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Abstract. We extend some classical constructions in commutative algebra to the setting of mod-

ules over orders in (non-commutative) semisimple algebras. Our theory incorporates, inter alia,

‘reduced’ versions of the notions of higher Fitting invariants and higher exterior powers and of
the Grothendieck-Knudsen-Mumford determinant functor on perfect complexes. In a companion

article, these results are used to develop a theory of non-commutative Euler systems for p-adic
representations.

1. Introduction

Let R be a Dedekind domain whose field of fractions is a number field F , and A an R-order that
spans a finite dimensional semisimple F -algebra. Then the main aim of this article is to extend
the determinant functor constructed for commutative rings by Knudsen and Mumford in [17] (and
[18]), following initial ideas of Grothedieck, to the derived category of finitely generated locally-free
A-modules.

We recall that more general versions of the Grothendieck-Knudsen-Mumford determinant functor
have been constructed previously, both by Deligne [11] in terms of the Picard category of ‘virtual
objects’ and by Fukaya and Kato [13] via a theory of ‘localizedK1-groups’. Our approach is, however,
different from these important earlier theories (see, for example, Remark 5.5) and, being somewhat
more concrete, seems particularly well-suited to explicit arithmetic applications. For example, in
the companion article [7], the results proved here play a key role in the development of a theory of
non-commutative Euler systems for p-adic representations over number fields.

To give a few more details we shall, for simplicity, assume A is the group ring R[G] for a finite
group G. Then, as a first step, in §3 we use reduced norms of matrices with coefficients in R[G] to
define a canonical R-order ξ(R[G]) in the centre ζ(F [G]) of F [G]. We call this order the ‘Whitehead
order’ of R[G] and it plays an essential role in the specification of integral structures in our theory.
For context, we note that ξ(R[G]) is, in general, neither contained in, nor contains, ζ(R[G]).

As a first application, we then use Whitehead orders to develop an analogue for finitely generated
R[G]-modules of the theory of higher Fitting ideals over commutative rings, as discussed by Northcott
[25]. This theory of ‘non-commutative Fitting invariants’ occurs naturally in arithmetic applications
(see [7]) and its main aspects are established in Theorem 3.20.

We next fix an algebraic closure F c of F and, for each irreducible F c-valued character χ of G, a
corresponding representation G→ GLχ(1)(F

c). We use this data to define, for each finitely generated

F [G]-module W and each non-negative integer r, a canonical ‘r-th reduced exterior power’
∧r
F [G]W

of W that is a finitely generated ζ(F [G])-module, and for each ordered subset {wi}1≤i≤r of W a
‘reduced exterior product’ element ∧i=ri=1wi in

∧r
F [G]W . The main properties of these constructions

are proved in §4.3.
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An essential difficulty is then to show that a full R[G]-lattice M in W gives rise, in a functorial
manner, to a corresponding integral structure on

∧r
F [G]W . We resolve this problem by using reduced

exterior products to define, in terms of the order ξ(R[G]), a generalization of the notion of ‘Rubin
lattice’ introduced (for commutative orders) in [28] that has played a key role in the theory of
higher rank Euler and Kolyvagin systems via an associated concept of ‘exterior power bidual’.
These ‘reduced Rubin lattices’ are finitely generated ξ(R[G])-modules and their main properties are
established in Theorem 4.19.

Finally, in §5, we use the theory of reduced Rubin lattices to construct a canonical extended
determinant functor from the derived category of bounded complexes of finitely generated locally-
free R[G]-modules to the Picard category of graded invertible ξ(R[G])-modules. The main properties
of this functor are described in Theorem 5.4 and are proved by combining the properties of reduced
Rubin lattices established in Theorem 4.19 with many of the original arguments used by Knudsen
and Mumford in [17].

Whilst our initial motivations for these constructions related to Euler systems (as discussed in
[7]), the underlying ideas do seem of independent interest and indeed already have other arithmetic
applications. For instance, the articles [9] of de Frutos-Fernández, Macias Castillo and Martinez
Marqués and [21] of Macias Castillo and Tsoi use aspects of our approach to respectively study
class number formulas for Drinfeld modules and Hasse-Weil-Artin L-series of elliptic curves over
number fields. In another direction, reduced determinant functors lead naturally to a more concrete
formulation of the central conjectures formulated in [3] and [13] (thereby avoiding relative K-theory
and the sophisticated theories of ‘virtual objects’ and ‘localized K1-groups’). However, applications
of this sort relating to special values conjectures relative to non-commutative coefficient rings will
be considered elsewhere.

Acknowledgements. Much of this article developed from earlier joint work of ours with Masato
Kurihara and we are extremely grateful to him for encouragement and many helpful discussions.
In addition, the first author is very grateful to Kazuya Kato for his generous encouragement at an
early stage of this project (long ago). It is also a pleasure to thank Henri Johnston, Daniel Macias
Castillo and Andreas Nickel for helpful comments and Daniel Puignau for a careful reading of an
earlier version of this article. Finally, we are very grateful indeed to the referee for a very thorough
report and, in particular, for numerous suggestions that improved the exposition considerably.

2. Semisimple algebras

For a ring R we write Rop for its opposite ring and ζ(R) for its centre (so that ζ(Rop) = ζ(R)).
For natural numbers d′ and d we write Md′,d(R) for the set of d

′×d matrices over R. We abbreviate
Md,d(R) to Md(R) and write GLd(R) for its unit group.

2.1. Simple rings.

2.1.1. We first review relevant facts from Morita theory (and for more details see, for example, [8,
§3]).

Let E be a field and V an E-vector space of dimension d. Then V is naturally a (simple) left
module over the E-algebra A := EndE(V ). The linear dual V ∗ := HomE(V,E) of V is a right
A-module via the rule

(v∗ · a)(v) := v∗(a · v),
for a ∈ A, v∗ ∈ V ∗, and v ∈ V . There are also pairings

(−,−)E : V ∗ × V → E and (−,−)A : V × V ∗ → A,
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given, for v, v′ ∈ V and v∗ ∈ V ∗, by

(v∗, v)E := v∗(v) and (v, v∗)A(v
′) := v∗(v′) · v.

The pairing (−,−)E , respectively (−,−)A, induces an isomorphism of E-vector spaces, respec-
tively two-sided A-modules of the form

V ∗ ⊗A V
∼→ E, respectively V ⊗E V ∗ ∼→ A.

The ‘Morita functor’ V ∗ ⊗A − from the category of left A-modules to that of E-vector spaces
gives an equivalence of categories.

2.1.2. Let now K be a field of characteristic zero and A a finite-dimensional simple K-algebra. All
simple left A-modules are isomorphic and for any such module M the K-algebra

(2.1.1) D := EndA(M)

is a division ring (that is unique up to isomorphism). By using a slightly more general version of
the Morita theory recalled above one derives a canonical ring isomorphism

A
∼→ EndD(M); a 7→ (m 7→ am).

The centre F := ζ(D) of D is a field canonically isomorphic to ζ(A). An extension field E of F is
a ‘splitting field’ for A if D ⊗F E (or, equivalently, A⊗F E) is isomorphic to a matrix ring Mm(E)
for some m. Such a field E always exists and can be taken to be of finite degree over K (see Remark
2.1 below). In addition, the integer m is independent of E and referred to as the ‘Schur index’ of
A. Finally, we recall that there exists a composite isomorphism

(2.1.2) A⊗F E ∼= EndD(M)⊗F E ∼= Mn(D
op)⊗F E ∼= Mn(Mm(E)) = Mnm(E),

where n is the dimension of the (free) left D-module M , via which one can regard A as a subalgebra
of Mnm(E).

Remark 2.1. Any choice of an algebraic closure Kc of K is a splitting field for A. In addition, there
are canonical choices of finite extensions of K in Kc that are splitting fields for A. For example, the
composite of all extensions of K in Kc that are isomorphic (as a K-algebra) to a maximal subfield
of any division ring D as in (2.1.1) is a splitting field for A that is of finite degree and Galois over
K. In this regard see also Remark 4.9.

2.1.3. The behaviour under scalar extension of a finite-dimensional simple K-algebra A is described
in the following result.

Lemma 2.2. Let K ′ be an extension of K and Ω an algebraic closure of K ′. Set F := ζ(A)
and consider the (finite) set Σ(F/K,K ′) of equivalence classes of K-embeddings F → Ω under the
relation σ ∼ σ′ ⇐⇒ σ = τ ◦ σ′ for some τ ∈ AutK′(Ω).

Then, for each σ in Σ(F/K,K ′), the K ′-algebra A ⊗F σ(F )K ′ is a simple artinian ring with
centre the composite field σ(F )K ′ of σ(F ) and K ′ (this field is independent of the choice of σ), and
there is a product decomposition of K ′-algebras

A⊗K K ′ ∼=
∏

σ∈Σ(F/K,K′)
(A⊗F σ(F )K ′).

Proof. Since F is separable over K, we have an isomorphism

F ⊗K K ′ ∼=
∏

σ∈Σ(F/K,K′)
σ(F )K ′.

Hence we have

A⊗K K ′ ∼= A⊗F (F ⊗K K ′) ∼=
∏

σ∈Σ(F/K,K′)
(A⊗F σ(F )K ′).
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Since A is a central simple algebra over F , A ⊗F σ(F )K ′ is also a central simple algebra over
σ(F )K ′. □

2.1.4. If M is a finitely generated left A-module, then there exists a canonical composite homomor-
phism

EndA(M)→ EndA⊗FE(M ⊗F E)
∼→ EndE(V

∗ ⊗(A⊗FE) (M ⊗F E))→ E,

with the second map induced by the Morita functor and the last by taking determinants.
One checks that the image of this map factors through the inclusion F ⊆ E and that the induced

‘reduced norm’ map NrdEndA(M) : EndA(M) → F is such that, for all θ1 and θ2 in EndA(M), one
has NrdEndA(M)(θ1 ◦ θ2) = NrdEndA(M)(θ1) ·NrdEndA(M)(θ2).

Remark 2.3. If M = Aop and one identifies A with EndAop(Aop), then for each element a of A
one can check that NrdA(a) is equal to the determinant of the image of a under the isomorphism
(2.1.2). This is the classical definition of reduced norm.

Remark 2.4. For a natural number n we shall often abbreviate NrdMn(A) to NrdA. Since the
algebras Mn(A

op) and Mn(A)
op are isomorphic and NrdA = NrdAop , we shall also sometimes write

NrdA for NrdMn(Aop).

The ‘reduced rank’ of a finitely generated left A-module M is the non-negative integer obtained
by setting

(2.1.3) rrA(M) := dimE

(
V ∗ ⊗(A⊗FE) (M ⊗F E)

)
.

Remark 2.5. One can check, by explicit computation, that if M is a simple left A-module, then
rrA(M) is equal to the Schur index

√
dimF (D) of A. This implies, in particular, that rrA(A) is

equal to dimD(M) ·
√

dimF (D) for any simple left A-module M .

2.2. Semisimple rings. In the sequel we shall use ‘module’ to mean ‘left module’.
A module M over a ring A is said to be semisimple if it is a direct sum of simple modules. A ring

A is said to be semisimple if every nonzero A-module is semisimple and this is true if and only if A
decomposes as a direct product

(2.2.1) A ∼=
∏

i∈I
Ai,

in which the index set I is finite and the rings Ai are simple Artinian (and unique up to isomorphism).
In particular, Lemma 2.2 shows that simple rings naturally give rise to semisimple rings under scalar
extension.

The ‘Wedderburn decomposition’ (2.2.1) of A induces an identification ζ(A) =
∏
i∈Iζ(Ai) and

can be used to define (componentwise) generalizations of the above notions of reduced norm and
reduced rank. In this way one obtains a reduced norm NrdA for the algebra A that is valued in ζ(A)
and defines a reduced rank rrA(M) of a finitely generated A-module M that is an integer-valued
function on Spec(ζ(A)).

This reduced norm induces a homomorphism (which we denote by the same symbol)

NrdA : K1(A)→ ζ(A)×

from the Whitehead group K1(A) of A (cf. [8, §45A]).

3. Whitehead orders and non-commutative Fitting invariants

In this section we define a canonical R-order in ζ(A) and then use it to construct a non-
commutative generalization of the classical theory of ‘higher Fitting ideals’ (from [25]). This con-
struction is natural, has many of the same properties as the classical commutative construction (see
Proposition 3.20) and is also, as we show in [7], well-suited to arithmetic applications.
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Throughout the section we fix a Dedekind domain R with field of fractions F that is a finite
extension of either Q or Qp for some prime p. We also fix a finite-dimensional semisimple F -algebra
A and an R-order A in A (in the sense of [8, Def. (23.2)]).

For each prime ideal p of R we respectively write R(p) and Rp for the localization and completion
of R at p. For each A-moduleM and each p we then setM(p) := R(p)⊗RM andMp := Rp⊗RM . We
regard these modules as respectively endowed with natural actions of the algebras A(p) = R(p)⊗RA
and Ap = Rp ⊗R A. In particular, the localisation M(0) of M at the zero prime ideal of R is equal
to the A-module generated by M and will often be written as MF .

We recall that, if F is a p-adic field (for some p), then A is said to be ‘ramified’ if some simple com-
ponent in its Wedderburn decomposition (as an F -algebra) is a matrix ring over a non-commutative
division algebra. For such fields F , we set Ram(A) = {p}, with p the unique maximal ideal of R, if
A is ramified, and we set Ram(A) = ∅ if A is not ramified. If F is a number field, then there are only
finitely many non-archimedean places v of F for which the Fv-algebra Fv⊗FA is ramified (cf. [27, Th.
(25.7)]) and we write Ram(A) for the (finite) set of prime ideals of R that correspond to these places.

3.1. The Whitehead order.

3.1.1. We first introduce a canonical R-submodule of ζ(A).

Definition 3.1. For each prime ideal p of R the ‘Whitehead order’ ξ(A(p)) of A(p) is the R(p)-
submodule of ζ(A) that is generated by the elements NrdA(M) as M runs over all matrices in⋃
n≥1 Mn(A(p)).
The ‘Whitehead order’ of A is then defined by the intersection

ξ(A) :=
⋂

p∈Spec(R)
ξ(A(p)).

The basic properties of this module are described in the following result.

Lemma 3.2. The following claims are valid.

(i) ξ(A) is an R-order in ζ(A).
(ii) For every prime ideal p of R there are equalities

ξ(A)(p) = ξ(A(p)), ξ(A)p = ξ(Ap) and ξ(A(p)) = ζ(A) ∩ ξ(Ap).

(iii) If A is commutative, then ξ(A) = ζ(A) = A.
(iv) If p /∈ Ram(A) and A(p) is a maximal R(p)-order, then ξ(A)(p) is the (unique) maximal

R(p)-order in ζ(A).
(v) Any surjective homomorphism of R-orders ϱ : A → B induces, upon restriction, a surjective

homomorphism ξ(A)→ ξ(B).

Proof. We first make some preliminary observations.
The integral closure M of R in ζ(A) is the maximal R-order in ζ(A). For every maximal ideal p of

R, the ring M(p) is therefore the maximal R(p)-order in ζ(A) and hence a direct product of discrete
valuation rings. In particular, since Mn(A(p)) is an R(p)-order in Mn(A), one has NrdA(M) ∈M(p)

for everyM ∈ Mn(A(p)) (cf. [8, Cor. (26.2)]). It follows that ξ(A(p)) ⊆M(p) and hence that ξ(A(p))
is finitely generated over R(p).

Next we fix a choice of maximal R-orderM in A that contains A as a submodule of finite index (cf.
[8, Th. (26.5)]). Then, for every maximal ideal p of R, the R(p)-orderM(p) is maximal (by [8, Th.
(26.21)(ii)]). Hence, if p /∈ Ram(A), thenM(p) is conjugate in A to a direct product of full matrix
rings over the respective (discrete valuation ring) components of M(p) (cf. [27, Th. (18.7)(iii)])
and so the reduced norm (over A) coincides with taking the respective matrix determinants on each
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component of this product. In particular, if both p /∈ Ram(A) and the order A(p) is maximal, then
one has ζ(A)(p) = M(p) ⊆ ξ(A(p)) and hence ξ(A(p)) = ζ(A)(p) = M(p), as required to prove (iv).

Finally, we note it is straightforward to check ξ(A(p)) is closed under multiplication, that it
contains R(p) and that it has finite index in M(p) (since it contains NrdA(x · M(p)) for a non-zero
element of R). This shows each ξ(A(p)) is an R(p)-order in ζ(A) and hence also implies that ξ(A) is
an R-order in ζ(A) if and only if one has ξ(A)F = ζ(A).

At this stage, it is clear that (i) and the first assertion of (ii) both follow from the general result
of [8, Prop. (4.21)(vii)] and the fact that ξ(A(p)) = M(p) for almost all p (as follows directly from
the above observations).

In order to prove ξ(Ap) = ξ(A)p, we note that (i) implies ξ(Ap) is a finitely generated Rp-module
and hence p-adically complete. Since any matrix M in Mn(Ap) is equal to the p-adic limit of a
sequence of matrices (Mt)t in Mn(A), it is therefore enough to show that NrdAp

(M) is equal to
the limit (over t) of the associated reduced norms NrdA(Mt) = NrdAp

(Mt) ∈ ξ(Ap). This in turn
follows directly from the fact that, for any natural number a, there exists a natural number b(a)
such that for all matrices N and N ′ in Mn(Ap) and all integers b ≥ b(a) one has an implication

N −N ′ ∈ pb ·Mn(Ap) =⇒ NrdAp
(N)−NrdAp

(N ′) ∈ pa · ζ(Ap).

(The verification of the latter fact is a straightforward exercise involving the explicit description of
reduced norms that we leave to the reader.)

