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Abstract

Motivated by the Equivariant Tamagawa Number Conjecture (ETNC) of Burns and

Flach we develop an abstract framework of ‘equivariant leading term conjectures’. We

also define a natural Fitting invariant for modules over group rings of arbitrary finite

groups and use this to derive explicit consequences of our equivariant leading term

conjectures. We then describe applications of our approach in several concrete arith-

metic settings. In particular, by these means we derive conjectural non-commutative

generalizations of Brumer’s Conjecture, of the Coates-Sinnott Conjecture and of the

‘Strong Main Conjecture’ of Mazur and Tate.
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Introduction

Let L/K be an abelian CM extension of number fields with Galois group G and T a

finite set of primes of K containing all primes which ramify in L/K. Let OL be the

ring of integers of L and µL the roots of unity of L. Then the Brumer-Stickelberger

element is defined to be

Θ(T, L/K) :=
∑

σ∈G

ζK,T (σ, 0)σ−1 ∈ CG

where the ζK,T (σ, s) is the partial zeta function given by

ζK,T (σ, s) :=
∑

(a,T )=1
(a,L/K)=σ

Na−s

for all complex numbers s with sufficiently large real part. The set

AnnZG(µL)Θ(T, L/K) is known to be an ideal of ZG and so the following conjecture

is plausible.

Conjecture(Brumer) AnnZG(µL)Θ(T, L/K) ⊂ AnnZG(Pic(OL)).

It is reasonable to ask whether this conjecture can be generalized to non-abelian

extensions. In this thesis our approach to this question is motivated by the for-

mulation of the Equivariant Tamagawa Number Conjecture (ETNC) by Burns and

Flach in [9]. The ETNC is a leading term conjecture which can be applied to pairs

of the form (M,A), where M is a motive defined over a number field and A is an

‘order’ in the coefficient algebra of M . We denote the ETNC for a pair (M,A) by

ETNC(M,A). Both Brumer’s conjecture and ETNC(h0(SpecL),ZG) are conjectures

concerning Θ(T, L/K) and so one can ask whether ETNC(h0(SpecL),ZG) recovers

Brumer’s Conjecture. Moreover, since the ETNC makes no restriction on the exten-

sion L/K being abelian one can ask whether this case of the ETNC could also be
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used to provide a non-abelian generalization to Brumer’s Conjecture.

We now let L/K denote an arbitrary Galois extension of number fields with Galois

group G and S a finite G-stable set of places of L containing the set of archimedean

places of L and the set of places which ramify in L/K. For the pair (h0(SpecL),ZG)

one can show that the ETNC is equivalent to an equality in a relative algebraic K-

group between the Euler characteristic of an ‘S-Tate Sequence’ of L/K and the leading

term L×
S (0) of the S-truncated equivariant L-function of L/K. To be more explicit,

an ‘S-Tate sequence’ is an exact sequence representing a canonical element TS of

Ext2
ZG(XL,S,O

×
L,S), where O×

L,S is the group of S-units of L and XL,S is a ZG-lattice

of known structure. The leading term L×
S (0) is an element of the multiplicative group

of the center ζ(RG)× of the group algebra RG, and one can view this as an element

of an algebraic K-group K0(ZG,RG) via the extended boundary homomorphism

δ̂ : ζ(RG)× → K0(ZG,RG). The assertion of ETNC(h0(SpecL),ZG) is then that

δ̂(L×
S (0)) = −χ(TS) ∈ K0(ZG,RG),

where χ(TS) is a natural ‘Euler characteristic’ of TS calculated with respect to a

‘trivialization’ induced by the Dirichlet regulator map RegS.

Motivated by this reformulation of the ETNC we shall develop a framework of ‘ab-

stract leading term conjectures’ and study some of their properties. In order to

do this we define an augmented trivialized extension (or a.t.e. for short), which

is a triple τ = (ǫτ , λτ ,L
×
τ ) comprising the following data. A ‘perfect extension’

ǫτ ∈ Ext2
ZG(H1

τ , H
0
τ ) where the H i

τ are specified finitely generated G-modules, an iso-

morphism of RG-modules λτ : R⊗H0
τ

∼ // R⊗H1
τ and an element L×

τ of ζ(RG)×.

The extension ǫτ can be thought of as an ‘abstract Tate sequence’, λτ as an ‘abstract

regulator map’ and L×
τ as an ‘abstract leading term’. We then show that the vanishing

of the natural Euler characteristic that is associated to τ implies relations between

L×
τ and structural invariants of the modules H i

τ .

The ETNC for the pair (h0(SpecL),ZG) naturally gives rise to an a.t.e. τ0 =

(TS,RegS, L
×
S (0)). Furthermore, our abstract framework is constructed in such a
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way that the validity of ETNC(h0(SpecL),ZG) is equivalent to the vanishing of the

Euler characteristic of τ0. When G is abelian, applying our general framework under

the assumption that ETNC(h0(SpecL),ZG) is valid will give a relation between the

Fitting ideal of Pic(OL,S) and the leading term of the L-function of h0(SpecL), which

is precisely in the style of Brumer’s Conjecture. When G is non-abelian the Fitting

ideal of a G-module is no longer defined. In this situation we define a natural no-

tion of Fitting invariant for G-modules. Applying our general framework under the

assumption ETNC(h0(SpecL),ZG) is valid will give a relation between the Fitting

invariant of Pic(OL,S) and the leading term of the L-function of h0(SpecL). This

thereby gives a natural non-commutative generalization of Brumer’s Conjecture.

The benefit of our abstract approach is that it applies not only to ETNC(h0(SpecL),

ZG) but also to many other cases of the ETNC (see Chapter 6). Examples of these

cases include ETNC(h0(SpecL)(r),ZG) for r < 0 and, under certain hypotheses,

ETNC(h0(SpecL) ⊗h0(SpecK) h
1(E)(1),ZG) where E is an elliptic curve defined over

K. In the first case our abstract framework will recover the Coates-Sinnott Conjecture

for L/K and indeed give a natural generalization of the conjecture to the case that

L/K is non-abelian. In the second case this will give a ‘Strong Main Conjecture’ of

the kind that Mazur and Tate ask for in [29] and, again, give a natural generalization

when L/K is non-abelian.

Let S now be any finite G-stable set of places of L containing all archimedean places.

The S-Tate sequence of L/K was originally defined in [42] for large S, where ‘large’

means that S contains all the places which ramify in L/K and Pic(OL,S) is trivial,

and has been used in the study of the Galois module structure of O×
L,S by Chinburg in

[16]. In [38] Ritter and Weiss remove the restriction that S is large. They construct

an element of Ext2
ZG(∇L,S,O

×
L,S) where ∇L,S is a module which fits into an exact

sequence of G-modules

0 // Pic(OL,S) // ∇L,S
// XL,S

// 0 .

Their methods are fairly involved and it is unclear how their construction, when S is
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not large, relates to the ETNC. Furthermore, the module ∇L,S is non-canonical in the

sense that it is only defined up to isomorphisms which are the identity on its torsion

submodule and its torsion free quotient. We resolve these issues by showing that

the Tate sequence constructed by Ritter and Weiss can be interpreted canonically

in terms of certain étale cohomology complexes (when it makes sense to use étale

cohomology). This will give a concise and natural construction of the Tate Sequence

of [38]. Furthermore, this approach will give a canonical description of the module

∇L,S in loc. cit. and prove natural functorial properties of the Tate Sequence of loc.

cit.. It will also show how the Tate sequence of Ritter and Weiss is related to the

general framework of the ETNC.

It should be noted that the more general Tate Sequence of Ritter and Weiss has

already been used, for example, by Greither in [23] and Popescu in [36].

The structure of this thesis is as follows. In Chapter 2 we recall some basics, including

the relevant details on algebraic K-theory and Fitting ideals. In Chapter 3 we define

a Fitting invariant for modules over arbitrary finite groups and investigate some

of its basic properties. In Chapter 4 we develop a general framework of abstract

leading term conjectures and interpret the vanishing of the Euler characteristic of

an arbitrary a.t.e. in terms of equalities between Fitting invariants. This chapter is

purely algebraic in nature and requires no prior knowledge of the ETNC. In Chapter

5 we quickly review the ETNC. In Chapter 6 we describe some explicit arithmetic

applications of the approach developed in Chapter 4. Finally, Chapter 7 will be

devoted to the study of the Tate sequence of Ritter and Weiss in [38] and can be read

independently from the preceding chapters.
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Preliminaries

2.1 General Notation

In this thesis all rings will be both associative and unital. Let R be a ring. We write

ζ(R) for the center of R. By an idempotent of R we shall always mean an idempotent

of ζ(R). Unless stated otherwise, by an R-module we shall mean a left R-module. If

M is an R-module, then we write pdR(M) for the projective dimension of M over R.

We define PMod(R) to be the category of finitely generated projective R-modules.

Given a right R-module M and an R-module N we write M ⊗R N for the tensor

product over R. When the tensor product M ⊗ N has no subscript we shall always

mean the tensor product over Z. When R = ZG for a finite group G we write M⊗GN

for the tensor product over ZG. Given G-modules M and N we can view M as a

right G-module via the contragredient G-action, i.e. mg := g−1m for all g ∈ G and

m ∈M . In this way we can define M ⊗G N for any G-modules M and N .

Given a ring homomorphism f : R → S we write S ⊗RM in place of S ⊗f M , which

will cause no ambiguity as the homomorphism f will always be clear from context.

We will also frequently abbreviate S ⊗R M to MS. Given a homomorphism of R-

modules φ : M → N we write S ⊗ φ for the induced homomorphism of S-modules

MS → NS.

For any Z-module M we write Mtor for the torsion submodule of M and M for the

quotient module M/Mtor. Given a prime p we write Z(p) for the localization of Z at p

and Zp for the completion of Z at p. Given any Z-module M we set M(p) := Z(p) ⊗M

and Mp := Zp ⊗M . When M is finite M(p) and Mp both identify with the p-power

torsion submodule of M .

If G is a finite group and K is a field, then we write IrrK(G) for the set of irreducible

K-valued characters of G.
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2.2 Algebraic K-Theory

In this section we recall the definition and basic properties of the relevant algebraic

K-groups. For a detailed discussion we refer the reader to, for example, [19, Ch. 5]

or [40].

2.2.1 K1(R)

The Whitehead Group K1(R) of a ring R is defined to be the abelian group generated

by symbols [P, f ], where P is a finitely generated projective R-module and f is an

automorphism of P , subject to the following relations:-

i) For each exact commutative diagram of finitely generated projective R-modules

0 // P ′ //

f ′

��

P //

f

��

P ′′

f ′′

��

// 0

0 // P ′ // P // P ′′ // 0

we have [P, f ] = [P ′, f ′] + [P ′′, f ′′], where f, f ′ and f ′′ are R-automorphisms;

ii) If P is a finitely generated projective R-module and f and g are automorphisms

of P , then [P, g ◦ f ] = [P, g] + [P, f ].

Given a ring homomorphism R → S one has an induced homomorphism of groups

µR,S : K1(R) → K1(S) given on generators by [P, f ] 7→ [S ⊗R P, S ⊗ f ]. We thus see

that K1(R) is functorial in R.

We give an alternative description of K1(R) which will be useful later. Let n be a

natural number, i, j ∈ {1, . . . , n} with i 6= j and λ ∈ R. We define an n × n matrix

Eij(λ) by setting

(Eij(λ))kl :=





1 k = l

λ k = i, l = j

0 otherwise.
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We define the group of n × n elementary matrices En(R) to be the group generated

by the Eij(λ). For any natural number n we have an injection GLn(R) → GLn+1(R)

given by A 7→

(
A 0

0 1

)
. The groups GLn(R) form a directed system under these maps

and we define the infinite general linear group GL(R) of R to be the corresponding

direct limit lim
→

GLn(R). Similarly we can define E(R) := lim
→

En(R), since the above

directed system maps elementary matrices to elementary matrices. One then has a

canonical isomorphism K1(R) ∼= GL(R)/E(R) given as follows. Let [P, f ] ∈ K1(R)

and let P ′ be a finitely generated R-module such that P ⊕ P ′ is free of rank n say.

From the relations in K1(R) it is clear that [P ′, id] = 0 and so [P, f ] = [P ⊕P ′, f⊕ id],

hence we can assume that P is free. By choosing a basis of P we can represent f by

an element Af of GLn(R). The required map is given by mapping [P, f ] to the class

of Af in GL(R)/E(R). For a proof that this is an isomorphism we refer the reader

to [40].

2.2.2 K0(R, S)

Let R → S be a ring homomorphism. The relative algebraic K-group K0(R, S)

is defined to be the abelian group generated by symbols [P, ϕ,Q], where P and Q

are finitely generated projective R-modules and ϕ : PS → QS is an isomorphism of

S-modules, subject to the following relations:-

i) Let 0 // P ′ // P // P ′′ // 0 and 0 // Q′ // Q // Q′′ // 0 be

exact sequences of finitely generated projective R-modules. If there exist S-isomorphi-

sms ϕ, ϕ′ and ϕ′′ fitting into an exact commutative diagram of S-modules

0 // P ′
S

//

ϕ′

��

PS //

ϕ

��

P ′′
S

//

ϕ′′

��

0

0 // Q′
S

// QS
// Q′′

S
// 0,

then [P, ϕ,Q] = [P ′, ϕ′, Q′] + [P ′′, ϕ′′, Q′′];

ii) If [P, ϕ,Q], [Q, φ, L] ∈ K0(R, S), then [P, φ ◦ ϕ, L] = [P, ϕ,Q] + [Q, φ, L].
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We recall that K0(R, S) is functorial in the following sense. Given a commutative

diagram of ring homomorphisms

R //

��

S

��

R′ // S ′,

there is an induced homomorphism of groups K0(R, S) → K0(R
′, S ′) given on gener-

ators by [P, ϕ,Q] 7→ [R′ ⊗R P, S
′ ⊗ ϕ,R′ ⊗R Q].

2.2.3 The Localization Sequence

Let R→ S be a ring homomorphism. There is an exact sequence of abelian groups

K1(R)
µR,S // K1(S)

δR,S // K0(R, S)

where the right hand map is defined as follows. As in §2.2.1 we can assume that every

element of K1(S) is of the form [Sn, f ]. One defines δR,S([S
n, f ]) := [Rn, f, Rn]. For

a proof of the exactness we refer the reader to [40, Th. 15.5]. When R → S is clear

from context we will drop the subscripts on µR,S.

The maps in this localization sequence are natural in the following sense. Given a

commutative diagram of ring homomorphisms

R

��

// S

��
R′ // S ′

the following diagram commutes
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K1(R)

��

µR,S // K1(S)

��

δR,S // K0(R, S)

��
K1(R

′)
µR′,S′ // K1(S

′)
δR′,S′ // K0(R

′, S ′),

where the vertical maps arise from the functoriality of both K1(−) and K0(−,−).

2.2.4 The Reduced Norm Map

Let L be either R, C, a number field or a finite extension of Qp for some prime p. For

any semi-simple L-algebra A there exists a reduced norm map

NrdA : A // ζ(A)

which is defined componentwise on each Wedderburn component (cf. [37, §9]). The

reduced norm map induces an injective homomorphism of abelian groups

NrdA : K1(A) // ζ(A)× (2.1)

which we also denote by NrdA. We write Nrd for NrdA if the algebra A is clear from

context.

We denote the image of the reduced norm map (2.1) by ζ(A)×+. A precise description

of ζ(A)×+ is given by the Hasse-Schilling-Maass Norm Theorem [37, Ch. 8, Th. 33.15].

A case of particular interest will be when A = LG for some finite group G. If L is

either C or a finite extension of Qp, then ζ(LG)×+ = ζ(LG)×. If G has no non-trivial

irreducible symplectic character, then ζ(RG)×+ = ζ(RG)×. We note that if G is

abelian, then it satisfies this hypothesis. If G has a non-trivial irreducible symplectic

character, then ζ(RG)×+  ζ(RG)×.
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2.2.5 The Extended Boundary Homomorphism

One can define a canonical extended boundary homomorphism

δ̂ : ζ(RG)× // K0(ZG,RG)

as follows. Given any prime number p one has a canonical map K0(ZG,QG) →

K0(ZpG,QpG) arising from the functoriality of K0(−,−). If x ∈ K0(ZG,QG), then

we denote by xp the image of x under this map. One then has a canonical isomorphism

of groups

K0(ZG,QG)
∼ //
⊕

p

K0(ZpG,QpG) (2.2)

given by x 7→ (xp)p, where the sum ranges over all prime numbers p (see the discus-

sion following [19, (49.12)]). If x ∈ ζ(RG)×, then one can choose, using the weak

approximation theorem (see [15, Ch. II, §6]) and the explicit description of ζ(RG)×+,

an element λ of ζ(QG)× such that λx ∈ ζ(RG)×+. One then defines

δ̂(x) := δZG,RG ◦ Nrd−1
RG(λx) −

∑

p

δZpG,QpG ◦ Nrd−1
QpG

(λ)

where the sum is considered as an element of K0(ZG,RG) via (2.2). It can be shown

that this map is well defined. Furthermore, it is clear from the definition that if

x ∈ ζ(RG)×+, then δ̂(x) = δZG,RG ◦ Nrd−1
RG(x). For a more conceptual description of

δ̂ we refer the reader to [5, Lemma 2.2].

Given an idempotent e of QG one can define a homomorphism δ̂e : ζ(RGe)× →

K0(ZGe,RGe) in the same way as δ̂. Furthermore, given two idempotents e, e′ of QG

such that ee′ = e′ it is straightforward to check that the maps δ̂e and δ̂e′ commute

with maps induced on the localization sequence by the commutative square

ZGe //

��

RGe

��
ZGe′ // RGe′.
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Finally, given a commutative diagram of ring homomorphisms

ZGe

��

// RGe

R // RGe

we have a composite map δ̂e,R given by

ζ(RGe)×
bδe // K0(ZGe,RGe) // K0(R,RGe).

In our applications the ring R will always be clear from context and so we will drop

the subscript R on δ̂e,R.

2.3 Homological algebra

2.3.1 Complexes

Let R be a ring. We write Kom(R) for the category of complexes of R-modules

and D(R) for its derived category. Unless stated otherwise, given a complex A of

R-modules we will denote the ith differential of A by diA. Given a morphism of

complexes f : A → B we write Cone(f) for the ‘mapping cone’ complex whose

objects are Cone(f)i := Ai+1 ⊕ Bi and whose differentials are diCone(f)(ai+1, bi) :=

(di+1
A (ai+1),−f

i+1(ai+1) − diB(bi)). We regard the derived category as triangulated

with respect to this choice of mapping cone. An exact triangle in D(R) will always

be written in the form

A // B // C // .

For any complex of R-modules C we write C[n] for the shifted complex whose objects

are C[n]i := Ci+n and whose differentials are diC[n] := (−1)ndi+nC . Given an R-module

M we write M [k] for the complex consisting of M concentrated in degree −k and

hence have an equality M [k][n] = M [k + n].
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We write Cb(PMod(R)) for the category of bounded complexes of finitely generated

projective R-modules. We say a complex of R-modules is perfect if it is isomorphic

in D(R) to an object of Cb(PMod(R)). We write Dperf(R) for the full triangulated

subcategory of D(R) consisting of perfect complexes.

2.3.2 Derived Functors

We briefly discuss how to compute certain derived functors. A full discussion of this

material can be found in [22, III.6].

Let A and B be abelian categories and F : A → B a right exact functor. We say that

a class of objects T of A is adapted to F if the following hypotheses hold:-

• Every object of A is a quotient of an object of T ;

• T is closed under direct sums;

• If 0 → A′ → A → A′′ → 0 is an exact sequence in T , then 0 → F (A′) →

F (A) → F (A′′) → 0 is exact in B.

