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ABSTRACT. We use the theory of reduced determinant functors of Burns and Sano [24] to
give a new, computationally useful, description of the relative Ko-groups of orders in finite
dimensional separable algebras that need not be commutative. By combining this approach
with a canonical generalization to non-commutative algebras of the notion of ‘zeta element’
introduced by Kato [51], we then formulate, for each odd prime p, a natural main conjecture
of non-commutative p-adic Iwasawa theory for G, over arbitrary number fields. This
conjecture predicts a simple relation between a canonical Rubin-Stark non-commutative
Euler system that we introduce and the compactly supported p-adic cohomology of Z,, and
is shown to simultaneously extend both the higher rank (commutative) main conjecture for
G, formulated by Burns, Kurihara and Sano [19] and the K-theoretical formalism of main
conjectures in non-commutative Iwasawa theory developed by Ritter and Weiss [72] and by
Coates, Fukaya, Kato, Sujatha and Venjakob [27]. In particular, via these links we obtain
strong evidence in support of the conjecture in the setting of Galois CM extensions of
totally real fields. Our approach also leads to the formulation over arbitrary number fields
of a precise conjectural ‘higher derivative formula’ for the Rubin-Stark non-commutative
Euler system that is shown to recover upon appropriate specialisation the classical Gross-
Stark Conjecture for Deligne-Ribet p-adic L-functions. We then show that this conjectural
derivative formula can be combined with the main conjecture of non-commutative p-adic
Iwasawa theory to give a strategy for obtaining evidence in support of the equivariant
Tamagawa Number Conjecture for G,, over arbitrary finite Galois extensions of number
fields, thereby obtaining a wide-ranging generalization of the main result of [19].
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1. INTRODUCTION

1.1. Background and main results. The theory of determinant functors for complexes
of modules over commutative noetherian rings was developed by Knudsen and Mumford
in [55], with later clarifications provided by Knudsen in [54], in both cases following initial
suggestions of Grothendieck. It was subsequently shown by Deligne in [33] that for any
exact category (in the sense of Quillen [71]) there exists a universal determinant functor
that takes values in an associated category of ‘virtual objects’.

Such determinant functors have hitherto played a key role in the formulation with respect
to non-commutative coefficient rings of arithmetic special value conjectures, including the
equivariant Tamagawa Number Conjecture that was formulated by Burns and Flach [17],
following the seminal work of Bloch and Kato [4] and of Fontaine and Perrin-Riou [36].

In an earlier article [24], we constructed a canonical family of extensions of the determi-
nant functor of Grothendieck, Knudsen and Mumford in the setting of the derived categories
of perfect complexes over orders in finite dimensional separable algebras that need not be
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commutative. These ‘reduced determinant functors’ are of a more explicit, and concrete,
nature than are the virtual objects used in [17] and, after establishing certain necessary
results in integral representation theory, we were able, as a first application, to use them
to develop a theory of non-commutative Euler systems in the setting of p-adic representa-
tions that are defined over arbitrary number fields and are endowed with the action of an
arbitrary Gorenstein Zy-order.

In this article we consider the question of whether the general approach developed in [24]
can be expected to have concrete consequences for the study of special value conjectures
relative to non-commutative coefficient rings. In particular, we answer this question affir-
matively in the special case of the equivariant Tamagawa Number Conjecture for G,,, or
eTNC(G,,) for short in the rest of this introduction, relative to arbitrary Galois extensions
of number fields.

As some motivation for focusing on this case, we recall that eTNC(G,,) is both known to
strengthen many classical refinements of Stark’s seminal conjectures on the leading terms
at zero of Artin L-series (see, for example, [14]) and can also, via the philosophy described
by Huber and Kings in [45, §3.3] and by Fukaya and Kato in [37, §2.3.5], be seen to play an
important role in the study of the most general case of the equivariant Tamagawa Number
Conjecture (in fact, in [52, Ch. I, § 3.3] Kato even refers to this special case of the conjecture
as ‘the universal case’).

However, in order to directly apply the constructions of [24] to the study of e INC(G,, ), we
must first prove several intermediate results which we feel may themselves be of independent
interest. To better orientate the reader through the article, therefore, we shall separate the
remainder of this discussion according to these intermediate steps.

1.1.1. Zeta elements and relative K-theory. In the first part of the article (comprising §2
to §4) we prove some results in relative K-theory.

These results are established in the setting of an order A that is defined over a Dedekind
domain R and spans a (finite-dimensional) separable algebra A over the quotient field of
R. Recalling that the ‘Whitehead order’ {(A) of A is a canonical R-order in the centre
of A that is defined in [24], we shall here introduce natural notions of ‘locally-primitive’
and ‘primitive’ bases over £(A) for the reduced determinant lattices of perfect complexes of
A-modules.

By using these notions, we shall then give (in Theorem 4.8) a concrete, and compu-
tationally useful, interpretation of the sort of equalities in relative Kg-groups that have
hitherto underpinned the formulation of refined special value conjectures relative to non-
commutative coefficient rings.

In particular, in this way we shall obtain an explicit reinterpretation of eTNC(Gy,) in
terms of a natural non-commutative generalization of the notion of ‘zeta element’ introduced
by Kato in [51] (for details see Remark 4.9).

We recall that the notion of zeta element plays a key role in the strategy to investigate
eTNC(G,,,) over abelian extensions of arbitrary number fields that is developed by Burns,
Kurihara and Sano in [18, 19]. In a little more detail, then, one of the main aims of the
present article will be to use the techniques introduced in [24] to extend the latter strategy
to the setting of arbitrary Galois extensions of number fields.
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1.1.2. Non-commutative Fuler systems. After reviewing in §5 relevant properties of the
canonical Selmer modules and modified étale cohomology complexes that are constructed
in [18], our next step will be to adapt, and in appropriate ways refine, aspects of the theory
of non-commutative Euler systems that is developed in [25].

To this end, in §6 we introduce a notion of ‘(higher rank) non-commutative (pre-)Euler
system for G,,,” and use a detailed analysis of the compactly supported p-adic cohomology
of Z, to give an unconditional construction of such systems over any number field. In this
way we are able, for example, to strengthen the main result of [25] concerning the existence
of ‘extended cyclotomic Euler systems’ over Q (for details see Theorem 6.19).

More generally, for any Galois extension of number fields E// K, we use the values at zero
of higher derivatives of the Artin L-series of complex characters of Gal(E/K) to uncondi-
tionally define a ‘non-commutative Rubin-Stark element’ 5%? i for E/K. These elements
belong, a priori, to the real vector spaces spanned by an appropriate reduced exterior power
bidual of unit groups and we show that, for any fixed set 3 of archimedean places of K, as
E varies over the finite Galois extensions of K (in some fixed algebraic closure) in which all
places in X split completely, the elements 8%? ) constitute a pre-Euler system 5%?2 of rank
|X| for G, over K.

Such systems 6%?2 will be referred to as ‘Rubin-Stark pre-Euler systems for K’ and play
a fundamental role in our approach. In preparation for such applications, we formulate,
as Conjecture 6.8, a natural generalization to non-abelian Galois extensions of the central
conjecture formulated by Rubin in [74] and show that this ‘non-commutative Rubin-Stark
Conjecture’ implies that the systems 51;”(?2 are non-commutative Euler (rather than just

pre-Euler) systems of rank |X| for G,, over K.

1.1.3. Non-commutative Twasawa theory. In §7 and §8 we then develop certain aspects of
non-commutative Iwasawa theory that are necessary for our approach.

As a first step, in §7 we formulate a ‘main conjecture of higher rank non-commutative
p-adic Iwasawa theory’ for G,, over an arbitrary number field K. This prediction is stated
as Conjecture 7.4 and uses the formalism of primitive bases developed in §4 to express a pre-
cise connection between the non-commutative Rubin-Stark pre-Euler system S%SE and the
reduced determinant of the compactly supported p-adic cohomology of Z, over a compact
p-adic Lie extension of K in which all places in 3 split completely.

Conjecture 7.4 can be seen to simultaneously generalize both the higher rank main con-
jecture of (commutative) Iwasawa theory that is formulated by Burns, Kurihara and Sano in
[19] and the standard formulation of main conjectures in non-commutative Iwasawa theory
following the approaches of Ritter and Weiss in [72] and of Coates, Fukaya, Kato, Sujatha
and Venjakob in [27]. In particular, in an important special case (in which 3 is empty) our
approach allows us to deduce the validity of Conjecture 7.4 by using the known validity,
due independently to Ritter and Weiss [73], and to Kakde [50], of the main conjecture of
non-commutative Iwasawa theory for totally real fields.

In §8, we then prove the existence over arbitrary compact p-adic Lie extensions of K of
a distinguished family of resolutions of the compactly supported p-adic cohomology of Z,,.
This family of resolutions has two important roles in the present article and will also have
further applications elsewhere (cf. §1.1.6).
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In the remainder of §8 we use these resolutions to introduce a natural notion of ‘semisim-
plicity’ for the Selmer module of G,, over p-adic Lie extensions of K of rank one. This
notion provides our theory with an appropriate generalization of the hypothesis that a
finitely generated torsion module over the classical Iwasawa algebra should be ‘semisimple
at zero’ (which is a standard assumption that arises in relation to descent computations
in contexts in which the associated p-adic L-functions have trivial zeroes). In addition,
we show that, in all relevant cases, our notion of semisimplicity specializes to recover the
generalization, due to Jaulent [47], of the ‘Order of Vanishing Conjecture’ for p-adic Artin
L-series at zero that was originally independently conjectured (for CM fields) by Gross [41]
and Kuz’'min [57].

1.1.4. The Generalized Gross-Stark Conjecture. As the final preparatory step in our ap-
proach, in §9 we formulate a generalization to arbitrary Galois extensions of number fields
of the (p-adic) Gross-Stark Conjecture. We recall that the latter conjecture was originally
formulated by Gross [41] in the setting of CM Galois extensions of totally real fields and
has been unconditionally verified for all odd p by Dasgupta, Kakde and Ventullo in [29].

To formulate our conjecture we first use the resolutions constructed in §8 to introduce,
under appropriate hypotheses, a canonical notion of the ‘value of a higher derivative’ of the
non-commutative pre-Euler system S%SE. By comparing the reduced exterior products of
certain natural Bockstein maps with those of canonical ‘valuation’ maps, we also construct
a canonical ‘Z-invariant’ homomorphism between the exterior power biduals (of differing
ranks) of unit groups.

Then, in any given setting, the ‘Generalized Gross-Stark Conjecture’ of Conjecture 9.7
predicts an explicit formula for the value of an appropriate higher derivative of esIR(?E in
terms of the image under the relevant .Z-invariant map of a non-commutative Rubin-Stark
element of an appropriately higher rank.

This conjectural derivative formula encodes families of significant, and even sometimes
explicit, integral relations between the non-commutative Rubin-Stark elements of differing
ranks that are defined relative to finite Galois extensions of K. In this way, the conjecture
therefore also encodes information about families of fine integral relations between the values
at zero of higher derivatives (of different orders) of the Artin L-series defined over K.

For example, in the setting of CM extensions of totally real fields, we can show that
the ‘odd component’ of the derivative formula in Conjecture 9.7 precisely recovers the
classical Gross-Stark Conjecture. In this special case, therefore, we can thereby derive the
unconditional validity of Conjecture 9.7 as a consequence of the main result of Dasgupta et
al [29].

1.1.5. eTNC(G,,). In §10 we finally establish a concrete link between the results obtained
in earlier sections and the conjecture eTNC(G,).

Before doing so, however, we start by reviewing what is presently known concerning
eTNC(G,,) over non-abelian Galois extensions and, at the same time, clarify aspects of the
results of Burns in [16].

Under a suitable semisimplicity hypothesis, we are then able to establish over arbitrary
finite Galois extensions of number fields a precise link between the non-commutative higher
rank Iwasawa main conjecture (of Conjecture 7.4), the explicit derivative formula given
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by the Generalized Gross-Stark Conjecture (of Conjecture 9.7) and the reinterpretation of
eTNC(G,,) in terms of zeta elements that is presented in §4. The latter result is stated
explicitly as Theorem 10.15 and constitutes our desired generalization to arbitrary Galois
extensions of the main result of Burns, Kurihara and Sano in [19].

The result of Theorem 10.15 sheds new light on the essential nature of eTNC(G,,) over
arbitrary Galois extensions and also, more concretely, presents a strategy for obtaining
evidence for it beyond the case of CM-extensions of totally real fields. It is therefore to be
hoped that, in the same way the main result of [19] has motivated subsequent work and
led to significant arithmetic results (see, for example, the recent articles of Bley and Hofer
[3] and of Bullach and Hofer [12]), the strategy presented here will lead to concrete new
evidence for eTNC(G,,) for families of non-abelian Galois extensions. For example, even in
the case of non-abelian CM extensions of totally real fields, Theorem 10.15 already gives a
significant simplification of the proofs of results of Burns in [16] (see, for example, Remark
10.17).

1.1.6. Other connections. To end the introduction, we note that the techniques developed
here, and in the earlier articles [24] and [25] of Burns and Sano, can also be shown to
have consequences for the formulation and study of special value conjectures over non-
commutative coefficient rings beyond the special cases that we focus on in the present
article.

As an example, in work of Burns, Puignau, Sano and Seo [22] it is shown that the
distinguished family of resolutions constructed in §8 can be used to define canonical ‘non-
commutative Artin-Bockstein maps’ that extend the classical reciprocity maps of local class
field theory to non-abelian Galois extensions (of local fields) and thereby to formulate a
generalization to arbitrary finite Galois extensions of the ‘refined class number formula
conjecture for G,,” (or, as it is also often known, the ‘Mazur-Rubin-Sano Conjecture’).
We recall that the latter conjecture was independently conjectured for abelian extensions
by Mazur and Rubin in [63] and by Sano in [75] and has played a key role in the study of
eTNC(G,,) over such extensions. We further note that its natural generalization to arbitrary
Galois extensions (as formulated precisely in [22, Conj. 5.1]) essentially constitutes a refined
version ‘at finite level’ of the Iwasawa-theoretic Generalised Gross-Stark Conjecture that
we formulate here as Conjecture 9.7.

One can also change focus from G, to abelian varieties. We recall that, in this direction,
the article [61] of Macias Castillo and Tsoi already gives interesting applications of the
algebraic constructions made in [24] to the study of the Hasse-Weil-Artin L-series of dihedral
twists of elliptic curves over general number fields. In addition, in [20] Burns, Kurihara and
Sano have established an analogue of the main result of [19] that is relevant to the study
of the Birch-Swinnerton-Dyer Conjecture for elliptic curves over Q (see, in particular, [20,
Th. 7.6 and Rem. 7.7]). In light of this, it would be interesting to know if the general
approach developed here can be adapted to shed further light on concrete relations between
the Birch-Swinnerton-Dyer Conjecture and the GLo Main Conjecture of Iwasawa theory for
elliptic curves without complex multiplication of Coates et al [27].

Finally, and in a much more general setting, the theory of non-commutative Fuler systems
developed in [25] can be seen to play an important role in relation to the strategies described
by Huber and Kings [45, §3.3] and Fukaya and Kato [37, §2.3.5] to study the general case
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of the equivariant Tamagawa number conjecture. In particular, given a motive M defined
over Q, one can ‘twist’ in an appropriate sense the family of cyclotomic non-commutative
Euler systems that is constructed unconditionally in Theorem 6.19 of the present article in
order to obtain analytic families of classical, commutative Euler systems (of suitable rank)
for lattices T,(M) in the p-adic realisation of M. Then, by applying the general theory
of higher rank Euler systems of Burns, Sakamoto and Sano [23] to these systems, one can
study the Selmer modules of T),(M). This important aspect of our theory will be discussed
elsewhere.

1.2. General notation. For the reader’s convenience, we collect together some general
notation that will be used throughout the article.

For each ring R, we write ((R) for its centre and R°P for the corresponding opposite ring
(so that ((R) = ((R°P)). By an R-module we shall, unless explicitly stated otherwise, mean
a left R-module. The transpose of a matrix M over R is denoted by M.

We write Z, for the localization of Z at a prime number p. We write A, for the pro-p
completion of an abelian group, or complex of abelian groups, A (so that Z, is the ring of
p-adic integers) and use similar notation for morphisms. We often abbreviate E ®7 A to
E - A for a field F.

We fix an algebraic closure @ of the field of p-adic rationals Q, and a completion C,
of Q. For a finite group I' we write Ir(I") and Ir,(I') for the respective sets of irreducible
C-valued and C,-valued characters of I'.

If A is a I-module, then we endow linear duals such as AY := Homgz(A,Q/Z) and
Homy(A,Z) with the natural contragredient action of T

For a Galois extension of fields E/F we often abbreviate Gal(E/F) to Gg/p.

Acknowledgements This article is warmly dedicated to the memory of Jan Nekovar,
whose very generous encouragement and remarkably insightful suggestions regarding this
project (and numerous others) made an enormous difference to us.

It is also a great pleasure for us to thank Masato Kurihara for his continual encouragement
and for many helpful suggestions concerning this, and closely related, projects.

In addition, the first author would like to thank Oliver Braunling, Cornelius Greither,
Daniel Macias Castillo, Henri Johnston, Mahesh Kakde, Andreas Nickel, Daniel Puignau,
Soogil Seo, Al Weiss and Malte Witte for stimulating discussions related to the problems
discussed here. He would also like to acknowledge the wonderful working conditions provided
by Yonsei University in Seoul when a key part of this project was undertaken.

PART [: REDUCED DETERMINANTS AND RELATIVE K-THEORY

The equivariant Tamagawa Number Conjecture is formulated in [17] in terms of Deligne’s
categories of virtual objects and takes the form of an equality in the relative algebraic K-
group of an appropriate extension of rings.

Alternative approaches to the formulation of conjectures in such groups were subsequently
developed by Breuning and Burns [11] using a theory of ‘equivariant Whitehead torsion’, by
Fukaya and Kato [37] using a theory of ‘localized K;-groups’, by Muro, Tonks and Witte [64]
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using Waldhausen K-theory and by Braunling [6, 7, 8] using a theory of ‘equivariant Haar
measures’ (and see also the associated article [9] of Braunling, Henrard and van Roosmalen).

In this first part of the article (comprising §2 to §4), our main aim is to explain how the
theory of ‘reduced determinant functors’ that is developed in [24] can also be used to give
a new approach to the formulation of such conjectures.

The key contribution that we shall actually make in these sections is to introduce a notion
of ‘(locally-)primitive basis’ in the setting of reduced determinants and to show that this
notion is both well-defined and functorially well-behaved on the reduced determinants that
arise from objects in suitable derived categories (for details see §3).

To relate this construction to relative algebraic K-theory, we shall also introduce a nat-
ural generalization of the notion of ‘zeta element’ that was first used in a (commutative)
arithmetic setting by Kato in [51] (cf. Definition 4.6 and Example 4.7).

Our main result in this regard (Theorem 4.8) is then entirely K-theoretic in nature
and perhaps of some independent interest. However, it also provides a natural, and very
concrete, interpretation of the equalities that underlie several existing refined special value
conjectures in arithmetic (cf. Remark 4.9). In addition, and more importantly, it can also
be computationally useful in such contexts.

In particular, in later sections of this article, we shall find that this approach leads
to a more direct formulation of main conjectures in non-commutative Iwasawa theory, to
a natural generalization of the classical Gross-Stark Conjecture, to improvements in the
descent formalism that relates such conjectures to the relevant cases of eTNC(G,,) and
thereby to the derivation of further concrete evidence in support of eTNC(G,,) itself.

2. REDUCED DETERMINANTS

For the convenience of the reader, we shall first review relevant facts concerning the
theory of reduced determinant functors developed by Burns and Sano in [24].

To do so we fix a Dedekind domain R with field of fractions F' of characteristic zero. We
also fix a finite dimensional separable F-algebra A and an R-order A in A.

2.1. Reduced exterior powers. We write the Wedderburn decomposition of A as

A= A;,
where [ is a finite index set and each algebra A; is of the form M,,, (D;) for a suitable natural
number n; and a division ring D; with F' C {(D;).

We next choose a field extension E of F' that, for every index i, contains ((D;) and splits
D; and then fix associated isomorphisms

D; Q¢(Dy) E= MmZ(E)

for a suitable natural number m;.

For each index i we also fix an indecomposable idempotent e; of M,,,,(E). Then the direct
sum V; of n;-copies of e;M;,, (E) is a simple left A; g := A; ®¢(4,) E-module.

Each finitely generated A-module M decomposes as a direct sum

M= @z‘eIMi’
where M; denotes the A;-module A; ® 4 M.



ON NON-COMMUTATIVE IWASAWA THEORY 9

For each non-negative integer r we then define the r-th reduced exterior power of M over
A by setting

(2.1.1) N M = @Za/\ (Vi @4, Mip),

with d; := dimg(V;) = nim;, M; g := M; ®¢(a,) E, and V;* := Hompg(V;, E). This construc-
tion depends on FE, but is independent of each space V; up to isomorphism.

To discuss linear duals we note that Hom4 (M, A) has a natural structure as left A°P-
module and we consider its exterior powers over A°P?. We also note that, for each index i,
the space V;* is a simple left AZ%—module, and that its dual V;** is canonically isomorphic
to V;. In this case, the definition above therefore gives

(2.1.2) /\ Hom 4 (M, A) @ /\ Vi i @ 4on, Homu, , (Mi , AiE)).
For each integer s with 0 < s < r there are then natural duality pairings
T S r—Ss
(2.1.3) /\AM X /\Aop Hom (M, A) — /\A M, (m,¢)— @(m).

To make this pairing explicit we fix, for each index ¢, an E-basis {v;; : 1 < j < m;} of
eiMm, (E). If A; is commutative, and hence a field (so that m; = 1), then we always take
v;1 to be identity element of E. The (lexicographically-ordered) set

(i) == {wigj : 1 <a <n;, 1 <j<my}

is then an E-basis of V;, where wj,; is the element of V; that is equal to v;; in its a-th
component and is zero in all other components.
For any subsets {mg}1<q<r of M and {¢q}1<a<r of Homa (M, A) we then set

(2.1.4) NZima = (M<a<r(Asem(n®™ ® Mai));o; € /\AM
and
(2.1.5) NaZl@q = (/\1§a§r(/\x€z(i)x & gpai))ie[ S /\Aop Hom4 (M, A).

Here we write mg; and (g for the projections of m, to M; g and of ¢, to Hompy, (M; g, AiE)
and {z* : x € w(i)} for the basis of V;* that is dual to w(i).

These constructions clearly depend on the collection w of ordered bases {w(i) : i € I}
and so should strictly be written as ‘Ag’ rather than ‘A’. However, for simplicity, we prefer
not to indicate this dependence, since in practice it does not cause difficulties.

For example, in the sequel we will often use the following fact (from [24, Lem. 4.13]) that
is independent of the choice of w: if M is a free A-module of rank r with basis {b,}1<a<r,
then for each ¢ in End (M) one has

(2.1.6) a=1(¢(ba)) = Nrdgna ,(ar) () - (AG=10a) /\ M.

Finally, we recall that, with these definitions, for subsets {my}1<p<, of M and {@q }1<a<r
of Hom 4 (M, A), the pairing (2.1.3) sends (Agjl"mb, /\gjl"cpa) to the element

(2.1.7) (AG=Ta) (AL=1m) = Nrdaos ((9a(m))i<ap<r) € C(A).
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Remark 2.1. Let I" be a finite group and F a subfield of C. For each character y in
Ir(I") we write n, for the exponent of the quotient group I'/ker(x) and F) for the field
generated over F' by a primitive n,-th root of unity. Then, following Brauer [5], we may fix
a representation

Px - r— GLx(l)(FX)

of character x. In particular, if F’ is any extension of F' that contains F), for every x in
Ir(T"), then the induced F'-linear ring homomorphisms py . : F'[T'] — M, (1)(F”) combine to
give an isomorphism of F’-algebras

/ ~ /
F'[IN] erh(r)MX(l)(F ).
This shows that F” is a splitting field for F[T'], that the spaces
V= (F)x),

considered as the first columns of the respective x-components M, )(F') of F'[], are a
complete set of representatives of the isomorphism classes of simple F’[I']-modules and that
the standard F'-basis of (F")X(!) constitutes an ordered F'-basis of V.

In this way, a fixed choice of representations

{px}xelr(F)

as above gives rise, for each finitely generated F'[I']-module M, to a canonical normalization
of the constructions (2.1.1), (2.1.2), (2.1.4) and (2.1.5). We further note that, for each
non-negative integer r, the resulting ¢(F'[I'])-module /\%[F]M is then finitely generated and
behaves functorially under change of F'.

2.2. Reduced Rubin lattices.

2.2.1. In the sequel we write Spec(R) for the set of all prime ideals of R and Spm(R) for
the subset Spec(R) \ {(0)} of maximal ideals.

For p in Spec(R) we write Ry for the localization of R at p and for an R-module M set
My := R(p) ®r M. For p in Spm(R) we also write R for the completion of R at p and for
an R-module M set M, := R, g M.

A finitely generated module M over an R-order A is said to be ‘locally-free’ if M) is
a free A(p)-module for all p in Spec(R). We recall that for p in Spm(R), the A(,)-module
My is free if and only if the Ap-module M, is free (this follows as an easy consequence of
Maranda’s Theorem - see, for example, [28, Prop. (30.17)]).

We write Mod!(A) for the category of (finitely generated) locally-free A-modules. For
M in Mod"(A) the rank of the free A(p)-module My is independent of p and equal to the
rank of the free A-module Mp := Mgy = F' ®r M. We refer to this common rank as the
‘rank’ of M and denote it rk4(M).

Remark 2.2. Localization is an exact functor and so a locally-free A-module is projective.
There are important cases in which the converse is also true.

(i) If A = R, then every finitely generated torsion-free A-module M is locally-free, with
rk4(M) equal to the dimension of the F-space spanned by M.
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(ii) If G is a finite group for which no prime divisor of |G| is invertible in R and A = R[G]
then, by a fundamental result of Swan [80] (see also [28, Th. (32.11)]), a finitely generated
projective A-module is locally-free. For any such module M the product rkgig (M) - |G| is
equal to the dimension of the F-space spanned by M.

(iii) There are also several classes of order A for which a finitely generated projective .A-
module is locally-free if and only if it spans a free A-module. This is the case, for example,
if A is commutative (cf. [28, Prop. 35.7]), or if A, is a maximal R,-order in A for all
p in Spm(R) (cf. [28, Th. 26.24(iii)]), or if A = R[G] for any finite group G (cf. [28, Th.
32.1]).

2.2.2. We use the R-submodule of ((A) defined by

£(A):=R- {NrdA(M) M e nzOMn(A)} .
For each p in Spm(R), we similarly define an R p)-submodule {(A,)) of ((A) and an R,-
submodule £(Ay) of ((Ay) and we recall that

£(A) = ﬂpespm(R)f(A(p))

by [22, Lem. 2.2]. Further, by [24, Lem. 3.2], one knows that £(.A) is an R-order in ((A)
(referred to as the ‘Whitehead order’ of A in loc. cit.), that {(A) = A if and only if A is
commutative and that, in general, one has

§(A) ) = E(Ap) = C(A) NE(A)

for every p in Spm(R).

For a finitely generated .A-module M, and a non-negative integer r, the r-th reduced
Rubin lattice of the A-module M is then defined (in [24, Def. 4.15]) to be the {(A)-
submodule of A"y Mp obtained by setting

ﬂ;M = {a € /\TAMF S (ANETpi)(a) € E(A) for all @y, ..., p, € Homy (M, .A)} .

This module is finitely generated as a consequence of [24, Th. 4.19(ii)]. The latter result
also shows that, whilst the definition (2.1.5) of reduced exterior products depends on the
choices of ordered bases w, the lattice (), M is independent, in a natural sense, of these
choices (which are therefore not explicitly indicated in our notation).

We next note that the argument of [24, Lem. 4.16] implies injectivity of the canonical
‘evaluation” homomorphism of ¢(A)-modules

(2.2.1) evir (M = [160 == ((WZien @),

where in the direct product ¢ = (¢1,...,¢,) runs over all elements of Hom 4 (M, A)".

We further recall from [24, Prop. 5.6] that if M belongs to Mod'(A), with r := rk 4 (M),
then ()4, M is an invertible {(.A)-module with the property that

ﬂAM - mpespm(R) (nAM) (p)
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and so can be explicitly computed via its localizations as follows: if for each p in Spm(R)
one fixes an ordered A(p-basis b, = {by j}1<j<r of My, then

r

In particular, if M is a free A-module, with ordered basis {b;}1<j<,, then one can take
bpi = b; for all 4 with 1 < ¢ <r and so the £(A)-module

(2.2.3) (M =¢(A)- NZ1b;
is free of rank one (with basis /\;::ij).

Remark 2.3. For other examples of the explicit computation of Whitehead orders and
reduced Rubin lattices see [24, Exam. 3.4, Exam. 3.5 and Rem. 4.16].

2.3. Reduced determinant functors.

2.3.1. We write D(A) for the derived category of (left) A-modules. We also write Cf(A)
for the category of bounded complexes of modules in Mod!(A) and D¥(A) for the full
triangulated subcategory of D(A) comprising complexes that are isomorphic to a complex
in C{(A).

We write K (A) for the Grothendieck group of Mod!f(A) and recall that each object C' of
D (A) gives rise to a canonical ‘Euler characteristic’ element x4(C) in K (A) (for details
see [24, §5.1.3]).

We also write SK{(A) for the kernel of the homomorphism K (A) — Z that is induced
by sending each M in Mod"(A) to rk4(M).

We then write C9(A) for the subcategory of Cf(A) comprising complexes C' for which
xA(C) belongs to SKI(A) and D¥O(A) for the full triangulated subcategory of D'(A)
comprising complexes C' for which x4(C) belongs to SKI(A). (The latter condition is
equivalent to requiring that C' is isomorphic in D(A) to an object of C:0(A)).

Remark 2.4. Assume A is such that, for all p in Spec(R), the reduced projective class
group SKo(A,)) of the R,-order A, vanishes (as is the case, for example, for all of the
orders discussed in Remark 2.2). Then, in this case, D'9(A) is naturally equivalent to the
full triangulated subcategory of the derived category Dperf(A) of perfect complexes of A-
modules that comprises all (perfect) complexes whose Euler characteristic in K(.A) belongs
to the subgroup SKy(.A). A proof of this fact is given in [24, Lem. 5.2].

2.3.2. In the next result we record relevant properties of the reduced determinant functors
constructed in [24, §5].
To state this result we recall that, in terms of the notation used in §2.1, the ‘reduced
rank’ of a module M in Mod"(A) is defined to be the vector
rra(M) = (rkA(M) : di)z‘el’
where each natural number d; is defined as in §2.1. By using [24, Lem. 5.1], this vector is
regarded as a locally-constant function on Spec(£(.A)).
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We also write DY (A)som for the subcategory of D(A) in which morphisms are restricted
to be isomorphisms and P(£(.A)) for the category of graded invertible £(A)-modules. We
recall that each object of P(£(A)) is a pair

X = (X", gr(X))

comprising an ‘ungraded part’” X" that is a locally-free, rank one, £(A)-module and a
‘grading’ gr(X) that is a locally-constant function on Spec(£(.A)).

Finally, we note that the concept of ‘extended determinant functor’ originates in [55] and
is recalled precisely in [24, Def. 5.12].

Then the following result is an immediate consequence of [24, Th. 5.4].

Theorem 2.5. For each set of ordered bases w as in §2.1, there exists a canonical extended
determinant functor

d.A,w : le(A)Isom — P(f(A))
that has all of the following properties.

(i) For each exact triangle
C'—C— 0" — O]

in DY(A) there exists a canonical isomorphism in P(£(A))

~

daw(C) ® da=(C") = dax(C)

that is functorial with respect to isomorphisms of triangles.
(ii) If C belongs to DY (A) is such that every module H'(C') also belongs to D¥(A), then
there exists a canonical isomorphism in P(£(A))

da=(0) = Q). ,das(H(O)

that is functorial with respect to quasi-isomorphisms.
(iii) For each P in Mod!(A) one has

dA,w(P) = (ﬂ

where the reduced Rubin lattice ﬂj{A(P)P 1s defined with respect to w.
(iv) The restriction of d 4, to le’O(A)Isom is independent of the choice of .

rk 4 (P)

1 P, rrA(P)),

Remark 2.6. The approach of Deligne in [33, §4] constructs a ‘universal determinant
functor’ for the exact category Modlf(A), with values in an associated commutative Picard
category V'(A) of ‘“virtual objects’. In particular, in this way each determinant functor
da  constructed as in Theorem 2.5 naturally induces a strongly monoidal functor

W VI(A) = P(E(A)).

