ON NON-COMMUTATIVE EULER SYSTEMS, I:
PRELIMINARIES ON ‘DET’ AND °‘FIT’

DAVID BURNS AND TAKAMICHI SANO

ABSTRACT. We extend some classical constructions in commutative algebra to the setting of mod-
ules over orders in (non-commutative) semisimple algebras. Our theory incorporates, inter alia,
‘reduced’ versions of the notions of higher Fitting invariants and higher exterior powers and of
the Grothendieck-Knudsen-Mumford determinant functor on perfect complexes. In a companion
article, these results are used to develop a theory of non-commutative Euler systems for p-adic
representations.

1. INTRODUCTION

Let R be a Dedekind domain whose field of fractions is a number field F', and A an R-order that
spans a finite dimensional semisimple F-algebra. Then the main aim of this article is to extend
the determinant functor constructed for commutative rings by Knudsen and Mumford in [17] (and
[18]), following initial ideas of Grothedieck, to the derived category of finitely generated locally-free
A-modules.

We recall that more general versions of the Grothendieck-Knudsen-Mumford determinant functor
have been constructed previously, both by Deligne [11] in terms of the Picard category of ‘virtual
objects’ and by Fukaya and Kato [13] via a theory of ‘localized Kj-groups’. Our approach is, however,
different from these important earlier theories (see, for example, Remark 5.5) and, being somewhat
more concrete, seems particularly well-suited to explicit arithmetic applications. For example, in
the companion article [7], the results proved here play a key role in the development of a theory of
non-commutative Euler systems for p-adic representations over number fields.

To give a few more details we shall, for simplicity, assume 4 is the group ring R[G] for a finite
group G. Then, as a first step, in §3 we use reduced norms of matrices with coefficients in R[G] to
define a canonical R-order £(R[G]) in the centre ((F[G]) of F|G]. We call this order the ‘Whitehead
order’ of R[G] and it plays an essential role in the specification of integral structures in our theory.
For context, we note that {(R[G]) is, in general, neither contained in, nor contains, ((R[G]).

As a first application, we then use Whitehead orders to develop an analogue for finitely generated
R[G]-modules of the theory of higher Fitting ideals over commutative rings, as discussed by Northcott
[25]. This theory of ‘non-commutative Fitting invariants’ occurs naturally in arithmetic applications
(see [7]) and its main aspects are established in Theorem 3.20.

We next fix an algebraic closure F'° of F' and, for each irreducible F¢-valued character x of G, a
corresponding representation G — GL,(1)(F°). We use this data to define, for each finitely generated
F[G]-module W and each non-negative integer r, a canonical ‘r-th reduced exterior power’ /\;[G]W
of W that is a finitely generated ((F[G])-module, and for each ordered subset {w;}1<i<, of W a
‘reduced exterior product’ element A!=7w; in /\;[G]W. The main properties of these constructions
are proved in §4.3.
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MSC: 16D10 (primary); 16E05, 16E30, 16H10, 16H20 (secondary).
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An essential difficulty is then to show that a full R[G]-lattice M in W gives rise, in a functorial
manner, to a corresponding integral structure on /\;[G]W. ‘We resolve this problem by using reduced
exterior products to define, in terms of the order £(R[G]), a generalization of the notion of ‘Rubin
lattice’ introduced (for commutative orders) in [28] that has played a key role in the theory of
higher rank Euler and Kolyvagin systems via an associated concept of ‘exterior power bidual’.
These ‘reduced Rubin lattices’ are finitely generated &(R[G])-modules and their main properties are
established in Theorem 4.19.

Finally, in §5, we use the theory of reduced Rubin lattices to construct a canonical extended
determinant functor from the derived category of bounded complexes of finitely generated locally-
free R[G]-modules to the Picard category of graded invertible £ (R[G])-modules. The main properties
of this functor are described in Theorem 5.4 and are proved by combining the properties of reduced
Rubin lattices established in Theorem 4.19 with many of the original arguments used by Knudsen
and Mumford in [17].

Whilst our initial motivations for these constructions related to Euler systems (as discussed in
[7]), the underlying ideas do seem of independent interest and indeed already have other arithmetic
applications. For instance, the articles [9] of de Frutos-Fernindez, Macias Castillo and Martinez
Marqués and [21] of Macias Castillo and Tsoi use aspects of our approach to respectively study
class number formulas for Drinfeld modules and Hasse-Weil-Artin L-series of elliptic curves over
number fields. In another direction, reduced determinant functors lead naturally to a more concrete
formulation of the central conjectures formulated in [3] and [13] (thereby avoiding relative K-theory
and the sophisticated theories of ‘virtual objects’ and ‘localized Ki-groups’). However, applications
of this sort relating to special values conjectures relative to non-commutative coefficient rings will
be considered elsewhere.
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Kurihara and we are extremely grateful to him for encouragement and many helpful discussions.
In addition, the first author is very grateful to Kazuya Kato for his generous encouragement at an
early stage of this project (long ago). It is also a pleasure to thank Henri Johnston, Daniel Macias
Castillo and Andreas Nickel for helpful comments and Daniel Puignau for a careful reading of an
earlier version of this article. Finally, we are very grateful indeed to the referee for a very thorough
report and, in particular, for numerous suggestions that improved the exposition considerably.

2. SEMISIMPLE ALGEBRAS

For a ring R we write R°P for its opposite ring and ((R) for its centre (so that ((R°P) = ((R)).
For natural numbers d’ and d we write Mg q(R) for the set of d’ x d matrices over R. We abbreviate
My, q(R) to My(R) and write GLg(R) for its unit group.

2.1. Simple rings.

2.1.1. We first review relevant facts from Morita theory (and for more details see, for example, [8,
§3]).

Let E be a field and V an E-vector space of dimension d. Then V is naturally a (simple) left
module over the E-algebra A := Endg(V). The linear dual V* := Hompg(V, E) of V is a right
A-module via the rule

(v* - a)(v) :==v*(a-v),

fora € A, v* € V* and v € V. There are also pairings
(=, )g:V'xV—=FE and (—,—)a:VxV"— A,



given, for v,v’ € V and v* € V*, by
(W v)g :=v"(v) and (v,v")a(v) = v* (V') .

The pairing (—, —) g, respectively (—, —)a, induces an isomorphism of E-vector spaces, respec-
tively two-sided A-modules of the form

V*®4V S E, respectively V@ V* 5 A.

The ‘Morita functor’ V* ® 4 — from the category of left A-modules to that of E-vector spaces
gives an equivalence of categories.

2.1.2. Let now K be a field of characteristic zero and A a finite-dimensional simple K-algebra. All
simple left A-modules are isomorphic and for any such module M the K-algebra

(2.1.1) D :=Endy (M)

is a division ring (that is unique up to isomorphism). By using a slightly more general version of
the Morita theory recalled above one derives a canonical ring isomorphism

A S Endp(M); aw (m — am).

The centre F' := ((D) of D is a field canonically isomorphic to ((A). An extension field F of F' is
a ‘splitting field’ for A if D ® p E (or, equivalently, A ® p E) is isomorphic to a matrix ring M,,, (E)
for some m. Such a field E always exists and can be taken to be of finite degree over K (see Remark
2.1 below). In addition, the integer m is independent of E and referred to as the ‘Schur index’ of
A. Finally, we recall that there exists a composite isomorphism

(2.1.2) A®p E 2 Endp(M) ®p E = M, (D) @p E = M, (Mp(E)) = Mum(E),

where n is the dimension of the (free) left D-module M, via which one can regard A as a subalgebra
of My (E).

Remark 2.1. Any choice of an algebraic closure K¢ of K is a splitting field for A. In addition, there
are canonical choices of finite extensions of K in K¢ that are splitting fields for A. For example, the
composite of all extensions of K in K¢ that are isomorphic (as a K-algebra) to a maximal subfield
of any division ring D as in (2.1.1) is a splitting field for A that is of finite degree and Galois over
K. In this regard see also Remark 4.9.

2.1.3. The behaviour under scalar extension of a finite-dimensional simple K-algebra A is described
in the following result.

Lemma 2.2. Let K’ be an extension of K and  an algebraic closure of K'. Set F := ((A)
and consider the (finite) set X(F/K, K') of equivalence classes of K-embeddings F — Q under the
relation 0 ~ o' <= o =71 o0’ for some T € Autg/(Q).

Then, for each o in X(F/K,K'), the K'-algebra A @F o(F)K' is a simple artinian ring with
centre the composite field o(F)K' of o(F) and K’ (this field is independent of the choice of o), and
there is a product decomposition of K'-algebras

!~ /
ARk K' = ngw/K,K/)(A @ o(F)K").
Proof. Since F is separable over K, we have an isomorphism
!~ /
Fog K' = Haez(F/KJ{,)U(F)K .
Hence we have
Aok K' = Ao (Fex K') =[] (A®p o(F)K").

cES(F/K,K')
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Since A is a central simple algebra over F, A ®p o(F)K' is also a central simple algebra over
o(F)K'. a

2.1.4. If M is a finitely generated left A-module, then there exists a canonical composite homomor-
phism
EndA(M) — EndA®FE(M RF E) 5 EndE(V* QA FE) (M QF E)) — F,
with the second map induced by the Morita functor and the last by taking determinants.
One checks that the image of this map factors through the inclusion F' C E and that the induced
‘reduced norm’ map Nrdgaq ,(ar) : Enda(M) — F is such that, for all 6; and 6y in End4 (M), one
has Nrdgna , (ar) (61 © 02) = Nrdgna, (ar) (01) - Nrdgna, (an) (02)-

Remark 2.3. If M = A°P and one identifies A with End o0 (A°P), then for each element a of A
one can check that Nrda(a) is equal to the determinant of the image of a under the isomorphism
(2.1.2). This is the classical definition of reduced norm.

Remark 2.4. For a natural number n we shall often abbreviate Nrdy;, (4) to Nrds. Since the
algebras M,,(A°P) and M,,(A)°P are isomorphic and Nrd4 = Nrd 4e», we shall also sometimes write
Nrd for Nrdyy, (aop)-

The ‘reduced rank’ of a finitely generated left A-module M is the non-negative integer obtained
by setting

(2.1.3) rra (M) = dimg (V* @ug,p) (M @F E)).

Remark 2.5. One can check, by explicit computation, that if M is a simple left A-module, then
rra(M) is equal to the Schur index y/dimp (D) of A. This implies, in particular, that rrs(A) is
equal to dimp (M) - \/dimp (D) for any simple left A-module M.

2.2. Semisimple rings. In the sequel we shall use ‘module’ to mean ‘left module’.

A module M over a ring A is said to be semisimple if it is a direct sum of simple modules. A ring
A is said to be semisimple if every nonzero A-module is semisimple and this is true if and only if A
decomposes as a direct product

(2.2.1) A= A;,

in which the index set I is finite and the rings A; are simple Artinian (and unique up to isomorphism).
In particular, Lemma 2.2 shows that simple rings naturally give rise to semisimple rings under scalar
extension.

The ‘Wedderburn decomposition’ (2.2.1) of A induces an identification ((A) = [],.;¢(A4;) and
can be used to define (componentwise) generalizations of the above notions of reduced norm and
reduced rank. In this way one obtains a reduced norm Nrd 4 for the algebra A that is valued in ((A)
and defines a reduced rank rr4(M) of a finitely generated A-module M that is an integer-valued
function on Spec(¢(A)).

This reduced norm induces a homomorphism (which we denote by the same symbol)

Nrd4 : Kq(A) — ((A)*
from the Whitehead group K;(A) of A (cf. [8, §45A]).

3. WHITEHEAD ORDERS AND NON-COMMUTATIVE FITTING INVARIANTS

In this section we define a canonical R-order in ((A) and then use it to construct a non-
commutative generalization of the classical theory of ‘higher Fitting ideals’ (from [25]). This con-
struction is natural, has many of the same properties as the classical commutative construction (see
Proposition 3.20) and is also, as we show in [7], well-suited to arithmetic applications.



Throughout the section we fix a Dedekind domain R with field of fractions F' that is a finite
extension of either Q or Q, for some prime p. We also fix a finite-dimensional semisimple F-algebra
A and an R-order A in A (in the sense of [8, Def. (23.2)]).

For each prime ideal p of R we respectively write R(,) and Ry, for the localization and completion
of R at p. For each A-module M and each p we then set M,y := R,y@gM and M, := R,@r M. We
regard these modules as respectively endowed with natural actions of the algebras A(,) = R,) ®r A
and A, = R, ®r A. In particular, the localisation Mgy of M at the zero prime ideal of R is equal
to the A-module generated by M and will often be written as Mp.

We recall that, if F is a p-adic field (for some p), then A is said to be ‘ramified’ if some simple com-
ponent in its Wedderburn decomposition (as an F-algebra) is a matrix ring over a non-commutative
division algebra. For such fields F', we set Ram(A) = {p}, with p the unique maximal ideal of R, if
A is ramified, and we set Ram(A) = ) if A is not ramified. If F' is a number field, then there are only
finitely many non-archimedean places v of F for which the F-algebra F,® r A is ramified (cf. [27, Th.
(25.7)]) and we write Ram(A) for the (finite) set of prime ideals of R that correspond to these places.

3.1. The Whitehead order.
3.1.1. We first introduce a canonical R-submodule of ((A).

Definition 3.1. For each prime ideal p of R the ‘Whitehead order’ (A(p)) of Ay is the Rp)-
submodule of ((A) that is generated by the elements Nrd4 (M) as M runs over all matrices in

UnZl M”(A(p))
The ‘Whitehead order’ of A is then defined by the intersection

f(A) = ﬂpESpec(R)g(A(p) ) ’

The basic properties of this module are described in the following result.

Lemma 3.2. The following claims are valid.
(1) &(A) is an R-order in ((A).

(ii) For every prime ideal p of R there are equalities

E(A) ) =E(Ap)), E(A)p =E&(Ap) and E(Agp)) = C(A) NE(Ap).

(iil) If A is commutative, then {(A) = ((A) = A.
(iv) If p ¢ Ram(A) and Ay is a mazimal Ry)-order, then §(A)p) is the (unique) mazimal
Rpy-order in ((A).
v ny surjective homomorphism of R-orders o : A — B induces, upon restriction, a surjective
(v) Any surj h h f R-ord A — B ind ]
homomorphism &(A) — &(B).

Proof. We first make some preliminary observations.

The integral closure % of R in ((A) is the maximal R-order in ((A4). For every maximal ideal p of
R, the ring 9, is therefore the maximal R,)-order in ((A) and hence a direct product of discrete
valuation rings. In particular, since M,,(A(p)) is an R(y-order in M,,(A4), one has Nrd4 (M) € My,
for every M € M,,(A(yy) (cf. [8, Cor. (26.2)]). It follows that {(A)) € M,y and hence that §(A(y))
is finitely generated over Ry).

Next we fix a choice of maximal R-order M in A that contains A as a submodule of finite index (cf.
(8, Th. (26.5)]). Then, for every maximal ideal p of R, the R,y-order M, is maximal (by [8, Th.
(26.21)(ii)]). Hence, if p ¢ Ram(A), then M, is conjugate in A to a direct product of full matrix
rings over the respective (discrete valuation ring) components of M, (cf. [27, Th. (18.7)(iii)])
and so the reduced norm (over A) coincides with taking the respective matrix determinants on each
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component of this product. In particular, if both p ¢ Ram(A) and the order A is maximal, then
one has ((A) ) = Mp) € E(A(p)) and hence E(Apy) = ((A)(p) = My, as required to prove (iv).

