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Congruences between derivatives

of abelian L-functions at s = 0

David Burns

Abstract. Let K/k be a finite abelian extension of global fields.
We prove that a natural equivariant leading term conjecture implies
a family of explicit congruence relations between the values at s = 0
of derivatives of the Dirichlet L-functions associated to K/k. We
also show that these congruences provide a universal approach to the
‘refined abelian Stark conjectures’ formulated by, inter alia, Stark,
Gross, Rubin, Popescu and Tate. We thereby obtain the first proofs
of, amongst other things, the Rubin-Stark Conjecture and the ‘refined
class number formulas’ of both Gross and Tate for all extensions K/k
in which K is either an abelian extension of Q or is a function field.
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1. Introduction

Let K/k be a finite abelian extension of global fields and set G := Gal(K/k).
For any finite non-empty set of places S of k and any intermediate field E of
K/k we write S(E) for the set of places of E lying above those in S. If S
contains all archimedean places of k (in the number field case), then we write
OE,S for the subring of E comprising elements integral at all places outside
S(E) and O×E,S for the unit group of OE,S . For any finite non-empty set of
places T of k that is disjoint from such a set S we also write O×E,S,T for the
(finite index) subgroup of O×E,S consisting of those elements congruent to 1
modulo all places in T (E).
Throughout this article we assume, unless explicitly stated otherwise, that S
contains all archimedean places of k and all places which ramify in K/k and
that T is chosen as above so that O×K,S,T is torsion-free. (Note that if K is a
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function field, resp. number field, then O×K,S,T is automatically torsion-free for
any set T as above, resp. is torsion-free if, for example, not all of the places in
T have the same residue characteristic.)
We set G∧ := Hom(G,C×) and for each χ ∈ G∧ we write eχ for the idempotent
1
|G|

∑
g∈G χ(g−1)g of C[G] and LS(χ, s) for the S-truncated Dirichlet L-function

that is associated to χ. We then obtain a C[Gal(E/k)]-valued meromorphic
function of a complex variable s by setting

(1) θE/k,S(s) :=
∑

χ

LS(χ−1, s)eχ

where χ runs over all elements of G∧ that are trivial on Gal(K/E). From [44,
Chap. I, Prop. 3.4] one knows that for each such χ the order of vanishing of
the function LS(χ, s) at s = 0 is equal to

(2) dimC(eχ(C · O×E,S)) =
{
|{v ∈ S : v splits completely in Eker(χ)/k}|, if χ is non-trivial
|S| − 1, if χ is trivial.

The equivariant function θE/k,S(s) therefore vanishes at s = 0 to order at least

rS,E := min {|S| − 1, |{v ∈ S : v splits completely in E/k}|},
and hence it is possible to define an element of C[Gal(E/k)] by setting

(3) θE/k,S :=
1

rS,E !

(
d
ds

)rS,E

θE/k,S(s)
∣∣
s=0

.

It is straightforward to show that this element belongs to R[Gal(E/k)] (see, for
example, (25) and (32)). However to study θE/k,S any further it is convenient
to remove transcendence. To do this we write YE,S for the free abelian group
on S(E) and XE,S for the kernel of the homomorphism YE,S → Z which sends
each element of S(E) to 1. Then both YE,S and XE,S have natural actions of
Gal(E/k) and we write RE,S : R · O×E,S,T → R ·XE,S for the isomorphism of
R[Gal(E/k)]-modules which at each u ∈ O×E,S,T satisfies

(4) RE,S(u) = −
∑

π∈S(E)

log|u|π · π

where | · |π denotes the normalised absolute value at π. For each place w of K
we write wE for the place of E that is obtained by restricting w.
We now fix an intermediate field L of K/k and set Γ := Gal(L/k). We also set
n := |S|−1 and label, and thereby order, the elements of S as {vi : 0 ≤ i ≤ n}.
We always assume, as we may, that this numbering is chosen so that vi splits
completely in K/k, resp. in L/k, for each i with 1 ≤ i ≤ rS,K , resp. 1 ≤ i ≤
rS,L (in all other respects however, and not withstanding the distinguished rôle
played by v0 in what follows, the validity of our main results is independent of
the chosen ordering of S). For each index i we fix a place wi of K with wi,k = vi.
For any non-archimedean place v of k we write Nv for its absolute norm and if
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v is unramified in K/k, then we write Frv for its Frobenius automorphism in G.
In particular, since each place in T is both non-archimedean and unramified in
K/k we may set δT :=

∏
t∈T (1−Nt · Fr−1

t ) ∈ Z[G].
We assume now that E denotes either K or L. Then ∧rS,E

R[Gal(E/k)]RE,S gives an
isomorphism of R[Gal(E/k)]-modules

R · ∧rS,E

Z[Gal(E/k)]O×E,S,T
∼−→ R · ∧rS,E

Z[Gal(E/k)]XE,S

and it can be shown that the description (2) implies that θE/k,S times the image
of ∧rS,E

Z[Gal(E/k)]XE,S in R · ∧rS,E

Z[Gal(E/k)]XE,S is generated over Z[Gal(E/k)] by

the single element θE/k,S · ∧i=rS,E

i=1 (wi,E − w0,E) (cf. (17)). This motivates us
to let ηE,S,T denote the unique element of R ·∧rS,E

Z[Gal(E/k)]O×E,S,T which satisfies

(5) (∧rS,E

R[Gal(E/k)]RE,S)(ηE,S,T ) = δT θE/k,S · ∧i=rS,E

i=1 (wi,E − w0,E)

in R · ∧rS,E

Z[Gal(E/k)]XE,S .
In the main result of this article we prove that the validity of a natural con-
jecture for the leading term at s = 0 of θK/k,S(s) (which is due essentially to
Kato and Perrin-Riou (independently) in the number field case and is a refine-
ment of a conjecture of Lichtenbaum in the function field case - see Remark
6.2) gives rise to a family of explicit integral congruence relations between the
elements ηK,S,T and ηL,S,T defined above. We will also show that, upon appro-
priate specialisation, these congruence relations recover the conjecture ‘over Z’
formulated by Stark in [40] as well as the refinements of Stark’s conjecture sub-
sequently formulated by Gross, by Rubin, by Tate, by Popescu, by Tan, and by
Aoki, Lee and Tan. Further, in [21] Hayward has shown that Gross’s conjecture
for the L-functions of algebraic tori [18, Conj. 8.8] and a conjecture of Darmon
concerning congruences for the first derivatives of Dirichlet L-functions [16,
Conj. 4.3] can both be interpreted as natural base-change type assertions for
the congruence relations that we study here.
In several important cases the leading term conjecture for θK/k,S(s) that we
use is known to be valid and so our results are unconditional. In particular,
this method allows us to prove the following result (in §4.2).

Theorem A. If K is either a global function field, or a finite abelian extension
of Q, or there exists an imaginary quadratic field F of class number one such
that F ⊆ k, K/F is finite abelian and the degree of K/k is both odd and divisible
only by primes which split in F/Q, then all of the following conjectures are valid
for K/k.

• The ‘Rubin-Stark Conjecture’ [39, Conj. B].
• Popescu’s Conjecture [34, Conj. C(K/k, S, r)].
• The ‘refined class number formula’ of Gross [18, Conj. 4.1].
• The ‘refined class number formula’ of Tate [46, (∗)].
• The ‘refined class number formula’ of Aoki, Lee and Tan [2, Conj. 1.1].

We will also show that the natural leading term conjecture for θK/k,S(s) implies
the ‘guess’ formulated by Gross in [18, top of p. 195] as well as natural ‘higher
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order’ generalisations of all of the above ‘refined class number formulas’ and
of Gross’s ‘refined p-adic abelian Stark Conjecture’ (see Corollaries 4.1 and 4.3
for a precise statement of these results). However, Theorem A itself already
constitutes a strong refinement of previous results in this area. For example,
until now, the most general class of number fields for which [39, Conj. B]
had been proved is the class of abelian extensions K/Q of odd prime power
conductor (this is the main result of Popescu in [36]) whilst the most general
class of fields for which [18, Conj. 4.1] had been proved is the class of abelian
extensions K/k of global function fields for which the degree of K/k is either
a power of the characteristic of k or is coprime to both the number of divisor
classes of degree 0 of k and the order of the torsion subgroup of k× (these results
are due to Tan [41] and Lee [29] respectively). We note that other special cases
of Theorem A have also been proved by, inter alia, Aoki [1], Gross [18], Lee
[27, 28], Popescu [33, 35], Reid [38], Tan [42] and Aoki, Lee and Tan [2].
The main contents of this article is as follows. In §2 we fix notation and con-
ventions and in §3 we state our main result (Theorem 3.1). In §4 we show
that the congruence relations described in Theorem 3.1 give a universal ap-
proach to the theory of refined abelian Stark conjectures and, in particular, we
deduce a proof of Theorem A. In §5 we prove a useful reduction step for the
proof of Theorem 3.1. In §6 we recall the statement of the relevant leading
term conjecture (Conjecture ‘C(K/k)’) and describe the strategy of our proof
of Theorem 3.1. In §7 we give an explicit reformulation of C(K/k) and in §8 we
use the approach of §7 to prove explicit formulas for both ηK,S,T and ηL,S,T .
An interesting feature of these formulas is that they can be used as the basis of
algorithms to generate numerical evidence in support of C(K/k) (cf. Remark
8.2). In §9 we use the explicit formulas obtained in §8 to prove a family of
congruence relations between the elements ηK,S,T and ηL,S,T and also to show
that the validity of C(K/k) implies the Rubin-Stark Conjecture [39, Conj. B]
for K/k. In §10 we interpret the congruence relations proved in §9 first in
terms of algebraic height pairings of the kind considered by Nekovář in [31]
and then, by using class field theory, in terms of regulators of the kind used
by Gross, Tate et al. In §11 we complete the proof of Theorem 3.1. Finally, in
an appendix, we sketch how the formalism of Theorem 3.1 extends to profinite
extensions.
It is a great pleasure to thank David Dummitt, Dick Gross, Anthony Hayward,
Radan Kuc̆era, Joongul Lee, Cristian Popescu, Karl Rubin, Jonathan Sands
and John Tate for stimulating discussions, and Jan Nekovář for some very illu-
minating conversations relating to algebraic height pairings. I would also like
to thank the referee for several very helpful suggestions. The first version of
this article was circulated as a preprint in December 2002 (with the title ‘On
relations between derivatives of abelian L-functions at s = 0’). Whilst prepar-
ing subsequent revisions I benefited greatly from holding visiting positions at
the Universities of Bordeaux and Harvard, and I am very grateful to both in-
stitutions for their tremendous hospitality. The research for this article was
completed when the author held a Leverhulme Research Fellowship.
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2. Preliminaries and notation

2.1. Algebra. Let G be a finite abelian group. For any G-modules M and N
we write HomG(M,N) for the group of G-module homomorphisms from M to
N . For any subgroup H of G we write MH and MH for the maximal submodule
and quotient module of M upon which H acts trivially, and we regard both as
G/H-modules in the natural way. For each φ ∈ HomG(M,N) we write φH for
the element of HomG/H(MH, NH) obtained by restriction. We let TH denote
the ‘trace element’

∑
h∈H h ∈ Z[H]. Then Z[G]H = Z[G] · TH and we write ρHM

for the composite homomorphism

HomG(M,Z[G]) → HomG/H(MH,Z[G] · TH) → HomG/H(MH,Z[G/H])

where the first arrow is restriction and the second is induced by the isomorphism
of G-modules Z[G] ·TH ∼= Z[G/H] that sends TH to the identity element of G/H.
We abbreviate the exterior product ‘∧Z[G]’ to ‘∧G ’. For each pair of non-negative
integers d and e with d ≤ e we use the natural homomorphisms

∧d
G HomG(M,Z[G]) → HomG(∧e

GM,∧e−d
G M) → HomR[G](R · ∧e

GM,R · ∧e−d
G M)

(where the first arrow is as described explicitly in [39, (4)]) to regard elements
of ∧d

G HomG(M,Z[G]) as functions on both ∧e
GM and R ·∧e

GM . Indeed, we shall
often not distinguish explicitly between an element Ψ of HomG(∧e

GM,∧e−d
G M)

and the element R ⊗ Ψ of HomR[G](R · ∧e
GM,R · ∧e−d

G M) that it induces. For
each Φ ∈ ∧d

G HomG(M,Z[G]) we also define

ΦH := ∧d
G(ρHM )(Φ) ∈ ∧d

G/HHomG/H(MH,Z[G/H]),

where we interpret ∧0
G(ρHM ) as the natural projection Z[G] → Z[G/H].

We set G∧ := Hom(G,C×). For any φ ∈ HomG(M, N) and any ψ ∈ G∧ we
write Mψ for the ψ-isotypic component eψ(C · M) of the C[G]-module C · M
that is spanned by M and φψ for the homomorphism Mψ → Nψ of C-modules
obtained by restricting the homomorphism C ·M → C ·N induced by φ.
For any abelian group A we write Ator for its torsion subgroup and set Atf :=
A/Ator (regarded as a sublattice of the vector space Q ·A spanned by A).
Unless explicitly indicated otherwise by context, unadorned tensor products
and exterior powers are regarded as taken in the category of abelian groups.

2.2. Arithmetic. We first fix notation as in the introduction:
• K/k is a fixed finite abelian extension of global fields, G := Gal(K/k);
• L is a fixed intermediate field of K/k, H := Gal(K/L), Γ := Gal(L/k);
• S := {vi : 0 ≤ i ≤ n} is a fixed non-empty ordered set of places of k

containing all archimedean places and all which ramify in K/k and such
that if E ∈ {L, K}, then vi splits completely in E/k for each integer i
with 1 ≤ i ≤ rS,E := min {n, |{v ∈ S : v splits completely in E/k}|};

• for each i with 0 ≤ i ≤ n, wi is a fixed place of K above vi and, for
each intermediate field E of K/k, wi,E is the place of E induced by wi;

• T is a fixed finite non-empty set of places of k which is disjoint from S
and such that O×K,S,T is torsion-free, δT :=

∏
t∈T (1−Nt ·Fr−1

t ) ∈ Z[G];
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• for each intermediate field E of K/k and set of places Σ of k, YE,Σ is
the free abelian group on the set Σ(E) of places of E which lie above
Σ and XE,Σ is the kernel of the natural projection map YE,Σ → Z;

• if E ∈ {L,K}, then θE/k,S(s), θE/k,S and RE,S are as defined in (1),
(3) and (4) respectively, and ηE,S,T is the element of R·∧rS,E

Gal(E/k)O×E,S,T

defined by (5).
For any subgroup J of G we write IJ for the kernel of the natural projection
map Z[G] → Z[G/J ]. For each integer j with 0 ≤ j ≤ n we let Gj denote the
decomposition subgroup of wj in G and set Ij := IGj .
For each integer j with 1 ≤ j ≤ rS,L we write recL,j for the natural composite
homomorphism L× → L×wj,L

= k×vj
→ Gj where the second arrow is the reci-

procity map of Kwj
/kvj

, and we define an element fL,j of HomΓ(L×, Ij/IHIj)
by setting, for each u ∈ L×,

(6) fL,j(u) =
∑

γ∈Γ

γ · [recL,j(γ−1(u))− 1],

where [recL,j(γ−1(u)) − 1] denotes the image of recL,j(γ−1(u)) − 1 ∈ Ij in
Ij/IHIj and we regard Ij/IHIj as a Γ-module by means of the natural isomor-
phism Z[G]/IH

∼= Z[Γ].
We write dS,L for the non-negative integer rS,L − rS,K and set

IS
H :=

{∏j=rS,L

j=rS,K+1 Ij , if dS,L > 0,

Z[G], if dS,L = 0.

