Dperf(Λ(G∞)) defined in §7.2.2.

Proposition 8.2. Set n := |S| − 1. Then there exists a natural number d with d ≥ n and
a canonical family of complexes of Λ(G∞)-modules C(ϕ) of the form

Λ(G∞)d
ϕ−→ Λ(G∞)d

in which the first term is placed in degree zero and the following properties are satisfied.

(i) C(ϕ) is isomorphic in Dperf(Λ(G∞)) to CK∞,S,T .

(ii) If C(ϕ̃) is any other complex in the family, then ϕ̃ = η◦ϕ◦(η′)−1 where η and η′ are
automorphisms of Λ(G∞)d and η is represented, with respect to the standard basis
of Λ(G∞)d, by a block matrix of the form (6.3.2).

(iii) For each L in Ω(K∞) we set SL := SelTS (L)
tr
p and write ϕL, ιL and ϖL respec-

tively for the endomorphism of Zp[GL]d induced by ϕ and the embedding O×
L,S,T,p

∼=
ker(ϕL) ⊆ Zp[GL]d and surjection Zp[GL]d → cok(ϕL) ∼= SL that are induced by the
descent isomorphism

CL,S,T,p ∼= Zp[GL]⊗L
Λ(G∞) CK∞,S,T

∼= Zp[GL]⊗Λ(G∞) C(ϕ).

Then there exists a natural number dL with n ≤ dL ≤ d and a commutative diagram
of Zp[GL]-modules of the form

(8.1.1)

0 −→O×
L,S,T,p

ιL−→ Zp[GL]d
ϕL−−→ Zp[GL]d

ϖL−−→ SL −→ 0∥∥∥ yκ′L yκL ∥∥∥
0 −→O×

L,S,T,p

(ι̂L,0)−−−→ Zp[GL]dL+(d−dL) (ϕ̂L,id)−−−−→ Zp[GL]dL+(d−dL) (π̂L,0)−−−−→ SL −→ 0.
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Here κ′L and κL are bijective, the matrix of κL with respect to the standard basis of

Zp[GL]d = Zp[GL]dL ⊕ Zp[GL](d−dL) has the form

(
In 0
0 ∗

)
and the exact sequence

(8.1.2) 0→ O×
L,S,T,p

ι̂L−→ Zp[GL]dL
ϕ̂L−−→ Zp[GL]dL

π̂L−−→ SL → 0

is constructed as in diagram (6.3.4).

Proof. We set Ω∞ := Ω(K∞), R∞ := Λ(G∞) and S∞ := STS (K∞)tr. For v ∈ S we set
Y∞,v := lim←−F∈Ω∞

YF,{v},p, where the transition maps are the natural projection maps. We

then set Y∞,S′ :=
⊕

v∈S′Y∞,v and consider the homomorphism

β∞ := lim←−F∈Ω∞
βF,S,p : S∞ → Y∞,S′ ,

where βF,S is the map of GF -modules in Lemma 8.1. We note β∞ is surjective since each
map βF,S,p is surjective and each module ker(βF,S,p) is compact.

For i ∈ [n] we write vi for the i-th element of S′ (with respect to the ordering induced by
(6.1.1)). For each such i, we fix a place wi,∞ of K∞ above vi and write π1,∞ : Rn∞ → Y∞,S′

for the surjective map of R∞-modules that sends the i-th element in the standard basis of
Rn∞ to wi,∞. We choose a lift

π′1,∞ : Rn∞ → S∞

of π1,∞ through β∞.
The algebra R∞ is semiperfect since it is both semilocal and complete with respect to

its Jacobson radical (as G∞ is a compact p-adic Lie group). In view of [28, Th. (6.23)], we
may therefore fix a projective cover

π2,∞ : P → ker(β∞)

of ker(β∞) = lim←−F∈Ω∞
ker(βF,S,p).

We next choose a R∞-module P ′ such that P ⊕ P ′ is a free module of minimal rank, n′

say, fix an isomorphism j : P ⊕P ′ ∼= Rn
′

∞ and write π′2,∞ for the map (π2,∞, 0) ◦ j−1 on Rn
′

∞.

We set d := n+ n′ and consider the homomorphism of R∞-modules

(8.1.3) π∞ : Rd∞ = Rn∞ ⊕Rn
′

∞
(π′

1,∞,π′
2,∞)

−−−−−−−→ S∞.

For L in Ω∞ we set

RL := Zp[GL], UL := O×
L,S,T,p and HL := Gal(K∞/L).

Then the HL-coinvariants of π∞ gives a surjective homomorphism ϖL : RdL → SL and, for
each L and L′ in Ω∞ with L ⊂ L′, the argument of [21, Prop. 3.2] allows us to fix an exact
commutative diagram of the form

(8.1.4)

0 −−−−→ UL′
ι̂L′−−−−→ RdL′

ϕL′−−−−→ RdL′
ϖL′−−−−→ SL′ −−−−→ 0yω0

L′/L

yω1
L′/L

yωL′/L

0 −−−−→ UL
ι̂L−−−−→ RdL

ϕL−−−−→ RdL
ϖL−−−−→ SL −−−−→ 0.
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Here ω1
L′/L and ωL′/L are the natural projection maps, ω0

L′/L sends each element bL′,i in the

standard basis of RdL′ to any choice of element xi with

ϕL(xi) = ω1
L′/L(ϕL′(bL′,i))

and the following property is satisfied: if F denotes either L or L′, then the complex

C(ϕF ) given by RdF
ϕF−−→ RdF , where the first module is placed in degree zero and the

cohomology groups are identified with UF and SF by means of the maps in the respec-
tive row of the diagram, then there exists an isomorphism C(ϕF ) ∼= CF,S,T,p in Dperf(RF )
that induces the identity map on both cohomology groups. With these identifications the
canonical descent isomorphism RL ⊗L

RL′ CL′,S,T,p
∼= CL,S,T,p implies that the morphism

RL ⊗RL′ C(ϕL′) ∼= C(ϕL) induced by the maps ω0
L′/L and ω1

L′/L is a quasi-isomorphism.

Since ω1
L′/L is surjective, this in turn implies that the map ω0

L′/L is surjective and hence

that the limit lim←−F∈Ω∞
RdF with respect to the transition morphisms are ω0

F ′/F is isomorphic

to Rd∞.
The limit of the complexes {C(ϕL)}L∈Ω(K∞) with respect to the morphisms in (8.1.4) is

therefore a complex of the form Rd∞
ϕ−→ Rd∞ that is isomorphic in Dperf(R∞) to CK∞,S,T,p.

Thus, denoting this complex by C(ϕ), claim (i) is clear.
Turning to claim (ii), we note that if π̃∞ is any map defined in the same way as π∞ but

with respect to a different choices either of projective cover π2,∞, isomorphism j or lift π′1,∞
of π1,∞, then an easy exercise shows that π∞ = π̃∞ ◦ η, where η is an automorphism of Rd∞
that is represented with respect to the standard basis {bi}i∈[d] of Rd∞ by a block matrix of

the form (6.3.2). (Here, with respect to the decomposition of Rd∞ used in (8.1.3) we identify

bi for i ∈ [d] \ [n] with the (i− n)-th element of the standard basis of Rn
′

∞.)

Then, if C(ϕ̃) is any complex obtained in the same way by using π̃∞ rather than π∞, there

exists a quasi-isomorphism ξ : C(ϕ̃) ∼= C(ϕ) that is represented by an exact commutative
diagram of the form

(8.1.5)

0 −−−−→ O×
K∞,S,T

ι∞−−−−→ Rd∞
ϕ−−−−→ Rd∞

π∞−−−−→ S∞ −−−−→ 0∥∥∥ yη′ yη ∥∥∥
0 −−−−→ O×

K∞,S,T −−−−→ Rd∞
ϕ̃−−−−→ Rd∞

π̃∞−−−−→ S∞ −−−−→ 0

To deduce claim (ii) it is thus sufficient to note that, since η is bijective, the Five Lemma
implies that η′ is also bijective.

Finally, to prove claim (iii), we fix L in Ω∞ and set H := HL. We note that the projection
map ker(β∞)H → ker(βL,S,p) is surjective (by Lemma 8.1(ii)) and hence that there exists a
direct sum decomposition

PH = PL ⊕QL
of RL-modules so that (π2,∞)H is zero on QL and restricts to PL to give a projective cover
of ker(βL,S,p). We fix a projective RL-module P ′

L of minimal rank so PL ⊕ P ′
L is a free RL-

module, write n′L for the rank of the latter module and set dL := n+n′L and δL := n′−n′L.
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Then d = dL + δL and the Krull-Schmidt Theorem implies δL ≥ 0 and that, for any choice

of an isomorphism of RL-modules j′ : R
n′
L
L
∼= PL ⊕ P ′

L, there exists an isomorphism

ιL : QL ⊕ P ′
H → P ′

L ⊕R
δL
L

of RL-modules and a commutative diagram of the form

RnL ⊕Rn
′
L

(id,jH)−−−−→ RnL ⊕ (P ⊕ P ′)H
(π′

1,∞,(π2,∞,0))H
−−−−−−−−−−−→ (S∞)H

κL

y (id,ι′L)

y y
RnL ⊕R

n′
L
L ⊕R

δL
L

(id,j′,id)−−−−−→ RnL ⊕ (PL ⊕ P ′
L)⊕R

δL
L

((π′
1,∞)H,((π2,∞)H,0),0)

−−−−−−−−−−−−−−−→ SL.

Here j is the isomorphism Rn
′

∞
∼= P ⊕ P ′ fixed just before (8.1.3), ι′L is the isomorphism

(P ⊕ P ′)H = PL ⊕ (QL ⊕ P ′
H)

(id,ιL)−−−−→ PL ⊕ P ′
L ⊕R

δL
L ,

κL = (id, κ̃L) with κ̃L the automorphism of Rn
′
L = R

n′
L
L ⊕ R

δL
L given by (j′, id)−1 ◦ ι′L ◦ jH

and the right hand vertical arrow is the isomorphism induced by Lemma 8.1(i).
The upper and lower composite horizontal maps in this diagram are respectively equal

to the map ϖL in diagram (8.1.4) and to π̂ ⊕ 0, where π̂ is a surjective map RdLL → SL

constructed as in diagram (6.3.4). Hence, if we fix an embedding ι̂ : UL → RdLL and an

endomorphism ϕ̂ of RdLL as in the upper row of (6.3.4) (for this choice of π̂), then there
exists a commutative diagram of RL-modules of the form

0 −−−−→ UL
ι̂L−−−−→ RdL

ϕL−−−−→ RdL
ϖL−−−−→ SL −−−−→ 0∥∥∥ yκ′L yκL ∥∥∥

0 −−−−→ UL
(ι̂,0)−−−−→ RdL+δLL

(ϕ̂,id)−−−−→ RdL⊕δLL

(π̂,0)−−−−→ SL −−−−→ 0∥∥∥ x x ∥∥∥
0 −−−−→ UL

ι̂−−−−→ RdLL
ϕ̂−−−−→ RdLL

π̂−−−−→ SL −−−−→ 0.

Here the unlabelled vertical maps are the natural inclusions and so the construction of the
sequence in (6.3.4) implies that the upper two rows of this diagram represent the same
element of the Yoneda Ext-group Ext2RL

(SL, UL). Given this, the existence of a map κ′L
that makes the first and second upper squares commute (and hence is bijective) follows from
the fact that κL is bijective and that the upper third square commutes. Finally, we note
that the upper part of the above diagram satisfies all of the assertions in claim (iii). □

Remark 8.3. If G∞ has rank one, then the resolution C(ϕ) of CK∞,S,T constructed in
Proposition 8.2 leads to the following explicit interpretation of Conjecture 7.4. For L in
Ω(K∞) the complex CL,S,T,p is isomorphic in Dperf(Zp[GL]) to

Zp[GL]d
ϕL−−→ Zp[GL]d,
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where the first term is placed in degree zero, and the alternative description of ΘΣ
L,S,T,p

given in (6.3.9) implies that the image of ΘΣ
K∞,S,T (x(b•)) under the natural projection map⋂r

Λ(G∞)O
×
K∞,S,T →

⋂r
Zp[GL]

O×
L,S,T,p is

ΘΣ
L,S,T,p(x(b•)L) = (∧i=di=r+1(b

∗
L,i ◦ ϕL))(∧j∈[d]bL,j).

The equality predicted in Conjecture 7.4 is therefore valid if and only if there exists an
element u in K1(Λ(G∞)) such that in

⋂r
Λ(G∞)Λ(G∞)d one has

(8.1.6) ι∞,∗(ε
RS
K∞,S,T ) = NrdQ(G∞)(u) ·

(
(∧i=di=r+1(b

∗
L,i ◦ ϕL)(∧j∈[d]bL,j)

)
L∈Ω(K∞)

,

where ι∞,∗ is the homomorphism of ξp(K∞/K)-modules
⋂r

Λ(G∞)O
×
K∞,S,T →

⋂r
Λ(G∞)Λ(G∞)d

that is induced by the injective map of Λ(G∞)-modules ι∞ : O×
K∞,S,T → Λ(G∞)d.

Remark 8.4. The detailed descent properties established in Proposition 8.2(iii) are finer
than is strictly necessary for the present article. However, we have included the detail
since it is used in the associated article [22] of Burns, Puignau, Sano and Seo in order to
discuss non-commutative generalizations of the ‘refined class number formulas’ conjectured
independently by Mazur and Rubin in [63] and by Sano in [75].

8.2. Semisimplicity for Selmer modules. The hypothesis that a finitely generated tor-
sion module over the classical Iwasawa algebra be ‘semisimple at zero’ allows one to make
explicit descent computations even in the presence of trivial zeroes (see, for example, [16],
though the notion arises in many earlier articles).

In this section we introduce a generalization of the notion of semisimplicity in the context
of Selmer modules that will play an important role in later sections.

To do this we fix data K∞/K, S and T as in §8.1. We assume throughout this section
that G∞ has rank one and fix a field E in Ω(K∞) for which there is an isomorphism of
topological groups

H∞ := Gal(K∞/E) ∼= Zp.
We then also fix a subset Σ of ΣS(E) such that

(8.2.1)

{
Σ = ΣS(E), if ΣS(E) ̸= S,

ΣS(K∞) ⊆ Σ and |Σ| = |S| − 1, if ΣS(E) = S

and set

r := |ΣS(K∞)| and r′ := |Σ|
(so that r′ ≥ r).