Finally, we note it is straightforward to check {(A,)) is closed under multiplication, that it
contains R,y and that it has finite index in 9, (since it contains Nrd4(z - M) for a non-zero
element of R). This shows each {(A,)) is an R(p)-order in ((A) and hence also implies that {(A) is
an R-order in ((A) if and only if one has £(A)r = ((A).

At this stage, it is clear that (i) and the first assertion of (ii) both follow from the general result
of [8, Prop. (4.21)(vii)] and the fact that {(A(,)) = My for almost all p (as follows directly from
the above observations).

In order to prove £(Ap) = £(A),, we note that (i) implies {(.Ap) is a finitely generated R,-module
and hence p-adically complete. Since any matrix M in M, (A,) is equal to the p-adic limit of a
sequence of matrices (M;); in M, (A), it is therefore enough to show that Nrds, (M) is equal to
the limit (over t) of the associated reduced norms Nrda(M;) = Nrdy, (M;) € §(A,). This in turn
follows directly from the fact that, for any natural number a, there exists a natural number b(a)
such that for all matrices N and N’ in M,,(Ap) and all integers b > b(a) one has an implication

N — N’ €p” My(Ap) = Nrdy, (N) — Nrda, (N) € p - {(Ap).

(The verification of the latter fact is a straightforward exercise involving the explicit description of
reduced norms that we leave to the reader.)

To complete the proof of (ii), it is now enough to note that the equalities {(A)p = ((A), {(Ap) =
§(A)p and £(A) ) = £(A(p)) already proved combine to imply that

C(A) NE(Ay) = E(A)r NE(A)p = E(A) () = E(Ap)),

where the second equality follows from the general result of [8, Prop. (4.21)(vi)].

Next we note that if A is commutative, then for every p and every matrix M in M, (A,)) one
has Nrda (M) = det(M) € A(y). In this case it is therefore clear that {(A) is equal to (), A and
hence (by [8, Prop. (4.21)(vi)]) to A = ((.A), as required to prove (iii).

Finally, to prove (v) we note first that the claim makes sense since the surjectivity of ¢ implies
that the F-algebra B = B is a quotient of A so that B is semisimple (and hence the order £(B) is
defined). This also implies that p restricts to give a surjective homomorphism o’ : ((A) — {(B) and
(ii) implies that the claimed equality o'(£(A)) = £(B) is valid if for every p one has o'(§(Ay)) =
§(B(yy). This equality is in turn true since ¢ induces, for each n, a surjective ring homomorphism
on My (Agpy) = My (B(py) with the property that o' (Nrda(M)) = Nrdg(e,(M)) for every M in
My (Agp))- O

Remark 3.3. In the case that R is a discrete valuation ring, Johnston and Nickel [14, §3.4] consider
the R-order Z(.A) in ((A) that is generated over ((A) by the elements Nrd 4 (M) as M runs over all
matrices in |J,,5; My (A). In this case one therefore has Z(A) = ((A) - {(A) and also Z(A) = {(A)

if and only if {(A) C £(.A). Whilst it certainly seems possible that there exist R-orders A for which
C(A) ¢ £(A), at this stage we do not know a concrete example for which this is true.

Example 3.4. Assume A = R[] for a discrete valuation ring R that has residue characteristic p
(and quotient field F') and a finite group I'. Then, under certain hypotheses on I, such as in the
following examples, the order £(.A) can be described explicitly.

(i) If I’ has an abelian Sylow p-subgroup and a normal p-complement (or, equivalently, p does
not divide the order of the commutator subgroup of I'), then A is a direct product of matrix rings
over commutative R-algebras (cf. Demeyer and Janusz [12, p. 390, Cor]). In this case, an explicit
computation of reduced norms shows that £(A) = ((A).



(ii) If T is the dihedral group of order 2p, then the computations in [14, §6.4, Exam. 6] show that
&(A) is the maximal R-order in ((F[[']) and hence properly contains ((.A).

Example 3.5. As a generalization of Example 3.4(i), assume that R is a discrete valuation ring, S
is a finitely generated R-submodule of A that is a commutative local ring and that the R-order .4
is an Azumaya algebra over S with ((A) = S. Then the maximal commutative subalgebra S’ of A
that is separable over S is a projective S-module and the algebra S’ ®g A is isomorphic to My (S") for
some natural number ¢ (cf. [19, Lem. 5.1.17]). Using this isomorphism one can show that Nrd 4 (M)
belongs to SN Sp =S = ((A) for every M in M,,(A) and hence £(A) C ((A).

3.1.2. As Example 3.4(ii) demonstrates, the order £(.A) is not, in general, contained in ((A). How-
ever, to bound the ‘denominators’ of its elements one can proceed as follows.

For each natural number m and matrix M in M, (A) there exists a unique matrix M* in M,,(A)
with

(3.1.1) M- -M*=M*"-M=Nrds(M) -1,
and such that, for every primitive central idempotent e of A, one has
(3.1.2) M*e # 0 <= Nrda(M)e # 0.

To be explicit, the latter condition on e is equivalent to the invertibility of Me in M,,(A)e = M,,,(Ae)
(cf. [8, §7, Exer. 4]) and we define M* so that M*e = (Me) 'Nrd4(M).

The following definition is motivated by a result [24, Th. 4.2] of Nickel (see, in particular, Lemma
3.7(iii) and, especially, the result of Theorem 3.20(iii) below).

Definition 3.6. For each prime ideal p of R the ‘ideal of denominators’ of A, is the subset of
C(A) obtained by setting

5(A(p)) ={zre((4):Vd>1,VM € Md(A(p)) one has x - M™ € Md(.A(p))}.

The ‘ideal of denominators’ of A is then defined by the intersection

6(A) - r])JES})GC(R) 5(A(p) )

The basic properties of these sets are described in the following result.

Lemma 3.7.

(i) 6(A) is an ideal of finite index in ((A).

(i) For every prime ideal p of R one has 6(A) ) = 6(Agp))-

1) For each prime p an element x o elongs to 1f and only if there exists a

(iif) F h pri l f C(A) bel §(A) () if and only if th '
non-negative integer my = my . such that for all @ > my and all M € MQ(A(,J)) one has
x-M* e Ma(.A(p)).
) 5(A) - €(A) = 5(A).
) If A is commutative, then 6(A) = £(A) = A.
(vi) If p ¢ Ram(A) and Ay is a mazimal Ryy-order, then 6(A) ) = §(A)(p)-

i) Any surjective homomorphism of R-orders o : A — B induces, upon restriction, a homo-

morphism 0(A) — 6(B).

Proof. For each p the set (A(p)) is clearly an additive subgroup of ((A) that is stable under mul-
tiplication by ((A(yy). One also has §(A(,)) € ((A(p)) since if M is the 1 x 1 identity matrix, then
r=x-M=x-M"andsox=x-M" € M;(Agy)) implies x € Ay N((A) = ((Acp). This proves
6(A(py) is an ideal of ((A(y)) and we next show it has finite index.

We first consider the special case that A(,) is maximal (as will be the case for all but finitely
many p). In this case ((Ap)) = My, where M is the integral closure of R in ((A), and for every M
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in My(A(p)) and each primitive idempotent e of ((A) for which Nrd(M)e is non-zero, the defining
property (3.1.1) implies that eM* belongs to Mg(eA(,)) € Ma(A(p)) (see, for example, the discussion
of [14, §3.6]). In this case, therefore, it follows that 6(A(,)) contains, and is therefore equal to, M.
To deal with the general case, we fix a maximal R,)-order M in A that contains A(,) and write n
for the (finite) index of A,y in M. Then for each M in My(Ap)), the above argument implies that
M* belongs to Mg(M) and hence that n-M* belongs to My(A(,y). This implies n-((A(y)) € 6(Ap))
and hence that 6(A(p)) has finite index in ((Ap)) = ((A)(p)-

At this stage we know that 0(A) = [, 6(A(y)) is an ideal of (), ((A) () = ((A) and that (as a
consequence of [8, Prop. (4.21)(vi)]) its index is finite and for every p one has §(A)p) = 6(A(p))-
This proves claims (i) and (ii).

To prove (iii) it obviously suffices (in view of (ii)) to show that the stated condition is sufficient
to imply x belongs to d(A(,y). To do this we fix a natural number d and a matrix M in Mg(A))
and note that in Mg, (A) one has

M 0\ (M 0 [z M* 0
1o L, =7\ 0 Nrda(M) - L, ) 0 z-Nrda(M) -1, )

In particular, since d + m, > m,, the stated condition on = (with a = d + m, and M replaced by
]\04 LS >) implies that x - M* belongs to My(A(,)), as required.

In view of (ii) and Lemma 3.2(ii), it is enough to prove the equality in (iv) after replacing A by
Apy for each p. Since 1 belongs to £(A(y)), it is then enough to show that for any z in 6(A(y)),
any natural number n, and any matrix N in M, (A,)), the element z’ := - Nrd4(NN) belongs to
6(A(py). We do this by showing that 2 satisfies the condition described in (iii) with m, taken to
be n.

We thus fix an integer d with d > n and choose N' in Mg(Ay)) with Nrd4(N') = Nrda(N).
Then, for any M in Mg(A,)) one has M* - (N')* = (N’ - M)* and hence

@ M* =z Nrds(N)M* = - Nedy (N )M* =z - M*((N')*N') = (z - (N'M)*)N".

In particular, since  belongs to 0(A,)) one has z-(N'M)* € Mg(A(y)), and hence 2'-M* € My(A(p)),
as required.

In view of (i) and Lemma 3.2(iii), (v) is reduced to showing that if A is commutative, then §(.A)
contains A. This follows directly from the fact that, in this case, for every prime p and every M in
My(A(p)) the adjoint matrix M* also belongs to Ma(A(y)).

Claim (vi) is true since (as already observed above) if A, is a maximal R,-order in A, then
§(A)p) = 0(A(p)) is equal to M,y and hence, if p ¢ Ram(A), to {(A(y)) = £(A) ) by claims (ii)
and (iv) of Lemma 3.2.

Finally, to prove (vii) we write A and B for the F-algebras that are respectively spanned by A
and B and we consider the ring homomorphisms ¢’ : ((4) — ¢(B) and g4 : My(A4) — Mgy(B) for
each natural number d that are induced by p.

It is enough to show that o' ((A(p)) = d(B(y)) for all p. Then, since ((B) is a direct factor of ((A)
(see the proof of Lemma 3.2(v)), for any matrix M in My(A(,) the defining equality (3.1.1) implies
that g4(M*) = gq4(M)*. By using this last equality, the required equality o'(0(A(p)) = 0(Bp))
follows directly from the definition of the respective ideals d(A(,)) and §(B()) and the fact that
0a(Ma(Ag))) = Ma(By)). O

Remark 3.8. The ideal §(A) defined above differs from an ideal H(A) defined (in the case R is a
discrete valuation ring) by Johnston and Nickel in [14] since our definition of the matrices M* via
the conditions (3.1.1) and (3.1.2) differs slightly from the ‘generalized adjoint matrices’ used in loc.



cit. To be specific, if M € M,,(A) and e is any primitive central idempotent of A for which Me is
not invertible (over Ae), then one has M*e = 0 whilst the e-component of the generalized adjoint
matrix of M defined in [14, §3.6] can be non-zero (for more details, see [14, Rem. 10]). Despite this
difference, however, the computations of H(.A) in loc. cit. can be used to give concrete information
about d(.A), as the following examples show.

Example 3.9. Let A be a group ring R[] of the form discussed in Example 3.4.

(i) If T has an abelian Sylow p-subgroup and a normal p-complement, then the argument of [14,
Prop. 4.1] shows §(A) = ((A) and hence, by Example 3.4(i), that 6(A) = £(A).

(i) If T is the dihedral group of order 2p, then Example 3.4(ii) combines with claims (i) and (iv)
of Lemma 3.7 to imply §(.A) is contained in the conductor of the maximal R-order of ((F[I']) into
C(A). In this case, therefore, 6(.A) is a proper ideal of ((A).

3.2. Locally-free modules.

Definition 3.10. A finitely generated module M over an R-order A will be said to be ‘locally-free’
if My is a free A(p)-module, or equivalently (as an easy consequence of Maranda’s Theorem - see
[8, Prop. (30.17)]) if M, is a free Ay-module, for all prime ideals p of R. In the sequel we write
Modf (A) for the category of locally-free A-modules.

For any module M in Mod(A) the rank of the (finitely generated) free A(py-module M, is
independent of p and equal to the rank of the (free) A-module Mr. We refer to this common rank
as the ‘rank’ of M and denote it by rk4(M). A locally-free A-module of rank one is often referred
to as an ‘invertible’ A-module.

Since localization at p is an exact functor a locally-free A-module is projective. As the following
examples show, there are also important cases for which the converse is true.

Example 3.11.

(i) If A = R, then every finitely generated torsion-free A-module M is locally-free, with rk 4 (M)
equal to the dimension of the F-space spanned by M.

(ii) If G is a finite group for which no prime divisor of |G| is invertible in R and A = R[G] then,
by a fundamental result of Swan [29] (see also [8, Th. (32.11)]), a finitely generated projective A-
module is locally-free. For any such module M the product kg (M) - |G| is equal to the dimension
of the F-space spanned by M.

(iii) There are also several classes of order A for which a finitely generated projective .A-module is
locally-free if and only if it spans a free A-module. This is the case, for example, if A is commutative
(cf. [8, Prop. 35.7]), or if A, is a maximal R(,)-order in A for every prime ideal p of R (cf. [8, Th.
26.24(iii)]), or if A = R[G] for any finite group G (cf. [8, Th. 32.1]).

3.3. Fitting invariants of locally-free presentations.

3.3.1. Let M be a matrix in My 4(A) with d’ > d. Then for any integer ¢ with 0 < ¢t < d and
any © = (@i)1<i<; in Hom4 (A%, A) we write SMZ(M) for the set of all d x d submatrices of the
matrices M (J, ) that are obtained from M by choosing any ¢-tuple of integers J = {i1,ia,...,it}
with 1 <1y <i9 < --- <13 <d, and setting

wal(b;), ifj=i, withl<a<t

M;;, otherwise.

where, for a natural number n, we write {b;}1<;<, for the standard basis of the free .A-module A™.
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Then the set of all d x d submatrices of all matrices that are obtained from M by replacing at
most a of its columns by arbitrary elements of A is equal to

e (M) = |J U SM (M).
0<t<a peHom (A, A)t

We note, in particular, that G°(M) is the set of all d x d submatrices of M.

Definition 3.12. For any non-negative integer a the ‘a-th (non-commutative) Fitting invariant of
M’ is the ideal of £(A) obtained by setting

Fit% (M) :=&(A) - {Nrda(N): N € 6*(M)}.
3.3.2. A ‘free presentation’ II of a finitely generated A-module X is an exact sequence of A-modules
of the form
(3.3.2) . A 20 g 20, Xy

in which (without loss of generality) one has r{; > 7. Such a presentation is said to be ‘quadratic’
if rf; = ro. In all cases, we write My for the matrix of the homomorphism 65y with respect to the
standard bases of A™ and A™.

3.3.3. A ‘locally-free presentation’ II of a finitely generated .4-module X is a collection of data of
the following form:

e an exact sequence of A-modules
(3.3.3) rea  pr 00, p P X

in which P’ and P belong to Mod"(A4);
e for each prime ideal p of R fixed isomorphisms of A(,)-modules

~ grka(P’ . ~ Arka(P
U+ Pl = A(p;‘( ) and iy Py = A(p;‘( ),
Such a presentation will be said to be ‘locally-quadratic’ if tk 4 (P") = rk4(P).