If dS,L > 0, then we let

(7) fL,S : ∧dS,L

Γ L× → IS
H/IHIS

H

denote the unique homomorphism of Γ-modules which satisfies

fL,S(∧i=dS,L

i=1 ui) = det((fL,rS,K+j(ui))1≤i,j≤dS,L
) (mod IHIS

H)

for each ordered subset {ui : 1 ≤ i ≤ dS,L} of L×. If dS,L = 0, then we let fL,S

denote the canonical isomorphism ∧dS,L

Γ L× = Z[Γ] ∼= Z[G]/IH = IS
H/IHIS

H . In
both cases we set

(8) IS,T
H := IHIS

H + fL,S((∧dS,L

Γ L×T )tor)

where L×T is the subgroup of L× comprising those elements u for which the
valuation of u − 1 is strictly positive at all places in T (K). We also continue
to let fL,S denote the induced homomorphism

(∧dS,L

Γ O×L,S,T )tf → (∧dS,L

Γ L×)tf → IS
H/IS,T

H ⊆ Z[G]/IS,T
H .

3. Statement of the main result

In the number field case we let C(K/k) denote the ‘equivariant Tamagawa
number conjecture’ of [11, Conj. 4(iv)] for the pair (h0(Spec(K)),Z[G]). Thus,
since G is abelian, C(K/k) is equivalent to a version of the relevant special
case of Kato’s earlier ‘generalized Iwasawa main conjecture’ [23, Conj. 3.2.2]
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which is without the ‘sign ambiguities’ that are implicit in the formulation of
the latter conjecture (cf. [11, Rem. 9] and Remark 6.2). In the function field
case we let C(K/k) denote the conjecture formulated in [9, §2.2], and we recall
that this is an equivariant version of Lichtenbaum’s conjecture [30, Conj. 8.1e)]
relating special values of Zeta functions of curves over finite fields to Weil-étale
cohomology. (For a precise statement of C(K/k) see §6.3.)
Before stating our main result we note that if Φ ∈ ∧rS,K

G HomG(O×K,S,T ,Z[G])
and Ψ ∈ ∧rS,K

Γ HomΓ(O×L,S,T ,Z[Γ]), then, a priori, one knows only that

Φ(ηK,S,T ) ∈ R[G] and Ψ(ηL,S,T ) ∈ R · ∧dS,L

Γ O×L,S,T .

Theorem 3.1. Assume that C(K/k) is valid.
(i) Then Φ(ηK,S,T ) ∈ Z[G] for every Φ ∈ ∧rS,K

G HomG(O×K,S,T ,Z[G]).

(ii) We let ΛL,S,T denote the smallest Z[Γ]-submodule of R · ∧dS,L

Γ O×L,S,T

which contains (∧dS,L

Γ O×L,S,T )tf and also Ψ(ηL,S,T ) for every Ψ ∈
∧rS,K

Γ HomΓ(O×L,S,T ,Z[Γ]). Then one has ΛL,S,T ⊂ Q · ∧dS,L

Γ O×L,S,T

and there exists a unique homomorphism of G-modules

fL,S,T : ΛL,S,T → IS
H/IS,T

H ⊆ Z[G]/IS,T
H

which agrees with fL,S on (∧dS,L

Γ O×L,S,T )tf and is also such that

(9) Φ(ηK,S,T ) ≡ fL,S,T (ΦH(ηL,S,T )) (mod IS,T
H )

for every Φ ∈ ∧rS,K

G HomG(O×K,S,T ,Z[G]).

Remark 3.2. If C(K/k) is valid, then in many (but not all) cases one has

(10) ΦH(ηL,S,T ) ∈ (∧dS,L

Γ O×L,S,T )tf

for all Φ ∈ ∧rS,K

G HomG(O×K,S,T ,Z[G]) (cf. §4.1, §4.3) and so (9) simplifies to

(11) Φ(ηK,S,T ) ≡ fL,S(ΦH(ηL,S,T )) (mod IS,T
H ).

Remark 3.3. In view of (3) and (5) the congruence (9) relates the rS,K-th
derivative of θK/k,S(s) at s = 0 to the rS,L-th derivative of θL/k,S(s) at s = 0.
This in turn relates the rS,L-th derivative of θL/k,S(s) to the rS,L′-th derivative
of θL′/k,S(s) for any other intermediate field L′ of K/k in the following way.
Having fixed L′, we set H ′ := Gal(K/L′) and let S′ := {v′i : 0 ≤ i ≤ n} denote
a reordering of S such that v′i = vi if 0 ≤ i ≤ rS,K and v′i splits completely in
L′/k if 1 ≤ i ≤ rS,L′ . For each index i we fix a place w′i of K above v′i with
w′i = wi if 0 ≤ i ≤ rS,K . Using these choices we can define elements ηK,S′,T

and ηL′,S′,T , an ideal IS′,T
H′ and a homomorphism fL′,S′ as in §2.2. Further,

since ηK,S,T = ηK,S′,T (and the validity of C(K/k) is independent of both L
and the ordered set S - see §6.3), the validity of (9) with respect to both pairs
(L, S) and (L′, S′) implies that for all Φ ∈ ∧rS,K

G HomG(O×K,S,T ,Z[G]) one has

fL,S,T (ΦH(ηL,S,T )) ≡ fL′,S′,T (ΦH′
(ηL′,S′,T )) (mod IS,T

H + IS′,T
H′ ).
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Remark 3.4. In each of the following cases C(K/k) is already known to be valid
and so the results of Theorem 3.1 are unconditional.

• K is a finite abelian extension of Q. (The validity of C(K/k) in this
case follows from results of Greither and the present author [13, Th.
8.1, Rem. 8.1] and Flach [17, Th. 5.1].)

• There exists an imaginary quadratic field F which has class number
one and is such that F ⊆ k, K/F is finite abelian and [K : k] is both
odd and divisible only by primes which split completely in F/Q. (This
case is proved by Bley in [5, Th. 4.2].)

• K/k is quadratic. (This case is proved by Kim in [24, §2.4, Rem. i)].)
• K is a global function field and [K : k] is coprime to char(K). (This

case follows from [9, Th. 3.1, Rem. 5].)

4. Refined abelian Stark conjectures

In this section we show that the congruence (9) provides a universal approach
to the theory of ‘refined abelian Stark conjectures’ and, in particular, we derive
a proof of Theorem A (in §4.2). Later, in an appendix to this article, we discuss
how this theory extends to profinite extensions.
If E is any intermediate field of K/k, then, since S and T are fixed, we often
abbreviate ηE,S,T and rS,E to ηE and rE respectively. We recall that n = |S|−1.

4.1. L = k. In this subsection we always assume that L = k. Thus H = G,
IH = IG is the augmentation ideal of Z[G], rL = n and IS

H = IS
G =

∏j=n
j=rK+1 Ij ,

where we interpret the latter product as Z[G] when rK = n. Before stating the
main result we introduce some convenient notation.
From [39, Prop. 3.1] we know that

(12) ηk = mε · ε1 ∧ · · · ∧ εn ∈ (∧nO×k,S,T )tf

where ε := {εi : 1 ≤ i ≤ n} is an ordered Z-basis of O×k,S,T and mε = ±hk,S,T

where hk,S,T is the cardinality of the quotient of the group of fractional ideals
of Ok,S that are prime to T by the subgroup of principal ideals with a generator
congruent to 1 modulo all places in T , and the sign is determined by (12).
We set r := rK . Now the group k×T which occurs in the definition (8) of
IS,T
H (with L = k) is torsion-free (by our choice of T ). The group ∧n−rk×T

is therefore also torsion-free and so IS,T
H = IHIS

H = IG

∏j=n
j=r+1 Ij . Thus, if

ψi ∈ HomZ(O×k,S,T ,Z) for each integer i with 1 ≤ i ≤ r, then (12) implies that

(13) fk,S((∧i=r
i=1ψi)(ηk)) ≡ mε · RegG,ε({ψ·}) (mod IG

j=n∏

j=r+1

Ij)

where RegG,ε({ψ·}) is the determinant of the matrix M(ε, {ψ·}) with entries

(14) M(ε, {ψ·})ij :=

{
ψi(εj), if 1 ≤ i ≤ r, 1 ≤ j ≤ n

reck,i(εj)− 1 (mod IGIi), if r < i ≤ n, 1 ≤ j ≤ n.
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The association ∧i=r
i=1ψi 7→ RegG,ε({ψ·}) extends to give a well-defined element

RegG,ε of HomZ(∧r HomZ(O×k,S,T ,Z),Z[G]/IG

∏j=n
j=r+1 Ij).

Corollary 4.1. Assume that C(K/k) is valid. Then for every element Φ of
∧rK

G HomG(O×K,S,T ,Z[G]) one has both Φ(ηK) ∈ Z[G] and

(15) Φ(ηK) ≡ mε · RegG,ε(Φ
G) (mod IG

j=n∏

j=r+1

Ij).

Hence, for each such Φ one has

(16) Φ(ηK) ∈
j=n∏

j=r+1

Ij .

Further, all of the following conjectures are valid for K/k.
(i) The ‘Rubin-Stark Conjecture’ of [39, Conj. B].
(ii) Popescu’s Conjecture [34, Conj. C(K/k, S, a)] for any non-negative

integer a.
(iii) The ‘guess’ formulated by Gross in [18, top of p. 195].
(iv) The ‘refined class number formula’ of Gross [18, Conj. 4.1].
(v) The ‘refined class number formula’ of Tate [46, (∗)].
(vi) The ‘refined class number formula’ of Aoki, Lee and Tan [2, Conj. 1.1].

Proof. From (12) we know that ΦG(ηk) ∈ (∧n−rO×k,S,T )tf and hence (10) is
valid. The first assertion of the corollary thus follows directly upon combining
Theorem 3.1 (and Remark 3.2) in the case L = k with the congruence (13) and
the fact that IS,T

H = IG ·
∏j=n

j=r+1 Ij . In addition, mε ∈ Z whilst the definition
(14) of matrices of the form M(ε, {ψ·}) implies that RegG,ε(ΦG) belongs to∏j=n

j=r+1 Ij/(IG

∏j=n
j=r+1 Ij) and so the containment (16) follows immediately

from the first assertion of the corollary.
To prove claim (i) it suffices to show that [39, Conj. B] is valid for K/k if
Ψ(ηK) ∈ Z[G] for every Ψ ∈ ∧rK

G HomG(O×K,S,T ,Z[G]). Now, given K/k, S

and T as above, [39, Conj. B] also depends upon a choice of non-negative
integer a (denoted by r in loc. cit.) which satisfies a ≤ rK (by [39, 2.1.4])
and corresponds to a choice of a places of k which split completely in K/k.
Further, if a < rK , then in [39, Prop. 3.1] Rubin has shown that [39, Conj. B]
is valid. Hence we may assume that a = rK . In this case δT θK/k,S is equal to
the element Θ(a)

S,T (0) defined in [39, §1.1] and so in R · ∧a
GXK,S one has

(17) Θ(a)
S,T (0) · (∧a

GXK,S)tf = Θ(a)
S,TZ[G] · ∧i=a

i=1(wi − w0)

= δT θK/k,SZ[G] · ∧i=a
i=1(wi − w0) = (∧a

R[G]RK,S)(Z[G] · ηK)

where the first equality is by [39, Lem. 2.6(ii)] and the third by (5) (with E =
K). Since the definition (4) implies that ∧a

R[G]RK,S is equal to Rubin’s map
λ(a), the inclusion of [39, Conj. B] is thus valid if ηK belongs to the sublattice
∧a

0O×K,S,T of Q · ∧a
GO×K,S,T defined in [39, §1.2]. But the very definition of
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∧a
0O×K,S,T makes it clear that ηK ∈ ∧a

0O×K,S,T if and only if Ψ(ηK) ∈ Z[G] for
every Ψ ∈ ∧rK

G HomG(O×K,S,T ,Z[G]). This proves claim (i). Also, claim (ii)
follows directly from claim (i) because results of Rubin [39, Prop. 2.4] and
Popescu [34, Th. 5.5.1] combine to show that [39, Conj. B] implies the validity
of [34, Conj. C(K/k, S, a)] for any non-negative integer a.
To prove the remaining claims we note that the ‘guess’ formulated in [18, p.
195] and also each of [18, Conj. 4.1], [46, (∗)] and [2, Conj. 1.1] is satisfied
trivially if r > 0. Hence we assume in the rest of this proof that r = 0.
Now if Φ is the identity element of ∧0

G HomG(O×K,S,T ,Z[G]) = Z[G], then

Φ(ηK) = δT θK/k,S(0) = θ#
G

where θG is the element defined in [18, §3] and x 7→ x# denotes the Z-linear
involution of Z[G] with g# = g−1 for each g ∈ G. Hence, from (16), one has
θG ∈ (

∏j=n
j=1 Ij)# =

∏j=n
j=1 Ij ⊆

∏j=rL

j=1 Ij . But our chosen ordering of S implies
that Gj ⊆ H for each integer j with 1 ≤ j ≤ rL and so

∏j=rL

j=1 Ij ⊆ IrL

H . Thus
(16) actually shows that θG ∈ IrL

H , as Gross guesses in [18, p. 195]. This proves
claim (iii). Next we note that

det(M(ε, ∅))# ≡ (−1)n · det(M(ε, ∅)) (mod IG

j=n∏

j=1

Ij)

and, since (4) implies that Rk,S is the negative of the isomorphism λR used in
[18, (1.1)], also

mε = (−1)nm

where m is as defined in [18, (1.7)] (with xi = vi − v0 for each index i). Upon
combining the last three displayed formulas one finds that (15) implies

(18) θG ≡ m · det(M(ε, ∅)) (mod IG

j=n∏

j=1

Ij).