Remark 8.5. The restrictions on Σ given by (8.2.1) are motivated by the observations
made in Remark 6.6(iii). If ΣS(E) = S (which occurs, for example, if K∞ is a Zp-extension
of E = K), then there exists a choice of Σ as above since ΣS(K∞) ̸= S and the definitions
and results in the rest of this section are independent of this choice.

For any element γ of G∞, we define an element of ξp(K∞/K) by setting

λ(γ) := NrdQ(G∞)(γ − 1) ∈ ξp(K∞/K).
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We also fix a topological generator γE of H∞, and define an ideal of ξp(K∞/K) by setting

IE(G∞) := ξp(K∞/K) · λ(γE).

Finally, we write x 7→ x# for the Qp-linear involution of Q(G∞) that is induced by
inverting elements of G∞.

Remark 8.6. We record two important properties of the ideal IE(G∞).
(i) As the notation suggests, IE(G∞) is independent of the choice of γ := γE (and hence
only depends on G∞ and E). To see this note that any other topological generator of H∞
is equal to γa for some a ∈ Z×

p and that the corresponding quotient xa := (γa − 1)/(γ − 1)

belongs to Λ(H∞)× ⊆ Λ(G∞)×. From the explicit description of reduced norm given in
(7.1.1), it then follows that NrdQ(G∞)(xa) belongs to ξp(K∞/K)×, and hence that λ(γa) =
NrdQ(G∞)(xa) · λ(γ) generates IE(G∞) over ξp(K∞/K).

(ii) One has IE(G∞) = IE(G∞)#. To see this one can combine (7.1.1) with [24, (3.4.1)] to
deduce that, for each matrix M = (Mij) in Md(Λ(G∞)) there is an equality

NrdQ(G∞)(M)# = NrdQ(G∞)(M
#),

whereM# denotes the matrix (M#
ij ). These equalities imply that ξp(K∞/K) = ξp(K∞/K)#.

Since (γE − 1)# = (−γ−1
E )(γE − 1) and NrdQ(G∞)(−γ−1

E ) ∈ ξp(K∞/K)×, it then also follows

that IE(G∞) = IE(G∞)#, as claimed.

8.2.1. We start by defining an analogue for Iwasawa-theoretic Selmer modules of the higher
non-commutative Fitting invariants introduced in [24].

To do this, for each endomorphism ϕ of Λ(G∞)d we write Gr(ϕ) for the subset of
Md(Λ(G∞)) comprising all matrices that are obtained by replacing the elements in any
selection of r columns of the matrix of ϕ with respect to the standard basis of Λ(G∞)d by
arbitrary elements of Λ(G∞).

Definition 8.7. For each endomorphism ϕ of Λ(G∞)d constructed as in Proposition 8.2,
we define an ideal of ξp(K∞/K) by setting

FitrΛ(G∞)(S
T
S (K∞)) := ξp(K∞/K) · {NrdQ(G∞)(M) :M ∈ Gr(ϕ)}#.

The basic properties of this ideal are described in the following result.

Lemma 8.8. For each ϕ as above, the following claims are valid.

(i) FitrΛ(G∞)(STS (K∞)) depends only on the Λ(G∞)-module STS (K∞).

(ii) FitrΛ(G∞)(STS (K∞)) is contained in IE(G∞)r
′−r.

Proof. The commutative diagram (8.1.5) shows that the collection of endomorphisms ϕ that
are constructed via the approach in Proposition 8.2 constitutes a distinguished family of free
resolutions of the Λ(G∞)-module STS (K∞)tr. These endomorphisms are uniquely determined
by their linear duals HomΛ(G∞)(ϕ,Λ(G∞)) which (Remark 5.3 implies) in turn constitute a

distinguished family of resolutions of Λ(G∞)-module STS (K∞).
To prove claim (i) it is therefore enough to show that FitrΛ(G∞)(STS (K∞)) is unchanged if

one replaces ϕ by any other endomorphism constructed via Proposition 8.2.
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To do this we write M(ϕ) for the matrix of ϕ with respect to the standard basis {bi}i∈[d]
of Λ(G∞)d. Then, in view of the property (6.1.2) (with K taken to be K∞), the construction
of the map (8.1.3) implies that the i-th column ofM(ϕ) is zero for every i in [r]. This means
that all non-zero contributions to the ideal FitrΛ(G∞)(STS (K∞)) arise from the reduced norms

of block matrices of the form
(
N M(ϕ)†

)
, where N is an arbitrary matrix in Md,r(Λ(G∞))

and for any matrix M in Md(Λ(G∞)) we write M † for the matrix in Md,d−r(Λ(G∞)) given
by the last d− r columns of M .

Now if ϕ̃ is any other endomorphism constructed as in Proposition 8.2, then claim (ii) of

that result implies U ·M(ϕ̃) = M(ϕ) · V where U and V are matrices in GLd(Λ(G∞)) and

V is a block matrix of the form (6.3.2). In particular, one has U ·M(ϕ̃)† = (M(ϕ) ·V )† and,
for any N in Md,r(Λ(G∞)), also

U ·
(
N M(ϕ̃)†

)
=
(
U ·N U ·M(ϕ̃)†

)
=
(
U ·N (M(ϕ) · V )†

)
=
(
U ·N M(ϕ)†

)
· V,

where the last equality follows from the nature of the block matrix V . Claim (i) is then a
consequence of the resulting equalities

NrdQ(G∞)

((
U ·N M(ϕ)†

))
= NrdQ(G∞)(U) ·NrdQ(G∞)

((
N M(ϕ̃)†

))
·NrdQ(G∞)(V )−1

and the fact NrdQ(G∞)(U) and NrdQ(G∞)(V ) are both units of ξp(K∞/K) = ξp(K∞/K)#,
where the last equality follows from Remark 8.6(ii).

In a similar way, Remark 8.6(ii) reduces the proof of claim (ii) to showing that for every
N in Md,r(Λ(G∞)) one has

NrdQ(G∞)

((
N M(ϕ)†

))
∈ λ(γE)r

′−r · ξp(K∞/K).

To show this we assume, as we may (under the hypothesis (8.2.1)), that the place v′ of
S \ ΣS(K∞) used in the constructions of Proposition 8.2 does not belong to Σ. We then
define a subset J = JS,Σ,v′ of [n] by setting

(8.2.2) J := {j ∈ [n] \ [r] : the j-th element of S \ {v′} belongs to Σ \ ΣS(K∞)}.

Then one has |J | = r′ − r and the nature of the map (8.1.3) implies that for each j in J ,
and every i in [d] there exist a (unique) element cij of Λ(G∞) with

M(ϕ)ij = cij(γE − 1)

and hence

(8.2.3)
(
N M(ϕ)†

)
=M ′ ·∆E

where M ′ is the matrix in Md(Λ(G∞)) defined by

(8.2.4) M ′
ij =

{
cij , if j ∈ J and i ∈ [d]

(N M(ϕ)†)ij , if j ∈ [d] \ J and i ∈ [d],

and ∆E is the diagonal matrix in Md(Λ(G∞)) with
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∆E,ij :=


γE − 1, if i = j ∈ J
1, if i = j ∈ [d] \ J
0, if i ̸= j.

The required result is therefore true since NrdQ(G∞)(∆E) = λ(γE)
r′−r, whilst (7.1.1)

implies NrdQ(G∞)(M
′) belongs to ξp(K∞/K). □

8.2.2. With the result of Lemma 8.8 in mind, we now introduce a restriction on the structure
of the Λ(G∞)-module STS (K∞) that will play an important role in the sequel.

For a character χ in Irp(GE) we define a prime ideal of ξp(K∞/K) by setting

(8.2.5) ℘χ(K∞/K) := ker
(
ξp(K∞/K)→ ζ(Qc

p[GE ])
x 7→xχ−−−−→ Qc

p

)
,

where the unlabelled arrow is the natural projection.

Definition 8.9. Fix χ in Irp(GE). Then the data K∞/K,E and S is said to be ‘semisimple

at χ’ if FitrΛ(G∞)(STS (K∞)) is not contained in IE(G∞)r
′−r · ℘χ(K∞/K).

Before proceeding, we explain the motivation for our use of the word ‘semisimple’ in this
context. In particular, we note that the stated property of the module Q in the following
result implies that, after localizing at ℘χ(K∞/K), it is ‘semisimple at zero’ in the sense
relevant to Iwasawa-theoretic descent computations (cf. [16]).

Lemma 8.10. Fix χ in Irp(GE). Then, if the data K∞/K,E and S is semisimple at χ,
there exists an exact sequence of Λ(G∞)-modules

(8.2.6) Λ(G∞)r → STS (K∞)→ Q→ 0

in which Q has the following property: the natural map

QγE=1 ⊕ (γE − 1)Q→ Q

is bijective after localizing at ℘χ(K∞/K).

Proof. Set ℘ := ℘χ(K∞/K). Then, under the stated hypothesis, the argument of Lemma 8.8
implies, via the product decomposition (8.2.3), that there exists a matrix N in Md,r(Λ(G∞))
such that

(8.2.7) NrdQ(G∞)(M
′) ∈ ξp(K∞/K) \ ℘#,

where the matrix M ′ is defined in terms of N as in (8.2.4).
For each matrix M in Md(Λ(G∞)) we set M∗ := M tr,#. We also identify the matrices

M(ϕ)∗, M(ϕ,N) :=
(
N M(ϕ)†

)∗
, (M ′)∗ and ∆∗

E with endomorphisms of Λ(G∞)d in the

obvious way. Then the cokernel of M(ϕ)∗ is isomorphic to STS (K∞) and so there exists
an exact sequence (8.2.6) in which Q is the cokernel of M(ϕ,N). In addition, from the
decomposition M(ϕ,N) = ∆∗

E · (M ′)∗, one deduces that this choice of Q lies in an exact
sequence of Λ(G∞)-modules Q′ → Q→ cok

(
∆∗
E

)
→ 0, with Q′ := cok

(
(M ′)∗

)
.

Since cok
(
∆∗
E

)
is isomorphic to Λ(GE)r

′−r, to deduce that Q has the claimed property it
is therefore enough to show that Q′

℘ vanishes. Now (8.2.7) implies that the reduced norm

NrdQ(G∞)((M
′)∗) = NrdQ(G∞)((M

′))# does not belong to ℘, and this implies γE − 1 acts
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invertibly on Q′
℘. Thus, since γE − 1 belongs to ℘, Nakayama’s Lemma implies that Q′

℘

vanishes, as required. □

8.2.3. In the sequel, for any subfield K of Qc we set

AS(K) := lim←−
F

ClS(F )p and ATS (K) := lim←−
F

ClTS (F )p

where in both limits F runs over all finite extensions of Q in K and the transition morphisms
for F ⊂ F ′ are the natural norm maps.

In the next result we describe the link between semisimplicity in the sense of Definition
8.9 and the structural properties of modules of the form AS(K).

In condition (ii) of this result we use the idempotent eE/K,S,Σ defined in (6.2.5) (and we
recall that, under the hypotheses of this section, one has Σ ̸= S).

Proposition 8.11. The data K∞/K, S and E is semisimple at every character χ in Irp(GE)
that satisfies all of the following conditions:

(i) The space eχ
(
Qc
p ⊗Zp AS(K∞)H∞

)
vanishes.

(ii) eχ · eE/K,S,Σ ̸= 0.

Proof. The essential idea of this argument is that, under the stated hypotheses, one can
‘reverse’ the direction of the argument in Lemma 8.10.

To make this precise, we write ξ′p(K∞/K) for the subring of ζ(Q(G∞)) generated over
ζ(Λ(G∞)) by the set {NrdQ(G∞)(M) :M ∈

⋃
m>0Mm(Λ(G∞))}. We also fix an open normal

subgroup Z of H∞ that is central in G∞ and contained in the decomposition subgroup in
G∞ of wj,∞ for each j belonging to the set J defined in (8.2.2) (so vj ∈ Σ \ ΣS(K∞)). We
then write E′ for finite extension of E that is obtained as the fixed field of Z in K∞.

We note ξ′p(K∞/K) is a Λ(Z)-order in ζ(Q(G∞)) (cf. the proof of Lemma 7.1) and also
that the explicit description of reduced norm given in (7.1.1) implies that the projection map
ζ(Λ(G∞)) → ζ(Zp[GE ]) extends to a well-defined ring homomorphism ϱE from ξ′p(K∞/K)
to ζ(Qc

p[GE ]). For any fixed character χ in Irp(GE) we can therefore define a prime ideal of
ξ′p(K∞/K) by setting

℘′ = ℘′
χ := ker

(
ξ′p(K∞/K)

ϱE−−→ ζ(Qc
p[GE ])

x 7→xχ−−−−→ Qc
p

)
.

We write ℘ for the prime ideal ℘′ ∩ ζ(Λ(G∞)) of ζ(Λ(G∞)) and M℘ for any Λ(G∞)-module
M for the Λ(G∞)-module obtained by localizing M (as a ζ(Λ(G∞))-module) at ℘.

We now fix an endomorphism ϕ as constructed in Proposition 8.2 with respect to a place
v′ chosen in S \ Σ, and set

EE(K∞) := Λ(G∞)r ⊕ Zp[GE ]r
′−r.

We then claim that it suffices to prove that the given hypotheses on χ imply the existence
of a commutative diagram of Λ(G∞)℘-modules of the form

(8.2.8)

Λ(G∞)d℘
ϕ℘−−−−→ Λ(G∞)d℘

π∞,℘−−−−→ STS (K∞)tr℘ −−−−→ 0

ν

y ∥∥∥ ν′
y

Λ(G∞)d℘
ϖ−−−−→ Λ(G∞)d℘

ϖ′
−−−−→ EE(K∞)℘ −−−−→ 0,
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in which ν is bijective and the rows are obtained by respectively localizing the upper row
of (8.1.5) and the standard resolution of EE(K∞). In particular, for each i in [d] one has

ϖ(bi) =


0

(γE − 1)(bi)

bi

and ϖ′(bi) =


bi, if i ∈ [r],

bE,a, if i is the a-th place in J ,

0, otherwise.

We assume for the moment such a diagram exists. We write U for the matrix of ν with
respect to the standard basis of Λ(G∞)d℘ and N for the matrix in Md,r(Λ(G∞)℘) for which

U−1 ·N is the transpose of the block matrix
(
Ir 0

)
.