Example 3.13. Let 0 : A — B be a surjective homomorphism of R-orders. Then the induced exact
sequence of B-modules

BRI : B, P 2 By, P — B, X =0

and isomorphisms B® 4,, Lh,p and B®4,,tm,p together constitute a locally-free presentation B® 4,11
of B®4,, X that is locally-quadratic if II is locally-quadratic.

Definition 3.14. For each non-negative integer a, the a-th Fitting invariant of the locally-free
presentation IT is the ideal of £(A) obtained by setting

Fit% (I1) := ) Fit% , (My))-

where II(p) denotes the free resolution of the A(,)-module X, that is obtained by localising IT°*4
and using the isomorphisms ¢f , and ¢y p.

peSpec(R)

The basic properties of these ideals are recorded in the following result.

Lemma 3.15. Let I be a locally-free presentation of an A-module. Then the following claims are
valid for every non-negative integer a.
(i) Fit%(IT) is contained in Fit% ' (II).
(i) Fit%(II) = £(A) for all large enough a.
(i) For any homomorphism o as in Example 8.18 one has o(Fit% (II)) C Fitg(B ®.4,, II).
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Proof. For each prime p we set M, := Myyy,).

Then (i) follows directly from the fact that in the definition of the set of matrices &*(M,) that
occurs in Definition 3.12 the variable ¢ runs over all integers in the range 0 <t < a.

For the module P in (3.3.3) we set n := rk4(P). Then to prove (ii) it is enough to show that for
every a > n and every prime p one has Fit‘j‘(p) (My) = £(A(py). This is true because for any such a
the n x n identity matrix belongs to &*(M,).

In a similar way, (iii) is true since for every prime p the induced projection map g, : M, (A) —
M,,(B) sends any matrix in &%(M,) to a matrix in &% (g, (M,;)). O

3.3.4. In the next result we explain the connection between this definition and the notion of non-
commutative Fitting invariants of presentations introduced (in the case that R is a discrete valuation
ring and a = 0) by Nickel in [24] and then subsequently studied by Johnston and Nickel in [14].

Proposition 3.16. Assume that R is a discrete valuation ring and let I1 be a free presentation of
an A-module X. Then all of the following claims are valid.
(i) One has C(A) - Fit) (1) = &(A) - Fit o(IT), where Fit4(IT) is the noncommutative Fitting
invariant of Nickel.
(i) If I is quadratic, then Fit%(IT) is equal to £(A) - Nrda (M) and depends only on the iso-
morphism class of the A-module X .
(iil) Let 0 = X1 — Xo — X35 — 0 be a short exact sequence of A-modules. Then, if X1 and X3
have quadratic presentations 1y and I3, there exists a quadratic presentation Ily of Xo and
one has Fit% (Tly) = Fit% (IT;) - Fit% ().

Proof. We write £'(A) for the R-order in ((A) that is generated over ((.A) by the elements Nrd 4 (M)
as M runs over matrices in J,~; GLn(A).

Then, setting r := rp; (in the notation of (3.3.2)), the invariant Fit 4 (TT) is defined in [14, (3.3)] to
be the &’'(A)-submodule of ((A) that is generated by the elements Nrd 4 (V) as N runs over all r x r
submatrices of the matrix M. Thus, since Fit% (IT) is defined to be the ideal of £(.A) that is generated
over R by the same elements Nrd 4 (), the required equality ¢(A) - Fit% (IT) = £(A) - Fit 4 () of (i)
follows directly from the obvious equality ((A) - £(A) = £(A) - £'(A).

In the context of (ii) one has rj; = i (in the notation of (3.3.2)) and so Fit%(IT) is, by its very
definition, equal to £(A) - Nrd4(Myy). Claim (ii) is therefore true provided that the latter ideal
depends only on the isomorphism class of the A-module given by the cokernel of 81 and this follows
from the argument used by Nickel to prove [24, Th. 3.2ii)].

The key idea in the proof of (iii) is to construct a suitable quadratic presentation I of Xo
from given quadratic presentations of X; and X3 and then to compute the respective zeroth Fitting
invariants via the formula in (ii). The precise argument mimics that of Nickel in [24, Prop. 3.5iii)]
and so will be left to the reader. O

3.4. Fitting invariants of modules.
3.4.1. In this section we assume to be given a finitely generated A-module Z.

Definition 3.17. For each non-negative integer a, the ‘a-th Fitting invariant’ of Z is the ideal of
&(A) obtained by setting

Fit%(Z) := ZHFlt @ (I1),
where in the sum II runs over all locally-free presentations of finitely generated A-modules Z’ for

which there exists a surjective homomorphism of A-modules Z/ — Z.

The basic properties of these ideals are described in the next result. Before stating this result we
introduce the following useful definition.
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Definition 3.18. The ‘central pre-annihilator’ of an A-module Z is the £(A)-submodule of ((A)
obtained by setting

pAnn 4 (Z) :=={x € ((A) : - 6(A) C Annq(Z)},
where §(A) is the ideal of ((A) from Definition 3.6 and Ann 4(Z) denotes the annihilator of Z in A.

Remark 3.19. The module pAnn 4(Z) is finitely generated over R, and hence over £(.A), since the
A-ideal Ann 4(7Z) is finitely generated over R and Lemma 3.7(i) implies that §(.A) contains a non-zero
integer. In addition, if A is commutative, then Lemma 3.7(v) implies that pAnn 4(Z) = Ann4(Z).

Theorem 3.20. The following claims are valid for every finitely generated A-module Z and every
non-negative integer a.
(i) Fit%(Z) is contained in Fit% " (Z).
(ii) FltA Z) =¢&(A) if a is large enough.
(iit) Fit%(Z) is contained in pAnn 4(Z).
(iv) Let e be a primitive central idempotent of A. Then the ideal e - Fit% (Z) vanishes if rr a.(e -
Zp) > a-1T4.(Ae).
(v) For any surjective homomorphism of R-orders o : A — B there is an inclusion o(Fit%(Z)) C
Fitg(B®u, Z).
(vi) For any surjective homomorphism of A-modules Z — Z' there is an inclusion Fit%(Z) C
Fit% (Z").
(vii) If A is commutative, then Fit%(Z) is equal to the a-th Fitting ideal of the A-module Z, as
discussed by Northcott in [25, §3].

Proof. Claims (i), (ii) and (v) follow directly from the corresponding results in Lemma 3.15 and (vi)
from the nature of the sum in Definition 3.17.

In addition, since R-modules of the form Fit%(Z) and pAnn 4(Z) are both finitely generated and
torsion-free, the remaining claims can all be proved after localizing at each prime ideal p of R. In
the sequel we shall therefore assume (without explicit comment) that R is local. We also then fix
a free presentation II of a finitely generated .A-module Z of the form (3.3.2) (with X = Z) and set
r:=rg and 1’ =1y

Claim (iii) is quickly reduced to proving that if IT is quadratic, so that ' = r, then for any given
element a of §(A) the product a - Nrd 4 (M) belongs to ((A) and annihilates Z.

We set M := Mp. Then claims (i) and (iv) of Lemma 3.7 combine to imply a - Nrd 4 (M) belongs
to ((A) and so it suffices to prove this element annihilates Z. To do this we follow an argument
used by Nickel to prove [24, Th. 4.2].

Specifically, it is enough to show that for every element y of A" the product

a-Nrda(M)-y=a- MM*(y) = M(a- M*(y))

belongs to im(frr), where the matrix M* is as defined in (3.1.1). This is in turn a direct consequence
of the fact that the definition of §(.A) ensures a- M* belongs to M, .(A) and hence that M (a-M*(y))
belongs to im(6).

To prove (iv) we set m :=rr4.(Ae). Then it is enough to prove that for any non-negative integer
a one has e - Fit% (II) = 0 whenever rra.(e - Zp) > a - m.

To show this we let M denote any matrix obtained from My by replacing at most a of its columns
by arbitrary elements of A. We set d := rq, fix a d x d submatrix N of M (so that N is a typical
matrix of the set G*(Myr)) and write Ny for the corresponding submatrix of M.

We fix a splitting field ' for Ae and an isomorphism of algebras of the form Ae ®¢(4) £ =
M, m (E). This isomorphism induces a map ¢ : Mg q(A) = Mam,am(E) and e - Fit% (II) is, by its
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definition, generated over £(A) by the determinants of all matrices of the form «(N). In addition, it
is clear that

rank(:(N)) < rank(¢(Nn)) +a-m < (d-m —rrac(e- Zp)) +a-m.
Hence, if rrac(e - Zp) > a - m, then rank(¢(N)) < d - m and so det(¢(N)) = 0, as required to prove

(iv).

Finally, to prove (vii), we assume A is commutative and note that Fit%(II) is generated over A
by elements of the form det(N) where N is an r X 7 matrix, at least 7 — a columns of which coincide
with the columns of an r X r submatrix of M.

The Laplace expansion of det(N) therefore shows that it is contained in the ideal of A generated
by the set of (r — a) x (r — a) minors of My. Thus, since the latter ideal is, by definition, equal to
Fit%(Z) one has Fit% (II) C Fit% (Z).

To prove the reverse inclusion it suffices to show that for each (r — a) x (r — a) submatrix N of
M the term det(N) belongs to Fit% (II).

For any natural number n and any non-negative integer ¢ we write [n]; for the set of subsets of
{1,2,...,n} that are of cardinality min{¢,n}.

Then we assume that N is obtained by first deleting from My the columns corresponding to a
subset J = {i1,49,...,4q} of [r], with ¢} < i3 < -+ < 44, and then taking the rows corresponding
to an element J; of [r'],_,. We choose an element J] of [r'], that contains .J;, label the elements of
JI\ Jias k1 < ko < --- < k, and then define an element (¢;)1<i<q of HomA(A’“',A)“ by setting
©i(b;) = &1, for each j with 1 < j <7’

Then an explicit computation shows that, with these choices, the determinant of the matrix
M (J, ) defined in (3.3.1) is equal to det(N) and hence implies that det(/N) belongs to Fit% (II),
as required. O

3.4.2. In the sequel we write M for the transpose of a matrix M.

Then an alternative theory of Fitting invariants is obtained if one replaces the matrices M (J, )
in (3.3.1) by M¥(J, )" (or equivalently, one substitutes rows, rather than columns, of the matrix
M by elements of im(y,)).

The same arguments as above show that the corresponding families of ideals, which we denote
by Fit'y(IT) and Fit'y*(Z), validate the natural analogues of Lemma 3.15, Proposition 3.16 and
Theorem 3.20. In addition, for certain orders A a precise connection between the two theories is
established in Lemma 3.23 below.

3.4.3. Let I be a finite group. In this section we discuss a construction of presentations for modules
over the Gorenstein order A = R[I']. The observations made here will be useful in later arithmetic
applications.

Definition 3.21. If I is a locally-free presentation of an R[['|-module X (as described in §3.3.3),
then the ‘transpose’ II'" of I is the locally-free presentation of the R[[']-module cok(Homg (611, R))
that is given by the following data:

e the exact sequence of R[I'J-modules

(IT*")**9 : Hompg (P, R) Homn (0n,B), Hompg(P', R) — cok(Hompg (611, R)) — 0,

where the linear duals are endowed with the contragredient action of T';
e for each prime p the composite isomorphisms

Hompg (P, R)(py = Homp (R[[]™*R01F) R) () = Ry [[]Hr (P)

and
Hompg(P', R)(p) = Homp(R[[]*rm ) R) () & Ry, [[]krm (P
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where the first maps are respectively induced by the R(,-linear duals of i1, and Lhyp and
the second by the standard isomorphism Hompg (R[], R) & R[I'].

Remark 3.22. It is clear II'" is locally-quadratic if and only if II is locally-quadratic. In addition,
since Hompg(Hompg (011, R), R) identifies naturally with 6y, there exists a choice of isomorphism of
R[I']-modules cok(fy;) = X that induces an identification of (IT*")* with II.

Before stating the next result, we recall that the Wedderburn decomposition of C,[I'] induces an
identification

C(Cp[I]) = Hwelrp(r)(cp; G

where Ir,(T) is the set of irreducible Cp-valued characters of I'. We then write z + x# for the
C,-linear involution of {(C,[I']) with the property that for all € ((Cp[I']) and ¢ € Ir,(I") one has
(z#)y = x5, where ¢ is the contragredient of 3.

Lemma 3.23. Assume R is contained in C,. Then, if Il is a locally-quadratic presentation of
R[T]-modules, for every non-negative integer a one has

Fityiy (1) = Fitgpy (ID*.

Proof. We write 14 for the Cp-linear anti-involution of C,[I'] that inverts elements of I', and note
that 1y (z) = 2# for all z € ((C,[I).

For M in Mg(R[I']) we write t4(M) for the matrix in My(R[I']) obtained by applying ¢4 to all
components of M. It is then easily checked that for M in My(R[I']) one has

(3.4.1) Nrd piry (14 (M) = Nrd gy (14 (M) = Nrd gy (M)*.

Now, after localizing at each prime ideal of R, it is enough to prove the claimed equality in the case
that II is a quadratic presentation. To consider this case we fix a homomorphism of R[[']-modules
6 : R[['¢ — R[4 and write My for its matrix with respect to the standard basis of R[[']¢. Then
the matrix of Homg (6, R) with respect to the standard (dual) bases of Hompg(R[T]%, R) is equal to
1 (MF). Tt follows that Fitgh‘f] (IT*") is equal to the £(R[I])-ideal that is generated by the elements

Nrd iy (e (M) (1, 0)) = Nedeqry (1 (Mo (J, %)) = (Nrdoqry (Mo (1, %)) *

as J runs over tuples {i1,do,...,%;} witht <aand 1 < i <iz <--- < < d, and ¢ = (¢;)1<i<t
over Hompgr(R[I]4, R[['])!. Here we write ¢* for the tuple (14 o ¢;)1<i<t, so the first equality is
clear and the second follows from (3.4.1).

In particular, since the second equality in (3.4.1) implies that &(R[[]) = &(R[[])#, to deduce
the claimed result from the last displayed equality, it is enough to recall the explicit definition of
Fitfr (IT) and note that {¢# : ¢ € Hompgrj(R[']?, R[[])'} = Hompgr) (R[4, R[T)". O

Remark 3.24. The above argument has shown that ¢(R[[']) = £(R[['])#. In a similar way, since the
defining equality (3.1.1) implies (¢4(M))* = 14 (M*) for every M in M4(R[I']), one has §(R[[]) =
S(R[T))#. In particular, if Z is an R[[]-module, then the last equality combines with the exactness
of Pontryagin duality to imply that, with respect to the contragredient action of R[] on ZV =
Hompg(Z, F/R), one has pAnngr(ZY) = pAnnR[F](Z)#.

4. REDUCED EXTERIOR POWERS

In this section we discuss the basic properties of an explicit construction of ‘exterior powers’ over
semisimple rings.
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4.1. Exterior powers over commutative rings. We first quickly review relevant aspects of the
classical theory of exterior powers over commutative rings.

Let R be a commutative ring, and M be an R-module. Then an element f € Hompg(M, R)
induces, for every natural number r, a homomorphism of R-modules

T r—1
/\RMH/\R M, miN---Am, }—)Z z+1f ml)ml/\ SAM_1 AMygr A s Ay,

which, for convenience, will also often be denoted by f. By using this construction, we define for
natural numbers r and s with r» > s, a pairing:

A M x \, Homr(M.R) — /\ M (m NS (NS m) = (feo 0 fi)(m).
(For clarity, we stress that in the composmon ‘fso---of1’ each f; is regarded in the manner described
above as a map A T M — N}y M).