Let D(A), resp. D(B), denote the derived category of A, resp. B, and let Db(A)

denote the subcategory of D(A) of bounded complexes. Given a class T adapted to

F one can compute the left derived functor of F ,

L(F )(−) : Db(A) // D(B),

as follows. Let C be an object of Db(A) and choose a bounded above complex T all

of whose objects are in T and such that T is isomorphic to C in D(A). One defines

L(F )(C) := F (T ). It can be shown that L(F )(C) is independent of the choice of T ,

i.e. given another choice T ′, one has a canonical isomorphism F (T ) ∼= F (T ′) in D(B).
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2.3.3 Tate Cohomology

Let G be a finite group. Given a G-module M and an integer i we write Ĥ i(G,M)

for the Tate cohomology group defined in [15, Ch. IV]. We remark that, by definition,

Ĥ i(G,M) = ExtiZG(Z,M) for all i ≥ 1. We say that M is cohomologically trivial

if the groups Ĥ i(J,M) vanish for all subgroups J of G and for all integers i. We

write MG for the largest submodule of M upon which G acts trivially and MG for

the largest quotient module of M upon which G acts trivially. For any G-modules M

and N we have a natural identification of abelian groups M ⊗G N ∼= (M ⊗N)G.

Lemma 2.3.1. A G-module M is cohomologically trivial if and only if pdZG(M) ≤ 1.

Proof See [15, Ch. IV, Th. 9].�

Lemma 2.3.2. Let M be a torsion free G-module and C a cohomologically trivial G-

module. Then M⊗C is a cohomologically trivial G-module with respect to the diagonal

G-action. Furthermore, there is a canonical isomorphism M ⊗G C ∼= (M ⊗ C)G.

Proof By Lemma 2.3.1 there exists an exact sequence of G-modules 0 → P1 → P0 →

C → 0 with P0 and P1 projective. Since M is torsion free, applying the functor M⊗−

to this exact sequence gives an exact sequence of G-modules

0 // M ⊗ P1
// M ⊗ P0

// M ⊗ C // 0. (2.3)

Now if P is a projective G-module, then M⊗P is a cohomologically trivial G-module

(cf. [15, Ch. IV, §9]). Hence (2.3) implies that M ⊗ C is a cohomologically trivial

G-module.

By definition of the Tate cohomology groups there is a tautological exact sequence of

abelian groups

0 // Ĥ−1(G,M ⊗ C) // (M ⊗ C)G
NG // (M ⊗ C)G // Ĥ0(G,M ⊗ C) // 0,

where NG denotes multiplication by the element
∑

g∈G g of ZG. As M ⊗ C is coho-
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mologically trivial we therefore have a canonical isomorphism

NG : (M ⊗ C)G
∼ // (M ⊗ C)G

and since (M ⊗ C)G identifies with M ⊗G C we are done.�

2.4 Fitting Ideals

In this section R is a commutative noetherian ring.

Definition 2.4.1. Let M be a finitely generated R-module. Choose an exact sequence

of R-modules of the form

Rr θ // Rg // M // 0.

With respect to the standard basis we can identify θ with a g× r matrix over R. The

Fitting Ideal of M is defined to be

FittR(M) :=

{
The ideal of R generated by all g × g minors of θ if g ≤ r

0 otherwise.

It is not difficult to show that this ideal is independent of the choice of presentation

of M (see [35, Th. 1]).
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Non-Commutative Fitting Invariants

We now generalize the definition of the Fitting ideal given in §2.4 to group rings ZG,

where G is an arbitrary finite group. For an alternative definition of Fitting invariants

over non-commutative rings we refer the reader to [25].

3.1 The Definition

Let G be a finite group and M a finitely generated G-module. Let K be a splitting

field for QG and set MK := K ⊗M . We define

Υ(M) := {χ ∈ IrrK(G)|eχMK = 0}

where eχ is the primitive (central) idempotent of KG corresponding to χ. We set

eM :=
∑

χ∈Υ(M)

eχ.

There is a natural action of AutQ(K) on the set of irreducible idempotents of KG.

Given a character χ in Υ(M), all idempotents in the AutQ(K)-orbit of eχ annihilate

MK (since we can pick a basis of K ⊗M which belongs to Q ⊗M). Thus eM is a

sum over AutQ(K)-orbits of idempotents and so belongs to QG. The definition of

eM implies that the module ZGeM ⊗GM is finite, which can be seen by applying the

functor Q⊗−.

Let Λ be either Z(p) or Zp for some prime p, L the quotient field of Λ and e an

idempotent of QG.

Hypothesis Hyp(M,Λ, e) M is a G-module for which there exists an exact sequence
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of ΛGe-modules of the form

0 // (ΛGe)n
θ // (ΛGe)n // ΛGe⊗GM // 0 . (3.1)

If e = eM , then we write Hyp(M,Λ) in place of Hyp(M,Λ, e).

Remark 3.1.1. From the definition of eM it is easy to see that Hyp(M,Λ, e) holds

only if e is an idempotent such that e.eM = e.

Definition 3.1.2. If Hyp(M,Λ, e) holds, then for any presentation of ΛGe⊗GM of

the form (3.1) we define

FittΛG(M, e) := NrdLGe(L⊗Λ θ) ∈ ζ(LGe)× mod NrdLGe(µΛGe,LGe(K1(ΛGe))).

Furthermore, if e = eM we set FittΛG(M) := FittΛG(M, eM) and call this the Fitting

invariant of M .

In the next section we shall show that FittΛG(M, e) is independent of the choice of

the presentation θ in (3.1), but first we describe criteria that are sufficient to ensure

that Hyp(M,Λ, e) is satisfied.

Proposition 3.1.3. Let M be a G-module which fits into an exact sequence of G-

modules of the form

0 // K // C // F // M // 0, (3.2)

where F is finitely generated and free, C is finitely generated and cohomologically

trivial and Q⊗ C is isomorphic to Q⊗ F as QG-modules.

If p is any prime for which (Ktor)p is a cohomologically trivial G-module, then Hyp(M,

Z(p)), Hyp((Ktor)p,Z(p)), Hyp(M,Zp) and Hyp((Ktor)p,Zp) all hold.

Proof We first need the following auxiliary lemma.
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Lemma 3.1.4. Let Λ, G and e be as above. Let

0 // H0 // C0 // C1 // H1 // 0 (3.3)

be an exact sequence of G-modules with C0 and C1 cohomologically trivial. The in-

duced sequence of ΛGe-modules

0 // (ΛGe⊗H0)G // ΛGe⊗G C
0 // ΛGe⊗G C

1 // ΛGe⊗G H
1 // 0

is exact, where ΛGe acts on the first factor of the tensors in the natural way.

Proof Given a G-module M we make ΛGe ⊗M into a ΛGe × ZG-module via the

action (g1e, g2)(x⊗m) := g1xg
−1
2 ⊗g2m. Since ΛGe is torsion free, applying ΛGe⊗−

to (3.3) gives an exact sequence of ΛGe× ZG-modules

0 // ΛGe⊗H0 // ΛGe⊗ C0 // ΛGe⊗ C1 // ΛGe⊗H1 // 0. (3.4)

Applying the functor (−)G, resp. (−)G, to (3.4) gives an exact sequence of ΛGe-

modules

0 // (ΛGe⊗H0)G // (ΛGe⊗ C0)G // (ΛGe⊗ C1)G,

resp.

ΛGe⊗G C
0 // ΛGe⊗G C

1 // ΛGe⊗G H
1 // 0.

Lemma 2.3.2 implies that we have a canonical isomorphism (ΛGe⊗Ci)G ∼= ΛGe⊗GC
i

for both i = 0 and 1. Combining this with the previous two exact sequences gives

the exact sequence of the lemma.�

Applying Lemma 3.1.4 to (3.2) gives an exact sequence of ΛGe-modules

0 // (ΛGe⊗K)G // ΛGe⊗G C // ΛGe⊗G F // ΛGe⊗GM // 0 .

(3.5)
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We set e = eM and write T for Ktor. By definition of e we see that (ΛGe⊗K)G is finite

and thus equal to (ΛGe ⊗ T )G. Let p be a prime such that Tp is a cohomologically

trivial G-module and fix Λ = Z(p). Lemma 2.3.2 implies that we have an isomorphism

of Z(p)Ge-modules Z(p)Ge⊗GTp ∼= (Z(p)Ge⊗Tp)
G. Furthermore, Z(p)Ge⊗GTp identifies

with Z(p)Ge⊗G T and so (3.5) gives an exact sequence of Z(p)Ge-modules

0 // Z(p)Ge⊗G Tp // Z(p)Ge⊗G C // Z(p)Ge⊗G F // Z(p)Ge⊗GM // 0 .

(3.6)

We need the following lemma, which is a p-local version of [15, Ch. IV, Th. 8].

Lemma 3.1.5. Let M be a G-module, T := Mtor and p a prime. If M and Tp are

cohomologically trivial G-modules then M (p) is a projective Z(p)G-module.

Proof The proof will be similar to [15, Ch. IV, Th. 8]. Choose an exact sequence of

G-modules of the form

0 // Q // F // M/T(p)
// 0

with F free. We have a natural identification M (p) = Z(p)⊗M/Tp and hence an exact

sequence of Z(p)G-modules

0 // Q(p) // F(p) // M (p)
// 0. (3.7)

As M (p) is torsion free the functor HomZ(p)
(M (p),−) is exact, thus applying this

functor to (3.7) gives a short exact sequence of Z(p)G-modules

0 // HomZ(p)
(M (p), Q(p)) // HomZ(p)

(M (p), F(p)) // HomZ(p)
(M (p),M (p)) // 0,

where G acts on the Hom-groups via the contragredient action. Applying the functor

(−)G to this exact sequence gives a sequence of Z(p)-modules

0 // HomZ(p)G(M (p), Q(p)) // HomZ(p)G(M (p), F(p)) // HomZ(p)G(M (p),M (p)) // 0

(3.8)

25



which will be exact if Ext1
Z(p)G

(Z(p),HomZ(p)
(M (p), Q(p))) = 0. If this is the case, then

any pre-image of the identity map idM (p)
in (3.8) will split (3.7), showing M (p) is

projective as required.

Let Gp be a Sylow p-subgroup of G. We recall that the Tate cohomology groups

Ĥ i(G,A) of a G-module A are annihilated by |G| ([15, Ch. IV, Cor. 1]). Hence if T is

a finite G-module such that (|G|, |T |) = 1, then T is cohomologically trivial. We thus

see that T/Tp is a cohomologically trivial Gp-module. Furthermore, since both M and

Tp are cohomologically trivial Gp-modules, then so is M/Tp. Thus applying the long

exact sequence of Tate cohomology to the tautological exact sequence of Gp-modules

0 // T/Tp // M/Tp // M // 0

shows that M is a cohomologically trivial Gp-module.

For all G-modules N and integers i ≥ 1 we have a commutative diagram of groups

ExtiZG(Z, N)(p)

��

∼ // ExtiZ(p)G
(Z(p), N(p))

��

ExtiZGp(Z, N) ∼ // ExtiZ(p)Gp
(Z(p), N(p)),

(3.9)

where the horizontal arrows are the natural maps and the vertical arrows are the

restriction maps. The first vertical map in (3.9) is injective since the restriction

map resGGp : Ĥ i(G,A) // Ĥ i(Gp, A) is injective on the p-part of Ĥ i(G,A) ([15,

Ch. IV, Cor. 3]). Now since M is a cohomologically trivial Gp-module [loc. cit.,

Ch. IV, Th. 7] implies that Hom(M,Q) is a cohomologically trivial Gp-module, i.e.

ExtiZGp(Z,Hom(M,Q)) = 0 for all i ≥ 1. Furthermore, Hom(M,Q)(p) is isomorphic

to HomZ(p)
(M (p), Q(p)) and so setting N = Hom(M,Q) in diagram (3.9) shows that

ExtiZ(p)G
(Z(p),Hom(M,Q)(p)) = 0 as required.�

Applying Lemma 3.1.5 to the G-module C shows that C(p) is a projective Z(p)G-

module. Furthermore, C(p) identifies canonically with Z(p)G⊗G C. There is a nat-

ural surjective Z(p)Ge-homomorphism Z(p)Ge⊗Z(p)G Z(p)G⊗G C → Z(p)Ge⊗G C. As
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Z(p)G⊗G C is projective, Z(p)Ge⊗Z(p)G Z(p)G⊗G C is torsion free and so this homo-

morphism is also injective. We thus see that Z(p)Ge⊗G C is a projective Z(p)Ge-

module. One also sees, using the previous isomorphism, that Z(p)Ge⊗G Tp = (Z(p)Ge

⊗GC)tor and so (3.6) induces an exact sequence of Z(p)Ge-modules

0 // Z(p)Ge⊗G C // Z(p)Ge⊗G F // Z(p)Ge⊗GM // 0 .

Recalling that e := eM , we see that Z(p)e⊗GM is finite. Hence applying the functor

Q⊗Z(p)
− to the previous exact sequence shows that Q⊗Z(p)

Z(p)Ge⊗G C is isomorphic

to Q⊗Z(p)
Z(p)Ge⊗G F as a QG-module. The following well known result now shows

that Z(p)Ge⊗G C is a free Z(p)G-module and hence that Hyp(M,Z(p)) holds.

Lemma 3.1.6. Let R be a discrete valuation ring with quotient field K and G a finite

group. Let M and N be projective RG-modules such that K ⊗R M ∼= K ⊗R N as

KG-modules. Then M is isomorphic to N as RG-modules.

Proof See [19, Ch. 4, Th. 32.1].�

Next, as Tp is a cohomologically trivial G-module Lemma 2.3.1 implies Tp has a length

one projective resolution over ZG. Applying Z(p) ⊗ − to such a resolution gives an

exact sequence of Z(p)G-modules

0 // P // P ′ // Tp // 0 (3.10)

where P is a projective and, without loss of generality, P ′ is both finitely generated

and free. Applying Lemma 3.1.6 to (3.10) shows Hyp(Tp,Z(p)) holds. Finally, the

hypotheses Hyp(M,Zp) and Hyp(Tp,Zp) now clearly hold as the functor Zp ⊗Z(p)
−

is exact.�
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3.2 Fitting Invariants are Well Defined

We now return to the situation that Λ is either Z(p) or Zp for some prime p. We fix

a G-module M and an idempotent e of QG such that Hyp(M,Λ, e) holds.

Lemma 3.2.1. Given two exact sequences of ΛGe-modules of the form

0 // (ΛGe)n
θ // (ΛGe)n

π // ΛGe⊗GM // 0

0 // (ΛGe)m
θ′ // (ΛGe)m

π′

// ΛGe⊗GM // 0,

one has Nrd(θ) = Nrd(θ′)Nrd(u) for some u ∈ µ(K1(ΛGe)). In particular FittΛG(M, e)

is independent of the choice of presentation (3.1).

Proof To ease notation we set Γ := ΛGe and Me := ΛGe⊗GM .

Consider the exact sequence of Γ-modules

0 // Γn
θ // Γn

π // Me
// 0 .

Let {ǫi}
n
i=1 denote the standard basis of Γn. Clearly {mi := π(ǫi)}

n
i=1 is a set of

generators of Me. Let m be an element of Me and {ǫ′i}
n+1
i=1 denote the standard basis

of Γn+1. We define a map π′ : Γn+1 →Me by setting

π′(ǫ′i) =

{
mi 1 ≤ i ≤ n

m i = n+ 1.

We now have an exact commutative diagram of Γ-modules

0 // Γn

��

θ // Γn

��

π // Me
// 0

0 // K
�

� ι // Γn+1 π′

// Me
// 0

where the middle vertical arrow is the natural injection of Γn into the first n factors of

Γn+1, K := ker(π′) and the first vertical arrow is the unique map making the diagram
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commute. Completing the diagram via the Snake Lemma we obtain the following

exact commutative diagram

0

��

0

��

0

��
0 // Γn

��

θ // Γn

��

π // Me
// 0

0 // K
ι //

��

Γn+1 π′

//

σ

��

Me
//

��

0

0 // C
∼ //

��

Γ //

��

0

0 0

(3.11)

where σ is the projection of the (n+ 1)th component of Γn+1 onto Γ. We extract the

following split exact sequence from the diagram

0 // Γn // K
σ◦ι // Γ // 0.

Let (λ1, . . . , λn, e) be a pre-image of e under σ ◦ ι. This pre-image defines an isomor-

phism of Γ-modules K ∼= Γn+1. Together with (3.11) this gives an exact commutative

diagram of Γ-modules

0 // Γn

��

θ // Γn

��

π // Me
// 0

0 // Γn+1
φ // Γn+1 π′

// Me
// 0

where, with respect to the standard basis, φ is represented by the matrix


 θ 0

λ1, . . . , λn e


 .

Let 0 // Γn
θ // Γn

π // Me
// 0 and 0 // Γm

θ′ // Γm
π′

// Me
// 0 be

exact sequences of Γ-modules and {mi}
n
i=1, resp. {m′

i}
m
i=1, the images of the standard
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basis vectors of Γn, resp. Γm, under π, resp. π′. Using the above argument inductively

we obtain two exact sequences

0 // Γn+m
φ // Γn+m Π // Me

// 0

0 // Γn+m
φ′ // Γn+m Π′

// Me
// 0

where, if {ǫi}
n+m
i=1 is the standard basis of Γn+m, then Π and Π′ are defined by

Π(ǫi) =

{
mi i = 1, . . . , n

m′
i i = n+ 1, . . . , n+m

Π′(ǫi) =

{
m′
i i = 1, . . . , m

mi i = m+ 1, . . . , n+m.

Furthermore, the maps φ and φ′ are represented by matrices of the form

φ =




θ 0 . . . 0

∗ e 0 0

∗ ∗
. . . 0

∗ ∗ ∗ e




φ′ =




θ′ 0 . . . 0

∗ e 0 0

∗ ∗
. . . 0

∗ ∗ ∗ e




. (3.12)

We can construct an exact commutative diagram of Γ-modules

0 // Γn+m

V
��

φ // Γn+m

U
��

Π′′

// Me
// 0

0 // Γn+m
φ′ // Γn+m Π′

// Me
// 0

where U is the obvious change of basis isomorphism making the right hand square

commute and V is the unique map completing the diagram. The Snake Lemma implies

that V is an isomorphism thus we can represent U and V by elements of GLn+m(Γ).

The equality φ = U−1φ′V , together with (3.12) and the definition of Nrd, implies

that Nrd(θ) = Nrd(φ) = Nrd(U−1)Nrd(φ′)Nrd(V ) = Nrd(U−1)Nrd(θ′)Nrd(V ). Since

Nrd(U−1) and Nrd(V ) are clearly in Nrd(µ(K1(Γ))) we are done.�
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3.3 Basic Properties

3.3.1 Abelian Groups

For this section G will be an abelian group. Let Λ be as in §3.2, L the quotient field of

Λ and L an algebraic closure of L. Let e be an idempotent of QG and M a G-module

for which Hyp(M,Λ, e) holds. We set C(e) := {χ ∈ IrrL(G)|eχe 6= 0}, where eχ is the

irreducible idempotent of LG corresponding to χ. There is a unique isomorphism of

L-algebras

ρ : LG
∼ //

∏

χ∈Irr
L
(G)

L.

For any natural number m we denote by ρe the isomorphism of L-algebras

ρe : Mm(LGe)
∼ //

∏

χ∈C(e)

Mm(L)

induced by ρ. We then have a commutative diagram

Mm(ΛGe)
ρe //

det

��

∏

χ∈C(e)

Mm(L)

(det)χ
��

ΛGe
ρe|ΛGe //

∏

χ∈C(e)

L .

(3.13)

Since Hyp(M,Λ, e) holds we can choose an exact sequence of ΛGe-modules of the

form

0 // (ΛGe)n
θ // (ΛGe)n // ΛGe⊗GM // 0.

We then have

FittΛGe(ΛGe⊗GM) = det(θ)ΛGe
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and

FittΛG(M, e) = NrdLGe(L⊗ θ) mod NrdLGe(µ(K1(ΛGe))).

As G is abelian we have NrdLGe(µ(K1(ΛGe))) = ρe((ΛGe)
×). By definition of the

reduced norm and the commutativity of diagram (3.13) we see that NrdLGe(L⊗ θ) =

ρe(det(θ)). We have thus proved the following result.

Lemma 3.3.1. Let G be an abelian group and M a G-module for which Hyp(M,Λ, e)

holds. Then FittΛGe(ΛGe⊗GM) is a principal ideal of ΛGe. Furthermore, if x is any

generator of this ideal then

FittΛG(M, e) = ρe(x) mod ρe((ΛGe)
×).�

In view of this lemma there should be no confusion in using the notation FittΛG(−)

to denote both Fitting invariants and Fitting ideals.

Lemma 3.3.2. Let Λ, G and e be as above and M a G-module. Then:-

i) FittΛGe(ΛGe⊗GM) = FittΛG(M)e;

ii) If e = eM , then FittΛG(M)e = FittΛG(M).