It is known that, in most cases, this functor ¢E\w is not an equivalence of commutative
Picard categories. For more details see [24, Rems. 5.5 and 5.8].
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Remark 2.7. For any free rank one ((A)-module W we set
Wh:=W and W' :=Hom¢4)(W,((A)),

with the linear dual regarded as a (free, rank one) ((A)-module via the natural composition
action. For each basis element w of W we set w! := w and write w~! for the (unique) basis
element of W1 that sends w to 1. For any invertible £(A)-module £ we similarly define
invertible £(.4)-modules by setting

LY=L and L£7':= Homyg (4 (£, €(A)).
For any complex P* in C{(A) of the form

(2.3.1) N N

o o tka(P%) oy (~1)@
Q=P =Q (N, P,
where the tensor product is taken over £(.A), and
(232 waP) =Y () mma(P) = (3 () tkalP?) - (doer.
Then claims (i) and (iii) of Theorem 2.5 combine to give a canonical identification
daw(P*) = (dihw(P'), rr 4 (P*))
so that da,(P*)" = dy ,(P*).

we then set

3. PRIMITIVE AND LOCALLY-PRIMITIVE BASES

In this section we introduce natural notions of ‘primitive basis’ and ‘locally-primitive
basis’ in the setting of the functors that are discussed in Theorem 2.5.

In the sequel we always regard the set of ordered bases w that occurs in Theorem 2.5 as
fixed and use the following abbreviations for the associated reduced determinant functors

da(=) =daw(=) and  diy(-) :=dyo(-).
3.1. Primitive bases.

3.1.1. We write Modf(A) for the full subcategory of Mod(A) comprising (finitely gener-
ated) free A-modules and Cf(A) for the full subcategory of C(A) comprising complexes
P* in which every term P® belongs to Mod!(A).

Fix P* in C!(A) and for each integer a set 74 := rk4(P?%). Then the equality (2.2.3)
(with M and r taken to be each P* and 74) implies that the £(A)-module d%(P*) defined
in Remark 2.7 is free of rank one.

Further, if for each a we fix an ordered A-basis

by = {ba,j}1<j<ra
of P{, then we obtain an element of the ((A)-module d%(P*®)r by setting

(3.1.1) T(b,) := ®aez(/\gzabw)(fl)a.
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In particular, if each b, is an A-basis of P?, then (2.2.3) implies that Y(b,) is a basis of
the £(A)-module d%(P*).

This fact motivates us to make the following definition.

Definition 3.1. For any complex P* in C!(A) we shall say that a basis element b of the
(free, rank one) {(A)-module d%(P*) is ‘primitive’ if it is equal to Y(b,) for some choice of
ordered bases b, of the A-modules P“.

The key observation that we shall make about this definition is that it extends naturally
to give a well-defined concept on objects of D' (A).

To state the precise result we recall that for any integer d greater than or equal to the
stable range sr(A) of A, the natural homomorphism

(3.1.2) GLd(.A) — Kl(.A)

is surjective (cf. [28, Th. (40.42)]). We further recall Bass has shown that sr(A) is equal
to one if R is local, and hence A is semi-local, and that sr(.A) is equal to two in all other
cases. (For more details see [28, Th. (40.31)] and [28, Th. (40.41)] respectively.)

Proposition 3.2. Let A : Pf — P3 be a quasi-isomorphism in C'(A) and assume that P}
and Py each have a term of rank at least sr(A). Set r :=r1r4(P) = rra(Py).

Then an element b of A% (Py) is a primitive basis of d%(Py) if and only if the image of
(b,) under da(X) is equal to (b',r) for a primitive basis b' of d%(Py).

The proof of this fact uses several results concerning the functorial behaviour of primitive
bases with respect to the constructions that underlie the proof of [24, Th. 5.4]. In this regard
we recall that the arguments in loc. cit. adapt earlier arguments of Burns and Flach in [17,
§2] and so rely on explicit constructions made by Knudsen and Mumford in [55].

3.1.2. We first establish several useful technical results.

Lemma 3.3. Let P* be a complex in C'(A) of the form (2.3.1) for which there exists an
integer a with tk 4(P%) > sr(A).

Let b be a primitive basis of d%(P*). Then any other element b' of A% (P*) is a primitive
basis of d%(P*®) if and only if V' = w - b with u in Nrd4(K;(A)).

Proof. In each degree s set rs := rky(P®). Then (2.1.6) implies that for any choices of
ordered A-bases {bsjt1<j<r, and {b};}1<j<r, of P° there exists a matrix Us in GL;,(A)
such that
N2 by = Neda(Us) - N2 b

Since Nrd4(Us) is a unit of £(A), this observation (in each degree s) implies that the stated
condition is necessary.

To prove sufficiency we assume that b is a primitive basis of d%(P*®) and that ¥ = u - b
with v in Nrd 4 (K (A)).

Since, by assumption, r, > sr(A) the homomorphism (3.1.2) (with d = r,) is surjective
and so there exists a matrix u, = (Ugtw)1<t,w<r, i GLy, (A) with NrdA(ua)(_l)a = u.

We then fix ordered bases by := {bs}1<t<r, 0f the A-modules P* such that b = Y(b,)
and write b, := {b, ;}1<¢<,, for the ordered basis of each A-module P* that is obtained by
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setting b, = by if s # a and b, := D7 71" Uqtwbaw- Then the equality (2.1.6) implies
that

Y =wu-b=Nrda(us) " T(b,) = T(b.),
and hence that V' is a primitive basis of d$(P*), as required. O

Lemma 3.4. Let
0— P —-P; —P3—0
be a short exact sequence in Ct(A) and write
A da(PP) ®@da(Py) = da(Fy)
for the isomorphism induced by Theorem 2.5(i). Set rj :=rra(P?) for j =1,2,3.

Then v + 13 = ro and, for any primitive bases x1 of A5 (P?) and x3 of d%(P3), there
exists a primitive basis 2 of d%(Ps) such that

A((z1,7m1) ® (23,73)) = (22,72).

Proof. The given exact sequence induces in each degree a a (split) short exact sequence in

Mod(A) of the form

(3.1.3) 0— P%— Pt 2% pe 0.

These sequences imply that rk4(Pf) + rka(P§) = rk4(Pg) and so the claimed equality
71+ r3 = 19 follows directly from the definition (2.3.2) of each term rr4(P}).

In addition, if one sets 7 = rr A(PJ‘-I) for j = 1,2,3, then the above sequences combine
with Remark 2.7 to show that the remaining claim is valid provided that for any primitive
bases x{ of d% (Py') and z§ of d%(Py'), there exists a primitive basis 2§ of d%(Py') such that
the isomorphism

A% da(Pl) ® da(Py) = da(Py)
induced by (3.1.3) sends (z{,r{) ® (z§,7%) to (z3,75).

For this we fix an A-module section o to ¢* and note that, if z; corresponds to the
ordered A-basis {bjs}lgsgrg of Pj‘ for each j = 1,3, then one obtains an ordered .A-basis
{67 }1<s<rg of Pg by setting

b bl if1<s<rf,
5 a(bg’#%), ifrf <s<rg.

Then /\;ZS b7 is a primitive basis of d% (Py') = ﬂff Pg and so the required result is true
because the isomorphism A® is defined (in [24]) by the condition that
s=r{;1 t=rg,3 j=rg
A" ((fe ) @ (N2 ) ) = (V2R s).
g

Lemma 3.5. Let P* be an acyclic complex in C'(A) and b a primitive basis of d%(P*).
Then rr o(P®) = 0 and the canonical isomorphism d4(P*®) = (£(A),0) sends (b,0) to (u,0)
for some element u of Nrda(K1(A)).
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Proof. The acyclicity of P*® implies that ), ,(—1)% - rtka(P?*) = 0 and hence also that
rr(P*®) = 0, as claimed.

Regarding the second claim, we note that the ‘only if’ part of Lemma 3.3 (the argument
for which does not require the existence of an integer a with rk 4(P*) > sr(A)) reduces us to
proving the existence of a primitive basis b of d%(P*®) such that the canonical isomorphism
d4(P*) = (£(A),0) sends (b,0) to (u,0) for some element u of Nrd4(Ki(A)).

We first prove this in the special case that there exists an integer a such that P* vanishes
for all i ¢ {a,a+1}. In this situation the acyclicity of P® implies it has the form A? Yy At for
a suitable natural number ¢ and isomorphism of A-modules 0. In particular, if we write b for
the primitive basis of d%(P*) that corresponds to the standard basis of A" (in both degrees
a and a+1), then (2.1.6) implies that the canonical isomorphism d 4(P*®) = (£(A),0) sends
(b,0) to (Nrda(Mp),0), where My is the matrix of § with respect to the standard basis of
At. The required result is therefore true since Nrda(My) belongs to Nrd4(Kj(A)).

Turning now to the general case, we write a and o’ for the least and greatest integers m
for which P™ is non-zero. Then, if necessary by taking the direct sum of P® with a suitable

collection of complexes of the form A LNy (and applying Lemma 3.4), we can assume that
rk 4 (ker(d?)) > sr(A) for each j with a < j < d’.

Then, since P* is acyclic, the Bass Cancellation Theorem (cf. [28, Th. (41.20)]) combines
with an easy downward induction on j to imply, firstly that each A-module im(d/) =
ker(d’*1) is free and hence that there is an isomorphism of A-modules P’ & ker(d/)®im(d’),
and secondly that each module P7/ker(d’) = im(d’) is free.

Now write P} for the complex P 4, im(d*) where the first term is placed in degree a,

and ¢ for the natural inclusion of complexes P} — P°®. Then there is a tautological short
exact sequence of acyclic complexes

(3.1.4) 0— PP % P* — cok(t) = 0

in Cf(A) and, by applying Lemma 3.4 to this sequence, one can use an induction on the
number of non-zero modules P’ to reduce to the special case (that P’ vanishes except in
two consecutive degrees) that was considered earlier. U

3.1.3. We can now prove Proposition 3.2.

For j € {1,2} and each integer a we set r :=1ka(Pf). For each j and a we then fix an
ordered A-basis bjo = {bj,ak}lgkgr; of ij and write x; for the associated primitive basis
T(bj,) of d%(P7).

Then Lemma 3.3 implies that the stated claim is true if and only if there exists an element
u of Nrd(K;(A)) such that

(3.1.5) da(N)(z1,7)) = (u - z2,7)

with r = rro(P}) = rr4(Py). To prove this we shall adapt an argument of Knudsen and
Mumford from [55, proof of Th. 1] (see also [38, Chap. III, §3, Lem.]).

For this purpose we recall that the mapping cylinder of A is the complex Z3 that has
Z$ = PloPy @Pf+1 in each degree a and is such that, with respect to these decompositions,
the differential in degree a is represented by the matrix
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a0 -1
0 d% )\a—i—l
0 0 —dot!

where d? denotes the differential of P]-' in degree a.
Then, with this notation there are quasi-isomorphisms A\; : P} — Z3, Ay : Py — Z3 and
N, : Zy — Py in C'(A) with (in the obvious notation)

1 0 A
M=[0], da={1] and X,=[1
0 0 0

In addition, one checks that A; o Ay = X and A, o Ay = id py and that both of the complexes
cok(A1) and cok(\y) are acyclic objects of C'(A). Tt follows that, for each i in {1,2} there
are natural isomorphisms
da(Xi)" s da(P?) = da(P?) ® da(cok(X)) = da(Z3),
where the first map is induced by the acyclicity of cok()\;) and the second by the tautological
short exact sequence
0— P 25 73 = cok()\s) — 0.
By applying Lemma 3.5 to the first isomorphism in this composite, and then Lemma 3.4

to the second, one deduces that there exists an element u; of Nrd4(K;(A)) and a primitive
basis y; of d%(Z3) such that

da(X)'((zi,m)) = (w5 - i, 7).
On the other hand, the explicit construction of d 4(A) in [24] implies directly that

da(X) = (da(r2)) "o da(h)
and hence that
daN)((z1,7)) = ((wruy ug) - 22,7)
where ug is the element of Nrd4(K;(A)) that is defined by (Lemma 3.3 and) the equality

Y1 = u3 - Y.
In particular, since the element u := uju; ‘ug belongs to Nrd4(K;(A)), this proves the

required equality (3.1.5) (for this value of u), and hence completes the proof of Proposition
3.2. ]

3.2. Locally-primitive bases. We can now make the key definitions of §3.

Definition 3.6. Let C be an object of D(A) and b an element of d4(C)p.

(i) We say that b is a ‘primitive basis’ of the £(.A)-module d 4(C) if C' is isomorphic in D (A)
to a complex P* in C'(A) with the property that in some degree a one has rk 4 (P?%) > sr(A)
and, with respect to the induced identification d 4(C) = (d%(P*),rr4(P*)), the element b
corresponds to (V/,rr4(P*)) for some primitive basis b’ of d%(P*).

(ii) We say that b is a ‘locally-primitive basis’ of the £(A)-module d4(C) if for all p in
Spm(R) the image of b in the p-completion d4(C)rp = da,(Cy)F, of d4(C)F is a primitive
basis of the {(Ay)-module d 4, (Cy).
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(iii) We say that b is a ‘generically-primitive basis’ of the {(A)-module d 4(C) if its image
in d4(C)r = da(Cr) is a primitive basis of the ((A)-module d4(Cr).

The arguments of §3.1 imply that the notion of (locally-)primitive basis is intrinsic to
objects of le(A) and further that, in this setting, it has the following useful functorial
properties.

Proposition 3.7. Let C be an object of DY (A).

(i) If C is acyclic, then the canonical isomorphism

da(C) = (£(A),0)
coming from Theorem 2.5 sends any primitive basis of d4(C) to an element of
(Nrda(K1(A)),0).
(ii) Let b be a primitive basis of do(C). Then an element b of dA(C)p is a primitive
basis of d4(C) if and only if ¥’ = u-b for some u in Nrd,(Ki(A)).
(iii) Let
Cl —)C—>Cg —)Cl[l]
be an exact triangle in le(A). Then for any primitive bases, respectively locally-
primitive bases, x1 of da(C1) and x3 of d4(C3), the canonical isomorphism

da(C1) @ da(C3) = da(C)

coming from Theorem 2.5 sends x1 ® x3 to a primitive basis, respectively locally-
primitive basis, of d 4(C).

Proof. The key point is Proposition 3.2 implies that if b is a primitive basis of d%(P;) for
any complex PP in C'(A) that is both isomorphic in D¥(A) to C' and such that in some
degree a one has rk4(Pf") > sr(A), then it also corresponds to a primitive basis of d%(Py)
for any other such complex Py in CH(A).

Given this fact, the assertions of claims (i), (ii) and (iii) follow directly from the respective
results of Lemmas 3.5, 3.3 and 3.4. O

We next clarify the links between the varying notions of basis considered above.

Proposition 3.8. Let C' be an object of DY (A) and b an element of d4(C)p. Then the
following claims are valid.

(i) If b is a primitive basis of da(C), then it is also both a locally-primitive and
generically-primitive basis of d4(C).
(ii) If d4(C) has a primitive basis, then the converse of claim (i) is true.
(iii) If b is an locally-primitive basis of d4(C), then it is a £(A)-basis of d4(C)".
(iv) Assume d4(C) has a primitive basis. Then the {(A)-module d 4(C)" is free and the
following claims are valid.
(a) BEwvery basis of d4(C)" corresponds to a primitive basis of d4(C) if and only if
E(A)* =Nrda(K1(A)).
(b) Every basis of d4(C)" corresponds to a locally-primitive basis of d 4(C) if and
only if £(A)* is the full pre-image of the direct product of Nrda,(K1i(Ap)) over
p in Spm(R) under the diagonal map
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¢y - T] ¢4 = [T Nrda, (Ka(4y))

Proof. Claim (i) follows easily by a direct comparison of the respective definitions that are
given in Definition 3.6.

To prove claim (ii), we fix a primitive basis b of d4(C). Then, in view of Proposition
3.7(ii), it is enough to show that if ¢’ is both a generically-primitive and locally-primitive
basis of d4(C), then one has ¥ = u - b for some u in Nrd 4(K;(A)).

Now, as b’ is a generically-primitive basis, Proposition 3.7(ii) implies the existence of a
(unique) element v of Nrd4(K;(A)) such that b’ = v - b in d4(Cp). Then, since b is a
locally-primitive basis, we can deduce from Proposition 3.7(ii) (and the uniqueness of v)
that, for every p in Spm(R), the image of v in Nrda,(K1(4,)) belongs to Nrd, (K1 (Ay)).
But then, by a general result of K-theory (which, for convenience, we defer to Lemma 4.3(ii)
below), this implies that v belongs to Nrd4(K;(.A)), as required.

To prove claim (iii) we note that, for each p in Spm(R), the given element b is a basis of
the {(Ap)-module dg,(Cp)" = da(C),. This fact implies, firstly, that for every such p one
has

(C(A) b), = C(Ap) - b= (€(A) - B, = (da(O)R),
and hence that ((A) - b = da(C)}%. Then, upon applying the general result of [28, Prop.
(4.21)(vi)], one deduces the required equality by noting that

da(C)* =da(C)EN ﬂpdA(C)ﬁ
=(C(A)-0) N[ (E(Ap) -b)

— () N(,E(4p) b
—£(A) -,

Here, in each intersection p runs over Spm(R), and the last equality is valid because
C(A) N ECA) = () (C(A) NE(A)) = [ &(A)p) = E(A).

Finally, to prove claim (iv), we fix a primitive basis b of d 4(C') and an arbitrary element
b’ of d4(C)p. Then one has b’ = x - b for a unique element = = xy 3, of ((A).

Now, since b is a basis of the £(A)-module d 4(C)" one knows that b’ is a basis of this
module if and only if z € £(A)*.

In a similar way, the result of Proposition 3.7(ii) implies that o’ is a primitive basis,
respectively locally-primitive basis, of d4(C) if and only if one has z € Nrdx(K;i(A)),
respectively the image of x in ((A4,)* = Nrda,(Ki(4y)) belongs to Nrda,(Ki(Ap)) for
every p in Spm(R).

The assertions in claim (iv) follow directly from these observations. O

3.3. Primitive bases and Euler characteristics. The result of Proposition 3.7(iii) leaves
open the problem of whether there are conditions on A under which the freeness of d 4 (C)" as
a £(A)-module can itself imply the existence of a locally-primitive basis, or even a primitive
basis, of d4(C).
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To shed light on this problem, in this section we reinterpret the conditions that d4(C)"
is free, that d4(C) has a locally-primitive basis and that d4(C) has a primitive basis in
terms of the Euler characteristic x.4(C).

As necessary preparation for this result, we shall also make some general observations
concerning class groups of orders.

3.3.1. We note first that the argument of [28, Rem. (49.11)(iv)] shows that SKI(A) is

naturally isomorphic to the ‘locally-free classgroup’ CI1(A) of A, as defined in [28, (49.10)].
We recall CI(A) is finite, that it is equal to the set of stable isomorphism classes [I] of

locally-free, rank one, A-submodules I of A and that its addition is defined by setting

(] + [I2] := [I3]

whenever there is an isomorphism of A-modules I} & I» = I3 ® A. (Recall from [28, Rem.
(49.11)(i)] that A-modules I; and Iy are stably-isomorphic if and only if I; @A is isomorphic
to IQ ¥ .A)

We recall further that if A is commutative, then CI(.A) is naturally isomorphic to the
multiplicative group of isomorphism classes of locally-free, rank one, A-submodules of A.

Lemma 3.9. The association P — ﬂj{A(P)P for each P in Mod (A) induces a well-defined
homomorphism of abelian groups

Ay : SKE(A) — Cl(E(A)).

Proof. Since SKY(A) is naturally isomorphic to CI(A), this result is equivalent to the fol-
lowing two claims: firstly, if I; and Is are any locally-free, rank one, A-modules that are
stably-isomorphic, then the £(.4)-modules ﬂLI 1 and ﬂ;[z are isomorphic; secondly, if Iy, I
and I3 are any locally-free, rank one, A-modules for which the A-modules I1 ® I> and I3® A
are isomorphic, then the £(A)-modules (ﬂh[ 1) ®¢(a) (ﬂ;b) and ﬂ}4[3 are isomorphic.

To prove the first claim we note that if I; and Iy are stably-isomorphic, then there exists
an isomorphism of A-modules

Lo A= D A

Then, since ﬂh.%l is a free £(A)-module of rank one (by (2.2.3)), the argument of Lemma
3.4 induces an isomorphism of £(.4)-modules of the required form

ﬂ;h = (ﬂ;h) Qg () (ﬂ;A)
= (), 72) @eca (), A
o ﬂlfg.

The second claim is proved in a similar way since the given isomorphism Iy ® I, = I3 A
induces an isomorphism of £(.A)-modules
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1

ﬂ I1) ®¢(a ﬂ I) ﬂAul@Ig)

2

= ﬂ (Is® A)
(1) Ee (A
= ﬂi\]g.

12

0

Remark 3.10. The homomorphism A 4 constructed above has a conceptual interpretation.
To explain this we recall from Remark 2.6 that the reduced determinant functor d4
induces a monoidal functor (biiw :VE(A) — P(£(A)). The latter functor in turn induces
a homomorphism of abelian groups 7r0(<;5££’w) from the Grothendieck group K (A) to the
Picard group Pic({(A)) of the commutative ring £(A) (cf. [24, Rem. 5.5]). This Picard
group is canonically isomorphic to Cl({(.A)) and, with respect to this identification, A 4 is
equal to the composite

SKI(A) = KI(A4) 2= pie(e(a)) = Cl(e(A))

in which the first arrow is the natural inclusion.

We shall next define a canonical subgroup ker(A4)® of the kernel of Ay comprising
‘locally-primitive classes’.

To do this we write J;(A) for the group of finite ideles of the F-algebra A and {2z, 22}
for the standard basis of A2. For each locally-free, rank one, A-submodule I of A we then
write M (I) for the coset of J[,GLa(Ap) in GLa(Jf(A)) comprising matrices M = (M),
with the property that for all p (in Spm(R)) the set {Mpz1, Myzo} is an Ay-basis of I, & A,.

We write Nrd (4 for the homomorphism GLa(J¢(A)) — J¢(C(A)) that is induced by the
product map Herd 4,- We also identify ((A)* with its image under the natural diagonal
embedding ((A)* — J¢(¢(A)).

Lemma 3.11. Let ker(A4)'P denote the subset of C1(A) comprising elements [I] for which
the set M(I) contains a matriz M with Nrd,4)(M) € ((A)*. Then ker(A )P is a well-
defined subgroup of ker(A4).

Proof. The set X := ker(A4)'P is well-defined since if [I] = [J], then the A-modules I & A
and J & A are isomorphic and so there exists a matrix M* in GLy(A) such that N belongs
to M(I) if and only if M* - N belongs to M(J).

To show X is contained in ker(A 4) it is enough to prove that ﬂh[ is a free {(A)-module
whenever [I] belongs to X. This is true since if we fix M in M (I) with Nrd;,4)(M) € ((A)*,
then the £(.A)-module isomorphisms
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1 1 1
ML= @ea[),A

=Y. (oA
§(A) - (Nrd, 4y (M) - (21 Aa 22))

imply ﬂ;[ is isomorphic to £(A).
Finally, to show X is a subgroup of ker(A 4) it is enough to prove the following claims:

(i) If [1;] belongs to X and I3 is any locally-free, rank one, .A-module for which there
exists an isomorphism of A-modules I} @ Is =2 A @ A, then [I5] belongs to X.

(ii) If [1;] and [I3] belong to X, then any isomorphism of A-modules I} & [y = I3 & A
implies [I3] belongs to X.

Claim (i) is true since the isomorphism I) & I = A@® A implies the existence of a matrix
M, in GL4(A) such that if M; and My belong to M(I1) and M(I2), then in GL4(J¢(A))

one has
My 0\
M, - ( 0 Mg) = Idy4,

where Id,, is the identity matrix in GL,(J¢(A4)), and so
Nrd g, (4) (M) - Nrd g, 4y (M) = Nrda (M)~
belongs to ((A)*.

In a similar way, the above claim (ii) follows from the fact that the induced isomorphism
(LoAD (LA =Z(I30A) @ (ADA)

of A-modules implies the existence of a matrix M, in GL4(A) such that if M; and Mo
belongs to M (1) and M (I2), then there exists a matrix M3 in M (I3) such that

M*‘(o Mg)_<0 Id2>
in GL4(Jf(A)), and hence

Nrde(A)(Mg) = NrdA(M;) . NI‘de(A)(Ml) . NI‘de(A)(Mz).
g

3.3.2. We can now state the main result of this section. This result provides explicit criteria
in terms of Euler characteristics that determine whether primitive or locally-primitive bases
exist.

Theorem 3.12. Let C' be an object of D'0(A). Then x4(C) belongs to SKE(A) and the
following claims are valid.
(1) da(C)" is a free £(A)-module if and only if x 4(C) belongs to ker(A 4).
(ii) d4(C) has a locally-primitive basis if and only if x 4(C) belongs to ker(A 4)'P.
(iii) d4(C) has a primitive basis if and only if x 4(C) vanishes.
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Proof. We first fix a complex P* in Cf(A) that is isomorphic in D¥(A) to C. Then, by a

standard construction of homological algebra (as, for example, in [32, Rapport, Lem. 4.7]),

there exists a quasi-isomorphism of complexes of finitely generated A-modules of the form
0:Q° — P°,

where Q° is bounded and has the property that if a is the lowest degree of a non-zero

module Q%, then P’ vanishes for all j < a4+ 2 and @’ is a free A-module for all j > a.

We set rj := 1k 4(Q7) in each degree j and note that, if necessary after replacing Q® by the
direct sum of Q* and the (acyclic) complex

AL 4
where the first term is placed in degree a, we can assume that r, > 2, and hence also that
rq > sr(A).

Now the mapping cone D*® of # is an acyclic complex for which in each degree j one
has DI = P7 @ Q7*!. In particular, since D’ belongs to Mod!f(A) for all j # a — 1, the
acyclicity of D® combines with the Krull-Schmidt-Azumaya Theorem (as in the argument
of [24, Lem. 5.2]) to imply Q® belongs to Mod"(A), and hence that Q°® belongs to C!f(A).

To prove claim (i) we now use [28, Prop. (49.3)] to choose an isomorphism of .A-modules
of the form

Q"= A)sN,
where [ is locally-free of rank one and N is free of rank r, — 2. Then, since each of the
modules Q7 for j # a is free, the £(A)-module d 4(C)" is isomorphic to

S (M) _ "7 Ajy(=1)
(331) 4% =® (@)

2 a T’a—2 _1)a Tj S (_1\J

(VDA e (V3N e @, (V2@
2

~ (=D

(Y. & A) "

In particular, since the £(.A)-module ﬂi([ @ A) is isomorphic to

(D e (A = (),

the equivalence in claim (i) is a consequence of the fact that A 4 sends the element
(33.2) xa(C) =xa(Q°)
- 1V (0O
> (@)
—(_1\a@ _1\a _ _ 1\,
(DD + (D =D+ Y (1) (A
to (—1)® times the isomorphism class of ﬂ}4[ . This proves claim (i).
Next we note that the isomorphism (3.3.1) implies d4(C) has a locally-primitive basis if

and only if the module d%((I ® A)[0]) = ﬂi([ @A) has a locally-primitive basis. To prove

claim (ii) it thus enough to show that ﬂi([ @ A) has a locally-primitive basis if and only
if the set M (I) contains a matrix M such that Nrd; (a)(M) belongs to ((A)*.
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To prove this we fix a matrix M = (M,), in M(I) and for each p set by, := M, - z; and
bap := M, - zp. Then for each p (in Spm(R)) the equality (2.1.6) implies

(333) blm A bQ7p = NrdAp (Mp) . (21 VAN 22) = Nrde(A)(M)p . (Z1 A ZQ)
and so the description (2.2.2) implies that

(T A), = E(A) - (Nrd 4y (M), - (217 22)).

Assume now that p := Nrdj, (4)(M) belongs to ((A)*. Then p- (21 A 22) is a generator

of the ((A)-module (ﬂi([ ® A))F and one has p = Nrdj,(4)(M), for all p in Spm(R).
By the argument of Proposition 3.8(iii), the above displayed equalities therefore imply that
i (21 A 2z2) is a locally-primitive basis of ﬂi(] @ A), as required.

To prove the converse we assume ﬂi([ @ A) has a locally-primitive basis b that corre-
sponds to a choice of ordered Ay-basis b, of I, & Ay for each p in Spm(R). Then, in this
case, the equalities (3.3.3) imply the transition matrices M, from {z1, 22} to b, combine to
give a matrix M = (M,), in GLa(J¢(A)) with the property that

b=Nrd;,a) (M), - (21 A 22)

for every p. These equalities combine to imply that Nrd;, 4)(M) belongs to ((A)*, and
this completes the proof of claim (ii).

Turning to claim (iii), we note Proposition 3.2 implies that d4(C) has a primitive basis
if and only if C' is isomorphic in D(A) to a complex K*® that belongs to both C'H9(A) and
C'(A) and also has the property that rk 4(K®) > sr(A) in some degree a.

In particular, if such a complex K*® exists, then it is clear that the Euler characteristic
xA(C) = xa(K*®) vanishes. Conversely, if x 4(C) vanishes, then the sum (3.3.2) also van-
ishes and so the A-module Q* = (I & A) @ N is stably-free. Then, since rk4(Q%) > 2, the
Bass Cancellation Theorem implies Q® is a free .A-module of rank at least sr(.A) and hence
that the complex Q°® implies d 4(C) has a primitive basis, as required. O

The following result describes two useful, and concrete, consequences of Theorem 3.12.

Corollary 3.13.

(i) If A is commutative, then, for any object C of D¥°(A), an element of d4(C)F is a
primitive basis of do(C) if and only if it is a basis of d4(C)" as a (A)-module.

(ii) If|C1(A)| does not divide |C1(£(A))|, then there exist objects C of DY"0(A) for which
da(C)" is a free £(A)-module but d o(C) has no primitive basis.

Proof. For claim (i) we note that, if A is commutative, then £(A) = A and the map
A 4 identifies with the identity automorphism of CI(A) = CI({(A)). The group ker(A4)
therefore vanishes and so the conditions in Theorem 3.12(i), (ii) and (iii) are equivalent.

In particular, in this case, if d4(C)" is a free £(.A)-module, then d 4(C') has a primitive
basis b. In addition, any basis &’ of the £(A)-module d4(C)" must differ from b by multi-
plication by an element of A* = Nrd4(A*) and so Proposition 3.7(ii) implies b’ is also a
primitive basis of d 4(C'). This proves claim (i).
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The hypothesis of claim (ii) implies that the group ker(A 4) is not trivial. Fix a non-zero
element c¢ of this group and a locally-free, rank one, A-module I that corresponds to ¢ under
the isomorphism C1(A) 2 SKI(A).

Then the complex C := I[0] @ A[—1] belongs to D¥°(A) and its Euler characteristic
xA(C) is equal to ¢. From Theorem 3.12(i) and (iii) it therefore follows that the &£(.A)-
module d4(C)" is free and that d 4(C) has no primitive basis. This proves claim (ii). O

4. RELATIVE K-THEORY AND ZETA ELEMENTS

In this section we fix a finite extension F' of either Q or @, for some prime p. If F'is a
finite extension of Q, then we write Op for its ring of integers.

We fix a Dedekind domain R with field of fractions F. We also fix an R-order A in a
finite dimensional separable F-algebra A and, for any extension field F of F', we consider
the (finite dimensional, separable) F-algebra Ar := F ®p A.

4.1. Relative K-theory.

4.1.1. We write Ko(A, Ar) for the relative algebraic K-group of the ring inclusion A C Ar.
We recall from [81, p. 215] that this group can be described as a quotient (by certain
explicit relations) of the free abelian group on elements (P, g, Q) where P and @ are finitely
generated projective A-modules and g an isomorphism of Az-modules F ®p P =2 F Qr Q.
We further recall that for any extension field 7’ of F there exists a commutative diagram

a7 O 7
Ki(A) — Ki(Ap) —— Ko(A Ap) —— Ko(A)
(4.1.1) H LA,H/T LA’”,T H

Ki(A) —— Ki(dr) 275 Ko(A A7) 75 Ko(A)

in which the upper and lower rows are the long exact sequences in relative K-theory of the
inclusions A C Az and A C Ar and the homomorphisms ¢4 7 7 and ¢4 7 7 are injective
and induced by the inclusion Ar C Az/. (For more details see [81, Th. 15.5].)