We shall also use the following convenient notation: for any natural numbers r and s with s < r
we write [Z] for the subset of S, comprising permutations o which satisfy both

o(l)<---<o(s) and o(s+1)<---<oa(r).
(This notation is motivated by the fact that the cardinality of [7] is the binomial coefficient (7).)
We can now record two results that play an important role in the sequel.

Lemma 4.1. If s <r, then for all subsets {f;}1<i<s of Homg(M, R) and {m;}1<;<, of M one has
(NZ3 ) (N Zhmy) = ZUE[:]SgH(J) det(fi(me(j)))1<ij<sMo(s+1) A A Mg ().
In particular, if r = s, then we have
(NZE£)(NZimy) = det(fi(mj))1<ij<r-
Proof. This is verified by means of an easy and explicit computation. O

Lemma 4.2 ([4, Lem. 4.2]). Let E be a field and W an n-dimensional E-vector space. Fiz a
non-negative integer m with m < n and a subset {p;}1<i<m of Homg(W, E). Then the E-linear
map ® = @ pi : W — E®™ is such that

n n—m Ng "ker(®), if ® is surjective,
m(A\i<i<m®@i : W — W) =
( 1sism® /\E /\E ) {0’ otherwise.

4.2. Reduced exterior powers over semisimple rings. In this subsection, we define a notion
of exterior powers for finitely generated modules over semsimple rings.

The underlying idea is as follows. If A is a non-commutative ring for which there exists a functor
® from the category of A-modules to the category of modules over some commutative ring €2 that
gives an equivalence of the categories, then the exterior power of a A-module M should be defined
via a suitable exterior power of the Q-module ®(M). (In our case, we shall take ® to be the Morita
functor defined at the end of §2.1.1.)

4.2.1. Let K be a field of characteristic zero and A a finite-dimensional simple K-algebra.

Definition 4.3. Take a splitting field F of A, set Ap := A®¢(4) F and fix a simple Ag-module V.
Then for each A-module M and each non-negative integer r, we define the ‘r-th reduced exterior
power’ of M over A to be the E-vector space

N M = /\Z(V* ®4p, Mg),

where d := dimg(V), Mg := M ®¢(4) E, and V* := Homg(V, E).
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Remark 4.4. If A is commutative, and hence a field, then our convention will always be to take
E, and hence also V, to be A so that the above definition coincides with the standard r-th exterior
power of M as an A-module. In the general case, whilst our chosen notation A’y M suppresses the
dependence of the definition on the splitting field E and simple Ag-module V we feel that this
should not lead to confusion. Firstly, for a fixed F, all simple Ag-modules V' are isomorphic and
so lead to isomorphic reduced exterior powers. In addition, each K-embedding of splitting fields
o : E — E’ induces a canonical isomorphism E’ ®g , A’y M = A’y M where the exterior powers are
respectively defined via the pairs (E,V) and (E',E' ®g V). Aside from this, one can also define
A4 M with respect to a ‘canonical’ choice of splitting field E as in Remark 2.1 (and see also Remark
4.9 below in this regard).

Remark 4.5. Reduced exterior powers are functorial in the following sense. Any homomorphism
of A-modules 6 : M — M’ induces for each natural number r a homomorphism of E-modules

N M= NV @, Mg) L0 N ey = A
AT T 1 \g Ap NE E Ap E) = [\

4.2.2. To make analogous constructions for linear duals we use the fact that Hom4 (M, A) has a
natural structure as (left) A°P-module. In particular, since V* is a simple A%’-module and V**
is canonically isomorphic to V, the r-th reduced exterior power (in the sense of Definition 4.3) of
Hom 4 (M, A) is equal to

r rd
/\Aop Hom, (M, A) = /\E (V @400 Homa, (Mg, Ag)).
The natural isomorphism
V ® go0 Homa, (Mg, Ap) S Homg(V* @4, Mg, E); v® f— (v*@m e v*(f(m)v))
therefore induces a composite identification
rd "
/\ Homy (M, A) /\ Homp(V* @4, Mg, E) = /\E Home(a)(V* @4, Mp,((A)),

with the last identification induced by the trace map E — ((A). By using this identification, the
construction discussed in §4.1 applies to the E-vector space V* ® 4, Mg to give a pairing

(4.2.1) /\AM X /\Aop Hom (M, A) — /\A M.
We shall denote the image under this pairing of a pair (m, ¢) by ¢(m).

4.2.3. We now fix an ordered E-basis {v;}1<;<q of V and write {v} }1<;<q for the corresponding dual
basis of V*.
For any subsets {m;}1<i<, of M and {¢; }1<i<, of Homa (M, A) we then set

rd r
(4.2.2) /\z 1mz = /\1<z<r</\1<J<dv ®ml) S /\E (V* RAg ME) = /\AM
and
(4.2.3) /\izq(pl = /\lgigr</\1§j§d7}j ® ;) € /\Aop Homy (M, A),

where m; and ¢; are regarded as elements of Mg and Homy , (Mg, Ag) in the obvious way.

Lemma 4.6. Let M be a finitely generated A-module. Then the E-spaces Ny M and \'yo, Hom (M, A)
are respectively spanned by the sets {\i=7m; : m; € M} and {\i=7p; : p; € Homa (M, A)}.
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Proof. We only prove the claim for M since exactly the same argument works for Hom4 (M, A)
(after replacing A by A°P). Then, since there exists a surjective homomorphism of A-modules of the
form A* — M (for any large enough t) it is enough to prove the claim in the case that M is free of
rank t.

In this case, if we fix an A-basis {b;}1<i<¢ of M, then the E-space V* ®4, Mg has as a basis
the set {z;; := Ui ® biti<j<ai<i<t and so Ay M is generated over E by the exterior powers of all
rd-tuples of distinct elements in this set. It is thus enough to show that for any d distinct elements
X = {&i,j, J1<k<a of the above set, there exists an element mx of Mg with /\Zi‘f(v; ®@myx) =
:l:/\llziilxikjk :

To do this we set X, := {;,, : ix = ¢} and n. := | X,| for each index ¢ with 1 < ¢ <t. We also
set Y := {v} }1<i<q. We order the indices ¢ for which n, # 0 as ¢1 < ¢2 < -+ < ¢, (for a suitable
integer s) and for each integer ¢ with 0 < ¢ < s we set Ny := Z;jncj (so that Ny = 0 and N, = d).

For each index k we then choose a., to be an element of Ar whose image under the canonical
isomorphism Ag = Endg(V*)(2 M4(E)) maps the elements {v} : Ny_1 < i < N} to the (N —
Ni_1 = n., distinct) elements v; that occur as the first components of the elements in X., and
maps the remaining d — n., elements of Y to zero. It is then straightforward to check the element
mx = Z]chzck - b, of Mg is such that

k=
N1y @mx) =AY
== /\ﬁj (/\Nk—l <y<Ny (UZack ® bck))

_ k=d
= £ Ap=1%ipjis

s
*
1vyack ® bck)

as required. 0O

Remark 4.7. If A is commutative, then our convention is that £ =V = A (see Remark 4.4). In
particular, in this case d = 1 and we will always take the basis {v;} fixed above to comprise the
identity element of A so that the elements defined in (4.2.2) and (4.2.3) coincide with the classical
definition of exterior products.

4.2.4. We assume now that A is a semisimple ring, with Wedderburn decomposition (2.2.1).

In this case, each finitely generated A-module M decomposes as a direct sum M = P, ; M; where
each summand M; := A; ® 4 M is a finitely generated A;-module. For any non-negative integer r,
we then define the r-th reduced exterior power of the A-module M by setting

NM =@ N, (A oat)

where each component exterior power in the direct sum is defined with respect to a given choice
of splitting field E; for A; over ((A;) and a given choice of simple E; ®¢(4,) A;-module V;. The
associated reduced exterior power A\'y., Homa (M, A) is defined in a similar way.

We refer to the direct product
(4.2.4) E=][ B
as a ‘splitting algebra’ for A and note that A", M and Ay, Homa (M, A) are both modules over
E. Whilst these constructions clearly depend on the choice of splitting algebra, the following result
shows that they behave functorially under scalar extension.

Lemma 4.8. For any extension K' of K there exists an injective homomorphism from N M to
/\Zl@KK’(M K K/)-
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Proof. We can assume, without loss of generality, that A is simple. We then set F' := ((A) and
A =A@k K’ and M' := M ®k K'. We assume A\, M is defined by using an algebraic extension
E of F in K¢ and a simple Ag-module V', and we set d = dimg (V). We also use the notation of
Lemma 2.2. In particular, we write  for an algebraic closure of K’.

For each ¢ in X(F/K, K’') we fix a K-embedding & of F into 2 that extends o. Then the field
E, := o(E)K’ splits the simple ring A ®p o(F)K'. In addition, V,, :=V ®g E, is a simple module
over Ap, = A®F E, and so, by Lemma 2.2 and the definition of reduced exterior powers, one has

r rd
/\A’M/ - 69aeE(F/K,K')/\E (Vo @45, ME,),

with ]\4}3‘(7 =M QF EO"
For each o € X(F/K, K'), there is a canonical embedding

V* ®AE ME — V: ®AEU MEU'

This induces an embedding
rd rd
foi \p (V" @ap M) = \T° (Vi @4, M)

and we define the required scalar extension

s

r _ rd « rd . B ,
/\AM o /\E (V ®AE ME) - @UEE(F/K,K’)/\EU (VU ®AEU ME") - /\A/M
to be the tuple @, f5. O

Upon combining the duality pairings (4.2.1) for each simple component A; of A one obtains a
duality pairing

(4.2.5) N Mx N\ Homa(M,4) > N M

that we continue to denote by (m, @) — p(m).
For each subset of elements {mg }1<qo<r of M and {pg}1<q<r of Hom4 (M, A) we also set

(4.2.6) NaZ1Mq := (N<a<rMai)icr € /\AM
and
_ T
(4.2.7) NaZipa = (M<azr@ailier € [\, Homa(M, A),

where mg; and @g; are the projection of m, and ¢, to M; and Homy, (M;, A;) and the component
exterior powers are defined (via (4.2.2) and (4.2.3)) with respect to a fixed ordered E;-basis of V;
(and its dual basis).

Remark 4.9. In each simple component of A that is commutative, we will always fix conventions
regarding the bases used in (4.2.6) and (4.2.7) as in Remark 4.7. In addition, for the non-commutative
algebras that arise in the arithmetic settings that are considered in later sections, the specification
of a splitting field for A, of a simple Ag-module V' and of an ordered E-basis of V' arises naturally
in the following way.

Let G be a finite group of exponent e and write £ for the field generated over Q, by a primitive
e-th root of unity and Ir, (G) for the set of irreducible Qg-valued characters of G. Then, by a classical
result of Brauer [2], for each x in Ir,(G) there exists a representation

Px - G — GLX(l)(E)
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of character x. The induced homomorphisms of E-algebras p, . : E[G] = M,(1)(E) combine to give

an isomorphism
(Px.)x
E[G) B, HXGHP(G)MX(I)(E).

This decomposition shows FE is a splitting field for Q,[G], that the spaces V, := EX() | considered as
the first columns of the component M, (1)(E), are a set of representatives of the simple E[G]-modules

and that one can specify the standard basis of EX(!) to be the ordered basis of Vy. In this way,
the specification of a representation p, for each x in Ir,(G) leads to a canonical choice of the data
necessary to define reduced exterior powers.

4.3. Basic properties. In this section we record several useful technical properties of the reduced
exterior powers defined above.

Lemma 4.10. Let A be a semisimple ring and W an A-module. Then for all subsets {w;}1<i<r of
W and {¢;}1<j<r of Hom (W, A) one has
(NZ1en) (A Zw;) = Nrdy, (aer) (03 (w5))1<i,j<r)-
Proof. We may assume that A is simple (and use the notation of Definition 4.3) so that there is a
canonical isomorphism Ag := A ®¢4) £ = Endg(V). In particular, after fixing an ordered E-basis
{vit1<i<q of V, we can identify Ag with the matrix ring My(E).
Then the definitions (4.2.2) and (4.2.3) combine to imply
(ANZTi) (NZTw;) = (M<i<r(M<j<av; ® 93)) (AM<icr(M<j<at) ® i),

Next we note that the element (vy ® ;) (v}, ® w;) = v}, (pi(w;)vir) of E is equal to the (j',7')-
component of the matrix ¢;(w;) € A C My(E). Hence, writing *¢;(w;) for the transpose of ¢;(w;) €
M, (FE) and regarding (*¢;(w;))1<i j<r as a matrix in M,4(E), Lemma 4.1 implies that

(NZTei) (N ZTwy) = det(“oi(w;))1<i j<r-

It is therefore enough to note that the last expression is equal to Nrdyy, (aee) ((¢i(w;))1<i j<r) by the
definition of reduced norm. O

Remark 4.11. Lemma 4.10 implies (/\i{g@i)(/\gz;wj) belongs to ((A). It also shows that this
value is independent of the choice of ordered bases of simple modules that are used (in §4.2.3) to
normalise the contruction of reduced exterior powers, and hence only depends on the given elements
wy, ..., w, and homomorphisms @1, ..., ;.

Lemma 4.12. Let A be a semisimple ring and W a free A-module of rank r. Then there is a
canonical isomorphism of ((A)-modules

o J\ ., Homa(W, 4) = Home ) (/\ | W,¢(4))
with the following property: for any A-basis {b;}1<i<, of W one has
o (NI (M) = 1,
where for each index i we write b} for the element of Hom (W, A) that is dual to b;.

Proof. If we define reduced exterior powers with respect to the splitting algebra E for A, then the
given hypothesis on W implies that the pairing (4.2.5) with s = r induces a homomorphism of free
rank one F-modules

o s ., Homa (W, 4) = Home ay (A W, ().
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Both the bijectivity of this homomorphism and the equality Lw(/\gifbf)(/\gz;bj) = 1 follow
directly from Lemma 4.10. (]

Lemma 4.13. Let A be a semisimple ring and W a free A-module of rank r. Fiz an A-basis
{bi}1<i<r of W. Then for each ¢ in Enda(W) one has

NiZi(bi) = Nrdgna ,(w) (9) - (AiZ1b) € /\AW-
Proof. The algebra isomorphism

Ends (W) = M,.(A°P); ¢ — (b7 (¥(b;)))1<ij<r

implies that
Nrdgga, (w) (@) = Nrdw, (a0e) (67 (0(b5)))1<i,5<r)-
By applying Lemma 4.10, one therefore has

(NZ16) (A Z10(65) = Nedpna, (w) (9)-

This in turn implies the claimed equality since one also has (/\ji{bj‘)(/\iiqu) =1 as a consequence
of Lemma 4.10. O

Finally we establish a useful non-commutative generalization of Lemma 4.2.

Lemma 4.14. Let A be a semisimple ring and W a free A-module of rank r. For a natural number
s with s <r and a subset {p;}1<i<s of Homa (W, A) consider the map

— i=s . Ds
@._@i:ﬁpl.W%A .
Then the image of the map
/\AW - /\A Wi b= (Mi<icsi) (b)

is contained in /\TA_S ker(®). In addition, if A is simple and ® is surjective, respectively not surjective,
then the image of this map is equal to \'y °ker(®), respectively vanishes.