Now both [2, Conj. 1.1] and [46, (∗)] are stated only for groups of prime power
order, and it is straightforward to show that [18, Conj. 4.1] is valid if and only
if it is valid for all extensions of prime power degree (cf. [27, Prop. 2(c)]). Thus
in the rest of the proof we assume that the order of G is a power of a prime `.
Then, given the definitions of the integer m and of the matrix M(ε, ∅), it is
clear that the image of the congruence (18) under the projection

Z[G]/(IG

j=n∏

j=1

Ij) → Z`[G]/(IG

j=n∏

j=1

Ij)⊗ Z`

coincides with [2, Conj. 1.1] (as required to prove claim (vi)). In a similar way,
the image of det(M(ε, ∅)) in Z[G]/In+1

G is equal to the element detGλ which
occurs in [18, (2.2)] (with xi = vi − v0 for each index i) and so the image of
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(18) under the projection

Z[G]/(IG

j=n∏

j=1

Ij) → Z[G]/In+1
G

coincides with [18, Conj. 4.1]. Finally, to consider [46, (∗)] we specialise to the
class of extensions considered in [46]. We thus assume that G is cyclic of order
`a with a ≥ 1. For each integer j with 0 ≤ j ≤ n we define an integer aj by
the equality |Gj | = `a−aj . We assume that a0 = 0 (so G0 = G), a1 = a−1 and
a0 ≤ an ≤ an−1 ≤ · · · ≤ a1. Then the criterion of [8, Lem. 5.11] implies that
∏j=n

j=1 Ij ⊆ I
∑j=n−1

j=1 `aj

G and hence the discussion above shows that the image of
(18) under the projection

Z[G]/(IG

j=n∏

j=1

Ij) → Z[G]/I
(
∑j=n−1

j=1 `aj )+1

G

coincides with the conjectural congruence of [46, (∗)]. ¤

Remark 4.2. In [39, Prop. 2.5] Rubin shows that [39, Conj. B] specialises to
recover the conjecture ‘over Z’ formulated by Stark in [40] and reinterpreted
by Tate in [44, Chap. IV, Conj. St(K/k, S)]. The possibility of a refinement
of [39, Conj. B] of the form (16) was first raised in [8, Rem. 5.9] and concrete
supporting evidence was provided in both loc. cit. and [7].

4.2. The proof of Theorem A. The strongest unconditional result which
follows directly from Corollary 4.1 is that the family of congruences (15) is
valid for all of the classes of extensions K/k described in Remark 3.4. In this
subsection we show that Corollary 4.1 also combines with some recent results
of Popescu, of Tan, and of Aoki, Lee and Tan to give a proof of Theorem A.
We note first that if K/k is any of the extensions of number fields mentioned
in Theorem A, then the validity of all of the conjectures listed in Theorem
A follows directly by combining Remark 3.4 with Corollary 4.1. Thus, in the
remainder of the argument, we assume that K is a (global) function field.
Now in this case C(K/k) decomposes naturally into ‘`-primary components’
C`(K/k) for each prime ` (cf. [9, Rem. 3, Lem. 2, Conj. C`(K/k)]) and
C`(K/k) has been proved for all ` 6= p := char(K) (cf. [9, Th. 3.1, Rem. 5]).
Further, our proof of Theorem 3.1(i) will show that that validity of C`(K/k)
implies Ψ(ηK) ∈ Z`[G] for all Ψ ∈ ∧rK

G HomG(O×K,S,T ,Z[G]) (cf. Remark 9.3).
Hence, from the argument of Corollary 4.1(i), it follows that C`(K/k) implies
the ‘`-primary component’ Z`B(K/k, S, T, a) of [39, Conj. B] that is discussed
by Popescu in [34, §5.5] (where the non-negative integer a is denoted by r). In
particular, this implies that Z`B(K/k, S, T, a) is valid for all ` 6= p. But the
validity of ZpB(K/k, S, T, a) has been proved by Popescu in [37, Th. 5.2] and
so, since Z`B(K/k, S, T, a) is valid for all primes `, from the discussion of [34,
§5.5] we may deduce that [39, Conj. B] is itself valid for K/k.



12

Next we recall that Popescu has shown that [34, C(K/k, S, a)] follows directly
from the validity of [39, Conj. B] (cf. the proof of Corollary 4.1(ii)).
Finally, just as in the proof of Corollary 4.1, when discussing each of [18, Conj.
4.1], [46, (∗)] and [2, Conj. 1.1] we may assume that the order of G is a power
of a prime `. But, if ` 6= p, then all of the conjectures follow from the known
validity of C`(K/k) and the proof of Corollary 4.1(iv)-(vi), whilst if ` = p, then
[18, Conj. 4.1], resp. [46, (∗)], resp. [2, Conj. 1.1], has been proved by Tan [41,
Th. 2.3], resp. by Tan [42, Th. 1.1], resp. by Aoki, Lee and Tan [2, Th. 5.6].
This therefore completes our proof of Theorem A.

4.3. rL = rK + 1.

Corollary 4.3. Assume that C(K/k) is valid. Assume also that rL = rK +1.
Then for every Φ ∈ ∧rK

G HomG(O×K,S,T ,Z[G]) one has both Φ(ηK) ∈ Z[G] and
ΦH(ηL) ∈ O×L,S,T . Further, for each such Φ and each γ ∈ Γ one has

(19) recL,rL
(γ−1(ΦH(ηL))) =

∏

g∈H·γ
gmΦ(g) ∈ H

where H · γ is the full pre-image of γ under the quotient map G → Γ and each
integer mΦ(g) is defined by the equality

(20) Φ(ηK) =
∑

g∈G

mΦ(g)g ∈ Z[G].

In particular, C(K/k) implies the ‘refined p-adic abelian Stark Conjecture’ of
[18, Conj. 7.6].

Proof. We assume that C(K/k) is valid. Then C(L/k) is also valid (cf. Re-
mark 6.2). Hence, if E ∈ {L,K}, with ∆ := Gal(E/k), then by the first
assertion of Corollary 4.1 (with K/k replaced by E/k), one has Υ(ηE) ∈
Z[∆] for each Υ ∈ ∧rE

∆ Hom∆(O×E,S,T ,Z[∆]). In particular, if we now fix
Φ ∈ ∧rK

G HomG(O×K,S,T ,Z[G]), then for every Ψ ∈ HomΓ(O×L,S,T ,Z[Γ]) one
has Ψ(ΦH(ηL)) = (ΦH ∧Γ Ψ)(ηL) ∈ Z[Γ]. Thus, from [39, Prop. 1.2(ii)] we
may deduce that ΦH(ηL) ∈ (O×L,S,T )tf = O×L,S,T and so (10) is satisfied. In

addition, the group ∧dS,L

Γ L×T = L×T which occurs in the definition (8) of IS,T
H

is torsion-free (by our assumption on T ) so IS,T
H = IHIrL ⊆ I2

H and hence
Theorem 3.1(ii) implies, via (11), that

Φ(ηK) ≡ fL,rL
(ΦH(ηL)) (mod I2

H).

This congruence implies Φ(ηK) ∈ IH . We now write I(H) for the augmentation
ideal of Z[H] and for each γ ∈ Γ we fix a pre-image γ̃ of γ under the projection
G → Γ. Then the direct sum decomposition IH =

⊕
γ∈Γ γ̃ · I(H) induces a de-

composition IH/I2
H =

⊕
γ∈Γ γ̃ ·I(H)/I2

(H). By using the latter equality together
with the canonical isomorphism I(H)/I2

(H)
∼= H and the explicit definitions of

the map fL,rL
(from (6)) and of the integers mΦ(g) (from (20)), one finds that

the last displayed congruence is equivalent to the validity of (19) for each γ ∈ Γ.
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Now if rK = 0 (so that rL = 1) and Φ is the identity element of
∧0

Γ HomΓ(O×L,S,T ,Z[Γ]) = Z[Γ], then Φ(ηK) = δT θK/k,S(0) and ΦH(ηL) = ηL

and so (19) implies

recL,1(γ−1(ηL)) =
∏

g∈H·γ
gm(g) ∈ H

where
∑

g∈G m(g)g = δT θK/k,S(0) ∈ Z[G]. After taking account of the fact
that in [18] Gross uses the element θG = (δT θK/k,S(0))# and the isomorphism
−RL,S (rather than RL,S), the last displayed equality can be checked to be
equivalent to [18, Conj. 7.6]. ¤

Remark 4.4. The conjectural equality (19) resolves the problem raised by Gross
of generalizing [18, Conj. 7.6] to L-functions which vanish to arbitrary order
at s = 0 (cf. [19]). We also recall from [18, p. 195] that [18, Conj. 7.6] is
known to be true for k = Q where it gives the p-adic expansion of Jacobi sums
and that in the function field case Hayes has proved [18, Conj. 7.6] by using
the theory of rank one Drinfeld modules [20, §3-§5]. The fact that Corollary
4.3 implies that the congruences (19) are (unconditionally) valid for all of the
classes of extensions K/k described in Remark 3.4 is therefore a wide-ranging
generalisation of these results.

5. The proof of Theorem 3.1: a useful reduction

Proposition 5.1. It suffices to prove Theorem 3.1 in the case that both of the
following conditions are satisfied.

(i) Pic(OK,S) = 0.
(ii) There exists an exact sequence of G-modules of the form

0 → O×K,S,T

⊆−→ O×K,S → F×T → 0

where F×T denotes the direct sum of the multiplicative groups of the
residue fields of all places in T (K).

Proof. The key to our proof of this result is the following observation.

Lemma 5.2. There exists a finite set S′′ of places of k which do not belong to
S ∪ T , are each totally split in K/k, and are such that conditions (i) and (ii)
of Proposition 5.1 are satisfied with S replaced by S′ := S ∪ S′′.

Proof. With S′ as in the statement of the lemma, there exists a natural exact
sequence of G-modules of the form

0 → O×K,S′,T
⊆−→ O×K,S′ → F×T → Pic(OK,S′)T → Pic(OK,S′) → 0,

where Pic(OK,S′)T is the quotient of the group of fractional ideals of OK,S′

prime to T (K) by the subgroup of principal ideals with a generator congruent
to 1 modulo all places in T (K) (cf. [39, (1)]). It is therefore enough to show that
we may choose S′′ so that Pic(OK,S′)T = 0. But class field theory identifies
Pic(OK,S′)T with Gal(HS′,T /K) where HS′,T is the maximal abelian extension
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of K which is unramified outside T (K) and is such that all places in S′(K),
resp. in T (K), are totally split, resp. at most tamely ramified, and so the
existence of a suitable set S′′ follows as a consequence of Tchebotarev’s Density
Theorem. ¤

To deduce Proposition 5.1 from Lemma 5.2 we adapt the proof of Rubin’s
result [39, Prop. 5.2]. To do this we will need to work simultaneously with
both fields L and K. Thus, for convenience, we let E denote either L or K and
set ∆ := Gal(E/k), rE := rS,E and r′E := rS′,E = rE + |S′′| where S′ and S′′

are as in Lemma 5.2. We order the elements of S′′ as {µj : 1 ≤ j ≤ m} and
then order the elements of S′ as {v′i : 0 ≤ i ≤ n + m} where

v′i :=





v0, i = 0
µi, 1 ≤ i ≤ m

vi−m, m < i ≤ n + m.

We fix a place w′j of K above each place v′j in such a way that w′0 = w0

and w′j = wj−m if m < j ≤ n + m. We let w′j,E denote the restric-
tion of w′j to E. If j is any integer with 1 ≤ j ≤ m, then w′j,E is non-
archimedean and we write valw′j,E

for the associated normalised valuation
on E×. For each such j we let 〈w′j,E〉 ∈ Hom∆(O×E,S′,T ,Z[∆]) denote the
map which sends each u ∈ O×E,S′,T to

∑
g∈∆ valw′j,E

(g−1(u))g and we set

ΥE := ∧j=m
j=1 〈w′j,E〉 ∈ ∧m

∆ Hom∆(O×E,S′,T ,Z[∆]).
Now 〈w′j,K〉H = 〈w′j,L〉 for each j with 1 ≤ j ≤ m and so (ΥK)H = ΥL. Also,
since v′j splits completely in E/k for each j with 1 ≤ j ≤ r′E we may define

elements ηK,S′,T and ηL,S′,T , a homomorphism fL,S′ and ideals IS′
H and IS′,T

H

just as in §2.2. Further, after identifying R·∧rE

∆ O×E,S,T with its image under the
(injective) map R · ∧rE

∆ O×E,S,T → R · ∧rE

∆ O×E,S′,T induced by the rE-th exterior
power of the inclusion O×E,S,T ⊆ O×E,S′,T , the argument of [39, Prop. 5.2] gives
equalities ηK,S,T = ΥK(ηK,S′,T ) and ηL,S,T = ΥL(ηL,S′,T ) = (ΥK)H(ηL,S′,T ).
The validity of C(K/k) is independent of the ordered set S (Remark 6.2) and
so to prove Proposition 5.1 it is enough to show the following: if we assume

(a) Ψ(ηK,S′,T ) ∈ Z[G] for every Ψ ∈ ∧r′K
G HomG(O×K,S′,T ,Z[G]), and

(b) ΛL,S′,T ⊂ Q · ∧dS′,L
Γ O×L,S′,T , and

(c) there exists a homomorphism fL,S′,T with the properties described in
Theorem 3.1(ii) with S replaced by S′,

then Theorems 3.1(i) and 3.1(ii) are both valid as stated.
But from [39, Prop. 1.1(ii) and (13)] we know that every element
ΦE of ∧rK

∆ Hom∆(O×E,S,T ,Z[∆]) is the restriction of an element Φ′E of
∧rK

∆ Hom∆(O×E,S′,T ,Z[∆]) and so, after fixing such a Φ′E , we obtain an ele-

ment ΥE ∧∆ Φ′E of ∧r′K
∆ Hom∆(O×E,S′,T ,Z[∆]). Then Theorem 3.1(i) follows
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because for each such ΦK one has

ΦK(ηK,S,T ) = ΦK(ΥK(ηK,S′,T )) = (ΥK ∧G Φ′K)(ηK,S′,T ) ∈ Z[G],

where the latter containment holds by assumption (a). Also, for each such ΦL

one has

(21) (ΥL∧ΓΦ′L)(ηL,S′,T ) = Φ′L(ΥL(ηL,S′,T )) = ΦL(ηL,S,T ) ∈ R·∧dS′,L
Γ O×L,S′,T

where, just as above, we identify R·∧dS,L

Γ O×L,S,T with its image under the (injec-

tive) map R · ∧dS,L

Γ O×L,S,T → R · ∧dS′,L
Γ O×L,S′,T induced by the dS,L(= dS′,L)-th

exterior power of the inclusion O×L,S,T ⊆ O×L,S′,T . Now, with respect to this

identification, one has (∧dS,L

Γ O×L,S,T )tf ⊆ (∧dS,L

Γ O×L,S′,T )tf and so (21) implies

ΛL,S,T ⊆ ΛL,S′,T and hence, since ΛL,S′,T ⊂ Q · ∧dS′,L
Γ O×L,S′,T by assumption

(b), also ΛL,S,T ⊂ Q ·∧dS,L

Γ O×L,S,T . Furthermore, as IS′
H = IS

H and IS′,T
H = IS,T

H ,
we may define a composite homomorphism

fL,S,T : ΛL,S,T ⊆ ΛL,S′,T
fL,S′,T−−−−→ IS′

H /IS′,T
H = IS

H/IS,T
H ⊆ Z[G]/IS,T

H ,

where fL,S′,T comes from assumption (c). Then the given properties of fL,S′,T
imply that fL,S,T is G-equivariant, agrees with fL,S′ , and hence with fL,S , on
(∧dS,L

Γ O×L,S,T )tf and also satisfies (9) since

ΦK(ηK,S,T ) = (ΥK ∧G Φ′K)(ηK,S′,T ) ≡ fL,S′,T ((ΥK ∧G Φ′K)H(ηL,S′,T ))

≡ fL,S′,T ((ΦK)H(ηL,S,T )) ≡ fL,S,T ((ΦK)H(ηL,S,T )),

where all congruences are modulo IS′,T
H = IS,T

H (and the second congruence
follows from (21) with Φ′L = (Φ′K)H and ΦL = (ΦK)H). Theorem 3.1(ii) is
therefore valid as stated. ¤

6. The leading term conjecture

In this section we state the conjecture C(K/k) which occurs in Theorem 3.1
and then describe the strategy of the proof of Theorem 3.1.