For each prime ideal p of R we regard the group Ko(Ay, Ap) as a subgroup of Ko(A, Ar)
by means of the canonical composite injective homomorphism

L

(4.1.2) (@pespm(m Ko(Ap, Ap)) = Ko(A, A) 55 Ko(A, AF),
in which the isomorphism is described in the discussion following [28, (49.12)].

We write p(p) for the residue characteristic of each p in Spm(R). If F' is a finite extension
of Q in C, then for each p in Spm(R), we write Isom, for the set of field isomorphisms
J : €= Cppy for which the induced embedding F' C C — C, induces the prime ideal p.

4.1.2. Since Ar is semisimple, one can compute in the Whitehead group K;(Ax) by using
the injective homomorphism

NrdA]_. : Kl(A]:) — C(A]:)X
that is induced by taking reduced norms (see [28, §45.A]). The image of Nrd 4, is described

explicitly by the Hasse-Schilling-Maass Norm Theorem (cf. [28, (7.48)]). We recall, in
particular, that this map is bijective if F is either algebraically closed or a subfield of the
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completion C, of an algebraic closure of Q, for any prime p, but that, in general, its cokernel
is of exponent 2.

We further recall that A is said to be ‘ramified’ at an archimedean place v of F' if there
exists a simple component A’ in the Wedderburn decomposition of A that is ramified, as a
simple central ((A’)-algebra, at a place of ((A’) lying above v.

In the following result we construct, for suitable fields F, a canonical ‘extended boundary
homomorphism’ ((Ar)* — Ko(A, Ar) (that extends the special case considered by Burns
and Flach in [17, §4.2, Lem. 9]).

Proposition 4.1. Fiz an embedding of fields F — F with the following property:

o if I is a number field, then F C C and the chosen embedding induces an archimedean
place v of F' in such a way that F = F.

Then there exists a canonical homomorphism of abelian groups
o7 C(AF)" — Ko(A, Ar)
that has all of the following properties.
(i) The connecting homomorphism O F in (4.1.1) is equal to d 4,7 o Nrd .
(ii) The kernel of d 4,7 comprises all elements of ((A)* whose image in ((Ap)* belongs
to Nrda,(Ki(Ayp)) for every p in Spm(R).
(iii) For any extension € of F in F, the full pre-image of im(1a¢ 7) under d 4, F is equal
to ((Ag)™.
(iv) If F is a number field, then for all p € Spm(R) and j € Isomy, there exists a
commutative diagram of the form

C(AF)™ Ko(A, AF)
j;l lj*
% OAp Cp(p)
C(Cppy ®F; A) —— Ko(Ay, Cpp) ®p5 A).

Here j. denotes the embedding induced by the restriction of j to F and the homo-
morphism j. is induced by sending each tuple (P, g, Q) to (B, Cppy @75 9,Qp)-

(v) Assume F' is a number field, A is unramified at all archimedean places other than
v and Spec(R) is open in Spec(OF). Then, in terms of the notation in claim (iv),
for each x in ((AF), the element 04 r(x) is uniquely determined by the elements
{04,.c,(J%(x))}p,5, as p ranges over Spm(R) and j over Isomy. In particular, in this
case, the map d 4,7 is uniquely determined by the commutativity of all diagrams in
claim (iv).

oa,F

Proof. If either F' is a finite extension of @), or 7 = C, then the map Nrd,, is bijective
and we set

(4.1.3) SaF=0aF0(Nrda,) .

Then, with this definition, claim (i) is obvious and claims (ii) and (iii) both follow from the
exactness of the relevant case of (4.1.1) and the fact that Nrd4, (Ki(Ag)) = ¢(Ag)*.

Hence, in the rest of the argument, we assume F' is a number field and F = R arises as
the completion of F' at a place v.
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Then, writing [[;.;F; for the Wedderburn decomposition of ((A) and X(i,v) for the set
of places of each field F; above v, there is a natural decomposition

(4‘1'4) C(A}—)X - HieI(Fi ®F FU)X - HiGIHwGE(i v)F;’(w'

For any element x = (x;);c; of ((Ar)*, and each index i, we can therefore use the weak
approximation theorem to choose an element \;, of F with the property that for each
w in 3(¢,v) for which F;,, = R, one has (\;jzxi)w > 0. Then, writing A, for the element
(Niz)ier of C(A)*, the Hasse-Schilling-Maass Norm Theorem implies that the product Az
belongs to Nrd . (Ki(AF)).

We may therefore define an element of Ko(A, Ax) by means of the sum

(4.1.5) Sar(r) = 0ar((Nrday) 7 (Aew)) = > 4,7 (\a)-

peSpm(R)

Here the sum is regarded as an element of Ko(.A, Ar) via the embedding (4.1.2) (this makes
sense since the corresponding cases of the long exact sequence in (4.1.1) implies that each
element of ((A)* belongs to the kernel of 6 4, 5, for almost all p in Spm(R)).

Note that if A}, = (X} ,)ier is any other element of ((A)* chosen as above (with respect
to the same element z), then for each w in ¥(4,v) for which F;,, = R, one has

NieNiz) Do = (N pTi)w - (Niw®i)y' >0

and hence N (A\;)™! € Nrda(K;(A)). This fact implies that §4 () is independent of the
choice of A\,. It is also easily seen that the assignment x — 4 () is a group homomor-
phism.

Further, with this explicit definition, the property in claim (i) is clear since for each z in
im(Nrd4 ) one can compute 64 7(z) by taking A, = 1 in (4.1.5).

Claim (iii) is also true since for each z in ((Ar), and any A, in ((A)* as fixed in (4.1.5),
one has

dar(z) €im(tae F) <:>8A,]:((Nrd,4f)_1(/\zx)) €im(tae,r)
<= (Nrda, ) '(\wz) € im(tae 7)
< A% € Nrdy, (im(eag 7)) = Nrda, (K (Ag))
<~ c C(Ag)x.

Here the first equivalence is true since each term § 4, , (A) in (4.1.5) belongs to the subgroup
im(c4,77) of im(t4e 7), the second follows from the exact commutative diagram (4.1.1)
(with F and F' replaced by & and F), the third is clear and the fourth is true since
Az € C(A)*.

To prove claim (iv) we abbreviate p(p) to p and write ¢; for the scalar extension map
Ki(Ar) = Ki(Cp ®F; A) induced by j. Then the given diagram commutes since for each
x € ((Ar)*, and each X fixed as in (4.1.5), one has
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3 (64,7 (@) = 5: (04,7 (Nrda,) " (Aa))) — di (6.4, (Aa))
=0, ¢, (tj(Nrda,) 7 (M) = d4,.c, (M)
=04,.C, (12(a)) = 04,c,(N)
=04,., (Ju(2))-

Here the first equality follows from the formula (4.1.5) and the fact that j.(d4, r,(Az)) =0
for all ¢ € Spm(R) \ {p}, the second from commutativity of the relevant case of (4.1.1),
the third from the definition (4.1.3) of § 4,,c, and the compatibility of reduced norms under
scalar extension and the last equality is clear.

Claim (v) follows directly from the commutativity of the diagrams in claim (iv) and the
general result of Lemma 4.2 below.

In a similar way, since ((A)* is the full pre-image under §4  of im(t 4.4 7) (by claim
(iii)), the assertion of claim (ii) in the number field case follows from Lemma 4.2 and the
exactness of the relevant cases of (4.1.1).

This completes the proof of the proposition. O

In the next result we assume the notation and hypotheses of Proposition 4.1(v). For each
p in Spm(R) and j € Isom, we also set Af := C,,) ®F,; A.

Lemma 4.2. Assume F is a number field, A is unramified at all archimedean places other
than v and Spec(R) is open in Spec(Op). Then the natural diagonal map

Ko(A, A7) 225 T Ko (Ap, A5)

;JGSpm(R)]i[jGIsom,J
18 injective.

Proof. We consider the exact sequences that are given by the lower row of (4.1.1) with the
pair (R, F) taken to be (R, F'), (R, F), (Ry, Fy) and (Ry, C,,) and the maps between these

sequences that are induced by the obvious inclusions and by an isomorphism j in Isom,.
Then an easy diagram chase gives a commutative diagram of short exact sequences

0 ——=Ko(A A) ——Ko(A, Ar) —Ki(4r)/Ki(4A) —0

| | |

0—— Ko(Ap, Ap) E—— Ko(Ap, A;) — K (A;)/ Kl(Ap) —0.

In view of the isomorphism in (4.1.2) it is therefore enough to show that the natural diagonal
map

Ki(Ar)/Ki(4) = Hpespm(R)Hjelsomp K1(A45)/ Ki(4p)

is injective. To do this we fix z in K1 (Ar) with ji(z) € Ki(4p) C K1(A4F) for all p and all
J € Isom, and must show that x belongs to the subgroup Ki(A) of Ki(AF).

We use the (injective) maps Nrda, and Nrds to identify K;(Ar) and K;(A) with
Nrda,(Ki(Ar)) and Nrda(Ki(A)) respectively. We then fix an F-basis {a, : w € }
of ((A) so that » =}  _qcua, With each ¢, in F and for every j € Isom, one has
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(4.1.6) Jul@) = Zwegj(cw)“w € ((4p)",

where j, denotes the inclusion ((Ar)* — ((A})* induced by j.

We now fix w in €2 and consider the coefficient ¢,,. If ¢, was transcendental over F', then
there would exist an isomorphism j in Isom, such that j(c,) & Fj, thereby contradicting
(4.1.6). Therefore ¢, is algebraic over F'. The fact that j(c.) belongs to F} for all j € Isom,
then implies that p is completely split in the extension F(c,)/F. Hence, since Spec(R) is
open in Spec(OF), the Tchebotarov Density Theorem implies F(c,,) = F'.

At this stage, we know that = belongs to both Nrda,(K;(Ar)) and {(A)* and so it
suffices to show that, under the stated hypotheses, one has

Nrda, (Ki(Ax)) N C(A)* = Nrd (K (A)).

To verify this we use the decomposition (4.1.4) and, for each i € I, we write X(i,v)’ for
the subset of ¥(i,v) comprising (archimedean) places at which the algebra A; ®p, Fj,, is
ramified (and so Fj,, = R). It is then enough to note that the Hasse-Schilling-Maass Norm
Theorem implies both that

Nrdaz(Ki(Ar))
= {(Tiw)iw € HiEIHwEE(i U)Fifw =((AF)* 1 @iy >0 for all w € X(i,v)'},

and, as A is unramified at all archimedean places of F' other than v, also

Nrdy(Ki(A4)) = {(:); € HieIFiX = C(A)* 2 >0 for all w € X(i,v)'}.

0

4.1.3. In the following result we describe another useful consequence of the long exact
sequence of relative K-theory.

Lemma 4.3. For each element x of Nrd4(K;(A)) the following claims are valid.

(i) For each p in Spm(R) one has x € Nrd(K1(A))) if and only if the image of x in
Nrdy, (Ki(Ap)) belongs to Nrda, (K1 (Ap)).
(ii) The following conditions are equivalent:
(a) T e NrdA(Kl(.A)).
(b) For all p € Spm(R), one has x € Nrda(K1(A))-
(c) Forallp € Spm(R), the image of x in Nrda, (K1(Ay)) belongs to Nrd 4, (K1 (Ay))-

Proof. The relevant cases of the exact sequence (4.1.1) give rise to an commutative diagram
of abelian groups in which all rows are exact
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Ki(4A) = K4 —— KA A

! | I

(1)
I, Ki(Ap) —25 T Ki(A) —— @, Ko(Ag), 4)

! l Jeo

(tp)
[T, Ki(Ap) — gKl(Ap) — D, Ko(Ap, 4p).

Here ¢(,) and ¢, denote the scalar extension maps K1 (A(p)) — Ki(A4) and K1 (Ap) — Ki1(Ayp),
H; the restricted direct product over p in Spm(R) of K;(A) with respect to the subgroups

im(¢(p) and Hg the restricted direct product of the groups K;(Ay) with respect to im(ey).
In addition, the upper vertical arrows are the natural diagonal maps, the first and second
lower vertical maps are induced by the scalar extension maps Ki(Agy) — Ki(Ap) and
K;(A4) — K1(A4p) and ky, denotes the scalar extension map Ko(Ap), 4) — Ko(Ayp, 4yp)-

We recall that each map y is bijective since both groups Ko(Ay), 4) and Ko(Ap, 4p)
identify with the Grothendieck group of finitely generated p-torsion .A-modules of finite
projective dimension over A (cf. the discussion in [28, Rem. (40.19)]). From the commu-
tativity of the lower part of the diagram, one can therefore deduce that an element y of
Ky (A) belongs to im(¢()) if and only if its image in K;(Ay) belongs to im(¢y). This implies
claim (i) since the maps Nrd4 and Nrd 4, are both bijective and, by definition, one has both
Nrd4(K1(A)) = Nrda(im(c4)) and Nrda (K1 (Agpy)) = Nrda(im(ep)).

In a similar way, the result of claim (i) combines with the injectivity of Nrd4 to reduce
the proof of claim (ii) to showing that an element y of K;(A) belongs to im(c4) if and only
if, for every p in Spm(R), it belongs to im(s(y)). It is thus enough to note that this property
follows directly from the injectivity of x and the commutativity of the upper part of the
diagram. ([l

4.2. Virtual objects and zeta elements.

4.2.1. In this section we recall the construction of Euler characteristics that underlies the
formulation of a range of refined special value conjectures in the literature.

To do this we recall first that, as already mentioned in a special case in Remark 2.6, in
[33, §4] Deligne constructs for any category £ that is exact in the sense of Quillen [71, p.
91] a universal determinant functor of the form

[—] @ Esom — V(E).

Here E5om denotes the subcategory of £ in which morphisms are restricted to isomorphisms
and V(&) is the Picard category of ‘virtual objects’ associated to .

In the case that & is the category ModP™ (A) of finitely generated projective left modules
over a ring A, we write V(&) as V(A).

If now A — ¥ is a ring homomorphism, then the functor ModP**(A) — ModP™! (%) that
sends each P to ¥ ®, P is exact and so, by [33, §4.11], induces a monoidal functor

V(A) - V(X), L~ Ly
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that is unique up to natural isomorphism.
Let Py be the Picard category with unique object 1p, and trivial automorphism group
Autp,(1p,). Then the fibre product diagram

V(A X)) —— Py

\L 17)0 !—)lv(z)
V() 22 y(n)

defines a Picard category V(A,Y) in which objects are pairs (L, t) with L in V(A) and t an
isomorphism Ly, — 1yx) in V(X).

It is shown by Breuning and Burns in [11, Lem. 5.1] (following an argument of [17, §2.8,
Prop. 2.5]) that there exists a canonical isomorphism of abelian groups

TAS : K()(A, E) — ’/T()(V(A7 E))

This map sends each element (P, g,Q) in Ko(A,X) to the isomorphism class of the pair
comprising [P] ® [Q]~! and the composite isomorphism

(P12 Q] s — Bax PloEeyQ " L2 may Qo S ey Q™ — 1y

In particular, if « is an automorphism of the ¥-module ¥ ®5 P, and («) its class in K;(X),
then one has

(4.2.1) Ax(0r2((a)) = Ta (P, a, P)) = [1y(a), ta)-

Here 0p x : K1 (2) — Ko(A, X) is the canonical connecting homomorphism as in (4.1.1), u,
denotes the image of (o) under the canonical identification

Ki(3) 2 m V(X)) = Autyz) (1)),

and we write [L, t] for the isomorphism class of a pair (L,t) in V(A, X).
The following definition of Euler characteristic underlies the constructions that are made
in [11] and [17].

Definition 4.4. Fix C' in DP*f(A) and a morphism ¢ : [Cr] — 1y(ay) in V(Az). Then
xA,7(C,t) denotes the element of Ko(A, Ar) that 74 4, sends to [[C],].

Remark 4.5. The homomorphism 0y  in (4.1.1) sends each element x4 7(C,t) to the
classical Euler characteristic of C'in Ko (A). It is for this reason that the elements x 4 #(C,t)
are sometimes referred to as ‘refined Euler characteristics’.

4.2.2. As in §3, we shall in the sequel abbreviate the functors d4, » and d4 o to da, and
d 4 respectively.

The following definition is a natural analogue in our setting of the ‘zeta elements’ that
were introduced (in an arithmetic setting) by Kato in [51].

Definition 4.6. Let C' be an object of D'°(A4) and A an isomorphism in P(¢(Af)) of the

form da,(Cr) = (((AF),0).
Then, for each element x of ((Ax)*, the ‘zeta element’ associated to the pair (A, z) is
the unique element z) , of da.(Cr) that satisfies

)‘(z)\,z) = (l’, 0)
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in (((Ar),0).

Example 4.7. There are several important examples of zeta elements in the literature.

(i) Assume F' = Qp, R = Z, and F = C,. Let M be a motive defined over a number
field K with coefficients in a finite dimensional semisimple Q-algebra B, and T" a Galois-
stable lattice in the p-adic realization of M that is projective over some Zj,-order A in
A = Q, ®p B. Fix a finite set II of places of K containing all archimedean and p-adic
places and all places at which M has bad reduction. Then the p-adic étale cohomology
complex C(M) := RHom4(RT(Ox 11,T), A[—2]) belongs to D"°(A) and, after fixing an
isomorphism of fields C = C,,, there exists a canonical ‘period-regulator isomorphism’ of
the form A : da (C(M)c,) = (¢(Ac,),0) (cf. Remark 4.9 below). In particular, if we

write z for the leading term L*(M,0) in ((Ac)* = ((Ac,)” of the L-function of M at
s = 0, then the element z) ;, defined above generalizes the zeta elements defined for abelian
extensions by Kato in [51].

(ii) Assume F' = Q, R = Z and F = R. Let L/K be a finite Galois extension of number
fields with group G and set A := Z[G] (so that Ar = R[G]). Then, for a suitable choice
of complex (', isomorphsm A\ and element z, the element z) , defined above generalizes the
‘zeta elements’ 2, /i i defined for abelian extensions L/K by Burns, Kurihara and Sano in
[18, Def. 3.5] (following Kato [51]). For details, see Remark 6.7 below.

In the next result we interpret zeta elements in terms of the Euler characteristic con-
struction in Definition 4.4.

Before stating this result we note that every object of the category Mod™®(Ar) of finitely
generated Ar-modules is projective (as Ar is semisimple) and so the construction of Deligne
[33] gives a determinant functor

[—] : MOdfg(A]:)ISOm — V(A]:)

In particular, the universal nature of this functor implies that, for any choice of ordered
bases w as in §2.1, there exists a canonical additive functor

V="varw: V(AF) = P(C(AF))
(cf. [17, §2.6, Lem. 2]).

This functor sends the virtual object [M], for each M in Mod™®(Ax), to da, (M), and
[a], for each o in 71 (V(Ar)) = K1 (Ar), to the automorphism of (((Ar),0) that is given by
multiplication by Nrd, ().

Theorem 4.8. We assume to be given data of the following sort:

an R-order A in a finite dimensional separable F-algebra A;

an embedding of fields F' — F, as in Proposition 4.1;

an object C' of DO(A);

a morphism t : [Cr| — 1ya,) in V(AF).

Then v(t) is an isomorphism da,(Cr) = (((Ar),0) in P(C(Ar)) and, for each element
of C(Ax)*, one can consider the possible equality

(4.2.2) a7 (x) = xaAF(C,1)

in Ko(A, Ar). In any such situation, the following claims are valid.
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(i) If (4.2.2) is valid, then z,(;) . is a basis of the £(A)-module d4(C)".
(ii) Assume F' is a finite extension of Qp, R is its valuation ring and F is an extension
of F'in Cy. Then (4.2.2) is valid if and only if 2,() . is a primitive basis of d 4(C').
In the remaining claims we assume that F' is a number field, that A is unramified at all
archimedean places of F' other than that corresponding to the fixred embedding F — F C C
and that Spec(R) is open in Spec(OF).
(iil) The equality (4.2.2) is valid if and only if z,() , is a locally-primitive basis of d4(C).
(iv) If (4.2.2) is valid, then d4(C) has a primitive basis if and only if there exists an
element ' of Nrda,(Ki(Ar)) of C(Ar)* such that, for all p in Spm(R), and all
field isomorphisms j in Isomy, one has ji(x - x') € Nrda, (K1 (Ay)).
(v) If (4.2.2) is wvalid, then z,q), is a primitive basis of da(C) if and only if one has
z € Nrda, (Ki(Ar)).

Remark 4.9. The ‘equivariant Tamagawa Number Conjecture’ that is formulated by Burns
and Flach in [17, Conj. 4(iv)], and hence also various associated ‘equivariant leading term
conjectures’ in the literature, are equalities of the form (4.2.2) for suitable choices of data
A, F,x,C and t. We briefly mention two concrete applications of Theorem 4.8 in this
setting.

(i) If, in the setting of Example 4.7(i), we consider the composite morphism

t:[C(M)c,] = [Cp ®5, RT(Ok,s,T)] " = E(M)_j = 1ya,)

where Z(M) is the ‘fundamental line’ defined in [17, (29)] and the first and the second
isomorphisms are respectively induced by the morphisms 9,(M, S) and Y in [17, §3.4],
then the equivariant Tamagawa Number Conjecture for (M, A) is formulated as the equality
dac,(L*(M,0)) = xac,(C(M),t). Theorem 4.8(ii) therefore implies that this conjecture
is valid if and only if the zeta element 2, - (ar,0) 18 & primitive basis of d4(C(M)).

(ii) In the setting of Example 4.7(i), Theorem 4.8(iii) provides a similar reinterpretation
of the ‘lifted root number conjecture’ of Gruenberg, Ritter and Weiss [43]. For details see
Remark 6.7 below.

Remark 4.10. Assume the setting of Theorem 4.8(ii). Then, in this case, the result of
Theorem 4.8 combines with Proposition 3.7(ii) to give an equivalence

Sa4,7(2) = xa,7(C,t) <= Nrda(Ki(A)) - 20 . = da(C)P,
where d_4(C)PP denotes the subset of d 4(C) comprising all primitive-basis elements.

Remark 4.11. Assume A is such that a finitely generated .A-module is locally-free if and
only if it is both projective and spans a free A-module (cf. Remark 2.2(iii)). Then, in this
case, it is easily seen that every element of Ko (A, Ar) is of the form x4 7(C, t) for a suitable
choice of data C' and t as in Theorem 4.8.

The proof of Theorem 4.8 will occupy the rest of §4.

4.2.3. To prove claim (i) it is enough to show that, for every p in Spm(R), the validity of
the image of (4.2.2) under the natural map Ko(A, Ar) — Ko(A(), AF) implies an equality

E(Aw)) * 2u(t).e = dag, (Cp)™
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Thus, after fixing p and replacing A by A,y we will assume that R is local (with maximal

ideal p) and C belongs to C'(A). For each integer a we then set r, := rk4(C®) and fix an
ordered A-basis {bss}1<s<r, of C®. Taken together, these choices determine an isomorphism
in V(A) of the form

(02 @ 0N = @) A (A e 1y

where the last map is induced by the fact > ,(—1)%, = 0 (as C belongs to 0 A)).
This isomorphism in turn induces an isomorphism in V(A, Ar)

([Ct) = (s([C]),t 0 Fﬂ_l) = (1V(A)7t o Kl_l)
which combines with (4.2.1) to imply that

XAF(C,t) = 04, r(€tx),

with €, := Nrda,(torx™1) € ((Ar)*.
The validity of (4.2.2) is therefore equivalent to an equality 64 r(€: ) = 04 7(x), and
hence to a containment

(4.2.3) x - e;; € ker(d4,7).

In particular, if this containment is valid, then Proposition 4.1(ii) implies that z ¢, ! belongs
to both ((A4)* and Nrdy, (Ki(Ay)) € &(Ap)*. In this situation it would therefore follow
that z - et_,i belongs to ((A) NE(Ap)* = &(A)*.

On the other hand, the ordered bases {bgs}1<s<r, fixed above (for each a € Z) together
determine a primitive basis 2z’ of d 4(C) that v(k) sends to the element (1,0) of ({(A),0).
One therefore has v/(t)(2") = (é,,0) and so the definition of z,) , implies that

(424) Ru(t),x = (33‘ ’ 6;,;) -2
Thus, if z - e;; belongs to £(A)*, then one has

g(‘A) CRu(t),r — f(A) ’ ((‘73 : GZ;) : Z/)
= (E(A) - (z- ) -7
= £(A) -7
= da(O)",
as required to prove claim (i).

Claim (ii) of Theorem 4.8 also follows directly from the above argument and the fact that,
under the given hypotheses, the equality (4.2.4) combines with Proposition 3.7(ii) to imply
that z,( . is a primitive-basis of d4(C) if and only if z - e;,i belongs to Nrd4(K;(A)) =
ker(d.4 7).

Remark 4.12. Assume F is a finite extension of Q and fix a prime ideal p in Spm(R). Then
the above argument also shows that if the image of (4.2.2) under the natural localization map
Ko(A, Ar) — Ko(Ap, Ar) is valid, then 2,4 , is a basis of the {(A(p))-module dA(C)I(‘p) =

dag, (Cpy)"
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4.2.4. In the remainder of the argument we assume that F' is a number field, that A is
unramified at all archimedean places of F' other than the place v corresponding to F and
that Spec(R) is open in Spec(OF).

To prove claim (iii) we also use the following notation: for each p in Spm(R) and each
isomorphism j in Isom, we set A; := Ay, A; := Ay, Aj :=Cp,) ®p; A and Cj := Cy.

Then, in this case, Proposition 4.1(v) implies that the equality (4.2.2) is valid as stated if
and only if for all p in Spm(R) and all j in Isom, it is valid with A, F, z, C and t respectively
replaced by Aj;, A;,j*(x), Cj and t; := Cpp) @F 5 L.

In addition, the argument of claim (ii) implies that (4.2.2) is valid for any such collection
of data if and only if z,(,) j,(») is a primitive-basis of d 4,(Cj). To deduce claim (iii) it is
therefore enough to note z, ) j, (x) is equal to the image of z,(;) , under the natural map

day(Cr) = Cpp) ®r,; dar(Cr) = ((AF) ®¢(a,) da, (C)).

To prove claim (iv) we note Theorem 3.12(iii) implies that d 4(C) has a primitive-basis
if and only if y 4(C) vanishes. In addition, since Remark 4.5 implies

XA(C) = 0y #(xar(C,t)) = Iy (04,7 (x)),

the result of Proposition 4.1(i) combines with the exactness of the lower row of (4.1.1) to
imply x4(C) vanishes if and only if there exists an element 2’ of Nrd4,(Ki(Ar)) such
that x - 2/ belongs to ker(d.4 7). The result of claim (iv) therefore follows directly from the
description of ker(d4 ) given in Proposition 4.1(ii).

Finally, to prove claim (v) we abbreviate z,(;) , to z. We first assume z is a primitive-
basis of d4(C). In this case we can assume C belongs to C'(A) and hence that z arises from
a choice of (ordered) A-bases of each module C*. Then, just as in the proof of claim (i),
this choice of bases determines an isomorphism & : [C] = 14 in V(A) with the property
that v(k) sends z to the element (1,0) of (((Ar),0). The definition of z therefore implies
that

(z,0) =v(t)(2)
=v(tor ) (v(k)(2))
=Nrda,(tor ') (1,0)
= (Nrda,(tox™1),0)

and hence that « belongs to Nrd4 . (Ki(Ar)), as required.

To prove the converse we assume x belongs to Nrd 4, (Ki(Ax)). In this case, the result
of claim (iv) (with 2’ taken to be 1) implies that d 4(C) has a primitive-basis 2.

Since z is assumed to be a locally-primitive basis of d 4(C'), Proposition 3.7(ii) therefore
implies that z = y - 2’ for some element y of £(A)* that belongs to Nrd4(K;(Ay)) for all
p in Spm(R) and further that z is a primitive-basis of d 4(C) if and only if y belongs to
Nrda(Ki(A)). It therefore follows from Lemma 4.3(ii) that z is a primitive-basis of d 4(C)
if y belongs to Nrd4(K;(A)).

In addition, the same argument as used above shows that the image under v(t) of the
primitive-basis 2’ is equal to (u,0) for some u in Nrda, (Ki(Ar)) and hence that
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(,0) =v(t)(2) - v()(z))
—z ()
=(z-u"1,0).

In particular, because x is now assumed to belong to Nrda . (Ki(AF)), it follows that the
element y = x - u~! belongs to both ((A)* and Nrda,(Ki(AF)).

To deduce that y belongs to Nrd4(K;(A)), and hence complete the proof of claim (v),
it is thus enough to note that, under the present hypotheses, the Hasse-Schilling-Maass
Norm Theorem implies (via the argument at the end of the proof of Lemma 4.2) that
C(A)* N Nrda, (Ki(AF)) = Nrda (K (A)).

This then completes the proof of Theorem 4.8.

PART II: ARITHMETIC OVER NON-ABELIAN GALOIS EXTENSIONS

In the remainder of the article we shall make some technical improvements to the theory
of non-commutative Euler systems introduced by Burns and Sano in [24] and then combine
these strengthened results with the K-theoretic techniques developed in §3 and §4 to improve
aspects of the theory of leading term conjectures over arbitrary Galois extensions.

In particular, in this way we shall formulate both a natural main conjecture of higher-
rank non-commutative Iwasawa theory for G,, over arbitrary number fields and a precise
‘derivative formula’ for the ‘non-commutative Rubin-Stark Euler system’ that generalizes
to arbitrary Galois extensions of number fields the classical Gross-Stark Conjecture.

We shall also obtain strong evidence in support of both of these conjectures in important
special cases and establish a precise link between them and the equivariant Tamagawa
Number Conjecture for G,, over arbitrary Galois extensions, thereby generalising the main
result of Burns, Kurihara and Sano in [19)].

5. INTEGRAL ARITHMETIC COHOMOLOGY AND SELMER MODULES

As a convenience for the reader, in this section we shall first recall some basic facts about
the arithmetic modules and complexes that will play a key role in our theory.
Throughout, we fix a finite Galois extension L/K of global fields.

5.1. Selmer modules.

5.1.1. For a finite set of places II of K and an extension E of K we write IIg for the set of
places of F lying above those in II, Y 11 for the free abelian group on the set Ilg and Xg 1
for the submodule of Yz 1 comprising elements whose coefficients sum to zero.

For each place v of K we fix a place w, of L above v and for each intermediate field F
of L/K we write w, g for the restriction of w, to E. For each non-archimedean place w of
F we write k,, for its residue field and Nw for its absolute norm.

We write S for the set of archimedean places of K (so that S = () unless K is a
number field). For an extension E of K we write Syam(E/K) for the set of primes of K
that ramify in F.
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If IT is non-empty and (in the number field case) contains S§, then we write Op 1 for
the subring of E comprising elements integral at all places outside IIg and O ; for the
unit group of Og . (If II = S7°, then we abbreviate Og 11 to Op.) ,

In this case, for any finite set of places IT' of K that is disjoint from II, we write (’)E’H’H,
for the (finite index) subgroup of OEH consisting of those elements congruent to 1 modulo

all places in II’;. In addition, we write Cl%/ (E) for the ray class group of Op 1 modulo
HweH,Ew (that is, the quotient of the group of fractional Og-ideals whose supports are
coprime to all places in (Il UII')p by the subgroup of principal ideals with a generator
congruent to 1 modulo all places in IT’;).

If /K is Galois, we set G := Gal(E/K) and note each of the groups Yg 1, Xg m,
OE,H’ OE,HII’ and Clg/ (E) has a natural action of G /. In this case, for a non-archimedean
place v of K we also fix a lift Fr, to G, of the Frobenius automorphism of w; g.

5.1.2. If I contains S%°, then the ‘(II-relative IT'-trivialized) integral dual Selmer group for
G, over E’ is defined in [18, Def. 2.1] (where the notation Sy (G, /E) is used) by setting

Selll (E) := cokernel(H 7. — Homg(Ey,, 7)),

wé (TIUTT) &
where EYj, is the group {a € E* : ordy,(a — 1) > 0 for all w € Iz} and the arrow denotes
the homomorphism that sends (2y)w to the map (a = 3, ¢mum) ,0rdw(a)zw).