Proof. We can assume, without loss of generality, that A is simple (and then use the notation of
Definition 4.3). Then, by Morita equivalence, the kernel of the induced E-linear map

Py = @':1(id R @)V @4, Wi — (V)5
is equal to V* ® 4,, ker(®) g and ®; is surjective if and only if ® is surjective.

We write {v; }1<;<q for the ordered basis of V' with respect to which the exterior product A1<i<s¢;
is defined (in (4.2.3)) and consider the E-linear map

i=s j=d N s
Py 1= @i:l(@jzlvj ® i) V*@a, Wy — E® d,

Then it is clear that ker(®2) = ker(®1) = V* ® 4, ker(®) g and that ®s is surjective if and only
if @4 is surjective, and hence if and only if the given map & is surjective.

Given these facts, and the explicit definition of the reduced exterior power A’; " ker(®), the
claimed results follow directly upon applying Lemma 4.2 with the data W,n,m and ® respectively
replaced by V* ® 4, Wg, dr, ds and the above map ®,. O
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4.4. Integral structures. In this subsection we assume to be given a Dedekind domain R whose
fraction field F is a finite extension of either Q or @, for some prime p. We also assume to be given
an R-order A that spans a (finite-dimensional) semisimple F-algebra A. We fix a non-negative
integer 7.

For each A-module M, we shall define, and establish the basic properties of, a canonical integral
&(A)-structure on the r-th reduced exterior power of F @ M over A. This structure will then play
a key role in subsequent sections.

For an A-module M we write M* for the (left) A°P-module Hom 4(M,.A) and My for the A-
module F ®gr M.

4.4.1. We now fix a splitting algebra F = [I;c;Ei for A as in (4.2.4) and normalise the definition
of reduced exterior products as in (4.2.6) and (4.2.7). The obvious generalization of the notion of
exterior powers over commutative rings is then as follows.

Definition 4.15. The r-th reduced exterior power \'yM of an A-module M is the £(.A)-submodule
of \"yMp that is generated by the set {Ai=im; : m; € M}.

Lemma 4.16. Let M be a finitely generated A-module. Then the &(A)-module N(M is finitely
generated and spans \'yMr over E.

Proof. The finite generation of /\TAM follows directly from the stronger result of Theorem 4.19(ii)
below (and so, for brevity, will not be justified here). To prove the second assertion we note that,
after choosing a surjective homomorphism of A-modules of the form A¢ — M (for any suitable
natural number d), it is enough to prove the claimed result for the module M = A¢. To do this, we
write A for the split central E-algebra E R¢(a) A

Then the result of Lemma 4.6 (for each simple component of A) reduces us to showing that for

any subset {m;}lgjgr of A? there exists a subset {m;}1<i<r of A4 and an element z of F such that
NZImy =z - NiZjm. ) ]

To prove this we choose, as we may, a free A-submodule X of A? that has rank r and contains
{m’}1<j<r. It follows that XNA%is a free A-module of rank 7 and so we can choose a basis {m; }1<i<,
of it that is contained in A%. Then {m;}1<i<r is an A-basis of X and, writing A for the A-module

endomorphism of X that sends each element m; to m/;, Lemma 4.13 implies /\ij{mg =z (AZTm;)

with # = Nrdgaq ; (x)(A) € E, as required. O

The reduced exterior power A’y M provides an integral &(A)-structure on Ay Mp and, with the
convention of Remark 4.7, coincides with the classical notion of exterior power in the case that A is
commutative. In general, however, it depends on the chosen normalization of the exterior product
(4.2.6) and hence on a choice of bases of simple A-modules (though we suppress this fact from the
notation). To obtain an integral structure that is independent of such choices, we note that the
pairing (4.2.5) (with s = ) induces well-defined homomorphisms of E-modules

LR’/}F : /\AMF — HomE(/\AOpM}S,E) and LR}?F : /\AOPM} — HomE(/\AMF,E).
Definition 4.17. The r-th reduced Rubin lattice of the A-module M is the full-preimage
T 11 r «
(LM = ()~ (Homeay (\ |, M7, €(A)))

under LR}}F of the £(A)-module Homg(a)y(Ayon M*,E(A)).
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Remark 4.18. More explicitly, the above definition implies that
(4.4.1) ﬂAM ={a€ /\AMF D (NET i) (a) € E(A) for all @y, ..., 0, € M*}.

This description implies the existence of natural homomorphism of £(.A)-modules

() M — Home (L;fp (/\;OPM*),g(A)) L aes (@ e O(a)).

If A is commutative, then {(A) = A (by Lemma 3.2(iii)) and, with respect to the conventions fixed
in Remark 4.7, this map induces a canonical isomorphism of A-modules

(4.4.2) () M = Hom (/\AM A)

(see [6, Prop. A.7]). Modules of the latter form were first considered (in the setting of group rings of
abelian groups) by Rubin in [28] in order to formulate refined versions of Stark’s Conjecture. These
lattices are in turn a special case of the formalism of ‘exterior power biduals’ that has subsequently
played a key role in the theory of higher rank Euler, Kolyvagin and Stark systems that is developed
by Sakamoto and the present authors in [5].

The basic properties of reduced Rubin lattices in the general case are recorded in the following
result. We note, in particular, that this result verifies ﬂTAM provides an integral £(.A)-structure on
NyMp that is both functorially well-behaved and independent, in a natural sense, of the chosen
normalisation of reduced exterior products.

Theorem 4.19. For each finitely generated A-module M and each non-negative integer r the fol-
lowing claims are valid.
(i) If r =0, then ([} M = &(A).
(ii) The &(A)-module ;M contains Ny M, is both finitely generated and torsion-free over R
and spans \'yMp over E. It is also independent, in a natural sense, of the choice of bases
(of the simple modules V') that occur in the definition (4.2.3) of exterior powers over each
simple component of A.
(iil) For every prime ideal p of R one has (ﬂ;M)(p) = ﬂ;(p)M(p). Hence one has

mAM - mpESPeC(R) (mA(p)M(p)) -

(iv) For each map of finitely generated A-modules v : M — M’, there exists an induced map
of C(A)-modules o} p : NyMp — NyMp that restricts to give a map of &(A)-modules
o M — M. If o is injective, then so are i . and ij. If v is injective and, in
addition, the group Exti\(cok(L),.A) vanishes, then one has
' (ﬂAM> =i p (/\AMF) N ﬂAM’.
(v) Let s be a natural number with s < r and {@;}1<i<s a subset of Hom4 (M, A). Then the
map
T T—S8
/\AMF — /\A Mp;  x (Ai<ics@i)(T)
sends (", M into )y *M.

(vi) If M is a free A-module of rank d with d > r, then for any choice of basis b = {b; }1<j<aq of
M there is a natural split surjective homomorphism of £(A)-modules

O () M~ D, -

This homomorphism is bijective if and only if either A is commutative or r = d.
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(vii) Assume that A =M, (B) for a natural number n and commutative R-order B. Then §(A) =
B and, for any finitely generated A-module M, one has both

/\AMF = /\BF(B” @4 Mp) and ﬂ M= ﬂ (B" @4 M),
where B™ denotes the right A-module comprising row vectors of length n over B.

Proof. We fix a Wedderburn decomposition (2.2.1) of A and assume throughout this argument that
reduced exterior powers are defined with respect to the splitting algebra E =[], F; fixed above.

Then, to prove (i), we note that L?\}IIF is the identify function on the algebra E = /\%M r =
/\?MPM;. We also note that, by convention, the exterior power of the empty subset of M* is
the identity element of E and hence that /\?40p M* = ¢(A). Claim (i) is therefore true since, in
Homg(E,E) = E, one has

Home ) ([, M*£(A)) = Home ) (€(A), £(A)) = £(A).

Given this result, we can assume in the rest of the proof that r > 0.
It is convenient to prove (iv) next. To do this we note the existence of a homomorphism of ((A)-
modules ¢} 5 of the stated form is a consequence of the fact that for every simple Ag-module V' the

given map ¢ induces a homomorphism of E-vector spaces ¢i, : /\T (V*®@a, Mg) — /\E (V*®ua, Mp).
We note further that if ¢ is injective, then each map ¢}, is injective (as the algebra Ag is semisimple)
and so ¢} r is also injective, as claimed.

We write * : (M')* — M* for the homomorphism of A°P-modules that is induced by ¢. Then
(") (m) = ¢'(1(m)) for every ¢’ € (M')* and m € M, and so Lemmas 4.10 and 4.16 combine to
imply that, for every « in (), M and subset {¢]}1<i<, of (M')*, one has

(4.4.3) (N2 (e p(2) = NZT( () (@).

These equalities imply ¢ z(x) € (), M’ for all z € (), M, and hence that ¢} . restricts to give a map
of {(A)-modules ¢} : N,M — N, M’. In addition, if ¢ is injective, then the functor Hom4(—,.A)
applies to the tautological exact sequence 0 — M = M’ — cok(t) — 0 to give an exact sequence

(M")* LM Ext (cok(s), A).

In particular, if ExtY(cok(:),.A) also vanishes, then ¢* is surjective and so the final assertion of (iv)
is a consequence of the equalities (4.4.3).

Turning now to (i), the inclusion A"y M C ;M follows directly upon comparing Definition
4.15 with the description (4.4.1) of ;M and the explicit formula in Lemma 4.10. In view of
Lemma 4.16, this inclusion proves that (\,M spans A, M over E. It is also clear that ;M is
R-torsion-free and to prove it is finitely generated we observe there exists a natural number d and
an injective homomorphism of A-modules from the quotient My of M by its R-torsion submodule
to A% To justify this we note that the semisimplicity of A implies the existence, for any large
enough d, of an injective homomorphism of A-modules ¢/ : Mp — A?%. Hence, since My is a finitely

generated R-submodule of Mp, there exists a non-zero element = of R such that the composite

homomorphism My € Mp — A4 =% A4 factors through the inclusion A% C A4 and so gives an

injective homomorphism ¢ : My — A% of the required form.

Upon applying (iv) to ¢ one sees that it is therefore enough to prove the finite generation of
NuM = Ny M in the case M = A In this case, Lemma 4.12 reduces us to showing that
Nliop Hom 4 (A%, A) is the E-linear span of elements of the form A=Zrp; as ; ranges over (A4)* and
this follows from Lemma 4.16 (with A and M taken to be AP and (AY)* respectively).
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To (make precise and) prove the second assertion of (ii) we assume A is simple, with splitting
field £, and that {by }v is an alternative choice of ordered E-bases of the simple Ap-modules V.
We write 7 for the automorphism of the ((Ag)-module A’y Mp that sends each element AJZ{m; to

/N\;ij, where each m; belongs to M and A indicates that the exterior power is defined with respect
to the bases {by }v. Then, writing ﬁTAM for the reduced Rubin lattice defined using exterior powers
with respect to {by }v, Remark 4.11 implies that 7(,M) = ﬂTAM, as required to complete the
proof of (ii).

We note next that M™ is contained in M7, = Homy,,, (M(py, A(py) for each prime ideal p of R.
In particular, since {(A)p) = £(A(p)) (by Lemma 3.2(ii)) it is easily seen that (ﬂTAM)(p) contains
ﬂTA(p)M(p)'

To show the reverse inclusion we fix an element a of (ﬂTAM)(p), a subset {¢;}1<;j<r of maps in
Hom 4, (M(p), A(p)) = Hom (M, A)(,) and an element z of RN RE;) such that each z - ¢, belongs
to Hom 4 (M, A). Then one has

(Nj=1#5)(a) = Nrda(z™") - (AjZ1 (2 - 95))(a) € Nrda(z) ™" - §(A)p) = &(A) (p)-
Here the first equality follows directly from the explicit definition (4.2.7) of reduced exterior powers,
the containment is valid since a € (ﬂfAM)(p) and the last equality since Nrds(z) is a unit of
E(Agpy) = E(A)(p)- This shows ﬂ;\(p)]\/[(p) contains (ﬂ;‘M)(p) and hence completes the proof that
ﬂTA(P)M(p) = (M4M) - Given this, the displayed equality in (iii) then follows directly from the
general result of [8, Prop. (4.21)(vi)].

Next we note that (v) is true because the definition of the lattice ()M ensures that for any
subset {;}1<j<,—s of M* and any  in (), M one has

(Mgjcr—s¥5) (M<icspi) (@) = ((M<i<api) A (Mgj<r—s0;)) (2) € §(A).
To prove (vi) we define ), to be the map of £(A)-modules that satisfies

Ob() = (NZ503) (@) e[

for all « in ;M. We also write 6 for the map of £(A)-modules @Ue[d]€<A) — N4 M which
satisfies

r

05((co)s) = Zae[

for all (¢y)s in @Ue[d]g(A). Then Lemma 4.10 implies that (/\gqu;(j))(/\ﬁjbﬂi)) = §,, for all o
and 7 in [?] and so the composite 6, o 0} is the identity on @ae[d]g(A). This shows that 6} is a
section to 8, as required.

Next we note that if A is commutative, then (\,M = A,M (as M is free) and {(A) = A and
using these equalities it is easily seen that 6, is an isomorphism.

To complete the proof of (vi) it is therefore enough to fix a primitive central idempotent e of A
for which eA is not commutative and to show that e(F ®p ker(6;)) vanishes if and only if r = d.

We fix a splitting field for Ae and a simple £ ®¢(4). Ae module V. We set n := dim(V) so
that n > 1. Then V* ®4, Mg is an E-vector space of dimension nd and so e(ﬂrAM) spans an

d] Co - /\22{ o (1)

E-vector space of dimension (Zf) Since e(@ge[d]g (A)) spans an E-vector space of dimension (‘:)

it is therefore enough to show that (Zf) is equal to (f) if and only if r = d and we leave this as an
exercise for the reader.



25

Turning to (vii), we note that the algebra B := Bp is a finite direct product [[,.,F; of finite
degree field extensions F; of F'. Then, for any natural number m, the induced algebra decomposition

Mm(A) % an(B) ; HieIan<Fi)

implies that, for every N in M,,(A), one has Nrd4(N) = det(§(N)) € B. In particular, since
0(M,,(A)) = My (B), one has £(A) = B.

In a similar way, for any finitely generated .A-module M the claimed description of A’y M follows
directly from the explicit definition of reduced exterior powers (via Definition 4.3 for each simple
component A; of A and with the respective splitting fields F taken to be F;) and the fact that, for
each index i, F[ is a simple right M,, (F;)-module.

Finally, we note that Morita equivalence gives an isomorphism of B-modules

Homy (M, A) 2 Homg(B" ® 4 M,B") = Homg(B" ® 4 M, B)"

in which the second map is induced by the standard basis of the B-module B". Given this isomor-
phism, the claimed description of ﬂ;‘M follows directly from the given description of A’y Mp and
the explicit definition (via (4.2.3) and (4.2.7)) of the reduced exterior products A=7¢p; of elements
@; of M*. This completes the proof of (vii). |

Remark 4.20. Orders of the form discussed in Theorem 4.19(vii) arise naturally in the setting
of the group rings discussed in Example 3.4(i). For such orders, the second displayed equality in
Theorem 4.19(vii) combines with the isomorphism (4.4.2) (with A, r and M taken to be B, nr and
B" @4 M) to give an explicit description of the lattice (', M.

4.4.2. Lemma 4.14 gives rise to a useful construction of elements in reduced Rubin lattices. To
describe this we identify each matrix M in Mg 4(A) with the homomorphism of A-modules

GM :.Ad/ —>Ad

that sends each (row) vector = to x - M.