6.1. Algebraic Preliminaries. For any commutative ring R we write D(R)
for the derived category of R-modules and Dperf(R) for the full triangulated
subcategory of D(R) consisting of those complexes that are ‘perfect’ (that is,
isomorphic in D(R) to a bounded complex of finitely generated projective R-
modules). We also write P(R) for the Picard category of graded line bundles
on Spec(R) and DetR for the determinant functor of Grothendieck-Knudsen-
Mumford, as discussed in [26, 25]. We recall in particular that DetR is well-
defined on objects of Dperf(R) and takes values in P(R).
Now P(R) is a symmetric monoidal category with respect to the tensor product
(L, a)⊗P(R) (L′, a′) := (L⊗RL′, a+a′) and unit object (R, 0). Further, for any
object X = (L, a) of P(R) one obtains an ‘inverse’ object of P(R) by setting
X−1 := (HomR(L, R),−a) and writing ιX : X ⊗P(R) X−1 ∼= (R, 0) for the
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morphism in P(R) that is induced by the natural isomorphism of invertible
R-modules L ⊗R HomR(L, R) ∼= R.
We now assume to be given a perfect complex of Z[G]-modules C · that is
concentrated in degrees 0 and 1 together with an isomorphism of R[G]-modules
λ : R⊗H0(C ·) → R⊗H1(C ·). For any such pair we write

(22) ϑC·,λ : DetR[G](R⊗ C ·) ∼= (R[G], 0)

for the morphism in P(R[G]) that is obtained by composing the morphism

DetR[G](R⊗ C ·) ∼= DetR[G](R⊗H0(C ·))⊗P(R[G]) DetR[G](R⊗H1(C ·))−1

induced by applying DetR[G] to the tautological short exact sequences

0 −→ R⊗H0(C ·) −→ R⊗ C0 −→ R⊗ im(d0) −→ 0

0 −→ R⊗ im(d0) −→ R⊗ C1 −→ R⊗H1(C ·) −→ 0
where d0 is the differential of C ·, together with the morphism

DetR[G](R⊗H0(C ·))⊗P(R[G]) DetR[G](R⊗H1(C ·))−1 ∼= (R[G], 0)

obtained by composing DetR[G](λ)⊗P(R[G]) id and ιDetR[G](R⊗H1(C·)).

6.2. Étale cohomology. For any finite non-empty set of places Σ of k which
contains all archimedean places and all which ramify in K/k we set UK,Σ :=
Spec(OK,Σ).
If K is a global function field, with associated smooth projective curve CK , then
we set RΓc,ét(UK,Σ,Z) := RΓét(CK , ι!Z) where ι is the natural open immersion
UK,Σ → CK and Z is the constant étale sheaf on UK,Σ. If K is a number field,
then we follow [10, (3)] in defining the ‘cohomology with compact support’ of
the constant étale sheaf Z on UK,Σ by setting

RΓc,ét(UK,Σ,Z) := cone(RΓét(UK,Σ,Z) →
⊕

w∈S

RΓét(Spec(Kw), j∗w(Z)))[−1]

where Kw is the completion of K at w, jw the natural morphism Spec(Kw) →
UK,Σ and the mapping cone is defined using Godement resolutions.
With these definitions it is straightforward to show that if K is any global field,
then RΓc,ét(UK,Σ,Z) is acyclic outside degrees 0, 1, 2 and 3. However we will
need the more precise information that is provided by the following result.
We recall that a G-module M is said to be ‘cohomologically-trivial’ if for every
subgroup J of G and every integer i the Tate cohomology group Ĥi(J,M)
vanishes.

Lemma 6.1. Let Σ be any finite non-empty set of places of k which contains
all archimedean places (in the number field case) and all places that ramify in
K/k and is also such that Pic(OK,Σ) = 0. Then there exists a complex C ·K/k,Σ

of G-modules of the form

Ψ0
K/k,Σ

d−→ Ψ1
K/k,Σ

d′−→ XK,Σ ⊗Q
in which the first term is placed in degree 0 and the following properties are
satisfied.
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• There exists an exact triangle in D(Z[G]) of the form

(23) C ·K/k,Σ → HomZ(RΓc,ét(UK,Σ,Z),Q/Z[−3])
β−→ Ô×K,Σ/O×K,Σ[0]

→ C ·K/k,Σ[1]

where Ô×K,Σ is the profinite completion of O×K,Σ and β is the (unique)
morphism in D(Z[G]) for which H0(β) is the composite of the canonical
identification of H−3(HomZ(RΓc(UK,Σ,Z),Q/Z)) with Ô×K,Σ and the
natural projection Ô×K,Σ → Ô×K,Σ/O×K,Σ.

• Ψ0
K/k,Σ is a finitely generated cohomologically-trivial G-module, Ψ1

K/k,Σ

is a finitely generated free G-module, and (23) induces an exact se-
quence of G-modules

(24) 0 −→ O×K,Σ → Ψ0
K/k,Σ

d−→ Ψ1
K/k,Σ

d′−→ XK,Σ → 0.

Proof. All claims follow from [10, Prop. 3.1], resp. [9, Lem. 1, Rem. 3], if K
is a number field, resp. a function field. However, for the reader’s convenience
we briefly recall the derivation of (24).
From the long exact cohomology sequence of (23) one finds that ker(d) =
H0(C ·K/k,Σ) identifies with O×K,Σ, that ker(d′)/ im(d) = H1(C ·K/k,Σ) vanishes
and that cok(d′) = H2(C ·K/k,Σ) identifies with XK,Σ⊗Q/Z in such a way that
the tautological map C2

K/k,Σ → H2(C ·K/k,Σ) is equal to the canonical projection
XK,Σ ⊗Q→ XK,Σ ⊗Q/Z. It follows that im(d′) identifies with the sublattice
XK,Σ of XK,Σ ⊗Q and from here the exactness of (24) is clear. ¤

For Σ as in Lemma 6.1 we define a complex

Ψ·K/k,Σ := [Ψ0
K/k,Σ

d−→ Ψ1
K/k,Σ],

where the first term is placed in degree 0 and the cohomology groups (in de-
grees 0 and 1) are identified with O×K,Σ and XK,Σ by means of (24). Then,
since the G-modules Ψ0

K/k,Σ and Ψ1
K/k,Σ are cohomologically-trivial and the

modules O×K,Σ and XK,Σ are finitely generated, the complex Ψ·K/k,Σ belongs
to Dperf(Z[G]). Also, the regulator map RK,Σ of (4) (with E = K) induces an
isomorphism of R[G]-modules R⊗H0(Ψ·K/k,Σ) ∼= R⊗H1(Ψ·K/k,Σ) and so the
construction (22) gives a morphism in P(R[G]) of the form

ϑΨ·
K/k,Σ,RK,Σ : DetR[G](R⊗Ψ·K/k,Σ) ∼= (R[G], 0).

6.3. The conjecture. Before stating C(K/k) we note that, for any non-
empty set of places Σ as described at the beginning of §6.2, the leading non-zero
coefficient in the Taylor expansion at s = 0 of θK/k,Σ(s) is equal to

θ∗K/k,Σ :=
∑

χ∈G∧
L∗Σ(χ−1, 0)eχ
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where L∗Σ(χ−1, 0) is the leading non-zero coefficient in the Taylor expansion of
LΣ(χ−1, s) at s = 0. In particular, since L∗Σ(χ−1, 0) is equal to the complex
conjugate of L∗Σ(χ, 0) for each χ ∈ G∧, one has

(25) θ∗K/k,Σ ∈ R[G]×.

Conjecture C(K/k): Let Σ be any finite non-empty set of places of k which
contains all archimedean places (in the number field case) and all places that
ramify in K/k and is also such that Pic(OK,Σ) = 0. Then in P(Z[G]) one has

ϑΨ·
K/k,Σ,RK,Σ(DetZ[G] Ψ·K/k,Σ) = (Z[G] · θ∗K/k,Σ, 0).

Remark 6.2. In the function field case [9, Rem. 3] shows that C(K/k) is
equivalent to the conjecture formulated in [9, §2.2]. In the number field case,
the quasi-isomorphism KΣ

∼= ΨΣ proved in [10, p. 1383] combines with the
equality of [12, (29)] to imply C(K/k) is equivalent to [11, Conj. 4(iv)] for
the pair (h0(Spec(K)),Z[G]). In particular, from these equivalences and [9,
Rem. 2], resp. [12, §2], one finds that in the function field, resp. number field,
case C(K/k) is an equivariant version of the relevant case of Lichtenbaum’s
conjecture [30, Conj. 8.1e)], resp. is a version without ‘sign ambiguities’ of the
form discussed in [11, Rem. 9] of the relevant case of Kato’s earlier ‘generalized
Iwasawa main conjecture’ [23, Conj. 3.2.2]. (We note that such sign ambiguities
mean that the relevant case of [23, Conj. 3.2.2] is itself insufficient to imply the
claims made in either of Theorems 3.1(i) or 3.1(ii). In addition, we note that
there is also related work of Perrin-Riou regarding equivariant refinements of
the Tamagawa Number Conjecture of Bloch and Kato - see, for example, [32,
§3.5].) More concretely, from [9, Rem. 4] and [11, Prop. 4.1(b)] we may also
deduce that the validity of C(K/k) is independent of Σ and of the precise choice
of the complex Ψ·K/k,Σ and implies the validity of C(E/k) for each intermediate
field E of K/k.

6.4. Strategy of the proof of Theorem 3.1. In the rest of this article
we prove Theorem 3.1. The basic strategy we follow is a refinement of that
used to prove [9, Th. 5.1]. Thus, in §7, we construct an endomorphism φ of a

free G-module F such that a complex C ·φ of the form F
φ−→ F is a ‘sufficiently

good approximation’ to the complex Ψ·K/k,S which occurs in C(K/k) (with
Σ = S) and we reinterpret C(K/k) in terms of C ·φ. If E ∈ {L,K}, then in §8
we combine the approach of §7 with the defining equality (5) and the obvious
connection between θ∗E/k,S and θE/k,S (see (32)) to give a formula for ηE,S,T in
terms of the Laplace expansion of the determinant of an explicit matrix NE .
The definitions of both matrices NK and NL depend crucially upon the integral
endomorphism φ and in §9 this mutual dependence allows us to prove a family
of integral congruence relations between ηK,S,T and ηL,S,T and also to show that
C(K/k) implies the Rubin-Stark Conjecture for K/k. In §10 an explicit exercise
in homological algebra interprets the congruence relations described in §9 in
terms of Bockstein homomorphisms that arise when considering Galois descent
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for the complex C ·φ and then the connection between C ·φ and Ψ·K/k,S (and hence
also RΓc,ét(UK,S ,Z)) combines with earlier class field theoretic calculations of
Flach and the present author to relate these Bockstein homomorphisms to
the maps defined using local reciprocity in (6). Finally, in §11, we combine
results from §7, §8, §9 and §10 to show that C(K/k) implies the existence of a
homomorphism fL,S,T as described in Theorem 3.1.

7. An explicit reformulation of C(K/k)

In this section we adapt the approach of [9, §5.3] to reformulate C(K/k) in a
more explicit fashion. Following Proposition 5.1 we assume throughout that S
is as described at the beginning of §2.2 and is also such that both Pic(OK,S) = 0
and there exists an exact sequence as described in Proposition 5.1(ii).

7.1. A convenient resolution of XK,S. If E is any intermediate field of
K/k and TGal(K/E) :=

∑
g∈Gal(K/E) g ∈ Z[G], then we always identify XE,S

with TGal(K/E)(XK,S) by means of the map induced by sending each place v
in S(E) to TGal(K/E)(w) where w is any place of K lying above v.

Lemma 7.1. There exists a finitely generated free G-module F of rank d with
d ≥ n, a surjective homomorphism of G-modules π : F → XK,S and an ordered
Z[G]-basis {bi : 1 ≤ i ≤ d} of F with the following property.
For each subgroup A of G we identify the restriction πA of π with the composite
homomorphism

FA = TA(F ) π−→ TA(XK,S) = XKA,S

and for each index i we set bA
i := TA(bi). Then for each subgroup A and index

i with 1 ≤ i ≤ n, resp. n < i ≤ d, the natural projection XKA,S → YKA,S\{v0}
sends πA(bA

i ) to wi,KA , resp. to 0.

Proof. We first fix a free G-module F1 of rank n, with basis {b′i : 1 ≤ i ≤ n}
say, and write π1 : F1 → XK,S for the homomorphism of G-modules which
sends b′i to wi−w0 for each index i. We also fix a surjective homomorphism of
G-modules π2 : F2 → XK,{v0} in which F2 is a finitely generated free G-module,
of rank c say, and we fix a Z[G]-basis {b′′j : 1 ≤ j ≤ c} of F2.
We now set F := F1 ⊕ F2 and let π : F → XK,S denote the homomorphism of
G-modules which restricts on F1 to give π1 and on F2 to give the composite
of π2 and the inclusion XK,{v0} ⊆ XK,S . Then the natural exact sequence
0 → XK,{v0} → XK,S → YK,S\{v0} → 0 implies that π is surjective. Further, if
we set d := n + c, bi := b′i for each i with 1 ≤ i ≤ n and bi := b′′i−n for each i
with n < i ≤ d, then it is straightforward to check that {bi : 1 ≤ i ≤ d} is an
ordered Z[G]-basis of F which has all of the claimed properties. ¤

7.2. Statement of the reformulation of C(K/k). In the sequel we fix
a choice of data F, π and {bi : 1 ≤ i ≤ d} as in Lemma 7.1. For each index i
and subgroup A of G we set bA

i := TA(bi) ∈ FA.
In the following result we also use the complex Ψ·K/k,S constructed in §6.2.
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Proposition 7.2. Fix a natural number z.
Then there exists an endomorphism φ of the G-module F which satisfies all of
the following conditions.
Let C ·φ denote the complex F

φ−→ F , where the first term is placed in degree 0.