To complete the proof of (ii), it is now enough to note that the equalities ξ(A)F = ζ(A), ξ(Ap) =
ξ(A)p and ξ(A)(p) = ξ(A(p)) already proved combine to imply that

ζ(A) ∩ ξ(Ap) = ξ(A)F ∩ ξ(A)p = ξ(A)(p) = ξ(A(p)),

where the second equality follows from the general result of [8, Prop. (4.21)(vi)].
Next we note that if A is commutative, then for every p and every matrix M in Mn(A(p)) one

has NrdA(M) = det(M) ∈ A(p). In this case it is therefore clear that ξ(A) is equal to
⋂

pA(p) and

hence (by [8, Prop. (4.21)(vi)]) to A = ζ(A), as required to prove (iii).
Finally, to prove (v) we note first that the claim makes sense since the surjectivity of ϱ implies

that the F -algebra B = BF is a quotient of A so that B is semisimple (and hence the order ξ(B) is
defined). This also implies that ϱ restricts to give a surjective homomorphism ϱ′ : ζ(A)→ ζ(B) and
(ii) implies that the claimed equality ϱ′(ξ(A)) = ξ(B) is valid if for every p one has ϱ′(ξ(A(p))) =
ξ(B(p)). This equality is in turn true since ϱ induces, for each n, a surjective ring homomorphism
ϱn : Mn(A(p)) → Mn(B(p)) with the property that ϱ′(NrdA(M)) = NrdB(ϱn(M)) for every M in
Mn(A(p)). □

Remark 3.3. In the case that R is a discrete valuation ring, Johnston and Nickel [14, §3.4] consider
the R-order I(A) in ζ(A) that is generated over ζ(A) by the elements NrdA(M) as M runs over all
matrices in

⋃
n≥1 Mn(A). In this case one therefore has I(A) = ζ(A) · ξ(A) and also I(A) = ξ(A)

if and only if ζ(A) ⊆ ξ(A). Whilst it certainly seems possible that there exist R-orders A for which
ζ(A) ̸⊂ ξ(A), at this stage we do not know a concrete example for which this is true.

Example 3.4. Assume A = R[Γ] for a discrete valuation ring R that has residue characteristic p
(and quotient field F ) and a finite group Γ. Then, under certain hypotheses on Γ, such as in the
following examples, the order ξ(A) can be described explicitly.

(i) If Γ has an abelian Sylow p-subgroup and a normal p-complement (or, equivalently, p does
not divide the order of the commutator subgroup of Γ), then A is a direct product of matrix rings
over commutative R-algebras (cf. Demeyer and Janusz [12, p. 390, Cor]). In this case, an explicit
computation of reduced norms shows that ξ(A) = ζ(A).
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(ii) If Γ is the dihedral group of order 2p, then the computations in [14, §6.4, Exam. 6] show that
ξ(A) is the maximal R-order in ζ(F [Γ]) and hence properly contains ζ(A).

Example 3.5. As a generalization of Example 3.4(i), assume that R is a discrete valuation ring, S
is a finitely generated R-submodule of A that is a commutative local ring and that the R-order A
is an Azumaya algebra over S with ζ(A) = S. Then the maximal commutative subalgebra S′ of A
that is separable over S is a projective S-module and the algebra S′⊗SA is isomorphic to Mt(S

′) for
some natural number t (cf. [19, Lem. 5.1.17]). Using this isomorphism one can show that NrdA(M)
belongs to S′ ∩ SF = S = ζ(A) for every M in Mn(A) and hence ξ(A) ⊆ ζ(A).

3.1.2. As Example 3.4(ii) demonstrates, the order ξ(A) is not, in general, contained in ζ(A). How-
ever, to bound the ‘denominators’ of its elements one can proceed as follows.

For each natural number m and matrix M in Mm(A) there exists a unique matrix M∗ in Mm(A)
with

(3.1.1) M ·M∗ =M∗ ·M = NrdA(M) · Im
and such that, for every primitive central idempotent e of A, one has

(3.1.2) M∗e ̸= 0⇐⇒ NrdA(M)e ̸= 0.

To be explicit, the latter condition on e is equivalent to the invertibility ofMe in Mm(A)e = Mm(Ae)
(cf. [8, §7, Exer. 4]) and we define M∗ so that M∗e = (Me)−1NrdA(M).

The following definition is motivated by a result [24, Th. 4.2] of Nickel (see, in particular, Lemma
3.7(iii) and, especially, the result of Theorem 3.20(iii) below).

Definition 3.6. For each prime ideal p of R the ‘ideal of denominators’ of A(p) is the subset of
ζ(A) obtained by setting

δ(A(p)) := {x ∈ ζ(A) : ∀ d ≥ 1, ∀M ∈ Md(A(p)) one has x ·M∗ ∈ Md(A(p))}.
The ‘ideal of denominators’ of A is then defined by the intersection

δ(A) =
⋂

p∈Spec(R)
δ(A(p))

The basic properties of these sets are described in the following result.

Lemma 3.7.

(i) δ(A) is an ideal of finite index in ζ(A).
(ii) For every prime ideal p of R one has δ(A)(p) = δ(A(p)).
(iii) For each prime p an element x of ζ(A) belongs to δ(A)(p) if and only if there exists a

non-negative integer mx = mp,x such that for all a ≥ mx and all M ∈ Ma(A(p)) one has
x ·M∗ ∈ Ma(A(p)).

(iv) δ(A) · ξ(A) = δ(A).
(v) If A is commutative, then δ(A) = ξ(A) = A.
(vi) If p /∈ Ram(A) and A(p) is a maximal R(p)-order, then δ(A)(p) = ξ(A)(p).
(vii) Any surjective homomorphism of R-orders ϱ : A → B induces, upon restriction, a homo-

morphism δ(A)→ δ(B).

Proof. For each p the set δ(A(p)) is clearly an additive subgroup of ζ(A) that is stable under mul-
tiplication by ζ(A(p)). One also has δ(A(p)) ⊆ ζ(A(p)) since if M is the 1× 1 identity matrix, then
x = x ·M = x ·M∗ and so x = x ·M∗ ∈ M1(A(p)) implies x ∈ A(p) ∩ ζ(A) = ζ(A(p)). This proves
δ(A(p)) is an ideal of ζ(A(p)) and we next show it has finite index.

We first consider the special case that A(p) is maximal (as will be the case for all but finitely
many p). In this case ζ(A(p)) = M(p), where M is the integral closure of R in ζ(A), and for every M
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in Md(A(p)) and each primitive idempotent e of ζ(A) for which Nrd(M)e is non-zero, the defining
property (3.1.1) implies that eM∗ belongs to Md(eA(p)) ⊆ Md(A(p)) (see, for example, the discussion
of [14, §3.6]). In this case, therefore, it follows that δ(A(p)) contains, and is therefore equal to, M(p).
To deal with the general case, we fix a maximal R(p)-orderM in A that contains A(p) and write n
for the (finite) index of A(p) inM. Then for each M in Md(A(p)), the above argument implies that
M∗ belongs to Md(M) and hence that n ·M∗ belongs to Md(A(p)). This implies n ·ζ(A(p)) ⊆ δ(A(p))
and hence that δ(A(p)) has finite index in ζ(A(p)) = ζ(A)(p).

At this stage we know that δ(A) =
⋂

p δ(A(p)) is an ideal of
⋂

p ζ(A)(p) = ζ(A) and that (as a

consequence of [8, Prop. (4.21)(vi)]) its index is finite and for every p one has δ(A)(p) = δ(A(p)).
This proves claims (i) and (ii).

To prove (iii) it obviously suffices (in view of (ii)) to show that the stated condition is sufficient
to imply x belongs to δ(A(p)). To do this we fix a natural number d and a matrix M in Md(A(p))
and note that in Md+mx

(A) one has

x

(
M 0
0 Imx

)∗

= x

(
M∗ 0
0 NrdA(M) · Imx

)
=

(
x ·M∗ 0

0 x ·NrdA(M) · Imx

)
.

In particular, since d +mx > mx, the stated condition on x (with a = d +mx and M replaced by(
M 0
0 Imx

)
) implies that x ·M∗ belongs to Md(A(p)), as required.

In view of (ii) and Lemma 3.2(ii), it is enough to prove the equality in (iv) after replacing A by
A(p) for each p. Since 1 belongs to ξ(A(p)), it is then enough to show that for any x in δ(A(p)),
any natural number n, and any matrix N in Mn(A(p)), the element x′ := x · NrdA(N) belongs to
δ(A(p)). We do this by showing that x′ satisfies the condition described in (iii) with mx′ taken to
be n.

We thus fix an integer d with d ≥ n and choose N ′ in Md(A(p)) with NrdA(N
′) = NrdA(N).

Then, for any M in Md(A(p)) one has M∗ · (N ′)∗ = (N ′ ·M)∗ and hence

x′ ·M∗ = x ·NrdA(N)M∗ = x ·NrdA(N
′)M∗ = x ·M∗((N ′)∗N ′) = (x · (N ′M)∗)N ′.

In particular, since x belongs to δ(A(p)) one has x·(N ′M)∗ ∈ Md(A(p)), and hence x′·M∗ ∈ Md(A(p)),
as required.

In view of (i) and Lemma 3.2(iii), (v) is reduced to showing that if A is commutative, then δ(A)
contains A. This follows directly from the fact that, in this case, for every prime p and every M in
Md(A(p)) the adjoint matrix M∗ also belongs to Md(A(p)).

Claim (vi) is true since (as already observed above) if A(p) is a maximal R(p)-order in A, then
δ(A)(p) = δ(A(p)) is equal to M(p) and hence, if p /∈ Ram(A), to ξ(A(p)) = ξ(A)(p) by claims (ii)
and (iv) of Lemma 3.2.

Finally, to prove (vii) we write A and B for the F -algebras that are respectively spanned by A
and B and we consider the ring homomorphisms ϱ′ : ζ(A) → ζ(B) and ϱd : Md(A) → Md(B) for
each natural number d that are induced by ϱ.

It is enough to show that ϱ′(δ(A(p))) = δ(B(p)) for all p. Then, since ζ(B) is a direct factor of ζ(A)
(see the proof of Lemma 3.2(v)), for any matrix M in Md(A(p)) the defining equality (3.1.1) implies
that ϱd(M

∗) = ϱd(M)∗. By using this last equality, the required equality ϱ′(δ(A(p))) = δ(B(p))
follows directly from the definition of the respective ideals δ(A(p)) and δ(B(p)) and the fact that

ϱd
(
Md(A(p))

)
= Md(B(p)). □

Remark 3.8. The ideal δ(A) defined above differs from an ideal H(A) defined (in the case R is a
discrete valuation ring) by Johnston and Nickel in [14] since our definition of the matrices M∗ via
the conditions (3.1.1) and (3.1.2) differs slightly from the ‘generalized adjoint matrices’ used in loc.
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cit. To be specific, if M ∈ Mm(A) and e is any primitive central idempotent of A for which Me is
not invertible (over Ae), then one has M∗e = 0 whilst the e-component of the generalized adjoint
matrix of M defined in [14, §3.6] can be non-zero (for more details, see [14, Rem. 10]). Despite this
difference, however, the computations of H(A) in loc. cit. can be used to give concrete information
about δ(A), as the following examples show.

Example 3.9. Let A be a group ring R[Γ] of the form discussed in Example 3.4.
(i) If Γ has an abelian Sylow p-subgroup and a normal p-complement, then the argument of [14,

Prop. 4.1] shows δ(A) = ζ(A) and hence, by Example 3.4(i), that δ(A) = ξ(A).
(ii) If Γ is the dihedral group of order 2p, then Example 3.4(ii) combines with claims (i) and (iv)

of Lemma 3.7 to imply δ(A) is contained in the conductor of the maximal R-order of ζ(F [Γ]) into
ζ(A). In this case, therefore, δ(A) is a proper ideal of ζ(A).

3.2. Locally-free modules.

Definition 3.10. A finitely generated module M over an R-order A will be said to be ‘locally-free’
if M(p) is a free A(p)-module, or equivalently (as an easy consequence of Maranda’s Theorem - see
[8, Prop. (30.17)]) if Mp is a free Ap-module, for all prime ideals p of R. In the sequel we write

Modlf(A) for the category of locally-free A-modules.

For any module M in Modlf(A) the rank of the (finitely generated) free A(p)-module M(p) is
independent of p and equal to the rank of the (free) A-module MF . We refer to this common rank
as the ‘rank’ of M and denote it by rkA(M). A locally-free A-module of rank one is often referred
to as an ‘invertible’ A-module.

Since localization at p is an exact functor a locally-free A-module is projective. As the following
examples show, there are also important cases for which the converse is true.

Example 3.11.
(i) If A = R, then every finitely generated torsion-free A-module M is locally-free, with rkA(M)

equal to the dimension of the F -space spanned by M .
(ii) If G is a finite group for which no prime divisor of |G| is invertible in R and A = R[G] then,

by a fundamental result of Swan [29] (see also [8, Th. (32.11)]), a finitely generated projective A-
module is locally-free. For any such moduleM the product rkR[G](M) · |G| is equal to the dimension
of the F -space spanned by M .

(iii) There are also several classes of order A for which a finitely generated projective A-module is
locally-free if and only if it spans a free A-module. This is the case, for example, if A is commutative
(cf. [8, Prop. 35.7]), or if A(p) is a maximal R(p)-order in A for every prime ideal p of R (cf. [8, Th.
26.24(iii)]), or if A = R[G] for any finite group G (cf. [8, Th. 32.1]).

3.3. Fitting invariants of locally-free presentations.

3.3.1. Let M be a matrix in Md′,d(A) with d′ ≥ d. Then for any integer t with 0 ≤ t ≤ d and

any φ = (φi)1≤i≤t in HomA(Ad
′
,A)t we write SMd

φ(M) for the set of all d × d submatrices of the
matrices M(J, φ) that are obtained from M by choosing any t-tuple of integers J = {i1, i2, . . . , it}
with 1 ≤ i1 < i2 < · · · < it ≤ d, and setting

(3.3.1) M(J, φ)ij :=

{
φa(bi), if j = ia with 1 ≤ a ≤ t
Mij , otherwise.

where, for a natural number n, we write {bi}1≤i≤n for the standard basis of the free A-module An.
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Then the set of all d × d submatrices of all matrices that are obtained from M by replacing at
most a of its columns by arbitrary elements of A is equal to

Sa(M) :=
⋃

0≤t≤a

⋃
φ∈HomA(Ad′ ,A)t

SMd
φ(M).

We note, in particular, that S0(M) is the set of all d× d submatrices of M .

Definition 3.12. For any non-negative integer a the ‘a-th (non-commutative) Fitting invariant of
M ’ is the ideal of ξ(A) obtained by setting

FitaA(M) := ξ(A) · {NrdA(N) : N ∈ Sa(M)}.

3.3.2. A ‘free presentation’ Π of a finitely generated A-module X is an exact sequence of A-modules
of the form

(3.3.2) Π : Ar
′
Π

θΠ−−→ ArΠ ρΠ−−→ X → 0

in which (without loss of generality) one has r′Π ≥ rΠ. Such a presentation is said to be ‘quadratic’
if r′Π = rΠ. In all cases, we write MΠ for the matrix of the homomorphism θΠ with respect to the

standard bases of Ar′Π and ArΠ .

3.3.3. A ‘locally-free presentation’ Π of a finitely generated A-module X is a collection of data of
the following form:

• an exact sequence of A-modules

(3.3.3) Πseq : P ′ θΠ−−→ P
ρΠ−−→ X → 0

in which P ′ and P belong to Modlf(A);
• for each prime ideal p of R fixed isomorphisms of A(p)-modules

ι′Π,p : P ′
(p)
∼= ArkA(P ′)

(p) and ιΠ,p : P(p)
∼= ArkA(P )

(p) .

Such a presentation will be said to be ‘locally-quadratic’ if rkA(P
′) = rkA(P ).

Example 3.13. Let ϱ : A → B be a surjective homomorphism of R-orders. Then the induced exact
sequence of B-modules

B ⊗A,ϱ Π
seq : B ⊗A,ϱ P

′ id⊗θΠ−−−−→ B ⊗A,ϱ P −→ B ⊗A,ϱ X → 0

and isomorphisms B⊗A,ϱ ι
′
Π,p and B⊗A,ϱ ιΠ,p together constitute a locally-free presentation B⊗A,ϱΠ

of B ⊗A,ϱ X that is locally-quadratic if Π is locally-quadratic.

Definition 3.14. For each non-negative integer a, the a-th Fitting invariant of the locally-free
presentation Π is the ideal of ξ(A) obtained by setting

FitaA(Π) :=
⋂

p∈Spec(R)
FitaA(p)

(MΠ(p)).

where Π(p) denotes the free resolution of the A(p)-module X(p) that is obtained by localising Πseq

and using the isomorphisms ι′Π,p and ιΠ,p.

The basic properties of these ideals are recorded in the following result.

Lemma 3.15. Let Π be a locally-free presentation of an A-module. Then the following claims are
valid for every non-negative integer a.

(i) FitaA(Π) is contained in Fita+1
A (Π).

(ii) FitaA(Π) = ξ(A) for all large enough a.
(iii) For any homomorphism ϱ as in Example 3.13 one has ϱ(FitaA(Π)) ⊆ FitaB(B ⊗A,ϱ Π).
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Proof. For each prime p we set Mp :=MΠ(p).
Then (i) follows directly from the fact that in the definition of the set of matrices Sa(Mp) that

occurs in Definition 3.12 the variable t runs over all integers in the range 0 ≤ t ≤ a.
For the module P in (3.3.3) we set n := rkA(P ). Then to prove (ii) it is enough to show that for

every a ≥ n and every prime p one has FitaA(p)
(Mp) = ξ(A(p)). This is true because for any such a

the n× n identity matrix belongs to Sa(Mp).
In a similar way, (iii) is true since for every prime p the induced projection map ϱn : Mn(A) →

Mn(B) sends any matrix in Sa(Mp) to a matrix in Sa(ϱn(Mp)). □

3.3.4. In the next result we explain the connection between this definition and the notion of non-
commutative Fitting invariants of presentations introduced (in the case that R is a discrete valuation
ring and a = 0) by Nickel in [24] and then subsequently studied by Johnston and Nickel in [14].