Then the argument of Lemma 8.8 shows the commutativity of the first square in (8.2.8)
implies U−1 ·

(
N M(ϕ)†

)
is the d×d diagonal matrix ∆E with ii-th entry equal to γE−1 if

i ∈ J and equal to 1 otherwise. Thus, if we choose an element x of ζ(Λ(G∞)) \ ℘ for which
xN belongs to Md,r(Λ(G∞)), then one has

λ(γE)
r−r′ ·NrdQ(G∞)

((
xN M(ϕ)†

))
=λ(γE)

r−r′ ·NrdQ(G∞)(x)
r ·NrdQ(G∞)(∆E) ·NrdQ(G∞)(U)

=NrdQ(G∞)(x)
r ·NrdQ(G∞)(U)

This implies the claimed semisimplicity at χ since NrdQ(G∞)

((
xN M(ϕ)†

))
belongs to

FitrΛ(G∞)(STS (K∞)) whilst neither NrdQ(G∞)(x) nor NrdQ(G∞)(U) belongs to ℘′
χ.

It therefore suffices to prove the given assumptions imply the existence of a diagram of
the form (8.2.8). To do this we note that the second square of (8.2.8) clearly commutes if
we take ν ′ to be the composite homomorphism of Λ(G∞)℘-modules

ν ′ : STS (K∞)tr℘
β∞−−→ (Y∞,S′)℘ →

⊕
v∈Σ

Y∞,v,℘ → EE(K∞)℘,

where S′ denotes S \{v′}, the second map is the natural projection and the third is induced
by sending wi,∞ for i ∈ [r], respectively i ∈ J , to bi, respectively to bE,i−r.

The key claim we make now is that ν ′ is bijective. To show this we take the limit over L
in ΩE(K∞) of the exact sequence (5.1.2) to obtain an exact sequence of Λ(G∞)-modules

0→ ATS (K∞)→ STS (K∞)tr →
⊕

v∈S
Y∞,v → Zp → 0.

This sequence implies that ν ′ is bijective if all of the following conditions are satisfied:
ATS (K∞)℘ vanishes; Y∞,v,℘ vanishes for each v ∈ S′ \Σ; for every j ∈ J the ℘-localization of
the morphism Y∞,vj → Zp[GE ] sending wj,∞ to bE,j−r is bijective; if Y∞,v′,℘ does not vanish,
then the ℘-localization of the natural projection map Y∞,v′ → Zp is bijective.

To verify these conditions we write E(v) for each v in S \ ΣS(K∞) for the maximal
extension of K in K∞ in which wv,∞ splits completely. We also write E′(S) for the finite
extension of K in K∞ that is obtained as the compositum of E′ and the fields E(v) and set
G′ := GE′(S).

We then note that [68, Th. 3.5] implies pm · ξ′p(K∞/K) is contained in ζ(Λ(G∞)) for
any large enough integer m. This fact implies the existence of an element tχ of ζ(Λ(G∞))
whose projection to ζ(Zp[G′]) is a p-power multiple of the idempotent e(χ) of ζ(Qp[G

′]) that



74 ON NON-COMMUTATIVE IWASAWA THEORY

corresponds to the irreducible Qp-valued character of G′ that contains χ as a component.
It follows that tχ ∈ ζ(Λ(G∞)) \ ℘ and hence that for each place v ∈ S \ ΣS(K∞) one has

Y∞,v,℘ = tχ
(
Y∞,v,℘

)
= tχ

(
Qp ⊗Zp Y∞,v

)
℘

(8.2.9)

= tχ
(
Qp · YE′(S),{v}

)
℘
= e(χ)(Qp · YE,{v})℘.

In particular, since for each v in Σ, the map

e(χ)(Qp · YE,{v})℘
wv 7→1−−−−→ tχ(Zp[GE ]℘) = Zp[GE ]℘

is bijective, we deduce that for every j ∈ J the ℘-localization of the morphism Y∞,vj →
Zp[GE ] sending wj,∞ to bE,j−r is bijective, as required.

By combining (8.2.9) with the result of Lemma 6.10 and the assumed validity of condition
(ii) we also derive the following consequences: the localisation Y∞,v,℘ vanishes for all v ∈
S \ Σ; if Y∞,v′,℘ does not vanish, then χ is trivial, S \ Σ = {v′} and the natural map
Y∞,v′,℘ = e(χ)(Qp · YE,{v′})℘ → (Zp)℘ is bijective.

To complete the proof that ν ′ is bijective, it now suffices to show ATS (K∞)℘ vanishes.
To do this we fix a topological generator γE′ of Z and note Λ(G∞)℘ is an order over the
discrete valuation ring Λ(Z)p obtained by localizing Λ(Z) at the prime ideal p generated
by γE′ − 1. Nakayama’s Lemma therefore implies that ATS (K∞)℘ vanishes if the space

tχ
(
Qp ⊗Zp A

T
S (K∞)Z

)
= e(χ)

(
Qp ⊗Zp A

T
S (K∞)Z

)
= e(χ)

(
Qp ⊗Zp A

T
S (K∞)H∞

)
vanishes, and this follows directly from condition (i).

At this stage we have established that the right hand square in (8.2.8) commutes when
ν ′ is the isomorphism specified above. From this it follows that im(ϕ℘) = ker(π∞,℘) is equal

to the free Λ(G∞)℘-submodule of Λ(G∞)d℘ that has basis

{(γE − 1)(bi)}i∈J ∪ {bi}i∈[d]\J† ,

where we set

(8.2.10) J† := J ∪ [r].

We may therefore choose a section σ to ϕ℘ and thereby obtain an isomorphism of Λ(G∞)℘-
modules

Λ(G∞)d℘ = ker(ϕ℘)⊕ σ(im(ϕ℘)) ∼= ker(ϕ℘)⊕ Λ(G∞)d−r℘ .

Upon applying the Krull-Schmidt Theorem for the Λ(Z)p-order Λ(G∞)℘ to this isomor-
phism, we deduce that the Λ(G∞)℘-module ker(ϕ℘) is free of rank r, and hence isomorphic

to the kernel
⊕i=r

i=1Λ(G∞)℘ · bi of ϖ.
In particular, if we fix an isomorphism of Λ(G∞)℘-modules ν1 : ker(ϕ℘) ∼= ker(ϖ), and

write ν2 : σ(im(ϕ℘))→ Λ(G∞)d℘ for the map of Λ(G∞)℘-modules that sends the element{
σ((γE − 1)(bi)), if i ∈ J ,
σ(bi), if i ∈ [d] \ J†

to bi, then the homomorphism ν = (ν1, ν2) is an automorphism of Λ(G∞)d℘ that makes the
first square in (8.2.8) commute, as required to complete the proof. □
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Remark 8.12. For a number field E, write ΓE for the Galois group over E of its cyclotomic
Zp-extension Ecyc. Then it is conjectured by Jaulent in [47] that, for every E, the ΓE-
coinvariants AS(E

cyc)ΓE
of AS(E

cyc) should be finite. In addition, if E is a CM Galois
extension of a totally real fieldK, then an observation of Kolster in [56, Th. 1.14] (where the
result is attributed to Kuz’min [57]) implies that the finiteness of AS(E

cyc)−ΓE
is equivalent

to the earlier conjecture [41, Conj. 1.15] of Gross and hence also, by [16, Th. 5.2(ii)], to
the validity of Gross’s ‘Order of Vanishing Conjecture’ [41, Conj. 2.12a)] for all totally
odd characters of GE . In particular, if K contains at most one p-adic place that splits
completely in E/E+, then AS(E

cyc)−ΓE
is finite as a consequence of [41, Prop. 2.13] (which

itself relies Brumer’s p-adic version of Baker’s theorem). In general, if E is any Zp-extension
of a number field E, then AS(E)Gal(E/E) is known to be finite in each of the following cases.

(i) E is abelian over Q (cf. Greenberg [39]).
(ii) E is an abelian extension of an imaginary quadratic field and E = Ecyc (cf. Maksoud

[62]).
(iii) E = Ecyc and E has at most two p-adic places (cf. Kleine [53]).
(iv) E is totally real and the Leopoldt conjecture is valid for E at p (cf. Kolster [56, Cor.

1.3]).

9. A conjectural derivative formula for Rubin-Stark Euler systems

In this section we define a notion of ‘the value of a higher derivative’ of the Rubin-Stark
non-commutative Euler system (from Definition 6.13) and formulate an explicit conjectural
formula for such values.

We also show that this conjectural derivative formula specializes to recover the classi-
cal Gross-Stark Conjecture (from [41, Conj. 2.12b)]) and hence deduce its validity in an
important family of examples.

Throughout the section we fix a rank one compact p-adic Lie extension K∞ of K in K
that is ramified at only finitely many places.

We fix sets of places S and T of K as specified at the beginning of §8.1, and use the
abbreviations

G := G∞ = GK∞/K , R∞ := Λ(G) and RL := Zp[GL]

for each L in Ω(K∞).
We also fix a normal subgroup H of G that is topologically isomorphic to Zp and write E

for the fixed field of H in K∞. We then fix a subset Σ of ΣS(E) that satisfies the condition
(8.2.1) and set

r := |ΣS(K∞)| and r′ := |Σ|
(so that r ≤ r′ < |S| since ΣS(K∞) ⊆ Σ ⊊ S).

9.1. Derivatives of Rubin-Stark non-commutative Euler systems. For a natural
number t and non-negative integer a we set⋂a

R∞
Rt∞ := lim←−

L′

⋂a

RL′
RtL′

and
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⋂a

Cp·R∞
(Cp ·R∞)t := lim←−

L′

(
Cp ⊗Zp

⋂a

RL′
RtL′
)
,

where in both limits L′ runs over Ω(K∞) and the transition morphisms are induced by the
natural projection maps RtL′ → RtL for L ⊆ L′. For each L in Ω(K∞) we also use the natural
projection map

πaL :
⋂a

Cp·R∞
(Cp ·R∞)t → Cp ⊗Zp

⋂a

RL

RtL.

We use the element εRS
K∞,S,T of

∧r
Cp·Λ(G∞)(Cp · O

×
K∞,S,T ) defined in (7.2.4).

Proposition 9.1. For each topological generator γ of H, there exists an element

∂ r
′−r

γ (εRS
K∞,S,T ) ∈ Cp ·

⋂r

RE

O×
E,S,T,p

that depends only on the data K∞/K, γ, S and T and has the following property: for ev-
ery pair of embeddings ι∞ : O×

K∞,S,T → Rd∞ and ιE : O×
E,S,T,p → RdE constructed as in

Proposition 8.2(iii), there exists an element y(γ) of
⋂r

Cp·R∞
(Cp ·R∞)d such that both

ι∞,∗(ε
RS
K∞,S,T ) = NrdQ(G)(γ − 1)r

′−r · y(γ)
and

ιE,∗
(
∂ r

′−r
γ (εRS

K∞,S,T )
)
= πrE(y(γ)).

Proof. We fix a resolution Rd∞
ϕ−→ Rd∞ of CK∞,S,T as constructed in Proposition 8.2 with

respect to a place v′ chosen in S \ Σ, and hence also an associated exact sequence as in
the upper row of (8.1.5). This leads to fixed embeddings ι∞ and ιE of the stated form. In

addition, for each L in ΩE(K∞) we obtain an induced resolution RdL
ϕL−−→ RdL of CL,S,T,p.

We note, in particular, that, for each j belonging to the subset J of [d] defined in (8.2.2),
the composite map b∗E,j ◦ ϕE is zero and so there exists a (unique) homomorphism

ϕ̂j = (ϕ̂j,F )F∈ΩE(K∞) ∈ HomR∞(Rd∞, R∞)

with

(9.1.1) b∗j ◦ ϕ = (γ − 1)(ϕ̂j).

We claim that this implies an equality(
∧j∈J(b∗F,j ◦ ϕF )

)
F
=
(
∧j∈J(γ − 1)(ϕ̂j,F )

)
F

(9.1.2)

= λ(γ)r
′−r ·

(
∧j∈J ϕ̂j,F

)
F
,

where in each case F runs over ΩE(K∞). Here the first equality follows directly from the
defining relations (9.1.1) and, after taking account of (7.1.1) (with N taken to be the 1× 1
matrix (γ−1)), the second equality can be verified by showing that, for each F in ΩE(K∞),
one has

∧j∈Jθj,F = NrdQp[GF ](γ(F ) − 1)r
′−r ·

(
∧j∈Jθ′j,F

)
,

where γ(F ) is the image of γ in GF and we set θ′j,F := ϕ̂j,F and θj,F := (γ(F ) − 1)(θ′j,F ). It
is in turn enough to verify this last displayed equality after applying the projection functor
ζ(A)⊗ζ(Qp[GF ])− for each simple Wedderburn component A of Qp[GF ]. Further, if we write
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θj,A and θ′j,A for the corresponding projections of Qp ⊗Zp θj,F and Qp ⊗Zp θ
′
j,F , then the

explicit definition (2.1.1) of reduced exterior products implies that the elements ∧j∈Jθj,A
and ∧j∈Jθ′j,A vanish unless the A-module W that is generated by {θ′j,A}j∈J is free of rank

r′ − r. Then, in the latter case, the required equality follows by applying the general result
of [24, Lem. 4.13] with φ taken to be the element of EndA(W ) that sends each basis element
θ′j,A of W to θj,A = (γ(F ) − 1)(θ′j,A).

For each L in ΩE(K∞) we consider the element

xL := (∧j=dj=r+1(b
∗
L,j ◦ ϕL))(∧j∈[d]bL,j) ∈

⋂r

RL

RdL.

For each integer j in [d] \ [r] we also set

θL,j :=

{
ϕ̂j,L, if j ∈ J
b∗L,j ◦ ϕL, otherwise.

Then the family x := (xL)L belongs to
⋂r
R∞

Rd∞ and, setting λ(γ) = NrdQ(G)(γ − 1), the
relations (9.1.2) (as F runs over ΩE(K∞)) imply that

(9.1.3) x = λ(γ)r
′−r · x′ with x′ :=

(
(∧j=dj=r+1θL,j)(∧j∈[d]bL,j)

)
L
∈
⋂r

R∞
Rd∞.

This equality determines the element x′ uniquely since multiplication by λ(γ) on
⋂r
R∞

Rd∞
is injective (see Remark 9.2 below).

For L in Ω(K∞) we write ιL,∗ for the injective homomorphism
⋂r′

RL
O×
L,S,T,p →

⋂r′

RL
RdL

that is induced by our fixed resolution of CL,S,T,p. Then the result of Proposition 6.16(ii)

implies the existence of a unique element zL of Cp[GL]eL with ιL,∗(ε
Σ
L/K,S,T,p) = zL · xL. In

addition, the element z := (zL)L belongs to lim←−LCp[GL] and one has

ι∞,∗(ε
RS
K∞,S,T ) = (ιL,∗(ε

Σ
L/K,S,T,p))L = z · x.