Proof i) Choose an exact sequence of ΛG-modules

(ΛG)r
θ // (ΛG)s // M // 0

and identify θ with an s× r matrix over ΛG in the usual way. Applying the functor

ΛGe⊗ΛG − to this exact sequence gives an exact sequence of ΛGe-modules

(ΛGe)r
ΛGe⊗θ // (ΛGe)s // ΛGe⊗ΛGM // 0 .

Clearly ΛGe⊗ θ is represented by the matrix obtained from θ by multiplying each of

its entries by e, hence det(θ)e=det(ΛGe ⊗ θ). Claim i) now follows from Definition

2.4.1.
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ii) By definition of eM we have 1 − eM =
∑

χ∈Irr
L
(G)\Υ(M)

eχ, where eχ is the primitive

idempotent of LG corresponding to χ. For any x ∈ FittΛG(M) one has x = xeM +

x(1 − eM), thus it suffices to show that FittΛG(M)eχ = 0 for all χ ∈IrrL(G) \ Υ(M).

Given such a character χ we let Λχ be the ring extension of Λ generated by the values

of χ and set Γχ := ΛχGeχ. Choose an exact sequence of ΛG-modules of the form

(ΛG)r
θ // (ΛG)s // M // 0 .

Applying Γχ ⊗ΛG − gives an exact sequence of Γχ-modules

Γrχ
θχ // Γsχ // MΓχ

// 0

where θχ := Γχ ⊗ θ. Definition 2.4.1 implies that FittΛG(M)Γχ = FittΓχ(MΓχ) and

furthermore that im(
∧s θχ) = FittΓχ(MΓχ) in

∧s
Γχ

Γsχ
∼= Γχ. However, since χ /∈

Υ(M) we know that MΓχ has rank at least one over Γχ and thus im(θχ) has rank at

most s− 1. This in turn implies that im(
∧s θχ) is a torsion submodule of Γχ and is

thus zero as required.�

3.3.2 Multiplicativity

For commutative rings Cornacchia and Greither have shown that, under certain con-

ditions, Fitting ideals are ‘multiplicative’ on short exact sequences (cf. [18, Lemma

3]). We have the following analogous result in the non-commutative setting.

Proposition 3.3.3. Let Λ be as in §3.3.1, G a finite group and

0 // M ′ // M // M ′′ // 0

a short exact sequence of ΛG-modules such that both Hyp(M,Λ, e) and Hyp(M ′′,Λ, e)

hold and Tor1
ΛG(ΛGe,M ′′) = 0. Then Hyp(M ′,Λ, e) holds and

FittΛG(M, e) = FittΛG(M ′, e) FittΛG(M ′′, e).
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Proof Let Γ = ΛGe. Under the assumption that Tor1
ΛG(Γ,M ′′) = 0, applying Γ⊗ΛG−

to the exact sequence in the statement of the proposition gives a short exact sequence

of Γ-modules

0 // Γ ⊗ΛGM
′ // Γ ⊗ΛGM // Γ ⊗ΛGM

′′ // 0 . (3.14)

Since Hyp(M,Λ, e) and Hyp(M ′′,Λ, e) both hold we can choose short exact sequences

of Γ-modules of the form

0 // Γn
θ //// Γn // Γ ⊗ΛGM // 0

0 // Γn
′′ θ′′ //// Γn

′′ // Γ ⊗ΛGM
′′ // 0.

(3.15)

We will show that this implies the existence of a short exact sequence

0 // Γn
′ θ′ //// Γn

′ // Γ ⊗ΛGM
′ // 0

and that Nrd(θ) = Nrd(θ′)Nrd(θ′′) in ζ(LGe)×.

For all Γ-modules N the long exact sequence corresponding to (3.14) and the functors

ExtiΓ(−, N), together with (3.15), shows that Ext2
Γ(Γ ⊗ΛG M

′, N) = 0. This implies

that pdΓ(Γ ⊗ΛG M
′) ≤ 1. Hence we can pick a projective resolution of Γ ⊗ΛG M

′ of

the form

0 // P ′ θ′ //// Γn
′ // Γ ⊗ΛGM

′ // 0 .

We obtain a commutative diagram of short exact sequences in which the solid lines

have already been given and the dotted lines are constructed using the Horseshoe
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Lemma

0

��

0

��

0

��
0 // P ′ θ′ //

���
�

�

Γn
′ //

���
�

�

Γ ⊗ΛGM
′ //

��

0

0 //___ P ′ ⊕ Γn
′′

eθ //___

���
�

�

Γn
′

⊕ Γn
′′ //___

���
�

�

Γ ⊗ΛGM //

��

0

0 // Γn
′′ θ′′ //

��

Γn
′′ //

��

Γ ⊗ΛGM
′′ //

��

0

0 0 0 .

(3.16)

By applying Schanuel’s Lemma ([19, (38.37)]) to the middle row of this diagram and

the free resolution of Γ ⊗ΛG M in (3.15), we can assume that all the objects in the

top left square of (3.16) are free. Furthermore, the map θ̃ can be represented by a

matrix of the form

θ̃ =

(
θ′ 0

∗ θ′′

)

Our claim now follows from the equality Nrd(θ̃) = Nrd(θ′)Nrd(θ′′).�

Remark 3.3.4. It is natural to ask if the methods of this section can be adapted

to associate to each finitely generated G-module M a more general non-commutative

invariant. For example, one could try to construct an ideal in a maximal order M

containing ZG as follows. Mimicking Definition 2.4.1 one could take a presentation

matrix A for M and look at the ideal Ag(A) of M generated by the reduced norms of

all g × g submatrices of A. However in order to show such an ideal is independent of

the choice of resolution of M one would need a proof similar to [35, Ch. 3, Lemma 2]

and this idea fails for the following reason. Given a g×g elementary matrix E it is an

easy exercise using the reduced norm to see that in general Ag(EA) 6= Ag(A). This

appears to be the obstacle in making other similar definitions in the non-commutative

setting.
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Abstract Leading Term Conjectures

4.1 Euler Characteristics

Let R be a ring. For any graded R-module C we define the following R-modules

Cev :=
⊕

i even

Ci Codd :=
⊕

i odd

Ci,

the sums being taken over integers i.

Let R now be a Dedekind domain of characteristic zero, F its field of fractions and

A a finite dimensional semi-simple F -algebra. We let Γ be an R-algebra which is a

full R-lattice in A. Such an R-algebra is said to be an R-order in A.

Definition 4.1.1. Let C be an object of Dperf(Γ) and t : Hev(CF )
∼ // Hodd(CF ) an

isomorphism of A-modules. We say that t is a trivialization of C and refer to the

pair (C, t) as a trivialized complex.

To any trivialized complex (C, t) one can associate a canonical (refined) Euler charac-

teristic χΓ,A(C, t) in K0(Γ, A). We will recall the basic ingredients of this construction

but for full details and properties the reader is referred to [6].

Let C be an object of Dperf(Γ) and t a trivialization of C. Choose a complex P ∈

Cb(PMod(R)) which is quasi-isomorphic to C and splittings of the tautological exact

sequences

0 // Bi(PF ) // Z i(PF ) // H i(PF ) // 0

0 // Z i(PF ) // P i
F

// Bi+1(PF ) // 0,
(4.1)

where Bi(PF ), resp. Z i(PF ), denotes the degree i coboundaries, resp. degree i cocy-
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cles, of PF . We obtain an isomorphism

P odd
F

∼=
⊕

i∈Z

Bi(PF ) ⊕Hodd(PF )

∼=
⊕

i∈Z

Bi(PF ) ⊕Hev(PF )

∼= P ev
F

where the first and third maps are obtained from the chosen splittings of the exact

sequences in (4.1) and the second map is induced by t−1. We write φ(t−1) for this

isomorphism, which is clearly dependent upon the chosen splittings.

One defines

χΓ,A(C, t) := [P odd, φ(t−1), P ev] ∈ K0(Γ, A)

which can be shown to be independent of all choices made in the construction. In

particular it is independent of the choice of splittings in (4.1).

We recall the following useful result.

Lemma 4.1.2. Let ∆ := [T [0] // Q // R // ] be an exact triangle in Dperf(Γ)

where T is a finite Γ-module. The complex T [0] has a unique trivialization which we

denote by 0. The triangle ∆ induces isomorphisms of A-modules Hev(QF ) ∼= Hev(RF )

and Hodd(QF ) ∼= Hodd(RF ). Thus any trivialization t : Hev(QF )
∼ // Hodd(QF ) of

Q induces a trivialization of R, which we also denote by t. One has

χΓ,A(Q, t) = χΓ,A(T [0], 0) + χΓ,A(R, t).

Proof See [6, Th. 2.8].�
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4.2 Trivialized Extensions and Abstract L-values

Let Λ be a finitely generated subring of Q and G a finite group. Let H0 and H1 be

finitely generated ΛG-modules and fix an element ǫ of Ext2
ΛG(H1, H0). Let

0 // H0 // Φ0 // Φ1 // H1 // 0

be an exact sequence of ΛG-modules representing ǫ. One obtains a complex Φǫ of ΛG-

modules Φ0 // Φ1 where the first term is placed in degree zero and H i(Φ) = H i

for i = 0, 1 (whilst the complex Φǫ is dependent upon the choice of Yoneda extension

representing ǫ, we shall only make constructions which are independent of this choice).

Conversely, given any complex Φ which is concentrated in degrees zero and one, one

obtains an element of Ext2
ΛG(H1(Φ), H0(Φ)) in the obvious way.

Definition 4.2.1. An element ǫ of Ext2
ΛG(H1, H0) is said to be a perfect extension if

the complex Φǫ is perfect. An augmented trivialized extension (a.t.e.) (with respect to

ΛG) is a triple τ = (ǫτ , λτ ,L
×
τ ) comprising a perfect extension ǫτ in Ext2

ΛG(H1
τ , H

0
τ ),

an isomorphism of RG-modules

λτ : R⊗Λ H
0
τ

∼ // R⊗Λ H
1
τ

and an element L×
τ of ζ(RG)×. We shall call L×

τ the leading term of τ .

The existence of the isomorphism λτ implies that Υ(H0
τ ) = Υ(H1

τ ) and so we write

Υ(τ) for this set and eτ for the idempotent associated to Υ(τ). With respect to the

natural multiplicative action of ζ(RG)× on ζ(RGeτ )
× we set Lτ := L×

τ eτ ∈ ζ(RG).

We will omit τ from the notation when the context is clear.

Definition 4.2.2. Given an a.t.e. τ = (ǫ, λ,L×) the Euler characteristic of τ is

defined to be

χ(τ) := χΛG,RG(Φǫ, λ) + δ̂(L×) ∈ K0(ΛG,RG).
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4.3 Euler Characteristics and Fitting Invariants

In this section we state and prove the main algebraic result of this thesis (Theorem

4.3.1). This shows that the vanishing of the Euler characteristic χ(τ) of an a.t.e. τ

gives explicit congruences between the leading term of τ and structural invariants of

the modules associated to τ . In Chapter 6 we will show that a.t.e.’s arise naturally

in the context of the ETNC in such a way that the validity of the ETNC is equiva-

lent to the vanishing of the Euler characteristic of the given a.t.e.. In this way one

can therefore view the conjectural equality χ(τ) = 0 as an ‘abstract leading term

conjecture’.

Let G be a finite group, p a prime, Λ either Z(p), Zp or a finitely generated subring of

Q and L the quotient field of Λ. For any ΛG-module M we write M∗, resp. M∨, for

the ΛG-module HomΛ(M,Λ), resp. HomΛ(M,L/Λ), endowed with the contragredient

G-action. Given a Λ-order A in LG we say that A is relatively Gorenstein if A∗ is

isomorphic to A as an ΛG-module.

Let Λ now be a finitely generated subring of Q. Let τ := (ǫ, λ,L×) be an a.t.e. (with

respect to ΛG). We set T := (H0)tor and write Υ, resp. e, for Υ(τ), resp. eτ .

Theorem 4.3.1. If χ(τ) vanishes, then each of the following claims is valid.

i) L ∈ QG.

ii) If p is any prime such that Tp is a cohomologically trivial G-module, then FittZpG(T∨
p )

and FittZpG(H1
p ) are both defined and

FittZpG(T∨
p )L = FittZpG(H1

p ).

iii) If G is abelian and p is a prime such that either Tp is a cohomologically trivial

G-module or Z(p)Ge is relatively Gorenstein, then

FittZ(p)G(T∨
p )L = FittZ(p)G(H1

(p)).
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Proof

Claim i): We have an isomorphism of RG-modules λ : R⊗H0 ∼ // R⊗H1 which

implies the existence of an isomorphism of QG-modules ϕ : Q⊗H0 ∼ // Q⊗H1

(see, for example, the arguments in [39, Ch. 12]). We fix such an isomorphism ϕ and

given ψ ∈IrrC(G) we define

Aϕ(ψ) := L×
ψ .detC((C⊗ ϕ−1) ◦ (C⊗ λ) |HomCG(Vψ ,C⊗ΛH0)) ∈ C

×

where Vψ is a C-vector space realizing ψ.

Remark 4.3.2. Our definition of Aϕ(ψ) is motivated by Tate’s formulation of the

Stark conjectures [41, Ch. 4].

Lemma 4.3.3. χ(τ) is an element of K0(ΛG,QG) if and only if Aϕ(ψ
ω) = Aϕ(ψ)ω

for all ψ ∈IrrC( G) and ω ∈Aut(C).

Proof As in §4.2 we let Φǫ be a complex of ΛG-modules concentrated in degrees

zero and one and such that the extension class it defines is ǫ. Recall that χ(τ) :=

χΛG,RG(Φǫ, λ)+ δ̂(L×). Let α ∈ ζ(QG)× such that αL× ∈ ζ(RG)×+ (such an element

exists after the discussion in §2.2.5). Then

δ̂(L×) = δ̂(αL×) − δ̂(α)

= δΛG,RG ◦ Nrd−1(αL×) − δ̂(α)

and δ̂(α) ∈ K0(ΛG,QG). It will thus suffice to prove the result in the case that

L× ∈ ζ(RG)×+.

We have two trivializations of Φǫ, one with respect to QG, namely ϕ, and one with

respect to RG, namely λ. Using [6, Th. 2.1 (2)] one has

χΛG,RG(Φǫ, λ) − χΛG,QG(Φǫ, ϕ) = δΛG,RG([R⊗H0, (R⊗ ϕ−1) ◦ λ])
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and so χΛG,RG(Φǫ, λ) ≡ δΛG,RG([R⊗H0, (R⊗ ϕ−1) ◦ λ]) mod K0(ΛG,QG). Hence

χ(τ) ∈ K0(ΛG,QG)

⇐⇒ χΛG,RG(Φǫ, λ) + δΛG,RG ◦ Nrd−1(L×) ∈ K0(ΛG,QG)

⇐⇒ δΛG,RG([R⊗H0, (R⊗ ϕ−1) ◦ λ]) + δΛG,RG ◦ Nrd−1(L×) ∈ K0(ΛG,QG)

⇐⇒ Nrd((R⊗ ϕ−1) ◦ λ)L× ∈ ζ(QG)×

(4.2)

Furthermore, by definition of Nrd we have Nrd((R ⊗ ϕ−1) ◦ λ)L× = (Aϕ(ψ))ψ in

ζ(CG)×. Hence the condition that Aϕ(ψ
ω) = Aϕ(ψ)ω for all ψ and ω is equivalent to

the bottom statement in (4.2) as ζ(QG)× = H0(Aut(C), ζ(CG)×).�

Recall the definition of Υ(τ) from 4.2.1 and that we defined Υ := Υ(τ). For any

ψ ∈ Υ we have (H0 ⊗ C)eψ = 0 and so Aϕ(ψ) = L×
ψ . Our assumption that χ(τ) = 0

trivially implies that χ(τ) ∈ K0(ΛG,QG). By Definition 4.2.1, L is the element of

ζ(RG) given by

Lψ =

{
L×
ψ if ψ ∈ Υ

0 otherwise.

Since Υ is stable under Aut(C), Lemma 4.3.3 implies that L×
ψω = (L×

ψ )ω for all

ω ∈Aut(C) and ψ ∈ Υ. Thus L ∈ ζ(QG) which proves claim i) of Theorem 4.3.1.

Since claims ii) and iii) are local statements, for the rest of the proof we will assume

Λ = Z.

Claim ii): Let

0 // H0 // Φ0 d // ZGs // H1 // 0 (4.3)

be an exact sequence of G-modules representing ǫ and Φǫ the complex [Φ0 → ZGs]

with Φ0 placed in degree zero. The assumption that ǫ is a perfect extension is equiva-

lent to Φ0 being a cohomologically trivial G-module. We can thus apply Proposition

3.1.3 to deduce that the Fitting invariants in claim ii) of the theorem are both defined.

We now fix a prime p for which Tp is a cohomologically trivial G-module. The func-

tor Z(p) ⊗ − is exact, thus applying it to (4.3) gives an exact sequence of Z(p)G-

modules 0 // H0
(p)

// Φ0
(p)

// Z(p)G
s // H1

(p)
// 0 . Let Φ(p) denote the
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complex [Φ0
(p) → Z(p)G

s], where the first term is placed in degree zero. Since ǫ is

perfect, the exactness of Z(p) ⊗ − implies that Φ(p) ∈ Dperf(Z(p)G). The trivializa-

tion λ of Φǫ induces a trivialization of Φ(p) and, furthermore, under the natural map

K0(ZG,RG) → K0(Z(p)G,RG) one has χZG,RG(Φǫ, λ) 7→ χZ(p)G,RG(Φ(p), λ).

Let Φ(p) be the complex [Φ0
(p) → Z(p)G

s] with the first term placed in degree zero.

We have a tautological exact triangle in D(ZG)

Tp[0] // Φ(p)
// Φ(p)

// . (4.4)

Now, Lemma 3.1.5 implies that Φ0
(p) is a projective Z(p)G-module and so Φ(p) ∈

Cb(PMod(Z(p)G)). Furthermore, since Hyp(Tp,Z(p)G) holds Tp[0] ∈ Dperf(Z(p)G).

Thus (4.4) is an exact triangle in Dperf(Z(p)G) and so we can apply Lemma 4.1.2 to

obtain

χZ(p)G,RG(Φ(p), λ) = χZ(p)G,RG(Tp[0], 0) + χZ(p)G,RG(Φ(p), λ). (4.5)

We now compute this expression. By definition of χZ(p)G,RG(−,−) we have

χZ(p)G,RG(Φ(p), λ) = [Z(p)G
s, φ(λ−1),Φ0

(p)],

where φ(λ−1) is defined in §4.1. Since Hyp(Tp,Z(p)) holds we can choose an exact

sequence of Z(p)G-modules of the form

0 // Z(p)G
r θ //// Z(p)G

r // Tp // 0.

By definition of χZ(p)G,RG(−,−) we have χZ(p)G,RG(Tp[0], 0) = [Z(p)G
r,R⊗ θ,Z(p)G

r].

Hence the equality χ(τ) = 0, together with (4.5), implies that

−δ̂(L×) = [Z(p)G
r,R⊗ θ,Z(p)G

r] + [Z(p)G
s, φ(λ−1),Φ0

(p)] ∈ K0(Z(p)G,RG). (4.6)

We write Γ for the ring Z(p)Ge and, in keeping with our conventions, Γp for the ring
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ZpGe. Consider the following natural commutative diagram of groups

ζ(RG)×

��

bδ // K0(Z(p)G,RG)

��
ζ(RGe)×

bδe // K0(Γ,RGe).

(4.7)

We denote the right hand vertical map in (4.7) by π. Given a homomorphism of

RG-modules f : M → N we write fe for the induced map fe : Me → Ne. Diagram

(4.7), together with (4.6), implies that

−δ̂e(L) = [Γr, (R⊗ θ)e,Γr] + [Γs, φ(λ−1)e,Γ ⊗G Φ0] ∈ K0(Γ,RGe). (4.8)

The argument directly following the proof of Theorem 3.1.5 implies that Γ ⊗G Φ0 is

a free Γ-module. Furthermore, by definition of K0(−,−), the rank of Γ ⊗G Φ0 is s.