Proposition 3.16. Assume that R is a discrete valuation ring and let Π be a free presentation of
an A-module X. Then all of the following claims are valid.

(i) One has ζ(A) · Fit0A(Π) = ξ(A) · FitA(Π), where FitA(Π) is the noncommutative Fitting
invariant of Nickel.

(ii) If Π is quadratic, then Fit0A(Π) is equal to ξ(A) · NrdA(MΠ) and depends only on the iso-
morphism class of the A-module X.

(iii) Let 0→ X1 → X2 → X3 → 0 be a short exact sequence of A-modules. Then, if X1 and X3

have quadratic presentations Π1 and Π3, there exists a quadratic presentation Π2 of X2 and
one has Fit0A(Π2) = Fit0A(Π1) · Fit0A(Π3).

Proof. We write ξ′(A) for the R-order in ζ(A) that is generated over ζ(A) by the elements NrdA(M)
as M runs over matrices in

⋃
n≥1 GLn(A).

Then, setting r := rΠ (in the notation of (3.3.2)), the invariant FitA(Π) is defined in [14, (3.3)] to
be the ξ′(A)-submodule of ζ(A) that is generated by the elements NrdA(N) as N runs over all r× r
submatrices of the matrixMΠ. Thus, since Fit

0
A(Π) is defined to be the ideal of ξ(A) that is generated

over R by the same elements NrdA(N), the required equality ζ(A) · Fit0A(Π) = ξ(A) · FitA(Π) of (i)
follows directly from the obvious equality ζ(A) · ξ(A) = ξ(A) · ξ′(A).

In the context of (ii) one has r′Π = rΠ (in the notation of (3.3.2)) and so Fit0A(Π) is, by its very
definition, equal to ξ(A) · NrdA(MΠ). Claim (ii) is therefore true provided that the latter ideal
depends only on the isomorphism class of the A-module given by the cokernel of θΠ and this follows
from the argument used by Nickel to prove [24, Th. 3.2ii)].

The key idea in the proof of (iii) is to construct a suitable quadratic presentation Π2 of X2

from given quadratic presentations of X1 and X3 and then to compute the respective zeroth Fitting
invariants via the formula in (ii). The precise argument mimics that of Nickel in [24, Prop. 3.5iii)]
and so will be left to the reader. □

3.4. Fitting invariants of modules.

3.4.1. In this section we assume to be given a finitely generated A-module Z.

Definition 3.17. For each non-negative integer a, the ‘a-th Fitting invariant’ of Z is the ideal of
ξ(A) obtained by setting

FitaA(Z) :=
∑

Π
FitaA(Π),

where in the sum Π runs over all locally-free presentations of finitely generated A-modules Z ′ for
which there exists a surjective homomorphism of A-modules Z ′ → Z.

The basic properties of these ideals are described in the next result. Before stating this result we
introduce the following useful definition.
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Definition 3.18. The ‘central pre-annihilator’ of an A-module Z is the ξ(A)-submodule of ζ(A)
obtained by setting

pAnnA(Z) := {x ∈ ζ(A) : x · δ(A) ⊆ AnnA(Z)},

where δ(A) is the ideal of ζ(A) from Definition 3.6 and AnnA(Z) denotes the annihilator of Z in A.

Remark 3.19. The module pAnnA(Z) is finitely generated over R, and hence over ξ(A), since the
A-ideal AnnA(Z) is finitely generated over R and Lemma 3.7(i) implies that δ(A) contains a non-zero
integer. In addition, if A is commutative, then Lemma 3.7(v) implies that pAnnA(Z) = AnnA(Z).

Theorem 3.20. The following claims are valid for every finitely generated A-module Z and every
non-negative integer a.

(i) FitaA(Z) is contained in Fita+1
A (Z).

(ii) FitaA(Z) = ξ(A) if a is large enough.
(iii) Fit0A(Z) is contained in pAnnA(Z).
(iv) Let e be a primitive central idempotent of A. Then the ideal e · FitaA(Z) vanishes if rrAe(e ·

ZF ) > a · rrAe(Ae).
(v) For any surjective homomorphism of R-orders ϱ : A → B there is an inclusion ϱ(FitaA(Z)) ⊆

FitaB(B ⊗A,ϱ Z).
(vi) For any surjective homomorphism of A-modules Z → Z ′ there is an inclusion FitaA(Z) ⊆

FitaA(Z
′).

(vii) If A is commutative, then FitaA(Z) is equal to the a-th Fitting ideal of the A-module Z, as
discussed by Northcott in [25, §3].

Proof. Claims (i), (ii) and (v) follow directly from the corresponding results in Lemma 3.15 and (vi)
from the nature of the sum in Definition 3.17.

In addition, since R-modules of the form FitaA(Z) and pAnnA(Z) are both finitely generated and
torsion-free, the remaining claims can all be proved after localizing at each prime ideal p of R. In
the sequel we shall therefore assume (without explicit comment) that R is local. We also then fix
a free presentation Π of a finitely generated A-module Z of the form (3.3.2) (with X = Z) and set
r := rΠ and r′ := r′Π.

Claim (iii) is quickly reduced to proving that if Π is quadratic, so that r′ = r, then for any given
element a of δ(A) the product a ·NrdA(MΠ) belongs to ζ(A) and annihilates Z.

We set M :=MΠ. Then claims (i) and (iv) of Lemma 3.7 combine to imply a ·NrdA(M) belongs
to ζ(A) and so it suffices to prove this element annihilates Z. To do this we follow an argument
used by Nickel to prove [24, Th. 4.2].

Specifically, it is enough to show that for every element y of Ar the product

a ·NrdA(M) · y = a ·MM∗(y) =M(a ·M∗(y))

belongs to im(θΠ), where the matrixM∗ is as defined in (3.1.1). This is in turn a direct consequence
of the fact that the definition of δ(A) ensures a ·M∗ belongs to Mr,r(A) and hence thatM(a ·M∗(y))
belongs to im(θΠ).

To prove (iv) we set m := rrAe(Ae). Then it is enough to prove that for any non-negative integer
a one has e · FitaA(Π) = 0 whenever rrAe(e · ZF ) > a ·m.

To show this we letM denote any matrix obtained fromMΠ by replacing at most a of its columns
by arbitrary elements of A. We set d := rΠ, fix a d × d submatrix N of M (so that N is a typical
matrix of the set Sa(MΠ)) and write NΠ for the corresponding submatrix of MΠ.

We fix a splitting field E for Ae and an isomorphism of algebras of the form Ae ⊗ζ(A)e E ∼=
Mm,m(E). This isomorphism induces a map ι : Md,d(A) → Mdm,dm(E) and e · FitaA(Π) is, by its
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definition, generated over ξ(A) by the determinants of all matrices of the form ι(N). In addition, it
is clear that

rank(ι(N)) ≤ rank(ι(NΠ)) + a ·m ≤
(
d ·m− rrAe(e · ZF )

)
+ a ·m.

Hence, if rrAe(e · ZF ) > a ·m, then rank(ι(N)) < d ·m and so det(ι(N)) = 0, as required to prove
(iv).

Finally, to prove (vii), we assume A is commutative and note that FitaA(Π) is generated over A
by elements of the form det(N) where N is an r× r matrix, at least r−a columns of which coincide
with the columns of an r × r submatrix of MΠ.

The Laplace expansion of det(N) therefore shows that it is contained in the ideal of A generated
by the set of (r − a)× (r − a) minors of MΠ. Thus, since the latter ideal is, by definition, equal to
FitaA(Z) one has FitaA(Π) ⊆ FitaA(Z).

To prove the reverse inclusion it suffices to show that for each (r − a) × (r − a) submatrix N of
MΠ the term det(N) belongs to FitaA(Π).

For any natural number n and any non-negative integer t we write [n]t for the set of subsets of
{1, 2, . . . , n} that are of cardinality min{t, n}.

Then we assume that N is obtained by first deleting from MΠ the columns corresponding to a
subset J = {i1, i2, . . . , ia} of [r]a with i1 < i2 < · · · < ia, and then taking the rows corresponding
to an element J1 of [r′]r−a. We choose an element J ′

1 of [r′]r that contains J1, label the elements of

J ′
1 \ J1 as k1 < k2 < · · · < ka and then define an element (φi)1≤i≤a of HomA(Ar

′
,A)a by setting

φi(bj) = δjki for each j with 1 ≤ j ≤ r′.
Then an explicit computation shows that, with these choices, the determinant of the matrix

MΠ(J, φ) defined in (3.3.1) is equal to ±det(N) and hence implies that det(N) belongs to FitaA(Π),
as required. □

3.4.2. In the sequel we write M tr for the transpose of a matrix M .
Then an alternative theory of Fitting invariants is obtained if one replaces the matrices M(J, φ)

in (3.3.1) by M tr(J, φ)tr (or equivalently, one substitutes rows, rather than columns, of the matrix
M by elements of im(φa)).

The same arguments as above show that the corresponding families of ideals, which we denote
by Fittr,aA (Π) and Fittr,aA (Z), validate the natural analogues of Lemma 3.15, Proposition 3.16 and
Theorem 3.20. In addition, for certain orders A a precise connection between the two theories is
established in Lemma 3.23 below.

3.4.3. Let Γ be a finite group. In this section we discuss a construction of presentations for modules
over the Gorenstein order A = R[Γ]. The observations made here will be useful in later arithmetic
applications.

Definition 3.21. If Π is a locally-free presentation of an R[Γ]-module X (as described in §3.3.3),
then the ‘transpose’ Πtr of Π is the locally-free presentation of the R[Γ]-module cok(HomR(θΠ, R))
that is given by the following data:

• the exact sequence of R[Γ]-modules

(Πtr)seq : HomR(P,R)
HomR(θΠ,R)−−−−−−−−→ HomR(P

′, R) −→ cok(HomR(θΠ, R))→ 0,

where the linear duals are endowed with the contragredient action of Γ;
• for each prime p the composite isomorphisms

HomR(P,R)(p) ∼= HomR(R[Γ]
rkR[Γ](P ), R)(p) ∼= R(p)[Γ]

rkR[Γ](P )

and
HomR(P

′, R)(p) ∼= HomR(R[Γ]
rkR[Γ](P

′), R)(p) ∼= R(p)[Γ]
rkR[Γ](P

′)
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where the first maps are respectively induced by the R(p)-linear duals of ιΠ,p and ι′Π,p and

the second by the standard isomorphism HomR(R[Γ], R) ∼= R[Γ].

Remark 3.22. It is clear Πtr is locally-quadratic if and only if Π is locally-quadratic. In addition,
since HomR(HomR(θΠ, R), R) identifies naturally with θΠ, there exists a choice of isomorphism of
R[Γ]-modules cok(θΠ) ∼= X that induces an identification of (Πtr)tr with Π.

Before stating the next result, we recall that the Wedderburn decomposition of Cp[Γ] induces an
identification

ζ(Cp[Γ]) ∼=
∏

ψ∈Irp(Γ)
Cp; x 7→ (xψ)ψ,

where Irp(Γ) is the set of irreducible Cp-valued characters of Γ. We then write x 7→ x# for the
Cp-linear involution of ζ(Cp[Γ]) with the property that for all x ∈ ζ(Cp[Γ]) and ψ ∈ Irp(Γ) one has

(x#)ψ = xψ̌, where ψ̌ is the contragredient of ψ.

Lemma 3.23. Assume R is contained in Cp. Then, if Π is a locally-quadratic presentation of
R[Γ]-modules, for every non-negative integer a one has

Fittr,aR[Γ](Π
tr) = FitaR[Γ](Π)#.

Proof. We write ι# for the Cp-linear anti-involution of Cp[Γ] that inverts elements of Γ, and note
that ι#(x) = x# for all x ∈ ζ(Cp[Γ]).

For M in Md(R[Γ]) we write ι#(M) for the matrix in Md(R[Γ]) obtained by applying ι# to all
components of M . It is then easily checked that for M in Md(R[Γ]) one has

(3.4.1) NrdF [Γ](ι#(M
tr)) = NrdF [Γ](ι#(M)) = NrdF [Γ](M)#.

Now, after localizing at each prime ideal of R, it is enough to prove the claimed equality in the case
that Π is a quadratic presentation. To consider this case we fix a homomorphism of R[Γ]-modules
θ : R[Γ]d → R[Γ]d and write Mθ for its matrix with respect to the standard basis of R[Γ]d. Then
the matrix of HomR(θ,R) with respect to the standard (dual) bases of HomR(R[Γ]

d, R) is equal to

ι#(M
tr
θ ). It follows that Fittr,aR[Γ](Π

tr) is equal to the ξ(R[Γ])-ideal that is generated by the elements

NrdF [Γ]

(
(ι#(M

tr
θ ))tr(J, φ)tr

)
= NrdF [Γ]

(
ι#(Mθ(J, φ

#))tr
)
=

(
NrdF [Γ](Mθ(J, φ

#)
)#

as J runs over tuples {i1, i2, . . . , it} with t ≤ a and 1 ≤ i1 < i2 < · · · < it ≤ d, and φ = (φi)1≤i≤t
over HomR[Γ](R[Γ]

d, R[Γ])t. Here we write φ# for the tuple (ι# ◦ φi)1≤i≤t, so the first equality is
clear and the second follows from (3.4.1).

In particular, since the second equality in (3.4.1) implies that ξ(R[Γ]) = ξ(R[Γ])#, to deduce
the claimed result from the last displayed equality, it is enough to recall the explicit definition of
FitaR[Γ](Π) and note that {φ# : φ ∈ HomR[Γ](R[Γ]

d, R[Γ])t} = HomR[Γ](R[Γ]
d, R[Γ])t. □

Remark 3.24. The above argument has shown that ξ(R[Γ]) = ξ(R[Γ])#. In a similar way, since the
defining equality (3.1.1) implies (ι#(M))∗ = ι#(M

∗) for every M in Md(R[Γ]), one has δ(R[Γ]) =
δ(R[Γ])#. In particular, if Z is an R[Γ]-module, then the last equality combines with the exactness
of Pontryagin duality to imply that, with respect to the contragredient action of R[Γ] on Z∨ =
HomR(Z,F/R), one has pAnnR[Γ](Z

∨) = pAnnR[Γ](Z)
#.

4. Reduced exterior powers

In this section we discuss the basic properties of an explicit construction of ‘exterior powers’ over
semisimple rings.
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4.1. Exterior powers over commutative rings. We first quickly review relevant aspects of the
classical theory of exterior powers over commutative rings.

Let R be a commutative ring, and M be an R-module. Then an element f ∈ HomR(M,R)
induces, for every natural number r, a homomorphism of R-modules∧r

R
M →

∧r−1

R
M, m1 ∧ · · · ∧mr 7→

∑r

i=1
(−1)i+1f(mi)m1 ∧ · · · ∧mi−1 ∧mi+1 ∧ · · · ∧mr,

which, for convenience, will also often be denoted by f . By using this construction, we define for
natural numbers r and s with r ≥ s, a pairing:∧r

R
M ×

∧s

R
HomR(M,R)→

∧r−s

R
M ; (m,∧i=si=1fi) 7→ (∧i=si=1fi)(m) := (fs ◦ · · · ◦ f1)(m).

(For clarity, we stress that in the composition ‘fs◦· · ·◦f1’ each fi is regarded in the manner described

above as a map
∧r−i+1
R M →

∧r−i
R M).

We shall also use the following convenient notation: for any natural numbers r and s with s ≤ r
we write

[
r
s

]
for the subset of Sr comprising permutations σ which satisfy both

σ(1) < · · · < σ(s) and σ(s+ 1) < · · · < σ(r).

(This notation is motivated by the fact that the cardinality of
[
r
s

]
is the binomial coefficient

(
r
s

)
.)

We can now record two results that play an important role in the sequel.

Lemma 4.1. If s ≤ r, then for all subsets {fi}1≤i≤s of HomR(M,R) and {mj}1≤j≤r of M one has

(∧i=si=1fi)(∧
j=r
j=1mj) =

∑
σ∈[rs]

sgn(σ) det(fi(mσ(j)))1≤i,j≤smσ(s+1) ∧ · · · ∧mσ(r).

In particular, if r = s, then we have

(∧i=ri=1fi)(∧
j=r
j=1mj) = det(fi(mj))1≤i,j≤r.

Proof. This is verified by means of an easy and explicit computation. □

Lemma 4.2 ([4, Lem. 4.2]). Let E be a field and W an n-dimensional E-vector space. Fix a
non-negative integer m with m ≤ n and a subset {φi}1≤i≤m of HomE(W,E). Then the E-linear
map Φ =

⊕m
i=1φi :W −→ E⊕m is such that

im(∧1≤i≤mφi :
∧n

E
W −→

∧n−m

E
W ) =

{∧n−m
E ker(Φ), if Φ is surjective,

0, otherwise.

4.2. Reduced exterior powers over semisimple rings. In this subsection, we define a notion
of exterior powers for finitely generated modules over semsimple rings.

The underlying idea is as follows. If Λ is a non-commutative ring for which there exists a functor
Φ from the category of Λ-modules to the category of modules over some commutative ring Ω that
gives an equivalence of the categories, then the exterior power of a Λ-module M should be defined
via a suitable exterior power of the Ω-module Φ(M). (In our case, we shall take Φ to be the Morita
functor defined at the end of §2.1.1.)