The equality (9.1.3) therefore implies that

(9.1.4) ι∞,∗(ε
RS
K∞,S,T ) = λ(γ)r

′−r · y(γ) with y(γ) := z · x′ ∈
⋂r

Cp·R∞
(Cp ·R∞)d.

In addition, since vi ∈ Σ for all i in the set J† = J ∪ [r] introduced in (8.2.10), Proposition
6.16(i) implies that the element

wE := (∧j∈[d]\J†(b∗E,j ◦ ϕE))(∧j∈[d]bE,j)

belongs to ιE,∗
(⋂r′

RE
O×
E,S,T,p

)
. This implies that the element

πrE(y(γ)) = zE · x′E
= NrdQp[GE ](−1)tE · zE · (∧j∈J ϕ̂j,E)(wE)

belongs to ιE,∗
(
Cp ⊗Zp

⋂r
RE
O×
E,S,T,p

)
, where, following [24, Lem. 4.13], the integer tE is

fixed so that

∧j∈[d]\[r]θL,j = NrdQp[GE ]((−1)tE ) · (∧j∈[d]\J†(b∗E,j ◦ ϕE)) ∧ (∧j∈J ϕ̂j,E).



78 ON NON-COMMUTATIVE IWASAWA THEORY

It is therefore enough to show that the unique element ∂ r
′−r

γ (εRS
K∞,S,T ) of Cp⊗Zp

⋂r
RE
O×
E,S,T,p

that satisfies

(9.1.5) ιE,∗(∂
r′−r
γ (εRS

K∞,S,T )) = πrE(y(γ))

is independent of the resolution of CK∞,S,T fixed above. To check this we can assume to

be given a commutative diagram of the form (8.1.5) and we write ι̃E ,
̂̃
ϕj,E , z̃, w̃E and

ỹ(γ) for the corresponding data that arises when making the above constructions with
respect to the resolution given by the lower (rather than upper) row of this diagram. Then
the commutativity of this diagram combines with the argument of Proposition 6.16(iv) to
imply the existence of an element µ = (µL)L of ξ(R∞)× such that both z̃ = µ−1 · z and

(ι̃E,∗)
−1
(
(∧j∈J ̂̃ϕj,E)(w̃E)) = (ιE,∗)

−1
(
µE · (∧j∈J ϕ̂j,E)(wE)

)
and hence also

(ι̃E,∗)
−1(ỹ(γ)) = (ι̃E,∗)

−1(z̃E · (∧j∈J ̂̃ϕj,E)(w̃E))
= (ιE,∗)

−1(zE · (∧j∈J ϕ̂j,E)(wE)) = (ιE,∗)
−1(y(γ)),

as required. □

Remark 9.2. To show that multiplication by λ(γ) is injective on
⋂r
R∞

Rd∞ it suffices to

take z = (zL)L ∈
⋂r
R∞

Rd∞ with λ(γ) · z = 0 and show that this implies (∧j∈[r]θj)(zF ) = 0

for each F in ΩE(K∞) and each subset {θj}j∈[r] of HomRF
(RdF , RF ). However, if one fixes

a pre-image (θj,L)L of each θj under the surjection HomR∞(Rd∞, R∞) → HomRF
(RdF , RF ),

then one has

λ(γ) · ((∧j∈[r]θj,L)(zL))L = ((∧j∈[r]θj,L)L)
(
λ(γ) · z) = 0

and so, since ((∧j∈[r]θj,L)(zL))L belongs to ξ(R∞), the argument in Proposition 6.16(i)
implies that ((∧j∈[r]θj,L)(zL))L = 0 and hence also (∧j∈[r]θj)(zF ) = 0, as required.

Motivated by the result of Proposition 9.1, we now make the following key definition.

Definition 9.3. The ‘(r′− r)-th order derivative at γ’ of the Rubin-Stark element εRS
K∞,S,T

is the element

∂ r
′−r

γ (εRS
K∞,S,T )

of Cp ·
⋂r

Zp[G]O
×
E,S,T,p.

9.2. L -invariant maps and the Generalized Gross-Stark Conjecture. Our aim is
to formulate an explicit conjectural formula for the derivative element ∂ r

′−r
γ (εRS

K∞,S,T ) in-
troduced above.

For this purpose we shall need an appropriate generalization of the notion of ‘L -invariant’
that occurs in the classical Gross-Stark Conjecture and we next prove a technical result that
plays a key role in the construction of such a generalization.
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9.2.1. We abbreviate GE to G and fix an (ordered) set of places

Σ′ ⊆ Σ \ SK∞
of K. Then, since each place v in Σ′ is non-archimedean, we fix a place wv of E above v
and write ϕordv for the map in HomZp[G](O×

E,S,p,Zp[G]) that satisfies

(9.2.1) ϕordv (u) :=
∑

g∈G
ordwv(g

−1(u)) · g

for each u in O×
E,S,p, where ordwv is the normalized additive valuation at wv.

Lemma 9.4. Write e for the idempotent eE/K,S,Σ defined in (6.2.5). Then the reduced

exterior product ∧v∈Σ′ϕordv induces an isomorphism of ζ(Qp[G])-modules

ϕordE,S,Σ′ : e
(
Qp ·

⋂|Σ|

Zp[G]
O×
E,S,p

) ∼−→ e
(
Qp ·

⋂|Σ\Σ′|

Zp[G]
O×
E,S\Σ′,p

)
.

Proof. Set U := O×
E,S,p, U

′ := O×
E,S\Σ′,p, r

′ := |Σ| and r∗ := |Σ \ Σ′| ≤ r′.
Then, since each place in Σ′ splits completely in E, the definition of e implies that the

Qp[G]e-modules e(Qp ⊗Zp U) ∼= e(Qp ⊗Z YE,S) and e(Qp ⊗Zp U
′) ∼= e(Qp ⊗Z YE,S\Σ′) are

respectively free of ranks r′ and r∗ and so [24, Th. 4.19(v)] implies that the ζ(Qp[G])e-

modules e
(
Qp ·

⋂r′

Zp[G]U
)
and e

(
Qp ·

⋂r∗

Zp[G]U
′) are each free of rank one.

We now fix a representative of CE,S,T,p as in the upper row of (6.3.4) (with L = E and

Π = S) and use the subsets J and J† of [d] defined in (8.2.2) and (8.2.10). Then Proposition
6.16(ii) implies that the element

ε := (∧j∈[d]\J†(b∗E,j ◦ ϕ))(∧i∈[d]bE,i)

generates e
(
Qp ·

⋂r′

Zp[G]U
)
over ζ(Qp[G]) and so it is enough to prove that ϕordE,S,Σ′(ε) is a

generator of the ζ(Qp[G])-modules e
(
Qp ·

⋂r∗

Zp[G]U
′).

To do this we fix an isomorphism in Dperf(Zp[G]) between CE,S,T,p and the complex P •

given by

Zp[G]d
ϕ−→ Zp[G]d,

where the first term is placed in degree zero and the cohomology groups are identified with
those of CE,S,T,p by the maps in the upper row of (6.3.4). We also write P •

Σ′ for the complex

Zp[G]|Σ
′| 0−→ Zp[G]|Σ

′|,

where the first term is placed in degree zero, and we choose a morphism of complexes of
Zp[G]-modules α : P • → P •

Σ′ that represents the composite morphism in Dperf(Zp[G])

P • ∼= CE,S,T,p → Zp ⊗Z
(⊕

w∈Σ′
E

RHomZ(RΓ((κw)W ,Z),Z)
)
[−1] ∼= P •

Σ′ ,

where the first map is the fixed isomorphism, the second is induced by the exact triangle in
Lemma 5.1(ii) and the third is the canonical isomorphism induced by Remark 5.2 (and the
fact that each place in Σ′ splits completely in E).
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We write JΣ′ for the subset of J† comprising indices j for which the j-th place of S \{v′}
belongs to Σ′. Then there is a short exact sequence of complexes of Zp[G]-modules (with
horizontal differentials and the first term in the upper complex placed in degree one)

(9.2.2) Zp[G]|Σ
′|

� _

(−id,ι1)
��

id // Zp[G]|Σ
′|

id
��

Zp[G]d
(α0,ϕ) //

id
��

Zp[G]|Σ
′| ⊕ Zp[G]d

(0,π1) //

(ι1,id)����

Zp[G]|Σ
′|

Zp[G]d
ϕα // Zp[G]d.

Here ι1 is the inclusion that sends the i-th element in the standard basis of Zp[G]|Σ
′| to the

k(i)-th element in the standard basis of Zp[G]d where k(i) ∈ JΣ′ is such that vk(i) is the i-th
place in Σ′, and π1 denotes the corresponding projection. In addition, the endomorphism
ϕα is such that for each j in [d] one has

b∗E,j ◦ ϕα =


b∗E,i ◦ α0, if j = k(i) ∈ JΣ′ for i ∈ [|Σ′|],
0, if J† \ JΣ′ ,

b∗E,j ◦ ϕ, if j ∈ [d] \ J†.

In particular, since H0(α) coincides with the composite

(9.2.3) O×
E,S,T,p

ϵ 7→
∑

w∈Σ′
E
ordw(ϵ)·w

−−−−−−−−−−−−−→ YE,Σ′,p
∼= Zp[G]|Σ

′|

where the isomorphism sends the ordered basis {wv}v∈Σ′ to the standard basis of Zp[G]|Σ
′|,

for every j = k(i) ∈ JΣ′ one has b∗E,i ◦H0(α) = ϕordvj . Hence, for a suitable integer a, there

are equalities

ϕordE,S,Σ′(ε) = (∧v∈Σ′ϕordv )(ε)

= (∧j∈JΣ′ (b
∗
E,j ◦ ϕα))(ε)

= (∧j∈JΣ′ (b
∗
E,j ◦ ϕα))((∧j∈[d]\J†(b∗E,j ◦ ϕ))(∧i∈[d]bE,i))

=NrdQp[G]((−1)a) · (∧j∈JΣ′∪([d]\J†)(b
∗
E,j ◦ ϕα))(∧i∈[d]bE,i)

Since [24, Prop. 4.18(i)] implies the latter element is a generator of e
(
Qp ·

⋂r∗

Zp[G] ker(ϕα)
)

over ζ(Qp[G]), it is therefore enough to show ker(ϕα) is isomorphic to U ′. This is in turn
true since the first complex in the short exact sequence (9.2.2) is acyclic and the second is
equal to Cone(α)[−1] and so the exact triangle in Lemma 5.1(ii) induces an isomorphism

in Dperf(Zp[G]) between CE,S\Σ′,T,p and the third complex in (9.2.2) and therefore also an

isomorphism of Zp[G]-modules between U ′ = H0(CE,S\Σ′,T,p) and ker(ϕα). □

9.2.2. We set

R∞ := Λ(G) and IE := R∞ · (γ − 1).
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We note that IE is a (two-sided) ideal of R∞, that the assignment x 7→ x(γ− 1) induces an
isomorphism R∞ ∼= IE of (left) R∞-modules and that there is a natural exact sequence of
(left) R∞-modules

0→ IE
⊂−→ R∞ → RE → 0,

where the third arrow is the natural projection. This exact sequence combines with (the
limit over L in ΩE(K∞)) of the isomorphism in Lemma 5.1(iv) to give a canonical exact
triangle in D(R∞)

(9.2.4) IE ⊗L
R∞ CK∞,S,T → CK∞,S,T

θ−→ CE,S,T
θ′−→ (IE ⊗L

R∞ CK∞,S,T )[1]

and thereby also a composite Bockstein homomorphism

H0(CE,S,T )
H0(θ′)−−−−→H1(IE ⊗L

R∞ CK∞,S,T )(9.2.5)

∼= IE ⊗R∞ H1(CK∞,S,T )

id⊗H1(θ)−−−−−−→IE ⊗R∞ H1(CE,S,T )

∼=
(
IE/I2E

)
⊗RE

H1(CE,S,T )

∼=H1(CE,S,T ).

Here the first isomorphism is induced by the fact CK∞,S,T is acyclic in degrees greater
than one, the second by the fact IE acts trivially on H1(CE,S,T ) and the third by the
isomorphism RE ∼= IE/I2E that sends 1 to the class of γ − 1. (For an alternative, and more
direct, description of the composite (9.2.5) as a Bockstein homomorphism see the proof of
Lemma 9.10 below.)

For each v in Σ the latter map induces a composite homomorphism of Zp[G]-modules

ϕBock
γ,v : O×

E,S,T,p = H0(CE,S,T )→ H1(CE,S,T ) = SelTS (E)trp
ϱv−→ Zp[G].

Here the equalities come from Lemma 5.1(ii) and ϱv denotes the composite of the canonical
projection SelTS (E)trp → Zp[G] · wv induced by (5.1.2) and the homomorphism of Zp[G]-
modules Zp[G] ·wv → Zp[G] that sends wv to 1 (and is well-defined since v splits completely
in E).

For any finite (ordered) subset Σ′ of Σ the reduced exterior product of the maps ϕBock
γ,v

over v in Σ′ induces a homomorphism of ζ(Qp[G])-modules

ϕBock
γ,S,Σ : eE/K,S,Σ

(
Qp ·

⋂|Σ|

Zp[G]
O×
E,S,p

)
−→ eE/K,S,Σ

(
Qp ·

⋂|Σ\Σ′|

Zp[G]
O×
E,S,p

)
where eE/K,S,Σ is the idempotent of ζ(Q[G]) defined in (6.2.5).

Taking advantage of Lemma 9.4, we can now define a canonical ‘L -invariant map’.

Definition 9.5. The L -invariant map associated to γ, S and a subset Σ′ of Σ \ S∞
K is the

homomorphism of ζ(Qp[G])-modules

L Σ′
γ,S : eE/K,S,Σ

(
Qp ·

⋂|Σ\Σ′|

Zp[G]
O×
E,S\Σ′,p

)
→ eE/K,S,Σ

(
Qp ·

⋂|Σ\Σ′|

Zp[G]
O×
E,S,p

)
that is induced by the composite ϕBock

γ,S,Σ′ ◦ (ϕordE,S,Σ′)−1.



82 ON NON-COMMUTATIVE IWASAWA THEORY

The following result explains the significance of semisimplicity (in the sense of Definition
8.9) in this setting.