(i) There exists an exact triangle in Dperf(Z[G]) of the form

C ·φ
α−→ Ψ·K/k,S → Q[0] → C ·φ[1]

where H1(α) is induced by F
π−→ XK,S = H1(Ψ·K/k,S), H0(α) fac-

tors through the inclusion O×K,S,T ⊆ O×K,S = H0(Ψ·K/k,S), the module
O×K,S,T / im(H0(α)) is finite and of cardinality coprime to |G|z, and Q
is a finite cohomologically-trivial G-module which satisfies

Z` ⊗ FittG(Q) = Z`[G] · δT

for all prime divisors ` of |G|z, where FittG(Q) denotes the initial
Fitting ideal of the G-module Q.

(ii) If χ is any element of G∧ which satisfies eχθK/k,S 6= 0, then in Fχ one
has (ker(φ) ∩ im(φ))χ = 0.

(iii) We identify AutZ[Γ](FH) with GLd(Z[Γ]) by means of the ordered Z[Γ]-
basis {bH

i : 1 ≤ i ≤ d} of FH . Then there exists an element ε of
GLd(Z) ⊆ AutZ[Γ](FH) which possesses both of the following properties:
(a) det(ε) = 1,
(b) if ψ is any element of Γ∧ such that eψθL/k,S 6= 0, then in (FH)ψ

one has (ker(φH ◦ ε) ∩ im(φH ◦ ε))ψ = 0.
(iv) The algebra R[G] is semisimple and so we may fix a choice of R[G]-

equivariant sections ι1 and ι2 to the surjective homomorphisms R ·F →
R · im(φ) and R ·F → R ·cok(φ) ∼= R ·XK,S that are induced by φ and π
respectively. Then, since R ·F = R · ker(φ)⊕ ι1(R · im(φ)), there exists
a unique element 〈RK,S , φ, α, ι1, ι2〉 of EndR[G](R · F ) that is equal to
ι2 ◦RK,S ◦(R⊗H0(α)) on R ·ker(φ) and to R⊗φ on ι1(R · im(φ)). This
endomorphism 〈RK,S , φ, α, ι1, ι2〉 is invertible and so we may define an
element xT of R[G]× by means of the equality

(26) δT θ∗K/k,S = xT detR[G](〈RK,S , φ, α, ι1, ι2〉) ∈ R[G]×.

Then C(K/k) is valid if and only if in R[G] one has

Z[G] · xT = δT · FittG(Q)−1.

In particular, if C(K/k) is valid, then xT belongs to Z`[G]× for every
prime divisor ` of |G|z.

Remark 7.3. The most important aspect of Proposition 7.2 is the explicit inter-
pretation of C(K/k) given in claim (iv) and indeed this will play a key role in
our proof of Theorem 3.1. However, at one point in §8 we find it convenient to
assume that certain endomorphisms are ‘semisimple’ and this necessitates the
technical restrictions imposed on φ by Proposition 7.2(ii) and (iii) (see Remark
8.5 for further details - note also that the description (2) implies that there
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will often exist characters χ ∈ G∧ and ψ ∈ Γ∧ such that eχθK/k,S = 0 and
eψ θL/k,S = 0). In particular, the automorphism ε occurs in claim (iii) only
because we have been unable to prove the existence of a single endomorphism
φ which simultaneously satisfies the relevant semisimplicity hypotheses with
respect to both K and L.

7.3. The proof of Proposition 7.2(i). We note first that, since each place
in T is unramified in K/k, there exists an exact sequence of G-modules

0 →
⊕

t∈T

Z[G]
(1−N t·Fr−1

t )t−−−−−−−−−→
⊕

t∈T

Z[G] → F×T → 0,

where F×T is as defined in Proposition 5.1(ii). This sequence implies that F×T is
a cohomologically-trivial G-module and also that FittG(F×T ) = Z[G] · δT .
Now the cohomological-triviality of F×T implies that Exti

G(XK,S ,F×T ) = 0
for each i ≥ 1. Indeed, since XK,S is torsion-free, the universal coefficient
spectral sequence Hp(G,Extq

Z(XK,S ,F×T )) ⇒ Extp+q
G (XK,S ,F×T ) degenerates

to give an isomorphism Exti
G(XK,S ,F×T ) ∼= Hi(G, HomZ(XK,S ,F×T )) and the

latter group vanishes (for each i ≥ 1) since the module HomZ(XK,S ,F×T ) ∼=
HomZ(XK,S ,Z) ⊗ F×T is cohomologically-trivial (because F×T is). Hence, upon
applying Ext∗G(XK,S ,−) to the exact sequence of Proposition 5.1(ii), one finds
that the natural map

ιT : Ext2G(XK,S ,O×K,S,T ) → Ext2G(XK,S ,O×K,S)

is bijective.
We next note that the construction of §6.2 (with Σ = S) specifies, via the
exact sequence (24), an element of Ext2G(XK,S ,O×K,S) that depends only upon
K/k and S. We denote this element by cK/k,S . We consider the following
commutative diagram of exact sequences of G-modules

(27)

0 0y
y

0 −−−−→ O×K,S,T
ν−−−−→ P

µ−−−−→ F
π−−−−→ XK,S −−−−→ 0y⊆

yκ

∥∥∥
∥∥∥

0 −−−−→ O×K,S
ν′−−−−→ Ψ0 µ′−−−−→ F

π−−−−→ XK,S −−−−→ 0
y

yκ′

F×T F×Ty
y

0 0.

The upper row of this diagram is a choice of representative of the extension
class ι−1

T (cK/k,S) (it is easy to see that a representative of the above form
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exists). In the lower row we write Ψ0 for the push-out of ν via the inclusion
O×K,S,T ⊂ O×K,S and κ, ν′ and µ′ for the maps that are induced by (µ and)
the definition of this push-out. This construction ensures that the lower row
of (27) is both exact and equivalent as a Yoneda extension to (24). The first
column of (27) is the exact sequence in Proposition 5.1(ii) and the existence of
a homomorphism κ′ which makes the second column exact then follows from
the fact that the diagram commutes and the two rows are exact.
We let Ψ· denote the complex Ψ0 → F where Ψ0 occurs in degree 0, the
differential is the map µ′ in (27) and the cohomology groups are identified with
O×K,S and XK,S by means of the lower row in (27). Then, since the lower row
of (27) is Yoneda equivalent to (24), there exists an isomorphism ξ in D(Z[G])
between Ψ· and Ψ·K/k,S such that Hi(ξ) is the identity map on O×K,S , resp. on
XK,S , if i = 0, resp. i = 1. Since F is a free G-module and Ψ·K/k,S belongs
to Dperf(Z[G]), the isomorphism ξ implies that the module Ψ0 has a finite
projective resolution and so is cohomologically-trivial. Then, since Ψ0 and F×T
are both cohomologically-trivial, the long exact sequence of Tate cohomology
of the second column of (27) implies that P is cohomologically-trivial. But the
exactness of the upper row of (27) implies that P is also both finitely generated
and torsion-free and hence P is a projective G-module (by [3, Th. 8]). Now,
since the Q[G]-modules spanned byO×K,S,T and XK,S are isomorphic, the Krull-
Schmidt-Azumaya Theorem [15, (6.12)] implies that the Q[G]-modules spanned
by P and F are isomorphic. Swan’s Theorem [15, (32.1)] therefore implies that,
for each prime q, the Zq[G]-modules Zq ⊗ P and Zq ⊗ F are isomorphic. We
may thus apply Roiter’s Lemma [15, (31.6)] to deduce that there exists a G-
submodule P ′ of P for which the quotient P/P ′ is finite and of cardinality
coprime to |G|z and one has an isomorphism of G-modules ι : F → P ′.
We let φ ∈ EndZ[G](F ) denote the composite of the isomorphism ι : F → P ′

and the restriction to P ′ of the homomorphism µ in diagram (27). We also
let α denote the morphism in D(Z[G]) from the complex C ·φ (as described
in the statement of the proposition) to Ψ·K/k,S that arises by composing the
isomorphism ξ used above with the morphism from C ·φ to Ψ· which in degree 1
is the identity map and in degree 0 is the composite F

ι−→ P ′ ⊆ P
κ−→ Ψ0. Then

the exactness of diagram (27) implies that there exists an exact triangle of the
form stated in claim (i) in which H1(α) is the map cok(φ) → XK,S induced
by π, im(H0(α)) ⊆ O×K,S,T , the quotient O×K,S,T / im(H0(α)) is isomorphic to
a submodule of P/P ′ and Q is a finite module lying in an exact sequence of
G-modules of the form

0 → P/P ′ → Q → F×T → 0.

Now the module P/P ′, and hence also O×K,S,T / im(H0(α)), is finite and of car-
dinality coprime to |G|z. Using this fact, the last displayed sequence combines
with the observations made in the first paragraph of this subsection to imply
both that Q is a cohomologically-trivial G-module and also that for each prime
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divisor ` of |G|z one has Z` ⊗ FittG(Q) = Z` ⊗ FittG(F×T ) = Z`[G] · δT , as
required by claim (i).

7.4. The proof of Propositions 7.2(ii) and 7.2(iii). We shall derive both
of these claims as consequences of the following two results.

Lemma 7.4. If A is any subgroup of G and Z is the set of integers m such that
both 1 ≤ m ≤ n and vm splits completely in KA/k, then

im(φA) ⊆
∑

1≤i≤d
i/∈Z

Z[G/A] · bA
i .

Proof. We set Σ := {vi : i ∈ Z} and write πKA : FA → YKA,Σ for the
composite of the map πA : FA → XKA,S from Lemma 7.1 and the natural
projection XKA,S → YKA,Σ. Now the definition of Z ensures that the elements
{wm,KA − w0,KA : m ∈ Z} of XKA,S are linearly independent over Z[G/A].
Hence there is an isomorphism of R[G/A]-modules R[G/A] ·(wm,KA−w0,KA) ∼=
R[G/A] for each m ∈ Z and also a direct sum decomposition of Z[G/A]-modules

(28) XKA,S = XKA,S\Σ ⊕
⊕

m∈Z
Z[G/A] · (wm,KA − w0,KA).

From the properties of the elements {πA(bA
i ) : 1 ≤ i ≤ d} described in Lemma

7.1 it is therefore clear that ker(πKA) ⊆ ∑
1≤i≤d,i/∈Z Z[G/A] · bA

i .
It is thus enough to prove im(φA) ⊆ ker(πKA). But this is true because both
FA = TA(F ) (as F is a free G-module), and hence im(φA) = TA(im(φ)), and
also πKA factors through the tautological surjection TA(F ) → TA(cok(φ)). ¤

Lemma 7.5. Let G be a finite abelian group and N a finitely generated free G-
module of rank c. Fix an ordered Z[G]-basis {ni : 1 ≤ i ≤ c} of N and use this
to identify AutZ[G](N) with GLc(Z[G]). Let t be an integer with 1 ≤ t < c and
µ an element of EndZ[G](N) with the property that im(µ) is contained in the
G-submodule of N spanned by {ni : t < i ≤ c}. Then there exists an element
εµ of GLc(Z) ⊆ AutZ[G](N) with the following two properties: det(εµ) = 1 and
if ψ is any element of G∧ for which dimC(ker(µ)ψ) = t, then in Nψ one has

(ker(µ ◦ εµ) ∩ im(µ ◦ εµ))ψ = 0.

Proof. We let G∧µ denote the subset of G∧ consisting of those characters ψ for
which dimC(ker(µ)ψ) = t. For each ψ ∈ G∧µ and each integer i with 1 ≤ i ≤ c,
resp. t < i ≤ c, we set ni,ψ := eψ(ni) ∈ Nψ, resp. we write Ni,ψ for the
subspace of Nψ that is generated by the set {na,ψ : t < a ≤ c, a 6= i}.
At the outset we note that to prove the existence of a suitable automorphism
εµ it suffices to (inductively) construct for each integer i with 0 ≤ i ≤ c− t an
element εi of GLc(Z) ⊆ AutZ[G](N) which has the properties (P1)i and (P2)i

described below. We set µ0 := µ ◦ ε0 and for each integer i with 0 < i ≤ c− t
we let µi denote the composite µ ◦ ε0 ◦ ε1 ◦ · · · ◦ εi.

(P1)i det(εi) = 1.
(P2)i For each ψ ∈ G∧µ one has both
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(a) im(µi,ψ) = im(µψ) ⊆ ∑a=c
a=t+1 C · na,ψ, and

(b) if
∑a=c

a=t+1 za,ψna,ψ ∈ ker(µi,ψ) (with za,ψ ∈ C for each a), then
za,ψ = 0 for all a with t < a ≤ t + i.

Indeed, if we can construct such automorphisms εi satisfying (P1)i and (P2)i,
then we deduce the claimed result by simply taking εµ to be the composite
ε0 ◦ ε1 ◦ · · · ◦ εc−t.
Now, by assumption, im(µ) ⊆ ∑a=c

a=t+1 Z[G] · na, and so the properties (P1)0
and (P2)0 are satisfied by taking ε0 to be the identity element of GLc(Z).
We thus fix an integer j with 0 < j ≤ c − t and assume that for each integer
i with 0 ≤ i < j we have constructed an element εi of GLc(Z) ⊆ AutZ[G](N)
with properties (P1)i and (P2)i. Then, since im(µj−1 ◦ ι) = im(µj−1) for every
ι ∈ AutZ[G](N), it suffices to construct an element εj of GLc(Z) with det(εj) = 1
and such that µj := µj−1 ◦ εj has the property (P2)j(b) for each ψ ∈ G∧µ .
To construct such an automorphism εj we proceed as follows. For each integer
i with 1 ≤ i ≤ t we write G∧i,j for the (possibly empty) subset of G∧µ consisting
of those characters ψ for which ker(µj−1,ψ) does not contain any element of
the form ni,ψ + α with α ∈ Nt+j,ψ. We now use these characters to recursively
choose rational integers {cb,j : t ≥ b ≥ 1} and we then use these integers to
define a suitable automorphism εj .
We first choose ct,j . For each ψ ∈ G∧t,j we let Zt,j,ψ denote the (possibly empty)
set of rational integers m such that ker(µj−1,ψ) contains an element of the form
xm := mnt,ψ +nt+j,ψ +αm with αm ∈ Nt+j,ψ. Then |Zt,j,ψ| ≤ 1. Indeed, if m′

is any other integer for which xm′ := m′nt,ψ +nt+j,ψ +αm′ ∈ ker(µj−1,ψ) with
αm′ ∈ Nt+j,ψ, then ker(µj−1,ψ) contains xm−xm′ = (m−m′)nt,ψ + αm−αm′

and since αm − αm′ ∈ Nt+j,ψ this implies m = m′ (because ψ ∈ G∧t,j). We
may therefore fix an integer ct,j that is greater than every element of the finite
(possible empty) set ∪ψZt,j,ψ where ψ runs over G∧t,j .
We now assume that the integers ci,j have been fixed for each i with b < i ≤ t
and then choose cb,j in the following way. For each ψ ∈ G∧b,j we let Zb,j,ψ denote
the set of rational integers m such that ker(µj−1,ψ) contains an element of the
form xm := mnb,ψ +

∑i=t
i=b+1 ci,jni,ψ + nt+j,ψ + αm with αm ∈ Nt+j,ψ. Then,

just as above, one has |Zb,j,ψ| ≤ 1 and so we may choose cb,j to be any integer
that is greater than every element of the finite (possibly empty) set ∪ψZb,j,ψ

where ψ runs over G∧b,j .
Having thus chosen integers ci,j for each integer i with 1 ≤ i ≤ t, we now let
εj denote the (unique) element of GLc(Z) ⊆ AutZ[G](N) which sends

na 7→
{

na +
∑i=t

i=1 ci,jni, if a = t + j,
na, if 1 ≤ a ≤ c and a 6= t + j.