4.2.1. Let K be a field of characteristic zero and A a finite-dimensional simple K-algebra.

Definition 4.3. Take a splitting field E of A, set AE := A⊗ζ(A) E and fix a simple AE-module V .
Then for each A-module M and each non-negative integer r, we define the ‘r-th reduced exterior
power’ of M over A to be the E-vector space∧r

A
M :=

∧rd

E
(V ∗ ⊗AE

ME),

where d := dimE(V ), ME :=M ⊗ζ(A) E, and V ∗ := HomE(V,E).
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Remark 4.4. If A is commutative, and hence a field, then our convention will always be to take
E, and hence also V , to be A so that the above definition coincides with the standard r-th exterior
power of M as an A-module. In the general case, whilst our chosen notation

∧r
AM suppresses the

dependence of the definition on the splitting field E and simple AE-module V we feel that this
should not lead to confusion. Firstly, for a fixed E, all simple AE-modules V are isomorphic and
so lead to isomorphic reduced exterior powers. In addition, each K-embedding of splitting fields
σ : E → E′ induces a canonical isomorphism E′ ⊗E,σ

∧r
AM

∼=
∧r
AM where the exterior powers are

respectively defined via the pairs (E, V ) and (E′, E′ ⊗E,σ V ). Aside from this, one can also define∧r
AM with respect to a ‘canonical’ choice of splitting field E as in Remark 2.1 (and see also Remark

4.9 below in this regard).

Remark 4.5. Reduced exterior powers are functorial in the following sense. Any homomorphism
of A-modules θ :M →M ′ induces for each natural number r a homomorphism of E-modules∧r

A
M =

∧rd

E
(V ∗ ⊗AE

ME)
∧rd

E (idV ∗⊗θ)−−−−−−−−→
∧rd

E
(V ∗ ⊗AE

M ′
E) =

∧r

A
M ′.

4.2.2. To make analogous constructions for linear duals we use the fact that HomA(M,A) has a
natural structure as (left) Aop-module. In particular, since V ∗ is a simple Aop

E -module and V ∗∗

is canonically isomorphic to V , the r-th reduced exterior power (in the sense of Definition 4.3) of
HomA(M,A) is equal to∧r

Aop
HomA(M,A) =

∧rd

E
(V ⊗Aop

E
HomAE

(ME , AE)).

The natural isomorphism

V ⊗Aop
E

HomAE
(ME , AE)

∼→ HomE(V
∗ ⊗AE

ME , E); v ⊗ f 7→ (v∗ ⊗m 7→ v∗(f(m)v))

therefore induces a composite identification∧r

Aop
HomA(M,A) =

∧rd

E
HomE(V

∗ ⊗AE
ME , E) =

∧rd

E
Homζ(A)(V

∗ ⊗AE
ME , ζ(A)),

with the last identification induced by the trace map E → ζ(A). By using this identification, the
construction discussed in §4.1 applies to the E-vector space V ∗ ⊗AE

ME to give a pairing

(4.2.1)
∧r

A
M ×

∧s

Aop
HomA(M,A)→

∧r−s

A
M.

We shall denote the image under this pairing of a pair (m,φ) by φ(m).

4.2.3. We now fix an ordered E-basis {vi}1≤i≤d of V and write {v∗i }1≤i≤d for the corresponding dual
basis of V ∗.

For any subsets {mi}1≤i≤r of M and {φi}1≤i≤r of HomA(M,A) we then set

(4.2.2) ∧i=ri=1mi := ∧1≤i≤r(∧1≤j≤dv∗j ⊗mi) ∈
∧rd

E
(V ∗ ⊗AE

ME) =
∧r

A
M

and

(4.2.3) ∧i=ri=1φi := ∧1≤i≤r(∧1≤j≤dvj ⊗ φi) ∈
∧r

Aop
HomA(M,A),

where mi and φi are regarded as elements of ME and HomAE
(ME , AE) in the obvious way.

Lemma 4.6. LetM be a finitely generated A-module. Then the E-spaces
∧r
AM and

∧r
Aop HomA(M,A)

are respectively spanned by the sets {∧i=ri=1mi : mi ∈M} and {∧i=ri=1φi : φi ∈ HomA(M,A)}.
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Proof. We only prove the claim for M since exactly the same argument works for HomA(M,A)
(after replacing A by Aop). Then, since there exists a surjective homomorphism of A-modules of the
form At →M (for any large enough t) it is enough to prove the claim in the case that M is free of
rank t.

In this case, if we fix an A-basis {bi}1≤i≤t of M , then the E-space V ∗ ⊗AE
ME has as a basis

the set {xij := v∗j ⊗ bi}1≤j≤d,1≤i≤t and so
∧r
AM is generated over E by the exterior powers of all

rd-tuples of distinct elements in this set. It is thus enough to show that for any d distinct elements

X := {xikjk}1≤k≤d of the above set, there exists an element mX of ME with ∧y=dy=1(v
∗
y ⊗ mX) =

±∧k=dk=1xikjk .
To do this we set Xc := {xikjk : ik = c} and nc := |Xc| for each index c with 1 ≤ c ≤ t. We also

set Y := {v∗i }1≤i≤d. We order the indices c for which nc ̸= 0 as c1 < c2 < · · · < cs (for a suitable

integer s) and for each integer ℓ with 0 ≤ ℓ ≤ s we set Nℓ :=
∑j=ℓ
j=1ncj (so that N0 = 0 and Ns = d).

For each index k we then choose ack to be an element of AE whose image under the canonical
isomorphism AE ∼= EndE(V

∗)(∼= Md(E)) maps the elements {v∗i : Nk−1 < i ≤ Nk} to the (Nk −
Nk−1 = nck distinct) elements v∗j that occur as the first components of the elements in Xck and
maps the remaining d − nck elements of Y to zero. It is then straightforward to check the element

mX :=
∑k=s
k=1ack · bck of ME is such that

∧y=dy=1(v
∗
y ⊗mX) =∧y=dy=1(

∑k=s

k=1
v∗yack ⊗ bck)

= ± ∧k=sk=1

(
∧Nk−1<y≤Nk

(v∗yack ⊗ bck)
)

= ± ∧k=dk=1xikjk ,

as required. □

Remark 4.7. If A is commutative, then our convention is that E = V = A (see Remark 4.4). In
particular, in this case d = 1 and we will always take the basis {v1} fixed above to comprise the
identity element of A so that the elements defined in (4.2.2) and (4.2.3) coincide with the classical
definition of exterior products.

4.2.4. We assume now that A is a semisimple ring, with Wedderburn decomposition (2.2.1).
In this case, each finitely generated A-moduleM decomposes as a direct sumM =

⊕
i∈IMi where

each summand Mi := Ai ⊗A M is a finitely generated Ai-module. For any non-negative integer r,
we then define the r-th reduced exterior power of the A-module M by setting∧r

A
M :=

⊕
i∈I

∧r

Ai

(Ai ⊗AM),

where each component exterior power in the direct sum is defined with respect to a given choice
of splitting field Ei for Ai over ζ(Ai) and a given choice of simple Ei ⊗ζ(Ai) Ai-module Vi. The

associated reduced exterior power
∧r
Aop HomA(M,A) is defined in a similar way.

We refer to the direct product

(4.2.4) Ẽ :=
∏

i∈I
Ei

as a ‘splitting algebra’ for A and note that
∧r
AM and

∧r
Aop HomA(M,A) are both modules over

Ẽ. Whilst these constructions clearly depend on the choice of splitting algebra, the following result
shows that they behave functorially under scalar extension.

Lemma 4.8. For any extension K ′ of K there exists an injective homomorphism from
∧r
AM to∧r

A⊗KK′(M ⊗K K ′).
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Proof. We can assume, without loss of generality, that A is simple. We then set F := ζ(A) and
A′ := A⊗K K ′ and M ′ := M ⊗K K ′. We assume

∧r
AM is defined by using an algebraic extension

E of F in Kc and a simple AE-module V , and we set d = dimE(V ). We also use the notation of
Lemma 2.2. In particular, we write Ω for an algebraic closure of K ′.

For each σ in Σ(F/K,K ′) we fix a K-embedding σ̃ of E into Ω that extends σ. Then the field
Eσ := σ̃(E)K ′ splits the simple ring A⊗F σ(F )K ′. In addition, Vσ := V ⊗E Eσ is a simple module
over AEσ := A⊗F Eσ and so, by Lemma 2.2 and the definition of reduced exterior powers, one has∧r

A′
M ′ =

⊕
σ∈Σ(F/K,K′)

∧rd

Eσ

(V ∗
σ ⊗AEσ

MEσ
),

with MEσ
:=M ⊗F Eσ.

For each σ ∈ Σ(F/K,K ′), there is a canonical embedding

V ∗ ⊗AE
ME → V ∗

σ ⊗AEσ
MEσ .

This induces an embedding

fσ :
∧rd

E
(V ∗ ⊗AE

ME)→
∧rd

Eσ

(V ∗
σ ⊗AEσ

MEσ
)

and we define the required scalar extension∧r

A
M =

∧rd

E
(V ∗ ⊗AE

ME)→
⊕

σ∈Σ(F/K,K′)

∧rd

Eσ

(V ∗
σ ⊗AEσ

MEσ
) =

∧r

A′
M ′

to be the tuple
⊕

σfσ. □

Upon combining the duality pairings (4.2.1) for each simple component Ai of A one obtains a
duality pairing

(4.2.5)
∧r

A
M ×

∧s

Aop
HomA(M,A)→

∧r−s

A
M

that we continue to denote by (m,φ) 7→ φ(m).
For each subset of elements {ma}1≤a≤r of M and {φa}1≤a≤r of HomA(M,A) we also set

(4.2.6) ∧a=ra=1ma := (∧1≤a≤rmai)i∈I ∈
∧r

A
M

and

(4.2.7) ∧a=ra=1φa := (∧1≤a≤rφai)i∈I ∈
∧r

Aop
HomA(M,A),

where mai and φai are the projection of ma and φa to Mi and HomAi
(Mi, Ai) and the component

exterior powers are defined (via (4.2.2) and (4.2.3)) with respect to a fixed ordered Ei-basis of Vi
(and its dual basis).

Remark 4.9. In each simple component of A that is commutative, we will always fix conventions
regarding the bases used in (4.2.6) and (4.2.7) as in Remark 4.7. In addition, for the non-commutative
algebras that arise in the arithmetic settings that are considered in later sections, the specification
of a splitting field for A, of a simple AE-module V and of an ordered E-basis of V arises naturally
in the following way.

Let G be a finite group of exponent e and write E for the field generated over Qp by a primitive
e-th root of unity and Irp(G) for the set of irreducible Qcp-valued characters of G. Then, by a classical
result of Brauer [2], for each χ in Irp(G) there exists a representation

ρχ : G→ GLχ(1)(E)
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of character χ. The induced homomorphisms of E-algebras ρχ,∗ : E[G]→ Mχ(1)(E) combine to give
an isomorphism

E[G]
(ρχ,∗)χ−−−−−→

∏
χ∈Irp(G)

Mχ(1)(E).

This decomposition shows E is a splitting field for Qp[G], that the spaces Vχ := Eχ(1), considered as
the first columns of the component Mχ(1)(E), are a set of representatives of the simple E[G]-modules

and that one can specify the standard basis of Eχ(1) to be the ordered basis of Vχ. In this way,
the specification of a representation ρχ for each χ in Irp(G) leads to a canonical choice of the data
necessary to define reduced exterior powers.

4.3. Basic properties. In this section we record several useful technical properties of the reduced
exterior powers defined above.

Lemma 4.10. Let A be a semisimple ring and W an A-module. Then for all subsets {wi}1≤i≤r of
W and {φj}1≤j≤r of HomA(W,A) one has

(∧i=ri=1φi)(∧
j=r
j=1wj) = NrdMr(Aop)((φi(wj))1≤i,j≤r).

Proof. We may assume that A is simple (and use the notation of Definition 4.3) so that there is a
canonical isomorphism AE := A⊗ζ(A) E ∼= EndE(V ). In particular, after fixing an ordered E-basis
{vi}1≤i≤d of V , we can identify AE with the matrix ring Md(E).

Then the definitions (4.2.2) and (4.2.3) combine to imply

(∧i=ri=1φi)(∧
j=r
j=1wj) = (∧1≤i≤r(∧1≤j≤dvj ⊗ φi))(∧1≤i≤r(∧1≤j≤dv∗j ⊗ wi)).

Next we note that the element (vi′ ⊗ φi)(v∗j′ ⊗ wj) = v∗j′(φi(wj)vi′) of E is equal to the (j′, i′)-

component of the matrix φi(wj) ∈ A ⊂ Md(E). Hence, writing tφi(wj) for the transpose of φi(wj) ∈
Md(E) and regarding (tφi(wj))1≤i,j≤r as a matrix in Mrd(E), Lemma 4.1 implies that

(∧i=ri=1φi)(∧
j=r
j=1wj) = det(tφi(wj))1≤i,j≤r.

It is therefore enough to note that the last expression is equal to NrdMr(Aop)((φi(wj))1≤i,j≤r) by the
definition of reduced norm. □

Remark 4.11. Lemma 4.10 implies (∧i=ri=1φi)(∧
j=r
j=1wj) belongs to ζ(A). It also shows that this

value is independent of the choice of ordered bases of simple modules that are used (in §4.2.3) to
normalise the contruction of reduced exterior powers, and hence only depends on the given elements
w1, . . . , wr and homomorphisms φ1, . . . , φr.

Lemma 4.12. Let A be a semisimple ring and W a free A-module of rank r. Then there is a
canonical isomorphism of ζ(A)-modules

ιW :
∧r

Aop
HomA(W,A) ∼= Homζ(A)(

∧r

A
W, ζ(A))

with the following property: for any A-basis {bi}1≤i≤r of W one has

ιW (∧i=ri=1b
∗
i )(∧

j=r
j=1bj) = 1,

where for each index i we write b∗i for the element of HomA(W,A) that is dual to bi.

Proof. If we define reduced exterior powers with respect to the splitting algebra Ẽ for A, then the
given hypothesis on W implies that the pairing (4.2.5) with s = r induces a homomorphism of free

rank one Ẽ-modules

ιW :
∧r

Aop
HomA(W,A) ∼= Homζ(A)(

∧r

A
W, ζ(A)).
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Both the bijectivity of this homomorphism and the equality ιW (∧i=ri=1b
∗
i )(∧

j=r
j=1bj) = 1 follow

directly from Lemma 4.10. □

Lemma 4.13. Let A be a semisimple ring and W a free A-module of rank r. Fix an A-basis
{bi}1≤i≤r of W . Then for each φ in EndA(W ) one has

∧i=ri=1φ(bi) = NrdEndA(W )(φ) · (∧i=ri=1bi) ∈
∧r

A
W.

Proof. The algebra isomorphism

EndA(W )
∼−→ Mr(A

op); ψ 7→ (b∗i (ψ(bj)))1≤i,j≤r

implies that

NrdEndA(W )(φ) = NrdMr(Aop)((b
∗
i (φ(bj)))1≤i,j≤r).

By applying Lemma 4.10, one therefore has

(∧i=ri=1b
∗
i )(∧

j=r
j=1φ(bj)) = NrdEndA(W )(φ).

This in turn implies the claimed equality since one also has (∧i=ri=1b
∗
i )(∧

j=r
j=1bj) = 1 as a consequence

of Lemma 4.10. □

Finally we establish a useful non-commutative generalization of Lemma 4.2.

Lemma 4.14. Let A be a semisimple ring and W a free A-module of rank r. For a natural number
s with s ≤ r and a subset {φi}1≤i≤s of HomA(W,A) consider the map

Φ :=
⊕i=s

i=1
φi :W → A⊕s.

Then the image of the map∧r

A
W →

∧r−s

A
W ; b 7→ (∧1≤i≤sφi)(b)

is contained in
∧r−s
A ker(Φ). In addition, if A is simple and Φ is surjective, respectively not surjective,

then the image of this map is equal to
∧r−s
A ker(Φ), respectively vanishes.

Proof. We can assume, without loss of generality, that A is simple (and then use the notation of
Definition 4.3). Then, by Morita equivalence, the kernel of the induced E-linear map

Φ1 :=
⊕i=s

i=1
(id⊗ φi) : V ∗ ⊗AE

WE → (V ∗)⊕s.

is equal to V ∗ ⊗AE
ker(Φ)E and Φ1 is surjective if and only if Φ is surjective.

We write {vj}1≤j≤d for the ordered basis of V with respect to which the exterior product ∧1≤i≤sφi
is defined (in (4.2.3)) and consider the E-linear map

Φ2 :=
⊕i=s

i=1
(
⊕j=d

j=1
vj ⊗ φi) : V ∗ ⊗AE

WE → E⊕sd.

Then it is clear that ker(Φ2) = ker(Φ1) = V ∗ ⊗AE
ker(Φ)E and that Φ2 is surjective if and only

if Φ1 is surjective, and hence if and only if the given map Φ is surjective.
Given these facts, and the explicit definition of the reduced exterior power

∧r−s
A ker(Φ), the

claimed results follow directly upon applying Lemma 4.2 with the data W,n,m and Φ respectively
replaced by V ∗ ⊗AE

WE , dr, ds and the above map Φ2. □
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4.4. Integral structures. In this subsection we assume to be given a Dedekind domain R whose
fraction field F is a finite extension of either Q or Qp for some prime p. We also assume to be given
an R-order A that spans a (finite-dimensional) semisimple F -algebra A. We fix a non-negative
integer r.

For each A-module M , we shall define, and establish the basic properties of, a canonical integral
ξ(A)-structure on the r-th reduced exterior power of F ⊗RM over A. This structure will then play
a key role in subsequent sections.

For an A-module M we write M∗ for the (left) Aop-module HomA(M,A) and MF for the A-
module F ⊗RM .

4.4.1. We now fix a splitting algebra Ẽ =
∏
i∈IEi for A as in (4.2.4) and normalise the definition

of reduced exterior products as in (4.2.6) and (4.2.7). The obvious generalization of the notion of
exterior powers over commutative rings is then as follows.

Definition 4.15. The r-th reduced exterior power
∧r

AM of an A-module M is the ξ(A)-submodule
of

∧r
AMF that is generated by the set {∧i=ri=1mi : mi ∈M}.

Lemma 4.16. Let M be a finitely generated A-module. Then the ξ(A)-module
∧r

AM is finitely

generated and spans
∧r
AMF over Ẽ.