Lemma 9.6. Assume that the set Σ′ := Σ\ΣS(K∞) contains no archimedean places. Then,
for any character χ in Irp(GE) at which K∞/K,E and S is semisimple, the χ-component

of the map L Σ′
γ,S is injective.

Proof. We use the notation of the proof of Lemma 8.8. In particular, one has r = |ΣS(K∞)|,
ΣS(K∞) = {vi : i ∈ [r]}, r′ = |Σ|, Σ′ = {vj : j ∈ J} and J† := J ∪ [r] (so |Σ′| = r′ − r
and |J†| = r′). We have also fixed a resolution C(ϕ) of CK∞,S,T as in Remark 8.3 and, for
each L ∈ Ω(K∞), we write C(ϕL) for the induced resolution of CL,S,T,p. We abbreviate the
notation γE from loc. cit. to γ.

Then, as Proposition 6.16(ii) implies that the element εE of
⋂r′

Zp[G]O
×
E,S,p constructed

by the argument of Proposition 6.16 (with respect to the complex C(ϕE)) generates the

ζ(Qp[G])-module eE/K,S,Σ(Qp ·
⋂r′

Zp[G]O
×
E,S,p

)
, it is enough for us to show the given semisim-

plicity hypothesis on χ implies that

(9.2.6) eχ
(
ϕBock
γ,S,Σ′(εE)

)
̸= 0.

The key point in showing this is that, under the given hypothesis, the argument of Lemma
8.8 implies the existence of a matrix N in Md,r(R∞) for which one has

(9.2.7) NrdQ(G)
((
N M(ϕ)†

))
= λ(γ)r

′−r · η with η ∈ ξp(K∞/K) \ ℘χ(K∞/K).

To interpret this equality, we write θi = (θi,F )F for each index i ∈ [r] for the element of

HomR∞(Rd∞, R∞) that corresponds to the i-th column of N and, for each F ∈ ΩE(K∞), we
use the element

xF := (∧i∈[d]\J†(b∗F,i ◦ ϕF ))(∧j∈[d]bF,j) ∈
⋂r′

Zp[GF ]
Zp[GF ]d.

In particular, we note that (7.1.1) combines with [24, Lem. 4.10] to imply that, for a suitable
integer t, one has(

NrdQ(G)
((
N M(ϕ)†

))
=NrdQ(G)((−1)t) ·

(
(∧i∈[r]θi,F )((∧j∈J(b∗F,j ◦ ϕF ))(xF ))

)
F∈ΩE(K∞)

=λ(γ)r
′−r ·NrdQ(G)((−1)t) ·

(
(∧i∈[r]θi,F )((∧j∈J ϕ̂j,F )(xF ))

)
F∈ΩE(K∞)

where the second equality follows from (9.1.2). Upon comparing the latter equality with
(9.2.7), we deduce that(

(∧i∈[r]θi,F )((∧j∈J ϕ̂j,F )(xF ))
)
F∈ΩE(K∞)

= NrdQ(G)((−1)t) · η

∈ ξp(K∞/K) \ ℘χ(K∞/K).

In view of the explicit definition (8.2.5) of the prime ideal ℘χ(K∞/K), it follows that

eχ
(
(∧i∈[r]θi,E))((∧j∈J ϕ̂j,E)(xE))

)
̸= 0.
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To derive (9.2.6) from here, it is clearly enough to prove that (∧j∈J ϕ̂j,E)(xE) is equal to
ϕBock
γ,S,Σ′(εE). To show this, we recall from Proposition 6.16(i) that

(∧j∈J ϕ̂j,E)(xE) = (∧j∈J(ϕ̂j,E ◦ ιE,∗))(εE),

where ιE,∗ the injective map O×
E,S,T,p → Zp[G]d that is induced by the given resolution

C(ϕE) of CE,S,T,p. Given the explicit definition of ϕBock
γ,S,Σ′ , it is therefore enough for us to

show that, for each j ∈ J (so that vj ∈ Σ′), one has

(9.2.8) ϕ̂j,E ◦ ιE,∗ = ϕBock
γ,vj .

This identity can then be verified by an explicit, and straightforward, computation that

combines the defining equality ϕj = (γ−1 − 1)(ϕ̂j) of the homomorphism ϕ̂j with the fact

ϕBock
γ,vj can be computed as the composite ϖ ◦ θ, with θ the connecting homomorphism

H0(CE,S,T,p) = ker(ϕE) → cok(ϕ) associated to the short exact sequence of complexes
(with vertical differentials)

(R∞(γ − 1))d

ϕ
��

� � ⊂ // Rd∞

ϕ
��

// // Zp[G]d

ϕE
��

(R∞(γ − 1))d �
� ⊂ // Rd∞ // // Zp[G]d

and ϖ the composite map

cok(ϕ)→ cok(ϕE) = SelTS (E)trp
ϱvj−−→ Zp[G]

in which the first arrow is the natural projection map. □

9.2.3. We can now use the L -invariant map from Definition 9.5 to formulate an explicit
conjectural formula for the (r′ − r)-th order derivative at γ of εRS

K∞,S,T , as specified in
Definition 9.3.

Conjecture 9.7. (Generalized Gross-Stark Conjecture) Fix a subset Σ of ΣS(E) as in
(8.2.1) and set r := |ΣS(K∞)|, r′ := |Σ| and Σ′ := Σ \ ΣS(K∞) (so that r ≤ r′ < |S| and
|Σ′| = r′ − r). Then, if no place in Σ′ is archimedean, there is an equality

∂ r
′−r

γ (εRS
K∞,S,T ) = L Σ′

γ,S(ε
ΣS(K∞)
E/K,S\Σ′,T )

in Cp ·
⋂r

Zp[GE ]O
×
E,S,p.

In the sequel we write κK for the homomorphism χK · ω−1
K : GK → Z×

p .

Remark 9.8. Fix a in Z×
p . Then the first displayed equality in Lemma 9.1 implies y(γ) =

xr
′−r
a · y(γa) with xa := NrdQ(G)

(
(γa − 1)/(γ − 1)

)
, and hence also

πr
′
E

(
y(γ)

)
= πr

′
E

(
xr

′−r
a · y(γ)

)
= π0E(xa)

r−r′ · πr′E
(
y(γa)).

By a straightforward computation, one can also show that L Σ′
γ,S = π0E(xa)

r−r′ ·L Σ′
γa,S and

hence that the validity of Conjecture 9.7 is independent of the choice of γ. In addition, one
can explicitly compute π0E(xa) as follows. Fix a topological generator γ0 of ΓK and write
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n for the element of Zp for which the projection of γ to ΓK is equal to γn0 . Then, since γ
acts trivially on Vχ for each χ in Irp(G), an explicit computation of reduced norm (as in
the proof of Corollary 7.9) shows that

(9.2.9) jχ(NrdQ(G)(γ
a − 1)) = ΦG,χ(γ

a − 1) = ((1 + t)na − 1)χ(1)

and hence that

π0E(xa)χ = jχ(xa)(0)

=

(
(1 + t)an − 1

(1 + t)n − 1

)χ(1)
(0)

= aχ(1)

=

(
NrdQp[G](logp(κK(γa)))

NrdQp[G](logp(κK(γ)))

)
χ

.

This equality implies, in particular, that each side of the equality in Conjecture 9.7 becomes
independent of γ after multiplying by the normalization factor NrdQp[G]

(
logp(κK(γ))r

′−r.

Remark 9.9. The argument of Theorem 9.11 below shows Conjecture 9.7 recovers (in the
relevant special case) the classical Gross-Stark Conjecture. For this reason, we refer to the
derivative formula in Conjecture 9.7 as the ‘Generalized Gross-Stark Conjecture’ for the
data K∞/K,E, S and T .

9.3. Cyclotomic Zp-extensions. In this section we investigate Conjecture 9.7 in the spe-
cial case K∞ = Ecyc.

9.3.1. In this case, for each v in Σ \ S∞
K , the map ϕBock

γ,v has a more explicit description. To
give this description we recall that in [41, §1] Gross defines for each place w of E a local
p-adic absolute value by means of the composite

|| · ||w,p : E×
w

rw−→ GEab
w /Ew

χw−−→ Z×
p

x 7→x−1

−−−−→ Z×
p ,

where Eab
w is the maximal abelian extension of Ew in Ecw, rw is the local reciprocity map

and χw = χEw is the cyclotomic character. We write ϕGross
v for the homomorphism of

Zp[G]-modules O×
E,S,T,p → Zp[G] that sends each u to the element

ϕGross
v (u) =

∑
g∈G

logp||g−1(u)||wv ,p · g.

Lemma 9.10. For each v in Σ \ S∞
K one has

ϕBock
γ,v = logp(κK(γ))−1 · ϕGross

v .

Proof. We set C∞ := CK∞,S,T and C := CE,S,T,p. We also fix a topological generator γK of
ΓK , write n for the element of Zp such that the projection of γ to ΓK is equal to γnK and

set Tn :=
∑i=n−1

i=0 γiK ∈ Λ(ΓK).
We consider the morphism of exact triangles in D(R∞)
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IE ⊗L
R∞

C∞ −→ C∞ −→ C −→ (IE ⊗L
R∞

C∞)[1]

θ1

y θ2

y ∥∥∥ θ1[1]

y
Λ(ΓK ×G)⊗L

R∞
C∞

γK−1−−−−→ Λ(ΓK ×G)⊗L
R∞

C∞ −→ C −→ (Λ(ΓK ×G)⊗L
R∞

C∞)[1].

In this diagram the upper triangle is (9.2.4); in the lower triangle each term Λ(ΓK ×G) is
regarded as an R∞-bimodule via the natural diagonal injection G → ΓK × G and γK − 1
acts via left multiplication on the first factor in the tensor product and so the existence of
the triangle is a consequence of the descent isomorphism Zp[G]⊗L

R∞
C∞ ∼= C; the morphism

θ1 sends each element x(γ − 1) ⊗ ci to (Tn · x) ⊗ ci, where x is the image of x under the
natural projection R∞ → Λ(ΓK) ⊆ Λ(ΓK ×G), and θ2 sends each element ci to 1⊗ ci.

We abbreviate the map (9.2.5) to β and write β′ for the composite homomorphism

H0(C)→ H1(Λ(ΓK ×G)⊗L
R∞ C∞)→ H1(C),

where the arrows are the maps induced by the lower triangle in the above diagram. Then,
since the image of Tn under the projection Λ(ΓK) ⊆ Λ(ΓK ×G)→ Zp[G] is equal to n, the
commutativity of the above diagram implies (without assuming K∞ = Ecyc) that β′ = n ·β.

We note next that, setting c := logp(κK(γK)) = n−1 · logp(κK(γ)), the argument of [16,

Th. 5.7(i)] proves ϕGross
v = c · (ϱv ◦ β′). (The difference in sign between this formula and

that in loc. cit. is accounted for by the fact that the proof of [16, Th. 5.7(i)] uses the
shifted complexes C∞[1] and C[1] in place of C∞ and C and the differentials of C∞[1] and
C∞ differ by a sign.) This equality then implies that

ϕGross
v = c · (ϱv ◦ β′)

= c · (ϱv ◦ (n · β))
= (n · c) · (ϱv ◦ β)

= logp(κK(γ)) · ϕBock
γ,v ,

as required. □

9.3.2. In this section we explain the connection between Conjecture 9.7 and the classical
Gross-Stark Conjecture and are thereby able to deduce its validity in an important family
of examples.

To do this we further specialize to the case thatK is totally real, E is CM and K∞ = Ecyc.
We then write τ for the (unique) non-trivial element of Gal(Ecyc/(Ecyc)+) and e± for the
idempotent (1 ± τ)/2 of Λ(G). We identify the elements τ and e± with their respective
images in G and Zp[G].

We write Ir±p (G) for the subsets of Irp(G) comprising characters for which χ(τ) = ±χ(1).
For any Λ(G)-module M we write M± for the Λ(G)-submodule {m ∈ M : τ(m) = ±m}.
For an element m of M we also often abbreviate e±(m) to m± and use a similar convention
for homomorphisms.

We consider the homomorphism of G-modules

λordE,S : O×,−
E,S → Y −

E,S
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that sends each u to
∑

wordw(u) · w, where in the sum w runs over all places of E above
those in S \ SK∞, and also write

(9.3.1) λGross
E,S,p : O

×,−
E,S,p → Y −

E,S,p

for the map of Zp[G]-modules that sends each u in O×,−
E,S to

∑
w∈SE

logp||u||w,p · w.
Then, since the scalar extension Qp ⊗Z λ

ord
E,S is bijective, for each χ in Ir−p (GE) we can

define a Cp-valued ‘L -invariant’ by setting

LS(χ) := detCp((Cp ⊗Zp λ
Gross
E,S,p) ◦ (Cp ⊗Z λ

ord
E,S)

−1 | HomCp[G](Vχ̌,Cp · Y −
E,S,p)).

In claim (ii) of the following result we refer to Gross’s ‘Order of Vanishing Conjecture’
for p-adic Artin L-series, as discussed in Remark 8.12 (and originally formulated by Gross
in [42, Conj. 2.12a)]).

Theorem 9.11. Let E be a finite Galois CM extension of a totally real field K, set G := GE
and K∞ := Ecyc and fix a topological generator γ of Gal(Ecyc/E). Then no archimedean
place of K splits in E and so ΣS(E) ̸= S, ΣS(K∞) = ∅ and |ΣS(E) \ ΣS(K∞)| is equal to
r′ := |ΣS(E)|. In addition, the following claims are valid.

(i) For every χ in Ir−p (G∞) one has

∂ r
′

γ (εRS
K∞,S,T )χ = logp(κK(γ))−r

′χ(1) · Lr
′χ(1)
p,S (χ̌ · ωK , 0).

(ii) For every χ in Ir−p (G∞) one has

L
ΣS(E)
γ,S (ε

ΣS(K∞)
E/K,S\ΣS(E),T )χ = logp(κK(γ))−r

′χ(1) ·LS(χ) · LS\ΣS(E)(χ̌, 0).

(iii) The minus component of Conjecture 9.7 is valid if Gross’s Order of Vanishing Con-
jecture is valid for every χ in Ir−p (G).

Proof. The assertions concerning the sets ΣS(E) and ΣS(K∞) are clear. In particular, in
this case the integer r := rS,K∞ is equal to 0 and no place in Σ′ := ΣS(E)\ΣS(K∞) = ΣS(E)
is archimedean.

Remark 6.14(ii) therefore implies that both

(9.3.2) (εRS
K∞,S,T )

− = θ−K∞,S,T and ε
ΣS(K∞)
E/K,S\Σ′,T = θE/K,S\ΣS(E),T (0).