We choose a basis of Γ⊗G Φ0 and henceforth make an identification of Γ⊗G Φ0 with

Γs. Recall that e := eτ and for both i = 0 and i = 1 we have eτ = eHi . By definition

of eHi we have (R⊗H i)e = 0 for i = 0, 1. Recall the map d from (4.3). By definition

of φ(λ−1) we see that the isomorphism φ(λ−1)e is equal to the isomorphism

R⊗Q (Q⊗ ZGs)e
R⊗Q((Q⊗d)e)−1

// R⊗Q (Q⊗ Φ0)e.

Thus

[Γs, φ(λ−1)e,Γs] = [Γs, ((Q⊗ d)e)−1,Γs] ∈ K0(Γ,QGe).

Likewise we have

[Γr, (R⊗ θ)e,Γr] = [Γr, (Q⊗ θ)e,Γr] ∈ K0(Γ,QGe).

Hence (4.8) now implies

−δ̂e(L) = [Γr, (Q⊗ θ)e,Γr] + [Γs, ((Q⊗ d)e)−1,Γs]

= [Γr, (Q⊗ θ)e,Γr] − [Γs, (Q⊗ d)e,Γs]

= δΓ,RGe([(QGe)
r, (Q⊗ θ)e] − [(QGe)s, (Q⊗ d)e]),

(4.9)
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where the second equality follows from the relations in K0(Γ,QGe).

Remark 4.3.4. Let Γ ⊗G Φ be the complex [Γ ⊗G Φ0 Γ⊗d // Γ ⊗G ZG
s], with the

first term placed in degree zero, obtained by applying Γ ⊗G − to the middle two

terms of (4.3). The cohomology of Γ ⊗G Φ is finite and so we have a trivialized

complex (Γ ⊗G Φ, 0). It can be shown that the right hand side of (4.9) is equal to

χΓ,RGe(Γ ⊗G Φ, 0). We leave the details for the interested reader.

In the case that G has no non-trivial irreducible symplectic characters we know NrdQG

is bijective, hence δ̂e = δΓ,RGe ◦ Nrd−1
RGe. Thus (4.9) implies we have the following

congruence in ζ(QGe)×

L−1 ≡ NrdQGe((Q⊗ θ)e) (NrdQGe(Q⊗ d)e)−1 mod NrdQGe(µ(K1(Γ))).

By definition of the Fitting invariant of a Z(p)G-module this is equivalent to the

statement

FittZ(p)G(Tp)L = FittZ(p)G(H1
(p)). (4.10)

Now, it is easy to see that the argument in the proof of [12, Lemma 6] generalizes to

show that FittZ(p)G(T∨
p ) = FittZ(p)G(Tp). Thus (4.10) implies that

FittZ(p)G(T∨
p )L = FittZ(p)G(H1

(p)), (4.11)

which is the analogous p-local statement of Theorem 4.3.1 ii).

In the general case NrdQG can fail to be surjective and so we must ‘pass to p-

completions’. Since NrdQpGe is bijective we have the following commutative diagram

ζ(QGe)×
bδe //

��

K0(Γ,QGe)

��
ζ(QpGe)

×
δΓp,QpGe◦Nrd−1

QpGe// K0(Γp,QpGe).

(4.12)
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Together with (4.9) this implies that

L−1 ≡ NrdQpGe((Qp ⊗ θ)e)
(
NrdQpGe((Qp ⊗ d)e)

)−1
mod NrdQpGe(µ(K1(Γp)))

which, by definition of the Fitting invariant of a ZpG-module, is equivalent to claim

ii) of Theorem 4.3.1.

Claim iii): We recall that an abelian group has no non-trivial irreducible symplectic

characters. The statement of claim iii), under the hypothesis that p is a prime for

which Tp is a cohomologically trivial G-module, then follows from (4.11). Thus it

remains to prove that the same statement holds under the hypothesis that p is a

prime for which Γ is relatively Gorenstein.

Using Lemma 3.1.4 we see that applying Γ ⊗G − to the middle two terms of (4.3)

induces an exact sequence of Γ-modules

0 // (Γ ⊗ T )G // Γ ⊗G Φ0 // Γs // Γ ⊗G H
1 // 0 .

Let P be an object of Cb(PMod(Γ)) such that P is isomorphic to Φ in D(ZG). The

left derived functor L(Γ⊗G−) can be computed by applying Γ⊗G− to P . However,

given an exact sequence of cohomologically trivial G-modules

0 // C ′ // C // C ′′ // 0 ,

Lemma 3.1.4 implies that the sequence

0 // Γ ⊗G C
′ // Γ ⊗G C // Γ ⊗G C

′′ // 0

is also exact. This implies that cohomologically trivial G-modules are adapted to the

functor Γ⊗G−. The discussion on derived functors in §2.3.2 therefore implies that we

can compute L(Γ⊗G−) using resolutions of cohomologically trivial G-modules. Hence

we have a canonical isomorphism Γ⊗GP ∼= Γ⊗GΦ in D(Γ). By definition of the Euler

characteristic of a trivialized complex one thus sees that, under the functorial map

45



K0(ZG,RG) // K0(Γ,RGe), one has χZG,RG(Φ, λ) 7→ χΓ,RGe(Γ⊗G Φ, 0). Thus the

equality χ(τ) = 0 implies that

χΓ,RGe(Γ ⊗G Φ, 0) + δΓ,RGe ◦ Nrd−1
RGe(L) = 0.

As in the proof of claim ii) we see that this expression belongs to K0(Γ,QGe) and so

we can ‘pass to p-completions’ to obtain

χΓp,QpGe(Γp ⊗G Φ, 0) + δΓp,QpGe ◦ Nrd−1
QpGe(L) = 0. (4.13)

We need the following auxiliary result.

Lemma 4.3.5. Let C be a complex in Cb(PMod(ZpGe)) concentrated in degrees zero

and one and such that H i := H i(C) is finite for all i. There exists a complex of

ZpGe-modules A := [A0 → A1], with the first term placed in degree zero, and an

isomorphism ν : C → A in D(ZpGe) such that:-

i) A0 and A1 are finite;

ii) pdZpGe(A
0) = pdZpGe(A

1) = 1;

iii) H i(ν) is the identity map for i = 0, 1.

Proof To ease notation we assume that H1 is a cyclic module. The argument in the

general case is entirely similar. We also continue to denote ZpGe by Γp.

If n is a sufficiently large integer, then we can chose an exact sequence of Γp-modules

of the form

0 // K // Γp/p
nΓp // H1 // 0. (4.14)

This induces an exact sequence of Ext-groups

. . . // Ext1
Γp(K,H

0) δ // Ext2
Γp(H

1, H0) // Ext2
Γp(Γp/p

nΓp, H
0) // . . . .

(4.15)

Since pdΓp(Γp/p
nΓp) = 1 the group Ext2

Γp(Γp/p
nΓp, H

0) is trivial and so the map δ of

(4.15) is surjective. Let [C] denote the class defined by C in Ext2
Γp(H

1, H0). Chose a
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pre-image of [C] under δ and let

0 // H0 // T // K // 0 (4.16)

be an exact sequence of Γp-modules representing the chosen pre-image. The definition

of the map δ in terms of Yoneda extensions shows that ‘splicing’ (4.16) with (4.14)

gives an exact sequence of Γp-modules

0 // H0 // T // Γp/p
nΓp // H1 // 0

which is Yoneda equivalent to the tautological exact sequence

0 // H0 // C0 // C1 // H1 // 0

induced by C. If we let A be the complex [T → Γp/p
nΓp], with T placed in degree

zero, then we have shown that there exists an isomorphism ν : C → A in D(Γp)

satisfying claim iii) of the lemma. Since the module K in (4.14) is clearly finite, so

is T . Thus A satisfies claim i) of the lemma. Furthermore, pdΓp(Γp/p
nΓp) = 1 and

so to complete the proof it remains to show that pdΓp(T ) = 1. Since C is a perfect

complex, so is A. The tautological exact triangle

Γp/p
nΓp[−1] // A // T [0] //

thus implies that T [0] is perfect, which is equivalent to pdΓp(T ) < ∞. As ZpG is a

product of local rings of Krull dimension one, so is Γp. Thus using [1, Th. 1.9] we see

that pdΓp = 1, which completes the proof of the lemma.�

Let A be the complex given by Lemma 4.3.5 when C = Γp ⊗G Φ. Applying Lemma

4.1.2 to the tautological exact triangle A1[−1] // A // A0[0] // one sees that

χΓp,QpGe(Γp ⊗G Φ, 0) = χΓp,QpGe(A, 0)

= χΓp,QpGe(A
0[0], 0) + χΓp,QpGe(A

1[−1], 0).
(4.17)
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The argument of [3, Lemma 2.6] shows that K0(Γp,QpGe) can be identified with the

multiplicative group of invertible Γp-lattices in QpGe. Moreover, under this identifi-

cation the right hand side of (4.17) is FittΓp(A
0) FittΓp(A

1)−1 (since A0 and A1 have

projective dimension one) and δΓp,QpGe ◦Nrd−1
QpGe

(L) = LΓp. Thus (4.13) implies that

LΓp = FittΓp(A
0)−1 FittΓp(A

1). (4.18)

Applying [12, Lemma 5] to the tautological exact sequence of Γp-modules

0 // (Γp ⊗ T )G // A0 // A1 // Γp ⊗G H
1 // 0

implies that

FittΓp((Γp ⊗ T )G)∨)−1 FittΓp(Γp ⊗G H
1) = FittΓp(A

0)−1 FittΓp(A
1),

which combines with (4.18) to give

FittΓp(((Γp ⊗ T )G)∨)L = FittΓp(Γp ⊗G H
1). (4.19)

Lemma 3.3.2 implies that FittΓp(Γp ⊗G H
1) = FittZpG(H1), thus (4.19) implies that,

after replacing completions by localizations,

FittΓ(((Γ ⊗ T )G)∨)L = FittZ(p)G(H1). (4.20)

Lemma 4.3.6. Let G be a finite group, e an idempotent of QG, Γ a Z(p)-order in

QGe and Ta finite Γ-module. One has an isomorphism of Γ-modules

(Γ ⊗ T )∨ ∼= Γ∗ ⊗ T∨,

where Γ∗ and Γ∨ have the contragredient G-action.
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Proof We have an isomorphism of Γ-modules

(Γ ⊗ T )∨ ∼= HomZ(p)
(Γ, T∨)

given by the ‘adjointness of Hom and ⊗’. Let {vi}
n
i=1 be a Z(p)-basis of Γ and let {δi}

n
i=1

be the Z(p)-basis of HomZ(p)
(Γ,Z(p)) dual to {vi}

n
i=1. We define a homomorphism of

Γ-modules from HomZ(p)
(Γ, T∨) to Γ∗ ⊗ T∨ by

f � //
n∑

i=1

δi ⊗ f(vi).

We leave it to the reader to check that this is an isomorphism.�

For any G-moduleM it is well known that (MG)∨ is canonically isomorphic to (M∨)G.

We thus have
((Γ ⊗ T )G)∨ ∼= ((Γ ⊗ T )∨)G

∼= (Γ∗ ⊗ T∨)G
∼= (Γ ⊗ T∨)G
∼= Γ ⊗G T

∨.

where the second isomorphism follows from Lemma 4.3.6 and the third from the

assumption that Γ is relatively Gorenstein. This isomorphism, together with (4.20)

and Lemma 3.3.2, implies that

FittZ(p)G(T∨)L = FittZ(p)G(H1),

which completes the proof of Theorem 4.3.1.�

4.4 A remark on Euler Characteristics

The following technical remark is not needed for the rest of the thesis.

In [4] the authors give an alternative definition of the Euler characteristic of a trivial-

ized complex. This in turn leads to an alternative definition of the Euler characteristic
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of an a.t.e. (used for example by Burns in [7]). We chose not to use this definition in

order to keep this thesis as simple as possible, since the alternative definition involves

determinant functors and virtual objects. For any interested reader we now compare

the two definitions and show that the difference between the two does not affect the

results in this thesis.

Let F , Γ and A be as in §4.1 and recall the definitions made in §4.2.1. For this

section only we write χold
Γ,A(−,−) for the Euler characteristic of Definition 4.2.2 and

χΓ,A(−,−) for the Euler characteristic defined in [4, Def. 5.5]. In [4, Th. 6.2] the

authors show that for any trivialized complex (C, t) one has

−χΓ,A(C, t) = χoldΓ,A(C, t−1) + δΓ,A([Bodd(CF ),− id]). (4.21)

Given an a.t.e. τ = (ǫ, λ,L×) we write χold(τ) for the Euler characteristic of τ given

in Definition 4.2.2. As in §4.2 we let Φǫ be a complex of ΛG-modules concentrated in

degrees zero and one, such that the extension class it defines is ǫ. Furthermore, we

assume Φǫ is of the form [Φ0 d // F ] , where F is finitely generated and free. Using

the Euler characteristic of [4] an alternative definition of the Euler characteristic of

an a.t.e. is

χ(τ) := χΛG,RG(Φǫ, λ) − δ̂(L×).

Using (4.21) we have

χ(τ) = −χoldΛG,RG(Φǫ, t
−1) − δΛG,RG([(im d)R,− id]) − δ̂(L×)

= −χold(τ) − δΛG,RG([(im d)R,− id])
(4.22)

and thus in general the vanishing of χ(τ) is not equivalent to the vanishing of χold(τ).

However, by definition of eτ the complex [(Φ0
R)eτ

(R⊗d)eτ // (FR)eτ ] is acyclic and so

(Φ0
R)eτ is a free RGeτ -module. Thus under the natural map π : K0(ΛG,RG) →

K0(ΛGeτ ,RGeτ ) the element δΛG,RG([(im d)R,− id]) maps to zero. Hence (4.22) im-

plies that π(χ(τ)) = −π(χold(τ)). Since the proof of Theorem 4.3.1 only requires

π(χold(τ)) to vanish, one can replace the hypothesis χold(τ) = 0 of the theorem by
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χ(τ) = 0 without affecting the validity of claims i), ii) and iii).

51



The Equivariant Tamagawa Number Con-

jecture

Throughout this chapter we fix the following notation. Let L/K be a Galois extension

of number fields with Galois group G. We write K for a fixed algebraic closure of

K containing L and GK for Gal(K/K). Let S be a finite G-stable set of places of

L containing the set S∞ of archimedean places. We write S(K), resp. S∞(K), for

the set of places of K below those in S, resp. S∞. Given v ∈ S∞(K) we write σv

for a fixed embedding K →֒ C which restricts to v. Given a place v of K we write

Kv for the completion of K at v, Kv for a fixed algebraic closure of Kv and Gv for

Gal(Kv/Kv). Finally we let X → Spec(K) be a smooth projective variety over K.

5.1 Determinants and Virtual Objects

Let R be a ring and PModis(R) the subcategory of PMod(R) consisting of the

same objects as PMod(R) and whose morphism sets consist of all isomorphisms in

PMod(R).

In [20, §4] Deligne constructs a category V (R) of virtual objects and a universal

determinant functor

[−] : PMod(R)is // V (R) .

By definition V (R) is a Picard category (cf. [9, §2.1] for basics on Picard categories),

whose tensor bi-functor we will denote by ⊠ and [−] is a functor satisfying certain

natural properties (see [loc. cit., §2.3]).

We fix a unit object 1V (R) of V (R) and write π0(V (R)) for the group of isomorphism

classes of objects in V (R) and π1(V (R)) for AutV (R)(1V (R)). By the construction of

V (R) one has natural isomorphisms πi(V (R)) ∼= Ki(R) for i = 0, 1. Furthermore,
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V (R) is functorial in R, i.e. given a ring homomorphism R → S we get an induced

functor V (R) → V (S), which we denote by S ⊗R −.

Let Dperf
is (R) be the subcategory of Dperf(R) consisting of the same objects as Dperf(R)

and whose morphism sets consist of all isomorphisms in Dperf(R). We have a full

embedding of categories PMod(R) → Dperf(R) given by P 7→ P [0] and one can show

that [−] extends to a determinant functor

[−] : Dperf
is (R) → V (R)

(see [9, Prop. 2.1]).

We specialize the above construction to the following setting. Let A be a finite

dimensional semi-simple Q-algebra, R a finitely generated subring of Q and A an

R-order in A. We set Â := Ẑ⊗A and Â := Ẑ⊗A where Ẑ is the profinite completion

of Z. Using the fibre product of categories ([loc. cit., §2.2]) one defines

V(A) := V (Â) ×V ( bA) V (A) and V(A,R) := P0 ×V (AR) V(A)

where P0 is the Picard category with unique object 1P0 and Aut(1P0) = 0. Both

V(A) and V(A,R) are naturally Picard categories. Furthermore, the isomorphisms

πi(V (A)) ∼= Ki(A) and πi(V (AR)) ∼= Ki(AR) induce a natural isomorphism π0(V(A,R))

∼= K0(A, AR).

5.2 Motives

We view a motive as defined in terms of its realizations as follows. The motive

M := hn(X)(r) is the following collection of data:-

i) For each prime ℓ, a finite dimensional Qℓ-vector space Hℓ(M) := Hn
ét(XK ,Qℓ)(r)

with a continuous action of GK ;

ii) For each archimedean place v ofK, aQ-Hodge structureHv(M) := Hn(σvX(C), (2π
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i)rQ) over Kv;

iii) A filtered K-space HdR(M) := Hn
dR(X/K) with its natural decreasing filtration

{F iHn
dR(X/K)}i∈Z shifted by r.

To say that M has coefficients in a finite dimensional Q-algebra A will mean that

A acts on each of the above realizations of M in such a way that the actions are

compatible under the various comparison isomorphisms.

Examples

i) If M = h0(SpecL)(r) for some r ∈ Z, then Hℓ(M) = H0
ét(Spec(L ⊗K K),Qℓ(r)),

Hv(M) = (2πi)rQG for each archimedean place v of K and HdR(M) = L, with

F i(L) = L if i ≤ −r and F i(L) = 0 otherwise. The coefficients of M lie in QG where

G acts on both Hℓ(M) and HdR(M) via L and on Hv(M) in the obvious way.

ii) Let E be an elliptic curve defined over K. If M = h1(E)L(1) where h1(E)L :=

h0(SpecL) ⊗h0(SpecK) h
1(E), then Hℓ(M) = Qℓ[G] ⊗Zℓ Tℓ(E), where Tℓ(E) is the ℓ-

adic Tate module of E, Hv(M) = H1(σvE(C), (2πi)QG) and HdR(M)/F 0HdR(M) is

isomorphic to L ⊗K H1(E,OE). The coefficients for M lie in QG, where G acts on

Hℓ(M) on the left of G, on Hv(M) in the obvious way and on HdR(M)/F 0HdR(M)

via L.

For the rest of this chapter M will always denote a motive with the action of some

semi-simple Q-algebra A.

5.3 The Fundamental Exact Sequence

For v ∈ S∞(K) one defines the Deligne cohomology of Hv(M) to be the cohomology

of the complex

RΓD(Kv, Hv(M) ⊗Q R) := ((Hv(M) ⊗Q R)Gv
αv // (Hv(M) ⊗R Kv)

Gv/F 0)
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where αv is induced by the natural inclusion Hv(M) ⊗Q R → Hv(M) ⊗ Kv. The

canonical comparison isomorphism

Hv(M) ⊗Q Kv
∼ // HdR(M) ⊗K,v Kv

is Gv equivariant and so we can write

RΓD(K,M) :=

⊕

v∈S∞

RΓD(Kv, Hv(M) ⊗Q R)

=



⊕

v∈S∞

(Hv(M) ⊗Q R)Gv
αM //

⊕

v∈S∞

HdR(M) ⊗K,v Kv/F
0




where αM is defined in the natural way. For i = 0, 1 one can also define the motivic

cohomology H i(K,M) of M and its finite parts H i
f(K,M). They are A-modules with

H0
f (K,M) finite dimensional over Q and H1

f (K,M) conjecturally so.

Conjecture 5.3.1. There exists a canonical exact sequence of finitely generated AR-

modules

0 // H0(K,M) ⊗Q R
ǫ // kerαM

r∗B // (H1
f (K,M

∗(1)) ⊗Q R)∗

δ // H1
f (K,M) ⊗Q R

rB // cokerαM
ǫ∗ // (H0(K,M∗(1)) ⊗Q R)∗ // 0

where ǫ is the cycle class map into the singular cohomology, rB is the Beilinson

regulator map and δ is the height pairing. In the case of modules the superscript ∗

denotes the linear dual and in the case of motives it denotes the dual motive.