Proof. The finite generation of
∧r

AM follows directly from the stronger result of Theorem 4.19(ii)
below (and so, for brevity, will not be justified here). To prove the second assertion we note that,
after choosing a surjective homomorphism of A-modules of the form Ad → M (for any suitable
natural number d), it is enough to prove the claimed result for the module M = Ad. To do this, we

write Ã for the split central Ẽ-algebra Ẽ ⊗ζ(A) A.
Then the result of Lemma 4.6 (for each simple component of A) reduces us to showing that for

any subset {m′
j}1≤j≤r of Ãd there exists a subset {mi}1≤i≤r of Ad and an element x of Ẽ such that

∧j=rj=1m
′
j = x · ∧i=ri=1mi.

To prove this we choose, as we may, a free Ã-submodule X of Ãd that has rank r and contains
{m′

j}1≤j≤r. It follows thatX∩Ad is a free A-module of rank r and so we can choose a basis {mi}1≤i≤r
of it that is contained in Ad. Then {mi}1≤i≤r is an Ã-basis of X and, writing λ for the Ã-module

endomorphism of X that sends each element mj to m
′
j , Lemma 4.13 implies ∧j=rj=1m

′
j = x · (∧i=ri=1mi)

with x = NrdEndÃ(X)(λ) ∈ Ẽ, as required. □

The reduced exterior power
∧r

AM provides an integral ξ(A)-structure on
∧r
AMF and, with the

convention of Remark 4.7, coincides with the classical notion of exterior power in the case that A is
commutative. In general, however, it depends on the chosen normalization of the exterior product
(4.2.6) and hence on a choice of bases of simple A-modules (though we suppress this fact from the
notation). To obtain an integral structure that is independent of such choices, we note that the

pairing (4.2.5) (with s = r) induces well-defined homomorphisms of Ẽ-modules

ιr,1MF
:
∧r

A
MF → HomẼ

(∧r

Aop
M∗
F , Ẽ

)
and ιr,2MF

:
∧r

Aop
M∗
F → HomẼ

(∧r

A
MF , Ẽ

)
.

Definition 4.17. The r-th reduced Rubin lattice of the A-module M is the full-preimage⋂r

A
M := (ιr,1MF

)−1
(
Homξ(A)

(∧r

Aop
M∗, ξ(A)

))
under ιr,1MF

of the ξ(A)-module Homξ(A)

(∧r
AopM∗, ξ(A)

)
.
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Remark 4.18. More explicitly, the above definition implies that

(4.4.1)
⋂r

A
M := {a ∈

∧r

A
MF : (∧i=ri=1φi)(a) ∈ ξ(A) for all φ1, . . . , φr ∈M∗}.

This description implies the existence of natural homomorphism of ξ(A)-modules⋂r

A
M → Homξ(A)

(
ιr,2MF

(∧r

Aop
M∗), ξ(A)) ; a 7→ (Φ 7→ Φ(a)) .

If A is commutative, then ξ(A) = A (by Lemma 3.2(iii)) and, with respect to the conventions fixed
in Remark 4.7, this map induces a canonical isomorphism of A-modules

(4.4.2)
⋂r

A
M ∼= HomA

(∧r

A
M∗,A

)
(see [6, Prop. A.7]). Modules of the latter form were first considered (in the setting of group rings of
abelian groups) by Rubin in [28] in order to formulate refined versions of Stark’s Conjecture. These
lattices are in turn a special case of the formalism of ‘exterior power biduals’ that has subsequently
played a key role in the theory of higher rank Euler, Kolyvagin and Stark systems that is developed
by Sakamoto and the present authors in [5].

The basic properties of reduced Rubin lattices in the general case are recorded in the following
result. We note, in particular, that this result verifies

⋂r
AM provides an integral ξ(A)-structure on∧r

AMF that is both functorially well-behaved and independent, in a natural sense, of the chosen
normalisation of reduced exterior products.

Theorem 4.19. For each finitely generated A-module M and each non-negative integer r the fol-
lowing claims are valid.

(i) If r = 0, then
⋂r

AM = ξ(A).
(ii) The ξ(A)-module

⋂r
AM contains

∧r
AM , is both finitely generated and torsion-free over R

and spans
∧r
AMF over Ẽ. It is also independent, in a natural sense, of the choice of bases

(of the simple modules V ) that occur in the definition (4.2.3) of exterior powers over each
simple component of A.

(iii) For every prime ideal p of R one has (
⋂r

AM)
(p)

=
⋂r

A(p)
M(p). Hence one has⋂r

A
M =

⋂
p∈Spec(R)

(⋂r

A(p)

M(p)

)
.

(iv) For each map of finitely generated A-modules ι : M → M ′, there exists an induced map
of ζ(A)-modules ιr∗,F :

∧r
AMF →

∧r
AM

′
F that restricts to give a map of ξ(A)-modules

ιr∗ :
⋂r

AM →
⋂r

AM
′. If ι is injective, then so are ιr∗,F and ιr∗. If ι is injective and, in

addition, the group Ext1A(cok(ι),A) vanishes, then one has

ιr∗

(⋂r

A
M

)
= ιr∗,F

(∧r

A
MF

)
∩
⋂r

A
M ′.

(v) Let s be a natural number with s ≤ r and {φi}1≤i≤s a subset of HomA(M,A). Then the
map ∧r

A
MF →

∧r−s

A
MF ; x 7→ (∧1≤i≤sφi)(x)

sends
⋂r

AM into
⋂r−s

A M .
(vi) If M is a free A-module of rank d with d ≥ r, then for any choice of basis b = {bj}1≤j≤d of

M there is a natural split surjective homomorphism of ξ(A)-modules

θb :
⋂r

A
M →

⊕
σ∈[dr]

ξ(A).

This homomorphism is bijective if and only if either A is commutative or r = d.
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(vii) Assume that A = Mn(B) for a natural number n and commutative R-order B. Then ξ(A) =
B and, for any finitely generated A-module M , one has both∧r

A
MF =

∧nr

BF

(Bn ⊗A MF ) and
⋂r

A
M =

⋂nr

B
(Bn ⊗A M),

where Bn denotes the right A-module comprising row vectors of length n over B.

Proof. We fix a Wedderburn decomposition (2.2.1) of A and assume throughout this argument that

reduced exterior powers are defined with respect to the splitting algebra Ẽ =
∏
i∈IEi fixed above.

Then, to prove (i), we note that ι0,1MF
is the identify function on the algebra Ẽ =

∧0
AMF =∧0

AopM∗
F . We also note that, by convention, the exterior power of the empty subset of M∗ is

the identity element of Ẽ and hence that
∧0

AopM∗ = ξ(A). Claim (i) is therefore true since, in

HomẼ(Ẽ, Ẽ) = Ẽ, one has

Homξ(A)

(∧0

Aop
M∗, ξ(A)

)
= Homξ(A)

(
ξ(A), ξ(A)

)
= ξ(A).

Given this result, we can assume in the rest of the proof that r > 0.
It is convenient to prove (iv) next. To do this we note the existence of a homomorphism of ζ(A)-

modules ιr∗,F of the stated form is a consequence of the fact that for every simple AE-module V the

given map ι induces a homomorphism of E-vector spaces ιrV :
∧rd
E (V ∗⊗AE

ME)→
∧rd
E (V ∗⊗AE

M ′
E).

We note further that if ι is injective, then each map ιrV is injective (as the algebra AE is semisimple)
and so ιr∗,F is also injective, as claimed.

We write ι∗ : (M ′)∗ → M∗ for the homomorphism of Aop-modules that is induced by ι. Then
ι∗(φ′)(m) = φ′(ι(m)) for every φ′ ∈ (M ′)∗ and m ∈ M , and so Lemmas 4.10 and 4.16 combine to
imply that, for every x in

⋂r
AM and subset {φ′

i}1≤i≤r of (M ′)∗, one has

(4.4.3) (∧i=ri=1φ
′
i)(ι

r
∗,F (x)) = ∧i=ri=1(ι

∗(φ′
i))(x).

These equalities imply ιr∗,F (x) ∈
⋂r

AM
′ for all x ∈

⋂r
AM , and hence that ιr∗,F restricts to give a map

of ξ(A)-modules ιr∗ :
⋂r

AM →
⋂r

AM
′. In addition, if ι is injective, then the functor HomA(−,A)

applies to the tautological exact sequence 0→M
ι−→M ′ → cok(ι)→ 0 to give an exact sequence

(M ′)∗
ι∗−→M∗ → Ext1A(cok(ι),A).

In particular, if Ext1A(cok(ι),A) also vanishes, then ι∗ is surjective and so the final assertion of (iv)
is a consequence of the equalities (4.4.3).

Turning now to (ii), the inclusion
∧r

AM ⊆
⋂r

AM follows directly upon comparing Definition
4.15 with the description (4.4.1) of

⋂r
AM and the explicit formula in Lemma 4.10. In view of

Lemma 4.16, this inclusion proves that
⋂r

AM spans
∧r
AMF over Ẽ. It is also clear that

⋂r
AM is

R-torsion-free and to prove it is finitely generated we observe there exists a natural number d and
an injective homomorphism of A-modules from the quotient Mtf of M by its R-torsion submodule
to Ad. To justify this we note that the semisimplicity of A implies the existence, for any large
enough d, of an injective homomorphism of A-modules ι′ :MF → Ad. Hence, since Mtf is a finitely
generated R-submodule of MF , there exists a non-zero element x of R such that the composite

homomorphism Mtf ⊂ MF
ι′−→ Ad

×x−−→ Ad factors through the inclusion Ad ⊆ Ad and so gives an
injective homomorphism ι :Mtf → Ad of the required form.

Upon applying (iv) to ι one sees that it is therefore enough to prove the finite generation of⋂r
AM =

⋂r
AMtf in the case M = Ad. In this case, Lemma 4.12 reduces us to showing that∧r

Aop HomA(A
d, A) is the Ẽ-linear span of elements of the form ∧i=ri=1φi as φi ranges over (Ad)∗ and

this follows from Lemma 4.16 (with A and M taken to be Aop and (Ad)∗ respectively).
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To (make precise and) prove the second assertion of (ii) we assume A is simple, with splitting
field E, and that {bV }V is an alternative choice of ordered E-bases of the simple AE-modules V .

We write τ for the automorphism of the ζ(AE)-module
∧r
AMF that sends each element ∧j=rj=1mj to

∧̃j=rj=1mj , where each mj belongs toM and ∧̃ indicates that the exterior power is defined with respect

to the bases {bV }V . Then, writing
⋂̃r

AM for the reduced Rubin lattice defined using exterior powers

with respect to {bV }V , Remark 4.11 implies that τ(
⋂r

AM) =
⋂̃r

AM , as required to complete the
proof of (ii).

We note next that M∗ is contained in M∗
(p) = HomA(p)

(M(p),A(p)) for each prime ideal p of R.

In particular, since ξ(A)(p) = ξ(A(p)) (by Lemma 3.2(ii)) it is easily seen that (
⋂r

AM)
(p)

contains⋂r
A(p)

M(p).

To show the reverse inclusion we fix an element a of (
⋂r

AM)
(p)

, a subset {φj}1≤j≤r of maps in

HomA(p)
(M(p),A(p)) = HomA(M,A)(p) and an element x of R ∩R×

(p) such that each x · φj belongs

to HomA(M,A). Then one has

(∧j=rj=1φj)(a) = NrdA(x
−r) · (∧j=rj=1(x · φj))(a) ∈ NrdA(x)

−r · ξ(A)(p) = ξ(A)(p).

Here the first equality follows directly from the explicit definition (4.2.7) of reduced exterior powers,
the containment is valid since a ∈ (

⋂r
AM)

(p)
and the last equality since NrdA(x) is a unit of

ξ(A(p)) = ξ(A)(p). This shows
⋂r

A(p)
M(p) contains (

⋂r
AM)

(p)
and hence completes the proof that⋂r

A(p)
M(p) = (

⋂r
AM)

(p)
. Given this, the displayed equality in (iii) then follows directly from the

general result of [8, Prop. (4.21)(vi)].
Next we note that (v) is true because the definition of the lattice

⋂r
AM ensures that for any

subset {ϑj}1≤j≤r−s of M∗ and any x in
⋂r

AM one has

(∧1≤j≤r−sϑj)
(
(∧1≤i≤sφi)(x)

)
=

(
(∧1≤i≤sφi) ∧ (∧1≤j≤r−sϑj)

)
(x) ∈ ξ(A).

To prove (vi) we define θb to be the map of ξ(A)-modules that satisfies

θb(x) = ((∧i=ri=1b
∗
σ(i))(x))σ∈[dr]

for all x in
⋂r

AM . We also write θ′b for the map of ξ(A)-modules
⊕

σ∈[dr]
ξ(A) →

⋂r
AM which

satisfies

θ′b((cσ)σ) =
∑

σ∈[dr]
cσ · ∧i=ri=1bσ(i)

for all (cσ)σ in
⊕

σ∈[dr]
ξ(A). Then Lemma 4.10 implies that (∧j=rj=1b

∗
σ(j))(∧

i=r
i=1bτ(i)) = δστ for all σ

and τ in
[
d
r

]
and so the composite θb ◦ θ′b is the identity on

⊕
σ∈[dr]

ξ(A). This shows that θ′b is a

section to θb, as required.
Next we note that if A is commutative, then

⋂r
AM =

∧r
AM (as M is free) and ξ(A) = A and

using these equalities it is easily seen that θb is an isomorphism.
To complete the proof of (vi) it is therefore enough to fix a primitive central idempotent e of A

for which eA is not commutative and to show that e(F ⊗R ker(θb)) vanishes if and only if r = d.
We fix a splitting field for Ae and a simple E ⊗ζ(A)e Ae module V . We set n := dim(V ) so

that n > 1. Then V ∗ ⊗AE
ME is an E-vector space of dimension nd and so e

(⋂r
AM

)
spans an

E-vector space of dimension
(
nd
nr

)
. Since e

(⊕
σ∈[dr]

ξ(A)
)
spans an E-vector space of dimension

(
d
r

)
it is therefore enough to show that

(
nd
nr

)
is equal to

(
d
r

)
if and only if r = d and we leave this as an

exercise for the reader.
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Turning to (vii), we note that the algebra B := BF is a finite direct product
∏
i∈IFi of finite

degree field extensions Fi of F . Then, for any natural number m, the induced algebra decomposition

Mm(A)
∼−→
θ

Mmn(B)
∼−→

∏
i∈I

Mmn(Fi)

implies that, for every N in Mm(A), one has NrdA(N) = det
(
θ(N)

)
∈ B. In particular, since

θ
(
Mn(A)

)
= Mmn(B), one has ξ(A) = B.

In a similar way, for any finitely generated A-moduleM the claimed description of
∧r
AMF follows

directly from the explicit definition of reduced exterior powers (via Definition 4.3 for each simple
component Ai of A and with the respective splitting fields E taken to be Fi) and the fact that, for
each index i, Fni is a simple right Mn(Fi)-module.

Finally, we note that Morita equivalence gives an isomorphism of B-modules

HomA(M,A) ∼= HomB(Bn ⊗A M,Bn) ∼= HomB(Bn ⊗A M,B)n

in which the second map is induced by the standard basis of the B-module Bn. Given this isomor-
phism, the claimed description of

⋂r
AM follows directly from the given description of

∧r
AMF and

the explicit definition (via (4.2.3) and (4.2.7)) of the reduced exterior products ∧i=ri=1φi of elements
φi of M

∗. This completes the proof of (vii). □

Remark 4.20. Orders of the form discussed in Theorem 4.19(vii) arise naturally in the setting
of the group rings discussed in Example 3.4(i). For such orders, the second displayed equality in
Theorem 4.19(vii) combines with the isomorphism (4.4.2) (with A, r and M taken to be B, nr and
Bn ⊗A M) to give an explicit description of the lattice

⋂r
AM .

4.4.2. Lemma 4.14 gives rise to a useful construction of elements in reduced Rubin lattices. To
describe this we identify each matrix M in Md′,d(A) with the homomorphism of A-modules

θM : Ad
′
→ Ad

that sends each (row) vector x to x ·M .
For each primitive central idempotent e of A we fix a non-zero simple (left) A-module V (e) upon

which e acts as the identity and we write D(e) for the associated division ring EndA(V (e)). (We
recall that such a module V (e) is unique up to isomorphism.)

Proposition 4.21. Fix natural numbers d′ and d with d′ > d and set r := d′ − d > 0. Then for
each matrix M in Md′,d(A) for which Ext1A(im(θM ),A) vanishes, there exists a canonical element
εM of

⋂r
A ker(θM ) that has both of the following properties.

(i) For a primitive central idempotent e of A the following conditions are equivalent.
(a) e(εM ) ̸= 0.
(b) rrAe

(
e · ker(θM )F

)
= rrAe

(
(Ae)r

)
.

(c) V (e) occurs with exact multiplicity r · dimD(e)(V (e)) in the Wedderburn decomposition
of ker(θM )F .

(d) ζ(A) · e(εM ) = e · (
⋂r

A ker(θM ))F .
(ii) Write 0d′,r for the d′ × r zero matrix. Then for the block matrix (0d′,r |M) in Md′(A) one

has

FitrA((0d′,r |M)) = ξ(A) · {(∧i=ri=1φi)(εM ) : φi ∈ HomA(ker(θM ),A)}.

In particular, for each subset {φi}1≤i≤r of HomA(ker(θM ),A) one has

(∧i=ri=1φi)(εM ) ∈ Fit0A(cok(θM )).
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Proof. For each integer i with 1 ≤ i ≤ d we write θiM for the element of HomA(Ad
′
,A) that sends

x to the i-th component of the element θM (x) of Ad.
Then Lemma 4.14 implies that the image of the homomorphism

ΘM :
⋂d′

A
Ad

′
→

⋂r

A
Ad

′
; b 7→ (∧1≤i≤d θiM )(b)

coming from Theorem 4.19(v) is contained in the submodule
∧r
A ker(θM ) of

∧r
AA

d′ .