The matrix of this automorphism (with respect to the basis {na : 1 ≤ a ≤ c})
is lower triangular with all diagonal entries equal to 1 and hence det(εj) = 1.
It is therefore enough to show that the automorphism µj := µj−1 ◦ εj has the
property (P2)j(b) for each ψ ∈ G∧µ . To prove this we now fix ψ ∈ G∧µ and
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assume that xψ :=
∑a=c

a=t+1 za,ψna,ψ ∈ ker(µj,ψ). Then we must show that
za,ψ = 0 for all a with t < a ≤ t + j.
We note first that it actually suffices to prove that zt+j,ψ = 0. Indeed, if
this is true then we would have xψ = εj(xψ) ∈ ker(µj−1,ψ). But, by our
assumption that the property (P2)j−1(b) is satisfied, the latter containment
implies za,ψ = 0 for each a with t < a ≤ t + j− 1 and hence we would be done.
Finally, to prove zt+j,ψ = 0 we shall argue by contradiction. We therefore
assume that zt+j,ψ 6= 0 and note that this implies that the element

yψ := z−1
t+j,ψεj(xψ) = c1,jn1,ψ +

i=t∑

i=2

ci,jni,ψ + nt+j,ψ + α′

belongs to ker(µj−1,ψ), where

α′ :=
∑

t+1≤a≤c
a6=t+j

z−1
t+j,ψza,ψna,ψ ∈ Nt+j,ψ.

Now if ψ /∈ ⋃
1≤i≤t G∧i,j , then for each integer i with 1 ≤ i ≤ t the defi-

nition of G∧i,j implies that there exists an element αi of Nt+j,ψ such that
ni,ψ + αi ∈ ker(µj−1,ψ). Thus, since yψ does not belong to the C-linear span
of the elements {ni,ψ + αi : 1 ≤ i ≤ t}, one has dimC(ker(µj−1,ψ)) > t.
But dimC(ker(µj−1,ψ)) = dimC(ker(µ)ψ) and so this contradicts the fact that
ψ ∈ G∧µ .
Hence we must have ψ ∈ ⋃

1≤i≤t G∧i,j and so we may define i0 to be the least
integer i with both 1 ≤ i ≤ t and ψ ∈ G∧i,j . If i0 = 1, then the containment
yψ ∈ ker(µj−1,ψ) already contradicts the fact that c1,j /∈ Z1,j,ψ. On the other
hand, if i0 > 1, then for each integer i with 1 ≤ i < i0, the definition of
G∧i,j combines with the fact that ψ /∈ G∧i,j to imply that ker(µj−1,ψ) contains
an element of the form yi,ψ := ni,ψ + αi with αi ∈ Nt+j,ψ. It follows that
ker(µj−1,ψ) also contains the element

yψ −
i=i0−1∑

i=1

ci,jyi,ψ = ci0,jni0,ψ +
i=t∑

i=i0+1

ci,jni,ψ + nt+j,ψ + (α′ −
i=i0−1∑

i=1

ci,jαi).

But α′−∑i=i0−1
i=1 ci,jαi ∈ Nt+j,ψ and so the containment yψ−

∑i=i0−1
i=1 ci,jyi,ψ ∈

ker(µj−1,ψ) contradicts the fact that ci0,j /∈ Zi0,j,ψ.
At the stage we have shown that (in all cases) the assumption zt+j,ψ 6= 0 leads
to a contradiction. Hence one has zt+j,ψ = 0, as required to complete the proof
of Lemma 7.5. ¤

Returning to the proof of Proposition 7.2, we first apply Lemma 7.5 with
respect to the data G = G,N = F, c = d, ni = bi for each i with 1 ≤ i ≤ d,
t = rS,K and with µ equal to the endomorphism φ of F that was constructed
in §7.3 to satisfy claim (i) of the proposition. (Lemma 7.4 with A equal to
the identity subgroup of G guarantees that this choice of data is allowed in
Lemma 7.5). Now if χ ∈ G∧, then since C · ker(φ) and C · O×K,S are isomorphic
C[G]-modules, the description (2) (with E = K) implies that eχθK/k,S 6= 0 if
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and only if dimC(ker(φ)χ) = rS,K . In order to simultaneously verify claims (i)
and (ii) of Proposition 7.2 it thus suffices to, if necessary, replace φ and α (as
constructed in §7.3) by φ′ := φ◦εφ and α′ := α◦β respectively, where εφ comes
from Lemma 7.5 and β is the morphism of complexes C ·φ◦εφ

→ C ·φ which is
equal to εφ in degree 0 and to the identity map in degree 1. Indeed, Proposition
7.2(ii) then follows directly from Lemma 7.5 whilst, since im(φ) = im(φ′) and
im(H0(α)) = im(H0(α′)), the validity of Proposition 7.2(i) (and Lemma 7.4)
is unchanged when one replaces φ by φ′ and α by α′. We therefore henceforth
assume that φ and α are chosen in this way.
To verify Proposition 7.2(iii) we now need only apply Lemma 7.5 with respect
to the data G = Γ, N = FH , c = d, ni = bH

i for each i with 1 ≤ i ≤ d,
t = rS,L and µ = φH . (Lemma 7.4 with A = H implies this choice of data is
permissable in Lemma 7.5.) Indeed, an application of (2) (with E = L) implies
that eχθL/k,S 6= 0 if and only if dimC(ker(φH)χ) = rS,L and so Lemma 7.5
implies that both properties of claim (iii) are satisfied by setting ε := εφH .

7.5. The proof of Proposition 7.2(iv). We let Θ denote the endomorphism
〈RK,S , φ, α, ι1, ι2〉 of R·F that occurs in Proposition 7.2(iv). Then the definition
of Θ ensures that Θ(ι1(R · im(φ))) = R · im(φ) and Θ(R ·ker(φ)) = ι2(R ·XK,S).
Thus, since R · F = R · im(φ)⊕ ι2(R ·XK,S), one has im(Θ) = R · F and so Θ
is invertible, as claimed.
To prove the remaining claims in Proposition 7.2(iv) we use the morphism in
P(Z[G])

(29) DetZ[G] Ψ·K/k,S
∼= FittG(Q)−1 ·DetZ[G] C

·
φ

that is induced by the exact triangle in Proposition 7.2(i) and the fact that,
since Q is a finite cohomologically-trivial G-module, FittG(Q) is an invertible
Z[G]-ideal which satisfies DetZ[G](Q[0]) = (FittG(Q)−1, 0) (as follows directly
from the definition of FittG(Q)). We let Rα

K,S denote the composite isomor-
phism

(R⊗H1(α))−1 ◦ RK,S ◦ (R⊗H0(α)) : R⊗H0(C ·φ) → R⊗H1(C ·φ).

Then (29) implies that

ϑΨ·
K/k,S

,RK,S (DetZ[G] Ψ·K/k,S) = FittG(Q)−1 · ϑC·φ,Rα
K,S

(DetZ[G] C
·
φ)

= (FittG(Q)−1 · detR[G](Θ), 0)

= (FittG(Q)−1 · x−1
T δT θ∗K/k,S , 0)

where the second equality follows from the definition of Θ and the explicit
computation of ϑC·φ,Rα

K,S
(DetZ[G] C

·
φ) afforded by [9, Lem. A1] and the third

from the definition of xT in (26). It is therefore clear that the equality of
C(K/k) is valid (with Σ = S) if and only if FittG(Q)−1 · x−1

T δT = Z[G], or
equivalently Z[G] · xT = δT · FittG(Q)−1. Further, if the latter equality is
valid, then for each prime divisor ` of |G|z, Proposition 7.2(i) implies that
Z`[G] · xT = Z` ⊗ δT · FittG(Q)−1 = Z`[G] and hence that xT belongs to
Z`[G]×. This completes our proof of Proposition 7.2.
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8. Explicit formulas for ηK,S,T and ηL,S,T

In this section we use Proposition 7.2 to derive explicit formulas for both of
the elements ηK,S,T and ηL,S,T . We assume throughout that the set S is as
described at the beginning of §7.

8.1. Laplace expansions. We will find it useful to consider explicit Laplace
expansions of certain determinants. We therefore now fix convenient notation
and recall the relevant formalism of Laplace expansions (cf. [22, §107D]).
For any non-negative integer n and set of integers Σ we write Tn(Σ) for the set of
n-tuples of distinct elements of Σ and T <

n (Σ) for the subset of Tn(Σ) consisting
of those tuples τ := (τ (1), τ (2), · · · , τ (n)) for which τ (1) < τ (2) < · · · < τ (n).
For each τ ∈ Tn(Σ) we also set 〈τ〉 = {τ (i) : 1 ≤ i ≤ n} ⊆ Σ. If τi ∈ Tni

(Σi) for
i = 1, 2 and 〈τ1〉 ⊆ 〈τ2〉 (so n2 ≥ n1), then we let τ2 \ τ1 denote the element of
Tn2−n1(Σ2) obtained by deleting from τ2 each element of 〈τ1〉. In this case we
identify the group of permutations of 〈τ2〉 with the group Sn2 of permutations
on the set of integers {i : 1 ≤ i ≤ n2} by the correspondence τ

(i)
2 ↔ i and

let στ2,τ1 denote the element of Sn2 which sends τ2 to the n2-tuple τ1(τ2 \ τ1)
obtained by concatenating τ1 and τ2 \ τ1.
Given natural numbers m ≤ n we set Tm(n) := T <

m ({1, 2, · · · , n}) and let [n]
denote the unique element of Tn(n).
We now suppose given a commutative ring R and a matrix N ∈ Mn(R). For
any natural number m with m < n and any pair of elements τ1, τ2 of Tm(n)
we let N (τ1,τ2) denote the element of Mm(R) obtained from N by deleting all
rows except those in positions τ

(1)
1 , τ

(2)
1 , · · · , τ

(m)
1 and all columns except those

in positions τ
(1)
2 , τ

(2)
2 , · · · , τ

(m)
2 . Then in R one has

det(N) =
∑

τ∈Tm(n)

sgn(σ[n],τ )det(N (τ,[m]))det(N ([n]\τ,[n]\[m]))

where sgn : Sn → Z× is the canonical ‘sign’ homomorphism. In the sequel
we refer to this formula as the ‘Laplace expansion of N by m columns’. (If
m = 1, then the displayed formula is just the usual expression for det(N) as
the alternating sum over the products of each element in the first column of N
by the determinant of the corresponding (n− 1)-st order minor).

8.2. The explicit formulas. In this subsection we need to work simultane-
ously with the fields K and L. For convenience we thus let E denote either
L or K and set J := Gal(K/E) and ∆ := Gal(E/k). In order to state an
explicit formula for the element ηE,S,T defined in (5) we first use the data in
Proposition 7.2 to define a matrix NE with entries in R[∆].
We therefore fix data F, {bi : 1 ≤ i ≤ d}, z, φ, α, ε, ι1 and ι2 as in §7.2. For
typographical convenience, we often do not distinguish between α and its scalar
extension R ⊗ α. We also set φK := φ, φL := φH ◦ ε, H0(α)K := H0(α),
H0(α)L := H0(α)H ◦ ε and rE := rS,E .
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Now for each pair of integers s, t with 1 ≤ s ≤ d and 1 ≤ t ≤ rE we may define
an element (NE)st of R[∆] by setting

(30) (ρE ◦ RE,S ◦H0(α)E ◦ ι̂E)(bJ
s ) =

t=rE∑
t=1

(NE)st(wi,E − w0,E),

where ρE is the projection R ·XE,S →
⊕i=rE

i=1 R[∆] · (wi,E −w0,E) induced by
(28) with A = J , ι̂K is the projection R ·F → R ·ker(φ) induced by the section
ι1 (from Proposition 7.2(iv)) and ι̂L is the projection R · FH → R · ker(φL)
given by (R⊗ ε)−1 ◦ (ι̂K)H ◦ (R⊗ ε). Also, since im(φE) = im(φJ), Lemma 7.4
allows us to define for integers s, t with 1 ≤ s ≤ d and rE < t ≤ d an element
(NE)st of Z[∆] by setting

(31) φE(bJ
s ) =

t=d∑
t=rE+1

(NE)st · bJ
t .

From the elements (NE)st with 1 ≤ s, t ≤ d we therefore obtain a matrix
NE ∈ Md(R[∆]).

Theorem 8.1. We let E denote either K or L, set J := Gal(K/E), ∆ :=
Gal(E/k) and rE := rS,E, and define an element of R · ∧rE

∆ F J by setting

ηE,α := xT

∑

τ∈TrE
(d)

sgn(σ[d],τ )det(N ([d]\τ,[d]\[rE ])
E ) · ∧i=rE

i=1 bJ
τ(i)

where xT is the element of R[G]× defined by (26). We identify R · ∧rE

∆ ker(φE)
with its image under the (injective) homomorphism R·∧rE

∆ ker(φE) → R·∧rE

∆ F J

that is induced by the rE-th exterior power of the inclusion ker(φE) ⊆ F J . Then
both of the following claims are valid.

(i) ηE,α ∈ R·∧rE

∆ ker(φE). If C(K/k) is valid, then ηE,α ∈ Q·∧rE

∆ ker(φE).
(ii) ηE,S,T = (∧rE

R[∆]H
0(α)E)(ηE,α).