In particular, since r = 0 and θ−K∞,S,T ∈ ζ(Q(G)) (see the proof of Corollary 7.9), the
argument of Proposition 9.1 implies

NrdQ(G)(γ − 1)−r
′ · θ−K∞,S,T ∈ ζ(Q(G)) ∩ lim←−

L

ζ(Qp[GL])

and that

∂r
′
γ (ε

RS
K∞,S,T )

− = πE(NrdQ(G)(γ − 1)−r
′ · θ−K∞,S,T ).

To prove claim (i) it is thus enough to show that, for each χ in Ir−p (G) one has

(9.3.3) πE(NrdQ(G∞)(γ − 1)−r
′ · θ−K∞,S,T )χ = c(γ)−r

′χ(1) · Lr
′χ(1)
p,S,T (χ̌ · ωK , 0),

with c(γ) := logp(κK(γ)).
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To prove this we note that κ := κK factors through the projection GK → ΓK and recall
that for each ψ in A−(G∞) Deligne and Ribet have shown that there exists a unique element
fS,T,ψ in Qc

p ⊗Qp Q(Zp[[t]]) for which

Lp,S,T (ψ · ωK , 1− s) = fS,T,ψ(κ(γK)s − 1)

(cf. [40]).
For every ψ in A(ΓK) one has

jχ(θ
−
K∞,S,T )(ψ(γK)− 1) = jχ·ψ(θ

−
K∞,S,T )(0)

=Lp,S,T (χ̌ · ψ̌ · ωK , 0)
= fS,T,χ̌·ψ̌(κ(γK)− 1)

= fS,T,χ̌(ψ̌(γ)κ(γK)− 1)

= ι(fS,T,χ̌)(ψ(γK)− 1),

where ι is the ring automorphism of Qc
p⊗QpQ(Zp[[t]]) that sends t to κ(γK)(1+t)−1−1. Here

the first and fourth equalities follow from a general property of the maps jχ and functions
fS,T,χ̌ that are respectively established in [72, Prop. 5 and (2), p. 563], the second follows
from (7.3.1) and the other equalities are clear. Since the displayed equalities are true for
every ψ in A(ΓK) it follows that jχ(θK∞,S,T ) = ι(fS,T,χ̌).

The left hand side of (9.3.3) is therefore equal to(
jχ(NrdQ(G)(γ − 1)−r

′
) · jχ(θ−K∞,S,T )

)
(0)

=
(
((1 + t)n − 1)−r

′χ(1) · ι(fS,T,χ̌)
)
(0)

=n−r
′χ(1) ·

(
t−r

′χ(1) · ι(fS,T,χ̌)
)
(0)

=n−r
′χ(1) · logp(κ(γK))−r

′χ(1) · Lr
′χ(1)
p,S,T (χ̃ · ωK , 0)

= c(γ)−r
′χ(1) · Lr

′χ(1)
p,S,T (χ̃ · ωK , 0),

as required to complete the proof of claim (i). Here the second equality uses (9.2.9), the
third is established by the argument of [16, Lem. 5.9] and all other equalities are clear.

To prove claim (ii) we write ϱ for the natural projection map Y −
E,S,p → Y −

E,ΣS(E),p and

note that the definition of the idempotent e = eE/K,S,ΣS(E) ensures that the map e(Qp⊗Zpϱ)
is bijective.

For each v in ΣS(E) we set

w−
v := e−(wv,E) ∈ Y −

E,ΣS(E),p.

We write {(w−
v )

∗}v∈ΣS(E) for the Zp[G]−-basis of HomZp[G](Y
−
E,ΣS(E),p,Zp[G]

−) that is dual

to the basis {w−
v }v∈ΣS(E) of Y

−
E,ΣS(E),p and note that these maps gives rise to an isomorphism

of ξ(Zp[G])-modules

∧v∈ΣS(E)(w
−
v )

∗ :
⋂r′

Zp[G]
Y −
E,ΣS(E),p →

⋂0

Zp[G]
Y −
E,ΣS(E),p = ξ(Zp[G])−

that sends ∧v∈ΣS(E)w
−
v to the identity element e− of the ring ξ(Zp[G])−.
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In addition, for each v in Σ′ = ΣS(E) one has

(ϕordv )− = (w−
v )

∗ ◦ ϱ ◦ λordE,S,p
and hence also

ϕord,−E,S,Σ′ = e · (Qp · ∧v∈ΣS(E)(w
−
v )

∗) ◦
(∧r′

Qp[G]
Qp · ϱ

)
◦
∧r′

Qp[G]
(Qp ⊗Zp λ

ord
E,S,p).

In a similar way, Lemma 9.10 implies, for each v in Σ′, that

(ϕBock
γ,v )− = c(γ)−1 · (ϕGross

v )−

= c(γ)−1 · (w−
v )

∗ ◦ ϱ ◦ λGross
E,S,p

and hence also

ϕBock,−
γ,S,Σ′

= NrdQp[G](c(γ))
−r′e · (Qp · ∧v∈ΣS(E)(w

−
v )

∗) ◦
(∧r′

Qp[G]
Qp · ϱ

)
◦
∧r′

Qp[G]
(Qp ⊗Zp λ

Gross
E,S,p).

In this case therefore, the L -invariant map L Σ′,−
γ,S = ϕBock,−

γ,S,Σ′ ◦ (ϕord,−E,S,Σ′)−1 is equal to the

endomorphism of ζ(Qp[G])
−e that is given by multiplication by the element

(9.3.4) NrdQp[G](c(γ)
−r′)e ·NrdQp[G]

(
(Qp ⊗Zp λ

Gross
E,S,p) ◦ (Qp ⊗Zp λ

ord
E,S,p)

−1
)
.

In particular, since

NrdQp[G](c(γ)
−r′)χ = c(γ)−r

′χ(1)

and LS(χ) is (by its very definition) equal to the χ-component of the second reduced norm
in the product (9.3.4), the equality in claim (ii) now follows from the second equality in
(9.3.2) and the fact that

θE/K,S\ΣS(E),T (0)χ = LS\ΣS(E),T (χ̌, 0).

Given claims (i) and (ii), claim (iii) then follows directly from the fact that if Gross’s Order
of Vanishing Conjecture is valid for every χ in Ir−p (G), then the main result of Dasgupta,

Kakde and Ventullo in [29] implies that, for every χ in Ir−p (G), the explicit quantities in
claims (i) and (ii) are equal (for details of this deduction see [16, Prop. 2.6]). □

10. The equivariant Tamagawa Number Conjecture for Gm

In this section we establish a precise connection between the Main Conjecture of Higher
Rank Non-commutative Iwasawa Theory (Conjecture 7.4), the Generalized Gross-Stark
Conjecture (Conjecture 9.7) and the equivariant Tamagawa Number Conjecture for Gm

over general Galois extensions of number fields.
In this way we obtain a concrete strategy for obtaining new evidence in support of the

latter conjecture, and thereby also extend (to general Galois extensions) the main result of
the Burns, Kurihara and Sano in [19].

After reviewing the relevant case of the equivariant Tamagawa Number Conjecture in
§10.1, the main result of this section will be stated and proved in §10.2.
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10.1. Review of the conjecture. For the reader’s convenience we shall first give an ex-
plicit statement of the equivariant Tamagawa Number Conjecture for Gm relative to an
arbitrary finite Galois extension of number fields L/K and clarify what is currently known
about this conjecture.

We set G := Gal(L/K) and fix a finite set of places S of K with

S∞
K ∪ Sram(L/K) ⊆ S

and an auxiliary finite set of places T of K that is disjoint from S.

10.1.1. The leading term at z = 0 of the Stickelberger function θL/K,S,T (z) defined in (6.2.2)
is

θ∗L/K,S,T (0) :=
∑

χ∈Ĝ
L∗
S,T (χ̌, 0)eχ,

where L∗
S,T (χ, 0) is the leading term of LS,T (χ, z) at z = 0, and belongs to ζ(R[G])×.

The equivariant Tamagawa Number Conjecture forGm relative to L/K is then an equality
in the relative algebraic K0-group of the ring extension Z[G]→ R[G] that relates θ∗L/K,S,T (0)
to Euler characteristic invariants of the complex

C := CL,S,T

in Dlf,0(Z[G]) that is constructed in Lemma 5.1. In this section we interpret this conjectural
equality in terms of the constructions made in §4.

To do so we note that, just as in Definition 7.2 (and Remark 4.10), for each prime p there
exists a canonical subset dZp[G](Cp)

pb of the graded ξ(Zp[G])-module dZp[G](Cp) comprising
all primitive basis elements.

We next note that the Dirichlet regulator isomorphism RL,S combines with the explicit
descriptions of cohomology groups in Lemma 5.1(i) (and the short exact sequence (5.1.2))
to induce a canonical isomorphism of graded ζ(R[G])-modules

λL,S : dR[G](R · C)→ (ζ(R[G]), 0).

From any fixed isomorphism of fields j : C ∼= Cp we obtain an induced ring embedding
j∗ : ζ(R[G]) → ζ(Cp[G]) and hence also, via scalar extension, an isomorphism of graded

ζ(Cp[G])-modules λjL,S := Cp ⊗R,j λL,S . For each such j we can therefore write

(10.1.1) zp = zjL/K,S,T

for the zeta element associated (by Definition 4.6) to the isomorphism λjL,S and element

j∗(θ
∗
L/K,S,T (0)) of ζ(Cp[G])

×.

It then follows from Theorem 4.8 and Remarks 4.10 and 6.7 that the equivariant Tama-
gawa Number Conjecture for Gm relative to the extension L/K is valid if and only if the
following conjecture is valid for all primes p.

Conjecture 10.1 (TNCp(L/K)). For each isomorphism of fields j : C ∼= Cp one has

NrdQp[G](K1(Zp[G])) · zp = dZp[G](Cp)
pb.
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Remark 10.2. If Tate’s formulation [82, Chap. I, Conj. 5.1] of Stark’s principal conjecture
is valid for L/K, then the same approach as in Remark 6.9(ii) shows that the zeta element
zp, and hence also each side of the above conjectural equality, is independent of the choice
of isomorphism j. In addition, the independence of this equality from the choices of both S
and T follows in a straightforward fashion from the properties of the complex C described
in Lemma 5.1(ii) and (iii) respectively.

10.1.2. In [48, §4], Johnston and Nickel provide a clear and comprehensive overview of
evidence in support of Conjecture TNCp(L/K) circa 2015. In this section we assume that
K is totally real and L is CM and recall several more recent developments concerning the
conjecture in this case.

In the sequel we shall write ‘TNCp(L/K)± is valid’ to denote that the displayed equal-
ity in Conjecture TNCp(L/K) is valid after applying the exact scalar extension functor
ξ(Zp[G])e±⊗ξ(Zp[G])−, where the idempotent e± of ζ(Zp[G]) is as defined in §9.3.2 (with E
replaced by L).

We first recall what is known about Conjecture TNCp(L/K)+. Before stating the result,
we recall that the ‘p-adic Stark Conjecture at s = 1’ is discussed by Tate in [82, Chap. VI,
§5], where it is attributed to Serre [77] (see also [14, Rem. 4.1.7]), and predicts an explicit
formula for the leading term at z = 1 of Lp,S,T (ψ, z) for each ψ in Ir+p (G).

Proposition 10.3. TNCp(L/K)+ is valid if all of the following conditions are satisfied.

(i) p is prime to |G| or µp(L) vanishes.
(ii) Breuning’s Local Epsilon Constant Conjecture is valid for all extensions obtained by

p-adically completing L/K.
(iii) The p-adic Stark Conjecture at s = 1 is valid for all characters in Ir+p (G).

Proof. It is shown in [14, §9.1] that TNCp(L/K)+ is valid provided that all of the following
conditions are satisfied: the p-adic Stark Conjecture at s = 1 is valid for all characters
in Irp(G); if p divides |G|, then µp(L) vanishes; the p-component of a certain element

TΩloc(Q(0)L,Z[G]) of K0(Z[G],R[G]) vanishes.
The stated claim is therefore valid since the result [10, Th. 4.1] of Breuning simplies that

the p-component of TΩloc(Q(0)L,Z[G]) vanishes if the ‘Local Epsilon Constant Conjecture’
formulated in [10] is valid for all extensions obtained by p-adically completing L/K. □

Remark 10.4. Breuning’s Local Epsilon Constant Conjecture has been shown to be valid
for all tamely ramified extensions of local fields [10, Th. 3.6] and also for certain classes of
wildly ramified extensions (cf. Bley and Cobbe [2] and the references contained therein).
All such results lead to more explicit versions of Proposition 10.3.

Turning to Conjecture TNCp(L/K)−, we first record an unconditional result. This result
relies crucially on the recent verification by Dasgupta and Kakde [30] of the Strong Brumer-
Stark Conjecture.

Proposition 10.5. TNCp(L/K)− is valid if the Sylow p-subgroups of G are abelian.

Proof. We write M for the motive h0(Spec(L)), regarded as defined over K and with co-
efficients Q[G]. Then, in terms of the notation of Remark 4.9(i), TNCp(L/K) asserts the
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vanishing of the element of K0(Zp[G],Cp[G]) given by

δZp[G],Cp
(L∗(M, 0))− χZp[G],Cp

(C(M), t).

We must therefore show the stated conditions imply that the image TΩ(L/K)−p of this
element under the natural projection K0(Zp[G],Cp[G])→ K0(Zp[G]e−,Cp[G]e−) vanishes.

To do this, we first combine a result of Nickel [70, Th. 1] with [14, Rem. 6.1.1(iii)] to
deduce that TΩ(L/K)−p has finite order. From [69, Prop. 6.2], we can then deduce that

TΩ(L/K)−p vanishes if and only TΩ(L′/K ′)−p vanishes for every intermediate Galois CM
extension L′/K ′ of L/K whose Galois group is either p-elementary or a direct product of
a p-elementary group with {1, τ}. In addition, by the argument of [70, §3], the assumption
that the Sylow p-subgroups of G are abelian implies that every p-elementary subquotient
of G is abelian.

To complete the proof, it is therefore enough to prove that TΩ(L′/K ′)−p vanishes for
every intermediate Galois extension L′/K ′ of L/K in which L′ is CM, K ′ is totally real and
Gal(L′/K ′) is abelian. For any such extension L′/K ′, however, the vanishing of TΩ(L′/K ′)−p
is derived from the seminal results of Dasgupta and Kakde in [30] by Bullach, Daoud, Seo
and the first author in [13, Th. B (a)] (and see also the related works of Nickel [70], of
Atsuta and Kataoka [1] and of Dasgupta, Kakde and Silliman [31]). □

In the general case, there is also the following result of Burns [16, Cor. 3.8(ii)].