We define an element of V (A) by setting

Ξ(M) := [H0
f (K,M)] ⊠ [H1

f (K,M)]−1
⊠ [H1

f (K,M
∗(1))∗]

⊠[H0
f (K,M

∗(1))∗]−1
⊠ ⊠v∈S∞

[Hv(M)Gv ]−1
⊠ [HdR(M)/F 0]

where [−] : Dperf(A) → V (A) is as in §5.1. Thus Conjecture 5.3.1 induces a canonical
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isomorphism

ϑ∞ : AR ⊗A Ξ(M) ∼= 1VAR

in V (AR).

Examples

i) M = h0(SpecL)(r).

One has M∗(1) = h0(SpecL)(1 − r),

H0
f (K,M) =

{
Q if r = 0

0 otherwise
and H1

f (K,M) =

{
Q⊗K2r−1(OL) if r ≥ 1

0 otherwise,

where Ki(OL) is the ith algebraic K-group of OL as defined by Quillen.

r = 0

Let YL,S be the free abelian group generated by S. There exists a short exact sequence

of G-modules

0 // XL,S
// YL,S // Z // 0 (5.1)

where the third map sends every element of S to 1 and XL,S is defined to be the

kernel of this map. The Dirichlet S-regulator is the RG-equivariant isomorphism

O×
L,S ⊗R

∼ // XL,S ⊗R which is defined by

RegS(u) := −
∑

w∈S

log |u|w.w

for all u ∈ O×
L,S and where |u|w is the absolute value corresponding to w normalized

in the usual way. Using (5.1) one has Ξ(M) = [Q ⊗O×
L,S∞

] ⊠ [(Q ⊗ XL,S∞
)∗]−1 and

rB = RegS∞
.
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r < 0

The rth-Beilinson regulator is a RG-equivariant isomorphism

Beilr : R⊗K1−2r(OL)
∼ //

(
⊕

L→֒C

(2πi)−rR

)+

where Gal(C/R) acts on
⊕

L→֒C

(2πi)−rR diagonally and (−)+ := H0(Gal(C/R),−).

One has Ξ(M) = [(Q⊗K1−2r(OL))∗] ⊠ [(
⊕

L→֒C(2πi)−rQ)+]−1 and αM = Beilr.

ii) M = h1(E)L(1).

One has M∗(1) = M , H0
f (K,M) = 0, H1

f (K,M) = E(L), Ξ(M) = [Q ⊗ E(L)]−1
⊠

[(Q⊗E(L))∗]⊠⊠v∈S∞(K)[H
1(σvE(C), (2πi)Q)]⊠[H1(E,OE)], ker(αM) = 0, coker(αM)

= 0 and the map δ of Conjecture 5.3.1 is induced by the Néron-Tate height pairing.

5.4 Motivic L-functions

Let v be a non-archimedean place of K and ℓ a prime not equal to the residue

characteristic p of v. Let Frobv ∈ Gv be a choice of Frobenius of v and Iv denote the

inertia group of v in Gv. We define

Lv(M,T ) := NrdQℓ⊗A(1 − Frob−1
v T |Hℓ(M)Iv) ∈ ζ(Qℓ ⊗A)[T ].

where the reduced norm extends to polynomial rings over semi-simple algebras in the

obvious way.

A compatibility conjecture of Tate implies that Lv(M,T ) belongs to ζ(A)[T ] and is

independent of the choice of ℓ; this is known to be true if X has good reduction at p.

One defines the S-truncated (equivariant motivic) L-function of M to be

LS(M, s) :=
∏

v/∈S(K)

Lv(M,Nv−s)−1 ∈ ζ(AC)×,
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which is defined for s with sufficiently large real part. If S = S∞ then we drop the

subscript S. We now assume that LS(M, s) has analytic continuation to s = 0. We

regard ords=0L(M, s) as a locally constant function on Spec(ζ(AC)) in the obvious

way and then define the (equivariant) leading term of LS(M, s) to be

L×
S (M, s) := lim

s→0
s−ords=0L(M,s)L(M, s) ∈ ζ(AC)×.

When M is clear from context we will write L×
S (s) for L×

S (M, s).

Examples

i) Let M = h0(SpecL)(r) with r ≤ 0, and A = QG. Then for each s ∈ C one has

LS(M, s) := (LS(L/K, χ, s+ r))χ ∈
∏

χ∈IrrC(G)

C ∼= ζ(CG),

where LS(L/K, χ, s + r) is the S-truncated Artin L-function corresponding to the

character χ. We remark that since complex conjugation is continuous, for each s in

R one has LS(M, s) ∈ ζ(RG) and hence LS(M, s)× ∈ ζ(RG)×.

ii) Let M = h1(E)L(1) and A = QG. Then for each s ∈ C one has

LS(M, s) = (LS(E/K, χ, s+ 1))χ ∈
∏

χ∈IrrC(G)

C ∼= ζ(CG),

where LS(E/K, χ, 1) is the S-truncated Hasse-Weil L-function corresponding to the

character χ. As in Example i) we have LS(M, s) ∈ ζ(RG) and LS(M, s)× ∈ ζ(RG)×

for all s in R.

5.5 Projective Structures

Let R be a finitely generated subring of Q.

Definition 5.5.1. Let A be an R-order in A. A projective A-structure T on M is

a set {Tv}v∈S∞
where, for each v, Tv is a full projective A-lattice in Hv(M) and for
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each prime ℓ ∈ Spec(R) the image Tℓ of Tv ⊗ Zℓ under the comparison isomorphism

Hv(M) ⊗Q Qℓ
∼= Hℓ(M) is both independent of v and stable under the action of GK.

Let A be an R-order in A, T a projective structure on M and Sℓ := S(K) ∪ {v|ℓ}.

We denote by GSℓ the Galois group of the maximal unramified outside Sℓ extension

of K. Given a profinite group H and a continuous H-module N we write C(H,N)

for the standard complex of continuous co-chains. Furthermore, for any continuous

GSℓ-module N we set RΓ(OK,Sℓ , N) := C(GSℓ , N) and

RΓc(OK,Sℓ, N) := Cone(RΓ(OK,Sℓ, N) →
⊕

v∈Sℓ

C(Gv, N))[−1]

where the displayed map of complexes is the restriction map induced by any choice

of homomorphism Gv →֒ GK ։ GSℓ .

Let Vℓ := Qℓ ⊗Zℓ Tℓ. One has a canonical conjectural isomorphism ([9, §3.4])

ϑℓ : Aℓ ⊗A Ξ(M)
∼ // [RΓc(OK,Sℓ , Vℓ)]

∼= Aℓ ⊗Aℓ
[RΓc(OK,Sℓ , Tℓ)].

We thus obtain an object [RΓc(OK,Sℓ, Tℓ),Ξ(M), ϑℓ] of V (Aℓ)×V (Aℓ) V (A) which can

be shown to be independent of the choice of T and S. Under the coherence hypothesis

of [loc. cit., §3.3] one can define an element

(Ξ(M), ϑ∞) :=

(
∏

ℓ

[RΓc(OK,Sℓ, Tℓ)],Ξ(M),
∏

ℓ

ϑℓ;ϑ∞

)
∈ V(A,R).

We write RΩ(M,A) for the class of this element under the isomorphism π0(V(A,R)) ∼=

K0(A, AR).

5.6 The Equivariant Conjecture

In §2.2.5 we defined a canonical homomorphism δ̂ : ζ(RG)× → K0(ZG,RG) for any

finite group G. Let Λ be any finitely generated subring of Q and A a Λ-order in a
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finite dimensional semi-simple Q-algebra A. It is not difficult to see that one can

define a map ζ(AR) → K0(A, AR) in the same way as δ̂. We also denote any such

map by δ̂.

Conjecture 5.6.1. [9, Conj. 4] Let M be a motive with coefficients in A, let Λ be a

finitely generated subring of Q and let A be a Λ-order in A.

i) The L-function LS(M, s) can be analytically continued to s = 0.

ii) Let TΩ(M,A) := δ̂(L×(M, 0)) +RΩ(M,A). Then TΩ(M,A) = 0.

We abbreviate this Conjecture to ETNC(M,A).

Remark 5.6.2. Conjecture 4 of [9] in fact says more, however in this thesis we will

not be interested in these additional predictions.

5.7 Proven Cases

We list the cases in which Conjecture 5.6.1 is known to be valid.

• Let L be a finite abelian extension of Q and r an integer. Then in [11], [12],

[13] and [21], Burns, Flach and Greither have shown that ETNC(h0(SpecL)(r),

Z[Gal(L/Q)]) is valid.

• Let k be an imaginary quadratic extension of Q, L an abelian extension of k,

p a prime which both splits in k/Q and does not divide the class number of k.

Then in [2] Bley has shown that the ‘p part’ of ETNC(h0(SpecL)),Z[Gal(L/k)])

is valid.

• In [10] Burns and Flach have shown that, for a particular family of Galois exten-

sions L/Q with Galois group isomorphic toQ8, ETNC(h0(SpecL),Z[Gal(L/Q)])

is valid.

• In [33] Navilarekallu has shown that, for an explicit Galois extension L/Q with

Galois group isomorphic to A4, ETNC(h0(SpecL),Z[Gal(L/Q)]) is valid.
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• In [33] Navilarekallu has shown that, for an explicit Galois extension L/Q with

Galois group isomorphic to S3 and an explicit elliptic curve E (defined over Q),

ETNC(h1(E)L(1),Z[Gal(L/Q)]) is valid.

61



Arithmetic Examples

Let L/K be a finite Galois extension of number fields and E an elliptic curve de-

fined over K. In this section we consider the motives h0(SpecL)(r) for r ≤ 0 and

h1(E)L(1). We will show that for each of these motives there exists an a.t.e. whose

Euler characteristic measures the failure of the validity of the ETNC. We then apply

Theorem 4.3.1 to obtain explicit consequences of the ETNC in each case.

6.1 h0(SpecL)

We fix a Galois extension of number fields L/K with Galois group G, and a finite

G-stable set of places S of L containing the set S∞ of archimedean places and the

set Sram of places that ramify in L/K. We write S(K), resp. Sram(K), for the set

of places of K below those in S, resp. Sram. Given a place v ∈ S(K) we write Gv

for a chosen decomposition group of v in G and Iv for the corresponding choice of

inertia group. We write O for the ring of integers of L, OS for the ring of S-integers

of L and µL for (O×)tor. We recall the modules YS := YL,S, XS := XL,S and the RG-

equivariant isomorphism RegS that were defined in §5.3 Example i). Furthermore, we

recall the element LS(r) := LS(h
0(SpecL)(r), 0) of ζ(RG) defined in §5.4 Example i).

Proposition 6.1.1. There exists an a.t.e. τ0 = (ǫτ0 , λτ0 ,L
×
τ0

) satisfying the following

conditions:-

• H0
τ0

= O×
S , (H1

τ0
)tor = Pic(OS) and (H1

τ0
) = XS;

• λτ0 = RegS;

• Lτ0 = LS(0);

• χ(τ0) = 0 if and only if ETNC(h0(SpecL),ZG) is valid.
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Proof See [7, Prop. 4.2].�

Remark 6.1.2. In Chapter 7 we will interpret ǫτ0 in terms of the extensions con-

structed by Ritter and Weiss in [38] (see Remark 7.2.5).

We set e0 := eτ0 .

Corollary 6.1.3. If ETNC(h0(SpecL),ZG) is valid, then each of the following claims

is valid.

i) LS(0) ∈ QG.

ii) If p is any prime such that (µL)p is a cohomologically trivial G-module, then

FittZpG((µL)p) and FittZpG(H1
τ0

) are both defined and

FittZpG((µL)p)LS(0) = FittZpG(H1
τ0).

iii) If G is abelian and p is any prime such that either (µL)p is a cohomologically

trivial G-module or Z(p)Ge0 is relatively Gorenstein, then

FittZ(p)G((µL)p)LS(0) = FittZ(p)G(H1
τ0

).

Proof Using the explicit formula for the order of vanishing r(S, χ) of LS(s, χ) at

s = 0 (see [41, Ch. I, Prop. 3.4]) it can easily be seen that χ ∈ Υ(τ0) if and only

if r(S, χ) = 0. Thus LS(0) := L×
S (0)e0. The Corollary now follows directly from

Theorem 4.3.1 and Proposition 6.1.1 after we note that, since µL is cyclic, µL and µ∨
L

are isomorphic as G-modules.�

Remark 6.1.4. Corollary 6.1.3 is of particular interest when the data L/K, S and

p are chosen such that:-

• There exists χ ∈IrrC(G) such that χ(1) > 1 and r(S, χ) = 0;

• p divides |G| and (µL)p is a cohomologically trivial G-module.
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The following argument explains why such situations should exist.

Let n be an integer such that n ≥ 2 and Q4n denote the generalized quaternion group

defined by

Q4n =< s, t|s2n = 1, t2 = sn, ts = s−1t >

Let ζ be a primitive 2nth root of unity and let Vρ be a 2-dimensional C-vector space

with G-action given by

ρ(s) =

(
ζ 0

0 ζ−1

)
ρ(t) =

(
0 i

i 0

)
.

It is easily checked that this representation of Q4n is irreducible. We write ψ for the

character of ρ.

Now assume that L/K is a Galois extension of number fields such that K is totally

real, L is complex and Gal(L/K) ∼= Q4n. Let S = S∞ ∪ Sram. For any non-trivial

irreducible character χ of G [41, Ch. I, Prop. 3.4] shows that

r(S, χ) =
∑

v∈S(K)

dimV Gv
χ ,

where Vχ is a C-vector space realizing χ. Our choice of L/K and S implies that Gv

is non-trivial for all v ∈ S(K). One can check that any non-trivial subgroup H of

Q4n must contain an element of the form sr, where r is an integer such that r|2n and

r 6= 2n. Fix such a subgroup H and assume that dimV H
ρ 6= 0. Then there exists

v = (v1, v2) ∈ Vρ such that ρ(sr)v = v, i.e.

(
ζr 0

0 ζ−r

)(
v1

v2

)
=

(
v1

v2

)
,

which implies r = 2n or v1 = v2 = 0. Thus for all non-trivial subgroups H of Q4n we

have dimV H
ρ = 0 and so r(S, ψ)=0 as required.

We now further assume that our extension L/K has order 4p where p > 5 is a
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prime which does not ramify in K/Q. This implies that Q(ζp) ∩ K = Q. Thus if

(µL)p 6= 0, then p − 1|4p which is nonsense. Thus (µL)p = 0 and is hence obviously

cohomologically trivial.

We now formulate a non-commutative generalization of Brumer’s Conjecture. If L/K

is a CM extension with complex conjugation given by j ∈ G, then we write e− for

the idempotent (1− j)/2 of QG (which is central as the subgroup of G generated by

j is normal).

Corollary 6.1.5. Let L/K be a CM extension with complex conjugation given by

j ∈ G and S = S∞∪Sram. Let p be an odd prime such that (µL)p is a cohomologically

trivial G-module. Assume that all places which ramify in L/K contain j in their

decomposition group and that at least one place in S has full decomposition group. If

ETNC(h0(SpecL),ZG) is valid, then FittZpG((µL)p) and FittZpG(Pic(O)e−) are both

defined and

FittZpG((µL)p)LS(0) = FittZpG(Pic(O)e−).

Proof Let w be a place of L with full decomposition group in G and v the place of K

below w. Given our hypotheses we have an isomorphismXS
∼=
⊕

v′∈S(K),v′ 6=v Z[G/Gv′ ].

We must compute the idempotent e0. Since XS is the quotient of H1
τ0

by a finite mod-

ule we see that e0 = eXS . It is clear that e−(C ⊗ XS) = 0 and since Z[G/ < j >]

appears as a direct summand of XS one sees that in fact e0 = e−.

Since p is odd, ZpGe− is a projective ZpG-module and so Tor1
ZpG(ZpGe−, XS) = 0.

Furthermore, we have ZpGe− ⊗G XS = 0. Hence Proposition 3.3.3 implies that

FittZpG(H1
τ0) = FittZpG(Pic(OS), e−).

Corollary 6.1.3 ii) then implies that

FittZpG((µL)p)LS(0) = FittZpG(Pic(OS), e−) (6.1)

and, by definition of the Fitting invariant of a module, the right hand side of (6.1) is

equal to FittZpG(Pic(OS)e−).
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Now, there is a natural exact sequence of G-modules IS // Pic(O) // Pic(OS) // 0

where IS is the free abelian group on the non-archimedean places in S. Applying

ZpGe− ⊗G − to this sequence gives an isomorphism of ZpGe−-modules ZpGe− ⊗G

Pic(O) ∼= ZpGe− ⊗G Pic(OS). We can thus replace the S-class group by the class

group on the right of (6.1), which completes the proof of the corollary.�

We give one further application of Corollary 6.1.3.

Corollary 6.1.6. Set Λ = Z[1/2]. Let L/K be an abelian CM extension with complex

conjugation given by j ∈ G. Assume that all places which ramify in L/K contain j in

their decomposition group and let S = S∞ ∪ Sram. If ETNC(h0(SpecL),ΛG) holds,

then each of the following claims is valid.

i) FittΛG((µL)Λ)LS(0) = FittΛG(Pic(O)Λe−).

ii) Assume that only one non-archimedean place ramifies in L/K and that this place

has full decomposition group. Then

FittZG(µL)L(0) = 2|S∞| FittZGe−(ZGe− ⊗G Pic(O)).

Proof As in the proof of Corollary 6.1.5 we have e0 = e−. We claim that ZGe− is

relatively Gorenstein. This is a consequence of the following more general fact. If G

is an abelian group and e ∈ QG is an idempotent such that e ∈ QC for some cyclic

subgroup of G, then ZGe is relatively Gorenstein.

Corollary 6.1.3 iii) now implies that for all p ∈ Spec Λ we have FittZ(p)G((µL)p)LS(0) =

FittZ(p)G(H1
τ0

). The following two facts imply that FittΛG((µL)Λ)LS(0) = FittΛG(H1
τ0

):-

• For any ΛG-module M one has FittΛG(M)Z(p)G = FittZ(p)G(M(p)) ([35, Ch. 3,

Th. 3)]);

• For any ΛG lattice M one has M =
⋂
pM(p).
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It is clear that e−XS,Λ = 0 and so the tautological exact sequence of ΛG-modules

0 // Pic(OS)Λ
// H1

τ0,Λ
// XS,Λ

// 0

implies that H1
τ0,Λ

e− = Pic(OS)e−. This implies that

FittΛG((µL)Λ)LS(0) = FittΛGe−(Pic(OS)e−)

and the same argument as in the proof of Corollary 6.1.5 allows us to replace Pic(OS)

by Pic(O), which proves claim i).

As in the proof of claim i) the fact that ZGe− is relatively Gorenstein implies that

FittZG(µL)LS(0) = FittZG(H1
τ0

). (6.2)

Now, under the additional assumption in claim ii) we see that XS
∼=
⊕

w∈S∞

Z[G/ < j >]

and thus

... 1−j //
⊕

w∈S∞

ZG
1+j //

⊕

w∈S∞

ZG
1−j //

⊕

w∈S∞

ZG // XS
// 0

is a projective resolution of XS. The following claims are then a direct consequence

of the existence of this resolution:-

• Tor1
ZG(ZGe−, XS) = 0;

• 0 // ZGe− ⊗G Pic(OS) // ZGe− ⊗G H
1
τ0

// ZGe− ⊗G XS
// 0 is an ex-

act sequence of ZGe−-modules;

• 0 // (ZGe−)|S∞| 2 // (ZGe−)|S∞| // ZGe− ⊗G XS
// 0 is an exact se-

quence of ZGe−-modules;

• FittZG(ZGe− ⊗G XS) = 2|S∞|.

These claims show that ZGe− ⊗G XS satisfies the hypothesis of [18, Lemma 3] and
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furthermore that FittZGe−(ZGe− ⊗G H
1
τ0) = 2|S∞| FittZGe−(ZGe− ⊗G Pic(OS)). This,

together with (6.2) and Lemma 3.3.2, implies that

FittZG(µL)LS(0) = 2|S∞| FittZGe−(ZGe− ⊗G Pic(OS)). (6.3)

As in the proof of 6.1.5 we can replace Pic(OS) by Pic(O) in (6.3). To complete the

proof of the corollary we now show that LS(0) = L(0).