Remark 8.2. In special cases it is possible to make a very explicit choice of the
complex C ·φ and morphism α which occur in Proposition 7.2 and this in turn
leads to a more explicit version of the formula for ηE,S,T in Theorem 8.1 (cf.
[6, Th. 3.2], [14, Prop. 2.7]). In particular, this observation forms the basis of
recent efforts of Bley [4] to obtain numerical evidence in support of C(K/k).

The proof of Theorem 8.1 will occupy the next two subsections.

8.3. Theorem 8.1(i) implies Theorem 8.1(ii). We write ΥE for the set of
elements of G∧ such that both χ(J) = 1 and the order of vanishing at s = 0
of LS(χ−1, s) is equal to rE and let Υ′E denote the complement of ΥE in
{χ ∈ G∧ : χ(J) = 1}. Then the description (2) implies that ΥE (and hence also
Υ′E) is closed under the natural action of Aut(C) on G∧ and so the idempotent
eE :=

∑
χ∈ΥE

eχ belongs to Q[G]. Also, for each χ ∈ ΥE , resp. χ ∈ Υ′E , the
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value at s = 0 of s−rE LS(χ−1, s) is equal to L∗S(χ−1, 0), resp. 0, and so the
definition of θE/k,S in (3) implies that

(32) θE/k,S = eEθ∗K/k,S .

The definition of xT in (26) therefore implies that

(33) δT θE/k,S = xT eE · detR[G](〈RK,S , φ, α, ι1, ι2〉).
The relation between this equality and the matrix NE which occurs in Theorem
8.1 is described by the following result.

Lemma 8.3. eE · detR[G](〈RK,S , φ, α, ι1, ι2〉) = det(NE).

Proof. It suffices to show that eχeE · detR[G](〈RK,S , φ, α, ι1, ι2〉) = eχdet(NE)
for each character χ ∈ G∧ with χ(J) = 1.
Since detR[G](〈RK,S , φ, α, ι1, ι2〉) is independent of the choice of section ι2 we
assume henceforth that, for each integer i with 1 ≤ i ≤ rK , resp. 1 ≤ i ≤ rL,
one has ι2(wi − w0) = bi, resp. ι2(wi,L − w0,L) = bH

i . (The existence of a
section ι2 with these properties is a consequence of Lemma 7.1.) With this
choice of ι2, Lemma 7.4 implies that NE is the matrix, with respect to the
basis {bJ

i : 1 ≤ i ≤ d}, of the endomorphism of R · F J defined by

κE := ι2 ◦ ρE ◦ RE,S ◦H0(α)E ◦ ι̂E + R⊗ φE ,

where we use the same notation as in (30).
Now if χ(J) = 1 and s−rE LS(χ−1, s) vanishes at s = 0, then eχeE = 0
and so we must show that κE,χ is singular. But in this case (2) implies
that dimC(ker(φE)χ) > rE and hence dimC(im(κE,χ)) ≤ dimC(im(ρE,χ)) +
dimC(im(φE)χ) < rE + (d− rE) = d, as required.
If χ(J) = 1 and s−rE LS(χ−1, s) does not vanish at s = 0, then eχeE = eχ and
(2) implies that the projection ρE,χ is bijective. Thus 〈RK,S , φ, α, ι1, ι2〉χ = κχ

with κ the endomorphism of C ·F induced by ι2◦ρK ◦RK,S ◦H0(α)◦ ι̂K +R⊗φ.
It thus suffices to show that detC(κχ) = detC(κE,χ).
If E = K, then κE,χ = κχ and so the required equality is obvious. If on the
other hand E = L, then κE,χ = κ′χ ◦ εχ where κ′ is the automorphism of C ·FH

induced by ι2 ◦ ρL ◦ RL,S ◦H0(α)H ◦ (ι̂K)H + R ⊗ φH . The required equality
detC(κχ) = detC(κL,χ) is therefore a consequence of the fact that detC(εχ) = 1
(cf. Proposition 7.2(iii)(a)) and also κ′χ = κχ, as follows from our choice of
section ι2 and the commutativity of the diagram

R · O×K,S,T

RK,S−−−−→ R ·XK,S

⊆
x

x

R · O×L,S,T

RL,S−−−−→ R ·XL,S

where the right hand vertical morphism is induced by the identification XL,S =
TH(XK,S) ⊆ XK,S described just prior to the statement of Lemma 7.1. ¤
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By substituting the equality of Lemma 8.3 into (33) and then taking the Laplace
expansion of NE by rE columns we obtain the following equalities in R·∧rE

∆ XE,S

δT θE/k,S · ∧i=rE
i=1 (wi,E − w0,E)

=xT det(NE) · ∧i=rE
i=1 (wi,E − w0,E)

=xT

∑
τ

sgn(σ[d],τ )det(N (τ,[rE ])
E )det(N ([d]\τ,[d]\[rE ])

E ) · ∧i=rE
i=1 (wi,E − w0,E)

=xT

∑
τ

sgn(σ[d],τ )det(N ([d]\τ,[d]\[rE ])
E ) · ∧i=rE

i=1 (ρE ◦ RE,S ◦H0(α)E ◦ ι̂E)(bJ
τ(i))

=(∧rE

R[∆](ρE ◦ RE,S ◦H0(α)E ◦ ι̂E))(ηE,α),

where τ runs over all elements of TrE (d), the third equality is by the definition
(30) of NE and in the last line ηE,α is as defined in Theorem 8.1.
On the subspace eE(R · ker(φE)) of R · F J the map ρE ◦ RE,S ◦ H0(α)E ◦ ι̂E
coincides with RE,S ◦H0(α)E . Hence, if ηE,α belongs to eE(R · ∧rE

∆ ker(φE)) =
∧rE

R[∆]eE(R · ker(φE)), then the last displayed formula simplifies to give

(∧rE

R[∆]RE,S)((∧rE

R[∆]H
0(α)E)(ηE,α)) = δT θE/k,S · ∧i=rE

i=1 (wi,E − w0,E).

But ∧rE

R[∆]RE,S is injective and so, by comparing this equality with the defining
property (5) of ηE,S,T , it would follow that ηE,S,T = (∧rE

R[∆]H
0(α)E)(ηE,α), as

claimed by Theorem 8.1(ii). To prove Theorem 8.1(ii) it is thus enough to prove
that ηE,α ∈ eE(R·∧rE

∆ ker(φE)), or equivalently that both ηE,α ∈ R·∧rE

∆ ker(φE)
and ηE,α = eE(ηE,α).
Now ηE,α = eE(ηE,α) if and only if eχ(ηE,α) = 0 for every χ ∈ Υ′E . But if
χ ∈ Υ′E , then the argument of Lemma 8.3 implies dimC(im(φE)χ) < d − rE

and so the image under componentwise multiplication by eχ of each matrix
N

([d]\τ,[d]\[rE ])
E which occurs in the definition of ηE,α is singular and hence one

has eχdet(N ([d]\τ,[d]\[rE ])
E ) = 0. It follows that eχ(ηE,α) = 0 for every χ ∈ Υ′E

and hence (by the above argument) that the equality of Theorem 8.1(ii) is valid
if the containment ηE,α ∈ R · ∧rE

∆ ker(φE) of Theorem 8.1(i) is valid.

8.4. The proof of Theorem 8.1(i). We use the following result.

Lemma 8.4. Let V be a finite dimensional vector space over a field D. Let θ
be a D-linear endomorphism of V such that ker(θ) ∩ im(θ) = 0. Then for any
natural number m with m ≤ dimD(ker(θ)) there exists an exact sequence of
D-modules of the form

0 → ∧m
D ker(θ) → ∧m

DV
Tθ−→

i=m⊕

i=1

∧m
DV

where the second arrow is the m-th exterior power of the inclusion ker(θ) ⊆ V

and, for each integer j with 1 ≤ j ≤ m, the projection T j
θ of Tθ to the j-th
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direct summand ∧m
D(V ) of the right hand module is induced by

∧i=m
i=1 vi 7→

∑

κ∈Tj(m)

∧i=m
i=1 θκ

i (vi)

with θκ
i equal to θ if i ∈ 〈κ〉 and equal to the identity map on V otherwise.

Proof. It is straightforward to show that Tθ is well defined as a D-linear map
on ∧m

DV . It is also clear that the second arrow in the displayed sequence
is injective and has image inside ker(Tθ). It is thus enough to prove that
dimD(ker(Tθ)) ≤ dimD(∧m

D ker(θ)).
Now if a is any integer with 1 ≤ a ≤ m and xa := (∧s=m−a

s=1 us) ∧D (∧t=a
t=1wt) ∈

∧m
DV where us ∈ ker(θ) and wt ∈ im(θ) for all integers s, t which satisfy

1 ≤ s ≤ m − a and 1 ≤ t ≤ a, then T j
θ (xa) is equal to 0, resp. to

(∧s=m−a
s=1 us) ∧D (∧t=a

t=1θ(wt)), if j > a, resp. j = a. In addition, since
ker(θ) ∩ im(θ) = 0, one has θ(im(θ)) = im(θ). Hence, by considering the
subspace of

⊕i=m
i=1 ∧m

DV that is generated by elements of the form Tθ(xa)
as a varies over all integers in the range 1 ≤ a ≤ m, one finds that
dimD(im(Tθ)) ≥

∑a=m
a=1 (∧m−a

D ker(θ) ⊗D ∧a
D im(θ)). But ∧m

DV is isomorphic
as a D-module to

⊕a=m
a=0 (∧m−a

D ker(θ) ⊗D ∧a
D im(θ)) and so dimD(ker(Tθ)) =

dimD(∧m
DV )− dimD(im(Tθ)) ≤ dimD(∧m

D ker(θ)), as required. ¤

Remark 8.5. The identification ∧m
D ker(θ) = ker(Tθ) induced by Lemma 8.4 is

not in general valid if one relaxes the ‘semisimplicity’ hypothesis ker(θ)∩ im(θ)
= 0. This fact lies behind the restrictions imposed on φ by Proposition 7.2(ii)
and 7.2(iii)(b).

Now, since ηE,α = eE(ηE,α) (by the argument at the end of §8.3), the contain-
ment ηE,α ∈ R · ∧rE

∆ ker(φE) of Theorem 8.1(i) will follow if we can show that
eχ(ηE,α) ∈ (∧rE

∆ ker(φE))χ for every χ ∈ ΥE and to do this we shall use Lemma
8.4 with D = C, V = Fχ(= (F J)χ), θ = (φE)χ and m = rE = dimD(ker(θ)).
(As remarked above, this use of Lemma 8.4 is permissable by virtue of Proposi-
tions 7.2(ii) and 7.2(iii)). For typographical convenience we set r∗ := rE . Then
for each integer j with 1 ≤ j ≤ r∗ it therefore suffices to prove the vanishing
of the element

wj :=
∑

τ∈Tr∗ (d)

sgn(σ[d],τ )det(N ([d]\τ,[d]\[r∗])
E ) · T j

(φE)χ
(∧i=r∗

i=1 eχbJ
τ(i)) ∈ ∧r∗

C Fχ.

Note that ∧r∗
C Fχ is a free C-module with basis {b$ : $ ∈ Tr∗(d)} where

b$ := ∧s=r∗
s=1 eχbJ

$(s) .

Hence, for every $ ∈ Tr∗(d), we must show that wj belongs to the kernel of
the natural projection map ρ$ : ∧r∗

C Fχ → C ·b$. To this end, we now fix such
a tuple $.
Upon expanding each term T j

(φE)χ
(∧i=r∗

i=1 eχbJ
τ(i)) as a sum of |Tj(r∗)| terms

(as per the definition of T j
(φE)χ

) one finds that wj is a sum of |Tr∗(d)||Tj(r∗)|
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elements, each a scalar multiple of an element of the form

vτ,κ := (∧ 1≤a≤r∗
a/∈〈κ〉

eχbJ
τ(a)) ∧C (∧a∈〈κ〉(φE)χ(eχbJ

τ(a)))

where τ ∈ Tr∗(d) and κ ∈ Tj(r∗). In this way one obtains an expression for
ρ$(wj) as a sum of |Tr∗(d)||Tj(r∗)| elements. We next show that this sum
splits naturally into sub-sums and we then complete our proof that ηE,α ∈
R · ∧rE

∆ ker(φE) by showing that each such sub-sum is 0.
The key to our analysis of ρ$(wj) is the following observation: if ρ$(vτ,κ) 6= 0,
then the set Στ,κ := {τ (a) : τ (a) ∈ 〈$〉, a /∈ 〈κ〉} has cardinality r∗ − j. To
verify this we observe first that if |〈τ〉 \ 〈$〉| > j, then there exists at least one
integer a with both τ (a) /∈ 〈$〉 and a /∈ 〈κ〉 and hence ρ$(vτ,κ) = 0. Further, if
|〈τ〉\〈$〉| = j−f with f ≥ 0 and ρ$(vτ,κ) 6= 0, then a ∈ 〈κ〉 for each τ (a) /∈ 〈$〉
and hence there are f = j−(j−f) elements τ (a) of 〈τ〉∩〈$〉 for which a ∈ 〈κ〉.
This in turn implies that there are |〈τ〉 ∩ 〈$〉|− f = (r∗− (j− f))− f = r∗− j
elements τ (a) of 〈τ〉 ∩ 〈$〉 with a /∈ 〈κ〉, as claimed. We note also that, by
Lemma 7.4, if ρ$(vτ,κ) 6= 0, then Στ,κ must contain 〈$〉 ∩ 〈[r∗]〉.
The previous paragraph means that when computing ρ$(wj) we need only
consider contributions arising from scalar multiples of terms of the form vτ,κ

where τ and κ are such that Στ,κ has cardinality r∗−j and contains 〈$〉∩〈[r∗]〉.
Note also that if τ is given and |Στ,κ| = r∗ − j, then κ is uniquely determined
by the set Στ,κ (indeed, one has a ∈ 〈κ〉 if and only if τ (a) /∈ Στ,κ). This shows
that

ρ$(wj) =
∑

δ

ρ$(wj,δ)

where δ runs over the sets of cardinality r∗ − j with 〈$〉 ∩ 〈[r∗]〉 ⊆ δ ⊆ 〈$〉,
and for each such δ we set

wj,δ :=
∑

τ∈Tr∗ (d)
〈δ〉⊆〈τ〉

sgn(σ[d],τ )det(N ([d]\τ,[d]\[r∗])
E ) · ∧i=r∗

i=1 (φE)δ
χ(eχbJ

τ(i)) ∈ ∧r∗
C Fχ

where if a ∈ 〈δ〉, resp. a 6∈ 〈δ〉, then (φE)δ
χ(eχbJ

a ) denotes eχbJ
a , resp. the image

of (φE)χ(eχbJ
a ) under the projection F J

χ ³ ⊕k=j
k=1C · eχbJ

($\δ)(k) .
It therefore suffices to prove that ρ$(wj,δ) = 0 for each δ as above. But

∧i=r∗
i=1 (φE)δ

χ(eχbJ
τ(i)) = sgn(στ,δ)sgn(σ$,δ)det(N (τ\δ,$\δ)

E ) · b$

and hence ρ$(wj,δ) is equal to
∑

τ∈Tr∗ (d)
〈δ〉⊆〈τ〉

sgn(σ[d],τ )sgn(στ,δ)sgn(σ$,δ)det(N (τ\δ,$\δ)
E )det(N ([d]\τ,[d]\[r∗])

E ) · b$.