For each primitive central idempotent e of A we fix a non-zero simple (left) A-module V' (e) upon
which e acts as the identity and we write D(e) for the associated division ring End4(V(e)). (We
recall that such a module V' (e) is unique up to isomorphism.)

Proposition 4.21. Fiz natural numbers d' and d with d > d and set v := d' —d > 0. Then for
each matriz M in My 4(A) for which Extl (im(0y),.A) vanishes, there exists a canonical element
em of (g ker(6rr) that has both of the following properties.

(i) For a primitive central idempotent e of A the following conditions are equivalent.
(a) e(enr) #0.
(b) rrac(e-ker(0ar)p) = 1rac((Ae)7).
(c) V(e) occurs with exact multiplicity v - dimp.)(V (e)) in the Wedderburn decomposition
Of ker(GM)F,
(d) ¢(A) - e(em) =e- (Mg ker(0ar))r-
(ii) Write Og  for the d’ x r zero matriz. Then for the block matriz (Og: , | M) in Mg (A) one
has

Fit’ (0, | M)) = €(A) - {(AiZ1@i)(em) : i € Homa(ker(61r), A)}-
In particular, for each subset {@;}1<i<, of Hom g(ker(6ps), A) one has

(NiZhei)(en) € Fit) (cok(Bar)).
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Proof. For each integer ¢ with 1 < i < d we write wa for the element of Hom A(Ad/,A) that sends
x to the i-th component of the element 6/ (x) of A%
Then Lemma 4.14 implies that the image of the homomorphism

d / s / i
O : ﬂAAd — ﬂAAd ;b (A<ica 03)(D)

coming from Theorem 4.19(v) is contained in the submodule A’ ker(6r) of A’y A% .

Thus, since Ext (im(6/), .A) is assumed to vanish, the final assertion of Theorem 4.19(iv) implies
im(©y) is contained in (', ker(far).

In particular, if we write {b;}1<;<a for the canonical basis of A%, then A’=¢b; belongs to ﬂdAAd/
(by Lemma 4.10) and so we can define

em = O (/\ﬁzf/bi) € ﬂ; ker(0pr).

We now fix a primitive central idempotent e of A, a splitting field F for the simple algebra
Ae, a simple E ®¢(a) A-module V' and an E-basis {v]}1<j<i of V* (so t = dimpg(V)). Then,
since 114 (e(ker(0rr)F)) > rrac((Ae)"), the E-space e - Ay ker(0r)r = N’y e(ker(6ar)p) does not
vanish and has dimension one if and only if rr 4. (e(ker(6a7)r)) = rrac((Ae)”). In addition, since
{v; ®biti<j<t1<i<ar is an E-basis of V* @4, A% the E-space e - /\‘XAd/ has dimension one, with

basis ¢(A=¢'b;). Upon combining these observations with the final assertion of Lemma 4.14, it
therefore follows that

114 (e(ker(0ar)F)) = rac((Ae)”) =>e(en) #0
= F-eley)=c¢e- /\; ker(Or)
= 1T Ac (e(ker(OM)F)) = rrAe((Ae)r)

and hence that the conditions (a) and (b) stated in (i) are each equivalent to the equality E-e(epr) =
€ - /\2 ker(HM)F.

Further, since Lemma 4.16 implies that e - Ay ker(fa)r is equal to the E-linear span of e -
(N4 ker(0ar))p, one has E - e(ep) = e - N\ ker(0pr)p if and only if the inclusion ((A) - e(en) C
e (Nyker(fnr))r is an equality (as stated in condition (d)). To complete the proof of (i) it is
therefore enough to note that the equivalence of conditions (b) and (c) follows directly from Remark
2.5.

To prove (i), we note first that the assumed vanishing of ExtY (im(#/),.A) implies the restriction
map Hom (A%, A) — Hom 4 (ker(fy), A) is surjective. This fact combines with the definition of
ey and the result of Lemma 4.10 to imply that

(4.4.4)  €(A) - {(ANZ19i)(em) = pi € Homa(ker(Oar), A)}
= §(A) - {Nrda((M" | M)) : M € Mg (A)},

and Definition 3.12 implies directly that the latter ideal is equal to Fit’y (04 | M)).

For each M’ in My ,(A) we write 0y for the endomorphism of A?" represented, with re-
spect to the standard basis, by the block matrix (M’ | M). Then Nrds((M’' | M)) belongs to
Fit% (cok(Aasr ar)) (see Definition 3.17) and so Theorem 3.20(vi) implies that the final assertion of
(ii) will follow as a consequence of (4.4.4) if there exists a surjective homomorphism of A-modules
from cok(6@ps ar) to cok(far). The existence of such a homomorphism is in turn a consequence of
the commutative diagram of .A-modules
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Ad/ 91\/1111\4 Ad/

H |

Al O pd
in which g is the (surjective) map that sends b; for each ¢ with 1 <4 < r, respectively r <i < d’, to
zero, respectively to the (i — 7)-th element of the standard basis of A%. |

5. REDUCED DETERMINANT FUNCTORS

The theory of determinant functors for complexes of modules over commutative noetherian rings
was established by Knudsen and Mumford in [17], with later clarifications provided by Knudsen in
[18], in both cases following suggestions of Grothendieck.

It was subsequently shown by Deligne in [11] that there exists a universal determinant functor for
any exact category, with values in an associated commutative Picard category of ‘virtual objects’
(cf. Remark 5.8). For the category of projective modules over certain non-commutative rings,
Deligne’s construction has played a key role in the formulation of refined ‘special value conjectures’
in arithmetic, such as the equivariant Tamagawa number conjecture from [3]. The latter conjecture
takes the form of an equality in a relative algebraic K-group, and an alternative approach to the
formulation of conjectures in such groups was later described by Fukaya and Kato in [13] via a theory
of ‘localized K;-groups’.

In this section we shall use the theory of reduced Rubin lattices to prove the existence of a
‘reduced determinant functor’ on the derived category of bounded complexes of locally-free modules
over a non-commutative order. This approach is more explicit than those of Deligne or Fukaya and
Kato, but will depend on the same sort of auxiliary data as was fixed in our construction of reduced
exterior powers in §4.

In [7] this determinant functor plays a key role in the construction of families of non-commutative
Euler systems. In addition, in a further article, it will be used to define a natural non-commutative
generalization of the notion of ‘zeta element’ that originates with Kato in [16] and thereby to shed
new light on the content of the equivariant Tamagawa number conjecture relative to non-abelian
Galois extensions.

Throughout this section we fix data R, F, A and A as in §3.

5.1. Statement of the main result.

5.1.1. For a commutative noetherian ring A we write P(A) for the category of graded invertible
A-modules. This is a commutative Picard category (in the sense of [22]) and, for the reader’s
convenience, we first quickly review its basic properties.

An object of P(A) comprises a pair (L, «) where L is an invertible A-module and « is a continuous
function from Spec(A) to Z. (Here we recall that a A-module L is said to be ‘invertible’ if it is finitely
generated and for every prime ideal p of A the A(.)-module L, is free of rank one.)

A homomorphism 0 : (L,a) — (M, ) in P(A) is a homomorphism of A-modules such that

0(p) = 0 whenever a(p) # ().
The tensor product of two objects (L, «) and (M, 8) in P(A) is given by

(Lya) @ (M, 8) = (Lex M,a+ p)
and for each such pair there is an isomorphism

Y(L,a),,8) ¢ (Lya) @ (M, 5) = (M, ) ® (L, )
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in P(A) such that for every p and every £ in L,y and m in M, one has
Y(La) (1.8 (L@ M) = (=1)*E P (m ),

The unit object 1p() is the pair (A,0) and the natural ‘evaluation map’ isomorphism L ®x
Homy (L, A) = A induces an isomorphism in P(A)

(L,Oz) ® (HomA(L, A), —a) = lp(A).

This isomorphism is used to regard (Homy (L, A), —a) as a right inverse to (L, «) and it is then
also regarded as a left inverse by means of the isomorphism ¥(yom, (£,A),—a),(L,a)-

5.1.2. In the sequel we write the Wedderburn decomposition of A as
A= A;
iel
so that each algebra A; is of the form M, (D;) for a division ring D; (so that ((A;) = {(D;)).

For each index i we choose a splitting field £; for D; so that D; ®¢(a,) Ei = My, (E;). We then
fix an indecomposable idempotent f; of M,,, (F;) and an E;-basis {ws }1<q<m, of the left ideal W;
of M,,, (E;) that is generated by f;. (When making such a choice we always follow the convention
of Remark 4.7 on each simple component A; that is commutative.)

Then the direct sum V; := W"* of n;-copies of W; is a simple A; ®¢(4,) F-module and has as an
E;-basis the set w, = {waj}1§a§ni,1§j§mi where @, ; denotes the element of V; that is equal to w;
in its a-th component and is zero in all other components.

We order each set w; lexicographically and will apply the constructions of §4 with respect to the
collection of ordered bases

w:={w,; i€}
The following straightforward observation will also be useful.

Lemma 5.1. Let R be an R-order in ((A). Then the reduced rank rra(Z) of a finitely generated
A-module Z determines a locally-constant function on Spec(R).

Proof. The maximal R-order M in ((A) is [[;c;O;, where O; is the integral closure of R in the field
C(As).

Since the inclusion R — M is an integral ring extension, the going-up theorem implies that every
prime ideal of R has the form p = RN g’ for a prime ideal p’ of M, and then Ry, is a finite index
subgroup of M(,y. The key point now is that there exists a unique index i(g) in I such that the
kernel of the projection M — Oj,,y is contained in @’ and hence that (R())r = (M) r identifies

with Az(p)
One then obtains a well-defined locally-constant function on Spec(R) by sending each g to the
i(p)-th component 11y, (Aj(p) ®a Z) of 114 (Z). 0

5.1.3. The category Modlf(.A) of finitely generated, locally-free A-modules (as discussed in §3.2) is
a full additive subcategory of the abelian category of A-modules. In addition, if M’ and M" belong
to Mod" (A), then any short exact sequence of A-modules of the form

0—>M —-M-—M"—0

is split (since M” is a projective A-module), and so M also belongs to Mod'(A).
These observations imply that Mod'(A) is an exact category in the sense of Quillen [26, p. 91]
and, for each non-negative integer i, we denote the associated algebraic K-group in degree i by

KX (A) := K;(Mod' (A)).
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5.1.4. For any noetherian ring A we write D(A) for the derived category of (left) A-modules and
Dperf(A) for the full triangulated subcategory of D(A) comprising complexes that are ‘perfect’ (that
is, isomorphic in D(A) to a bounded complex of finitely generated projective A-modules).

We also write C'f(A) for the category of bounded complexes of objects of Mod'(A), and D' (.A)
for the full triangulated subcategory of DP*™(A4) comprising complexes that are isomorphic (in D(A))
to an object of C'(A).

For each object M of Mod' (A) we write [M] for the associated element of the Grothendieck group
KUY (A). We note that if C' belongs to D'(A) and P* is any object of C'f(A) that is isomorphic in
D(A) to C, then the ‘Euler characteristic’ element

(5.1.1) xa(0) =3 (~)'[P] € K(A)

can be checked to independent of the choice of P°.
We define the ‘reduced locally-free classgroup’ of A by setting

SK{ (A) := ker (K (A) — Z),

where the arrow denotes the homomorphism that is induced by sending each object M of Modlf(A)
to tk 4 (M).

We then write C'"°(A) for the subcategory of C'¥(A) comprising complexes P* for which x_4(P*)
belongs to SKH (A) and D' (A) for the full triangulated subcategory of D' (A) comprising complexes
C for which y4(C) belongs to SKI(A). (The latter condition is equivalent to requiring that C be
isomorphic in D(A) to an object of C'0(A).)

In the next result we show that, under certain natural hypotheses, the category le’O(A) has a
more direct interpretation.

To state this result we recall that, for any Dedekind domain A with field of fractions F, and any
A-order B, the ‘reduced projective class group’ SKq(B) of B is defined to be the kernel of the natural
scalar extension homomorphism Ko(B) — Ko(E ®a B). (For more details of such groups see, for
example, [8, Rem. (49.11)]).

We also note that, for any of the general classes of order A discussed in Example 3.11, and for
every prime ideal p of R, the group SKo(A(y)) can be checked to vanish.

Lemma 5.2. If SKo(A(y)) vanishes for every prime ideal p of R, then le’O(A) 1s naturally equiv-

alent to the full triangulated subcategory DP*™HO(A) of DP™(A) comprising complezes whose Euler
characteristic in Ko(A) belongs to SKo(A).

Proof. We write x%*(C) for the Euler characteristic in Ko(A) associated to an object C' of D™ (A)
(this is defined via a choice of resolution of C, just as in (5.1.1)). We then also write C*°(A) for the
category of bounded complexes of finitely generated projective A-modules Q°® for which Ximj(Q')
belongs to SKo(A).

It is clear that C'"0(A) identifies with a subcategory of C*°(A) and also that DP*""°(A) coincides
with the subcategory of D(A) comprising complexes that are isomorphic to an object of CP°(A).
To prove the stated claim it is therefore enough to show, under the stated hypothesis, that every
complex in CP°(A) is isomorphic (in D(A)) to a complex in C9(A4).

To do this we fix a complex Q° in Cp’o(.A) and then use a standard construction in homological
algebra (as, for example, in [10, Rapport, Lem. 4.7]) to fix a quasi-isomorphism of complexes of
A-modules 6 : P* — Q°® in which P*® is a bounded complex of finitely generated .A-modules in which
all terms, except possibly the first non-zero term P?, are free. It is then enough for us to show that
for every p the A(y)-module P is free.
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Now, the quasi-isomorphism 6 implies that
XA (P*) = X57(Q%) € SKo(A)
and so, for every p, the Euler characteristic in K((A) of the complex F' ® A P(°p) vanishes. Since

SKo(A(p)) is assumed to vanish, the Euler characteristic of Pg,) in Ko(Ayy,)) is therefore also zero,
and so (by [8, Prop. (38.22)]) there exists an isomorphism of A(,)-modules

P'e Ph,y o P, Pl = P o D F,
in which P’ is finitely generated and projective and, in the direct sums, b and ¢ respectively run over
all integers with b = a (mod 2) and ¢ # a (mod 2). In particular, since each of the A(,)-modules P(bp)
and P(Cp) are free, the p-completion of the displayed isomorphism combines with the Krull-Schmidt-
Azumaya theorem (in the form of [8, Cor. (6.15)] with R = R, and A = Ay) to imply Py is a
free Ap-module. It therefore follows (from Maranda’s Theorem) that P, is a free A(p)-module, as
required. ([l

Remark 5.3. Let C be an object of DP*"(A) whose Euler characteristic in Ko(A) vanishes. Then,
without any hypothesis on reduced projective class groups, the argument of Lemma 5.2 shows that
C belongs to the subcategory D'9(A) of DP™(A).

5.1.5. We can now state the main result of §5.

In this result we write D'(A)i, for the subcategory of D'(A) in which morphisms are restricted
to be isomorphisms and we use the concept of ‘extended determinant functor’ that is made precise
in Definition 5.13 below.