Let χ ∈IrrC(G) such that χ(j) = −1 and Vχ be a C-vector space realizing χ. Let v

be the prime of K which ramifies in L, Iv the inertia group of v and frobv a choice

of lifting to G of the Frobenius element of G/Iv. The components LS(0)χ and L(0)χ

differ by the Euler factor (1 − χ(frobv)|V
Iv
χ ). By assumption j is in Iv and since j

acts as −1 on Vχ, this Euler factor is clearly 1. Thus LS(0) = L(0) as required.�

Remark 6.1.7. Recall the definition of TΩ(M,A) in Conjecture 5.6.1. We have a

functorial map K0(ZG,RG) → K0(Z[1/2]Ge−,RGe−). If the image of TΩ(h0(SpecL,

ZG) under this map is zero, then Corollary 6.1.6 i) recovers the ‘Main Theorem’ of

Greither in [24].

6.2 h0(SpecL)(r) with r < 0

We continue with the notation of §6.1. Furthermore, we fix an algebraic closure Kc

of K containing L and write GK , resp. GL, for Gal(Kc/K), resp. Gal(Kc/L). Set

Λ = Z[1/2]. We recall that if p is odd, then there are canonical Chern class maps for

i = 1, 2

K2−i−2r(O) ⊗ Zp // H i(Spec(O[1/p])ét,Zp(1 − r))

which are known to be surjective and to have finite kernel. The Quillen-Lichtenbaum

conjecture asserts that these maps are in fact bijective ([28, Conj. 2.5]) and we will

assume this to be valid for the remainder of this section. We remark that this conjec-

ture is known to be true by work of Tate if r = −1 and i = 2 [43] and of Levine [27]

and Merkuriev and Suslin [30] if r = −1 and i = 1. We write µ⊗r
Kc for the rth tensor
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power of the roots of unity of Kc. Finally, one has K1−2r(O)tor = H0(GL, µ
⊗1−r
Kc ).

Proposition 6.2.1. There exists an a.t.e. τr = (ǫτr , λτr ,L
×
τr) satisfying the following

conditions:-

• H0
τr,Λ = K1−2r(O)Λ, (H1

τr,Λ)tor = K−2r(OS)Λ and (H1
τr ,Λ

) = (
⊕

L→֒C

(2πi)−rΛ)+;

• λτr = Beilr;

• Lτr = LS(r);

• χ(τr) = 0 if and only if ETNC(h0(SpecL)(r),ΛG) is valid.

Proof See [7, Prop. 4.6].�

We set er := eτr .

Corollary 6.2.2. If ETNC(h0(SpecL)(r),ΛG) is valid, then each of the following

claims is valid.

i) LS(r) ∈ QG.

ii) If p is any odd prime for which H0(GL, µ
⊗r
Kc)p is a cohomologically trivial G-module,

then FittZpG(H0(GL, µ
⊗r
Kc)p) and FittZpG(K−2r(OS)) are both defined and

FittZpG(H0(GL, µ
⊗r
Kc)p)LS(r) = FittZpG(K−2r(OS), er).

iii) If G is abelian and p is any odd prime for which either H0(GL, µ
⊗r
Kc)p is a coho-

mologically trivial G-module or Z(p)Ger is relatively Gorenstein, then

FittZ(p)G(H0(GL, µ
⊗r
Kc)p)LS(r) = FittZ(p)Ger(K−2r(OS)).

Proof We first note that a similar argument to that given in the proof of Corollary

6.1.3 shows that LS(r) = L×
S (r)er. Now, the ΛG-module

⊕

L→֒C

(2πi)−rΛ is easily seen
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to be free and so we denote it by F . Since 2 is invertible in Λ this implies that F+ is

a projective ΛG-module. We have a tautological exact sequence of ΛG-modules

0 // K−2r(OS)Λ
// H1

τr ,Λ
// F+ // 0 . (6.4)

Since F+ is projective, applying the functor ΛGer⊗G− to (6.4) gives an exact sequence

of ΛGer-modules

0 // ΛGer ⊗ΛG K−2r(OS)Λ
// ΛGer ⊗ΛG H

1
τr,Λ

// ΛGer ⊗ΛG F
+ // 0.

By definition of er we see that ΛGer ⊗ΛG F
+ is finite. Since F+ is projective this

implies that ΛGer ⊗ΛG F
+ is a finite projective ΛGer-module and hence zero. We

thus have an isomorphism of ΛGer-modules ΛGer⊗ΛGK−2r(OS)Λ
∼= ΛGer⊗ΛGH

1
τr ,Λ.

Applying Theorem 4.3.1 to Proposition 6.2.1 now gives the statement of the Corollary

after we note that H0(GL, µ
⊗r
Kc) ∼= H0(GL, µ

⊗r
Kc)∨, since H0(GL, µ

⊗r
Kc) is cyclic.�

Remark 6.2.3. Corollary 6.2.2 ii) provides a natural non-commutative generalization

of the Coates-Sinnott Conjecture (see [17, Conj. 1]).

6.3 h1(E)L(1)

For this section we let S = S∞∪Sram and shall assume for simplicity that K = Q. Let

E be an elliptic curve defined over Q and E/E0 be the group of connected components

in the Néron model of E over SpecZ. For each prime p let Ep denote the group scheme

of p-torsion on E, Ẽp the reduction of E at p and Fp the field of cardinality p.

We fix a prime number p and a Galois extension L/Q which satisfy the following

conditions:-

• p ∤ 2Cond(E)|E/E0||E(Q)tor|
∏

ℓ∈Sram(Q)

|Ẽℓ(Fℓ)|;
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• If ℓ is any prime at which E has bad reduction, then

H0(Gal(Qc
ℓ/Qℓ), H

1(Gal(Qc
ℓ/Q

un
ℓ ), Tp(E)))tor = 0

where Tp(E) is the p-adic Tate module of E and Qur
ℓ is the maximal unramified

extension of Qℓ;

• L/Q is of p-power degree and is unramified at p and at all primes of bad reduc-

tion for E.

Remark 6.3.1. In [7, Rem. 4.8] it is shown that given an elliptic curve E, there are

infinitely many primes p, and for each such p infinitely many extensions L/Q, which

satisfy all of the above conditions.

We write Sel(E/L) for the ‘integral Selmer group’ defined by Mazur and Tate in [29,

p. 720]. For each χ ∈IrrC(G) we write τ ∗(χ) for the ‘modified global Galois-Gauss

sum’ associated to χ as defined in [7, §4.2]. We set Ω(E) := |
∫
γ+ ω| where γ+ is a

generator of the submodule of H1(E(C),Z) that is fixed by the action of complex

conjugation and ω is a Néron differential.

We define

LE,S(1)× :=

(
τ ∗(χ)L×

S (E/K, χ, 1)

Ω(E)χ(1)

)

χ∈Irr(G)

∈ ζ(CG)×

and

LE,S(1) :=

(
τ ∗(χ)LS(E/K, χ, 1)

Ω(E)χ(1)

)

χ∈Irr(G)

∈ ζ(CG).

As L×
S (h1(E)L(1), 1) ∈ ζ(RG)× it follows that LE,S(1)× ∈ ζ(RG)× and LE,S(1) ∈

ζ(RG).

Proposition 6.3.2. Let E and L be as above. If the Tate-Shafarevich group of E

over L is finite, then there exists an a.t.e. τE = (ǫτE , λτE ,L
×
τE

) satisfying the following

conditions:-

• (H0
τE

)p = E(L)p and (H1
τE

)p = Sel(E/L)p;
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• λτE is induced by the Néron-Tate height pairing;

• LτE = LE,S(1);

• χ(τE) = 0 if and only if ETNC(h1(E)L(1),ZG) is valid.

Proof See [7, Prop. 4.9].�

We set eE := eτE .

Corollary 6.3.3. If ETNC(h1(E)L(1),ZG) is valid, then each of the following claims

is valid.

i) LE(1) ∈ QG.

ii) FittZpG(Sel(E/L)) is defined and LE(1)eE = FittZpG(Sel(E/L)).

iii) If G is abelian, then LE(1)Z(p)G = FittZ(p)G(Sel(E/L)).

Proof This follows from Theorem 4.3.1 and Proposition 6.3.2.�

Remark 6.3.4. Corollary 6.3.3 iii) is a ‘Strong Main Conjecture’ of the kind that

Mazur and Tate ask for in [29, Rem. after Conj. 3].
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Tate Sequences

Throughout this chapter L/K is a fixed Galois extension of number fields with Galois

group G. We begin by using étale cohomology to construct explicitly the extension

ǫτ0 of Proposition 6.1.1. We then recall details of the construction of a Tate sequence

by Ritter and Weiss in [38] and show that this has the same extension class as ǫτ0 .

For simplicity, in §7.2 we will impose the hypothesis that our base field K is totally

complex. This hypothesis allows us to avoid using the explicit Artin-Verdier duality

theorem.

7.1 Further Preliminaries

We first set up some notation for this chapter and recall some standard definitions

and results.

7.1.1 Number Fields

Let F be a number field. We write MF for the set of all places of F . Given v ∈ MF

we write Fv for the completion of F at v and Uv for the multiplicative group of integral

units of Fv.

We write S∞ for the set of archimedean places of L and Sram for the places of L

which ramify in L/K. Throughout this chapter S and S ′ will be reserved to denote

finite G-stable sets of places of L which contain S∞. We write Sf for the set of non-

archimedean places in S and S(K) for the places of K below those in S. We will also

use the following variants of this notation; S ′(K), S ′
f , S

′
f(K), S(E) and Sf (E), where

in the latter two cases E is a subextension of L/K.
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Given such a set S we write OL,S for the ring of S integers of L. If S = S∞, then we

simply write OL for OL,S. Given v ∈ MK we write w(v) for a fixed place of L above

v. Given w ∈ ML we write Gw for the decomposition group of w in G.

We write J(L) for the idèles of L and identify L× with its image in J(L) under the nat-

ural diagonal embedding. We write JS(L) :=
∏

w∈S L
×
w

∏
w/∈S Uw for the S-idèles of L,

C(L) := J(L)/L× for the idèle class group of L and set CS(L) := J(L)/L×
∏

w/∈S Uw.

We recall the definition of both YL,S and XL,S from §5.3 Example i) and the exact

sequence (5.1).

7.1.2 Class Field Theory

Given any field F we write Br(F ) for the Brauer group of F . We recall that if F is

a non-archimedean local field then there is a canonical ‘local invariant isomorphism’

Br(F ) ∼= Q/Z ([15, Cor. to Th. 2]). If v ∈ MK and w ∈ ML such that w divides v,

then we write cLw/Kv for the Local Fundamental Class. This is defined to be the in-

verse image of 1/|Gw| under the canonical isomorphism Ĥ2(Gw, L
×
w)

∼ // 1/|Gw|Z/Z

induced by the local invariant isomorphism ([15, Ch. VI]). Similarly, there is a canon-

ical isomorphism Ĥ2(G,C(L))
∼ // 1/|G|Z/Z ([loc. cit., Ch. VII]). We write cL/K

for the Global Fundamental Class which is defined to be the inverse image of 1/|G|

under this isomorphism.

Let S be a finite set of places of L containing S∞ ∪ Sram. We write clocL/K,S for the

Semi-local Fundamental Class. This is an element of Ext2
ZG(YL,S,

∏

w∈S

L×
w) which we

will define in §7.6.

7.1.3 Dimension Shifting

Let R be a ring and

0 // M // P // M ′ // 0 (7.1)
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a short exact sequence ofR-modules in which P projective. Given anR-moduleN , the

projectivity of P shows that the connecting homomorphism in the long exact sequence

corresponding to (7.1) and the functors ExtiR(−, N) gives a canonical isomorphism

ExtiR(M,N)
∼ // Exti+1

R (M ′, N) for all i > 0. Throughout this chapter we will

refer to such isomorphisms as dimension shifts. In terms of Yoneda extension classes

this isomorphism is obtained by ‘splicing’ (7.1) onto the end of any exact sequence

representing an element of ExtiR(M,N) (see [26, Ch. V, §9] for a full discussion).

7.1.4 Extension Classes

Let R be a ring and r and s be integers with r > s. Let A be a complex of R-

modules which is acyclic outside of degrees r and s. Then A defines an element of

Extr−s+1
R (Hr(A), Hs(A)) by ‘truncating’ in the usual way.

Lemma 7.1.1. Let r and s be as above and A and B complexes of R-modules which

are acyclic outside of degrees r and s. If f : A → B is a morphism in D(R), then

there exists a commutative diagram of R-modules with exact rows

0 // Hs(A) //

Hs(f)

��

Y s //

��

. . . . . . // Y r //

��

Hr(A) //

Hr(f)

��

0

0 // Hs(B) // Zs // . . . . . . // Zr // Hr(B) // 0

such that the top row represents the class of A in Extr−s+1
R (Hr(A), Hs(A)) and the

bottom row represents the class of B in Extr−s+1
R (Hr(B), Hs(B)).

Proof Without loss of generality we can assume that s = 0 and that A and B are both

concentrated in degrees 0 to r. By definition of morphisms in the derived category,

f is represented by a ‘left roof’ of the form A X
qoo h // B , where q is a quasi-

isomorphism (cf. [22, III.2, Lemma 8]). This roof induces a commutative diagram of
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R-modules with exact rows

0 // H0(A) // A0 // . . . . . . // Ar // Hr(A) // 0

0 // H0(X)

H0(q) ∼=

OO

H0(h)
��

// X0/ im d−1
X

//

OO

��

. . . . . . // ker drX

OO

��

// Hr(X)

Hr(q) ∼=

OO

//

Hr(h)

��

0

0 // H0(B) // B0 // . . . . . . // Br // Hr(B) // 0.

(7.2)

If we set

Y i :=





X0/ im d−1
X if i = 0

ker drX if i = r

X i if 0 < i < r

and Z i := Bi for all i, then the statement of the Lemma follows easily from (7.2).�

Lemma 7.1.2. Let J be a finite group and H0 and H1 finitely generated J-modules.

Let

0 // H0 // X0 // X1 // H1 // 0

be an exact sequence of J-modules which is (Yoneda) equivalent to an exact sequence

of J-modules

0 // H0 // Y 0 // Y 1 // H1 // 0 (7.3)

in which Y 0 and Y 1 cohomologically trivial. Then there exist J-modules C0 and C1

which are both finitely generated and cohomologically trivial and an exact commutative

diagram of J-modules

0 // H0 // C0 //

��

C1 //

��

H1 // 0

0 // H0 // X0 // X1 // H1 // 0.

(7.4)

Proof By a standard argument using Yoneda extension classes (cf. [26, Ch. IV, §9])

we can construct a commutative diagram of J-modules of the form (7.4) in which C1

is both finitely generated and free and C0 is finitely generated. We will show that

76



this is sufficient to imply that C0 is cohomologically trivial. Let I be a subgroup of

J . Applying the long exact sequence of Tate cohomology to (7.3) gives a canonical

isomorphism

Ĥ i(I,H1)
∼ // Ĥ i+2(I,H0)

for each i. Since the top row of (7.4) is Yoneda equivalent to (7.3) and C1 is free,

this isomorphism implies that Ĥ i(I, C0) = 0 for all i and for all I. Hence C0 is

cohomologically trivial as required.�

7.1.5 Miscellany

Let H be a finite group. There is an exact sequence of trivial H-modules

0 // Z // Q // Q/Z // 0 (7.5)

where Q is uniquely divisible and hence cohomologically trivial. There is an exact

sequence of H-modules

0 // IH // ZH // Z // 0 (7.6)

where Z has the trivial H-action, the third map is the map which sends every element

of H to 1 and IH is defined to be the kernel of this map. We will refer to IH as the

augmentation ideal of H .

Let J be a subgroup of H . We write IndHJ (−), resp. ResHJ (−), for the induction

functor, resp. restriction functor, with respect to H and J . It is well known that ‘Ind

is left adjoint to Res’, i.e. that there is a canonical isomorphism ExtiZH(IndHJ N,M) ∼=

ExtiZJ(N,ResHJ M) for each i ≥ 0.

For presentational purposes we will sometimes use the following notation. Let S be

a finite G-stable set of places of L. Given a family of Gw(v)-modules {Mv}v∈S(K) we
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set
Ind∏

S(K)

Mv :=
∏

v∈S(K)

IndGGw(v)
Mv.

7.2 ǫτ0

In this section S is any finite G-stable set of places of L containing S∞ ∪ Sram.

Let R be a ring. By an étale sheaf on SpecR we shall always mean a sheaf on the small

étale site (SpecR)ét. We write RΓ(R,−) for the derived functor of the global section

functor Γ(R,−) := Γ(SpecR,−) on (SpecR)ét. We write Gm for the multiplicative

sheaf on (SpecR)ét.

Lemma 7.2.1. i) There are canonical isomorphisms of G-modules

H i(RΓ(OL,S,Gm)) ∼=





O×
L,S i = 0

Pic(OL,S) i = 1

ker
(
Br(L) →

⊕
w/∈S Br(Lw)

)
i = 2

⊕
w∈S∞

H i(Lw,Gm) i ≥ 3.

ii) RΓ(OL,S,Gm) can be represented by a complex of cohomologically trivial G-modules

with RΓ(OL,S,Gm)i = 0 for all i < 0.

iii) Let J be a normal subgroup of G and E := LJ . We have a canonical isomorphism

RHomZG(Z[G/J ], RΓ(OL,S,Gm)) ∼= RΓ(OE,S(E),Gm).

Proof Claim i) follows directly from [31, Ch. II, Prop. 2.1, Rem. 2.2]. Claims ii) and

iii) follow from a standard computation of étale cohomology (see, for example, [14,

Prop. 2.1]).�

Unless stated otherwise we henceforth assume that the following hypothesis holds.

Hypothesis 7.2.2. K is totally complex.

Thus for each w ∈ S∞ one has H i(Lw,Gm) = 0 for all i 6= 0. Using the well known
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exact sequence of G-modules

0 // Br(L) //
⊕

w∈ML

Br(Lw) // Q/Z // 0 (7.7)

(cf. [15, Ch. VII, §11]) and the invariant isomorphism Br(Lw) ∼= Q/Z for each w ∈ Sf ,

we have a canonical identification

H2(RΓ(OL,S,Gm)) ∼= Q/Z⊗XL,Sf .

Furthermore, as XL,Sf is torsion free (7.5) induces an exact sequence of G-modules

0 // XL,Sf
// Q⊗XL,Sf

πL,S // Q/Z⊗XL,Sf
// 0. (7.8)

Proposition 7.2.3. There exists a unique morphism Q⊗XL,Sf [−2] → RΓ(OL,S,Gm)

in D(ZG) inducing the map πL,S on cohomology in degree two. Furthermore, this

morphism fits into an exact triangle

Q⊗XL,Sf [−2] // RΓ(OL,S,Gm) // CL,S // (7.9)

where CL,S is a complex of cohomologically trivial G-modules satisfying the following

properties:-

i) Ci
L,S = 0 for all i < 0;

ii) H i(CL,S) = 0 for i 6= 0, 1;

iii) There exists a canonical isomorphism of G-modules H0(CL,S) ∼= O×
L,S;

iv) There exists a canonical exact sequence of G-modules

0 // Pic(OL,S) // H1(CL,S) // XL,Sf
// 0 ;

v) Let J be a subgroup of G and set E := LJ . Applying ResGJ (−) to triangle (7.9) gives
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a triangle which is canonically isomorphic to the corresponding triangle in D(ZJ) for

L/E and S.

vi) Let J be a normal subgroup of G and set E := LJ . Applying RHomZG(Z[G/J ],−)

to triangle (7.9) gives a triangle which is canonically isomorphic to the corresponding

triangle in D(Z[G/J ]) for E/K and S(E).

Proof Using [8, Lemma 7b)] and Lemma 7.2.1 we have an exact sequence of groups

0 // Ext1ZG(Q⊗ XL,Sf
, Pic(OL,S)) // HomD(ZG)(Q⊗ XL,Sf

[−2], RΓ(OL,S,Gm))

// HomZG(Q⊗ XL,Sf
,Q/Z⊗ XL,Sf

) // 0. (7.10)

Since Pic(OL,S) is finite and Q ⊗ XL,Sf is uniquely divisible the first Ext-group in

(7.10) is zero. Thus the map πL,S lifts to a unique morphism in D(ZG).