We recall from loc. cit. that there exists a canonical exact sequence

(5.1.1) 0 — CIff (E)" = Selff (E) — Homgz (O} 1, Z) — 0,

and a canonical transpose Sel%l (E)" to Selg/ (E) (in the sense of Jannsen’s homotopy theory
of modules [46]) that lies in a canonical exact sequence

(5.1.2) 0 — CIF(E) — Selll (B)™ 225 Xp 11 — 0.

5.2. Modified étale cohomology complexes. We set G := Gk and write D(Z[G])
for the derived category of G-modules. We also write D'"0(Z[G]) for its full triangulated
subcategory comprising complexes isomorphic to a bounded complex of finitely generated
locally-free G-modules C with the property that the Euler characteristic of Q ®z C in
Ko(Q[G]) vanishes.

The complexes that are used in the next result are described in terms of the complexes
RT . ((Or,)w, Z) introduced by Kurihara and the current authors in [18, Prop. 2.4]. We
recall, in particular, that the latter complexes can be naturally interpreted in terms of the

Weil-étale cohomology theory that Lichtenbaum has constructed for global function fields
[59] and conjectured to exist for number fields [60] (see [18, Rem. 2.5] for more details).

Lemma 5.1. Let II be a finite non-empty set of places of K containing S5 U Sram(L/K),
and let 1" be a finite set of places of K that is disjoint from I1. Then the complex

Crnm = RHomz(RU. 1 ((Or,m)w, Z), Z)[—2]

belongs to D'U(Z[G)) and has the following properties.
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(i) Cr i is acyclic outside degrees zero and one and there are canonical identifications
HO(C'L,HVH/) and Hl(CL,Hﬂ/) with OZ,H,H/ and Selgl (L)™ respectively.

(ii) If Iy 4s any finite set of places of K that contains I1 and is disjoint from I, then
there is a canonical exact triangle in D'"°(Z[G]) of the form

Conm — Crmw — (@we(nl\H)LRHomZ(RF((Hw)W’Z)7Z))[_1] - Crnm[l],

where each complex RT((kw)w,Z) is as defined in [18, Prop. 2.4(ii)].
111 18 any finite set of places o that contains and s disjoint jrom 11, then
iii) If 11} 4 ; l K th ms I and is disjoi II, th
there is a canonical exact triangle in D'YO(Z[G]) of the form
X
Crnm, — Cruw — (@we(n’l\H’)LHw)[O] — Cpmm [1)-

(iv) For any normal subgroup H of G there is a canonical ‘projection formula’ isomor-
phism in DO(Z[G/ H])

Z|G/H] ®E[G] Crom = Cra s
and hence also a canonical isomorphism of Z|G/H]-modules
Z|G/H] @z1c) Sell} (L) = Sell] (LH)*.

(v) If II contains every p-adic place of K, then there exists a canonical exact triangle

in D(Zy|G]) of the form
Cruwp — RHomgz, (RC(Or 11, Zy), Zp)[—2] — (Zp @z ®w€l'[’ ko) (0] = Criv p[1]
L

in which RU.(Or1,7Z,) denotes the compactly-supported p-adic cohomology of Z,
over the scheme Spec(Op 11).

Proof. The descriptions in claim (i) follow directly from [18, Def. 2.6 and Rem. 2.7]. In
addition, since IT is assumed to contain all places which ramify in L/K, the fact that Cp, i v
belongs to D¥9(Z[G]) follows from the argument used to prove [18, Lem. 2.8].

The canonical exact triangle in claim (ii), resp. (iii), results directly from applying
the functor C'+— RHomgz(C,Z)[—2] to the triangle given by the right-hand column of the
diagram in claim (i), resp. the exact triangle in claim (ii), of Proposition 2.4 in loc. cit.

The first displayed isomorphism in claim (iv) follows by combining the construction of
Crm,mv in [18] with the canonical projection formula isomorphism in étale cohomology

ZIG/H] @Yy RTe((OLn)et, Z) = RT((Op i rp)et, Z)-

The claimed isomorphism of Z[G/H]-modules then follows directly from this isomorphism
and the explicit description of cohomology groups given in claim (i).

Lastly we note that the existence of a canonical triangle as in claim (v) follows from the
discussion in [19, §2.2]. O

Remark 5.2. If, in the setting of Lemma 5.1(ii), v is any place in II; \ II, then the direct
sum of RHomy (RI'((kw)w,Z),Z)[—1] over places w of L above v is a complex of (left)
G-modules that identifies with

xrz(1-Fryl)
e

Z[G] Z[G,
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where the first term is placed in degree zero and Fr, is the Frobenius automorphism in G
of some fixed place of L above v.

Remark 5.3. If the group Oj ;p is torsion-free, then Lemma 5.1(i) implies that the
complex CT = RFC’H/(((’)LZH’)W,Z) is acyclic outside degrees one and two. Since
H?(C% ) identifies with Self (L) (by [18, Prop. 2.4(iii)]), a similar argument to that
in Lemma 5.1(iv) implies the existence in this case, for any normal subgroup H of G, of a
canonical isomorphism of Z[G /H]-modules Z[G/H] @z Selll' (L) = Selll (LH).

6. NON-COMMUTATIVE EULER SYSTEMS FOR G,,

6.1. Hypotheses and definitions. In this section we fix a number field K, with algebraic
closure K¢, and set Gx := Gal(K¢/K).

We write Ir(K) for the set of irreducible Q%valued characters of G that have open
kernel.

For each character x in Ir(K) we fix an associated (finite-dimensional) representation V,
of Gk over Q° and we assume that all reduced exterior powers occurring in the sequel are
defined relative to these fixed representations (cf. Remark 2.1).

6.1.1. We fix a Galois extension K of K in K¢ and a finite set S of places of K with
Sg CS.
We write Xg(K) for the subset of S comprising places that split completely in K and set
rs =rsx = |Es(K)].

We assume that there exists a prime number p and a (possibly empty) finite set of places
T of K that is disjoint from S and such that the following condition is satisfied.

Hypothesis 6.1.

(i) K is unramified at all places of T', and
(ii) no element of K* of order p is congruent to 1 modulo all places in Ti.

Remark 6.2. Hypothesis 6.1 is widely satisfied: for example, if £* contains no element of
order p, then one can take T' to be empty.

We write Q(K) = Q(IC/K) for the set of finite ramified Galois extensions of K in K. For
each F' in Q(K) we set

S(F):=SUSan(F/K) and Gr:=Gp/k

and we identify Ir(Gp) with the subset of Ir(K) comprising characters that factor through
the restriction map Gx — Gp.
We write S%“ for the set of all places of K and fix an ordering

(6.1.1) S = {v(i) Vien

in such a way that

(6.1.2) Es(K) = A{v(@) }ierg)-
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In the sequel we use, for each set of places of K, the ordering that is induced by (6.1.1).
In particular, in all of the (exterior product) constructions that are made in the sequel, we
regard the sets S(F') to be ordered in this way.

For each place v of K we fix a place w, of K and, by abuse of notation, also write
wy = Wp,y, for the restriction of w, to any field F in Q(K). If v is not in S(F') for a given F'
in Q(K) then we denote by Gr,» the decomposition subgroup of G relative to w, and write

Fr, = FrF,U S gF,v

for the Frobenius automorphism relative to w,,.

6.1.2. The functoriality of reduced exterior powers implies that for F' and F’ in Q(K) with
F C F', and any non-negative integer r, the norm map N/ p : (F')* — F* induces a
homomorphism of ((Q[G])-modules

T AT X T X
NF’/F'/\@[QF/1(Q © ’75<F’>)_>/\@[QF1(Q Ors)-

Since OF, (), 1,p 18 torsion-free (as a consequence of Hypothesis 6.1(ii)), the general result
of 24, Lem. 6.10(ii)] implies N, /- restricts to give a homomorphism of §(Zy[Gr])-modules

T X T X
(6.1.3) ﬂzp[gF,]OFOS( T = mzp[gF]OF,S( )T
This fact helps motivate the following definition.

Definition 6.3. Let r be a non-negative integer. Then a ‘pre-Euler system of rank r’ for
G, with respect to the data K/K, S and p is a family of elements

r X
(cr)r € HFeQ(zC)Cp ®Q /\Q[QF](Q Ors(r))

with the property that for every F' and F’ in Q(K) with F C F’ one has

(6.1.4) NG p(err) = (Hves(F/)\S(F)NrdQ[gF}(l — FrFﬁ,)> (cr)

in C) ®q NQ[QF](@ ’ O;,S(F’))'
An ‘Euler system of rank r’ for G,,, with respect to the data /K, S, T and p is a pre-Euler
system (cp)p for K/K, S and p with the additional property that

r X
or €[V, 60, OFstrra

for every F' in Q(K).
We write pES,.(K/K, S,p) and ES,.(C/K, S, T, p) for the respective collections of all such
pre-Euler systems and Euler systems.

It is clear that ES,(K/K,S,T,p) is an abelian group that is endowed with a natural
action of the algebra

&(K/K) == lim E(Z[Gr)),

FEQ(K)

where the transition morphisms are induced by the projection maps Z,[Gp/| — Z,|Gr] for
F C F’ (and are surjective by [24, Lem. 2.7(iv)]).
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Remark 6.4. There are useful relations between different modules of (pre-)Euler systems
of any given rank.

(i) If K’ is a Galois extension of K in K, then the restriction of a system to the subset Q(K’)
of Q(K) defines a homomorphism of &,(IC/K)-modules

ES,(K/K, S, T,p) — ES,(K'/K, S, T, p).

We refer to the image of € under this homomorphism as the ‘restriction of € to K.
(ii) Let v be a (non-archimedean) place of K outside S UT and o an element of Gi that
acts as the inverse of the Frobenius automorphism of a place above v on every F' in Q(K)
in which v is unramified. Then there exists a homomorphism of &,(KX/K)-modules

ES,(K/K,S,T,p) = ES,(K/K,SU{v}, T,p)
that sends each ¢ to the system e, = (¢, r)F specified at each F' in Q(K) by

ol (Nrdgg,)(1 = o))(er), if v is unramified in F,
oF EF, otherwise.
In such a case we say that the system ¢ is a ‘refinement’ of the system &, .

6.2. Euler systems and L-series. In this section we define a canonical family of pre-Euler
systems in terms of the leading terms at zero of Artin L-series and discuss conditions under
which this family comprises Euler systems.

6.2.1. We must first discuss some necessary preliminaries in the general setting of §5.

For this we fix a finite Galois extension L/K of global fields of group G, a finite non-
empty set of places IT of K containing S U Sram(L/K) and a finite set II' of places of K
that is disjoint from II. For each intermediate field F' of L/K we then set

Y(F) =Xq(F) := {v € Il : v splits completely in F}.

We write

(6.2.1) Rin:R-Ofy—=R-Xpn

for the isomorphism of R[G]-modules that, for every u in OF y;, satisfies

Rpn(u) == logluly-w,

where | - |,, denotes the absolute value at w (normalized as in [82, Chap. 0, 0.2]).
Then, for each non-negative integer a, the map Ry, 11 induces an isomorphism of ((R[G])-

modules
« ~ a
AL /\R[G -Opn) = /\R[G] (R~ Xpm)

For each such a, the ‘a-th derived Stickelberger function’ of the data L/K,II and II' is
defined to be the ((C[G])-valued meromorphic function of a complex variable z

1yrmm(z) = erh(G)(z_aX(l)LH,n/ (X> 2)) - ey,
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where Ly (X, z) is the II-truncated II'-modified Artin L-function for the contragredient x
of x and we use the primitive central idempotent

- —1 —1
ex =x(IGI'Y_ _ x(9)g
of C|[G]. In the case a = 0, we set
(6.2.2) Ok (2) == 9%/[(,1‘[,1‘[’(2)

and refer to this function as the ‘Stickelberger function’ of L/K,II and IT'.
An explicit analysis of the functional equation of Artin L-functions (as in [82, Chap. I,
Prop. 3.4]) shows that for each x in Ir(G) one has

(6.2.3) ord.—oLn(x, 2) = x(1)7" - dimg (e5 (C - X1m)).

This formula implies, in particular, that if IT contains a proper subset of a elements that

split completely in L, then the function 67 / K’H’H,(z) is holomorphic at z = 0 and it is then

casily checked that its value 07 - 1 (0) at z = 0 belongs to the subring ((R[G]) of ((C[G]).
This observation allows us to make the following definition.

Definition 6.5. Let X be a subset of X(L) with 3 # II and fix v/ € II\ . Then the ‘(non-
commutative) Rubin-Stark element’ associated to L/K,II,1I' and ¥ is the unique element

E%/K,H,H’ of /\I‘RZ[‘G} (R-Of y7) that satisfies

b b))
ML,{'{@%/K,H,H’) = 9|L/‘K,H,H’(O) : /\UGE(wv - wv’)a

where the exterior product is defined with respect to the ordering of ¥ induced by (6.1.1).

Remark 6.6.

(i) The condition ¥ # IT is automatically satisfied if ¥ (L) # II and hence, for example, if
L/K is ramified.

(ii) Since every place v in ¥ splits completely in L, the elements {w, — w, },ex span a free
G-module of rank |¥|. Given this, the explicit definition (via (2.1.1)) of reduced exterior
powers implies that the element e, (Ayex(wy, — w,r)) is non-zero for every x in Ir(G). In

particular, since A'LE‘H is injective, the equality defining 5% JKTLIT implies, for each y, that

)
ex (€3 ) # 0 == ex - 0y 1y (0) # 0.
(iii) If ¥ # X(L), then |X| < |3(L)| and, in this case, (6.2.3) combines with the observation
in (ii) to imply that either e%/KHH, vanishes or both L = K (so that (L) = II) and
|X| = |2(L)| — 1. By a similar argument one checks that, if ¥(L) # II (so that L # K),

then Hle/([?ll_I w(0) - (wy, — wyr) = 0 for every vy in IT'\ (L) and so the element

S(L
(6.2.4) EL/K IV = ELEK),H,H'

depends only on the data L/K,II and IT'.
iv) If ¥ is empty, then the map AEL — X0 identifies with the identity automorphism of
LI LI

the space

A (€ Ok ) = C(€IG) = A, (€ Xe)
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and Ayex; (wy, —w,) with the element 1 of ((C[G]). In this case, therefore, 5%/1( [ coincides
with the (non-commutative) ‘Stickelberger element’

Or/kmm(0) == erh(G)LH,H/ (X, 0) - ex € C(Q[G])

that was first studied by Hayes in [44]. (We note here that, whilst 67,/ 17,1 (0) belongs, a
priori, only to ((C[G]), a classical result of Siegel [78] combines with Brauer induction to
imply, via [82, Th. 1.2, p. 70|, that it belongs to ((Q[G]), as indicated above.)

Remark 6.7. We now have all of the ingredients that are required to justify the observa-
tions in Example 4.7(ii) and Remark 4.9(ii). To do this, we fix data L/K,II,II' as above
and use the complex C' = Cp v defined in Lemma 5.1. Then C belongs to le’O(Z[G])
and the isomorphism Ry from (6.2.1) combines with the explicit descriptions of coho-
mology in Lemma 5.1(i) to induce a canonical isomorphism A : dgjq(Cr) = (((R[G]),0)
in P(¢(R[G])). In this setting, the zeta element z) , associated by Definition 4.6 to the
leading term x = 67 / K’H,H,(O) at z = 0 of 01,k v (2) generalizes to non-abelian extensions
the ‘zeta elements’ zp, /g v defined in [18, Def. 3.5]. Further, an argument similar to
Example 4.7(i) shows Theorem 4.8(iii) implies that the ‘lifted root number conjecture’ for
L/K of Gruenberg, Ritter and Weiss [43] is equivalent to asserting that the element z) ,
is a locally-primitive basis of dZ[G](C). This latter condition directly extends the leading
term conjecture ‘LTC(L/K)’ formulated for abelian L/K in [18, Conj. 3.6]. In addition, if
Zxz is a locally-primitive basis of dzjg(C), then Theorem 4.8(v) combines with the Hasse-
Schilling-Maass Norm Theorem to imply that z) , is a primitive basis of dZ[G](C) if and
only if, for every irreducible complex symplectic character x of G, the leading term at z =0
of Lyi(x, z) is a strictly positive real number.

6.2.2. We next state a precise conjecture concerning the ‘integral’ properties of the Rubin-
Stark elements from Definition 6.5.

In particular, in this conjecture we fix data L/K,II and IT" as in §6.2.1. We also fix a
prime p and an isomorphism of fields C = C, and identify each element of the form 5% K TLIT

with its image under the induced embedding of ((R[G])-modules

1= « 1=
/\R[G] (R- OL,H) - /\CP[G] (Cp - O;,H,p)'

Conjecture 6.8. (Non-commutative Rubin-Stark Conjecture) Let ¥ be a subset of ¥(L)
with ¥ # I1. Then, for every prime p for which the group O 1/ p S torsion-free, one has

Fraenw € 1y OF
L/K,ILII Z,[G] LILI p*

Remark 6.9.

(i) If Tate’s formulation [82, Chap. I, Conj. 5.1] of Stark’s principal conjecture is valid
for L/K (as is automatically the case if K has positive characteristic), then the validity of
Conjecture 6.8 can be shown to be independent of the choice of isomorphism j : C = C,,.
For this reason, we do not explicitly indicate the choice of j either in the statement of
Conjecture 6.8 or in the arguments that follow.
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(ii) If ¥ = ¥(L) is empty, then (X # II and) E%/KH’H, = 0r/km,m(0) (cf. Remark 6.6(iv))

and also |X| = 0 so m‘ZEp‘[G]OE,H,H',p = £(Zy[G)) (by [24, Th. 4.19(i)]). In this case, therefore,

Conjecture 6.8 asserts that €7k rimv(0) belongs to £(Zy[G]) for every prime p for which
Of 18 torsion-free. Recent results of Ellerbrock and Nickel [34, Th. 1, Th. 2] provide
evidence in support of this prediction.

(iii) If OF ;qp is itself torsion-free, then Conjecture 6.8 (for all p) combines with [24, Th.

4.19(iii)] to predict that the element ey /g v (from (6.2.4)) belongs to n'ZE[(G?‘OZHH,.

This prediction is a natural generalisation to arbitrary Galois extensions of the Rubin-Stark
Conjecture that is formulated for abelian extensions in [74]. For this reason, we shall in the
sequel refer to Conjecture 6.8 as the ‘Rubin-Stark Conjecture’ for the data (L/K,II, 1T, p).

6.2.3. As a final preliminary step, we establish some useful properties of a family of central
idempotents of Q[G] that will play an important role in the sequel.

To do this we note that, for any proper subset II; of the set of places II of K fixed above,
one obtains an idempotent of ((Q[G]) by setting

(6.2.5) €L/K LI = erx

where in the sum x runs over all characters in Ir(G) for which e, (Q° ®z X, r1\1,) vanishes.
In the following result, we fix, for each x in Ir(G), an associated Q°-representation V,
(cf. the beginning of §6.1).

Lemma 6.10. Fiz L/K,II and II; as above. Then, for every character x in Ir(G), the
following conditions are equivalent.
(i) ex-er/xmm # 0.
(ii) The projection map e, (Q° ®z X 1) = ex(Q° ®z Y 11,) is bijective.
(ili) The multiplicity of Vy, in the decompositions of both Q¢ ®z (’)Z’H and Q° ®z X1
18 equal to Zvenldich(VXG”), where G, is the decomposition subgroup in G of any
fixed place w of L above v.
(iv) The order of vanishing of Lii(x,z) at z =0 is equal to Zvenldich(VXG”).
(v) If x is non-trivial, then VXG“ vanishes for each v in I1\ IIy. If x is trivial, then
T\ II;| = 1.

Proof. The definition (6.2.5) of ey /k 1111, ensures that e, - er/x m, 7 0 if and only if the
space e, (Q° ®z X, mm\m,) vanishes. The equivalence of conditions (i) and (ii) is therefore a
consequence of the natural exact sequence

0— XL,H\Hl — XL,H — YL,Hl — 0.

Conditions (ii) and (iii) are equivalent since Xp i and O j; span isomorphic Q°[GJ-
modules and for each place v in II; the space e, (Q° ®z Y7, () is isomorphic to the G-
invariants of V.

The latter fact also combines with the explicit formula (6.2.3) to imply equivalence of
the conditions (ii) and (iv) and with the exact sequence

0— XL,H\H1 — YL,H\Hl —7Z —0
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to imply equivalence of the conditions (ii) and (v). O

Remark 6.11. If the set II; in Lemma 6.10 is the subset ¥ of 3(L) that occurs in Definition
6.5, then G, is the trivial group for each v in II; = ¥ and so, for every x in Ir(G), one has

Zvenldim(@c (VXG“) = Zvezdich(VX) = 3] x(1).

In this case, therefore, the equivalence of conditions (i) and (iv) in the above result implies,
for any auxiliary set of places IT" as in §6.2.1, that

>
ex-er/k s # 0 <= ey ‘9|L/|K,H,H/(0) # 0
s
= ex(E/kmm)

where the second equivalence follows from Remark 6.6(ii). In the space /\]‘REHG] (R-Of )

one therefore has an equality
b _ bX
€L/K IV = eL/KﬂZ(gL/K,H,H’)'

6.2.4. We now return to the setting of §6.1.1.
For every F' in Q(K) the set ¥ g(K) is a proper subset of S(F) (since Sam(F/K) # ()
and so Remark 6.6(iii) implies that the non-commutative Rubin-Stark element

ns(K
(6.2.6) EFST = €F7[({,39’(F),T

depends only on the data F//K,S,T and K.
Lemma 6.12. The collection

exsr = (ErsT)Fea()
has the following properties.
(i) E%S&T belongs to pES, ((K/K, S,p).
(i) If, for every F in Q(K), Conjecture 6.8 is valid for the data F/K, S(F), T and p,
then E%’S&T belongs to ES,((K/K, S,T,p).

Proof. Set r :=rg = |Xg(K)|. Then, if Conjecture 6.8 is valid for the data F/K, S(F), T
and p for every F in Q(K), each element

RS _ _ _¥s(K)
(EIC,S,T)F = ERST = €p/K S(F),T

belongs to ﬂ%p[gﬂ(’);’ s(r)7,p @0d 50 claim (ii) is a consequence of claim (i).

To prove claim (i) it suffices to show that the distribution relation (6.1.4) is valid for all
pairs F' and F’ with F C F' if we set cp := sijﬁﬁw)j.

For each finite set of places S’ of K that contains S(F'), and each yx in Ir(Gr), there is
an equality of functions

. . -1 - .
(6.2.7) Lg(X,s) = (Hves,\S(F)detu —Fri - (No)™* | Vy)) - Lgm) (X, ).
Taken together with the inflation invariance of Artin L-series this implies that

77 (05, 5(m),7(0)) = (HUES(F/)\S(F)NrdQ[gF](l —Fry) - 05k s0m) (0),
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where 7 /5 is the natural projection map ((C[Gx]) — ((C[GF]). Given the explicit defini-

iil((lfg‘(F),T’ the validity of (6.1.4) in this case

will therefore follow if there exists a commutative diagram of ((R[Gp])-modules

tion (in Definition 6.5) of each element cp = ¢

r X )\TF’,S(F’) r
NG 1RO gpn)) —— Arig,) (R Xpr s(7))

o] |
Aps ()

Nrigp(R - O;,S(F’)) —— Nrgn R Xps@n),

in which one has

9(/\ue25(1<) (wy,pr — wv',F')) = Nyexg(K) (wv,F - wv’,F)

for any choice of place v’ in S(F) \ £g(K). The existence of such a diagram is in turn an
easy consequence of the fact that the following diagram commutes

RF’,S(F’)
R- O;/,S(F’) — 5 R XF’,S(F’)

I I

Rp srry
R-Of gy —— R-Xpgm,

where the left hand vertical map is the natural inclusion and the right hand vertical map is
induced by sending each place wy,r t0 >/ cai(pr/m)9(wo, k) (cf. [82, bottom of p. 29]). O

Definition 6.13. The ‘Rubin-Stark (non-commutative) Euler system’ relative to the data
K/K,S,T and p is the element 5%’85,T of pES, . (K/K, S, p) described in Lemma 6.12.

Remark 6.14.

(i) If /K is abelian, then 5,%’85,T coincides with the pre-Euler system considered by Rubin
in [74, §6].

(i) If ¥g(K) is empty, then, for every F' in Q(K), Remark 6.9(ii) implies that

(e%.1)F = O/ r.5(r)7(0).

In addition, Conjecture 6.8 predicts that 0,k g(r)r(0) belongs to (Zy[GF]) for every p for

which O;y S(F).T,p 18 torsion-free (see Remark 6.9(ii)).

6.3. Euler systems and Galois cohomology. The ‘reduced determinant’ functor con-
structed in [24, §5] can be combined with the complexes constructed in Lemma 5.1 to give
an unconditional construction of non-commutative Euler systems.

In this section we shall describe this construction and then use it to strengthen one of
the main results of [24].

To do so, we introduce the following convenient notation: in the sequel, for each natural
number d, we consider the ordered set

d:={ieZ:1<i<d}.
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For each finite group I', we then write {br;};c[q for the standard (ordered) Z[I']-basis of
Z[T]* and {b ; Fiea) for the corresponding dual basis of Homgp (zZ[T)4, Z[1)).
In the case that I' = G, for some L in Q(K+) we shall also use the abbreviations

(6.3.1) bri=bg,i and bL;:=bg, ;.

6.3.1. We start by proving a version of the construction made in [24, Lem. 8.8] that is
relevant to our setting.
As usual, we endow each set of places of K with the ordering induced by (6.1.1).

Lemma 6.15. Fiz data L/K,G,1I and II' as in §6.2.1.

Fiz a place v' in I, set n := [II\ {v'}| = [II| — 1 and let p be a prime for which OF .,
1s torsion-free. Then there exists a natural number d with d > n and a canonical family of
complexes of Zp|G]-modules C(¢) of the form

Z,G1" % 2,(6)"
in which the first term is placed in degree zero and the following claims are valid.

(i) There exists an isomorphism k : C(¢) — Cp.mrp in DP(Z,[G]) with the following
property: fori € [d], the image of bg; under the composite map

1 U
Z,G)* — cok(@) T Selll (L) 22125 X 1y,
where or11 15 as in (5.1.2), is equal to wy, —w,y, with v; the i-th element of I\ {v'},
if i € [n] and is equal to O otherwise.
(i) If C(¢') is any complex in the family, then ¢/ = no ¢ o (n')~' where n and n' are
automorphisms of Z,[G]? and n is represented, with respect to {bG.itieq), by a block
matriz

(6.3.2) (%) :

where I, is the n x n identity matriz and M, belongs to GL4—_n,(Zp[G]).

Proof. We first fix a projective cover of Z,[G]-modules w’ : P — ker(or, 1) = CIH,(L)p and
a module P’ of minimal rank such that P & P’ is a free Zy[G]-module. With dy denoting
the rank of P @ P’, we fix an identification P @ P’ = Z,[G]% and write @ = (=’,0p)
for the induced surjective map Z,[G]% — ker(ormp). We finally set d := n + dy and
Sy = Sellf’ (L) and write @ : Zp[G]? — &, for the map of Z,[G]-modules that sends be;
to a choice of pre-image of w,, — w, under gz, 11, if ¢ € [n| and to w(bg,i—n) if 7 € [d] \ [n].
Then w is surjective and such that

Wy, — Wy, ifi e [n]

(6.3.3) or,np(@(be,i)) = {0 if i e [d\ [n].

Now, since C' = O, . belongs to D0(Z[G]), and the module Uy, = H%(C,) is torsion-
free, a standard argument (as in [21, Prop. 3.2]) shows the existence of an isomorphism

K : C(¢) — Cp in D(Zy[G]), where C(¢) has the required form Z,[G]? LA Z,[G)? and H'(k)
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is induced by the map w constructed above. In view of (6.3.3) this construction has the
properties described in claim (i).

To verify claim (ii), it is also enough to note that if ' : C'(¢') — C, is any alternative set
of data constructed as above, then the argument of [21, Prop. 3.2(iv)] shows the existence
of automorphisms 7’ and 7 of Zp[G]d that lie in an exact commutative diagram of the form

0 — OF 7,161 —2— 761 9 &, o
L,ILI p P D L

63 | o

0 K -1 / 1 k! T
0 — @Z}Hﬂ/’p RGN Z,|G)* . Z,|G)¢ H'(k') &y 0.

HO(K)fl

Here H'(x)" and H'(x')" are the composites of the respective tautological maps Z,[G]¢ —
cok(¢) and Z,[G]? — cok(¢') with H'(k) and H'(x"), and 7 is represented with respect to
the basis {bg i }ic[q) by a block matrix of the required sort (6.3.2). O

6.3.2. We next derive a useful consequence of Lemma 6.15 in the setting of §6.1.1.

To state the result we use the following notation: if I" is a finite group and X a finitely
generated £(Zp[I'])-lattice, then we regard X as a subset of Q, ®z, X in the natural way
and, for each element a of ((Qp[I']), we define a £(Z,[I'])-submodule of X by setting

Xa| ={reX:a-z=0}={reX :z2=(1—-a)- z}.

We also note that, for every L in Q(K), the set S(L)\ £g(L) is non-empty (since L/K is
assumed to be ramified).

Proposition 6.16. Fiz L in Q(K), a place v' in S(L)\ Xs(L) and a subset ¥ of Xg(L) of
cardinality a (so that a < [Xg(L)| < |S(L)|). Set G := G, and write e for the idempotent
er/k,sr),x of C(Q[G]) defined in (6.2.5).

Fiz a prime p and a finite set of places T of K with T N S(L) = ( and such that

Urp = OZ,S(L),T,p is torsion-free. Let Z,G]? 2, Z,|G]¢ be a representative of Cr.s(n),Tp

of the form constructed in Lemma 6.15 (with respect to the place v') and write

. a a d
i Uer = (g%l

for the injective homomorphism of {(Zy(G])-modules that is induced by the isomorphism
ULy = HY(Cp g1y 1p) = ker(¢). Then, with {b;};c|q denoting the standard basis of Zy[G]?,
there exists an (ordered) subset I = Iy, of [d] of cardinality d — a such that the element
(6.3.5) zr = (Nier(bj © 9))(Ajelabs)
of ﬂ%p[G]Zp[G]d has all of the following properties.
(i) There exists a unique element 1, of ﬂ%p[G] Urp that is independent of the choice of
v' and such that 1.(e) = x .
(ii) C(Qp[G)) e = Qp @z, (N2, ULp)[1 — €.
(iii) For each X in ((Qp[G]) the following conditions are equivalent.
(a) A-ep € ﬂ%p[G]UL,p'
(b) A-zr € N7, 16 Zo[G]"-
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(¢) A+ Nrdg, (M) € &(Zy[G]) for all matrices M = (M;;) in Ma(Zy[G]) with the
property that M;; = (b o ¢)(b;) fori € I and j € [d].

iv) Let 7 be an element o L.p obtained by making the above constructions wit
Let e’ b l f %p[G]U,p b d b k he ab h
respect to another choice of representative of Cr, s(r) 1, of the form constructed in
Lemma 6.15. Then there exists an element p of the subgroup Nrdg, g)(K1(Zy[G]))
of £(Zp|G))* such that €f = p- €.

Proof. Set R := Z,|G] and A := Q,[G].

Write I’ = I§, for the subset of [n] comprising integers ¢ for which the i-th place v; in
S(L)\ {v'} belongs to ¥ and set I := [d] \ I'. By relabelling if necessary, we can (and will)
assume in the rest of the argument that I’ = [a], and hence I = [d] \ [a].

Then, since every place in X splits completely in L, the construction of ¢ combines with
the properties of the surjective map fixed in (6.3.3) to imply bf o ¢ = 0 for each i € [a]. In
addition, the group Exth(im(¢), R) vanishes since im(¢) is torsion-free.

Given these observations, and the fact that the idempotent e is defined via the condition
(iii) in Lemma 6.10, claims (i) and (ii) are obtained directly upon applying the general result
of [24, Prop. 4.18(i)], with the matrix M in the latter result taken to be the submatrix

((bj o ¢)(bj))a<i§d,1§jgd

of the matrix of ¢ with respect to the basis {b;}i1<i<q. We note, in particular, that the
independence assertion in claim (i) is true since claim (ii) implies €7, = e(ey,), whilst Lemma
6.10(iii) implies e(v') = 0.