Thus, since Ext1A(im(θM ),A) is assumed to vanish, the final assertion of Theorem 4.19(iv) implies
im(ΘM ) is contained in

⋂r
A ker(θM ).

In particular, if we write {bi}1≤i≤d′ for the canonical basis of Ad
′
, then ∧i=d′i=1 bi belongs to

⋂d′

AAd
′

(by Lemma 4.10) and so we can define

εM := ΘM
(
∧i=d

′

i=1 bi
)
∈
⋂r

A
ker(θM ).

We now fix a primitive central idempotent e of A, a splitting field E for the simple algebra
Ae, a simple E ⊗ζ(A) A-module V and an E-basis {v∗j }1≤j≤t of V ∗ (so t = dimE(V )). Then,

since rrAe
(
e(ker(θM )F )

)
≥ rrAe

(
(Ae)r

)
, the E-space e ·

∧r
A ker(θM )F =

∧r
Aee(ker(θM )F ) does not

vanish and has dimension one if and only if rrAe
(
e(ker(θM )F )

)
= rrAe

(
(Ae)r

)
. In addition, since

{v∗j ⊗ bi}1≤j≤t,1≤i≤d′ is an E-basis of V ∗ ⊗AE
Ad

′

E , the E-space e ·
∧d′

AA
d′ has dimension one, with

basis e(∧i=d′i=1 bi). Upon combining these observations with the final assertion of Lemma 4.14, it
therefore follows that

rrAe
(
e(ker(θM )F )

)
= rrAe

(
(Ae)r

)
=⇒ e(εM ) ̸= 0

=⇒E · e(εM ) = e ·
∧r

A
ker(θM )F

=⇒ rrAe
(
e(ker(θM )F )

)
= rrAe

(
(Ae)r

)
and hence that the conditions (a) and (b) stated in (i) are each equivalent to the equality E ·e(εM ) =
e ·

∧r
A ker(θM )F .

Further, since Lemma 4.16 implies that e ·
∧r
A ker(θM )F is equal to the E-linear span of e ·

(
⋂r

A ker(θM ))F , one has E · e(εM ) = e ·
∧r
A ker(θM )F if and only if the inclusion ζ(A) · e(εM ) ⊆

e · (
⋂r

A ker(θM ))F is an equality (as stated in condition (d)). To complete the proof of (i) it is
therefore enough to note that the equivalence of conditions (b) and (c) follows directly from Remark
2.5.

To prove (ii), we note first that the assumed vanishing of Ext1A(im(θM ),A) implies the restriction

map HomA(Ad
′
,A) → HomA(ker(θM ),A) is surjective. This fact combines with the definition of

εM and the result of Lemma 4.10 to imply that

(4.4.4) ξ(A) · {(∧i=ri=1φi)(εM ) : φi ∈ HomA(ker(θM ),A)}
= ξ(A) · {NrdA((M

′ |M)) :M ′ ∈ Md′,r(A)},

and Definition 3.12 implies directly that the latter ideal is equal to FitrA((0d′,r |M)).

For each M ′ in Md′,r(A) we write θM ′,M for the endomorphism of Ad′ represented, with re-
spect to the standard basis, by the block matrix (M ′ | M). Then NrdA((M

′ | M)) belongs to
Fit0A(cok(θM ′,M )) (see Definition 3.17) and so Theorem 3.20(vi) implies that the final assertion of
(ii) will follow as a consequence of (4.4.4) if there exists a surjective homomorphism of A-modules
from cok(θM ′,M ) to cok(θM ). The existence of such a homomorphism is in turn a consequence of
the commutative diagram of A-modules
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Ad′
θM′,M−−−−→ Ad′∥∥∥ ϱ

y
Ad′ θM−−−−→ Ad

in which ϱ is the (surjective) map that sends bi for each i with 1 ≤ i ≤ r, respectively r < i ≤ d′, to
zero, respectively to the (i− r)-th element of the standard basis of Ad. □

5. Reduced determinant functors

The theory of determinant functors for complexes of modules over commutative noetherian rings
was established by Knudsen and Mumford in [17], with later clarifications provided by Knudsen in
[18], in both cases following suggestions of Grothendieck.

It was subsequently shown by Deligne in [11] that there exists a universal determinant functor for
any exact category, with values in an associated commutative Picard category of ‘virtual objects’
(cf. Remark 5.8). For the category of projective modules over certain non-commutative rings,
Deligne’s construction has played a key role in the formulation of refined ‘special value conjectures’
in arithmetic, such as the equivariant Tamagawa number conjecture from [3]. The latter conjecture
takes the form of an equality in a relative algebraic K-group, and an alternative approach to the
formulation of conjectures in such groups was later described by Fukaya and Kato in [13] via a theory
of ‘localized K1-groups’.

In this section we shall use the theory of reduced Rubin lattices to prove the existence of a
‘reduced determinant functor’ on the derived category of bounded complexes of locally-free modules
over a non-commutative order. This approach is more explicit than those of Deligne or Fukaya and
Kato, but will depend on the same sort of auxiliary data as was fixed in our construction of reduced
exterior powers in §4.

In [7] this determinant functor plays a key role in the construction of families of non-commutative
Euler systems. In addition, in a further article, it will be used to define a natural non-commutative
generalization of the notion of ‘zeta element’ that originates with Kato in [16] and thereby to shed
new light on the content of the equivariant Tamagawa number conjecture relative to non-abelian
Galois extensions.

Throughout this section we fix data R,F,A and A as in §3.

5.1. Statement of the main result.

5.1.1. For a commutative noetherian ring Λ we write P(Λ) for the category of graded invertible
Λ-modules. This is a commutative Picard category (in the sense of [22]) and, for the reader’s
convenience, we first quickly review its basic properties.

An object of P(Λ) comprises a pair (L,α) where L is an invertible Λ-module and α is a continuous
function from Spec(Λ) to Z. (Here we recall that a Λ-module L is said to be ‘invertible’ if it is finitely
generated and for every prime ideal ℘ of Λ the Λ(℘)-module L(℘) is free of rank one.)

A homomorphism θ : (L,α) → (M,β) in P(Λ) is a homomorphism of Λ-modules such that
θ(℘) = 0 whenever α(℘) ̸= β(℘).

The tensor product of two objects (L,α) and (M,β) in P(Λ) is given by

(L,α)⊗ (M,β) = (L⊗Λ M,α+ β)

and for each such pair there is an isomorphism

ψ(L,α),(M,β) : (L,α)⊗ (M,β)
∼−→ (M,β)⊗ (L,α)
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in P(Λ) such that for every ℘ and every ℓ in L(℘) and m in M(℘) one has

ψ(L,α),(M,β)(ℓ⊗m) = (−1)α(℘)·β(℘) · (m⊗ ℓ).

The unit object 1P(Λ) is the pair (Λ, 0) and the natural ‘evaluation map’ isomorphism L ⊗Λ

HomΛ(L,Λ) ∼= Λ induces an isomorphism in P(Λ)

(L,α)⊗ (HomΛ(L,Λ),−α) ∼= 1P(Λ).

This isomorphism is used to regard (HomΛ(L,Λ),−α) as a right inverse to (L,α) and it is then
also regarded as a left inverse by means of the isomorphism ψ(HomΛ(L,Λ),−α),(L,α).

5.1.2. In the sequel we write the Wedderburn decomposition of A as

A =
∏

i∈I
Ai

so that each algebra Ai is of the form Mni
(Di) for a division ring Di (so that ζ(Ai) = ζ(Di)).

For each index i we choose a splitting field Ei for Di so that Di ⊗ζ(Ai) Ei = Mmi
(Ei). We then

fix an indecomposable idempotent fi of Mmi(Ei) and an Ei-basis {wa}1≤a≤mi of the left ideal Wi

of Mmi
(Ei) that is generated by fi. (When making such a choice we always follow the convention

of Remark 4.7 on each simple component Ai that is commutative.)
Then the direct sum Vi :=Wni

i of ni-copies of Wi is a simple Ai ⊗ζ(Ai) Ei-module and has as an
Ei-basis the set ϖi = {ϖaj}1≤a≤ni,1≤j≤mi where ϖaj denotes the element of Vi that is equal to wj
in its a-th component and is zero in all other components.

We order each set ϖi lexicographically and will apply the constructions of §4 with respect to the
collection of ordered bases

ϖ := {ϖi : i ∈ I}.
The following straightforward observation will also be useful.

Lemma 5.1. Let R be an R-order in ζ(A). Then the reduced rank rrA(Z) of a finitely generated
A-module Z determines a locally-constant function on Spec(R).

Proof. The maximal R-orderM in ζ(A) is
∏
i∈IOi, where Oi is the integral closure of R in the field

ζ(Ai).
Since the inclusion R →M is an integral ring extension, the going-up theorem implies that every

prime ideal of R has the form ℘ = R∩ ℘′ for a prime ideal ℘′ ofM, and then R(℘) is a finite index
subgroup of M(℘′). The key point now is that there exists a unique index i(℘) in I such that the
kernel of the projectionM→Oi(℘) is contained in ℘′ and hence that (R(℘))F = (M(℘′))F identifies
with Ai(℘).

One then obtains a well-defined locally-constant function on Spec(R) by sending each ℘ to the
i(℘)-th component rrAi(℘)

(Ai(℘) ⊗A Z) of rrA(Z). □

5.1.3. The category Modlf(A) of finitely generated, locally-free A-modules (as discussed in §3.2) is
a full additive subcategory of the abelian category of A-modules. In addition, if M ′ and M ′′ belong
to Modlf(A), then any short exact sequence of A-modules of the form

0→M ′ →M →M ′′ → 0

is split (since M ′′ is a projective A-module), and so M also belongs to Modlf(A).
These observations imply that Modlf(A) is an exact category in the sense of Quillen [26, p. 91]

and, for each non-negative integer i, we denote the associated algebraic K-group in degree i by

K lf
i (A) := Ki(Modlf(A)).
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5.1.4. For any noetherian ring Λ we write D(Λ) for the derived category of (left) Λ-modules and

Dperf(Λ) for the full triangulated subcategory of D(Λ) comprising complexes that are ‘perfect’ (that
is, isomorphic in D(Λ) to a bounded complex of finitely generated projective Λ-modules).

We also write Clf(A) for the category of bounded complexes of objects of Modlf(A), and Dlf(A)
for the full triangulated subcategory of Dperf(A) comprising complexes that are isomorphic (in D(A))
to an object of Clf(A).

For each objectM of Modlf(A) we write [M ] for the associated element of the Grothendieck group

K lf
0 (A). We note that if C belongs to Dlf(A) and P • is any object of Clf(A) that is isomorphic in

D(A) to C, then the ‘Euler characteristic’ element

(5.1.1) χA(C) :=
∑

i∈Z
(−1)i[P i] ∈ K lf

0 (A)

can be checked to independent of the choice of P •.
We define the ‘reduced locally-free classgroup’ of A by setting

SKlf
0 (A) := ker

(
K lf

0 (A)→ Z
)
,

where the arrow denotes the homomorphism that is induced by sending each object M of Modlf(A)
to rkA(M).

We then write Clf,0(A) for the subcategory of Clf(A) comprising complexes P • for which χA(P
•)

belongs to SKlf
0 (A) and Dlf,0(A) for the full triangulated subcategory of Dlf(A) comprising complexes

C for which χA(C) belongs to SKlf
0 (A). (The latter condition is equivalent to requiring that C be

isomorphic in D(A) to an object of Clf,0(A).)
In the next result we show that, under certain natural hypotheses, the category Dlf,0(A) has a

more direct interpretation.
To state this result we recall that, for any Dedekind domain Λ with field of fractions E, and any

Λ-order B, the ‘reduced projective class group’ SK0(B) of B is defined to be the kernel of the natural
scalar extension homomorphism K0(B) → K0(E ⊗Λ B). (For more details of such groups see, for
example, [8, Rem. (49.11)]).

We also note that, for any of the general classes of order A discussed in Example 3.11, and for
every prime ideal p of R, the group SK0(A(p)) can be checked to vanish.

Lemma 5.2. If SK0(A(p)) vanishes for every prime ideal p of R, then Dlf,0(A) is naturally equiv-

alent to the full triangulated subcategory Dperf,0(A) of Dperf(A) comprising complexes whose Euler
characteristic in K0(A) belongs to SK0(A).

Proof. We write χproj
A (C) for the Euler characteristic in K0(A) associated to an object C of Dperf(A)

(this is defined via a choice of resolution of C, just as in (5.1.1)). We then also write Cp,0(A) for the
category of bounded complexes of finitely generated projective A-modules Q• for which χproj

A (Q•)
belongs to SK0(A).

It is clear that Clf,0(A) identifies with a subcategory of Cp,0(A) and also that Dperf,0(A) coincides
with the subcategory of D(A) comprising complexes that are isomorphic to an object of Cp,0(A).
To prove the stated claim it is therefore enough to show, under the stated hypothesis, that every
complex in Cp,0(A) is isomorphic (in D(A)) to a complex in Clf,0(A).

To do this we fix a complex Q• in Cp,0(A) and then use a standard construction in homological
algebra (as, for example, in [10, Rapport, Lem. 4.7]) to fix a quasi-isomorphism of complexes of
A-modules θ : P • → Q• in which P • is a bounded complex of finitely generated A-modules in which
all terms, except possibly the first non-zero term P a, are free. It is then enough for us to show that
for every p the A(p)-module P a(p) is free.
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Now, the quasi-isomorphism θ implies that

χproj
A (P •) = χproj

A (Q•) ∈ SK0(A)

and so, for every p, the Euler characteristic in K0(A) of the complex F ⊗A(p)
P •
(p) vanishes. Since

SK0(A(p)) is assumed to vanish, the Euler characteristic of P •
(p) in K0(A(p)) is therefore also zero,

and so (by [8, Prop. (38.22)]) there exists an isomorphism of A(p)-modules

P ′ ⊕ P a(p) ⊕
⊕

b
P b(p)

∼= P ′ ⊕
⊕

c
P c(p)

in which P ′ is finitely generated and projective and, in the direct sums, b and c respectively run over
all integers with b ≡ a (mod 2) and c ̸≡ a (mod 2). In particular, since each of the A(p)-modules P b(p)
and P c(p) are free, the p-completion of the displayed isomorphism combines with the Krull-Schmidt-

Azumaya theorem (in the form of [8, Cor. (6.15)] with R = Rp and A = Ap) to imply P ap is a
free Ap-module. It therefore follows (from Maranda’s Theorem) that P a(p) is a free A(p)-module, as

required. □

Remark 5.3. Let C be an object of Dperf(A) whose Euler characteristic in K0(A) vanishes. Then,
without any hypothesis on reduced projective class groups, the argument of Lemma 5.2 shows that
C belongs to the subcategory Dlf,0(A) of Dperf(A).

5.1.5. We can now state the main result of §5.
In this result we write Dlf(A)is for the subcategory of Dlf(A) in which morphisms are restricted

to be isomorphisms and we use the concept of ‘extended determinant functor’ that is made precise
in Definition 5.13 below.

Theorem 5.4. For each set of ordered bases ϖ as in §5.1.2, there exists a canonical extended
determinant functor

dA,ϖ : Dlf(A)is → P(ξ(A))
that has all of the following properties.

(i) For each exact triangle

C ′ u−→ C
v−→ C ′′ w−→ C ′[1]

in Dlf(A) there exists a canonical isomorphism

dA,ϖ(C
′)⊗ dA,ϖ(C

′′)
∼−→ dA,ϖ(C)

in P(ξ(A)) that is functorial with respect to isomorphisms of triangles.
(ii) Let ϱ : A → B be a surjective homomorphism of R-orders and ϱ∗ : ξ(A)→ ξ(B) the induced

homomorphism. Then for each C in Dlf(A) the complex B ⊗L
A,ϱ C belongs to Dlf(B) and

there exists a canonical isomorphism

ξ(B)⊗ξ(A),ϱ∗ dA,ϖ(C) ∼= dB,ϖ′(B ⊗L
A,ϱ C)

in P(ξ(B)), where ϖ′ is the ordered subset of ϖ that corresponds to all simple modules Vi
that factor through the scalar extension of ϱ.

(iii) If P belongs to Modlf(A), then
⋂rkA(P )

A P is an invertible ξ(A)-module and one has

dA,ϖ(P [0]) =
(⋂rkA(P )

A
P, rrA(PF )

)
.

Here the reduced Rubin lattice
⋂rkA(P )

A P is defined with respect to ϖ and rrA(PF ) is regarded
as a locally-constant function on Spec(ξ(A)) via Lemma 5.1.

(iv) The restriction of dA,ϖ to Dlf,0(A)is is independent of the choice of ϖ.
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Remark 5.5. The approach of Deligne in [11, §4] constructs a ‘universal determinant functor’ for

the exact category Modlf(A), with values in an associated commutative Picard category V lf(A) of
‘virtual objects’ (for more details see Remark 5.8 below). In particular, in this way each determinant
functor dA,ϖ constructed as in Theorem 5.4 naturally induces a functor

ϕlfA,ϖ : V lf(A)→ P(ξ(A))

that is strongly monoidal (in the sense defined in [23, Ch. XI.2]). For a commutative Picard category
P we write π0(P) for the (abelian) group of isomorphism classes of its objects, with group structure
induced by the given bifunctor ‘product’ of P, and π1(P) for the (abelian) group of automorphisms
of the unit object of P. Then, by a general result on Picard categories, the functor ϕlfA,ϖ gives an
equivalence of commutative Picard categories if and only if, for both i = 0 and i = 1, the induced
homomorphism of groups

πi(ϕ
lf
A,ϖ) : πi(V

lf(A))→ πi(P(ξ(A)))

is bijective. In addition, the topological model of V lf(A) that is constructed in [11, §4.2-4.5] implies
the existence of canonical isomorphisms πi(V

lf(A)) ∼= K lf
i (A) for both i = 0 and i = 1. It is also

clear that there are canonical isomorphisms

πi(P(ξ(A))) ∼=

{
Pic(ξ(A))×H0(Spec(ξ(A)),Z), if i = 0,

ξ(A)×, if i = 1,

where Pic(ξ(A)) denotes the Picard group of the commutative ring ξ(A). These respective identifi-
cations can be used to show that, in most cases, the map π0(ϕ

lf
A,ϖ) is neither injective nor surjective

and that, if A is not commutative, then the same is true of the map π1(ϕ
lf
A,ϖ) (which coincides with

the composite of the natural scalar extension map K lf
1 (A) → K1(A) and the reduced norm map

K1(A) → ζ(A)× of the semisimple F -algebra A). In particular, one knows that, in most cases, the
functor ϕlfA,ϖ is not an equivalence of commutative Picard categories.