Theorem 5.4. For each set of ordered bases w as in §5.1.2, there exists a canonical ertended
determinant functor
daw : DY (A)is = P((A))
that has all of the following properties.
(i) For each exact triangle
cLHeL eSO
n le(A) there exists a canonical isomorphism
dA,w (Cl) ® dA,w(OH) = dA,w (O)
in P(E(A)) that is functorial with respect to isomorphisms of triangles.
(ii) Let o : A — B be a surjective homomorphism of R-orders and o, : £(A) — &(B) the induced

homomorphism. Then for each C in D" (A) the complex B ®HA7Q C belongs to D"(B) and
there exists a canonical isomorphism

E(B) ®R¢(ay,o. da,w(C) 2 dp o (B, C)

in P(&(B)), where w' is the ordered subset of w that corresponds to all simple modules V;
that factor through the scalar extension of o.
(iif) If P belongs to Mod" (A), then ﬂjA(P)P is an invertible £(A)-module and one has

da=(P[0]) = (mjA(P)P, rra(Pr)).

Here the reduced Rubin lattice ﬂjA(P)P is defined with respect to w and rro(Pr) is regarded
as a locally-constant function on Spec(&(A)) via Lemma 5.1.
(iv) The restriction of A to D'™°(A)i is independent of the choice of w.
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Remark 5.5. The approach of Deligne in [11, §4] constructs a ‘universal determinant functor’ for
the exact category Mod" (A), with values in an associated commutative Picard category V'f(A) of
‘virtual objects’ (for more details see Remark 5.8 below). In particular, in this way each determinant
functor d 4, constructed as in Theorem 5.4 naturally induces a functor

Mo VIA) = P(E(A))

that is strongly monoidal (in the sense defined in [23, Ch. XI.2]). For a commutative Picard category
P we write m(P) for the (abelian) group of isomorphism classes of its objects, with group structure
induced by the given bifunctor ‘product’ of P, and 71 (P) for the (abelian) group of automorphisms
of the unit object of P. Then, by a general result on Picard categories, the functor qﬁljt_w gives an
equivalence of commutative Picard categories if and only if, for both ¢ = 0 and ¢ = 1, the induced
homomorphism of groups

(¢ ) s T (VI(A)) = mi(P(£(A)))

is bijective. In addition, the topological model of V!(.A) that is constructed in [11, §4.2-4.5] implies
the existence of canonical isomorphisms 7;(V(A)) 2 K(A) for both i = 0 and 4 = 1. It is also
clear that there are canonical isomorphisms

Pic(£(A)) x H°(Spec(£(A)),Z), ifi=0,

Wz(P(f(‘A))) = {f(A)X, if i = 1,

where Pic(£(A)) denotes the Picard group of the commutative ring £(A). These respective identifi-
cations can be used to show that, in most cases, the map 7T0<¢££’w) is neither injective nor surjective
and that, if A is not commutative, then the same is true of the map m; (¢££7w) (which coincides with
the composite of the natural scalar extension map Ki(A) — K;(A) and the reduced norm map
K1(A) — ¢(A)* of the semisimple F-algebra A). In particular, one knows that, in most cases, the
functor gi)ffl’w is not an equivalence of commutative Picard categories.

Remark 5.6. Let R be any R-order in ((A) with the property that for each prime ideal p of R the
localization R,y contains the reduced norms of all matrices in |J,~; GLn(A(y). (Note that §(A)
is, by its very definition, an example of such an order R but that there can also, in principle, exist
such orders that are strictly contained in £(A).) Then a closer analysis of our proof of Theorem 5.4
will show that there exists a determinant functor

dawr : D¥(A)s = P(R)

that satisfies analogues of all of the properties of d4 » listed above and is, in addition, such that if
R’ is any order in ((A) that contains R, then one has

da,w,r = R/ R 0da,w,R

where 1/ & is the natural scalar extension functor P(R) — P(R’). However, we shall make no use
of this additional generality in the sequel and so, for simplicity, only consider £(.A).

The proof of Theorem 5.4 will occupy the remainder of §5. Our basic approach is to adapt an
argument that is used by Flach and the first author in [3, §2] and so is closely modelled on the
original constructions that are made by Knudsen and Mumford in [17].

5.2. Determinant functors.
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5.2.1. Let £ be an exact category and write ;5 for the subcategory of £ in which morphisms are
restricted to isomorphisms. Then the following definition is equivalent to that given in [3, §2.3].

Definition 5.7. A determinant functor on £ is a Picard category P, with unit object 1p and
product X, together with the following data.
(a) A covariant functor d : Eis — P.
(b) For each short exact sequence E' > E L E"in € a morphism
i(a, B) : d(E) = d(E") K d(E")
in P that is functorial for isomorphisms of short exact sequences.
(¢) For each zero object 0 in £ an isomorphism

These data are subject to the following axioms.
(d) For each isomorphism ¢ : F — E’ in &, the induced exact sequences

05 ESE and ESE S0

are such that d(¢) and d(¢~1) respectively coincide with the composite maps

a(E) 2% qoymae’) L0 g
and

a(E") 2 q(B) = a(0) =9, q(B).

(e) Given a commutative diagram of objects in £

L .
d Ll
B —2 s B —C s By
I —
Bl —< gy 2, gy
in which each row and column is a short exact sequence, the diagram
d(E>) o, d(E3) ¥ d(E)
i(a,ﬁ)l l<1md<Eé>,d<Eb®1>~<i(a’ﬂ/mi(a“,ﬂ”))

i/,5/ &i //,6”
d(E) B d(By) ~E00,

commutes.

d(E7) WA(EY) W d(E3) K d(E3)

Remark 5.8. The terminology of ‘determinant functor’ used above is borrowed from the key ex-
ample in which £ is the category of vector bundles on a scheme, P is the category of line bundles
and the functor is taking the highest exterior power. However, as was shown by Deligne in [11, §4],
there exists a universal determinant functor for any given exact category £. More precisely, there
exists a commutative Picard category V(£), called the ‘category of virtual objects’ of £, together
with data (a)-(c) which in addition to (d) and (e) also satisfies the following universal property.

(f) For any Picard category P the category of strongly monoidal functors Hom®(V(£), P) is

naturally equivalent to the category of determinant functors ;s — P.
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Although comparatively inexplicit, this construction has played a key role in the formulation of
special value conjectures for motives with non-commutative coefficients.

Recalling that the category Modlf(A) is exact, our aim in the remainder of §5.2 will be to construct,
for each set of ordered bases w as in §5.1.2, a canonical determinant functor

S Mod! (A)is = P(E(A)).

5.2.2. We start by establishing several useful technical properties of the reduced Rubin lattices of
modules in Mod (A).

In the following result we assume that all reduced exterior power constructions are made with
respect to the fixed bases w but will not usually indicate this dependence explicitly.

Proposition 5.9. Fiz an object P of Modlf(A) and set r :=rk4(P). Then the following claims are
valid.
(i) If P is a free A-module, with basis {b;}1<;<r, then (4P is a free rank one £(.A)-module
with basis /\;:j{bj.
(ii) For each prime ideal p of R fix an A(y-basis {by j}1<j<r of Pypy. Then the £(A) ) -module
(ﬂ;P)(p) is free of rank one, with basis Agzrbp,j. Hence one has

"p= AT
ﬂAP - npespec(R) (f(A)(p) /\j:IbP»])'

(iii) N4 P is an invertible £(A)-module.

(iv) Let 0 : A — B be a surjective homomorphism of R-orders. Write B for the F-algebra
spanned by B and o1 : A — B, 03 : ((A) = ((B) and o3 : £(A) — &(B) for the surjective
ring homomorphisms induced by 0. Then B4 , P is a locally-free B-module and the natural
isomorphism of ((B)-modules ((B) ®¢(a),0, NaPr = Np(B ®a,0, Pr) restricts to give an
isomorphism of invertible £(B)-modules &(B) ®¢(a),05 (4P = Np(B @4, P), where the
exterior powers in the latter module are defined with respect to the same ordered E-bases of
those simple Ap-modules that factor through the scalar extension of o1.

(v) If P, %P % Pyisa (split) short exact sequence in Mod" (A), and we set r; := rk 4(P;)
fori=1,2,3, then there exists an isomorphism of £(A)-modules

i2,(0,0) : (P2 = (), P @eca [, P

that has the following properties:
(a) i%(0, @) is functorial with respect to isomorphisms of short exact sequences;

(b) If P LN P o, Py is any exact sequence of A-modules obtained by choosing a splitting
of the given sequence, then the following diagram commutes

ap 0200.6) Am
N P AP ®eay NAPs

’ lx@yr—mz-y(@x

T 1;(¢,101) T ™
NaPe ——— NAPs ®¢a) a1

Here a is the element ((—1)P%#7%)icr of [[,c;C(As) = ((A), where p;; denotes the i-th
component of the reduced rank rr (P r).

Proof. Claim (i) follows directly from the proof of Theorem 4.19(vi). (We note also that Lemma
4.13 implies the {(A)-module generated by AJZ}b; is independent of the choice of basis {b;}1< <)
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After replacing A and P by A,y and P for a prime ideal p, the same argument implies that
the {(A(y))-module ﬂ;(p)P(p is free of rank one, with basis /\j:1bp,j where the elements b, ; are
chosen as in (ii). Given this fact, (ii) follows directly from the result of Theorem 4.19(iii).

To prove (iii) we fix a prime ideal p of £(A). Then p := RNy is a prime ideal of R and by Roiter’s
Lemma (cf. [8, Lem. (31.6)]) there exists a free A-submodule P’ of P such that P, = P(’p). This
equality combines with Theorem 4.19(iii) to imply that

T

(ﬂlp)w - ((ﬂT P)na))(m - ((ﬂAP,)(P))(p) - (ﬂ.TAPI)( )

In particular, since (i) implies (), P’ is a free £(A)-module of rank one, the £(A)(,,-module (N, P) ©)

is also free of rank one, as required to prove (iii).

Claim (iv) is verified by a straightforward exercise and, for brevity, we leave this to the reader.

Turning to (v) we fix an A-module section o to ¢. We note that the given exact sequence implies
ro =11 + 13 and also that for any given A-bases b = {bj,ahgagrj of P; p for j = 1,3 we obtain an
A-basis by 1= {b2,q}1<a<r, Of Pap by setting baq = 0(b14) if 1 < a <7y and baq = 04(b3,q—r,) if
ry<a<rs.

Write E for the algebra [T;c;Ei- Then for each j € {1,2,3}, the E-module \'{ P; p is free of
rank one, with basis /\ b, j.a, and so there is a unique isomorphism of E-modules

AN Pr= (N Pir) es (N Pir)

that sends /\j 12by.; to (ASZ)'hy ¢) ® (AiZ}%b3,). In addition, by using Lemma 4.13, one checks this
1sornorphlsm is mdependent both of the choices of bases b; and b; and of the choice of section o.

In particular, if one fixes a prime ideal p of R and then chooses the elements {b1 s}1<s<r, and
{b3,¢}1<t<rs to be A(y)-bases of Py () and Ps (), then the choice of o implies that the set {b2 ;}1<j<r,
defined above is an A(;)-basis of P (,) and so the explicit descriptions in (ii) imply that

(A R),, =2(N,7),,)
= (ﬂ:‘lpl)(p) Qe(A) () (ﬂjp3)(p)
- (ﬂ; Py @¢(a) ﬂj%)

Since this is true for all primes p, one therefore has

A(ﬂZPQ) = mZP1 De(A) ﬂzps

and so we can define i% (6, ¢) to be the isomorphism induced by restricting A. It is then straightfor-
ward to see that this isomorphism is functorial with respect to isomorphisms of short exact sequences,
as required by (v)(a).

To justify (v)(b) we set pa; :=r114,(A; @4 Ps ) for each index 7 in I. Then the definition (2.1.3)
of reduced rank combines with the given exact sequence to imply p2; = p1,; + p3,;. In addition, it
combines with the explicit definitions of reduced exterior powers to imply that

N

pP2,i

/\:_ (A; @4 Pop) = Wm

with W; the E;-space V*® 4, i®@canFi P, g, of dimension pa 4, and that the i-th components (AZZ]'bs 5);
and (/\Z:i’ﬂblt)' of the elements A;_7'bs s and /\t 24 1ba s are respectively the exterior products
of p1,; and p3; distinct elements of W;. In the space /\qu( i ®4 P> p) one therefore has

(AT b2,s)i A (NS ab2,e)i = (=1)P0 P2 (AT 1 boa)s A (A2 baos)ie
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Taken together, these equalities imply that the diagram in (v)(b) commutes, as required to complete
the proof. 0

Remark 5.10. Let P be a free A-module of rank one. If A is commutative, then there is a natural
identification ﬂi‘P = /\;P >~ P. In general, however, ﬂi\P is a module over {(A) and hence
different from P.

5.2.3. The results of Lemma 5.1 (with R = £(.A)) and Proposition 5.9(iii) combine to imply that for
each P in Mod"(A) one obtains a well-defined object of P(£(A)) by setting

o) = (7P rea(Pe)).

For each short exact sequence 0 — P i> Py i> P; — 0 in Modlf(A) the construction in
Proposition 5.9(v) also gives rise to a commutative diagram of isomorphisms in P({(.A)) of the form

P =02 go(p) @ do(Py)
H ldePl),dO(Pg)
. 20,0, . .

in which we abbreviate d _, to d°.

Proposition 5.11. The associations P~ d5 _(P) and (0, ¢) — i%,(0, ¢) give a well-defined deter-
minant functor d% Mod'(A)is — P(£(A)).

In addition, for any homomorphism o : A — B as in Theorem 5.4(ii), and any module P in
Mod" (A), there exists a canonical isomorphism in P(£(B)) of the form

£(B) ®¢(a),0. A% o (P) = dg (B @4, P).

Proof. The above associations combine with the result of Theorem 4.19(i) to give data as in (a), (b)
and (c) of Definition 5.7.

It is clear that these data satisfy condition (d) in the latter definition and also straightfor-
ward to check that they satisfy condition (e) by using the general result of Lemma 5.12 be-
low (with A = A) to make a compatible choice of sections when computing each of the maps
i2, (7, 87),i%, (1", 6"), 8%, (0, B), 15, (o, "), 5, (a, B) and i5,(7, ).

Finally, the existence of the displayed isomorphism follows directly from the result of Proposition
5.9(iv). O

Lemma 5.12. We assume to be given a ring A and a commutative diagram of short exact sequences
of finitely generated projective A-modules of the form

M =S N B Py
e -l
M % N, —%2 p,

SR

M Ny —%= 4 p,.
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Then there exist A-equivariant sections o; : P; — N; to d; for i = 1,2 and 3 such that there are
commutative diagrams of A-modules

Ny <0—1 P Ny (0—2 Py
(521) ¢1J{ l’il and ¢'2l J{NZ
Ny —— P, N3 +——— Pj.

o2 g3

Proof. First choose any A-equivariant section o to dp and write 8 for the composite homomorphism
QSQO(TOHl ZP1*>N3.

The commutativity of the given diagram implies that there exists a unique homomorphism 6
in Homy (Py, M3) such that 6 = df o 6. Since Pj is a projective A-module we can then choose a
homomorphism 65 in Homp (P, Ms) with 61 = €5 0 6.

Next we note that, since Pj3 is a projective A-module, the group Ext}\ (Ps3, Ms) vanishes and so
there exists a homomorphism 65 in Homp (P2, M3) with 05 = 03 0 k1.

We now set 09 := 0 — d}, 0 03 € Homp (P2, N2). Then o3 is a section to da since

dyooy=dyoo — (dyody)ofs=dyoo.
In addition, for x in P; one has
P2(02(k1())) = P2(0(k1(x))) — ¢2(d; 0 O5(k1(x)))
dj(e2(05 0 k1)(2))
dy((e2 0 62)(x))
z) — (d5 0 01)(x)
w') — 0(w') = 0.