Next we note that the vanishing of Exth(im(¢), R) also combines with [24, Th. 4.19(iv)]
to imply that the conditions (a) and (b) in claim (iii) are equivalent. Finally, we note that
condition (b) is equivalent to condition (c) since for every subset {;}1<;<q of Homp(R?, R)
one has

(NZ90:) (A - 1) = X+ (AZ90:) (NS (0 0 6)) (AZ1h)))
=X+ Nrda(=1)" @9 - ((ANZ596;) A (NZ2 4 (0] 0 ) (M Z1b))
=\ Nrdg(—1)*4=% . Nrd 4 (M).

Here M is the matrix in M4(R) that satisfies

- Qi(bj), iflgiga,lﬁjgd
T (o) (b)), ifa<i<d, 1<j<d,

and so the third equality is valid by [24, Lem. 4.10].

To prove claim (iv) we assume to be given a commutative diagram (6.3.4) and for any
map of {(R)-modules 0 we set g, := Q, ®z, 0.

Then, using the automorphisms 7" and 7 from (6.3.4), we compute
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(N, ) (@) = (Namty, ) (A= (55 0 @) (AT bz))
= (NZ21 (65 0 90 () ™)) (A, ) (AIZ0b1))
=Nrda(ng,) - (N g (b om0 ¢)(AE db)
= Nrda(ng,) - (Nrda(ng,)#) ™ - (N2 (65 0 ¢) (A1),

where we write z — 27 for the Q,-linear involution of ((A) that is induced by inverting
elements of Gy. Before justifying this computation, we note that, if true, it implies the
validity of claim (iv) (with p = Nrd A(n(’@p) - (Nrda(ng,)#)™!) since the commutativity of

(A
)

the first square in (6.3.4) implies that the composite map (/\%(n{@p)) o 14 coincides with the
embedding (7 1)ULy = Mz, 1c1%p [G]¢ induced by '.

Now the first and second equalities in the above computation are clear and the third is
true since

(A%ng, ) (Mierbi) = Nrda(ng,) - Aiejabi
and because the commutativity of the second square in (6.3.4) implies that
bjogo ()t =bjon tod
To verify the fourth equality it suffices (by virtue of the injectivity of the map ev?
(2.2.1)) to show that

(NZ30,) A (22, (0 o 0 @) = (Nrda(ng,)#) ™ - ((AZ56;) A (N2, (55 0 6)))

for every subset {0;}1<;j<, of Homg(R?, R).
To prove this we write 77 for the automorphism of R? that is represented with respect to
the basis {b;}1<i<q by the matrix
(1317)
/ I
0| M,

where M;, agrees with the corresponding (d — a) x (d — a) minor of the matrix (6.3.2) that
represents 7. Then it is clear that

Nrda(ng,) = Nrda(M,) = Nrda (M) = Nrd(7g,)

Z,[C] in

and also that

77—1 oqﬁl :ﬁ_lo¢/
since im(¢') € R - {b;}a<i<d. Thus, if for any given subset {0;}1<j<, of Hompg(R?, R) we
write o for the (unique) map in Hompg(R9, RY) with

% Gj, 1f1§j§a
bjOSO: P .
biog', ifa<j<d,
then for each j with a < j < d one has
Log/ = (o )od = (B oi oy

and hence
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(NZ10) A (N0 (B o o)) = (M2 017 o @) A (NZ0 (b 0~ 0 )
= (NZ35 0 i) A (N 2oy, (05 0771))) 0 A4 (g,)
=<NrdA<ﬁ@p>#> ((NZ565) A <A§ ?40%)) 0 A% (vg,)
( L ((NZH ) 0 0)) A (NZEL (8] 0 9)))
( (&

j=a+1
d *
NZ105) A§ ar1(bj ),
as required. Here the third equality follows from [24, Lem. 4.13] and the fact that the
reduced norm of the automorphism of Hompg(R?, R) that sends each b} to b o fj~! is the
inverse of Nrd4(7jg,)?, and all other equalities are clear. O

Remark 6.17. Claim (ii) of Proposition 6.16 implies that there is an equality e, = e(er) in
Qp ®z, (ﬂaZP[G} U, L,p)' Taken in conjunction with Remark 6.11, this shows that the elements
€1, have the same invariance properties as do the relevant Rubin-Stark elements.

6.3.3. For each F' in Q(K) we now set
E(F) = dzjg,|(Crs(r),r)

and for F’ in Q(K) with FF C F’ we consider the composite surjective homomorphism of
(graded) &(Z[Gp])-modules

(6.3.6) vy p 2 E(F') = dgg)(Z[GF) ®2[gF,} Crr s(71),1)
— dZ[gF] CFS ® ® GS F’ \S [gF](Cv)
— E(F),

where we set
C, = EB R Homgz (R ((kw)w, Z), Z)[—1]

with w running over all places of F' above v. Here the first map in (6.3.6) is induced by the
standard base-change isomorphism (from [24, Th. 5.2(ii)]), the second is the isomorphism
obtained by combining Lemma 5.1(iv) with an application of [24, Th. 5.2(i)] to the exact
triangle in Lemma 5.1(ii) and the final map uses the canonical isomorphisms

(6.3.7) dzig.(Cv) = (£(Z[GrF]), 0)

that are induced by the descriptions in Remark 5.2 (as per [24, (8.1.1)]).
We can therefore define a graded &,(K/K)-module of ‘vertical systems’ for the data
K/K,S,T and p by means of the inverse limit
VS(K/K,S,T,p) := Jim E(F)p,
FeQ(K)

where the transition morphism for F C F’ is vp /Fp- The Hermite-Minkowski theorem
implies that the ungraded part of VS(IC/K, S, T,p) is a free &,(K/K)-module of rank one
but we make no use of this fact (and so do not give a proof).
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Theorem 6.18. There exists a canonical homomorphism of &,(K /K )-modules
@]C/K,S,T,p : VS(IC/K7 S7 Ta p) — EST‘S (K/Ka Sa T7 p)
This homomorphism is non-zero if and only if 9;5/K7S(F)(O) # 0 for some F in Q(K).

Proof. Set ¥ := Yg(K), r := rg(= |X|) and Up := C’);S(F) o and Cp := Cpgp)r for
every F in Q(K). Then, since each transition morphism vz /F,p 18 surjective, to construct a
map of the claimed sort it is enough to construct for each F' a canonical homomorphism of

¢(Qp[GF])-modules

Uk,

n _ r
OF sy Qp ®z, E(F)p = Qp Rz, ﬂzp[gﬂ )

with all of the following properties:-
(a) OF 57, EF)p) €Nz, 16m Urp-
(b) @lz%‘f,p is the zero map if and only if 67, - ¢ (0) =0.
(c) For all F" in Q(K) with F C F’ and all = in =(F”), the equality (6.1.4) is valid with

CFrr = @%”,S,T,p(ﬂg) and  cp = @%',S,T,p(VF’/F,p(:B))'

We write e for the idempotent ep/x g(r) 5 of ((Q[GF]) defined in (6.2.5) and note that
the space ep(Q ®z ker(«)) vanishes, where « is the composite surjective homomorphism

H'(Cp) — Xrsry = Yrx = Z[GF]"

Here the first map is induced by Lemma 5.1(i) and the exact sequence (5.1.2), the second is
the natural projection and the isomorphism is induced by sending the chosen set of places
{wy,F}vex to the standard basis of Z[Gp]".

We then define @12;7 stp o be the scalar extension of the following composite homomor-
phism of ((Q[Gr])-modules

(6.3.8) doigr(Q-Cr)
= 4%y, 1(Q - Up) @ diyg, (Q- H'(Cp)) ™!

= er(Q- [V, Ur) Ecion) er (Homeoige) (@[, ZIGr)" C(QIGF]))

= er(Q- mz[gﬂ Ur).

Here the first map is induced by the standard ‘passage to cohomology’ isomorphism (cf. [24,
Prop. 5.14(i)]) and the descriptions in Lemma 5.1(i), the second is induced by multiplication
by ep, the isomorphism er(Q ®z «) and the argument of [24, Lem. 8.7(ii)] and the last
map uses the isomorphism of {(Z[Gr])-modules ﬂg[gF]Z[gF]r = ¢(Z[GF]) induced by the
standard basis of Z[Gr|" (and [24, Prop. 5.6(i)]).

To verify that this definition of @1% s has the required properties, we fix a place v/ in
S(F)\Xs(F) (so v ¢ X) and note that condition (6.1.2) ensures that ¥ corresponds to the
first r elements of the (ordered) set S(F')\ {v'}.

We use Hypothesis 6.1 to fix a representative of Cr,, of the form

Zp(Gr]* 255 Z,(Gr]*
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used in Proposition 6.16. We write ep for the element of ﬂ%p[gF]U Fp that is obtained in
this case via the formula (6.3.5) (noting that the present hypotheses imply the set I in the
latter formula is equal to [d] \ [r]). We write {bp;};e[g for the standard basis of Z,[Gp]?.
Then, setting

Br = ((Niglgbri) ® (Nig[a)bF.), 0),
the argument establishing [24, (8.2.6)] shows that the restriction of @%} s1,p 10 E(F)p coin-
cides with the composite

(6.3.9) E(F)p = dz, 16,1 (Cryp) = E(Zy[Gr])-Br = ﬂ;p[gF]UF’p

where the first map is the isomorphism induced by the given representative of Cr,; and the
second map sends Br to ep.
Given this explicit description of @%7 s.1.p» Property (a) follows from Proposition 6.16(i)
and property (b) upon combining the results of Proposition 6.16(ii) and Lemma 6.10.
Finally, the fact @%’ s.1,p has property (c) follows directly from the argument proving [24,
(8.2.4)], after making the following changes: the map Cor?, /F and element P, that are used

in loc. cit. are replaced by N7, P and Nrdgg,)(1 — Fr}i}); the exact triangle in [24, Lem.

8.1(iv)] and the isomorphisms occuring in [24, (8.1.2)] are replaced by the exact triangle in
Lemma 5.1(ii) and the isomorphisms (6.3.7) that occur in the composite homomorphism
(6.3.6). O

6.3.4. We now use Theorem 6.18 to strengthen the result of [24, Th. 1.1], thereby fulfilling
a promise made in the Introduction to loc. cit.

To state the result we fix an embedding o : Q¢ — C and for each subfield F' of Q¢ write
wr,s for the archimedean place of F' corresponding to o. For each natural number n we
write ¢, for the unique primitive n-th root of unity in Q¢ that satisfies o((,) = €2™/". We
write Q©T for the maximal totally real extension of Q in Q°.

For a finite group I' we use the ideal §(Z[I']) of ((Z[I']) introduced in [24, Def. 3.4].
Following [24, Def. 3.15], we then define the ‘central pre-annihilator’ of a I'-module M by
setting

pAnny (M) = {o € C(Z[T)) : & - 8(ZIT]) € Anngyry (M)},
We note, in particular, that this lattice is a {(Z[I'])-submodule of ((Q[I']) and is equal to
the annihilator of M in Z[I'] if I' is abelian.

Theorem 6.19. For each odd prime p, there exists an Fuler system

e = (€25

in ES1(Q4T/Q, {oc}, 0, p) that has the following properties at every F in Q(Q%1/Q).
(i) If F/Q is abelian, and of conductor f(F), then

e = Normgc; )/r (1= Cfi)-
(ii) For ¢ in HomgF((’);’S(F), Z[GF]), and every prime { that ramifies in F', one has

(Agig, #)(€5) € pAnzg, (CHOR[L/),.
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(iii) For every x in Ir(Gp) there exists a non-zero element ur,, of C, that satisfies both

x(D) cyc O L
( Cp Vy ®Rigr] RegF,S(F)) (ex €)= upy - Lfsc*(F)(X’ 0) - ex(/\(cp[gﬂ (Wre — wEp)),
and
w ETX.
1L ccauomten €%

Proof. We set K := Q%1 and write K® for the maximal absolutely abelian subfield of K.
Then, since p is odd, Hypothesis 6.1 is satisfied for K with S = {00} and T' = ) (cf. Remark
6.2) and so Theorem 6.18 constructs a canonical map © := Ok /g {o0},0,p-

In addition, the known validity of the equivariant Tamagawa Number Conjecture in
the relevant case implies (via the argument of [24, Lem. 9.4]) that the (free, rank one)
(K% /Q)-module VS(K2?/Q, {00}, 0, p) has a basis element n* with the following prop-
erty: for each F in Q(K?P) the image 12" of 7°® in Z(F), is sent by the homomorphism

OF 1= @}?io}ﬂm constructed in the proof of Theorem 6.18 to Norm@(<f<F))/F(1 — ()

Since the projection map &,(K/Q)* — &,(K*/Q)* is surjective (by [24, Lem. 9.5]),
we can then fix a basis element 7 of the &,(K/Q)-module VS(K*/Q, {oc},,p) that the
projection map

VS(KC/Q, {oc}, 0,p) — VS(K*™/Q, {00}, 8, p)
sends to n?P. We then obtain a system in ES;(K/Q, {oc},,p) by setting

eV = 0(n).

This construction ensures directly that for every F in Q(K*") one has
ef = Orp(ny’) = Normgc, ) r(1 = Cr(r)),
as stated in claim (i).
On the other hand, the properties in claims (ii) and (iii) are verified by mimicking the
arguments in [24, §9.2]. O

Remark 6.20. This result strengthens that of [24, Th. 1.1] since e¥° is a refinement (in
the sense of Remark 6.4(ii)) of the system in ES;(K/Q, {oo} U {p},0,p) that is constructed
in loc. cit.

Remark 6.21. The displayed containment in Theorem 6.19(ii) can be interpreted as a
special case of the annihilation results relating to Selmer modules of p-adic representations
that are obtained by Macias Castillo and Tsoi in [61].

7. HIGHER RANK NON-COMMUTATIVE IWASAWA THEORY

In this section we use the constructions made in §6 to formulate an explicit main conjec-
ture of non-commutative Iwasawa theory for G,, over arbitrary number fields.

We then show that this conjecture simultaneously extends both the higher rank main
conjecture of (commutative) Iwasawa theory formulated by Burns, Kurihara and Sano in
[19] and the general formalism of main conjectures in non-commutative Iwasawa theory
following the approaches of Ritter and Weiss in [72] and of Coates et al in [27], and thereby
deduce its validity in important special cases.
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In the sequel we shall regard the prime p as fixed, write L<¢ for the cyclotomic Z,-
extension of each number field L and set 'z, := Gal(L%°/L).

We also fix a rank one p-adic Lie extension K of K, set G, := Gal(Kw/K) and for any
infinite subquotient G of Go we write A(G) for the Iwasawa algebra Z,[[G]].

We recall that the total quotient ring Q(Gs) of A(Go) is a semisimple algebra and hence
that there exists a reduced norm homomorphism

Nrdgg..) : Ki1(Q(Geo)) = ¢(Q(G0)) ™
Finally we set
Qp[[goon = @ Qp[gLL
LeQ(Kso)

where the transition morphisms are the natural projection maps.

7.1. Whitehead orders in Iwasawa theory. To help set the context for our conjecture,
we first clarify the link between the subrings §,(Ko/K) and ((A(Gso)) of ((Qp[[Guol])-

Lemma 7.1. Set R := ((A(Gx)) and R’ := £,(Koo/K). Fiz a central open subgroup Z of
Uoo that is topologically isomorphic to Z, and for each natural number n write R, for the
subring A(ZP") of R. Then the following claims are valid for each natural number n.
(i) The Zp-module R'/(R' N'R) has finite exponent.
(ii) There exists a natural number t such that the element p* - Nrdgg. y(p) belongs to
RNR' and any sufficiently large power of it annihilates R/ (RN (R’ - Ry)).
(iii) There are inclusions

R'CR[p ' C(R Ry [p " Nedge..)(p) '] .-

Proof. 1t is clearly enough to prove claims (i) and (ii) and to do this we use the fact (proved
n [24, Lem. 8.13]) that for any matrix B in Mg(A(Gwo)) the reduced norm Nrdgg, ) (B)
belongs to R’ and is equal to

(7.1.1) Nrdg(g..)(B) = (Nrdg,(,](BL)) eqrn)

where By, is the image of B in My(Z,[Gr)).

To prove claim (i) we fix an element = = (z)r of R'. Then, for each L in Q(K), there
exists a finite index set I, and, for each ¢ € Iy, an element a; of Z,, a natural number d;
and a matrix My, ; in Mg, (Zp[Gr]) such that in {(Z,[Gr]) one has

xXrr = Zie[ a; - Nrde[gL](ML7i).

For each index 7 in I1, we fix a pre-image M7 of My, under the natural (surjective)
projection map Mg, (A(Geo)) — My, (Zp[Gr]). Then Nrdg(g,,)(ME5;) belongs to the integral
closure of A(Z) in ((Q(Gx)) (this follows, for example, from the observation of Ritter and
Weiss in [72, §5, Rem. (H)|) and therefore also to any choice of a maximal A(Z)-order in
Q(Gs0). Hence, by the central conductor formula of Nickel [68, Th. 3.5], there exists a
natural number N (that is independent of both L and M, ;) such that p™ -Nrdgg..) (ML)
belongs to A(Guo)-



ON NON-COMMUTATIVE IWASAWA THEORY 57

The latter containment combines with (7.1.1) to imply p” - Nrdg,(g,](ML,i) € Zp[GL] for
each i and hence that p" -z, € Z,[G]. Tt follows that p™ - x = (p" - z,) 1, belongs to

QiG] N, ZolGr) = R,

and hence that R’/ (R’ N R) is annihilated by a fixed power p"V of p, as required.

To prove claim (ii) we fix a maximal R,-order M in Q(G) that contains A(G). We
write M, for the maximal R,-order in ((Q(G)) and claim that the R,-order generated
by the elements Nrdgg,.)(M) as M runs over |, M, (9M) has finite index in M,,. To
show this we note 9 is a finitely generated R,-module and hence that it is enough (by the
structure theory of R,-modules) to show that the localization of M,, at every height one
prime ideal p of R, is generated over R, , by Nrdg(g,,)(M) as M runs over (J, 51 Mn(9,).
In addition, since each such ring R, is a discrete valuation ring and 9, is a maximal
R p-order in ((Q(Guo)), this follows in a straightforward fashion from the arithmetic of
local division algebras (as in the proof of [28, Prop. (45.8)]).

We can therefore fix a natural number ¢; such that for each x = (x)z in R, there exists
a finite index set I, and for each ¢ in I, an element y; of R, a natural number n; and a
matrix M, ; in M, (9) such that

pt1 Lr= ZieIerdQ(goo)(Mx7i> * Y-

In addition, by another application of the central conductor formula [68, Th. 3.5], there
exists a natural number ¢ that is greater than or equal to the integer N fixed above and is
such that for every 7 in I, the matrix p’- M, ; belongs to My, (A(Goo)). These facts combine
to imply that for every z in R one has

p"* - Nrdgg.,)(p) = = ZieIszdQ(goo)(Pt M) yi € R Ra.

In particular, since Nrdgg, )(p) € R’, this containment implies (p" - NrdQ(goo)(p))t, - x
belongs to R’ - R,, for any integer ¢’ that is greater than both ¢;/t and ¢. To complete the
proof of claim (ii) it is therefore enough to note that, since ¢ > N, the proof of claim (i)
above implies that p’ - Nrdgg..)(p) belongs to R’ N'R. O

7.2. A main conjecture of higher rank non-commutative Iwasawa theory for G,,.
7.2.1. For each object C' of DP*(A(Gw)) we define a &,(Koo/K)-module by setting
da()(C) = lim  dg,g,](Zp[G1] ®56..) C)
LEQ(Koo)

where the transition morphism are induced by [24, Th. 5.4(ii)]. This &,(K/K)-module
is free of rank one and, following the approach of §3, we now introduce a canonical set of
basis elements.

To do this we fix an isomorphism in DP**(A(Gs,)) of the form

(7.2.1) P* >,

in which P* is a bounded complex of finitely generated free A(Goo)-modules.
In each degree a we write r, for the rank of P® and fix an ordered A(Gs)-basis b, =
{ba,j}1<j<r, of P*. Then in every degree a and for every field L in Q(K) the image
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br o = {braj}1<j<r, Of b, under the projection map P* — Pj := Ho(Gal(Kw/L), P?) is
an ordered Z,[G]-basis of Pj*. The element

:L'(b.)L = (®a€Z(/\j€[T’a}vaayj)(_l)u7 0)

is then a basis of the (graded) £(Z,[GL])-module dz, g, (Zy[GL]®A(g..)P*) that is compatible
with the natural transition morphisms as L varies and so the tuple

z(b,) = (m(bo)L)LGQ(ICoo)

is a &p(Koo/ K)-basis of dpg..)(P*).
We use this construction to define an Iwasawa-theoretic analogue of the notion of primitive-
basis.

Definition 7.2. Fix C' in DP*(A(G,)). Then an element z of dp(g..)(C) is said to be
a ‘primitive basis element’ if, for every resolution of C' of the form (7.2.1), there exists
a collection b, of ordered bases of the modules P such that the induced isomorphism
dp(g.)(P*) =2 dp(g..)(C) sends x(b,) to z. We write dp(g,)(C)P" for the subset of dy g, )(C)

comprising all primitive basis elements.

Remark 7.3. The fact that the elements z(b,) are defined as inverse limits of the corre-
sponding elements x(b, ), over finite extensions L of K in K is important. Specifically,
this property combines with the argument of Proposition 3.2 to imply that, in order to
show z belongs to dA(goo)(C)pb it is sufficient to check, for any fized resolution (7.2.1) of
C, that there exists a collection b, of ordered bases such that the induced isomorphism
dA(goo)(P‘) ~ dA(goo)(C) sends z(b,) to x.

7.2.2. The set Syam(Kso/K) of places of K that ramify in K is finite and we define
(7.2.2) Sk /K = SEUSEUSam(Ke/K),
where S%. denotes the set of all p-adic places of K. We then fix a finite set S of places of
K with the property that

Sk./k €S

We note that, since S = S(L) for every L in (K ), the construction in Lemma 5.1 gives
rise to an object

Ckeo,sr = Jm Crsrp
LeQ(Kso)

of DP*'(A(G.)), where the transition morphisms for L C L’ are induced by the morphisms
in Lemma 5.1(iv). We further note that, since S contains S%-, Lemma 5.1(v) implies that this
object can be naturally interpreted in terms of the compactly-supported p-adic cohomology
of Zy,.

We also set

x L . x
Ok i= Hm Opgq,
LeQ(K

o)



ON NON-COMMUTATIVE IWASAWA THEORY 59

where the transition morphisms for L C L’ are induced by the field-theoretic norm maps
(L')* — L*. For each non-negative integer a we then define a &,(K/K)-module by setting

A (CPOIéwSI) 1(_1'111 C (:p.OlX/Sllp)
/\(Cp' (g ) 10 I Q(K )/\ p[g ] 3054y
and a Sumedule

(7.2.3) ﬂA(goo)O;éoo,&T = 1£1 mZp[QL}OE’S’T’p

oo

where, in both cases, the limits are taken with respect to (the scalar extensions of) the
transition morphisms (6.1.3).

We set ¥ := ¥g(Kx) and r := rgx. (= |X|). Then, since S = S(L) for every L in
Q(Ks), there are identifications

dA(Go)(Ckn.s1) = VS(Ko /K, S, T, p)

and

EST(ICOO/Ka 57 T7 p) = ﬂA(goo)O;éoo’S’T’

and so the constructions in §6.3 gives a canonical homomorphism of &,(K /K )-modules

r

D) . X
ORes (@) (Crimsir) = [ 5 Ok
For the same reason, the distribution relation (6.1.4) gives rise to an element

(7.2.4) 5%1,5% = (%/K,S,T)Feﬂ(l%o)
of A, a6)(Cr - Ok 5.7)-

We can now formulate an explicit main conjecture of non-commutative p-adic Iwasawa
theory for G, relative to Koo /K.

Conjecture 7.4. (Higher Rank Non-commutative Main Conjecture for G,,) Fiz Koo/K
and S as above and set ¥ := Yg(Koo) and r := |X|. Then one has

Nidgig) (K1 (A(Go)) - 25 s = OF_ gz (dagn (Crm s)™)
i1 (VA(Go0) Ok,
Remark 7.5. The validity of Conjecture 7.4 combines with the definition (7.2.3) (with
a =r) to imply that for every F in Q(K) the element % /5,7 belongs to ﬂ%p[gﬂ(’)ﬁ ST

and hence implies the validity of Conjecture 6.8 for F/K,S and T. (Here we recall, from
Remark 6.6(iii), that for any field F' in (K ) for which ¥ # Xg(F) the element 51%/KST

vanishes.)

Remark 7.6. If Ko, /K is abelian, then [19, Th. 3.5] implies Conjecture 7.4 is equivalent
to the ‘higher rank main conjecture’ of Iwasawa theory formulated by Burns, Kurihara and
Sano in [19, Conj. 3.1]. In particular, the argument of [19, Cor. 5.6] shows that if K = Q
and Ko, /K is abelian, then the validity of Conjecture 7.4 follows as a consequence of the
classical Iwasawa main conjecture in this setting, as proved by Mazur and Wiles.
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Remark 7.7. Following the general approach of Coates et al in [27], we let K/ be any
compact p-adic Lie extension of K in K that is ramified at only finitely many places and
also contains an intermediate field K, that is Galois over K and such Gal(K./K) is
topologically isomorphic to Z,. Then K. is equal to the union of all compact p-adic Lie
extensions Ko of rank one of K in K., and hence, by taking the limit of Conjecture 7.4
over all such extensions K /K, one can formulate a ‘main conjecture’ for G,, relative to
the extension K. /K.

7.3. Evidence for the rank zero case. In this section we show that Conjecture 7.4
generalizes to arbitrary rank (of Euler systems) the standard formulation of main conjectures
in non-commutative Iwasawa theory, and thereby deduce the validity of an appropriate
component of Conjecture 7.4 for an important class of extensions.

7.3.1. Before stating the next result we recall that any object C of the category DP*™ (A(Guo))
for which Q(Guoo) ®4(g..) C is acyclic gives rise to a canonical Euler characteristic element

Xix(goe) (C) in Ko(A(Geo), Q(Goc))-

Proposition 7.8. Let € be a non-zero idempotent of ((A(Geo)) such that the cohomology
groups of € - Cx s are torsion A(Gs)-modules.

Then ¥5(Koo) is empty (so that r = 0) and the e-component of Conjecture 7.4 is valid if
and only if there exists an element \ of Ki(Q(Gso)€) with the following two properties:

(i) A is sent by the canonical connecting homomorphism K1 (Q(Guo)€) = Ko(A(Go )€, Q(Goo )e)
ref

to the element XA(goo)e(e . CICOQ,S,T);'
(ii) A is sent by the reduced norm map of the semisimple algebra Q(Guo)e to €-0xc s7(0).

Proof. Lemma 5.1 implies, under Hypothesis 6.1, the complex Cx_ s7 is isomorphic in
DP(A(Gso)) to a complex P* of the form

AGo) & A(Goo)?,

where the first term is placed in degree zero (for a detailed construction of such a complex
see, for example, the proof of Proposition 8.2 below). We write

by = {bi}ic(q)

for the standard basis of A(Gu)<.

Then, since the cohomology groups of C' := e Ci_ 51 are assumed to be torsion A(Goo)-
modules, the matrix

M = (6 ’ (b;k © ¢)(bj))i,je[d]

belongs to My(A(Gx)) N GL4(Q(Goo)€) and its class (M) in K1 (Q(Guo)€) is a pre-image of
Xf\e(fgoo)s(C) under the connecting homomorphism in claim (i).

The long exact sequence of relative K-theory therefore implies that the stated conditions
(i) and (ii) are equivalent to asserting that

Nrdgg..)e(Ki(A(Goo)e)) - O ,5,7(0) = {Nrdg(g,ye(u - (M)) : u € K1(A(Goo)e) }-

Remark 6.14(ii) implies that the left hand side of this equality is equal to the e-component
of the left hand side of the equality in Conjecture 7.4. To complete the proof it is thus enough
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to show that
{Nrdgg.ye(u - (M)) s u € Ki(A(Goo)e)} = O(dp (g )e(C)P),

where we write © in place of @,%oo’ s Since the description (7.1.1) of the reduced norm of
Q(Go) combines with the argument of §3.1 to imply

O(da(go)e(C)P°) = Nidg(g. ) (Ki(A(Geo)e)) - O(x(bs)),

where the tuple x(b,) is constructed using b as the ordered basis of both non-zero terms of
P*, it is therefore enough to show ©(x(b,)) is equal to Nrdgg..)c({(M)).
To prove this we first apply (7.1.1) to the matrix M to deduce that

Nrdg(gu)e((M)) = (Nrdg,g,1e, (ML) eqr.)
with
My = (er - (b0 1) (b)), jeja) € Ma(Zp[GL]),

where the standard basis elements b7 ; and by ; are as specified in (6.3.1), €r, is the image

of € in ((Z,[GL]) and ¢, is the endomorphism of Z,[G1]? induced by ¢. In addition, for L
in Q(Ks) the equality (2.1.7) implies

er - (Mieig (b1 0 0L)) (Njeabr.;) = Nrdg, (g, e, (ML)

It is thus enough to show the left hand side of this expression is equal to the image y;, of
©(e - x(b,)) under the projection map

ﬂ?\(gw)olém,s,T - mozp[gL]Oz,S,T,p = &§(Zp|GL])-
To verify this we note er, - C, g7, is isomorphic in DP*(Z,[G]) to the complex
Pp = en(Zp[G1L] ©a(ga) P*)
and hence that (yr,0) is the image of €, - x(by )z under the canonical morphism

dz, g, 1er, (PL) C dg,6,)er (Qp ®z, Pr) = dg, (g, (0) = (C(Qp[GL]), 0)

induced by the acyclicity of Q, ®z, P7. The claimed result is thus true because the latter
morphism sends the element

€L - 2(be)r = €L - ((NjegbrL.j) @ (MigiabL,i),0)
to (er, - z1,,0) with

2L = (Niglg)bL,)) Njea) (DL (br;))) = (Niga)(bL,i © 6L))(Nje(abr )
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7.3.2. In the sequel we write L™ for the maximal totally real subfield of a number field L
and pp,(L) for the p-adic cyclotomic p-invariant of L.

Corollary 7.9. Assume K is totally real, L is CM and Koo = LY°. Write € for the idem-
potent (1—17)/2 of ((A(Gs)), where T is the (unique) non-trivial element of Gal(Ks/KZL).

Then, if pu,(L) vanishes, the e-component of Conjecture 7.4 is valid for the data Koo/ K,
S = Sk /x and any auziliary set of places T'.

Proof. Set G := Go, and write A(G)7 (1) for the (left) A(G)-module A(G) endowed with the
action of G whereby each element o acts as right multiplication by xx (o) - =1 where
xk : Gk — Z, is the cyclotomic character and & the image of o in G. We then write C’
and C for the respective complexes € - Rl 7(Or5, A(G)# (1)) and € - Cx s

Then, since €(YF,s% ) vanishes for all F' in Q(Ko), the complex Q(G) ®y(g) C is acyclic
and the Artin-Verdier Duality theorem implies the existence of a canonical isomorphism
C = C'[1] in DP*(A(G)) and hence of an equality in Ko(A(G)e, Q(G)e)

Xfxe(fg)e(c) = —Xf\e(fg)e(cl)-

We next note that K¢ C K, and use a fixed choice of topological generator vx of '
to identify (via the association vx — 1 <> t) the Iwasawa algebra Z,[[['k]] with a power
series ring in one variable Zy|[t]]. We also write A(G) for the set of irreducible Qf-valued
characters of G that have open kernel.