Since Q ⊗ XL,Sf is uniquely divisible it is a cohomologically trivial G-module. By

Lemma 2.3.1 we can chose a complex of projective G-modules P := [P 1 // P 2] ,

with the first term placed in degree one, which is quasi-isomorphic to Q⊗XL,Sf [−2].

Using Lemma 7.2.1 we can fix a choice of representative of RΓ(OL,S,Gm) in D(ZG)

such that RΓ(OL,S,Gm)i is a cohomologically trivial G-module for all i and further-

more is zero for i < 0. Using the projectivity of the P i one can construct a morphism

of complexes P
eπL,S // RΓ(OL,S,Gm) such that the map induced on the cohomology

in degree two is πL,S. We set CL,S = Cone(π̃L,S) and thus have a tautological exact

triangle

P
eπL,S // RΓ(OL,S,Gm) // CL,S // . (7.11)

Combining this with the fact P is isomorphic to Q⊗XL,Sf [−2] in D(ZG) gives (7.9).

Claim i) follows from the definition of the mapping cone and (7.11). Claims ii), iii)

and iv) are immediate from the long exact sequence of cohomology associated to (7.9).

Claim v) is obvious. Finally claim vi) follows from Lemma 7.2.1 and the fact that

there is a canonical isomorphism (Q⊗XL,Sf )
J ∼= Q⊗XE,Sf (E).�

Definition 7.2.4. We write ǫτ0,S for the class in Ext2
ZG(H1(CL,S),O

×
L,S) defined by

80



the complex CL,S of Proposition 7.2.3. If S is clear from context we simply write ǫτ0 .

Remark 7.2.5. Under the assumption of Hypothesis 7.2.2 the extension class ǫτ0 is

indeed the same extension class as that in Proposition 6.1.1. We shall not prove this

here but we will give an indication to the reader as to how this can be checked. The

existence of ǫτ0 in Proposition 6.1.1 is given by [8, Prop. 3.1] under the hypothesis

that Pic(OL,S) is trivial. The arguments used in the proof of [8, Prop. 3.1] can be

used to construct ǫτ0 in the case Pic(OL,S) is non-trivial. To show that the extension

class just constructed is the same as that given by (a modified version of) [8, Prop.

3.1], one must compare the complex RΓ(OL,S,Gm) to the complex Ψ̃S of loc. cit.. The

key to making this comparison is noting that, under hypothesis 7.2.2, the complexes

R̃Γc(OL,S,Z) and RΓc(OL,S,Z) of loc. cit. are canonically isomorphic.

Corollary 7.2.6. There exists an exact sequence of G-modules

0 // O×
L,S

// E0
L,S

// E1
L,S

// H1(CL,S) // 0 (7.12)

representing ǫτ0,S, with E1
L,S and E2

L,S both finitely generated and cohomologically triv-

ial as G-modules. Furthermore, the sequence has the following functorial properties:-

i) Let J be a subgroup of G and E := LJ . Applying ResGJ (−) to (7.12) gives an exact

sequence of J-modules with the corresponding properties for L/E and S.

ii) Let J be a normal subgroup of G and E := LJ . Applying H0(J,−) to the com-

plex [E0
L,S → E1

L,S] gives an exact sequence of G/J-modules with the corresponding

properties for E/K and S(E).

Proof We write d1 for d1
CL,S

. We can truncate the complex CL,S of Proposition 7.2.3

to get the complex [CL,S → ker d1], which gives a tautological exact sequence of

G-modules

0 // O×
L,S

// C0
L,S

// ker d1 // H1(CL,S) // 0. (7.13)

We now show that ker d1 is a cohomologically trivial G-module.
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Since CL,S is acyclic outside degrees zero and one, we have a resolution of ker d1 by

cohomologically trivial G-modules

0 // ker d1 // C1
L,S

// C2
L,S

// . . . . (7.14)

For every subgroup J of G the cohomology groups H i(J, ker d1) can be computed by

applying (−)J to (7.14) (cf. [34, Ch. I, §3, Prop. (1.3.9)]). Proposition 7.2.3 vi) shows

that

0 // (ker d1)J // (C1
L,S)

J // (C2
L,S)

J // . . .

is exact and so ker d1 is a cohomologically trivial G-module. Since the G-modules

O×
L,S and H1(CL,S) are finitely generated Lemma 7.1.2 shows that the existence of

(7.13) implies the existence of (7.12).

Claims i) and ii) follow from Proposition 7.2.3 claims v) and vi) respectively. �

We now consider functoriality in S. Let S ′ be any finite G-stable set of places contain-

ing S and j : SpecOL,S′ → SpecOL,S the open immersion induced by the canonical

inclusion of rings. Let Z := Spec
(∏

w∈S′\S(OL/pw)
)
, where pw is the prime ideal

of OL corresponding to w, and write i : Z → SpecOL,S for the closed immersion

induced by the canonical surjection of rings.

If Gm is the multiplicative sheaf on (SpecOL,S)ét, then the restriction j∗Gm is equal

to the multiplicative sheaf on (SpecOL,S′)ét. We thus have an induced morphism of

complexes RΓ(OL,S,Gm) → RΓ(OL,S′,Gm). If we set

RΓZ(OL,S,Gm) := Cone(RΓ(OL,S,Gm) → RΓ(OL,S′,Gm))[−1],

then we have a tautological exact triangle

RΓZ(OL,S,Gm) // RΓ(OL,S,Gm) // RΓ(OL,S′,Gm) // . (7.15)

We write H i
Z(OL,S,Gm) for the cohomology groups of Gm with support in Z (see [32,

Ch. III, §1, p91]) and by definition we have H i(RΓZ(OL,S,Gm)) = H i
Z(OL,S,Gm).
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Furthermore, it can be shown that

H i
Z(OL,S,Gm) ∼=

∏

w∈S′\S

H i
zw(OL,S,Gm),

where zw := SpecOL/pw. By [31, Prop. 1.5] we have canonical isomorphisms

H i
zw(OL,S,Gm) ∼=





Z i = 1

Q/Z i = 3

0 otherwise.

We thus have canonical isomorphisms

H i
Z(OL,S,Gm) ∼=





∏

w∈S′\S

Z i = 1

∏

w∈S′\S

Q/Z i = 3

0 otherwise.

Lemma 7.2.7. (Functoriality in S) There exists a commutative diagram of G-modules

with exact rows

0 // O×
L,S

//

��

F 0
L,S

//

��

F 1
L,S

//

��

H1(CL,S) //

��

0

0 // O×
L,S′

// E0
L,S′

// E1
L,S′

// H1(CL,S′) // 0

(7.16)

where the first vertical map is the natural inclusion and the top row, resp. bottom

row, represents ǫτ0,S, resp. ǫτ0,S′. Moreover, the right hand column fits into an exact

sequence of G-modules

0 // KS,S′
// H1(CL,S) // H1(CL,S′) // YL,S′\S // 0 ,

where KS,S′ := ker(Pic(OL,S) → Pic(OL,S′)) and YL,S′\S is the free abelian group on

S ′ \ S with the obvious action of G.

83



Proof We can construct a commutative diagram in D(ZG)

Q⊗XL,Sf [−2] //

��

RΓ(OL,S,Gm) //

��

CL,S //

��
Q⊗XL,S′

f
[−2] //

��

RΓ(OL,S′,Gm) //

��

CL,S′
//

Q⊗ YL,S′\S[−2] //

��

RΓZ(OL,S,Gm)[1]

��

(7.17)

in the following way. The top horizontal triangle, resp. middle horizontal triangle, is

(7.9) for S, resp. S ′. The first vertical triangle is the exact triangle corresponding to

the canonical exact sequence

0 // Q⊗XL,Sf
// Q⊗XL,S′

f
// Q⊗ YL,S′\S

// 0.

The middle vertical triangle is (7.15). The top left square commutes for the following

reason. The two composite morphisms from Q⊗XL,Sf [−2] to RΓ(OL,S′,Gm) obtained

by going either direction around the square both induce the natural map Q⊗XL,Sf →

Q/Z⊗XL,S′

f
on cohomology. A similar argument to that used in the first part of the

proof of Proposition 7.2.3 shows that such a morphism must be unique in D(ZG). The

rest of the diagram is then obtained by completing the top two rows to a morphism

of triangles and the first two columns to a morphism of triangles.

Lemmata 7.1.1 and 7.1.2 combine with the morphism CL,S → CL,S′ to give (7.16).

The rest of Lemma 7.2.7 follows by examining the cohomology of (7.17). �

7.3 The Ritter-Weiss Construction

In this section S is any finite G-stable set of places of L which contains S∞. As in

[38] we fix a finite G-stable set of places S ′ of L containing S such that Pic(OL,S′) = 0

and
⋃
w∈S′ Gw = G (such a set is referred to as ‘large’ in loc. cit.).
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Let

WS′ :=

Ind∏

S(K)

IGw(v)
×

Ind∏

S′(K)\S(K)

ZGw(v).

In loc. cit. the main result relies upon the construction of an exact commutative

diagram of G-modules

0 // JS(L) //

��

VS′
//

θ0

��

WS′
//

θ1

��

0

0 // C(L) // B // IG // 0

(7.18)

where the left-hand vertical map is the natural one, θ0 is surjective (thus so is θ1)

and both VS′ and B are cohomologically trivial ([38, Th. 1]). Moreover, the extension

class of the bottom row of (7.18) corresponds to cL/K under the isomorphism

Ĥ2(G,C(L)) ∼= Ext2
ZG(Z, C(L)) ∼= Ext1

ZG(IG, C(L)),

where the first isomorphism follows by definition of the Tate cohomology groups

and the second is the dimension shift induced by (7.6). In §7.6 we will show that

if S contains Sram, then there is a similar dimension shift Ext2
ZG(YL,S, JS(L)) ∼=

Ext1
ZG(WS′, JS(L)) under which the extension class of the top row of (7.18) corre-

sponds to the class of clocL/K,S.

Remarks 7.3.1. i) In [38] the authors have a more general definition of WS′. Since

we are assuming that Sram ⊂ S, [loc. cit., Lemma 5] shows their definition coincides

with ours.

ii) Diagram (7.18) is clearly dependent on both the choice of θ0 and of the places w(v)

(indeed this is an issue which the authors of [38] consider in detail). For our pur-

poses it will be sufficient to fix these variables in order to identify the Tate Sequence

constructed in loc. cit.. For details on how different choices affect the construction of

[38] see [loc. cit., Th. 2, Th. 4 and Th. 6].

If w /∈ S∞∪Sram, then we write σw for the Frobenius element of w in G. We will need
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the explicit description of the map θ1 in (7.18). It is given on each factor of the product

WS′ using the ‘adjointness of Res and Ind’ as follows. For v ∈ S(K) the map is the

G-homomorphism that is left adjoint to the natural inclusion IGw(v)
→֒ ResGGw(v)

IG of

Gw(v)-modules. For v ∈ S ′(K) \ S(K) the map is the G-homomorphism that is left

adjoint to the Gw(v)-homomorphism ZGw(v) → ResGGw(v)
IG given by x 7→ (σw(v) − 1)x

(this follows from [38, §4]).

Let K0 := ker(θ0) and K1 := ker(θ1). In order to construct the Tate Sequence of

[38] the authors apply the Snake Lemma to (7.18). They obtain an exact sequence of

G-modules

0 // O×
L,S

// K0
// K1

// Pic(OL,S) // 0 (7.19)

and furthermore show that K0 and K1 are cohomologically trivial. They then proceed

in the following manner.

For each v ∈ S(K) we can use sequence (7.6) for both G and Gw(v) along with

the ‘adjointness of Res and Ind’ to construct two exact commutative diagrams of

G-modules

0 // IndGGw(v)
IGw(v)

//

��

IndGGw(v)
ZGw(v)

//

��

IndGGw(v)
Z //

��

0

0 // IG // ZG // Z // 0

(7.20)

0 // IndGGw(v)
ZGw(v)

��

IndGGw(v)
ZGw(v)

//

��

0 //

��

0

0 // IG // ZG // Z // 0.

(7.21)

The vertical maps in (7.20) are the G-homomorphisms left adjoint to the obvious in-

clusions ofGw(v)-modules. The first vertical map in (7.21) is theG-homomorphism left

adjoint to the Gw(v)-homomorphism ZGw(v) → ResGGw(v)
IG given by x 7→ (σw(v) −1)x.

The middle vertical map in (7.21) is the unique map making the diagram commute.

Each of the G-modules IndGGw(v)
ZGw(v), ZG, IndGGw(v)

Q and Q is cohomologically

trivial and so we can use (7.20) and (7.21) to dimension shift Ext-groups.
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Taking the product of (7.20) for each v ∈ S(K), with the product of (7.21) for each

v ∈ S ′(K) \ S(K) gives an exact commutative diagram of G-modules

0 // WS′
//

θ1

��

Ind∏

S′(K)

ZGw(v) //bθ1
��

YL,S //

��

0

0 // IG // ZG // Z // 0

(7.22)

where we have fixed an identification of YL,S with

Ind∏

S(K)

Z using our choice of place

w(v), for each v ∈ S(K). Let K̂1 := ker(θ̂1). Since θ1 is surjective and the right

hand vertical map in (7.22) is surjective, then so is θ̂1. Applying the Snake Lemma

to (7.22) gives an exact sequence of G-modules

0 // K1
// K̂1

// XL,S
// 0. (7.23)

Let R be the kernel of the map K1 → Pic(OL,S) in (7.19). Using the Snake Lemma

we now have an exact commutative diagram of G-modules

0

��

0

��
R

��

R

��

0 // K1
//

��

K̂1
//

��

XL,S
// 0

0 // Pic(OL,S) //

��

K̂1/R
//

��

XL,S
// 0

0 0,

(7.24)

where the map R → K̂1 is the unique map making the top square commute. It

is straightforward to check that K̂1/R is the pushout of the maps K1 → K̂1 and
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K1 → Pic(OL,S). By definition, K̂1/R is the module ∇ of [38]. The definition of R

combines with (7.19) to give a tautological exact sequence

0 // O×
L,S

// K1
// R // 0.

Splicing this sequence with the middle column of (7.24) gives an exact sequence

0 // O×
L,S

// K0
// K̂1

// ∇ // 0, (7.25)

which is the Tate Sequence of [38]. We define K̂ to be the complex [K0 → K̂1]

extracted from (7.25) with the first term placed in degree zero. This complex will be

used in the next section.

7.4 A Reinterpretation of the Ritter-Weiss Construction

In this section the sets S and S ′ remain as they were in §7.3. We now interpret the

construction of Ritter and Weiss in terms of morphisms of complexes. We will show

in Lemma 7.4.1 that the complex K̂ (which defines the Tate Sequence of [38]) is equal

to the kernel of a morphism θ̂ in Kom(ZG). This will give a concise construction of

the Tate Sequence of loc. cit.. Now the Tate Sequence ǫτ0 constructed in §7.2 is an

extension of O×
L,S by H1(CL,S), and this latter module fits into an exact sequence of

G-modules of the form

0 // Pic(OL,S) // H1(CL,S) // XL,Sf
// 0.

However, the Tate Sequence defined by K̂ is an extension of O×
L,S by ∇, and this

latter module fits into an exact sequence of the form

0 // Pic(OL,S) // ∇ // XL,S
// 0 .

We address this discrepancy in Lemma 7.4.2. Finally, we perform a dimension shift

to obtain a complex ker θf from K̂, which we will compare to RΓ(OL,S,Gm) in the
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next section.

The morphism θ̂

Using (7.18) we define the complexes A, resp. B, to be [VS′ →WS′ ], resp. [B → IG],

with the first terms placed in degree zero. The maps θ0 and θ1 of (7.18) induce a

surjective morphism of complexes A→ B in Kom(ZG), which we denote by θ.

Lemma 7.4.1. There exists an exact commutative diagram in Kom(ZG)

0

��

0

��

0

��

0 // ker θ //

��

K̂ //

��

XL,S[−1] //

��

0

0 // A
δA //

θ

��

Â //bθ
��

YL,S[−1] //

��

0

0 // B
δB //

��

B̂ //

��

Z[−1] //

��

0

0 0 0.

(7.26)

Proof Splicing diagram (7.22) with diagram (7.18) gives an exact commutative dia-

gram of G-modules

0 // JS(L) //

��

VS′
//

θ0

��

Ind∏

S′(K)

ZGw(v) //bθ1
��

YL,S //

��

0

0 // C(L) // B // ZG // Z // 0.

(7.27)

We let Â, resp. B̂, denote the complex [VS′ →

Ind∏

S′(K)

ZGw(v)], resp. [B → ZG], extracted

from (7.27), with the first term placed in degree zero. We write θ̂ : Â → B̂ for the

surjective morphism of complexes in Kom(ZG) induced by θ0 and θ̂1. We denote by

δA : A→ Â and δB : B → B̂ the obvious morphisms of complexes. It is easily checked
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that in Kom(ZG) both of these morphisms are injective, coker(δA) = YL,S[−1] and

coker(δB) = Z[−1]. This gives the bottom two rows of (7.26). It is straightforward

to show that K̂ = ker θ̂ and so the rest of (7.26) follows immediately from the Snake

Lemma.�

The discrepancy between ∇ and H1(CL,S)

Lemma 7.4.1 shows that the extension class defined by the complex ker θ̂ is the class of

the Tate Sequence constructed in [38]. We would like to compare this complex to CL,S

from Proposition 7.2.3 but unfortunately the cohomology groups of these complexes

are not the same. The difference is that H1(ker θ̂) = XL,S whilst H1(CL,S) = XL,Sf .

The difference between these two modules is summarized by the canonical exact

sequence of G-modules

0 // XL,Sf
// XL,S

// YL,S∞

// 0

where, under Hypothesis 7.2.2, YL,S∞
is free. To deal with this discrepancy we amend

the above construction as follows.

We first note that under Hypothesis 7.2.2 the module IndGGw(v)
IGw(v)

is zero for each

v ∈ S∞(K). The top row of (7.18) is thus

0 // JS(L) // VS′

α //

Ind∏

Sf (K)

IGw(v)
×

Ind∏

S′(K)\S(K)

ZGw(v) // 0, (7.28)

and for each v ∈ S∞(K) the top row of (7.20) is

0 // 0 // IndGGw(v)
Z IndGGw(v)

Z // 0.

Now recall that we constructed the top row of (7.27) from (7.18) by splicing the exact

sequence (7.28) with the top row of (7.22). Hypothesis 7.2.2 now shows (after the
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preceding discussion) that the second map in the top row of (7.22) can be written as

WS′ =
Ind∏

Sf (K)

IGw(v)
×

Ind∏

S′(K)\S(K)

ZGw(v)

eβ //
Ind∏

Sf (K)

ZGw(v) ×
Ind∏

S′(K)\S(K)

ZGw(v) ×
Ind∏

S∞(K)

Z ,

where β̃ is of the form




β 0

0 id

0 0


.

We define Âf to be the complex [VS′ →

Ind∏

S′

f
(K)

ZGw(v)], with the first term placed in

degree zero, and whose differential is

(
β 0

0 id

)
◦ α. Recall that Â is the complex

[VS′ →
Ind∏

S′(K)

ZGw(v)]. We thus have a morphism of complexes Â → Âf , which is the

identity in degree zero and the natural projection in degree one, and a commutative

diagram in Kom(ZG)

Â //bθ
��

Âfbθf
��

B̂ B̂.

If we set K̂1,f := ker




Ind∏

S′

f
(K)

ZGw(v) → ZG


, then ker θ̂f is the complex [K1 → K̂1,f ],

with the first term placed in degree zero.

As in the proof of Lemma 7.4.1 we can now construct the following exact commutative
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diagram in Kom(ZG)

0

��

0

��

0

��

0 // ker θ //

��

ker θ̂f
//

��

XL,Sf [−1] //

��

0

0 // A //

θ

��

Âf
//bθf

��

YL,Sf [−1] //

��

0

0 // B //

��

B̂ //

��

Z[−1] //

��

0

0 0 0.

(7.29)

Lemma 7.4.2. The complex ker θ̂f defines an element of Ext2
ZG(∇f ,O

×
L,S), where

∇f := H1(ker θ̂f ). Moreover, there is an isomorphism of G-modules ∇ ∼= ∇f ⊕ YL,S∞

and a commutative diagram of short exact sequences of G-modules

0 // O×
L,S

// K1
// K̂1,f

//

��

∇f
//

��

0

0 // O×
L,S

// K1
// K̂1

// ∇ // 0.