Remark 5.6. Let R be any R-order in ζ(A) with the property that for each prime ideal p of R the
localization R(p) contains the reduced norms of all matrices in

⋃
n≥1 GLn(A(p)). (Note that ξ(A)

is, by its very definition, an example of such an order R but that there can also, in principle, exist
such orders that are strictly contained in ξ(A).) Then a closer analysis of our proof of Theorem 5.4
will show that there exists a determinant functor

dA,ϖ,R : Dlf(A)is → P(R)

that satisfies analogues of all of the properties of dA,ϖ listed above and is, in addition, such that if
R′ is any order in ζ(A) that contains R, then one has

dA,ϖ,R′ = ιR′,R ◦ dA,ϖ,R

where ιR′,R is the natural scalar extension functor P(R)→ P(R′). However, we shall make no use
of this additional generality in the sequel and so, for simplicity, only consider ξ(A).

The proof of Theorem 5.4 will occupy the remainder of §5. Our basic approach is to adapt an
argument that is used by Flach and the first author in [3, §2] and so is closely modelled on the
original constructions that are made by Knudsen and Mumford in [17].

5.2. Determinant functors.
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5.2.1. Let E be an exact category and write E is for the subcategory of E in which morphisms are
restricted to isomorphisms. Then the following definition is equivalent to that given in [3, §2.3].

Definition 5.7. A determinant functor on E is a Picard category P, with unit object 1P and
product ⊠, together with the following data.

(a) A covariant functor d : E is → P.
(b) For each short exact sequence E′ α−→ E

β−→ E′′ in E a morphism

i(α, β) : d(E)
∼−→ d(E′)⊠ d(E′′)

in P that is functorial for isomorphisms of short exact sequences.
(c) For each zero object 0 in E an isomorphism

ζ(0) : d(0)
∼−→ 1P .

These data are subject to the following axioms.

(d) For each isomorphism ϕ : E → E′ in E , the induced exact sequences

0→ E
ϕ−→ E′ and E

ϕ−→ E′ → 0

are such that d(ϕ) and d(ϕ−1) respectively coincide with the composite maps

d(E)
i(0,ϕ)−−−→ d(0)⊠ d(E′)

ζ(0)⊠id−−−−−→ d(E′)

and

d(E′)
i(ϕ,0)−−−→ d(E)⊠ d(0)

id⊠ζ(0)−−−−−→ d(E).

(e) Given a commutative diagram of objects in E

E′
1

α′

−−−−→ E′
2

β′

−−−−→ E′
3

γ′
y γ

y γ′′
y

E1
α−−−−→ E2

β−−−−→ E3

δ′

y δ

y δ′′

y
E′′

1
α′′

−−−−→ E′′
2

β′′

−−−−→ E′′
3

in which each row and column is a short exact sequence, the diagram

d(E2)
i(γ,δ)−−−−→ d(E′

2)⊠ d(E′′
2 )

i(α,β)

y y(1⊠ψd(E′
3),d(E′′

1 )⊠1)·(i(α′,β′)⊠i(α′′,β′′))

d(E1)⊠ d(E3)
i(γ′,δ′)⊠i(γ′′,δ′′)−−−−−−−−−−−→ d(E′

1)⊠ d(E′′
1 )⊠ d(E′

3)⊠ d(E′′
3 )

commutes.

Remark 5.8. The terminology of ‘determinant functor’ used above is borrowed from the key ex-
ample in which E is the category of vector bundles on a scheme, P is the category of line bundles
and the functor is taking the highest exterior power. However, as was shown by Deligne in [11, §4],
there exists a universal determinant functor for any given exact category E . More precisely, there
exists a commutative Picard category V (E), called the ‘category of virtual objects’ of E , together
with data (a)-(c) which in addition to (d) and (e) also satisfies the following universal property.

(f) For any Picard category P the category of strongly monoidal functors Hom⊠(V (E),P) is
naturally equivalent to the category of determinant functors E is → P.
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Although comparatively inexplicit, this construction has played a key role in the formulation of
special value conjectures for motives with non-commutative coefficients.

Recalling that the category Modlf(A) is exact, our aim in the remainder of §5.2 will be to construct,
for each set of ordered bases ϖ as in §5.1.2, a canonical determinant functor

d⋄A,ϖ : Modlf(A)is → P(ξ(A)).

5.2.2. We start by establishing several useful technical properties of the reduced Rubin lattices of
modules in Modlf(A).

In the following result we assume that all reduced exterior power constructions are made with
respect to the fixed bases ϖ but will not usually indicate this dependence explicitly.

Proposition 5.9. Fix an object P of Modlf(A) and set r := rkA(P ). Then the following claims are
valid.

(i) If P is a free A-module, with basis {bj}1≤j≤r, then
⋂r

AP is a free rank one ξ(A)-module

with basis ∧j=rj=1bj.

(ii) For each prime ideal p of R fix an A(p)-basis {bp,j}1≤j≤r of P(p). Then the ξ(A)(p)-module

(
⋂r

AP )(p) is free of rank one, with basis ∧j=rj=1bp,j. Hence one has⋂r

A
P =

⋂
p∈Spec(R)

(
ξ(A)(p) · ∧j=rj=1bp,j

)
.

(iii)
⋂r

AP is an invertible ξ(A)-module.
(iv) Let ϱ : A → B be a surjective homomorphism of R-orders. Write B for the F -algebra

spanned by B and ϱ1 : A → B, ϱ2 : ζ(A) → ζ(B) and ϱ3 : ξ(A) → ξ(B) for the surjective
ring homomorphisms induced by ϱ. Then B⊗A,ϱP is a locally-free B-module and the natural
isomorphism of ζ(B)-modules ζ(B) ⊗ζ(A),ϱ2

∧r
APF

∼=
∧r
B(B ⊗A,ϱ1 PF ) restricts to give an

isomorphism of invertible ξ(B)-modules ξ(B) ⊗ξ(A),ϱ3

⋂r
AP
∼=

⋂r
B(B ⊗A,ϱ P ), where the

exterior powers in the latter module are defined with respect to the same ordered E-bases of
those simple AE-modules that factor through the scalar extension of ϱ1.

(v) If P1
θ−→ P2

ϕ−→ P3 is a (split) short exact sequence in Modlf(A), and we set ri := rkA(Pi)
for i = 1, 2, 3, then there exists an isomorphism of ξ(A)-modules

i⋄ϖ(θ, ϕ) :
⋂r2

A
P2
∼=

⋂r1

A
P1 ⊗ξ(A)

⋂r3

A
P3

that has the following properties:
(a) i⋄ϖ(θ, ϕ) is functorial with respect to isomorphisms of short exact sequences;

(b) If P3
ϕ′

−→ P2
θ′−→ P1 is any exact sequence of A-modules obtained by choosing a splitting

of the given sequence, then the following diagram commutes⋂r2
AP2

i⋄ϖ(θ,ϕ)−−−−−→
⋂r1

AP1 ⊗ξ(A)

⋂r3
AP3∥∥∥ yx⊗y 7→α·y⊗x⋂r2

AP2
i⋄ϖ(ϕ′,θ′)−−−−−−→

⋂r3
AP3 ⊗ξ(A)

⋂r1
AP1.

Here α is the element ((−1)ρ1,i·ρ3,i)i∈I of
∏
i∈Iζ(Ai) = ζ(A), where ρj,i denotes the i-th

component of the reduced rank rrA(Pj,F ).

Proof. Claim (i) follows directly from the proof of Theorem 4.19(vi). (We note also that Lemma

4.13 implies the ξ(A)-module generated by ∧j=rj=1bj is independent of the choice of basis {bj}1≤j≤r.)
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After replacing A and P by A(p) and P(p) for a prime ideal p, the same argument implies that

the ξ(A(p))-module
⋂r

A(p)
P(p) is free of rank one, with basis ∧j=rj=1bp,j where the elements bp,j are

chosen as in (ii). Given this fact, (ii) follows directly from the result of Theorem 4.19(iii).
To prove (iii) we fix a prime ideal ℘ of ξ(A). Then p := R∩℘ is a prime ideal of R and by Roiter’s

Lemma (cf. [8, Lem. (31.6)]) there exists a free A-submodule P ′ of P such that P(p) = P ′
(p). This

equality combines with Theorem 4.19(iii) to imply that(⋂r

A
P
)
(℘)

=
((⋂r

A
P
)
(p)

)
(℘)

=
((⋂r

A
P ′)

(p)

)
(℘)

=
(⋂r

A
P ′)

(℘)
.

In particular, since (i) implies
⋂r

AP
′ is a free ξ(A)-module of rank one, the ξ(A)(℘)-module

(⋂r
AP

)
(℘)

is also free of rank one, as required to prove (iii).
Claim (iv) is verified by a straightforward exercise and, for brevity, we leave this to the reader.
Turning to (v) we fix an A-module section σ to ϕ. We note that the given exact sequence implies

r2 = r1 + r3 and also that for any given A-bases bj := {bj,a}1≤a≤rj of Pj,F for j = 1, 3 we obtain an
A-basis b2 := {b2,a}1≤a≤r2 of P2,F by setting b2,a = θ(b1,a) if 1 ≤ a ≤ r1 and b2,a = σi(b3,a−r1) if
r1 < a ≤ r3.

Write E for the algebra
∏
i∈IEi. Then for each j ∈ {1, 2, 3}, the E-module

∧rj
A Pj,F is free of

rank one, with basis ∧a=rja=1 bj,a, and so there is a unique isomorphism of E-modules

∆ :
∧r2

A
P2,F =

(∧r1

A
P1,F

)
⊗E

(∧r3

A
P3,F

)
that sends ∧j=r2j=1 b2,j to (∧s=r1s=1 b1,s)⊗ (∧t=r3t=1 b3,t). In addition, by using Lemma 4.13, one checks this
isomorphism is independent both of the choices of bases b1 and b3 and of the choice of section σ.

In particular, if one fixes a prime ideal p of R and then chooses the elements {b1,s}1≤s≤r1 and
{b3,t}1≤t≤r3 to beA(p)-bases of P1,(p) and P3,(p), then the choice of σ implies that the set {b2,j}1≤j≤r2
defined above is an A(p)-basis of P2,(p) and so the explicit descriptions in (ii) imply that(

∆
(⋂r2

A
P2

))
(p)

=∆
((⋂r2

A
P2

)
(p)

)
=

(⋂r1

A
P1

)
(p)
⊗ξ(A)(p)

(⋂r3

A
P3

)
(p)

=
(⋂r1

A
P1 ⊗ξ(A)

⋂r3

A
P3

)
(p)
.

Since this is true for all primes p, one therefore has

∆
(⋂r2

A
P2

)
=

⋂r1

A
P1 ⊗ξ(A)

⋂r3

A
P3

and so we can define i⋄ϖ(θ, ϕ) to be the isomorphism induced by restricting ∆. It is then straightfor-
ward to see that this isomorphism is functorial with respect to isomorphisms of short exact sequences,
as required by (v)(a).

To justify (v)(b) we set ρ2,i := rrAi(Ai⊗A P2,F ) for each index i in I. Then the definition (2.1.3)
of reduced rank combines with the given exact sequence to imply ρ2,i = ρ1,i + ρ3,i. In addition, it
combines with the explicit definitions of reduced exterior powers to imply that∧r2

Ai

(Ai ⊗A P2,F ) =
∧ρ2,i

Ei

Wi,

withWi the Ei-space V
∗
i ⊗Ai⊗ζ(Ai)

EiP2,Ei of dimension ρ2,i, and that the i-th components (∧s=r1s=1 b2,s)i

and (∧t=r3t=r1+1b2,t)i of the elements ∧s=r1s=1 b2,s and ∧t=r3t=r1+1b2,t are respectively the exterior products

of ρ1,i and ρ3,i distinct elements of Wi. In the space
∧r2
Ai
(Ai ⊗A P2,F ) one therefore has

(∧s=r1s=1 b2,s)i ∧ (∧t=r3t=r1+1b2,t)i = (−1)ρ1,i·ρ3,i · (∧t=r3t=r1+1b2,t)i ∧ (∧s=r1s=1 b2,s)i.
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Taken together, these equalities imply that the diagram in (v)(b) commutes, as required to complete
the proof. □

Remark 5.10. Let P be a free A-module of rank one. If A is commutative, then there is a natural
identification

⋂1
AP =

∧1
AP
∼= P . In general, however,

⋂1
AP is a module over ξ(A) and hence

different from P .

5.2.3. The results of Lemma 5.1 (with R = ξ(A)) and Proposition 5.9(iii) combine to imply that for

each P in Modlf(A) one obtains a well-defined object of P(ξ(A)) by setting

d⋄A,ϖ(P ) :=
(⋂rkA(P )

A
P, rrA(PF )

)
.

For each short exact sequence 0 → P1
θ−→ P2

ϕ−→ P3 → 0 in Modlf(A) the construction in
Proposition 5.9(v) also gives rise to a commutative diagram of isomorphisms in P(ξ(A)) of the form

d⋄(P2)
i⋄ϖ(θ,ϕ)−−−−−→ d⋄(P1)⊗ d⋄(P3)∥∥∥ yψd⋄(P1),d⋄(P3)

d⋄(P2)
i⋄ϖ(ϕ′,θ′)−−−−−−→ d⋄(P3)⊗ d⋄(P1).

in which we abbreviate d⋄A,ϖ to d⋄.

Proposition 5.11. The associations P 7→ d⋄A,ϖ(P ) and (θ, ϕ) 7→ i⋄ϖ(θ, ϕ) give a well-defined deter-

minant functor d⋄A,ϖ : Modlf(A)is → P(ξ(A)).
In addition, for any homomorphism ϱ : A → B as in Theorem 5.4(ii), and any module P in

Modlf(A), there exists a canonical isomorphism in P(ξ(B)) of the form

ξ(B)⊗ξ(A),ϱ∗ d⋄A,ϖ(P )
∼= d⋄B,ϖ′(B ⊗A,ϱ P ).

Proof. The above associations combine with the result of Theorem 4.19(i) to give data as in (a), (b)
and (c) of Definition 5.7.

It is clear that these data satisfy condition (d) in the latter definition and also straightfor-
ward to check that they satisfy condition (e) by using the general result of Lemma 5.12 be-
low (with Λ = A) to make a compatible choice of sections when computing each of the maps
i⋄ϖ(γ

′, δ′), i⋄ϖ(γ
′′, δ′′), i⋄ϖ(α

′, β′), i⋄ϖ(α
′′, β′′), i⋄ϖ(α, β) and i⋄ϖ(γ, δ).

Finally, the existence of the displayed isomorphism follows directly from the result of Proposition
5.9(iv). □

Lemma 5.12. We assume to be given a ring Λ and a commutative diagram of short exact sequences
of finitely generated projective Λ-modules of the form

M1
d′1−−−−→ N1

d1−−−−→ P1

ϵ1

y ϕ1

y κ1

y
M2

d′2−−−−→ N2
d2−−−−→ P2

ϵ2

y ϕ2

y κ2

y
M3

d′3−−−−→ N3
d3−−−−→ P3.
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Then there exist Λ-equivariant sections σi : Pi → Ni to di for i = 1, 2 and 3 such that there are
commutative diagrams of Λ-modules

(5.2.1)

N1
σ1←−−−− P1

ϕ1

y yκ1

N2 ←−−−−
σ2

P2

and

N2
σ2←−−−− P2

ϕ2

y yκ2

N3 ←−−−−
σ3

P3.

Proof. First choose any Λ-equivariant section σ to d2 and write θ for the composite homomorphism
ϕ2 ◦ σ ◦ κ1 : P1 → N3.

The commutativity of the given diagram implies that there exists a unique homomorphism θ1
in HomΛ(P1,M3) such that θ = d′3 ◦ θ1. Since P1 is a projective Λ-module we can then choose a
homomorphism θ2 in HomΛ(P1,M2) with θ1 = ϵ2 ◦ θ2.

Next we note that, since P3 is a projective Λ-module, the group Ext1Λ(P3,M2) vanishes and so
there exists a homomorphism θ3 in HomΛ(P2,M2) with θ2 = θ3 ◦ κ1.

We now set σ2 := σ − d′2 ◦ θ3 ∈ HomΛ(P2, N2). Then σ2 is a section to d2 since

d2 ◦ σ2 = d2 ◦ σ − (d2 ◦ d′2) ◦ θ3 = d2 ◦ σ.

In addition, for x in P1 one has

ϕ2(σ2(κ1(x))) = ϕ2(σ(κ1(x)))− ϕ2(d′2 ◦ θ3(κ1(x)))
= θ(x)− d′3(ϵ2(θ3 ◦ κ1)(x))
= θ(x)− d′3((ϵ2 ◦ θ2)(x))
= θ(x)− (d′3 ◦ θ1)(x)
= θ(w′)− θ(w′) = 0.

Since P1 is a projective Λ-module, this implies there exists a unique homomorphism σ1 in HomΛ(P1, N1)
which makes the first diagram in (5.2.1) commute (with respect to our fixed map σ2) and hence that
κ1(d1 ◦ σ1) = (d2 ◦ σ2) ◦ κ1 = κ1 so that σ1 is a section to d1.