We recall that for each x in A(G) Ritter and Weiss have in [72, Prop. 6] constructed a
canonical homomorphism

Jx : C(Q(G)) — (Qp ®g, Q(Zp[[t])) ™
The Weierstrass Preparation Theorem combines with [72, Prop. 5(3)] to imply an ele-
ment = of ((Q(G))* is uniquely determined by the value j, (x)(0) of j(x) at t = 0 for

every x in A(G). In addition, if Vy is a Qg[[G]]-module of character x and z belongs
to ((Q(9)) N ¢(Qy[[G]]), then j,(x)(0) is equal to the y-component of the image of = in

¢ (@p[Gal(lClégr(X)/ K)]). (This can be verified by an explicit computation and relies on the
fact that the elements v, and e, occurring in [72, Prop. 6] act trivially on V,.) In partic-
ular, since Ok g7 belongs to ((Q(G)) N ¢(Qp[[G]]) (as a consequence, for example, of [72,
Prop. 11 and the proof of Th. 8|), one finds that if —7 acts as the identity on V,, then
(7.3.1) Jx(€ Ox,8,7)(0) = Lgr(X,0) = Lps(X - wi, 0),

where wg is the Teichmiiller character of K and L), s 7(X-wk, ) the S-truncated T-modified
Deligne-Ribet p-adic Artin L-series of X - wg, as discussed by Greenberg in [40].
Next we note that j, is related to the map

Og : Ki(Q(9)) = (@ ®q, QZ[[H])"

defined by Coates et al in [27] by virtue of the fact (proved in [15, Lem. 3.1]) that for every
element A of K;(Q(G)) one has

g x(A) = jx(NrdQ(g)(A))‘
Given this, the above observations combine to imply an element \ of K;(Q(G)) satisfies
the conditions (i) and (ii) in Proposition 7.8 if and only if the connecting homomorphism
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Ki1(Q(G)) — Ko(A(G),Q(G)) sends A to —xﬁ\e(fg)e(C’) and, in addition, for every y in A(G)
one has
PG5 (AN(0) = Lpsr(X - wi, 0)-
In view of Proposition 7.8, it is therefore enough to note that if p,(L) vanishes, then
the existence of such an element A is deduced in [16, Prop. 7.1] from the proof (under the

given assumption on (L)) of the main conjecture of non-commutative Iwasawa theory for
totally real fields, due to Ritter and Weiss [73] and, independently, Kakde [50]. O

Remark 7.10. In [49] Johnston and Nickel identify families of (non-abelian) Galois exten-
sions L/K for which one can prove the main conjecture of non-commutative p-adic Iwasawa
theory for L%¢/K without assuming p,(L) vanishes (or that p does not divide [L : KJ).
In all such cases the argument of Corollary 7.9 shows that the (1 — 7)/2-component of
Conjecture 7.4 is valid for the data L¥°/K, S = Sk__ /x and any auxiliary set of places T'.

8. CANONICAL RESOLUTIONS AND SEMISIMPLICITY IN IWASAWA THEORY

8.1. Canonical resolutions in Iwasawa theory. In this section we fix a compact p-
adic Lie extension Ko of K of strictly positive rank for which Siam(Koo/K) is finite and
non-empty, and set G := Gal(K/K).

We also fix a finite set S of places of K that contains the set Sk /i specified in (7.2.2)
and a finite set of places T of K that is disjoint from S and such that Hypothesis 6.1 is
satisfied (with K taken to be K).

Then, since Syam(Koo/K) is non-empty, one has Xg(K) # S and so we can fix a place
v/ in S\ Xg(Ks). We then set

S =8\ {v'}.

8.1.1. We first describe an important aspect of the descent properties of transpose Selmer
modules.

Lemma 8.1. Fiz L in QKo ), with G := G, and a normal subgroup H of G with E := L.
Consider the composite surjective homomorphism of G /H-modules

T tr @E,S AE,s,s’
/BE,S : SEIS(E) T XE‘7S e YE,S’7

in which op,s comes from (5.1.2) and ap g g is the natural projection map.
Then the image of ker(f8r,s) under the composite homomorphism

Sel§(L)" — Z[G/H] ®zc) Sel§ (L) = Sel§(E)"™,
in which the isomorphism is as in Lemma 5.1(iv), is equal to ker(Bg,s).

Proof. The claimed result is obtained directly by applying the Snake Lemma to the following
exact commutative diagram

BL,s

Ho(H, ker(BL.5)) —— Ho(H,Sel5(L)™) —= Hy(H,Y,s) — O

l | !

0 —— ker(Sg,s) — SelL(B)t CEN Ye.s — 0.
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Here the lower row is the tautological exact sequence, the upper row is obtained by taking
H-coinvariants of the analogous tautological exact sequence, the right-hand vertical arrow
is the canonical isomorphism that maps the class of each place w in S} to the restriction of
w to E, the middle vertical arrow is the canonical isomorphism coming from Lemma 5.1(iv)
and the left hand vertical arrow is induced by the commutativity of the second square. [

8.1.2. In the sequel we will use the A(Gs)-modules that are defined by the inverse limits
S§ (Koo)' :=lim,, ) « Sel§ (F)y

)

and, if Hypothesis 6.1 is satisfied, also
T : T
SS (]COO) = l&nFeQ(ICOO)SGIS(F)p'
Here the respective transition morphisms for F' C F’ are the composite maps

Sel§ (F')y — ZplGr] @z,(g,,) Sel§ (F')y 2 Sel§ (F)yy,

and
Sel§(F")p — Zp[Gr] @z, (g,,) Sel§ (F'), = Sel§(F),,
where the first map in both cases is the obvious projection and the second is the isomorphism
given by Lemma 5.1(iv), respectively Remark 5.3 (if Hypothesis 6.1 is satisfied).
In the following result we also use the object Ci s of DP*(A(Gw)) defined in §7.2.2.

Proposition 8.2. Set n :=|S| — 1. Then there ezists a natural number d with d > n and
a canonical family of complexes of A(Goo)-modules C(¢p) of the form

A(Go)" 5 A(Goc)!
in which the first term is placed in degree zero and the following properties are satisfied.
(i) C(¢) is isomorphic in DP*(A(Gw)) to Cx.. 57
(ii) If C(¢) is any other complex in the family, then ¢ = nodo(n')~! wheren and n' are
automorphisms of A(goo)d and n is represented, with respect to the standard basis
of A(Goo)?, by a block matriz of the form (6.3.2).
(iii) For each L in Q(Ks) we set &p := Selg(L);r and write ¢r, v, and wy TESpec-
tively for the endomorphism of Zp[gL]d induced by ¢ and the embedding OE,S,T,p o

ker(¢r) C Zp[GL]? and surjection Z,[Gr]? — cok(ér) = &1, that are induced by the
descent isomorphism
Crsrp = ZplGr] ®/L\(goo) Ckne,5,T = ZplGL] ®p (o) C(0).

Then there exists a natural number dy, with n < dy, < d and a commutative diagram
of Z,[Gr]-modules of the form

0 =01 s, — Zp|Gr)* <L, Z,1G)? Ly &L =0

sy | [ [ |

(ZL 70)

0 =O0F g7, —— Zp|Gr|Herd=dr) i), G et d=dr) TLO g
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Here k!, and k1, are bijective, the matriz of kr, with respect to the standard basis of

Zy(G1)? = Z,[Gr)% @ Z,[GL]) ) has the form ( % 2 ) and the exact sequence

(8.1.2) 0= OF gy 5 ZylGr)" 25 2,[G1)" ™5 &1 — 0
is constructed as in diagram (6.5.4).

Proof. We set Qs = Q(Ku), Roo = A(Go) and G = SL(Koo)™. For v € S we set
Yoo i== @ Feq YF {v},p» Where the transition maps are the natural projection maps. We
then set Yo s := @, c g/ Yoo,» and consider the homomorphism

Boo = @FEQWBF’SW 16 — Yoo,S’y

where Br g is the map of Gp-modules in Lemma 8.1. We note B4 is surjective since each
map fSrs,p is surjective and each module ker(fr,s,) is compact.

For i € [n] we write v; for the i-th element of S’ (with respect to the ordering induced by
(6.1.1)). For each such i, we fix a place w; o of Koo above v; and write m o : R — Yoo 57
for the surjective map of Ro,-modules that sends the i-th element in the standard basis of
R, to w; . We choose a lift

Tloo By = Goo
of T o through Bu.

The algebra R, is semiperfect since it is both semilocal and complete with respect to
its Jacobson radical (as G is a compact p-adic Lie group). In view of [28, Th. (6.23)], we
may therefore fix a projective cover

T2.00 ¢ P — ker(fBuo)

of ker(foo) = fm, o ker(Br.sp)-

We next choose a Ro-module P’ such that P @ P’ is a free module of minimal rank, n’
say, fix an isomorphism j : P@® P’ = R" and write .00 fOr the map (m2 o0, 0) oj~'on RY.
We set d := n +n' and consider the homomorphism of R..-modules

(71,0072, 00)

(8.1.3) Too : RE = R @ RY 222, & .
For L in Q. we set
RL = Zp[gL], UL = 0275711) and HL = Gal(lCoo/L).

Then the Hp-coinvariants of 7., gives a surjective homomorphism wy, : RCLl — &1, and, for
each L and L' in Qo with L C L', the argument of [21, Prop. 3.2] allows us to fix an exact
commutative diagram of the form

0 U, —t ., pd, %Y, pd

(8.1.4) lwg, p lwg, P Jwy/L

wL

0 U, —= R %L, Rd &, — 0.

wrr

6L1—>0
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Here w}J, /L and wy, /g, are the natural projection maps, w%, /L sends each element by, ; in the

standard basis of RdL, to any choice of element x; with

¢r(xi) = wpsp (b0 (brrs))
and the following property is satisfied: if F' denotes either L or L', then the complex

C(¢r) given by R% ¢—F> RdF, where the first module is placed in degree zero and the
cohomology groups are identified with Ur and G by means of the maps in the respec-
tive row of the diagram, then there exists an isomorphism C(¢r) = Crgs1)p in Dperf(RF)
that induces the identity map on both cohomology groups. With these identifications the
canonical descent isomorphism Ry, ®1LQL, Crsrp = Crsrp implies that the morphism
R ®r,, C(¢r) = C(¢r) induced by the maps w%,/L and wi,/L is a quasi-isomorphism.
Since wi, /L is surjective, this in turn implies that the map wg, /L is surjective and hence

that the limit gn P Rjé with respect to the transition morphisms are w%, /P is isomorphic
to R

The limit of the complexes {C(¢L)}eq(k.,) With respect to the morphisms in (8.1.4) is

therefore a complex of the form R% 2 RZ that is isomorphic in DP*(R.,) to Ci_. s.7p-
Thus, denoting this complex by C(¢), claim (i) is clear.

Turning to claim (ii), we note that if T is any map defined in the same way as m, but
with respect to a different choices either of projective cover m o, isomorphism j or lift 773700
of T,00, then an easy exercise shows that mo, = o 01, where 7 is an automorphism of Rffo
that is represented with respect to the standard basis {b;};c(q of RZ by a block matrix of
the form (6.3.2). (Here, with respect to the decomposition of R% used in (8.1.3) we identify
b; for i € [d] \ [n] with the (i — n)-th element of the standard basis of R”.)

Then, if C(¢) is any complex obtained in the same way by using 7 rather than 7, there

~

exists a quasi-isomorphism £ : C(¢) = C(¢) that is represented by an exact commutative
diagram of the form

¢

0 —— OF g7 —— R y RG> &4 0

019 R

0 —— OF g7 RY, —%— RY, =5 & 0

To deduce claim (ii) it is thus sufficient to note that, since 7 is bijective, the Five Lemma
implies that n’ is also bijective.

Finally, to prove claim (iii), we fix L in Q. and set H := H . We note that the projection
map ker(fBso)n — ker(8r,sp) is surjective (by Lemma 8.1(ii)) and hence that there exists a
direct sum decomposition

Py =Pr®Qr

of Ry-modules so that (72 o)y is zero on @, and restricts to Pr, to give a projective cover
of ker(,é’L,Sm). We fix a projective Ry-module P}J of minimal rank so Pr, ® Pi is a free Rp-
module, write n/; for the rank of the latter module and set dy, := n+n/, and 0, :=n' —n/.
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Then d = dj, + 67, and the Krull—Schmidt/ Theorem implies 67, > 0 and that, for any choice
of an isomorphism of Rz-modules j/ : R7* = P, @ P}, there exists an isomorphism
oL QL@ Py %P}JEBR‘SLL
of Ry-modules and a commutative diagram of the form
(71 00+(72,00,0) ) 3¢

’ id,j
RraoRy 1M pra (pa Py, (o)

ml (id,L’L)l l

" id,j’ i (7] 00 )#5((Tr2,00)34,0),0)
ve Ry e R U pro (PLe P e R e TRIT0 ),

Here j is the isomorphism R’g; =~ P @ P’ fixed just before (8.1.3), ¢} is the isomorphism

"
(P® Py =PLo(QL® Py) MPL@PL@R‘SLL,

rr, = (id, k) with &f, the automorphism of R} = RZIL ® R5LL given by (5/,id) "t o ¢} o jy
and the right hand vertical arrow is the isomorphism induced by Lemma 8.1(i).

The upper and lower composite horizontal maps in this diagram are respectively equal
to the map wy, in diagram (8.1.4) and to @ @ 0, where 7 is a surjective map R%L — &
constructed as in diagram (6.3.4). Hence, if we fix an embedding ¢ : Uy, — RdLL and an
endomorphism & of RdLL as in the upper row of (6.3.4) (for this choice of 7), then there
exists a commutative diagram of Ry-modules of the form

oL

wL

0 v, -+ R4 L, pd &L 0
| [ [~ |

0 UL (£,0) R%L+6L (¢.,id) R%L@JL (7,0) GL s 0

0 —— Up _t RdLL L RdLL i Sr > 0.

Here the unlabelled vertical maps are the natural inclusions and so the construction of the
sequence in (6.3.4) implies that the upper two rows of this diagram represent the same
element of the Yoneda Ext-group Ext%%L (6r,Ur). Given this, the existence of a map x/,
that makes the first and second upper squares commute (and hence is bijective) follows from
the fact that kr is bijective and that the upper third square commutes. Finally, we note
that the upper part of the above diagram satisfies all of the assertions in claim (iii). O

Remark 8.3. If G has rank one, then the resolution C(¢) of Ck_ s constructed in
Proposition 8.2 leads to the following explicit interpretation of Conjecture 7.4. For L in
Q(Ks) the complex Cp, g7, is isomorphic in DP*(Z,[G1]) to

Zp[gL]d ¢—L> Zp[gL]da
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where the first term is placed in degree zero, and the alternative description of @%7 STp
given in (6.3.9) implies that the image of @IECOO s 7(x(b,)) under the natural projection map

MAGo)Okwrsr = 2,161 OL 5,7 1
OF s7p((8s)1) = (NZL41 (075 0 61)) (Njerabri)-
The equality predicted in Conjecture 7.4 is therefore valid if and only if there exists an

element u in K;(A(Gs)) such that in ﬂg(gw)A(goo)d one has

(8.1.6) too (e, s7) = Nrdgg.)(u) - (N (b7, 0 ¢L)(Nje@br.i)) Leape.)

1A (G0

)

that is induced by the injective map of A(Goo)-modules oo : O g7 — A(Goo)?.

where (o « i the homomorphism of &,(K /K )-modules ﬂ}“\(gw)(’),éw st~ Nig

Remark 8.4. The detailed descent properties established in Proposition 8.2(iii) are finer
than is strictly necessary for the present article. However, we have included the detail
since it is used in the associated article [22] of Burns, Puignau, Sano and Seo in order to
discuss non-commutative generalizations of the ‘refined class number formulas’ conjectured
independently by Mazur and Rubin in [63] and by Sano in [75].

8.2. Semisimplicity for Selmer modules. The hypothesis that a finitely generated tor-
sion module over the classical Iwasawa algebra be ‘semisimple at zero’ allows one to make
explicit descent computations even in the presence of trivial zeroes (see, for example, [16],
though the notion arises in many earlier articles).

In this section we introduce a generalization of the notion of semisimplicity in the context
of Selmer modules that will play an important role in later sections.

To do this we fix data Koo /K, S and T as in §8.1. We assume throughout this section
that Goo has rank one and fix a field £ in Q(K) for which there is an isomorphism of
topological groups

Hoo := Gal(Ko/E) = Zp.

We then also fix a subset ¥ of ¥g(F) such that

o Y5(Koo) CX and |X| = |S| -1, if Bg(E)=S
and set
r:=1Yg(Kso)| and 7' :=|3]
(so that ' > r).
Remark 8.5. The restrictions on ¥ given by (8.2.1) are motivated by the observations
made in Remark 6.6(iii). If ¥g(E) = S (which occurs, for example, if Ko is a Zy-extension

of E = K), then there exists a choice of ¥ as above since £g(K) # S and the definitions
and results in the rest of this section are independent of this choice.

For any element 7 of G, we define an element of §,(Ks/K) by setting
A(7) == Nrdgg.) (v — 1) € {(Keo/ K).
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We also fix a topological generator vg of Hoo, and define an ideal of &,(K/K) by setting
IE(goo) = gp(}coo/K) : )‘('VE)

Finally, we write  ~— 2% for the Q-linear involution of Q(Gs) that is induced by
inverting elements of G.

Remark 8.6. We record two important properties of the ideal I5(Guo).

(i) As the notation suggests, Ir(Gs) is independent of the choice of v := yg (and hence
only depends on G, and E). To see this note that any other topological generator of H
is equal to 7 for some a € Z,; and that the corresponding quotient z, := (y* —1)/(y — 1)
belongs to A(Hoo)* € A(Goo)*. From the explicit description of reduced norm given in
(7.1.1), it then follows that Nrdgg..)(7a) belongs to &,(Ke/K)™, and hence that A(v*) =
Nrdg(g..)(7a) - A7) generates Ir(Goo) over €y(Keo/K).

(ii) One has I5(Goo) = IE(Goo)™. To see this one can combine (7.1.1) with [24, (3.4.1)] to
deduce that, for each matrix M = (M;;) in My(A(G)) there is an equality

Nrdg(g..)(M)# = Nrdgg..)(M#),

where M7 denotes the matrix (M. 3&) These equalities imply that &,(Keo /K ) = &, (Koo /K)¥.
Since (yg —1)# = (—v5")(yg — 1) and NrdQ(gm)(—’ygl) € (Koo /K)™, it then also follows
that I5(Goo) = I5(Goo)™, as claimed.

8.2.1. We start by defining an analogue for Iwasawa-theoretic Selmer modules of the higher
non-commutative Fitting invariants introduced in [24].

To do this, for each endomorphism ¢ of A(Gs)? we write &,(¢) for the subset of
Mi(A(Gx)) comprising all matrices that are obtained by replacing the elements in any
selection of r columns of the matrix of ¢ with respect to the standard basis of A(Gs)? by
arbitrary elements of A(Gx).

Definition 8.7. For each endomorphism ¢ of A(Gu)? constructed as in Proposition 8.2,
we define an ideal of £,(Ks/K) by setting

Fit} g..) (S5 (Kse)) 1= &Koo/ K) - {Nrdg(g..) (M) : M € & ()}
The basic properties of this ideal are described in the following result.

Lemma 8.8. For each ¢ as above, the following claims are valid.
(i) Fit}"\(gw)(Sg(lCoo)) depends only on the A(Goo)-module SE(Koo).
(ii) Fitj“\(goo)(Sg(lCoo)) is contained in Ig(Gso)” .

Proof. The commutative diagram (8.1.5) shows that the collection of endomorphisms ¢ that
are constructed via the approach in Proposition 8.2 constitutes a distinguished family of free
resolutions of the A(Go)-module 8% (Koo)', These endomorphisms are uniquely determined
by their linear duals Homy g )(¢; A(Gc)) which (Remark 5.3 implies) in turn constitute a
distinguished family of resolutions of A(G)-module SE(K).

To prove claim (i) it is therefore enough to show that Fitz(gm)(SE(ICoo)) is unchanged if
one replaces ¢ by any other endomorphism constructed via Proposition 8.2.
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To do this we write M (¢) for the matrix of ¢ with respect to the standard basis {b; }c[q)

of A(Goo)?. Then, in view of the property (6.1.2) (with K taken to be K ), the construction
of the map (8.1.3) implies that the i-th column of M (¢) is zero for every ¢ in [r]. This means
that all non-zero contributions to the ideal FitrA(gm)(Sg(lCoo)) arise from the reduced norms

of block matrices of the form (N | M(¢)T), where N is an arbitrary matrix in Mg, (A(Gso))

and for any matrix M in Mg(A(Gs)) we write MT for the matrix in Mg 4 (A(Go)) given
by the last d — r columns of M.
Now if ¢ is any other endomorphism constructed as in Proposition 8.2, then claim (ii) of

that result implies U - M(¢) = M(¢) -V where U and V are matrices in GLq(A(G)) and
V is a block matrix of the form (6.3.2). In particular, one has U - M (¢)" = (M(¢)- V)T and,
for any N in Mg ,(A(G)), also
U-(N|M(@)) = (U-N[U M)
= (U N[ (M(¢)-V)T)
= (U-N\ M(p)T) -V,

where the last equality follows from the nature of the block matrix V. Claim (i) is then a
consequence of the resulting equalities

Nrdg(g..) ((U - N | M(¢)")) = Nrdg(g..)(U) - Nrdg(g..) ((N| M(§)T)) - Nrdgg..) (V)™

and the fact Nrdgg.)(U) and Nrdgg..)(V) are both units of &,(Koo/K) = &(Koo/K)#,
where the last equality follows from Remark 8.6(ii).

In a similar way, Remark 8.6(ii) reduces the proof of claim (ii) to showing that for every
N in Mg, (A(G)) one has

Nrdgg..) (N | M($)T)) € Mye)" ™" - &Koo/ K).

To show this we assume, as we may (under the hypothesis (8.2.1)), that the place v’ of
S\ X5(Kx) used in the constructions of Proposition 8.2 does not belong to X. We then
define a subset J = Jgx . of [n] by setting

(8.2.2) J :={j € [n]\ [r] : the j-th element of S\ {v'} belongs to X\ Xs(Kx)}-

Then one has |J| = 7/ — r and the nature of the map (8.1.3) implies that for each j in J,
and every ¢ in [d] there exist a (unique) element ¢;; of A(G) with

M(¢)ij = cij(ve —1)
and hence
(8.2.3) (N|M(¢)T) =M Ag
where M’ is the matrix in My(A(Goo)) defined by

{cij, if j € Jand i € [d]

(8.2.4) My = (V| ()1, ifj € [d]\J and i € [d],

17

and Ag is the diagonal matrix in Mg(A(G)) with
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yve—1, ifi=j¢€J

AEJ‘]‘ =41, ifi=j¢€ [d]\J
0, if i # j.
The required result is therefore true since Nrdgg. )(Ag) = Ayg)" ", whilst (7.1.1)
implies Nrdgg..)(M') belongs to &,(Koo/K). O

8.2.2. With the result of Lemma 8.8 in mind, we now introduce a restriction on the structure
of the A(Guo)-module SE (K ) that will play an important role in the sequel.
For a character x in Ir,(Gg) we define a prime ideal of §,(Ks/K) by setting

(8.2.5) ox Koo/ K) = ker (6,(Koo/K) — C(QS[GE]) 2% Q5),

where the unlabelled arrow is the natural projection.

Definition 8.9. Fix x in Ir,(Gg). Then the data Ko /K, E and S is said to be ‘semisimple
at x’ if Fit?\(goo)(Sg(lCoo)) is not contained in Ig(Goo)” " - oy (Koo/K).

Before proceeding, we explain the motivation for our use of the word ‘semisimple’ in this
context. In particular, we note that the stated property of the module ) in the following
result implies that, after localizing at p, (K /K), it is ‘semisimple at zero’ in the sense
relevant to Iwasawa-theoretic descent computations (cf. [16]).

Lemma 8.10. Fiz x in Iry(Gg). Then, if the data Koo /K, E and S is semisimple at x,
there exists an exact sequence of A(Goo)-modules

(8.2.6) A(Goo)" = 8§ (Koo) = Q =0
in which Q has the following property: the natural map

Q" e (r-1)Q—Q
is bijective after localizing at o\ (Koo/K).

Proof. Set p := p, (K /K). Then, under the stated hypothesis, the argument of Lemma 8.8
implies, via the product decomposition (8.2.3), that there exists a matrix N in Mg, (A(G))
such that

(8.2.7) Nrdg(g,.)(M') € §(Koo/K) \ 97,

where the matrix M’ is defined in terms of N as in (8.2.4).

For each matrix M in My(A(Gw)) we set M* := M'™#. We also identify the matrices
M(¢)*, M(¢,N) := (N| M(#)1)", (M")* and A} with endomorphisms of A(Geo)? in the
obvious way. Then the cokernel of M(¢)* is isomorphic to S%(Kw) and so there exists
an exact sequence (8.2.6) in which @ is the cokernel of M(¢,N). In addition, from the
decomposition M (¢, N) = A%, - (M')*, one deduces that this choice of @ lies in an exact
sequence of A(Gs)-modules Q' — Q — cok(A*E) — 0, with Q' := cok((M’)*).

Since cok (A*E) is isomorphic to A(G E)T/_T, to deduce that () has the claimed property it
is therefore enough to show that @, vanishes. Now (8.2.7) implies that the reduced norm
Nrdgg..)((M')*) = NrdQ(gw)((M’))# does not belong to g, and this implies vg — 1 acts
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invertibly on pr. Thus, since vg — 1 belongs to g, Nakayama’s Lemma implies that pr
vanishes, as required. ]

8.2.3. In the sequel, for any subfield I of Q¢ we set
As(K) :=1im Clg(F), and A§(K) := lim CI§(F),
F F

where in both limits F' runs over all finite extensions of Q in C and the transition morphisms
for ' C F’ are the natural norm maps.

In the next result we describe the link between semisimplicity in the sense of Definition
8.9 and the structural properties of modules of the form Ag(KC).

In condition (ii) of this result we use the idempotent eg/k g5 defined in (6.2.5) (and we
recall that, under the hypotheses of this section, one has ¥ # S).

Proposition 8.11. The data Koo /K, S and E is semisimple at every character x in Ir,(Gg)
that satisfies all of the following conditions:

(i) The space ey (Qf ®z, As(Koo)t,,) vanishes.
(i) ey -ep/k.sx # 0.

Proof. The essential idea of this argument is that, under the stated hypotheses, one can
‘reverse’ the direction of the argument in Lemma 8.10.

To make this precise, we write {,(Ke/K) for the subring of ((Q(G)) generated over
C(A(Go)) by the set {Nrdgg (M) : M € U, Mm(A(Goo))}. We also fix an open normal
subgroup Z of Hso that is central in G, and contained in the decomposition subgroup in
Goo Of wj oo for each j belonging to the set J defined in (8.2.2) (so v; € ¥\ ¥g5(Ku)). We
then write E’ for finite extension of I that is obtained as the fixed field of Z in K.

We note &,(Koo/K) is a A(Z)-order in ((Q(Goo)) (cf. the proof of Lemma 7.1) and also
that the explicit description of reduced norm given in (7.1.1) implies that the projection map
C(A(Goo)) = ¢(Zp|GE]) extends to a well-defined ring homomorphism ¢ from &,(K/K)
to ((Qy[GE]). For any fixed character x in Ir,(Gr) we can therefore define a prime ideal of
§p(Koo/ K) by setting

o = ¢, 1= ker(€)(Koo/K) £ ¢(Q5[GE]) = Q).

We write p for the prime ideal ' N ((A(Gx)) of ((A(Gs)) and M, for any A(Gs)-module
M for the A(Go)-module obtained by localizing M (as a ((A(Gx))-module) at .

We now fix an endomorphism ¢ as constructed in Proposition 8.2 with respect to a place
v chosen in S\ 3, and set

Ep(Koo) = AGoo)" @ Zy[Gi]” "

We then claim that it suffices to prove that the given hypotheses on y imply the existence
of a commutative diagram of A(G)e-modules of the form

AGoo)? =2 A(Goo)d 225 ST(Koo)t —— 0

(8.2.8) /| H a2

AGa)t —Z AGa)t —= Ep(Kn)y — O,
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in which v is bijective and the rows are obtained by respectively localizing the upper row
of (8.1.5) and the standard resolution of £(K). In particular, for each ¢ in [d] one has

0 b;, if i € [T‘],
w(bi) =< (vg — 1)(b;) and  @'(b;) =} bg.a, if 7 is the a-th place in J,
b; 0, otherwise.

We assume for the moment such a diagram exists. We write U for the matrix of v with
respect to the standard basis of A(QOO)Z and N for the matrix in Mg, (A(G),) for which
U~!. N is the transpose of the block matrix (Ir ‘ 0).

Then the argument of Lemma 8.8 shows the commutativity of the first square in (8.2.8)
implies U1 - (N ‘ M(gf))T) is the d x d diagonal matrix Ag with 4i-th entry equal to vg — 1 if
i € J and equal to 1 otherwise. Thus, if we choose an element x of ((A(Gw)) \ g for which
N belongs to Mg, (A(G)), then one has

Ave)"™"  Nrdgeg..) (=N | M(¢)1))
=A(7E)" " - Nrdgg..)(z)" - Nrdgg..y(Ag) - Nrdgg..)(U)
=Nrdgg..)(2)" - Nrdgg..)(U)

This implies the claimed semisimplicity at y since NrdQ(goo)((xN ‘ M (¢)T)) belongs to
Fit;‘(goo)(Sg(lCoo)) whilst neither Nrdgg,.)(#) nor Nrdgg.y(U) belongs to @) .

It therefore suffices to prove the given assumptions imply the existence of a diagram of
the form (8.2.8). To do this we note that the second square of (8.2.8) clearly commutes if
we take v/ to be the composite homomorphism of A(G ),-modules

v SSTY(ICOO)E Pes, (Yoo,57)p — @vezyoo,v,p = E6(Koo)p

where S’ denotes S\ {v'}, the second map is the natural projection and the third is induced
by sending w; ~ for i € [r], respectively i € J, to b;, respectively to bg ;.

The key claim we make now is that ¢/ is bijective. To show this we take the limit over L
in Qp(Kx) of the exact sequence (5.1.2) to obtain an exact sequence of A(Go)-modules

0= AL(Koo) = SE (Koo)' — @%SYNU — Zp — 0.

This sequence implies that v/ is bijective if all of the following conditions are satisfied:
AL(Koo)e vanishes; Yoo 4 vanishes for each v € S"\ 3; for every j € J the p-localization of
the morphism Yo o, — Zp|Gr] sending wj « to bp j—r is bijective; if Yoo v, does not vanish,
then the p-localization of the natural projection map Yo, ,» — Z, is bijective.

To verify these conditions we write E(v) for each v in S\ ¥g(Ks) for the maximal
extension of K in Ky in which w, o splits completely. We also write E’(S) for the finite
extension of K in Ko, that is obtained as the compositum of E’ and the fields F(v) and set
G/ = QE/(S).

We then note that [68, Th. 3.5] implies p™ - £, (Koo/K) is contained in ((A(Gwo)) for
any large enough integer m. This fact implies the existence of an element ¢, of ((A(G))
whose projection to ((Z,[G']) is a p-power multiple of the idempotent e, of ((Q,[G"]) that
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corresponds to the irreducible Qp-valued character of G’ that contains x as a component.
It follows that ¢, € ((A(Gso)) \ g and hence that for each place v € S\ ¥g(Ks) one has

(8.2.9) Yoowo = by (Yoop) =ty (Qp @z, Yoo )

=ty (Q  Yer(s),00}) = €00( Qo Vi {u}) -

©

In particular, since for each v in X, the map

e (Qp - YE {0} )p L 4 (Z[GE)y) = ZplGil,

is bijective, we deduce that for every j € J the p-localization of the morphism Y., —
Zp|GE] sending wj o to bg j_r is bijective, as required.

By combining (8.2.9) with the result of Lemma 6.10 and the assumed validity of condition
(ii) we also derive the following consequences: the localisation Yu ., vanishes for all v €
S\ 3; if Yoo, does not vanish, then x is trivial, S\ ¥ = {v'} and the natural map
Yoo,v’,p = €(y) (Qp . YE,{U’})@ — (Zp)p is bijective.

To complete the proof that v/ is bijective, it now suffices to show AE(ICOO)p vanishes.
To do this we fix a topological generator vg of Z and note A(G),, is an order over the
discrete valuation ring A(Z), obtained by localizing A(Z) at the prime ideal p generated
by v — 1. Nakayama’s Lemma therefore implies that AE(ICOO)KJ vanishes if the space

t (Qp ®z, AF(Koo)z) = () (Qp @z, AG(Koo)z) = e (Qp @2, A (Koo) .. )

vanishes, and this follows directly from condition (i).
At this stage we have established that the right hand square in (8.2.8) commutes when
v/ is the isomorphism specified above. From this it follows that im(¢,,) = ker(ms ) is equal

to the free A(G)p-submodule of A(gm)?J that has basis
{(ve — 1) (bi) }ies U{bi}iciap st

where we set
(8.2.10) J=Julr.