(7.30)

The extension class of the top row of (7.30) is equal to the image of the extension class

of the bottom row under the induced isomorphism Ext2
ZG(∇f ,O

×
L,S)

∼= Ext2
ZG(∇,O×

L,S).

Proof We sketch the proof and leave the details for the reader. By comparing the

middle column of (7.26) with the middle column of (7.29) we can construct an exact
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commutative diagram in Kom(ZG)

0

��

0

��

0

��

0 // ker θ // ker θ̂f
//

��

XL,Sf [−1] //

��

0

0 // ker θ //

��

ker θ̂ //

��

XL,S[−1] //

��

0

0 // YL,S∞
[−1]

��

YL,S∞
[−1]

��

// 0

0 0.

(7.31)

Since the top row of (7.30) is the extension defined by ker θ̂f and the bottom row of

(7.30) is the extension defined by ker θ̂, the lemma follows from the existence of the

middle column of (7.31).�

A further dimension shift

After Lemma 7.4.2 it is sufficient to focus our attention on the complex ker θ̂f . Using

the ‘adjointness of Res and Ind’, for each v ∈ Sf (K) diagram (7.5) gives an exact

commutative diagram of G-modules

0 // IndGGw(v)
Z //

��

IndGGw(v)
Q //

��

IndGGw(v)
Q/Z //

��

0

0 // Z // Q // Q/Z // 0.

(7.32)

Proceeding in the same way as in the proof of Lemma 7.4.1 we obtain an exact
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commutative diagram in Kom(ZG)

0

��

0

��

0

��

0 // Q⊗XL,Sf [−2] //

��

ker θf //

��

ker θ̂f
//

��

0

0 // Q⊗ YL,Sf [−2] //

��

Af //

θf
��

Âf
//bθf

��

0

0 // Q[−2]

��

// B //

��

B̂ //

��

0

0 0 0

(7.33)

where Af , resp. B, is the complex [VS′ →

Ind∏

S′

f
(K)

ZGw(v) → Q ⊗ YL,Sf ], resp. [B →

ZG → Q], with the first term placed in degree zero. The long exact sequence of

cohomology corresponding to the middle column of (7.33) shows that ker θf has the

same cohomology as RΓ(OL,S,Gm). In the next section we will show that these

complexes are in fact isomorphic in D(ZG).

7.5 The Connection to ǫτ0

In this section S is any finite G-stable set of places of L which contains S∞ ∪ Sram

and S ′ is as defined at the start of §7.3.

Lemma 7.5.1. Let w ∈ ML. There are canonical isomorphisms of Gw-modules

H i(Lw,Gm) ∼=





L×
w if i = 0

0 if i = 1

Br(Lw) if i = 2.

If w is non-archimedean, then H i(Lw,Gm) = 0 for i ≥ 3. Moreover the class of

RΓ(Lw,Gm) in Ext3
ZGw(Q/Z, L×

w) ∼= H2(Gw, L
×
w) is the local fundamental class.
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Proof See [8, Prop. 3.5.(a)].�

We consider the product
∏

w∈S RΓ(Lw,Gm) as a complex in D(ZG). This is possible

as the complexes RΓ(Lw,Gm) can be chosen ‘compatibly’ as explained in [5, §6.2.1].

Lemma 7.5.1, together with the canonical isomorphism Br(Lw) ∼= Q/Z for each w ∈

Sf , gives canonical isomorphisms of G-modules H0(
∏

w∈S RΓ(Lw,Gm)) ∼=
∏

w∈S L
×
w

and H2(
∏

w∈S RΓ(Lw,Gm)) ∼=
∏

w∈Sf
Q/Z. We identify

∏
w∈Sf

Q/Z with Q/Z⊗YL,Sf

in the obvious way.

There is a canonical ‘localization morphism’ of complexes

RΓ(OL,S,Gm) //
⊕

w∈S

RΓ(Lw,Gm),

([5, §6.2]) such that the induced maps on cohomology are the natural diagonal homo-

morphism O×
L,S →

∏
w∈S L

×
w in degree zero and the natural inclusion Q/Z⊗XL,Sf →

Q/Z⊗ YL,Sf in degree two. One defines

R̂Γc(OL,S,Gm) := Cone
(
RΓ(OL,S,Gm) →

⊕

w∈S

RΓ(Lw,Gm)
)
[−1]

and hence there exists a tautological exact triangle in D(ZG)

R̂Γc(OL,S,Gm) // RΓ(OL,S,Gm) //
∏

w∈S

RΓ(Lw,Gm) // . (7.34)

Lemma 7.5.2. There are canonical isomorphisms of G-modules

H i(R̂Γc(OL,S,Gm)) ∼=





CS(L) if i = 1

Q/Z if i = 3

0 otherwise.

Moreover, the class defined by R̂Γc(OL,S,Gm)[1] in Ext3
ZG(Q/Z, CS(L)) ∼= H2(G,CS(L))

is the global fundamental class.
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Proof The description of the cohomology is an easy exercise using the long exact

sequence of cohomology of (7.34) along with the exact sequence (7.7), the natural

exact sequence

0 // O×
L,S

//
∏

w∈S

L×
w

// CS(L) // Pic(OL,S) // 0

and the fact that all of the maps on cohomology are the canonical maps. The second

claim is [8, Prop. 3.5(b)].�

We can now state the main result of this chapter.

Theorem 7.5.3. There exists an isomorphism ker(θf) ∼= RΓ(OL,S,Gm) in D(ZG)

which induces the identity map on cohomology.

Before we prove this result we prove the following corollary which demonstrates the

relation between ǫτ0 and the Tate sequence of [38]. Recall the complex CL,S given by

Proposition 7.2.3.

Corollary 7.5.4. There exists an isomorphism of G-modules φ : ∇f
∼= H1(CL,S)

which is the identity map on (∇f)tor = Pic(OL,S) and induces the identity map on

∇f = XL,Sf . Moreover, the extension class defined by ker θ̂f is the same as the

extension class ǫτ0 defined by CL,S under the isomorphism

Ext2
ZG(H1(CL,S),O

×
L,S)

∼ // Ext2
ZG(∇f ,O

×
L,S)

induced by φ.

Proof We have a commutative diagram in D(ZG)

Q⊗XL,Sf [−2] // ker(θf ) //

∼=

��

ker θ̂f
//

Q⊗XL,Sf [−2] // RΓ(OL,S,Gm) // CL,S //

(7.35)
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where the top row is the exact triangle induced by the top row of (7.33), the bot-

tom row is (7.9) and the second vertical map is given by Theorem 7.5.3. Since the

isomorphism of Theorem 7.5.3 is the identity map on cohomology, one sees that the

composite maps obtained by going either direction around the left hand square of

(7.35) both induce the map πL,S of (7.8) on cohomology. A similar argument to that

given at the start of the proof of Proposition 7.2.3 shows that such a morphism must

be unique in D(ZG), hence the left hand square of (7.35) commutes.

Completing (7.35) to a morphism of triangles gives an isomorphism κ : ker θ̂f
∼ // CL,S

in D(ZG) which induces the identity map on cohomology in degree zero. If we set

φ := H1(κ), then the claims that φ is the identity on (∇f)tor and induces the identity

on ∇f follow directly from Theorem 7.5.3. Applying Lemma 7.1.1 to the morphism

κ gives the rest of the statement of the corollary.�

Proof of Theorem 7.5.3

We need the following Lemma.

Lemma 7.5.5. Let R be a ring and let f : A → B be an injective, resp. surjective,

morphism of complexes in Kom(R). Then there exists a natural quasi-isomorphism

Cone(f) → coker(f), resp. ker(f) → Cone(f)[−1].

Proof This is an easy exercise using the explicit description of the mapping cone.�

Lemma 7.5.5 shows that we have a canonical isomorphism ker θf ∼= (Cone θf)[−1] in

D(ZG). We will now construct a commutative diagram in D(ZG)

Af
θf //

��

B //

��

Cone θf

��

//

∏

w∈S

RΓ(Lw,Gm) // R̂Γc(OL,S,Gm)[1] // RΓ(OL,S,Gm)[1] //

(7.36)

where the top row is the natural triangle and the bottom row is (7.34). A diagram

chase using the long exact sequences of cohomology associated to the two horizontal
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triangles will then show that the right hand vertical morphism is an isomorphism and

induces the identity map on cohomology. Since ker θf is canonically isomorphic to

(Cone θf )[−1], this will give Theorem 7.5.3.

Constructing the middle vertical morphism in (7.36)

The natural map C(L) → CS(L) induces a commutative diagram of groups

H2(G,C(L))
∼ //

��

Ext3
ZG(Q/Z, C(L))

��
H2(G,CS(L))

∼ // Ext3
ZG(Q/Z, CS(L))

(7.37)

where the horizontal isomorphisms are the dimension shifts induced by (7.5). The

kernel of the natural map C(L) → CS(L) is
∏

w/∈S Uw and since Sram ⊂ S this

is a cohomologically trivial G-module. The vertical maps in (7.37) are thus also

isomorphisms.

Recall that we defined B to be the complex [B → ZG→ Q], with B placed in degree

zero, and furthermore that this complex was obtained by splicing the bottom row of

(7.18) with (7.6) followed by (7.5). The bottom row of (7.18) represents the global

fundamental class in Ext1
ZG(IG, C(L)) and hence B represents the global fundamental

class in Ext3
ZG(Q/Z, C(L)).

By Lemma 7.5.2 the complex R̂Γc(OL,S,Gm)[1] is quasi-isomorphic to a complex

C := [C0 → C1 → C2], where the left hand object is placed in degree zero, Ci is a

cohomologically trivial G-module for each i and the class of

0 // CS(L) // C0 // C1 // C2 // Q/Z // 0 (7.38)

in Ext3
ZG(Q/Z, CS(L)) is the global fundamental class.

Combining all of this shows that the righthand vertical isomorphism in (7.37) maps

the class defined by B to the class defined by C. The description of this map in terms

of Yoneda extension classes (cf. [26, Ch. IV, §9]) immediately gives a morphism of
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complexes B → C which induces the natural map C(L) → CS(L) on cohomology in

degree zero and the identity map in all other degrees. This gives the middle vertical

morphism in (7.36).

Constructing the first vertical morphism in (7.36)

The complexes Af and
∏

w∈S RΓ(Lw,Gm) define classes in Ext3
ZG(Q/Z⊗YL,Sf , JS(L))

and Ext3
ZG(Q/Z⊗YL,Sf ,

∏
w∈S L

×
w) respectively. We have a tautological exact sequence

of G-modules

0 //
∏

w/∈S

Uw // JS(L) //
∏

w∈S

L×
w

// 0

and since Sram ⊂ S this induces an isomorphism

Ext3
ZG(Q/Z⊗ YL,Sf , JS(L)) ∼ // Ext3

ZG(Q/Z⊗ YL,Sf ,
∏

w∈S L
×
w). (7.39)

In §7.6 we will show that the classes defined by Af and
∏

w∈S RΓ(Lw,Gm) correspond

under this isomorphism. A similar argument to that used to construct the middle

vertical morphism of (7.36) then gives the left hand vertical morphism of (7.36).

Furthermore, the maps induced on cohomology are the natural projection JS(L) →
∏

w∈S L
×
w in degree zero and the identity map in all other degrees. We leave the details

to the reader.

Showing the left hand square of (7.36) commutes

We will need the following Lemma.

Lemma 7.5.6. Let R be a ring and let A,B ∈ D(R). There is a spectral sequence

Ep,q
2 =

∏

i∈Z

ExtpR(H i(A), Hq+i(B)) =⇒ Hp+q(RHom(A,B)).

Proof See [44, Ch. III, 4.6.10].�

When dealing with spectral sequences we will refer to the objects Ep,q
r , for fixed r,

as lying on the rth sheet. Given n ∈ Z we refer to the objects lying on the diagonal
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p+ q = n as lying in degree n.

Consider the spectral sequence of Lemma 7.5.6 for

A = Af B = R̂Γc(OL,S,Gm)[1].

In degree p+ q = 0 the sequence converges to HomD(ZG)(A,B). Using Lemma 7.5.1,

Lemma 7.5.2 and the definition of Af we see that in degree zero the group Ep,q
2 is

trivial unless (p, q) = (0, 0) or (p, q) = (2,−2). Thus in degree zero the only two

contributions on the second sheet of the spectral sequence are

E0,0
2 = HomZG

(
JS(L), CS(L)

)
× HomZG

(∏
w∈S Br(Lw),Q/Z

)

and E2,−2
2 = Ext2

ZG

(
Q/Z⊗ YL,Sf , CS(L)

)
.

We first show that E2,−2
2 = 0.

Using the ‘adjointness of Ind and Res’ we have

E2,−2
2

∼=
∏

v∈Sf (K)

Ext2
ZGw(v)

(
Q/Z,ResGGw(v)

CS(L)
)
.

Using the exact sequence (7.5) we can dimension shift to obtain

Ext2
ZGw(v)

(
Q/Z,ResGGw(v)

CS(L)
)

∼= Ext1
ZGw(v)

(
Z,ResGGw(v)

CS(L)
)

∼= Ĥ1
(
Gw(v),ResGGw(v)

CS(L)
)
,

where the second isomorphism follows from the definition of the Tate cohomology

groups. Using the exact sequence (7.38) and the exact sequence (7.5), we can dimen-

sion shift to obtain

Ĥ1
(
Gw(v),ResGGw(v)

CS(L)
)
∼= Ĥ−2(Gw(v),Q/Z) ∼= Ĥ−1(Gw(v),Z).

This latter group is then easily seen to be zero and so E2,−2
2 = 0.

We must now be careful as the spectral sequence does not converge on the second
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sheet in degree zero. On the second sheet all the morphisms are zero and so the

objects on the third sheet are the same as those on the second. On the third sheet

in degree zero we have the morphism d0,0
3 : E0,0

3 → E3,−2
3 . In the same way we proved

E2,−2
2 = 0 it can be shown that E3,−2

3 is isomorphic to
∏

v∈Sf (K) Z/|Gw(v)|Z, which

is non-trivial. By definition of the spectral sequence, if r 6= 3 and (p, q) 6= (3,−2),

then dp,qr = 0 for all r ≥ 3 and for all (p, q) such that p + q = 0. Hence the spectral

sequence converges in degree zero on the third sheet, i.e.

HomD(ZG)(A,B) ∼= E0,0
3

∼= ker(d0,0
3 ) × HomZG

(∏

w∈S

Br(Lw),Q/Z
)
.

Since ker(d0,0
3 ) is a subset of HomZG

(
JS(L), CS(L)

)
, we have shown that two mor-

phisms from A to B are equal if and only if the maps induced on cohomology are

equal. By construction the left hand square of (7.36) commutes on cohomology and

thus must commute in D(ZG).�

7.6 The Semi-local Fundamental Class

In this section S is any finite G-stable set of places containing S∞ ∪ Sram. We first

recall the definition of clocL/K,S and then show that, under suitable isomorphisms of Ext-

groups, the extension classes defined by both the top row of (7.18) and
∏

w∈S

RΓ(L×
w ,Gm)

correspond to clocL/K,S.

101



The definition of clocL/K,S

We have the following sequence of isomorphisms and inclusions

Ext2
ZG(YL,S, JS(L)) ∼= Ext2

ZG(YL,S,
∏

w∈S

L×
w)

∼=
∏

v,v′∈S(K)

Ext2
ZG(IndGGw(v)

Z, IndGGw(v′)
L×
w(v′))

⊃
∏

v∈S(K)

Ext2
ZG(IndGGw(v)

Z, IndGGw(v)
L×
w(v))

∼=
∏

v∈S(K)

Ext2
ZGw(v)

(Z,ResGGw(v)
IndGGw(v)

L×
w(v))

⊃
∏

v∈S(K)

Ext2
ZGw(v)

(Z, L×
w(v)).

The first line follows from the fact that if v′ is unramified, then Uw(v′) is a cohomo-

logically trivial G-module. The second and third lines are obvious. The fourth lines

follows from the ‘adjointness of Res and Ind’. The fifth line follows because L×
w(v) is a

direct factor of ResGGw(v)
IndGGw(v)

L×
w(v) as a Gw(v)-module. One defines clocL/K,S to be the

pre-image of the element (cLw(v)/Kv)v∈S(K) of
∏

v∈S(K) Ext2
ZGw(v)

(Z, L×
w(v)) under this

composite map. Using Shapiro’s Lemma one can show that clocL/K,S is independent of

the choice of the w(v).

In terms of Yoneda extensions one can construct clocL/K,S in the following way. Let

0 // L×
w(v)

// C0
w(v)

// C1
w(v)

// Z // 0

be an exact sequence of Gw(v)-modules representing cLw(v)/Kv . An extension class

representing clocL/K,S is given by first applying the functor IndGGw(v)
(−) to each such

sequence and than taking the direct sum over all places v in S(K).

Determining the extension class of the top row of (7.18)

We recall that the top row of (7.18) is the exact sequence of G-modules

E := [0 // JS(L) // VS′
// WS′

// 0] (7.40)
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and that we defined A to be the complex [VS′ → WS′]. In [38, §1] the authors construct

E in the following way. They construct a family of exact sequences

Ev := [0 // L×
w(v)

// Vw(v)
// IGw(v)

// 0] if v ∈ S(K)

Ev := [0 // Uw(v)
// Uw(v) ⊕ ZGw(v)

// ZGw(v)
// 0] if v ∈ S ′(K) \ S(K)

Ev := [0 // Uw(v) Uw(v)
// 0 // 0] if v /∈ S ′(K)

(7.41)

and then define E :=
∏

v∈MK
IndGGw(v)

Ev (where the notation should be self-explanatory).

Since Ev has the trivial extension class for each v /∈ S(K) it is clear that the

extension class of E in Ext1
ZG(WS′, JS(L)) is determined by the extension class of

∏
v∈S(K) IndGGw(v)

Ev in Ext1
G(
∏

v∈S(K) IndGGw(v)
IGw(v)

,
∏

w∈S L
×
w).

For each v ∈ S(K) we let Tv be the exact sequence of Gw(v)-modules

0 // IGw(v)
// ZGw(v)

// Z // 0.

The exact sequence of G-modules
∏

v∈S(K) IndGGw(v)
Tv induces a dimension shift

Ext1
ZG(

Ind∏

v∈S(K)

IGw(v)
,
∏

w∈S

L×
w) ∼ // Ext2

ZG(YL,S,
∏

w∈S

L×
w). (7.42)

Let E ′ denote the exact sequence obtained by splicing
∏

v∈S(K) IndGGw(v)
Ev with

∏
v∈S IndGGw(v)

Tv. In terms of Yoneda extensions the isomorphism (7.42) sends the

class of
∏

v∈S(K) IndGGw(v)
Ev to the class of E ′. One can also construct this class in

another way. For each v ∈ S(K) we define an exact sequence

E ′
v := [0 // L×

w(v)
// Vw(v) // ZGw(v)

// Z // 0]

by splicing Ev with Tv. We leave it to the reader to check that
∏

v∈S(K) IndGGw(v)
E ′
v

has the same extension class as E ′.

The second construction of E ′, along with our discussion on the construction of clocL/K,S

above, shows that the class of E ′ in Ext2
ZG(YL,S,

∏
w∈S L

×
w) is clocL/K,S. Hence the
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extension class of E is also clocL/K,S (in the appropriate Ext-group).

We now leave it to the reader to check that both the complexes Âf and Af represent

clocL/K,S in the appropriate Ext-groups (this is a consequence of the fact that Âf and

Af were both obtained from A by dimension shifts of the kind just discussed).

Determining the class of
∏

w∈S RΓ(L×
w ,Gm)

By Lemma 7.5.1 the complex RΓ(L×
w ,Gm) represents cLw/Kv , where v is the place

of K below w. Since the complexes RΓ(L×
w ,Gm) were chosen compatibly (see the

discussion immediately following the proof of 7.5.1) a similar argument to that above

shows that
∏

w∈S RΓ(L×
w ,Gm) represents clocL/K,S in Ext3

ZG(Q/Z⊗ YL,S
∏

w∈S L
×
w). We

leave it to the reader to check the details.
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