Finally we note that the commutativity of the first diagram in (5.2.1) implies there exists a
(unique) homomorphism σ3 in HomΛ(P3, N3) which makes the second diagram in (5.2.1) commute
and one checks easily that this homomorphism is a section to d3, as required. □

5.3. Extended determinant functors.

5.3.1. Let Λ be a noetherian ring. We write Mod(Λ) for the category of finitely generated (left)
Λ-modules.

We assume to be given an abelian subcategory Mod†(Λ) of Mod(Λ) that is exact in the sense of

Quillen [26] and a determinant functor on Mod†(Λ) in the sense of Definition 5.7.
We write P for the target category of this determinant functor and d⋄, i⋄ (and ζ) for the associated

data as in Definition 5.7 (a), (b) (and (c)).

We write D†(Λ) for the full triangulated subcategory of D(Λ) comprising complexes that are

isomorphic to a bounded complex of modules in Mod†(Λ). We also write D†(Λ)is for the subcategory
of D†(Λ) in which morphisms are restricted to isomorphisms.

We regard Mod†(Λ)is as a subcategory of D†(Λ)is by identifying each object M of Mod†(Λ) with
the complex that comprises M in degree zero and is zero in all other degrees.

In what follows we use the term ‘true triangle’ as synonymous for ‘short exact sequence of com-
plexes’.
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Definition 5.13. An ‘extension’ of the determinant functor comprising d⋄ and i⋄ to the category
D†(Λ) comprises data of the following form.

(a) A covariant functor d : D†(Λ)is → P.
(b) For each true triangle X

u−→ Y
v−→ Z in which X,Y and Z are objects of D†(Λ), an isomor-

phism i(u, v) : d(Y )
∼−→ d(X)⊠ d(Z) in P.

This data is subject to the following axioms:

(i) If

X
u−−−−→ Y

v−−−−→ Z

f

y g

y h

y
X ′ u′

−−−−→ Y ′ v′−−−−→ Z ′

is a commutative diagram of true triangles and f, g, h are quasi-isomorphisms, then

(d(f)⊠ d(h)) ◦ i(u, v) ◦ d(g)−1
= i(u′, v′).

(ii) If u, respectively v, is a quasi-isomorphism, then i(u, v) = d(u)
−1

, respectively i(u, v) = d(v).
(iii) For any commutative diagram of complexes

X
u−→ Y

v−→ Z

f

y g

y h

y
X ′ u′

−→ Y ′ v′−→ Z ′

f ′
y g′

y h′

y
X ′′ u′′

−−→ Y ′′ v′′−−→ Z ′′

in which all of the rows and columns are true triangles and all terms are objects of D†(Λ),
the following diagram in P commutes

d(Y ′)
i(g,g′)−−−−→ d(Y )⊠ d(Y ′′)

i(u′,v′)

y y(i(u,v)⊠ i(u′′,v′′))

d(X ′)⊠ d(Z ′)
(1⊠ψd(X′′),d(Z)⊠1)·(i(f,f ′)⊠ i(h,h′))
−−−−−−−−−−−−−−−−−−−−−−−→ d(X)⊠ d(Z)⊠ d(X ′′)⊠ d(Z ′′).

(iv) On the subcategory Mod†(Λ)is one has d = d⋄ and i = i⋄.

A collection of data as in (a) and (b) that satisfies the conditions (i), (ii), (iii) and (iv) with respect

to any choice of determinant functor d⋄ and i⋄ on Mod†(Λ) will be referred to as an ‘extended
determinant functor’ on D†(Λ).

We can now state the main result of this section.

Proposition 5.14. The determinant functor constructed in Proposition 5.11 has a canonical ex-
tension to the category Dlf(A).

We write dA,ϖ and iA,ϖ for the data associated to this extension as in Definition 5.13(a) and
(b). Then the extended determinant functor has the following additional properties.

(v) Fix a homomorphism ϱ : A → B as in Theorem 5.4(ii). Then for any complex X in Dlf(A)
the complex B⊗L

A,ϱX belongs to Dlf(B) and there exists a canonical isomorphism in P(ξ(B))
of the form

ξ(B)⊗ξ(A),ϱ∗ dA,ϖ(X) ∼= dB,ϖ′(B ⊗L
A,ϱ X).
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(vi) The restriction of dA,ϖ to Dlf,0(A)is is independent of the choice of bases ϖ.

Proof. This argument follows the approach used by Flach and the first author to prove the same
result in the setting of virtual objects (see [3, Prop. 2.1]).

The essential point is therefore that, excluding the assertions (v) and (vi), the claimed result
follows directly from the general result [17, Prop. 4] of Knudsen and Mumford and the formal
constructions that are used to prove [17, Th. 2], via which the same statements are proved for the
determinant functor over a commutative ring.

To be more precise, if one removes the condition (iv) (regarding compatibility with scalar exten-
sions) from the definition of extended determinant functor that is given in [17, Def. 4], then the only
properties of the determinant functor that are used in the constructions that underlie the proof of
[17, Th. 2] are those listed in [loc. cit., Prop. 1 (excluding (iii))] and Proposition 5.11 implies that
d⋄A,ϖ and i⋄A,ϖ have all of these necessary properties.

In addition, since the restriction of dA,ϖ to Modlf(A)is is equal to d⋄A,ϖ the property in (v) follows
from the final assertion of Proposition 5.11.

Lastly, we note that the property in (vi) follows directly from the result of Lemma 5.16(ii)
below. □

Remark 5.15. Proposition 5.14 implies that for any X in Dlf(A) there is a natural isomorphism

dA,ϖ(X[1])
∼−→ dA,ϖ(X)−1

in P(ξ(A)). This is because if we write ConeX for the mapping cone of the identity endomorphism

of X, then the associated true triangle X
u−→ ConeX

v−→ X[1] induces a composite isomorphism

dA,ϖ(X)⊗ dA,ϖ(X[1])
iϖ(u,v)−−−−−→ dA,ϖ(ConeX)

∼−→ 1P(ξ(A)),

where the second isomorphism is induced by the acyclicity of ConeX .

5.3.2. For the reader’s convenience, we give a more explicit description of the construction in Propo-
sition 5.14.

Lemma 5.16.

(i) Let P • be a complex in Clf(A). Then for each quasi-isomorphism u : P • → X of complexes
of A-modules, the map dA,ϖ(u) induces an isomorphism⊗

i∈Z

(⋂rkA(P i)

A
P i, rrA(P

i
F )

)(−1)i ∼−→ dA,ϖ(X)

in P(ξ(A)), where each lattice
⋂rkA(P i)

A P i is defined with respect to the bases ϖ.

(ii) If X belongs to Dlf,0(A), then dA,ϖ(X) is independent of the choice of bases ϖ.

Proof. To prove (i) it is enough to show that there is a canonical isomorphism in P(ξ(A)) of the
form

(5.3.1)
⊗
i∈Z

(
d⋄A,ϖ(P

i)
)(−1)i ∼−→ dA,ϖ(P

•).

To show this we can clearly assume P • is non-zero. We then let d denote the largest integer for
which P d is non-zero and write P •

<d for the complex obtained from P • by replacing P d by 0 and
leaving all other terms unchanged.

Then there is a natural true triangle in Dlf(A)

P d[−d] u−→ P • v−→ P •
<d
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and hence an isomorphism in P(ξ(A))

iϖ(u, v) : dA,ϖ(P
d[−d])⊗ dA,ϖ(P

•
<d)

∼−→ dA,ϖ(P
•).

By an induction on the number of non-zero terms of P • we are therefore reduced to proving that

dA,ϖ(P
d[−d]) identifies with

(
d⋄A,ϖ(P

d)
)(−1)d

. This follows directly from (repeated application of)

Remark 5.15 and the fact that dA,ϖ(P
d[0]) = d⋄A,ϖ(P

d).

To prove (ii) it is enough to fix a quasi-isomorphism P • → X as in (i) and show that the graded

module
⊗

i∈Z
(
d⋄A,ϖ(P

i)
)(−1)i

is independent of the choice of ordered bases ϖ. Since it is enough to
prove this after localising at each prime ideal of R we can also assume, without loss of generality,
that each A-module P i is free. In each degree i we then set ri := rkA(P

i), fix an ordered A-basis
{bi,j}1≤j≤ri of P i and write {b∗i,j}1≤j≤ri for the A-basis of HomA(P

i,A) that is dual to {bi,j}1≤j≤ri .
Then Lemma 4.12 combines with Proposition 5.9(i) to imply the natural isomorphism

Homζ(A)(
∧ri

A
P iF , ζ(A))

∼=
∧ri

Aop
HomA(P

i
F , A)

identifies the module Homξ(A)(
⋂ri

AP
i, ξ(A)) with ξ(A) · ∧j=rij=1 b

∗
i,j .

Setting b1i,j := bi,j and b−1
i,j := b∗i,j for each i and j, it is therefore enough to prove that if the

image of χA(P
•) in K0(A) vanishes, then the element

(5.3.2)
⊗
i∈Z
∧j=rij=1 b

(−1)i

i,j

is independent of the choice of bases ϖ used in the definition of exterior products.
It suffices to verify this after projecting to each simple component of A and so we shall assume A

is simple (and use the notation of Definition 4.3). We then fix bases {vj}1≤j≤d and {ṽj}1≤j≤d of the

E-space V and write M = (Mst)1≤s,t≤d for the matrix in GLd(E) that satisfies ṽs =
∑t=d
t=1Mstvt for

each integer s. Then, writing N for the matrix in GLd(E) that is equal to the inverse of the transpose

of M , one has ṽ∗s =
∑t=d
t=1Nstv

∗
t for each integer s and by using these equalities one computes that

in each even degree i there is an equality

∧1≤j≤ri(∧1≤s≤dṽ∗s ⊗ bi,j) = det(N)ri · ∧1≤j≤ri(∧1≤s≤dv∗s ⊗ bi,j)

and in each odd degree i an equality

∧1≤j≤ri(∧1≤s≤dṽs ⊗ b∗i,j) = det(M)ri · ∧1≤j≤ri(∧1≤s≤dvs ⊗ b∗i,j).

Since det(M) = det(N)−1 this implies that the difference between the elements (5.3.2) when the
exterior products are computing using the basis {vj}1≤j≤d, respectively {ṽj}1≤j≤d, of V is the factor

det(M)
∑

i∈Z(−1)iri . To complete the proof it is therefore enough to note that if the image of χA(P
•)

in K0(A) vanishes, then the sum
∑
i∈Z(−1)iri is equal to 0. □

5.4. The proof of Theorem 5.4. To complete the proof of Theorem 5.4 we must show that the
construction of Proposition 5.14 retains the properties (i), (ii) and (iii) in Definition 5.13 (with

Mod†(Λ) = Modlf(A)) after one replaces true triangles and quasi-isomorphisms by arbitrary exact

triangles and isomorphisms in Dlf(A). In particular, whilst in this case the diagrams in Definition
5.13(i) and (iii) are commutative in the category of complexes of A-modules, we need to establish
analogous results for diagrams that commute only up to homotopy.
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5.4.1. As a key preliminary step, we consider similar results for the semisimple algebra A. To do
this we recall that, for any choice of ordered bases ϖ as in §5.1.2 the argument of Flach and the first
author in [3, Lem. 2] constructs a determinant functor on Mod(A).

To recall the explicit construction we use the notation of §5.1.2. In particular, we assume first
that A = A1 is simple and hence equal to Mn1

(D1) for a division ring D1 with Schur index m1

and we fix a splitting field E1 for D1 that is a maximal subfield of D1. We set n := n1, m := m1,
D := D1, E := E1, W := W1, V := V1 = Wn

1 and use the ordered E-bases {wa}1≤a≤m of W and
ϖ = ϖ1 of V .

Then for each M in Mod(A) the (left) D-module Dn ⊗A M is free of rank r := rkD(M)/n
and so, since rrD(D

n ⊗A M) = rrA(M), one has rrA(M) = r · m. If we fix an ordered D-basis
{ba}1≤a≤r of Dn ⊗A M , then Lemma 4.13 implies that the dimension one ζ(D)-space spanned by
∧a=ra=1(∧s=ms=1 (w∗

s ⊗ ba)) is independent of the choice of {ba}1≤a≤r and we set

(5.4.1) d⋄A,ϖ(M) :=
(
ζ(D) · ∧a=ra=1(∧s=ms=1 (w∗

s ⊗ ba)), rrA(M)
)
.

We next assume to be given a short exact sequence M1 → M2 → M3 in Mod(A) and set rj :=
rkD(Mj)/n for each j = 1, 2, 3. Then, by following the same approach as the proof of Proposition
5.9(v), we can use a choice of splitting σ of the induced short exact sequence of free D-modules

0→ Dn ⊗AM1 → Dn ⊗AM2 → Dn ⊗AM3 → 0

to construct a basis {b2a}1≤a≤r2 of Dn⊗AM2 from given bases {bja}1≤a≤rj of Dn⊗AMj for j = 1, 3.
We then define

i⋄A,ϖ : d⋄A,ϖ(M2)→ d⋄A,ϖ(M1)⊗ d⋄A,ϖ(M3)

to be the unique isomorphism of graded ζ(D)-spaces with

i⋄A,ϖ(∧
a=r2
a=1 (∧s=ms=1 (w∗

s ⊗ b2a)), rrA(M2))

= (∧a=r1a=1 (∧s=ms=1 (w∗
s ⊗ b1a)), rrA(M1))⊗ (∧a=r3a=1 (∧s=ms=1 (w∗

s ⊗ b3a)), rrA(M3)).

(Lemma 4.13 implies that this map is independent of the splitting σ and bases {bja}1≤a≤rj for
j = 1, 3 that are used.)

In the more general case that A is not simple, one uses its Wedderburn decomposition A =∏
i∈IAi to define d⋄A,ϖ and i⋄A,ϖ componentwise. With this construction, the image under d⋄A,ϖ

of a module M in Mod(A) has grading equal to rrA(M), regarded as a function on Spec(ζ(A)) =⋃
i∈I Spec(ζ(Di)) in the obvious way.

Before stating the next result we note that, since A is semisimple, the category Dperf(A) identi-
fies with the full triangulated subcategory of D(A) comprising complexes that are isomorphic to a
bounded complex of finitely generated A-modules.

Proposition 5.17. There exists a canonical extension to Dperf(A) of the determinant functor given
by d⋄A,ϖ and i⋄A,ϖ. The associated functor

dA,ϖ : Dperf(A)is → P(ζ(A))

has the following properties.

(i) For any object X of Dperf(A) there exists a canonical isomorphism

dA,ϖ(X)
∼−→

⊗
i∈Z

d⋄A,ϖ(H
i(X))(−1)i

in P(ζ(A)) that is functorial with respect to quasi-isomorphisms.
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(ii) The following diagram

Dperf(A)is
dA,ϖ−−−−→ P(ζ(A))x x

Dlf(A)is
dA,ϖ−−−−→ P(ξ(A))

commutes, where the vertical maps are the natural scalar extension functors.

Proof. The first claim is proved by using exactly the same formal argument that establishes the first
claim of Proposition 5.14.

Then, since A is semisimple, every cohomology module Hi(X) of an object X in Dperf(A) is also

itself an object of Dperf(A) (regarded as a complex concentrated in degree zero) and so the general
argument of Knudsen and Mumford in [17, Rem. b) after Th. 2] shows that the associated functor
dA,ϖ has the property in (i).

Finally, the commutativity of the scalar extension diagram in (ii) is verified by means of a direct
comparison of the explicit construction of the functors d⋄A,ϖ and d⋄A,ϖ (the latter from Proposition

5.11). The key point in this comparison is that if A = A1 = Mn(D) is simple (as in the explicit
construction made above) and M is a free A-module of rank k, with basis {mj}1≤j≤k, then the
D-module Dn ⊗AM has as a basis the lexicographically-ordered set {bj,t}1≤j≤k,1≤t≤n, with bj,t :=
xt ⊗mj where {xt}1≤t≤n is the standard D-basis of Dn. In particular, if one uses this basis as the
set {ba}1≤a≤nk that occurs in the definition (5.4.1) of d⋄A,ϖ(M), then one has

∧a=nka=1 (∧s=ms=1 (w∗
s ⊗ ba)) = ∧

j=k
j=1((∧

t=n
t=1 (∧s=ms=1 (w∗

s ⊗ xt)))⊗mj) = ∧j=kj=1mj ,

where the exterior product on the right hand side is as defined in (4.2.2) with respect to the ordered
basis ϖ = ϖ1 specified in §5.1.2. □

5.4.2. Turning now to the proof of Theorem 5.4 we note that Proposition 5.14 directly implies all
assertions except for (i).

In addition, the argument used by Knudsen and Mumford to prove [17, Prop. 6] shows that (i) of
Theorem 5.4 will also follow formally upon combining Proposition 5.14 with the following technical
observation.

Proposition 5.18. Let X and Y be complexes in Dlf(A) and α and β quasi-isomorphisms X → Y
of complexes of A-modules with the following property: in each degree i there are finite filtrations
F •(Hi(X)) and F •(Hi(Y )) that are compatible with the maps Hi(α) and Hi(β) and such that
gr(Hi(α)) = gr(Hi(β)) for all i.

Then the morphisms dA,ϖ(α) and dA,ϖ(β) coincide.

Proof. We note first that, since dA,ϖ(α) and dA,ϖ(β) are homomorphisms between invertible ξ(A)-
modules, they coincide if and only if they are equal after applying the scalar extension functor
ζ(A)⊗ξ(A) −.

Given the commutativity of the diagram in Proposition 5.17(ii) we are therefore reduced to
showing that the given hypotheses imply dA,ϖ(α

′) = dA,ϖ(β
′) with α′ := ζ(A) ⊗ξ(A) α and β′ :=

ζ(A)⊗ξ(A) β. The result of Proposition 5.17(i) then reduces us to showing that in each degree i the

maps d⋄A,ϖ(H
i(α′)) and d⋄A,ϖ(H

i(β′)) coincide. This in turn follows easily from the given hypotheses

and the general property of the functor d⋄A,ϖ that is described in Definition 5.7(b). □

This completes the proof of Theorem 5.4.
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