We may therefore choose a section o to ¢, and thereby obtain an isomorphism of A(Gu) -
modules

A(Goo ), = ker(p) @ o(im(g)) = ker(dy) & A(Goo) ™"
Upon applying the Krull-Schmidt Theorem for the A(Z)y-order A(Gs)e to this isomor-
phism, we deduce that the A(Gu),-module ker(¢y,) is free of rank r, and hence isomorphic
to the kernel @!=;A(Guoo)p - bi of .
In particular, if we fix an isomorphism of A(G)o-modules vy : ker(¢,,) = ker(w), and
write vo : o(im(¢y)) — A(goo)fpl for the map of A(G)p-modules that sends the element

o((ve — (b)), ifield,
a(by), if i € [d]\ JT

to b;, then the homomorphism v = (v, 15) is an automorphism of A(QOO)Z, that makes the
first square in (8.2.8) commute, as required to complete the proof. O
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Remark 8.12. For a number field E, write I'g for the Galois group over E of its cyclotomic
Zp-extension EY°. Then it is conjectured by Jaulent in [47] that, for every E, the I'g-
coinvariants Ag(EY°)p, of Ag(E%°) should be finite. In addition, if E is a CM Galois
extension of a totally real field K, then an observation of Kolster in [56, Th. 1.14] (where the
result is attributed to Kuz'min [57]) implies that the finiteness of Ag(E%®)r  is equivalent
to the earlier conjecture [41, Conj. 1.15] of Gross and hence also, by [16, Th. 5.2(ii)], to
the validity of Gross’s ‘Order of Vanishing Conjecture’ [41, Conj. 2.12a)] for all totally
odd characters of Gg. In particular, if K contains at most one p-adic place that splits
completely in E/E™, then AS(ECYC)I?E is finite as a consequence of [41, Prop. 2.13] (which
itself relies Brumer’s p-adic version of Baker’s theorem). In general, if £ is any Z,-extension
of a number field £, then Ag(€)qa(e/p) is known to be finite in each of the following cases.

(i) E is abelian over Q (cf. Greenberg [39]).
(ii) Eis an abelian extension of an imaginary quadratic field and € = E° (cf. Maksoud
62]).
(iii) &€ = E9° and E has at most two p-adic places (cf. Kleine [53]).
(iv) & is totally real and the Leopoldt conjecture is valid for E at p (cf. Kolster [56, Cor.
1.3)).

9. A CONJECTURAL DERIVATIVE FORMULA FOR RUBIN-STARK EULER SYSTEMS

In this section we define a notion of ‘the value of a higher derivative’ of the Rubin-Stark
non-commutative Euler system (from Definition 6.13) and formulate an explicit conjectural
formula for such values.

We also show that this conjectural derivative formula specializes to recover the classi-
cal Gross-Stark Conjecture (from [41, Conj. 2.12b)]) and hence deduce its validity in an
important family of examples.

Throughout the section we fix a rank one compact p-adic Lie extension Ko of K in K
that is ramified at only finitely many places.

We fix sets of places S and T of K as specified at the beginning of §8.1, and use the
abbreviations

G =0 =Gr /K, Roo:=A(G) and Rp:=Zp[Gy]

for each L in Q(Koo).

We also fix a normal subgroup H of G that is topologically isomorphic to Z, and write £/
for the fixed field of H in K. We then fix a subset ¥ of ¥g(F) that satisfies the condition
(8.2.1) and set

r:=125(Ks) and 71 :=|%

(so that r <7/ < |S| since Xg(Ks) C X C 5).

9.1. Derivatives of Rubin-Stark non-commutative Euler systems. For a natural
number ¢ and non-negative integer a we set

ﬂ“Roo R = 1%]0 ﬂ;y R,

and
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e G P = (€, [, )

where in both limits L’ runs over Q(K,) and the transition morphisms are induced by the
natural projection maps RtL, — RtL for L C L. For each L in (K ) we also use the natural
projection map

.M t a t
T ﬂcp_Roo (Cp - Reo)t = Cp @9, ﬂRLRL.
We use the element aﬁi’sj of A¢, a6.)(Cp O g7) defined in (7.2.4).
Proposition 9.1. For each topological generator v of H, there exists an element
3T _r(eKooST G(C ﬂ OESTp
that depends only on the data Koo/K,7,S and T and has the following property: for ev-

ery pair of embeddings too : O,éoo ST — RL and 1 : OEST}) — RdE constructed as in
Proposition 8.2(iii), there exists an element y(7v) of ﬂEP‘Rw((Cp - Roo)® such that both

Lo (ERS. g7) = Nrdggy (v — )" " - y(7)
and ,
15 (0] T (ERS s 1)) = TR(y())-

Proof. We fix a resolution R% 2, R4 of Cx_ s as constructed in Proposition 8.2 with
respect to a place v’ chosen in S\ X, and hence also an associated exact sequence as in
the upper row of (8.1.5). This leads to fixed embeddings ¢ and g of the stated form. In

addition, for each L in Qg (Ks) we obtain an induced resolution Rd Rd of Cr.s1,p-
We note, in particular, that, for each j belonging to the subset J of [d] deﬁned in (8.2.2),
the composite map by, ; o ¢ is zero and so there exists a (unique) homomorphism

0; = ($j,F) reap(in) € Homp (R, Reo)

with

(9.1.1) by o= (v —1)(¢;).

We claim that this implies an equality

(9.1.2) (Njes (Vi 0 dF)) p = (A JEJ( ~ 1)(.r))

= A" (AjeJcbj,F)F,
where in each case F' runs over Qp(K). Here the first equality follows directly from the
defining relations (9.1.1) and, after taking account of (7.1.1) (with N taken to be the 1 x 1
matrix (y— 1)), the second equality can be verified by showing that, for each F in Qg(Ks),
one has
Njertp = Nrdg, g (Y = 1"+ (Ajestip),

where () is the image of v in Gp and we set 0 . 1= (}Ej,p and 0 p := (ypy — 1)(0; p). It
is in turn enough to verify this last displayed equality after applying the projection functor
C(A) ®¢(qylgp)) — for each simple Wedderburn component A of Q,[Gr|. Further, if we write
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6.4 and 9;»’ 4 for the corresponding projections of Q, ®z, #; r and Q, ®z, 9;’ g, then the
explicit definition (2.1.1) of reduced exterior products implies that the elements Ajcs0; 4
and Aje JG 4 vanish unless the A-module W that is generated by {9 Atjes is free of rank
r—r. Then in the latter case, the required equality follows by applymg the general result
of [24, Lem. 4.13] with ¢ taken to be the element of End 4(W) that sends each basis element
9, A of Wto 04 = (7 VF) — 1)(99’14).

For each L in Qg (K) we consider the element

=d
TL (/\i 7‘+l(bL] o ¢r))(A jEld bLJ ﬂ Rd-
For each integer j in [d] \ [r] we also set

0L L gﬁj’L, ifj cJ
I b"i’j o ¢y, otherwise.

Then the family x := (z1), belongs to ﬂ;ngo and, setting A(y) = Nrdg(g)(y — 1), the
relations (9.1.2) (as F' runs over Qg (Ks)) imply that

(9.1.3) =)l with 2l = (NI 005) (Ajeabrg)) , € ﬂRngo.

This equality determines the element z’ uniquely since multiplication by A(v) on ﬂer R4,
is injective (see Remark 9.2 below).

For L in Q(K) we write ¢, , for the injective homomorphism ﬂgL OZ,S,T,p — ﬂgLR%
that is induced by our fixed resolution of Cp, s71,. Then the result of Proposition 6.16(ii)
implies the existence of a unique element z7, of C,[Grler, with ¢f, *(E%/KSTp) =z-xp. In
addition, the element z := (z1)r belongs to lim C »|G1] and one has

RS
Loo,*(ﬁzcoo,&T) = (LL7*(6L/K,S,T,p))L =z-T.

The equality (9.1.3) therefore implies that
(9.1.4) LOO7*(6%§O7S,T) = A" y(y) with y(y)i=z-2' € ﬂ?c " (Cp - Roo)®.
p Lloo

In addition, since v; € ¥ for all i in the set JT = J U [r] introduced in (8.2.10), Proposition
6.16(i) implies that the element

wg = (Njeagp\si (0B, © 98)) (NjelqbE.;)
belongs to tg « (ﬂgE (’)}3 S’T’p). This implies that the element

Tey(y) = 262
= Nrdg,g,)(—1)"" - 2 - (Ajesdjp) (wp)

belongs to ¢, (Cp ®z, ﬂ%EOESTp), where, following [24, Lem. 4.13], the integer tg is
fixed so that

Nseanifr.i = Nrdg, g (=1)F) - (Ajepap st by © 08)) A (Ajesdsp)-
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It is therefore enough to show that the unique element 9. /_T(e,%i s1) of Cp®z, Nr.OF. s »
that satisfies

(9.1.5) 15 (0] (RS, 5r) = TR(Y(7)

is independent of the resolution of Ci_ g7 fixed above. To check this we can assume to

~

be given a commutative diagram of the form (8.1.5) and we write i, ¢ p %, wp and
g(y) for the corresponding data that arises when making the above constructions with
respect to the resolution given by the lower (rather than upper) row of this diagram. Then
the commutativity of this diagram combines with the argument of Proposition 6.16(iv) to
imply the existence of an element p = (ur )7, of £(Rs)™ such that both Z = ! - 2z and

(T52) " (Njesy.0)(@8)) = (tp2) " (1 - (Ajesdye)(wE))

and hence also

as required. ]

Remark 9.2. To show that multiplication by A(vy) is injective on ﬂ%wafo it suffices to
take z = (z1)L € ﬂ%ngo with A(y) - 2 = 0 and show that this implies (A;¢[0;)(zF) = 0
for each F in Qp(Ko) and each subset {6;} ;1) of Hompg, (R, Rr). However, if one fixes
a pre-image (6,,)1, of each §; under the surjection Hompg_ (R%, Ry ) — Hompg, (R%, Rp),
then one has

AY) - ((Nebi.0) (z0))n = ((Njem8,L)L) (A(Y) - 2) =0

and so, since ((Ajei05,0)(20))r belongs to §(Ru), the argument in Proposition 6.16(i)
implies that ((Ajer0;,0)(22))L = 0 and hence also (Ajep105)(2r) = 0, as required.

Motivated by the result of Proposition 9.1, we now make the following key definition.

Definition 9.3. The ‘(7' — r)-th order derivative at v’ of the Rubin-Stark element 5,%507 ST
is the element

r'—r/_RS
37 (EICOO,S,T)
‘s X
of Cp - (z,(61OF,5,1°

9.2. Z-invariant maps and the Generalized Gross-Stark Conjecture. Our aim is
to formulate an explicit conjectural formula for the derivative element 877/*7'(5%1, s7) in-
troduced above.

For this purpose we shall need an appropriate generalization of the notion of ‘.Z-invariant’
that occurs in the classical Gross-Stark Conjecture and we next prove a technical result that

plays a key role in the construction of such a generalization.
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9.2.1. We abbreviate Gg to G and fix an (ordered) set of places
Y Cx\SE

of K. Then, since each place v in ¥’ is non-archimedean, we fix a place w, of E above v
and write ¢9*¢ for the map in Homyg,(¢1(OF g ,» Zp[G]) that satisfies

ord o -1
(9.2.1) ¢y (u) = deGordw,, (9 (u)-g
for each u in OE Sp> where ord,,, is the normalized additive valuation at wy,.

Lemma 9.4. Write e for the idempotent eg i s defined in (6.2.5). Then the reduced
exterior product Nyesy ™Y induces an isomorphism of ((Qp[G])-modules

od B N =)
(Z)E,S,E’ . e(QP ’ ﬂZp[G] 0275712) — C(Qp ’ ﬂZP[G] OE,S\E/,}?)'

Proof. Set U := Of g, U := O S\ r =% and r* ;= X\ X' <7

Then, since each place in ¥’ splits completely in E, the definition of e implies that the
Qp[Gle-modules e(Q, ®z, U) = e(Q, ®z Yg,5) and e(Q, ®z, U’) = ¢(Q, ®z Yg 5\5v) are
respectively free of ranks r’ and r* and so [24, Th. 4.19(v)] implies that the ((Q,[G])e-
modules e(Q,, - DZI,[G} U) and e(Qy, - ﬂgp[cl U’) are each free of rank one.

We now fix a representative of Cg g1, as in the upper row of (6.3.4) (with L = E and
T = S) and use the subsets J and JT of [d] defined in (8.2.2) and (8.2.10). Then Proposition
6.16(ii) implies that the element

e = (Njempst (05,5 © ) (Niciabe,i)

ord

generates e(Q, - ﬂgp[c] U) over ((Q,[G]) and so it is enough to prove that PEss(e) is a
generator of the ((Qp[G])-modules e(Q, - HZ[G] ).

To do this we fix an isomorphism in DPf(Z,[G]) between Cg g1, and the complex P*
given by

z,(G* % z,[G)%,

where the first term is placed in degree zero and the cohomology groups are identified with
those of Cg g1, by the maps in the upper row of (6.3.4). We also write P3, for the complex

"0 ’
Z,[GI* = Z, G,

where the first term is placed in degree zero, and we choose a morphism of complexes of
Z,[G)-modules o : P* — P, that represents the composite morphism in DPf(Z,[G])

P* = Cp sy = Ty on (@D, _, RHoma(RT((mu)w, 2), 7)) [-1] = Y,
E

where the first map is the fixed isomorphism, the second is induced by the exact triangle in
Lemma 5.1(ii) and the third is the canonical isomorphism induced by Remark 5.2 (and the
fact that each place in 3’ splits completely in F).
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We write Jxy for the subset of JT comprising indices j for which the j-th place of S\ {v'}
belongs to ¥’. Then there is a short exact sequence of complexes of Zp[G]-modules (with
horizontal differentials and the first term in the upper complex placed in degree one)

(9.2.2) Z,[G]= i Z,[G]=
(—id,e1) iid

OCO, / ,TT ’

2,161 — 0 7,16 & 7,61 — " 7, /G

idl i(bl,id)

ba
Zp|G)?.

Here (1 is the inclusion that sends the i-th element in the standard basis of Z, [G]‘E/| to the
k(i)-th element in the standard basis of Z,[G]? where k(i) € Js is such that vy;) is the i-th
place in Y/, and m; denotes the corresponding projection. In addition, the endomorphism
¢ 1s such that for each j in [d] one has

bl © a® if j = k(i) € Js for i € [|X]],
bE,j©¢a =140, if JT\ Jsy,
bpjo¢, ifjeld\Jh
In particular, since H(a) coincides with the composite

€ szengordw(e)-w

(9.2.3) Ok s7p Y5 p = Zp |G

where the isomorphism sends the ordered basis {w, },esy to the standard basis of Z,[G]*',
for every j = k(i) € Jx one has by ; o H%a) = ¢g§d. Hence, for a suitable integer a, there

are equalities

B% () = (Mvesrd3) ()

(Njery (b ;0 da))(e)
(Njedsy (0,5 © o)) (Ajepap st (Vk,5 © @) (NigiabE.i))
Nrdg, j61((=1)*) - (Ajesuqapnst) (OE,; © ¢a))(Nigabe,i)

Since [24, Prop. 4.18(i)] implies the latter element is a generator of e(Q), - ﬂgp e ker(¢q))
over ((Qp[G]), it is therefore enough to show ker(¢,) is isomorphic to U’. This is in turn
true since the first complex in the short exact sequence (9.2.2) is acyclic and the second is
equal to Cone(a)[—1] and so the exact triangle in Lemma 5.1(ii) induces an isomorphism
in DP*!(Z,[G]) between C, s\sv,7,p and the third complex in (9.2.2) and therefore also an
isomorphism of Z,[G]-modules between U’ = H°(Cg g\sv 1,,) and ker(¢q). O

9.2.2. We set
Ry :=A(G) and Zp:=Rs-(y—1).
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We note that Zg is a (two-sided) ideal of Ry, that the assignment x +— z(y — 1) induces an
isomorphism Re, = Zg of (left) Ro-modules and that there is a natural exact sequence of
(left) Roo-modules

O—>IE£>ROO—>RE—>0,

where the third arrow is the natural projection. This exact sequence combines with (the
limit over L in Qg (K« )) of the isomorphism in Lemma 5.1(iv) to give a canonical exact
triangle in D(R)

0 0’
(9.2.4) IE ®|Roo Ckosm = Croost = Cesr — (Ig ®|Roo Cko,s.1) (1]
and thereby also a composite Bockstein homomorphism
HO(¢'
(9.2.5) HO(CE@T) #Hl(IE ®|ng0 CKoo,8.T)

~Tp ®r. H' (Cxo,s1)
idH (0
1—(_)—>IE ®r. H' (CE.s,r)
> (I/1}) ®r, H (Cesr)
=~ H'(Cgs1).

Here the first isomorphism is induced by the fact Ci g7 is acyclic in degrees greater
than one, the second by the fact Zg acts trivially on Hl(C’E,S,T) and the third by the
isomorphism R = 7Tg /I% that sends 1 to the class of v — 1. (For an alternative, and more
direct, description of the composite (9.2.5) as a Bockstein homomorphism see the proof of
Lemma 9.10 below.)

For each v in ¥ the latter map induces a composite homomorphism of Z,[G]-modules

¢Bok  OF g0, = H(Crsx) = H (Cpsr) = Sel§(B)y < Z,[G).

Here the equalities come from Lemma 5.1(ii) and g, denotes the composite of the canonical
projection Selg(E);f — Zy|G] - wy induced by (5.1.2) and the homomorphism of Z,[G]-
modules Z,[G] - w, — Zp|G] that sends w, to 1 (and is well-defined since v splits completely

in ).
For any finite (ordered) subset X' of ¥ the reduced exterior product of the maps qSE}%Ck
over v in ¥’ induces a homomorphism of {(Q,[G])-modules
Bock . =] % =\
v,OSC,E : eE/K,S,E(Qp ) ﬂZP[G]OE,S,p) - 6E/K,S,E(@p : ﬂzp[G] E7S,p)

where ep/k g5 is the idempotent of ((Q[G]) defined in (6.2.5).
Taking advantage of Lemma 9.4, we can now define a canonical ‘Z-invariant map’.

Definition 9.5. The Z-invariant map associated to v, S and a subset ¥’ of X\ S is the
homomorphism of {(Q,[G])-modules

' 12\ IS\
.,f% . EE/K’S7Z (Qp ' ﬂZp[G} OE,S\E’,]J) - eE/K,S,E (QP ' mZp[G] OE,S,p)

that is induced by the composite qﬁ?ﬁé@ ° (qb%%ﬂ)_l
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The following result explains the significance of semisimplicity (in the sense of Definition
8.9) in this setting.

Lemma 9.6. Assume that the set ¥/ := X\ Xg(Koo) contains no archimedean places. Then,
for any character x in Irp(Gr) at which Koo /K, E and S is semisimple, the x-component
of the map ff; is ingjective.

Proof. We use the notation of the proof of Lemma 8.8. In particular, one has r = |¥gs(K)|,
Ys(Koo) = {vizier]},r =%, Y ={vj:j€J}and JT := JU[r] (so |¥| =7 —r
and |JT| = 1'). We have also fixed a resolution C(¢) of Cx__ g7 as in Remark 8.3 and, for
each L € Q(K), we write C(¢r) for the induced resolution of Cr, g7,. We abbreviate the
notation yg from loc. cit. to ~.

Then, as Proposition 6.16(ii) implies that the element g of ﬂ”Z‘IP[G]OE,S,p constructed
by the argument of Proposition 6.16 (with respect to the complex C(¢g)) generates the
¢(Qp[G])-module e/ 55 (Qp - ﬂgp © (9375710), it is enough for us to show the given semisim-
plicity hypothesis on x implies that

(9.26) ex (6555 () # 0.

The key point in showing this is that, under the given hypothesis, the argument of Lemma
8.8 implies the existence of a matrix NV in Mg, (R) for which one has

(9.2.7) Nrdgg) (N | M(¢)1) = A1) " -1 with 1 € &(Keo/K) \ px(Koo/K).

To interpret this equality, we write 6; = (6; p)r for each index i € [r] for the element of
Homp_ (R%,, Rs) that corresponds to the i-th column of N and, for each F € Qp(Ky), we
use the element

/

zp = (Nigig\st (bFi © ¢1)) (Nje(abr;) € ﬂZP[QF}Zp[QF]d-

In particular, we note that (7.1.1) combines with [24, Lem. 4.10] to imply that, for a suitable
integer ¢, one has

(Nrdg(g ((N\Mw)*))
=Nrdg(g) ((/\zer]ezF /\jGJ(b},jOQSF))(xF)))FEgE(ICOO)
:A(w)T-T-NrdQ@(( DY) - ((Niep05,0) ((Ajesd5,0) @F) peq, ey

where the second equality follows from (9.1.2). Upon comparing the latter equality with
(9.2.7), we deduce that

((/\ie[r]9i,F)((AjeJ@,F)(JJF)))FEQE(,COO) = Nrdg(g)((-1)") -
€ &H(Koo/K) \ py (Koo / K).
In view of the explicit definition (8.2.5) of the prime ideal p, (Kso/K), it follows that

eX((/\iE[T]Hi,E))((AjeJaj,E)(xE))) £0.
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To derive (9.2.6) from here, it is clearly enough to prove that (/\jeJaj,E)(xE) is equal to

<;57B°S‘:k2,(6 £). To show this, we recall from Proposition 6.16(i) that

(Njesdje)(@e) = (Njes(djE 0 Lps))(EER),
where 1, the injective map OF ¢ 1 o Zp[G]d that is induced by the given resolution

C(¢g) of Cg sr1p. Given the explicit definition of ¢7B‘f§k2,, it is therefore enough for us to
show that, for each j € J (so that v; € ¥'), one has

(9.2.8) B0 L. = PO,
This identity can then be verified by an expllclt and straightforward, computation that
combines the defining equality ¢; = (y~" — 1)(q5]) of the homomorphism gbj with the fact
Bock

g can be computed as the composite @w o 6, with 6 the connecting homomorphism
HY(Cgs1p) = ker(dpg) — cok(¢) associated to the short exact sequence of complexes

(with vertical differentials)

(Roo(y —1))4 = RY, Zy|G]
l¢ l(ﬁ itﬁE
(Roo(y — 1)) = RY, Zy|G]

and w the composite map
Qv

cok(¢) — cok(pg) = Sel§(E)5 — Zy[G]
in which the first arrow is the natural projection map. U

9.2.3. We can now use the Z-invariant map from Definition 9.5 to formulate an explicit
conjectural formula for the (' — r)-th order derivative at v of E%iﬁj, as specified in
Definition 9.3.

Conjecture 9.7. (Generalized Gross-Stark Conjecture) Fiz a subset ¥ of ¥g(E) as in
(8.2.1) and set r := |Xg(Koo)|, ' :=|X| and X' := X\ ¥5(Ks) (s0 that r <1’ < |S| and
|X'| =" —r). Then, if no place in X' is archimedean, there is an equality

'—r(_RS 5 Bs (Koo
ayr "(ek,sm) = gy,s(EE%(,S\)E',T)

in Cp 2,165 OF.5p-
In the sequel we write kx for the homomorphism xx - w[_(l G — Z;.
Remark 9.8. Fix a in Z;. Then the first displayed equality in Lemma 9.1 implies y(vy) =
27 y(y®) with x4 = Nrdgg)((v* — 1)/(y — 1)), and hence also
T (y() = 7R (2l " y() = () wR (y(3)-

By a straightforward computation, one can also show that £ = = o (za) " - &L Ea s and
hence that the validity of Conjecture 9.7 is independent of the ch01ce of v. In addltlon one
can explicitly compute WE(I'a) as follows. Fix a topological generator vy of I'x and write
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n for the element of Z, for which the projection of v to I'x is equal to +3. Then, since vy
acts trivially on V) for each x in Ir,(G), an explicit computation of reduced norm (as in
the proof of Corollary 7.9) shows that

(9.2.9) T (Nrdgg) (1" = 1)) = Bg (v = 1) = (1 + )" — X
and hence that

7rOE(xa)x = jX($a)(0)

_ (1+t)an_1 x(1)
_<(1+t)”—1> (0)

— ox(D)

_ <Nfd@p[c} (log,, (kK (v*))) )

Nrd@p [G] (Ing (kx (7))

This equality implies, in particular, that each side of the equality in Conjecture 9.7 becomes
independent of v after multiplying by the normalization factor Nrdg, g (logp(/-; ()"

Remark 9.9. The argument of Theorem 9.11 below shows Conjecture 9.7 recovers (in the
relevant special case) the classical Gross-Stark Conjecture. For this reason, we refer to the
derivative formula in Conjecture 9.7 as the ‘Generalized Gross-Stark Conjecture’ for the
data Koo /K, E, S and T.

9.3. Cyclotomic Z,-extensions. In this section we investigate Conjecture 9.7 in the spe-
cial case Koo = EVC.

9.3.1. In this case, for each v in 3\ S%, the map qbvaq’fk has a more explicit description. To
give this description we recall that in [41, §1] Gross defines for each place w of E a local
p-adic absolute value by means of the composite
Tw Xw x—x !
| wp = By = Gpgav/p, — Z; — Z;’

where Ef‘ub is the maximal abelian extension of E,, in Ef,, r,, is the local reciprocity map
and Y., = Xg, is the cyclotomic character. We write ¢S for the homomorphism of
Zp|G]-modules OF g ., — Zp|G] that sends each u to the element

G _ -1
oo (u) = deGlongg (@)]w,p - 9-
Lemma 9.10. For each v in ¥\ S% one has

Bock = log, (e (7)) L+ 957,

Proof. We set Cy, := Cx_ 57 and C := Cg s 1, We also fix a topological generator v of
'k, write n for the element of Z, such that the projection of v to I' is equal to vj and

set Ty, := Y=o 1yt € A(Tk).
We consider the morphism of exact triangles in D(R)
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Ip ®%  Cs — Cs - C - (Ip ®%_ Coo)1]

.| S T
ATk x G) @Y% Cow L ATx x Q) 8% Coo = C = (AT x G) @ Cao)[1].

In this diagram the upper triangle is (9.2.4); in the lower triangle each term A(I'x x G) is
regarded as an Ro.-bimodule via the natural diagonal injection G — 'k x G and vg — 1
acts via left multiplication on the first factor in the tensor product and so the existence of
the triangle is a consequence of the descent isomorphism Z,[G] ®If%oo Coo = C'; the morphism
61 sends each element z(y — 1) ® ¢ to (T, - T) ® ¢!, where T is the image of  under the
natural projection Ry, — A(T'x) € ATk x G), and s sends each element ¢’ to 1 ® ¢'.

We abbreviate the map (9.2.5) to 8 and write 8’ for the composite homomorphism

HY(C) = HY(ATk x G) @5 Ox) — HY(O),

where the arrows are the maps induced by the lower triangle in the above diagram. Then,
since the image of T}, under the projection A(I'x) € A(T'x x G) — Z,[G] is equal to n, the
commutativity of the above diagram implies (without assuming Ko, = E¥°) that 8/ = n- .

We note next that, setting ¢ := log, (kx (7x)) = n~' - log,(kx (7)), the argument of [16,
Th. 5.7(i)] proves ¢$™° = c- (9, o #'). (The difference in sign between this formula and
that in loc. cit. is accounted for by the fact that the proof of [16, Th. 5.7(i)] uses the
shifted complexes C[1] and C[1] in place of C and C and the differentials of Co[1] and
C differ by a sign.) This equality then implies that

g = (gyo )
=c- (oo (n-p))
=(n-c) (oo p)
=log, (rx (7)) - 65,

as required. ]

9.3.2. In this section we explain the connection between Conjecture 9.7 and the classical
Gross-Stark Conjecture and are thereby able to deduce its validity in an important family
of examples.

To do this we further specialize to the case that K is totally real, F is CM and Ko, = E<°.
We then write 7 for the (unique) non-trivial element of Gal(E%¢/(E¥°)t) and ey for the
idempotent (1 £ 7)/2 of A(G). We identify the elements 7 and e with their respective
images in G and Z,[G].

We write Ir;t(G) for the subsets of Ir,(G) comprising characters for which x(7) = £x(1).
For any A(G)-module M we write M* for the A(G)-submodule {m € M : 7(m) = +m}.
For an element m of M we also often abbreviate e4(m) to m™ and use a similar convention
for homomorphisms.

We consider the homomorphism of G-modules

ord . X,— —
AEys:Ops 2 Ygpg
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that sends each u to ), ord,(u) - w, where in the sum w runs over all places of E above
those in S\ SX, and also write

Gross . X,—= —
(9.3.1) /\E,S,p *“YE,Sp - YE,S,p

for the map of Z,[G]-modules that sends each u in Oy’ to > wesplogy|[ulfw,p - w.

Then, since the scalar extension Q, ®z )\‘)El”f9 is bijective, for each x in Ir, (Gr) we can

define a Cp-valued ‘.Z-invariant’ by setting
Zs(x) = detc, ((Cp ®z, AF'E3) 0 (Cp @z A%%) ™" | Homg, (1 (Vy, Cp - Yig g,))-

In claim (ii) of the following result we refer to Gross’s ‘Order of Vanishing Conjecture’
for p-adic Artin L-series, as discussed in Remark 8.12 (and originally formulated by Gross
in [42, Conj. 2.12a)]).

Theorem 9.11. Let E be a finite Galois CM extension of a totally real field K, set G := G
and K := EY¢ and fix a topological generator v of Gal(E%Y°/E). Then no archimedean
place of K splits in E and so Lg(E) # 5, ¥s(Ks) =0 and |Es(E) \ Xs(Koo)| is equal to
r':=|Xg(E)|. In addition, the following claims are valid.

(i) For every x in Ir, (Go) one has

! —p! x(1), .
0; (R, s:r)x = ogy (xe (7)) XM L ¥ (¢ - we, 0).
(ii) For every x in Ir, (Goo) one has

Ys(E Ys(Koo —p! .
LB oy = 108,k (1) Y L Zo(x) - Ly (% 0).

(iii) The minus component of Conjecture 9.7 is valid if Gross’s Order of Vanishing Con-

jecture is valid for every x in Ir, (G).

Proof. The assertions concerning the sets Y¥g(E) and 3¥g(Ks) are clear. In particular, in
this case the integer r := rg k. is equal to 0 and no place in ¥’ := Xg(E)\Xg(Ks) = Xs(E)
is archimedean.

Remark 6.14(ii) therefore implies that both

o S5(Koo
(9.3.2) (exS 57) =0k sy and EE%{,S\)E’,T:QE/KaS\ES(E)7T(O)'

In particular, since 7 = 0 and 0. ¢ € ((Q(G)) (see the proof of Corollary 7.9), the
argument of Proposition 9.1 implies

Nrdgg)(v = 1) - b, s € C(Q(G)) Nlim ¢(Q,[d1])
L

and that
5 (k> s)” = me(Nrdgey (v = 1) - O s7)-
To prove claim (i) it is thus enough to show that, for each x in Ir, (G) one has
o _p! r'x(1) /-
(9.3.3) Te(Ntdgge) (v = 1) O gp)x = c(v) XD LD (- wie, 0),

with ¢(v) := log, (kK (7))
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To prove this we note that x := kx factors through the projection Gx — 'k and recall
that for each 9 in A7 (G ) Deligne and Ribet have shown that there exists a unique element

fsrp in Qf ®q, Q(Zy[[t]) for which
Lpsr(¥-wi,1=3s) = fory(k(vkx)’ —1)
(cf. [40]).
For every ¢ in A(I') one has
jx(HIEwS,T)(@Z’(’YK) - 1) :jX'w(QIEOO,S,T)(O)

= Lpsr(X - - wi,0)
= fsr59(6(0K) — 1)
= fsrx(b()r(k) — 1)
=u(fsrx) (W (k) — 1),

where ¢ is the ring automorphism of Qf ®q, Q(Zp|[t]]) that sends ¢ to x(vx)(1 +t)~1—1. Here
the first and fourth equalities follow from a general property of the maps j, and functions
fsry that are respectively established in [72, Prop. 5 and (2), p. 563], the second follows
from (7.3.1) and the other equalities are clear. Since the displayed equalities are true for
every ¢ in A(I'k) it follows that j,(0x...s,7) = t(fs1.x)-

The left hand side of (9.3.3) is therefore equal to

(7 (Nrdgyg) (v = 1)) ‘jX(HIEM,S,T))(O)
= ((A+1" =)Dy fsr5)) (0)
— o TX() (t r x( . L(fS,T,y())(O)

=0 log (k(yx0)) XD - LY (% - wic, 0)

= ()M LD R w 0),

as required to complete the proof of claim (i). Here the second equality uses (9.2.9), the
third is established by the argument of [16, Lem. 5.9] and all other equalities are clear.