Since P is a projective A-module, this implies there exists a unique homomorphism o in Homy (Py, Ny)
which makes the first diagram in (5.2.1) commute (with respect to our fixed map o2) and hence that
k1(dy o 01) = (dg 0 02) 0 K1 = K1 so that o is a section to d.

Finally we note that the commutativity of the first diagram in (5.2.1) implies there exists a
(unique) homomorphism o3 in Homp (Ps, N3) which makes the second diagram in (5.2.1) commute
and one checks easily that this homomorphism is a section to ds, as required. O

5.3. Extended determinant functors.

5.3.1. Let A be a noetherian ring. We write Mod(A) for the category of finitely generated (left)
A-modules.

We assume to be given an abelian subcategory Modf(A) of Mod(A) that is exact in the sense of
Quillen [26] and a determinant functor on Mod'(A) in the sense of Definition 5.7.

We write P for the target category of this determinant functor and d°, i® (and ¢) for the associated
data as in Definition 5.7 (a), (b) (and (c)).

We write DT(A) for the full triangulated subcategory of D(A) comprising complexes that are
isomorphic to a bounded complex of modules in Mod'(A). We also write DT(A);s for the subcategory
of DT(A) in which morphisms are restricted to isomorphisms.

We regard Mod'(A);s as a subcategory of DT(A);s by identifying each object M of Mod'(A) with
the complex that comprises M in degree zero and is zero in all other degrees.

In what follows we use the term ‘true triangle’ as synonymous for ‘short exact sequence of com-
plexes’.
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Definition 5.13. An ‘extension’ of the determinant functor comprising d® and i® to the category
DT(A) comprises data of the following form.
(a) A covariant functor d : DT(A)i, — P.
(b) For each true triangle X = Y % Z in which X,Y and Z are objects of DT(A), an isomor-
phism i(u,v) : d(Y) = d(X) XK d(Z) in P.
This data is subject to the following axioms:
(i) If

X'/ u Y’ v VA
is a commutative diagram of true triangles and f, g, h are quasi-isomorphisms, then
(A BA(R) oi(u,v) 0 d(g) ™" =i(u',v').

(ii) If u, respectively v, is a quasi-isomorphism, then i(u, v) = d(u) ™", respectively i(u, v) = d(v).
(iii) For any commutative diagram of complexes

X/
ool
o V"’

D SN VN
in which all of the rows and columns are true triangles and all terms are objects of Df(A),
the following diagram in P commutes

d(y”) ELERR A(Y) R d(Y")

i(u',v’>l l(im,v)xi(u'zv"»
(A4 (x11y,a(2)BD)-((f,F )R i(R,h"))

d(X")Xd(Z) dX)Xd(Z2)Rd(X")KA(Z").
(iv) On the subcategory Mod'(A);s one has d = d° and i = i°.
A collection of data as in (a) and (b) that satisfies the conditions (i), (ii), (iii) and (iv) with respect
to any choice of determinant functor d°® and i® on Mod'(A) will be referred to as an ‘extended
determinant functor’ on DT(A).

We can now state the main result of this section.

Proposition 5.14. The determinant functor constructed in Proposition 5.11 has a canonical ex-
tension to the category D'(A).

We write da,w and i4,o for the data associated to this extension as in Definition 5.13(a) and
(b). Then the extended determinant functor has the following additional properties.

(v) Fiz a homomorphism o : A — B as in Theorem 5.4(ii). Then for any complex X in D' (A)
the complex B&Y , X belongs to DY (B) and there exists a canonical isomorphism in P(£(B))
of the form

£(B) ®¢).0. daw(X) = dp o (B &4, X).
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(vi) The restriction of da. to D'°(A)i is independent of the choice of bases w.

Proof. This argument follows the approach used by Flach and the first author to prove the same
result in the setting of virtual objects (see [3, Prop. 2.1]).

The essential point is therefore that, excluding the assertions (v) and (vi), the claimed result
follows directly from the general result [17, Prop. 4] of Knudsen and Mumford and the formal
constructions that are used to prove [17, Th. 2], via which the same statements are proved for the
determinant functor over a commutative ring.

To be more precise, if one removes the condition (iv) (regarding compatibility with scalar exten-
sions) from the definition of extended determinant functor that is given in [17, Def. 4], then the only
properties of the determinant functor that are used in the constructions that underlie the proof of
[17, Th. 2] are those listed in [loc. cit., Prop. 1 (excluding (iii))] and Proposition 5.11 implies that
d% . and i  have all of these necessary properties.

In addition, since the restriction of d 4, to Modlf(A)iS is equal to d _ the property in (v) follows
from the final assertion of Proposition 5.11.

Lastly, we note that the property in (vi) follows directly from the result of Lemma 5.16(ii)
below. O

Remark 5.15. Proposition 5.14 implies that for any X in le(.A) there is a natural isomorphism
da,e(X[1]) = dae(X)™!

in P(£(.A)). This is because if we write Conex for the mapping cone of the identity endomorphism
of X, then the associated true triangle X = Coneyx — X[1] induces a composite isomorphism

d_A’w(X) [024] dAyw(X[l]) M) dAﬁw(ConeX) l) 179(5(_,4)),
where the second isomorphism is induced by the acyclicity of Conex .

5.3.2. For the reader’s convenience, we give a more explicit description of the construction in Propo-
sition 5.14.
Lemma 5.16.
(i) Let P* be a complex in le(A). Then for each quasi-isomorphism u : P®* — X of complezes
of A-modules, the map d 4. (u) induces an isomorphism
rka(PY) i (=1~
XN, P, ma(Pi)) T 3 d o (X)
i€Z
in P(&(A)), where each lattice ﬂjA(Pl)Pi is defined with respect to the bases w.
(ii) If X belongs to D'O(A), then da(X) is independent of the choice of bases w.

Proof. To prove (i) it is enough to show that there is a canonical isomorphism in P(£(.A)) of the
form

(5.3.1) R (@ P D daw(P?).
i€
To show this we can clearly assume P*® is non-zero. We then let d denote the largest integer for
which P¢ is non-zero and write P2, for the complex obtained from P*® by replacing P4 by 0 and
leaving all other terms unchanged.
Then there is a natural true triangle in D' (A)

Pi—d] % P* % P2,
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and hence an isomorphism in P(£(.A))
i (1,0) : da,w (P~d)) ©@ daw(PLy) = daw(P*).

By an induction on the number of non-zero terms of P® we are therefore reduced to proving that
\d
d a4, (P?%[—d]) identifies with ( f47w(Pd))( V%, This follows directly from (repeated application of)
Remark 5.15 and the fact that da(P?[0]) = d% (P?).
To prove (ii) it is enough to fix a quasi-isomorphism P* — X as in (i) and show that the graded

module ), ( N (Pi))(fl) is independent of the choice of ordered bases w. Since it is enough to

prove this after localising at each prime ideal of R we can also assume, without loss of generality,

that each A-module P? is free. In each degree i we then set r; := 1k 4(P?), fix an ordered A-basis

{bi,j}lgjgn of Pi and write {b;j}lﬁjgm for the .A—basis of HomA(Pi, A) that is dual to {bi7,j}1Sj§m'
Then Lemma 4.12 combines with Proposition 5.9(i) to imply the natural isomorphism

HOIng(A)(/\‘;PIILWC(A)) = /\Alop HOIDA<P%~,A)

identifies the module Homg( ) (4 P*, £(A)) with £(A) - /\;z’i bi ;-
Setting b%,j = b;; and b;jl := bj; for each 7 and j, it is therefore enough to prove that if the
image of x 4(P*) in Ky(A) vanishes, then the element

j=rip(=1)'
(5.3.2) Q) AIZin;;
€L

is independent of the choice of bases w used in the definition of exterior products.

It suffices to verify this after projecting to each simple component of A and so we shall assume A
is simple (and use the notation of Definition 4.3). We then fix bases {v;}1<;<q and {7, }1<;<q of the
E-space V and write M = (Ms;)1<s,1<q for the matrix in GLq(E) that satisfies 05 = ZZ?MStvt for
each integer s. Then, writing N for the matrix in GL4(E) that is equal to the inverse of the transpose
of M, one has ¥} = E‘f]\/stvf for each integer s and by using these equalities one computes that
in each even degree ¢ there is an equality

N<j<r (M<s<dls ® b j) = det(N)™ - AMi<j<r, (A<s<aty @ bij)
and in each odd degree i an equality
M<j<r,(Mes<dls @ by ;) = det(M)™ - A<j<r, (M<s<avs @ by ).

Since det(M) = det(N)~! this implies that the difference between the elements (5.3.2) when the
exterior products are computing using the basis {v; }1<;<a, respectively {0;}1<;<aq, of V' is the factor
det(M)Xiez(=1'"  To complete the proof it is therefore enough to note that if the image of x4 (P*)
in Ko(A) vanishes, then the sum Y, _,(—1)"r; is equal to 0. O

5.4. The proof of Theorem 5.4. To complete the proof of Theorem 5.4 we must show that the
construction of Proposition 5.14 retains the properties (i), (ii) and (iii) in Definition 5.13 (with
Mod'(A) = Mod'*(A)) after one replaces true triangles and quasi-isomorphisms by arbitrary exact
triangles and isomorphisms in le(A). In particular, whilst in this case the diagrams in Definition
5.13(i) and (iii) are commutative in the category of complexes of A-modules, we need to establish
analogous results for diagrams that commute only up to homotopy.
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5.4.1. As a key preliminary step, we consider similar results for the semisimple algebra A. To do
this we recall that, for any choice of ordered bases w as in §5.1.2 the argument of Flach and the first
author in [3, Lem. 2] constructs a determinant functor on Mod(A).

To recall the explicit construction we use the notation of §5.1.2. In particular, we assume first
that A = A; is simple and hence equal to M,,, (D7) for a division ring D; with Schur index m;
and we fix a splitting field F; for D; that is a maximal subfield of D;. We set n := ny, m := mq,
D :=Dy, E:=E;, W:=W;, V:=V; = W/ and use the ordered E-bases {wg}1<a<m of W and
w=w,; of V.

Then for each M in Mod(A) the (left) D-module D™ ® 4 M is free of rank r := rkp(M)/n
and so, since rrp(D™ ®4 M) = rra(M), one has rr4 (M) = r - m. If we fix an ordered D-basis
{ba}1<a<r of D™ ®4 M, then Lemma 4.13 implies that the dimension one ((D)-space spanned by
NIZT(AZ (w? ® b)) is independent of the choice of {b, }1<a<, and we set

(5.4.1) % (M) = (C(D) - ASZHASZT (W] © b)), rra(M)).

We next assume to be given a short exact sequence M; — My — Mz in Mod(A) and set r; :=
rkp(M;)/n for each j = 1,2,3. Then, by following the same approach as the proof of Proposition
5.9(v), we can use a choice of splitting o of the induced short exact sequence of free D-modules

0—=D"®@s M, — D" @4 My — D" ®@4 M3z — 0
to construct a basis {b24 }1<a<r, of D" ®4 Mo from given bases {bjq }1<a<r; of D" ®4 M; for j =1, 3.
We then define
ii&,w : z,w(MQ) - d%,w(Ml) ® dil,w(M:i)

to be the unique isomorphism of graded {(D)-spaces with

1%, (Na=1" (N1 (W] @ baa)), 1ra(Ms))
= (Na=1" (A1 (w5 @ bra)),rra(My)) @ (Ag=y® (NS (wi © bsa)), 1ra(Ms)).
(Lemma 4.13 implies that this map is independent of the splitting o and bases {bj,}1<a<r; for
j = 1,3 that are used.)

In the more general case that A is not simple, one uses its Wedderburn decomposition A =
[[;c;Ai to define df  and i _ componentwise. With this construction, the image under d
of a module M in Mod(A) has grading equal to rr4(M), regarded as a function on Spec(¢(4)) =
U,er Spec(¢(Dy)) in the obvious way.

Before stating the next result we note that, since A is semisimple, the category Dperf(A) identi-

fies with the full triangulated subcategory of D(A) comprising complexes that are isomorphic to a
bounded complex of finitely generated A-modules.

Proposition 5.17. There exists a canonical extension to DP*™ (A) of the determinant functor given
by d% o, and iy .. The associated functor

da : DP(A)is —= P(C(A))
has the following properties.
(i) For any object X of DP**'(A) there exists a canonical isomorphism
dae(X) = Q) di o (H(X)) Y
i€l

in P(C(A)) that is functorial with respect to quasi-isomorphisms.
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(ii) The following diagram
D (A)s 25 P(((A))

I

DY (A)e 275 P(€(A))

commutes, where the vertical maps are the natural scalar extension functors.

Proof. The first claim is proved by using exactly the same formal argument that establishes the first
claim of Proposition 5.14.

Then, since A is semisimple, every cohomology module H*(X) of an object X in Dperf(A) is also
itself an object of DP*(A) (regarded as a complex concentrated in degree zero) and so the general
argument of Knudsen and Mumford in [17, Rem. b) after Th. 2] shows that the associated functor
d4 . has the property in (i).

Finally, the commutativity of the scalar extension diagram in (ii) is verified by means of a direct
comparison of the explicit construction of the functors d  and d ., (the latter from Proposition
5.11). The key point in this comparison is that if A = A; = M, (D) is simple (as in the explicit
construction made above) and M is a free A-module of rank k, with basis {m;}1<;<k, then the
D-module D™ ® 4 M has as a basis the lexicographically-ordered set {bj}t}lgjngng with b;; =
x; ® mj where {x;}1<i<p is the standard D-basis of D™. In particular, if one uses this basis as the
set {ba }1<a<nk that occurs in the definition (5.4.1) of d§ (M), then one has

NG (NS (] ® ba)) = NZE(ANZT (AT (w] @ 20)) ® my) = AjZim;,
where the exterior product on the right hand side is as defined in (4.2.2) with respect to the ordered
basis w = w; specified in §5.1.2. ]

5.4.2. Turning now to the proof of Theorem 5.4 we note that Proposition 5.14 directly implies all
assertions except for (i).

In addition, the argument used by Knudsen and Mumford to prove [17, Prop. 6] shows that (i) of
Theorem 5.4 will also follow formally upon combining Proposition 5.14 with the following technical
observation.

Proposition 5.18. Let X and Y be complexes in le(.A) and o and B quasi-isomorphisms X —'Y
of complexes of A-modules with the following property: in each degree i there are finite filtrations
F*(H (X)) and F*(H'(Y)) that are compatible with the maps H'(a) and H(B) and such that
gr(H'(ev)) = gr(H'(B)) for all i.

Then the morphisms d 4. (a) and da,-(8) coincide.

Proof. We note first that, since d 4, (a) and d 4, (8) are homomorphisms between invertible £(.A)-
modules, they coincide if and only if they are equal after applying the scalar extension functor
C(A) @e(a) —

Given the commutativity of the diagram in Proposition 5.17(ii) we are therefore reduced to
showing that the given hypotheses imply da (') = da,o(8') with o := ((A4) ®¢a) @ and B’ 1=
C(A) ®¢(a) B. The result of Proposition 5.17(i) then reduces us to showing that in each degree i the
maps d4 _(H'(a’)) and d  (H*(8')) coincide. This in turn follows easily from the given hypotheses
and the general property of the functor d _ that is described in Definition 5.7(b). ]

This completes the proof of Theorem 5.4.
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