Proposition 10.6. TNCp(L/K)− is valid if µp(L) = 0 and Gross’s Order of Vanishing
Conjecture [41, Conj. 2.12a)] is valid for every totally odd character of G.

Remark 10.7. If one sets S := S∞
K ∪ S

p
K , then Remark 8.12 implies that the conditions

in Proposition 10.6 are satisfied if and only if the Zp-module AS(L
cyc) is finitely generated

and its quotient AS(L
cyc)−ΓL

is finite.

Remark 10.8. In addition, Nickel has proved in [69, Th. 6.8] that if µp(L) = 0 and p
is ‘non-exceptional’ in a certain technical sense (see [69, Def. 6.5]), then TNCp(L/K)− is
valid. We recall, in particular, from loc. cit. that for any given extension L/K there can
only be finitely many ‘exceptional’ primes p.

We next explain how Proposition 10.6 leads to unconditional evidence in support of
Conjecture TNCp(L/K)− in the technically most difficult case that the Sylow p-subgroups
of G are non-abelian (thereby complementing Proposition 10.5) and the relevant p-adic
L-series possess trivial zeroes.

Corollary 10.9. TNCp(L/K)− is valid if all of the following conditions are satisfied.

(i) G is the semi-direct product of an abelian group A by a supersolvable group.
(ii) LA is totally real and has at most one p-adic place that splits in L/L+.
(iii) µp(L

P ) vanishes where P is any given subgroup of G of p-power order.

Proof. It suffices to show that the three given conditions imply the validity of the conditions
stated in Proposition 10.6.

Condition (i) implies that for every ρ in Irp(G) there exists a subgroup Aρ of G that

contains A (and hence τ) and a linear Qc
p-valued character ρ′ of Aρ such that ρ = IndGAρ

(ρ′)
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(for a proof of this fact see [76, II-22, Exercice] and the argument of [76, II-18]). It is also

clear that if ρ belongs to Ir−p (G), then the field Lker(ρ′) is CM.
In particular, since the functorial properties of p-adic Artin L-series under induction and

inflation imply that the conjecture [41, Conj. 2.12a)] is valid for ρ if and only if it is valid

for ρ′ we can assume (after replacing L/K by Lker(ρ′)/LAρ and ρ by ρ′) that ρ is linear. In
view of condition (ii) we can also assume that K has at most one p-adic place that splits in
L/L+. We then recall that, if all of these hypotheses are satisfied, then [41, Conj. 2.12a)]
is verified by Gross in [42, Prop. 2.13].

It is therefore enough to note that condition (iii) implies µp(F ) = 0. This is because if
µp(E) = 0 for some number field E, then Nakayama’s Lemma implies µp(E

′) = 0 for any
p-power degree Galois extension E′ of E. □

Example 10.10. If the field LP in Corollary 10.9(iii) is abelian over Q, then µp(L
P )

vanishes by Ferrero-Washington [35]. Hence, if in such a case the field LA has only one p-adic
place, then Corollary 10.9 implies the unconditional validity of Conjecture TNCp(L/K)−. It
is straightforward to describe families of non-abelian extensions satisfying these hypotheses.
(i) Let F be a real quadratic field in which p does not split and assume that L is a CM
abelian extension of F of exponent 2pn for some natural number n. One can then set K = Q
and A = GL/F and assume that L/K is Galois with (generalized) dihedral Galois group.

Then LA = F , P is normal in G and the quotient group G/P is abelian, as required.
(ii) Let E be a totally real A4 extension of Q with the property that 3 does not split in its
unique cubic subfield. Then for any imaginary quadratic field F the field L := EF is a CM
Galois extension of Q and GL/Q is of the form A⋊Z/3 with A := Z/2×Z/2×Z/2 (where
Z/3 acts trivially on one copy of Z/2 and cyclically permutes the non-trivial elements in
the remaining factor Z/2×Z/2) and so is abelian-by-cyclic. The field LA is then the unique
cubic subfield of L and so is totally real with only one 3-adic place and the field E1 := LAF
is abelian over Q so µ3(E1) vanishes. One can also show that if µ3(E2) vanishes for any
given quadratic extension E2 of E1 in L, then µ3(L) also vanishes and so Corollary 10.9
applies to L/Q.

Finally, to end this section, we take the opportunity to clarify an aspect of some results
in [16]. To be specific, we give a concrete example to show that the above approach also
allows one to describe situations in which the hypotheses of [16, Cor. 3.3] are satisfied
by characters that are both faithful and of arbitrarily large degree. For all such examples
one thus obtains a p-adic analytic construction of p-units that generate non-abelian Galois
extensions of totally real fields and also encode explicit structural information about ideal
class groups, thereby extending and refining the p-adic analytic approach to Hilbert’s twelfth
problem this is described for linear p-adic characters by Gross in [42, Prop. 3.14]. In the
same way one deduces these examples verify a natural p-adic analogue of a question of
Stark in [79] and a conjecture of Chinburg in [26] that were both formulated in the setting
of characters of degree two.

Example 10.11. Fix a totally real field E and a cyclic CM extension E′ of E in which
precisely one p-adic place v of E splits completely and no other place of E that ramifies
in E/Q splits completely. We let k be any subfield of E for which the restriction of v has
absolute degree one and write F for the Galois closure of E′ over k. Then F is a CM field
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and for any faithful linear character ψ′ of GE′/E the character

ψ := Ind
GF/k

GF/E
(Inf

GF/E

GE′/E
(ψ′))

of GF/k is irreducible, totally odd, faithful and of degree [E : k]. Further, the functoriality
of p-adic L-functions under induction and inflation combines with the result [42, Prop.
2.13] of Gross to imply ψ validates the hypotheses of [16, Cor. 3.3] with S taken to be
S∞
k ∪ S

p
k ∪ Sram(E/k) and v1 the place of k below v.

10.2. Main conjectures, derivative formulas and Tamagawa numbers.

10.2.1. Statement of the main result. We now assume to be given a Zp-extension K∞ of a
number field K and for each extension L of K set

L∞ := LK∞.

We also assume to be given a finite Galois extension E of K, a finite set S of places of
K such that

(10.2.1) S∞
K ∪ Sram(E∞/K) ⊆ S

and an auxiliary finite set of places T of K that is disjoint from S and such that Hypothesis
6.1 is satisfied with K∞ = E∞. We then fix a place

(10.2.2) v′ ∈ S \ ΣS(E∞)

(noting that this is always possible under the hypothesis (10.2.1) since Sram(E
∞/K) is both

disjoint from ΣS(E
∞) and non-empty).

We set

G := GE
and for each χ in Irp(G) we write Eχ for the fixed field of ker(χ) in E and set

Gχ := GEχ and Σχ := ΣS\{v′}(Eχ)

(so that ΣS(E
∞) ⊆ Σχ, ΣS(E) \ {v′} ⊆ Σχ and Σχ ̸= S).

We now introduce a convenient restriction on characters of G. We note that condition (ii)
of this hypothesis is stated in terms of the idempotent eE/K,S,Σχ

of ζ(Q[G]) that is defined
in (6.2.5) (so that a more explicit interpretation of the condition can be obtained via the
equivalence of the properties (i) and (v) in Lemma 6.10).

Hypothesis 10.12. χ is a character in Irp(G) that has all of the following properties.

(i) ΣS(E
∞
χ ) = ΣS(E

∞) and (Σχ \ ΣS(E∞)) ∩ S∞
K = ∅.

(ii) eχ · eE/K,S,Σχ
̸= 0.

(iii) The space eχ
(
Qc
p ⊗Zp AS(E

∞
χ )Gal(E∞

χ /Eχ)

)
vanishes.

(iv) The Generalized Gross-Stark Conjecture (Conjecture 9.7) for the data E∞
χ /K,Eχ, S

and T is valid after multiplication by eχ.

Definition 10.13. We define idempotents of ζ(Qp[G]) by setting

e∗E,1 :=
∑

χ
eχ and e∗E,2 :=

∑
χ
eχ,
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where the sums are taken over all characters χ in Irp(G) that satisfy both of the conditions
(i) and (ii), respectively (iii) and (iv), in Hypothesis 10.12. We then define an idempotent

e∗E := e∗E,1e
∗
E,2

of ζ(Qp[G]).

Remark 10.14. Under mild restrictions, the conditions (i) and (ii) in Hypothesis 10.12
are satisfied by every χ ∈ Irp(G) so that one has

e∗E,1 = 1 and hence e∗E = e∗E,2.

For example, if K∞ is the cyclotomic Zp-extension of K, then ΣS(E
∞
χ ) ⊆ S∞

K and so
ΣS(E

∞) = ΣS(E
∞
χ ) if S∞

K ∩Sram(L/K) = ∅. Hence, if the latter condition is satisfied (as is
the case, for example, if |G| is odd), then Hypothesis 10.12(i) is satisfied by all χ ∈ Irp(G).
In addition, the equivalence of the conditions (i) and (ii) in Lemma 6.10 implies χ ∈ Irp(G)
validates Hypothesis 10.12(ii) if and only if one has eχ(Qc⊗ZXL,S\Σχ

) = 0, or equivalently
(by (6.2.3)) ordz=0LS(χ, z) = χ(1) · |Σχ|. It is easily checked that this condition is satisfied
by every linear χ and also, as a consequence of Frobenius reciprocity, by any non-linear
(irreducible) χ whose restriction to Gv for each v ∈ S \ S∞

K does not contain the trivial
character of Gv. We note, in particular, that the latter condition is satisfied by any χ of
the form IndGHϕ with H a proper subgroup of G and ϕ a linear character of H for which
one has H ∩Gv ̸⊆ ker(ϕ) for all v ∈ S \ S∞

K .
These observations imply that (even if G is non-abelian) Hypothesis 10.12(ii) is satisfied

by every χ in Irp(G) under a variety of explicit conditions. It can be checked, for example,
that this situation arises in each of the following concrete cases:
(i) G is abelian;
(ii) Gv = G for all v ∈ S \ S∞

K ;
(iii) G is a Frobenius group whose Frobenius complement is abelian and Frobenius kernel
is contained in Gv for all v ∈ S \ S∞

K ;
(iv) G is non-abelian of order p3 and its (non-trivial) centre is contained in Gv for all
v ∈ S \ S∞

K .

In the next result we establish a concrete link between the Main Conjecture of Higher
Rank Non-Commutative Iwasawa Theory (given by Conjecture 7.4), the Generalized Gross-
Stark Conjecture (given by Conjecture 9.7) and the equivariant Tamagawa Number Con-
jecture for Gm.

We observe in particular that, after taking account of Remark 10.14(i), this result gen-
eralizes to arbitrary finite Galois extensions the main result of Burns, Kurihara and Sano
in [19] concerning abelian extensions (see Remark 10.17).

Theorem 10.15. The validity of the Main Conjecture of Higher Rank Non-Commutative
Iwasawa Theory for E∞/K, S and T implies the validity of the equivariant Tamagawa Num-
ber Conjecture for the pair (h0(Spec(E)),Zp[G]e∗E).

Our proof of this result will rely on the interpretation of the equivariant Tamagawa
Number Conjecture in terms of the concept of locally-primitive bases, as given explicitly by
Conjecture 10.1.
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10.2.2. The proof of Theorem 10.15. At the outset, we set

r := |ΣS(E∞)|, G := GE∞ and R∞ := Λ(G).

We also fix an endomorphism ϕ of Rd∞ that is constructed by the method of Proposition
8.2 with respect to the place v′ fixed in (10.2.2).

Then, under the assumed validity of Conjecture 7.4, Remark 8.3 implies the existence of
an element u of K1(R∞) that validates the equality

(10.2.3) ι∞,∗(ε
RS
E∞,S,T ) = NrdQ(G)(u) ·

(
(∧i=di=r+1(b

∗
L,i ◦ ϕL))(ϖL)

)
L∈Ω(E∞)

∈
⋂r

R∞
Rd∞

from (8.1.6) with K∞ = E∞, where for each L ∈ Ω(E∞) we set

RL := Zp[GL] and ϖL := ∧j∈[d]bL,j ∈
⋂d

RL

RdL.

We next set

n = |S \ {v′}|
and use the ordering

S \ {v′} = {vj : j ∈ [n]}
of S \ {v′} that is induced by (6.1.1) and (6.1.2) for the field K = E∞.

We then fix a character χ in Irp(G) that satisfies Hypothesis 10.12 and use the following
convenient notation

Σ0 :=ΣS(E
∞) = ΣS(E

∞
χ ) = {vj : j ∈ [r]}

rχ := |Σχ| (so that rχ ≥ r since Σ0 ⊆ Σχ)

Σ′
χ :=Σχ \ Σ0 (so that |Σ′

χ| = rχ − r and Σ′
χ ∩ S∞

K = ∅)
Jχ := {i ∈ [n] : vi ∈ Σ′

χ}

J†
χ := Jχ ∪ [r] = {i ∈ [n] : vi ∈ Σχ}
S′
χ :=S \ Σ′

χ = (S \ Σχ) ∪ Σ0

Gχ :=GE∞
χ

Hχ := Gal(E∞
χ /Eχ)

Gχ :=GEχ
∼= Gχ/Hχ

Rχ,∞ :=Λ(Gχ)
Rχ :=Zp[Gχ].

We note that, with this notation, the idempotent

e(χ) := eEχ/K,S,Σχ
∈ ζ(Qp[Gχ])

defined in (6.2.5) coincides with eEχ/K,S′
χ,Σ0

.

We write Ωχ for the subset ΩEχ(E
∞
χ ) of Ω(E∞

χ ) comprising fields that contain Eχ. For
F in Ωχ we write uF for the projection of u to K1(RF ) and set

εF,χ := NrdQp[GF ]((−1)mχ) ·NrdQp[GF ](uF ) · ((∧i∈[d]\J†
χ
(b∗F,i ◦ ϕF ))(ϖF )) ∈

⋂rχ

RF

RdF ,
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with

(10.2.4) mχ := |Jχ| · |[d] \ J†
χ| = (rχ − r)(d− rχ).