To prove claim (ii) we write g for the natural projection map Y}i sp Yo Se(B)p & and
note that the definition of the idempotent e = eg/k g (r) ensures that the map e(Q,®z, 0)
is bijective.

For each v in X g(F) we set

w, =e_(wyg) € Yo sem)p

We write {(w, )*}yexg(r) for the Z,[G]™-basis of Homg, g (YE_ES(E) »» Zp|G]™) that is dual

to the basis {w, }yexg(m) of Yy o (E)p and note that these maps gives rise to an isomorphism
of £(Zy|G])-modules

N r/ _ 0
/\UEES(E)(wv ) : mZp[G}YE:ES(E)»P - mZp[G]YE Ss(E)p =¢(Z [ ])

that sends A,exg(p)w, to the identity element e_ of the ring £(Zp[G])_.
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In addition, for each v in ¥/ = ¥ g(E) one has
(60)” = (wy)" 0 00 AFY,
and hence also
ord,— —\* rd
¢ESE’ =e- (Qp vezg E)(w'u) ) (/\Q [G]Qp ) /\Q Gl (Qp ®Zp )‘CJ)E S,p)-
In a similar way, Lemma 9.10 implies, for each v in ¥’ that
(655%) " =)™ - (6%) "
=c(7) 7" (wy)* 0 00 AFE

and hence also

Bock,—
(b%S,E’

= Nrdg,()(e(7) "¢+ (Qp - Avems(m) (w3 )") © (/\Q e 0) © /\Q o @ @z, AEE)-

In this case therefore, the Z-invariant map ff‘s’f = ngB’O;l;f (gbOEr‘iq )7 1'is equal to the
endomorphism of ((Q,[G]) e that is given by multiplication by the element

(9.3.4) Nrdg,(a)(c(7) ™" )e - Nrdg, ) ((Qp ®z, AF'E}) © (Qp ®z, AFS,) )
In particular, since
Nrdg, g1 (c(7) ™" )y = ()" XD
and Zs(x) is (by its very definition) equal to the x-component of the second reduced norm

in the product (9.3.4), the equality in claim (ii) now follows from the second equality in
(9.3.2) and the fact that

Or/Kk.5\25(2),1(0)x = Lo\ss(r) (X, 0).

Given claims (i) and (ii), claim (iii) then follows directly from the fact that if Gross’s Order
of Vanishing Conjecture is valid for every x in Ir, (G), then the main result of Dasgupta,
Kakde and Ventullo in [29] implies that, for every x in Ir, (G), the explicit quantities in
claims (i) and (ii) are equal (for details of this deduction see [16, Prop. 2.6]). O

10. THE EQUIVARIANT TAMAGAWA NUMBER CONJECTURE FOR G,

In this section we establish a precise connection between the Main Conjecture of Higher
Rank Non-commutative Iwasawa Theory (Conjecture 7.4), the Generalized Gross-Stark
Conjecture (Conjecture 9.7) and the equivariant Tamagawa Number Conjecture for G,
over general Galois extensions of number fields.

In this way we obtain a concrete strategy for obtaining new evidence in support of the
latter conjecture, and thereby also extend (to general Galois extensions) the main result of
the Burns, Kurihara and Sano in [19].

After reviewing the relevant case of the equivariant Tamagawa Number Conjecture in
§10.1, the main result of this section will be stated and proved in §10.2.
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10.1. Review of the conjecture. For the reader’s convenience we shall first give an ex-
plicit statement of the equivariant Tamagawa Number Conjecture for G,, relative to an
arbitrary finite Galois extension of number fields L/K and clarify what is currently known
about this conjecture.

We set G := Gal(L/K) and fix a finite set of places S of K with

SE U Sram(L/K) C S

and an auxiliary finite set of places T of K that is disjoint from S.

10.1.1. The leading term at z = 0 of the Stickelberger function 0y /k ¢ (2) defined in (6.2.2)
is

QE/K,S,T(O) = eréLg,T(X7 O)exa

where L (X, 0) is the leading term of Lsr(x,2) at z = 0, and belongs to ((R[G])*.

The equivariant Tamagawa Number Conjecture for G, relative to L/ K is then an equality
in the relative algebraic Ko-group of the ring extension Z[G] — R[G] that relates 67 /K, s7(0)
to Euler characteristic invariants of the complex

C:=CLst

in D'"(Z[G]) that is constructed in Lemma 5.1. In this section we interpret this conjectural
equality in terms of the constructions made in §4.

To do so we note that, just as in Definition 7.2 (and Remark 4.10), for each prime p there
exists a canonical subset dz, g (C,)PP of the graded &(Z,[G])-module dz, () (Cp) comprising
all primitive basis elements.

We next note that the Dirichlet regulator isomorphism R;, g combines with the explicit
descriptions of cohomology groups in Lemma 5.1(i) (and the short exact sequence (5.1.2))
to induce a canonical isomorphism of graded ((R[G])-modules

ALs : drjg)(R - C) — (((R[G]), 0).

From any fixed isomorphism of fields j : C = C, we obtain an induced ring embedding
J« ¢ C(R[G]) — ¢(Cp[G]) and hence also, via scalar extension, an isomorphism of graded

¢(C,[G])-modules )‘3:,5 := C, ®r,j AL,s. For each such j we can therefore write

(10.1.1) Zp = ZJL/K,S,T

for the zeta element associated (by Definition 4.6) to the isomorphism )\% ¢ and element

j*(GE/K’S’T(O)) of ((C,[G])*.

It then follows from Theorem 4.8 and Remarks 4.10 and 6.7 that the equivariant Tama-
gawa Number Conjecture for G, relative to the extension L/K is valid if and only if the
following conjecture is valid for all primes p.

Conjecture 10.1 (TNC,(L/K)). For each isomorphism of fields j : C = C, one has

Nrd@p[G} (K1(Zp[G])) - 2p = dzp[g](cp)pb.
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Remark 10.2. If Tate’s formulation [82, Chap. I, Conj. 5.1] of Stark’s principal conjecture
is valid for L/K, then the same approach as in Remark 6.9(ii) shows that the zeta element
Zp, and hence also each side of the above conjectural equality, is independent of the choice
of isomorphism j. In addition, the independence of this equality from the choices of both S
and T follows in a straightforward fashion from the properties of the complex C' described
in Lemma 5.1(ii) and (iii) respectively.

10.1.2. In [48, §4], Johnston and Nickel provide a clear and comprehensive overview of
evidence in support of Conjecture TNC,(L/K) circa 2015. In this section we assume that
K is totally real and L is CM and recall several more recent developments concerning the
conjecture in this case.

In the sequel we shall write “TNC,(L/K)¥ is valid’ to denote that the displayed equal-
ity in Conjecture TNC,(L/K) is valid after applying the exact scalar extension functor
§(Zp|G)e+ ®¢z,(q)) —» where the idempotent ex of ((Zy[G]) is as defined in §9.3.2 (with E
replaced by L).

We first recall what is known about Conjecture TNC,(L/K)*. Before stating the result,
we recall that the ‘p-adic Stark Conjecture at s = 1’ is discussed by Tate in [82, Chap. VI,
§5], where it is attributed to Serre [77] (see also [14, Rem. 4.1.7]), and predicts an explicit
formula for the leading term at z =1 of L, 57(1, z) for each v in Ir;‘ (Q).

Proposition 10.3. TNC,(L/K)" is valid if all of the following conditions are satisfied.
(i) p is prime to |G| or py(L) vanishes.
(ii) Breuning’s Local Epsilon Constant Conjecture is valid for all extensions obtained by
p-adically completing L/ K .
(ili) The p-adic Stark Conjecture at s =1 is valid for all characters in Ir} (G).

Proof. 1t is shown in [14, §9.1] that TNC,(L/K)" is valid provided that all of the following
conditions are satisfied: the p-adic Stark Conjecture at s = 1 is valid for all characters
in Iry(G); if p divides |G|, then p,(L) vanishes; the p-component of a certain element
TQ"°(Q(0)1, Z[G]) of Ko(Z][G],R[G]) vanishes.

The stated claim is therefore valid since the result [10, Th. 4.1] of Breuning simplies that
the p-component of TQ°¢(Q(0)r, Z[G]) vanishes if the ‘Local Epsilon Constant Conjecture’
formulated in [10] is valid for all extensions obtained by p-adically completing L/K. O

Remark 10.4. Breuning’s Local Epsilon Constant Conjecture has been shown to be valid
for all tamely ramified extensions of local fields [10, Th. 3.6] and also for certain classes of
wildly ramified extensions (cf. Bley and Cobbe [2] and the references contained therein).
All such results lead to more explicit versions of Proposition 10.3.

Turning to Conjecture TNC,(L/K)~, we first record an unconditional result. This result
relies crucially on the recent verification by Dasgupta and Kakde [30] of the Strong Brumer-
Stark Conjecture.

Proposition 10.5. TNC,(L/K)~ is valid if the Sylow p-subgroups of G are abelian.

Proof. We write M for the motive h%(Spec(L)), regarded as defined over K and with co-
efficients Q[G]. Then, in terms of the notation of Remark 4.9(i), TNC,(L/K) asserts the
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vanishing of the element of K¢ (Z,[G], C,[G]) given by
67,11, (L*(M,0)) = xz,(c),c,(C(M),1).

We must therefore show the stated conditions imply that the image TQ(L/K), of this
element under the natural projection Ko(Z,[G], Cp[G]) = Ko(Zp|Gle—,C,[Gle—) vanishes.

To do this, we first combine a result of Nickel [70, Th. 1] with [14, Rem. 6.1.1(iii)] to
deduce that TQ(L/K), has finite order. From [69, Prop. 6.2], we can then deduce that
TQ(L/K), vanishes if and only TQ(L'/K’), vanishes for every intermediate Galois CM
extension L'/K' of L/K whose Galois group is either p-elementary or a direct product of
a p-elementary group with {1,7}. In addition, by the argument of [70, §3], the assumption
that the Sylow p-subgroups of GG are abelian implies that every p-elementary subquotient
of G is abelian.

To complete the proof, it is therefore enough to prove that T)(L'/K’), vanishes for
every intermediate Galois extension L'/K’ of L/K in which L’ is CM, K" is totally real and
Gal(L'/K') is abelian. For any such extension L'/ K’, however, the vanishing of TQ(L'/K');
is derived from the seminal results of Dasgupta and Kakde in [30] by Bullach, Daoud, Seo
and the first author in [13, Th. B (a)] (and see also the related works of Nickel [70], of
Atsuta and Kataoka [1] and of Dasgupta, Kakde and Silliman [31]). O

In the general case, there is also the following result of Burns [16, Cor. 3.8(ii)].

Proposition 10.6. TNC,(L/K)™ is valid if p1,(L) = 0 and Gross’s Order of Vanishing
Conjecture [41, Conj. 2.12a)| is valid for every totally odd character of G.

Remark 10.7. If one sets S := S5 U S%., then Remark 8.12 implies that the conditions
in Proposition 10.6 are satisfied if and only if the Z,-module Ag(L%°) is finitely generated
and its quotient AS(LCYC)EL is finite.

Remark 10.8. In addition, Nickel has proved in [69, Th. 6.8] that if p,(L) = 0 and p
is ‘non-exceptional’ in a certain technical sense (see [69, Def. 6.5]), then TNC,(L/K)™ is
valid. We recall, in particular, from loc. cit. that for any given extension L/K there can
only be finitely many ‘exceptional’ primes p.

We next explain how Proposition 10.6 leads to unconditional evidence in support of
Conjecture TNC,(L/K)~ in the technically most difficult case that the Sylow p-subgroups
of G are non-abelian (thereby complementing Proposition 10.5) and the relevant p-adic
L-series possess trivial zeroes.

Corollary 10.9. TNC,(L/K)~ is valid if all of the following conditions are satisfied.

(i) G is the semi-direct product of an abelian group A by a supersolvable group.
(ii) LA is totally real and has at most one p-adic place that splits in L)L .
(iil) pp(LT) vanishes where P is any given subgroup of G of p-power order.

Proof. Tt suffices to show that the three given conditions imply the validity of the conditions
stated in Proposition 10.6.

Condition (i) implies that for every p in Ir,(G) there exists a subgroup A, of G that
contains A (and hence 7) and a linear Qg-valued character p’ of A, such that p = Indﬁp(p’ )
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(for a proof of this fact see [76, 1I-22, Exercice] and the argument of [76, II-18]). It is also
clear that if p belongs to Ir, (G), then the field Lker(P) ig CM.

In particular, since the functorial properties of p-adic Artin L-series under induction and
inflation imply that the conjecture [41, Conj. 2.12a)] is valid for p if and only if it is valid
for p/ we can assume (after replacing L/K by Lker(e) /LA and p by p') that p is linear. In
view of condition (ii) we can also assume that K has at most one p-adic place that splits in
L/L*. We then recall that, if all of these hypotheses are satisfied, then [41, Conj. 2.12a)]
is verified by Gross in [42, Prop. 2.13].

It is therefore enough to note that condition (iii) implies p,(F) = 0. This is because if
pp(E) = 0 for some number field E, then Nakayama’s Lemma implies p,(E’) = 0 for any
p-power degree Galois extension E’ of E. O

Example 10.10. If the field L” in Corollary 10.9(iii) is abelian over Q, then pu,(L)
vanishes by Ferrero-Washington [35]. Hence, if in such a case the field L4 has only one p-adic
place, then Corollary 10.9 implies the unconditional validity of Conjecture TNC,(L/K)~. It
is straightforward to describe families of non-abelian extensions satisfying these hypotheses.
(i) Let F be a real quadratic field in which p does not split and assume that L is a CM
abelian extension of F' of exponent 2p™ for some natural number n. One can then set K = Q
and A = G p and assume that L/K is Galois with (generalized) dihedral Galois group.
Then L# = F, P is normal in G and the quotient group G /P is abelian, as required.

(ii) Let E be a totally real A4 extension of Q with the property that 3 does not split in its
unique cubic subfield. Then for any imaginary quadratic field F the field L := E'F is a CM
Galois extension of Q and G q is of the form A x Z/3 with A :=7Z/2 x Z/2 x Z/2 (where
Z/3 acts trivially on one copy of Z/2 and cyclically permutes the non-trivial elements in
the remaining factor Z/2 x Z/2) and so is abelian-by-cyclic. The field L is then the unique
cubic subfield of L and so is totally real with only one 3-adic place and the field E; := LAF
is abelian over Q so pz(E;) vanishes. One can also show that if pg(E2) vanishes for any
given quadratic extension Fy of Fj in L, then ps(L) also vanishes and so Corollary 10.9

applies to L/Q.

Finally, to end this section, we take the opportunity to clarify an aspect of some results
in [16]. To be specific, we give a concrete example to show that the above approach also
allows one to describe situations in which the hypotheses of [16, Cor. 3.3] are satisfied
by characters that are both faithful and of arbitrarily large degree. For all such examples
one thus obtains a p-adic analytic construction of p-units that generate non-abelian Galois
extensions of totally real fields and also encode explicit structural information about ideal
class groups, thereby extending and refining the p-adic analytic approach to Hilbert’s twelfth
problem this is described for linear p-adic characters by Gross in [42, Prop. 3.14]. In the
same way one deduces these examples verify a natural p-adic analogue of a question of
Stark in [79] and a conjecture of Chinburg in [26] that were both formulated in the setting
of characters of degree two.

Example 10.11. Fix a totally real field F and a cyclic CM extension E’ of E in which
precisely one p-adic place v of E splits completely and no other place of F that ramifies
in F/Q splits completely. We let k& be any subfield of E for which the restriction of v has
absolute degree one and write F' for the Galois closure of E’ over k. Then F is a CM field
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and for any faithful linear character ¢’ of G /£ the character
G Gr/
Y= IndGij’;(InfG;fE W)

of Gy, is irreducible, totally odd, faithful and of degree [E : k]. Further, the functoriality
of p-adic L-functions under induction and inflation combines with the result [42, Prop.
2.13] of Gross to imply 1 validates the hypotheses of [16, Cor. 3.3] with S taken to be
Sp° U SY U Spam(E/k) and vy the place of k below v.

10.2. Main conjectures, derivative formulas and Tamagawa numbers.

10.2.1. Statement of the main result. We now assume to be given a Z,-extension K> of a
number field K and for each extension L of K set

L := LK.
We also assume to be given a finite Galois extension F of K, a finite set .S of places of
K such that
(10.2.1) S U Seam(E*/K) C S

and an auxiliary finite set of places T" of K that is disjoint from S and such that Hypothesis
6.1 is satisfied with Ko, = E°°. We then fix a place

(10.2.2) v € S\ Bg(E™®)
(noting that this is always possible under the hypothesis (10.2.1) since Syam(E>°/K) is both
disjoint from ¥g(E°°) and non-empty).
We set
G :=0g
and for each x in Ir,(G) we write E, for the fixed field of ker(x) in E and set

Gy =Gg, and X, =Yg 1y} (Ey)

(so that Xg(E™) C Xy, Xg(E) \ {v'} € X, and X, # 9).

We now introduce a convenient restriction on characters of G. We note that condition (ii)
of this hypothesis is stated in terms of the idempotent e, 55, of ((Q[G]) that is defined
in (6.2.5) (so that a more explicit interpretation of the condition can be obtained via the
equivalence of the properties (i) and (v) in Lemma 6.10).

Hypothesis 10.12. x is a character in Ir,(G) that has all of the following properties.
(i) Bs(EX) = Bg(E®) and (S \ Ts(E>)) NS = 0.

(ii) ex - ep/k.sx, 7 0.

(ili) The space ey (Q§ @z, AS(E;O)Gal(E;O/EX)) vanishes.

(iv) The Generalized Gross-Stark Conjecture (Conjecture 9.7) for the data EX° /K, E\, S
and T is valid after multiplication by e,.

Definition 10.13. We define idempotents of ((Q,[G]) by setting

* Pyp— * Pp—
€py = g XeX and epgy = E XeX,
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where the sums are taken over all characters x in Ir,(G) that satisfy both of the conditions
(i) and (ii), respectively (iii) and (iv), in Hypothesis 10.12. We then define an idempotent

ey = BE,le*EQ
of ((Qp[G]).

Remark 10.14. Under mild restrictions, the conditions (i) and (ii) in Hypothesis 10.12
are satisfied by every x € Ir,(G) so that one has

epa =1 and hence ep =ep,.

For example, if K* is the cyclotomic Z,-extension of K, then Xg(E°) C S¥ and so
Y5(E>) = Xg(EY) if SF N Sram(L/K) = (. Hence, if the latter condition is satisfied (as is
the case, for example, if |G| is odd), then Hypothesis 10.12(i) is satisfied by all x € Ir,(G).
In addition, the equivalence of the conditions (i) and (ii) in Lemma 6.10 implies x € Ir,(G)
validates Hypothesis 10.12(ii) if and only if one has e, (Q° ®z X, g\, ) = 0, or equivalently
(by (6.2.3)) ord,—oLs(x, 2z) = x(1) - |£y]|. It is easily checked that this condition is satisfied
by every linear y and also, as a consequence of Frobenius reciprocity, by any non-linear
(irreducible) x whose restriction to G, for each v € S\ S%¥ does not contain the trivial
character of GG,. We note, in particular, that the latter condition is satisfied by any x of
the form Indfﬂb with H a proper subgroup of G and ¢ a linear character of H for which
one has H NG, ¢ ker(¢) for all v € S\ S¥.

These observations imply that (even if G is non-abelian) Hypothesis 10.12(ii) is satisfied
by every x in Ir,(G) under a variety of explicit conditions. It can be checked, for example,
that this situation arises in each of the following concrete cases:

(i) G is abelian;

(ii) Gy =G for all v € S\ SF;

(iii) G is a Frobenius group whose Frobenius complement is abelian and Frobenius kernel
is contained in G, for all v € S\ SF;

(iv) G is non-abelian of order p* and its (non-trivial) centre is contained in G, for all
veS\S¥.

In the next result we establish a concrete link between the Main Conjecture of Higher
Rank Non-Commutative Iwasawa Theory (given by Conjecture 7.4), the Generalized Gross-
Stark Conjecture (given by Conjecture 9.7) and the equivariant Tamagawa Number Con-
jecture for Gy,.

We observe in particular that, after taking account of Remark 10.14(i), this result gen-
eralizes to arbitrary finite Galois extensions the main result of Burns, Kurihara and Sano
in [19] concerning abelian extensions (see Remark 10.17).

Theorem 10.15. The validity of the Main Conjecture of Higher Rank Non-Commutative
TIwasawa Theory for E* /K, S and T implies the validity of the equivariant Tamagawa Num-
ber Conjecture for the pair (h°(Spec(E)), Z,|Glek).

Our proof of this result will rely on the interpretation of the equivariant Tamagawa
Number Conjecture in terms of the concept of locally-primitive bases, as given explicitly by
Conjecture 10.1.
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10.2.2. The proof of Theorem 10.15. At the outset, we set
r=|25(E®)], G:=Gp~ and Ru :=A(G).

We also fix an endomorphism ¢ of R% that is constructed by the method of Proposition
8.2 with respect to the place v fixed in (10.2.2).

Then, under the assumed validity of Conjecture 7.4, Remark 8.3 implies the existence of
an element u of K;(R4) that validates the equality

(1023) oo (B g7) = Nidgig) () - (N2t (474 0 61)) (1)) ooy € (Vs Rl

from (8.1.6) with Ko = E°°, where for each L € Q(E*) we set

d 4
Ry, = Zp[gL] and oy = /\je[d]bL,j S ﬂRLRL.

We next set
n=|S\{v}]
and use the ordering
S\A{v'} = {v; : j € [n]}
of S\ {v'} that is induced by (6.1.1) and (6.1.2) for the field K = E*°.

We then fix a character x in Ir,(G) that satisfies Hypothesis 10.12 and use the following
convenient notation

o 1= g (E®) = Bg(E) = {v; : j € [r]}
ry = || (so that ry > r since ¥y C X))
¥ =%\ Xo (so that [X)| =7, —r and ¥ NSFE =0)
Jy={ien]:v; X}
J;L =JyUlr]={i€[n]:v e}
S, :=8\%, =(S\Z,) U
Gy ==Ypg
Hy = Gal(Ey°/Ey)
Gy :=9m, = Gx/Hx
Ry 00 :=A(Gy)
R, :=7,[G,].
We note that, with this notation, the idempotent

et = er K,5,5, € C(QpGy])

defined in (6.2.5) coincides with €B, /K8, 0"
We write 2, for the subset Qp, (EY°) of Q(E°) comprising fields that contain Ey. For
F in Q, we write up for the projection of u to Ki(Rr) and set

erx = Nrdg, jg,)((—1)™) - Nrdg, g, (up) - (Mg sy (Vs © 0F))(@r)) €[], R,
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with

(10.2.4) my = |Jy| - |[d]\ J;‘ = (ry —7)(d —1y).

In the case F' = E, we further abbreviate ur, er, and wp to u,, ¢, and w, respectively.
We now fix a topological generator v, of H,. Then, noting that Xg(E>) = Xg(EY°), we

can compare the projection to ﬂ}n%x,ooRglc,oo of the equality (10.2.3) to the explicit construc-

tion of 95" T(E%i ST) in Proposition 9.1 via the equalities (9.1.4) and (9.1.5) (with K /K

and ~ taken to be EX/K and 7y).
In this way, we ﬁnd that the element z in the latter formulas is, in the present context,
equal to Nrdgg)(u), and hence that there are equalities

L (0T (€55 5.7)) = Nadgy, e (1™ ) - (Ajes, (Dx,m0)) (Ex)
=Nrdg, (6, ((—1)™ ) - (Ajes (Syi,my © thes)) (Ex)

= Nrdg,[a,)((— 1)) ¢5$%<E' (Ex)-

Here the integer ¢, is fixed so that
(10.2.5) Nrdg, (6, (=1)) * Ajelanibeyg = (A st bEi) A (Ner by )

and each homomorphism ch P = (ngz F)F is as defined in (9.1.1) (with « replaced by 7y).
Further, setting U, := O B S Tpr WE have written ¢} , for the embedding N RX U, — ﬂ;%‘ Rd
induced by our fixed resolutlon of Cp, s1p and, followmg Proposition 6. 16 we write £y
for the unique element of e(X)(ﬂ%XXU ) that is sent by /\Q Gyl (Qp ®7, ty) to ey. Finally,

we note that the last displayed equality follows from the corresponding case of the equality
(9.2.8).

Now, under Hypothesis 10.12(iv), the above displayed formula combines with the validity
of the y-component of Conjecture 9.7 for the data E§°/K, E,,S and T to imply that

m ocC A Zl
Nrdg, i, ((=1)"™ ") - ex (6505w, (60)) = ex (L) 5(e5) i 0 1))

=€x(¢73>?,c§zg(((¢%isz) (EEX/KS 7))

In addition, since Hypothesis 10.12(ii) implies e, - .,y # 0, the conditions in Hypothesis
10.12(i), (ii) and (iii) imply that the hypotheses of Proposition 8.11 are satisfied by the
data EY°/K, Ey and S, and hence that the relevant case of Lemma 9.6 implies that the

X- component of the map (bBOCkE, is injective.
From the last displayed equahty, we can therefore deduce that

(10.2.6) Nrdg, 6 ()™ ) - ex(6x) = ex (057 5.5 T €5k 50.7))-

In the next result, we describe the link between the elements 5%‘; JKSIT and Egz JKST

In the case that E, /K is abelian, this result was first proved by Rubin in [74, Prop. 5.2].
Lemma 10.16. In C, ®z, ﬂTRXOE'X,S;(7T,p one has

>o _ ord x
CE\/K,S,T ¢EX,S,Zg< (5EX/K,S,T)'
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Proof. We set w; := wy,; g, — wy g, for each index i in J;(. We then consider the free
R,-modules
o— YR . __ YIRS
Y = @ie[r]Rx w; and Y = @ieJ,T(RX W,

and use the isomorphism
Tx / T
: Y' = Y
v Y =,

of (free, rank one) £(R,)-modules that sends /\jeJ,T(wj to Ajepw;-

We note that 0 /o 7(0)e(y) belongs to (C(R[Gy])e(y))™. Hence, after recalling the
) X7

explicit definition (in Definition 6.5) of the elements 5]25,‘} K.S,.T and 52‘( K, ST and setting

ni= QE;/K,S,T(O) ( EX/K,S&vT(O)e(X))il’

the verification of the claimed equality is reduced to proving commutativity of the following
diagram

r Cp®rA r
€(x) ((Cp ®Zp ﬂ}%; OEX,S,T,p) == €(x) ((Cp ®Zp ﬂI%XY/)

rd
| KRN

T (C ® A, T
e (Cp ®z, Mg, OE‘X,S;(,T,;;) =5 e (Cp @z, NrY):

where we abbreviate the maps /\E‘X g and )‘TEX o to X and N respectively.
) x
Write ordg s, for the map defined as in (9.2.3) (with E and ¥ replaced by E, and %)
Then the commutativity of the above diagram is itself verified by noting that the identity
(6.2.7) (with F' = F' = E, and S’ and S(F) replaced by S and S| respectively) implies an
equality
HEzi(/K,S,T(O)e(X) = %X/K,S;(,T((De(x) : H
whilst the endomorphism
e ((Cp ®z, ordgs, ) o (Cp @r Re, 5) ")
of e()(Cp®z,Y") is represented, with respect to the ordered Cp[G,e(,y-basis {e(y)(w;)}

M 0
* A 7
Here M is the matrix of the endomorphism
e(X)(((Cp Rz, OrdS;(,Z) o (Cp, ®r REMS;()_I)

of e()(Cp @z, V') with respect to the ordered Cp[Gyle(,)-basis {e(,)(W0;)} e, and A is the
diagonal (7, — ) x (ry —r) matrix with j-th entry equal to (log(va(j)yEX))*l, where v(j)
here denotes the j-th place in the ordered set J,. ([l

jeo CBNVI B

jeJi’
by a block matrix of the form

Upon substituting the result of Lemma 10.16 into the equality (10.2.6) we deduce that,
for every character y that satisfies Hypothesis 10.12, there is an equality

(10.2.7) Nrdg, ja,]((=1)™F %) ey (éy) = ex(gg);/K,s,T)'
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To interpret these equalities we write C'r for the complex Cg g 7,. Then, upon unwinding
the definition of the isomorphism )\% ¢ that is discussed in §10.1.1, and setting A := C,[G],

one obtains a commutative diagram of ¢ (A)e(x)-modules
A"
e0(Cpdny(Cp))  — ¢(Aery
(CP@Qp@g),(S,T,pl T

/\:;X (Cp®r,;RE,s)

et (Co - Ny, Up) et (Cp - Ny XE,5p)-

Here )\jé’us denotes the ungraded part of )‘jé g» the projection map @EXSTP is as defined in
(6.3.8) and the right hand side vertical arrow is induced by combining the natural identifi-

cation
T T'X

€(x) (CP ' ﬂRXEXEaS:P) = €(x) ((Cp ' ﬂRXYEX:ExJ’)

together with the isomorphism of R,-modules Yg, s, , = R;X induced by the basis {w, g, :

X ~

v € ¥, } and the canonical isomorphism of {(R,)-modules ;%‘XRX =2 E(Ry)-
To proceed we now use the primitive basis

Be = ((NigiabE.i) ® (Nigla)bE,:), 0)
of dr,(CE) that is obtained when one represents Cr by the complex
Rj; “%5 R,
with the first term placed in degree zero. We observe, in particular, that the explicit
description of the map @EXST , given in (6.3.9) implies that

(10.2.8) Nrdg, (] (=1)™F) - ey (8)) = ex (05 1, (B5)).

Note that the scalar multiplying factor Nrdg, . ((=1)™x*tx) occurs here since the equality
(10.2.5) and definition (10.2.4) combine to imply

Nrdg, 6 (=1)™F™) - Ajetannbey.s
= Nrdg, ] (=1)™) * (g si PEd) N (Niesbey.5)
- (/\jebeEx,j) A (/\je[d]\Jlex»j)
and because the verification of the description (6.3.9) in the present setting assumes that
Sy = [\ I
Upon combining the equality (10.2.8) with (10.2.7), the definition of Egi/K,S,T and the

commutativity of the above diagram, one finds that, for every y validating Hypothesis 10.12,
there are equalities

ex (X' (81)) = ex (05 /e 5.7(0)) = ex (7055, 5,7(0)))
in ((C,[G])ey.-

These equalities in turn imply that the zeta element z, defined in (10.1.1) satisfies

¢i(zp) = e ((Vp,s) ™ (G (05 1,5,7(0)), 0))) = ek (BE)-
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In particular, since e},(Sg) is a primitive basis of the {(Rfg)ej-module that is generated by
dr, (CE), this equality implies the validity of the equivariant Tamagawa Number Conjecture
for the pair (h'(Spec(E)), Rgel).

This completes the proof of Theorem 10.15.

Remark 10.17. The result of Theorem 10.15 combines with the observations in Remark
10.14 to present a strategy for obtaining supporting evidence for Conjecture TNC,(L/K)
beyond the case of CM-extensions of totally real fields discussed in §10.1.2. In particular,
Remark 10.14(i) implies that, upon specialisation to abelian extensions L/K, this strategy
recovers that developed by Burns, Kurihara and Sano in [19, §5]. In addition, for non-abelian
Galois extensions, it already gives a simpler proof of existing results such as Proposition
10.6. To explain the latter point, we assume that K is totally real, L is CM and K*
is the cyclotomic Zp-extension of K. Then, for each x € Ir, (G), one has Yg(EY) =
Ys(E>®) = 0 and X, N S¥ = 0 so Hypothesis 10.12(i) is satisfied, whilst (6.2.3) implies
Hypothesis 10.12(ii) is satisfied (with the place v’ in (10.2.2) taken to be archimedean) if
ord,—oLs(x,z) = x(1) - |Xy| and Remark 8.12 combines with Theorem 9.11(iii) to imply
the conditions (iii) and (iv) in Hypothesis 10.12 are equivalent. Thus, if we write e, for the
idempotent of ((Q,[G]) that is obtained by summing e, over all x in Ir, (G) for which one
has both

ex (Q) ®z, As(EY )ca(me/By)) =0 and  ord.—oLs(x;2) = x(1) - [Ey],

then Theorem 10.15 combines with Corollary 7.9 to imply the validity, modulo the assumed
vanishing of 1,,(L), of the image of the equality in Conjecture TNC,(L/K') under the functor
Zp|Gles ®z,(c) —- We note, in particular, that this argument avoids the extensive descent
computations that are required for the proof of Proposition 10.6 given in [16].
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