In the case F = Eχ we further abbreviate uF , εF,χ and ϖF to uχ, εχ and ϖχ respectively.
We now fix a topological generator γχ of Hχ. Then, noting that ΣS(E

∞) = ΣS(E
∞
χ ), we

can compare the projection to
⋂r
Rχ,∞

Rdχ,∞ of the equality (10.2.3) to the explicit construc-

tion of ∂
rχ−r
γχ

(
εRS
E∞

χ ,S,T

)
in Proposition 9.1 via the equalities (9.1.4) and (9.1.5) (with K∞/K

and γ taken to be E∞
χ /K and γχ).

In this way, we find that the element z in the latter formulas is, in the present context,
equal to NrdQ(G)(u), and hence that there are equalities

ιEχ,∗(∂
rχ−r
γχ

(
εRS
E∞

χ ,S,T

)
) =NrdQp[Gχ]((−1)

mχ+tχ) · (∧j∈Jχ(ϕ̂χ,j,Eχ))(εχ)

=NrdQp[Gχ]((−1)
mχ+tχ) · (∧j∈Jχ(ϕ̂χ,j,Eχ ◦ ι′χ,∗))(ε̂χ)

=NrdQp[Gχ]((−1)
mχ+tχ) · ϕBock

γχ,S,Σ′
χ
(ε̂χ).

Here the integer tχ is fixed so that

(10.2.5) NrdQp[Gχ]((−1)
tχ) · ∧j∈[d]\[r]bEχ,j =

(
∧
j∈[d]\J†

χ
bEχ,j

)
∧
(
∧j∈JχbEχ,j

)
and each homomorphism ϕ̂χ,i = (ϕ̂χ,i,F )F is as defined in (9.1.1) (with γ replaced by γχ).

Further, setting Uχ := O×
Eχ,S,T,p

, we have written ι′χ,∗ for the embedding
⋂rχ
Rχ
Uχ →

⋂rχ
Rχ
Rdχ

induced by our fixed resolution of CEχ,S,T,p and, following Proposition 6.16, we write ε̂χ
for the unique element of e(χ)(

⋂rχ
Rχ
Uχ) that is sent by ∧rχQp[Gχ]

(Qp ⊗Zp ι
′
χ,∗) to εχ. Finally,

we note that the last displayed equality follows from the corresponding case of the equality
(9.2.8).

Now, under Hypothesis 10.12(iv), the above displayed formula combines with the validity
of the χ-component of Conjecture 9.7 for the data E∞

χ /K,Eχ, S and T to imply that

NrdQp[Gχ]((−1)
mχ+tχ) · eχ

(
ϕBock
γχ,S,Σ′

χ
(ε̂χ)

)
= eχ

(
L

Σ′
χ

γχ,S
(εΣ0

Eχ/K,S′
χ,T

)
)

= eχ
(
ϕBock
γχ,S,Σ′

χ

(
(ϕordEχ,S,Σ′

χ
)−1(εΣ0

Eχ/K,S′
χ,T

)
))
.

In addition, since Hypothesis 10.12(ii) implies eχ · e(χ) ̸= 0, the conditions in Hypothesis
10.12(i), (ii) and (iii) imply that the hypotheses of Proposition 8.11 are satisfied by the
data E∞

χ /K,Eχ and S, and hence that the relevant case of Lemma 9.6 implies that the

χ-component of the map ϕBock
γχ,S,Σ′

χ
is injective.

From the last displayed equality, we can therefore deduce that

(10.2.6) NrdQp[Gχ]((−1)
mχ+tχ) · eχ(ε̂χ) = eχ

(
(ϕordEχ,S,Σ′

χ
)−1(εΣ0

Eχ/K,S′
χ,T

)
)
.

In the next result, we describe the link between the elements εΣ0

Eχ/K,S′
χ,T

and ε
Σχ

Eχ/K,S,T
.

In the case that Eχ/K is abelian, this result was first proved by Rubin in [74, Prop. 5.2].

Lemma 10.16. In Cp ⊗Zp

⋂r
Rχ
O×
Eχ,S′

χ,T,p
one has

εΣ0

Eχ/K,S′
χ,T

= ϕordEχ,S,Σ′
χ

(
ε
Σχ

Eχ/K,S,T

)
.
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Proof. We set w̃i := wvi,Eχ − wv′,Eχ for each index i in J†
χ. We then consider the free

Rχ-modules

Y :=
⊕

i∈[r]
Rχ · w̃i and Y ′ :=

⊕
i∈J†

χ

Rχ · w̃i,

and use the isomorphism

ν :
⋂rχ

Rχ

Y ′ ∼=
⋂r

Rχ

Y

of (free, rank one) ξ(Rχ)-modules that sends ∧
j∈J†

χ
w̃j to ∧j∈[r]w̃j .

We note that θrEχ/K,S′
χ,T

(0)e(χ) belongs to (ζ(R[Gχ])e(χ))×. Hence, after recalling the

explicit definition (in Definition 6.5) of the elements εΣ0

E/K,S′
χ,T

and ε
Σχ

Eχ/K,S,T
, and setting

η := θ
rχ
Eχ/K,S,T

(0) · (θrEχ/K,S′
χ,T

(0)e(χ))
−1,

the verification of the claimed equality is reduced to proving commutativity of the following
diagram

e(χ)(Cp ⊗Zp

⋂rχ
Rχ
O×
Eχ,S,T,p

)
Cp⊗Rλ−−−−→ e(χ)(Cp ⊗Zp

⋂rχ
Rχ
Y ′)

ϕord
Eχ,S,Σ′

χ

y yη×(Cp⊗Zpν)

e(χ)(Cp ⊗Zp

⋂r
Rχ
O×
Eχ,S′

χ,T,p
)

Cp⊗Rλ
′

−−−−−→ e(χ)(Cp ⊗Zp

⋂r
Rχ
Y ),

where we abbreviate the maps λ
rχ
Eχ,S

and λrEχ,S′
χ
to λ and λ′ respectively.

Write ordS,Σχ for the map defined as in (9.2.3) (with E and Σ replaced by Eχ and Σχ)
Then the commutativity of the above diagram is itself verified by noting that the identity
(6.2.7) (with F ′ = F = Eχ and S′ and S(F ) replaced by S and S′

χ respectively) implies an
equality

θ
rχ
Eχ/K,S,T

(0)e(χ) = θrEχ/K,S′
χ,T

(0)e(χ) ·
∏

j∈Jχ
log(Nwj,Eχ),

whilst the endomorphism

e(χ)((Cp ⊗Zp ordS,Σχ) ◦ (Cp ⊗R REχ,S)
−1)

of e(χ)(Cp⊗ZpY
′) is represented, with respect to the ordered Cp[Gχ]e(χ)-basis {e(χ)(w̃j)}j∈J†

χ
,

by a block matrix of the form (
M 0
∗ ∆

)
.

Here M is the matrix of the endomorphism

e(χ)((Cp ⊗Zp ordS′
χ,Σ) ◦ (Cp ⊗R REχ,S′

χ
)−1)

of e(χ)(Cp ⊗Zp Y ) with respect to the ordered Cp[Gχ]e(χ)-basis {e(χ)(w̃j)}j∈[r], and ∆ is the

diagonal (rχ − r)× (rχ − r) matrix with j-th entry equal to (log(Nwv(j),Eχ
))−1, where v(j)

here denotes the j-th place in the ordered set Jχ. □

Upon substituting the result of Lemma 10.16 into the equality (10.2.6) we deduce that,
for every character χ that satisfies Hypothesis 10.12, there is an equality

(10.2.7) NrdQp[Gχ]((−1)
mχ+tχ) · eχ(ε̂χ) = eχ(ε

Σχ

Eχ/K,S,T
).
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To interpret these equalities we write CE for the complex CE,S,T,p. Then, upon unwinding

the definition of the isomorphism λjE,S that is discussed in §10.1.1, and setting A := Cp[G],
one obtains a commutative diagram of ζ(A)e(χ)-modules

e(χ)
(
Cp · dRE

(CE)
) λj,uE,S−−−−→ ζ(A)e(χ)

Cp⊗QpΘ
Σχ
E,S,T,p

y x
e(χ)

(
Cp ·

⋂rχ
RE
UE
) ∧rχ

A (Cp⊗R,jRE,S)−−−−−−−−−−−→ e(χ)(Cp ·
⋂rχ
RE
XE,S,p).

Here λj,uE,S denotes the ungraded part of λjE,S , the projection map Θ
Σχ

E,S,T,p is as defined in

(6.3.8) and the right hand side vertical arrow is induced by combining the natural identifi-
cation

e(χ)
(
Cp ·

⋂rχ

RE

XE,S,p

)
= e(χ)

(
Cp ·

⋂rχ

Rχ

YEχ,Σχ,p

)
together with the isomorphism of Rχ-modules YEχ,Σχ,p

∼= R
rχ
χ induced by the basis {wv,Eχ :

v ∈ Σχ} and the canonical isomorphism of ξ(Rχ)-modules
⋂rχ
Rχ
R
rχ
χ
∼= ξ(Rχ).

To proceed we now use the primitive basis

βE :=
(
(∧i∈[d]bE,i)⊗ (∧i∈[d]b∗E,i), 0

)
of dRE

(CE) that is obtained when one represents CE by the complex

RdE
ϕE−−→ RdE ,

with the first term placed in degree zero. We observe, in particular, that the explicit

description of the map Θ
Σχ

E,S,T,p given in (6.3.9) implies that

(10.2.8) NrdQp[Gχ]((−1)
mχ+tχ) · eχ(ε̂χ) = eχ(Θ

Σχ

E,S,T,p(βE)).

Note that the scalar multiplying factor NrdQp[Gχ]((−1)mχ+tχ) occurs here since the equality
(10.2.5) and definition (10.2.4) combine to imply

NrdQp[Gχ]((−1)
mχ+tχ) · ∧j∈[d]\[r]bEχ,j

= NrdQp[Gχ]((−1)
mχ) ·

(
∧
j∈[d]\J†

χ
bEχ,j

)
∧
(
∧j∈JχbEχ,j

)
=
(
∧j∈JχbEχ,j

)
∧
(
∧
j∈[d]\J†

χ
bEχ,j

)
and because the verification of the description (6.3.9) in the present setting assumes that
Jχ = [rχ] \ [r].

Upon combining the equality (10.2.8) with (10.2.7), the definition of ε
Σχ

Eχ/K,S,T
and the

commutativity of the above diagram, one finds that, for every χ validating Hypothesis 10.12,
there are equalities

eχ(λ
j,u
E,S(βE)) = eχ(j∗(θ

rχ
Eχ/K,S,T

(0))) = eχ(j∗(θ
∗
E/K,S,T (0)))

in ζ(Cp[G])eχ.
These equalities in turn imply that the zeta element zp defined in (10.1.1) satisfies

e∗E(zp) = e∗E
(
(λjE,S)

−1
(
(j∗(θ

∗
E/K,S,T (0)), 0)

))
= e∗E(βE).
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In particular, since e∗E(βE) is a primitive basis of the ξ(RE)e
∗
E-module that is generated by

dRE
(CE), this equality implies the validity of the equivariant Tamagawa Number Conjecture

for the pair (h0(Spec(E)), REe
∗
E).

This completes the proof of Theorem 10.15.

Remark 10.17. The result of Theorem 10.15 combines with the observations in Remark
10.14 to present a strategy for obtaining supporting evidence for Conjecture TNCp(L/K)
beyond the case of CM-extensions of totally real fields discussed in §10.1.2. In particular,
Remark 10.14(i) implies that, upon specialisation to abelian extensions L/K, this strategy
recovers that developed by Burns, Kurihara and Sano in [19, §5]. In addition, for non-abelian
Galois extensions, it already gives a simpler proof of existing results such as Proposition
10.6. To explain the latter point, we assume that K is totally real, L is CM and K∞

is the cyclotomic Zp-extension of K. Then, for each χ ∈ Ir−p (G), one has ΣS(E
∞
χ ) =

ΣS(E
∞) = ∅ and Σχ ∩ S∞

K = ∅ so Hypothesis 10.12(i) is satisfied, whilst (6.2.3) implies
Hypothesis 10.12(ii) is satisfied (with the place v′ in (10.2.2) taken to be archimedean) if
ordz=0LS(χ, z) = χ(1) · |Σχ| and Remark 8.12 combines with Theorem 9.11(iii) to imply
the conditions (iii) and (iv) in Hypothesis 10.12 are equivalent. Thus, if we write e∗ for the
idempotent of ζ(Qp[G]) that is obtained by summing eχ over all χ in Ir−p (G) for which one
has both

eχ
(
Qc
p ⊗Zp AS(E

∞
χ )Gal(E∞

χ /Eχ)

)
= 0 and ordz=0LS(χ, z) = χ(1) · |Σχ|,

then Theorem 10.15 combines with Corollary 7.9 to imply the validity, modulo the assumed
vanishing of µp(L), of the image of the equality in Conjecture TNCp(L/K) under the functor
Zp[G]e∗ ⊗Zp[G] −. We note, in particular, that this argument avoids the extensive descent
computations that are required for the proof of Proposition 10.6 given in [16].
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[66] J. Neukirch, Algebraic Number Theory, Springer Verlag, Berlin, 1999.
[67] A. Nickel, On the equivariant Tamagawa Number Conjecture for tame CM extensions, Math. Z. 268

(2011) 1-35.
[68] A. Nickel, A conductor formula for completed group algebras, Doc. Math. 19 (2014) 601-627.
[69] A. Nickel, Integrality of Stickelberger elements and the equivariant Tamagawa number conjecture, J.

Reine Angew. Math. 719 (2016) 101-132.
[70] A. Nickel, The Strong Stark Conjecture for totally odd characters, Proc. Amer. Math. Soc. 152 (2024)

147-162.
[71] D. Quillen, Higher algebraic K-theory I, in Algebraic K-theory I, Batelle conference 1972, Springer

Lect. Notes in Math. 341 (1973) 85-147.



102 ON NON-COMMUTATIVE IWASAWA THEORY

[72] J. Ritter, A. Weiss, Toward equivariant Iwasawa theory, II, Indag. Math. 15 (2004) 549-572.
[73] J. Ritter, A. Weiss, On the ‘main conjecture’ of equivariant Iwasawa theory, J. Amer. Math. Soc. 24

(2011) 1015-1050.
[74] K. Rubin, A Stark Conjecture ‘over Z’ for abelian L-functions with multiple zeros, Ann. Inst. Fourier

46 (1996) 33-62.
[75] T. Sano, Refined abelian Stark conjectures and the equivariant leading term conjecture of Burns, Com-

pos. Math. 150 (2014) 1809-1835.
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