In addition, sgn(σ[d],τ )sgn(στ,δ) = sgn(σ[d],δ)sgn(σ[d]\δ,τ\δ) and so the coeffi-
cient of b$ in the last displayed formula is equal to

sgn(σ[d],δ)sgn(σ$,δ)
∑

τ∈Tr∗ (d)
〈δ〉⊆〈τ〉

sgn(σ[d]\δ,τ\δ)det(N (τ\δ,$\δ)
E )det(N ([d]\τ,[d]\[r∗])

E ).



congruences between derivatives 33

Now the sum in this expression is parametrised by the set of elements τ \ δ of
T <

j ({1, 2, · · · , d} \ 〈δ〉), and can be seen to equal the Laplace expansion by j

columns of the (d− r∗ + j)× (d− r∗ + j)-matrix N ′ which has entries

N ′
uv =

{
(NE)([d]\δ)(u),($\δ)(v) , if 1 ≤ v ≤ j

(NE)([d]\δ)(u),v+r∗−j , if j < v ≤ d− r∗ + j

for each u with 1 ≤ u ≤ d− r∗ + j. It thus suffices to observe that this matrix
N ′ is singular: indeed, for each v with 1 ≤ v ≤ j one has ($ \ δ)(v) > r∗ and
so the v-th and (j + ($ \ δ)(v) − r∗)-th columns of N ′ coincide.
At this stage we have proved that ηE,α ∈ R·∧rE

∆ ker(φE). To complete the proof
of Theorem 8.1(i) (and hence of Theorem 8.1) it thus suffices to prove that if
C(K/k) is valid, then ηE,α ∈ Q · ∧rE

∆ ker(φE). But the definition (31) implies
that each matrix N

([d]\τ,[d]\[rE ])
E which occurs in the definition of ηE,α belongs

to Md−rE
(Z[∆]). Also, if C(K/k) is valid, then Proposition 7.2(iv) implies that

xT ∈ Q[G] and so it is clear from the definition of ηE,α that ηE,α ∈ Q · ∧rE

∆ F J .
Hence, in this case ηE,α belongs to R·∧rE

∆ ker(φE)∩Q·∧rE

∆ F J = Q·∧rE

∆ ker(φE),
as required.

9. Congruence relations and the Rubin-Stark Conjecture

In this section we use Theorem 8.1 to derive a family of congruence relations
between the elements ηK,S,T and ηL,S,T and also to show that the validity of
C(K/k) implies the Rubin-Stark Conjecture [39, Conj. B] for K/k. We assume
throughout that S is as described at the beginning of §7 and we continue to
use the notation fixed in the first two paragraphs of §8.2.
At the outset we observe that the module im(φE) is torsion-free (since im(φE) ⊆
F J ) and so the tautological exact sequence 0 → ker(φE) → F J → im(φE) → 0
implies that the restriction map

(34) Hom∆(F J ,Z[∆]) → Hom∆(ker(φE),Z[∆])

is surjective (cf. [39, Prop. 1.1(ii)]).
We set r := rS,K , r′ := rS,L and r∗ := rS,E . We recall that if j is any integer
with r < j ≤ r′, then Gj is the decomposition subgroup of wj in G and Ij the
kernel of the projection map Z[G] → Z[G/Gj ]. If r′ > r, resp. r′ = r, then as
in §2.2 we set IS

H :=
∏j=r′

j=r+1 Ij , resp. IS
H = Z[G].

In the following result we use the elements (NE)st of Z[∆] defined by (31).

Proposition 9.1. With E, J and ∆ as in Theorem 8.1, we assume to be given
data of the following type:

• ψj,E ∈ Hom∆(ker(φE),Z[∆]) for each integer j with 1 ≤ j ≤ r;
• ξ′j ∈ HomΓ(FH , Ij/IHIj) for each integer j with r < j ≤ r′.

We set

ΨE := R⊗ ∧j=r
j=1ψj,E ∈ HomR[∆](R · ∧r∗

∆ ker(φE),R · ∧r∗−r
∆ ker(φE)),
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and if r′ > r we define

ΞL ∈ HomΓ(∧r′−r
Γ FH , IS

H/IHIS
H)

to be the (unique) homomorphism which, for each τ ∈ Tr′−r(d), sends the
element ∧i=r′−r

i=1 bH
τ(i) to det((ξ′r+a(bH

τ(i)))1≤i,a≤r′−r).
For each integer j with 1 ≤ j ≤ r we choose a lift ψ′j,E of ψj,E through (34)
and define d× d-matrices P ({ψ′·,K}) and P ({ψ′·,L}, {ξ′·}) by setting

P ({ψ′·,K})ij :=

{
ψ′j,K(bi), if 1 ≤ i ≤ d and 1 ≤ j ≤ r

(NK)ij , if 1 ≤ i ≤ d and r < j ≤ d,

and

P ({ψ′·,L}, {ξ′·})ij :=





ψ′j,L(bH
i ), if 1 ≤ i ≤ d and 1 ≤ j ≤ r

ξ′j(b
H
i ), if 1 ≤ i ≤ d and r < j ≤ r′

(NL)ij , if 1 ≤ i ≤ d and r′ < j ≤ d.

Then each of the following claims is valid.
(i) ΨK(x−1

T ηK,α) = det(P ({ψ′·,K})) ∈ Z[G].
(ii) ΨL(x−1

T ηL,α) ∈ ∧r′−r
Γ FH .

(iii) If r′ > r, then ΞL(ΨL(x−1
T ηL,α)) ≡ det(P ({ψ′·,L}, {ξ′·})) (mod IHIS

H).

Proof. Since ΨE coincides with the restriction of ∧j=r
j=1(R⊗ψ′j,E) to the subspace

R · ∧r∗
∆ ker(φE) of R · ∧r∗

∆ F J , Theorem 8.1 implies that

(35) ΨE(x−1
T ηE,α) = (∧j=r

j=1(R⊗ ψ′j,E))(x−1
T ηE,α) =

∑

τ∈Tr∗ (d)

sgn(σ[d],τ )det(N ([d]\τ,[d]\[r∗])
E ) · (∧j=r

j=1ψ
′
j,E)(∧i=r∗

i=1 bJ
τ(i)) ∈ ∧r∗−r

∆ F J .

Now for each τ ∈ Tr(d) one has both N
([d]\τ,[d]\[r])
K = P ({ψ′·,K})([d]\τ,[d]\[r]) and

(∧j=r
j=1ψ

′
j,K)(∧i=r

i=1bτ(i)) = det(P ({ψ′·,K})(τ,[r])). The summation which occurs
in (35) with E = K is thus equal to the Laplace expansion of P ({ψ′·,K}) by
r-columns and this proves the equality of claim (i). Also, the containment
det(P ({ψ′·,K})) ∈ Z[G] in claim (i) is clear since P ({ψ′·,K}) ∈ Md(Z[G]).
Claim (ii) follows directly from (35) with E = L.
For claim (iii) we first note that N

([d]\τ,[d]\[r′])
L = P ({ψ′·,L}, {ξ′·})([d]\τ,[d]\[r′])

for each τ ∈ Tr′(d). In addition, for each such τ the Laplace expansion of
P ({ψ′·,L}, {ξ′·})(τ,[r′]) by r-columns combines with the definition of ΞL to imply
that ΞL((∧j=r

j=1ψ
′
j,L)(∧i=r′

i=1 bH
τ(i))) ≡ det(P ({ψ′·,L}, {ξ′·})(τ,[r′])) (mod IHIS

H).
Thus, by considering the Laplace expansion of P ({ψ′·,L}, {ξ′·}) by r′-columns,
one finds that the image under ΞL of the element in (35) with E = L is
congruent to det(P ({ψ′·,L}, {ξ′·})) modulo IHIS

H . This proves claim (iii). ¤
Corollary 9.2.

(i) Theorem 3.1(i) is valid. Hence, if C(K/k) is valid, then the Rubin-
Stark Conjecture [39, Conj. B] is valid for K/k.
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(ii) If r = r′, then Theorem 3.1 is valid.

Proof. Throughout this argument we assume that C(K/k) is valid.
To prove claim (i) we first assume to be given ψi ∈ HomG(O×K,S,T ,Z[G]) for
each integer i with 1 ≤ i ≤ r. We set ψi,K := ψi ◦H0(α) ∈ HomG(ker(φ),Z[G])
and ΨK := R ⊗ ∧i=r

i=1ψi,K . Then Proposition 9.1(i) combines with Theorem
8.1(ii) (with E = K) to imply

(∧i=r
i=1ψi)(ηK,S,T ) = xT (∧i=r

i=1ψi)(x−1
T ηK,S,T ) = xT ΨK(x−1

T ηK,α) ∈ Z[G] · xT .

From Proposition 7.2(iv) it thus follows that (∧i=r
i=1ψi)(ηK,S,T ) ∈ Z`[G] for

every prime divisor ` of |G|z. But the natural number z in Proposition 7.2
is arbitrary (and independent of the choice of each ψi and of the definition of
ηK,S,T ) and so one must have (∧i=r

i=1ψi)(ηK,S,T ) ∈ Z[G]. Now any element Φ
of ∧r

G HomG(O×K,S,T ,Z[G]) is a finite Z-linear combination of elements of the
form ∧i=r

i=1ψi. Hence the above argument implies that Φ(ηK,S,T ) ∈ Z[G] for all
such Φ and thus (by Proposition 5.1) Theorem 3.1(i) is valid. Also, given the
validity of Theorem 3.1(i), the validity of [39, Conj. B] for K/k follows by the
argument used to prove Corollary 4.1(i). This proves claim (i).
To prove claim (ii) we assume henceforth that r′ = r. Then, in view of claim
(i) and Proposition 5.1, we need only prove the validity of Theorem 3.1(ii)
with respect to the given set S. But, by assumption, C(K/k) and C(L/k) are
both valid (cf. Remark 6.2) and so if E denotes either L or K, and ∆ :=
Gal(E/k), then claim (i) for E/k implies that Φ(ηE,S,T ) ∈ Z[∆] for every
Φ ∈ ∧r

∆ Hom∆(O×E,S,T ,Z[∆]). Hence one has ΛL,S,T = (∧dS,L

Γ O×L,S,T )tf = Z[Γ]
and IS

H/IS,T
H = Z[G]/IH . Also, for each Φ ∈ ∧r

G HomG(O×K,S,T ,Z[G]), the
image of Φ(ηK,S,T ) under the projection Z[G] → Z[Γ] is equal to ΦH(ηL,S,T )
(cf. (41)), and so Theorem 3.1(ii) is valid with fL,S,T = fL,S . ¤

Remark 9.3. Let Z(`) denote the localisation of Z at a prime `. If the equality
of C(K/k) is valid only after localisation at `, then the argument of Propo-
sition 7.2 (with z = `) still shows that xT ∈ Z(`)[G]. From the argument
of Corollary 9.2(i) we may therefore deduce that Φ(ηK,S,T ) ∈ Z(`)[G] for all
Φ ∈ ∧r

G HomG(O×K,S,T ,Z[G]).

In view of Corollary 9.2(ii) we always assume in the sequel that r′ > r.

Corollary 9.4.
(i) For each pair of integers s and j with 1 ≤ s ≤ d and r < j ≤ r′ the

element (NK)sj defined in (31) belongs to Ij.
(ii) For each integer j with r < j ≤ r′ we let ξj denote the (unique) homo-

morphism of Γ-modules FH → Ij/IHIj which sends each element bH
s

to the image in Ij/IHIj of the element (NK)sj ∈ Ij.
Then for each element Ψ of ∧r

G HomG(ker(φ),Z[G]) one has
Ψ(x−1

T ηK,α) ∈ Z[G] and (ΨH ◦ ∧r
Γε)(x−1

T ηL,α) ∈ ∧r′−r
Γ FH and also

Ψ(x−1
T ηK,α) ≡ ΞL((ΨH ◦ ∧r

Γε)(x−1
T ηL,α)) (mod IHIS

H),
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where ΞL is the element of HomΓ(∧r′−r
Γ FH , IS

H/IHIS
H) that is defined

in Proposition 9.1 with respect to the maps ξ′j := ξj ◦ ε for each integer
j with r < j ≤ r′.

Proof. Upon multiplying the equality of (31) with E = K by the trace element
TGj

and then using Lemma 7.4 with A = Gj we may deduce that TGj
·(NK)sj =

0, and hence that (NK)sj ∈ Ij . This proves claim (i).
The first two assertions of claim (ii) follow directly from Propositions 9.1(i) and
9.1(ii). However, to prove the stated congruence we first assume to be given for
each integer a with 1 ≤ a ≤ r an element ψa,K ∈ HomG(ker(φ),Z[G]). For each
such a we fix a lift ψ′a,K of ψa,K through (34) with E = K and we set ψa,L :=
ψH

a,K ◦ ε ∈ HomΓ(ker(φL),Z[Γ]) and ψ′a,L := (ψ′a,K)H ◦ ε ∈ HomΓ(FH ,Z[Γ]).
We let PK denote the matrix P ({ψ′·,K}) ∈ Md(Z[G]) in Proposition 9.1. Then
the definition of P ({ψ′·,K}) makes it clear that if 1 ≤ t ≤ r, resp. r′ < t ≤ d,
then for each s with 1 ≤ s ≤ d the component (PK)st is congruent modulo
IH to (ψ′t,K)H(bH

s ) = ψ′t,L(ε−1(bH
s )), resp. to the coefficient φL(ε−1(bH

s ))t of
bH
t which occurs when φL(ε−1(bH

s )) = φH(bH
s ) ∈ FH is written in terms of the

basis {bH
a : 1 ≤ a ≤ d}. Hence, as (PK)sj = (NK)sj for each j with r < j ≤ r′,

the definition of the maps ξj in claim (ii) implies that

(36) det(PK) ≡ det(P ′L) (mod IHIS
H)

where P ′L is the d× d matrix defined by

(P ′L)ij :=





ψ′j,L(ε−1(bH
i )), if 1 ≤ i ≤ d and 1 ≤ j ≤ r

(ξj ◦ ε)(ε−1(bH
i )), if 1 ≤ i ≤ d and r < j ≤ r′

φL(ε−1(bH
i ))j , if 1 ≤ i ≤ d and r′ < j ≤ d.

Now P ′L = ε−1 · PL where we regard ε as an element of GLd(Z) (via the basis
{bH

a : 1 ≤ a ≤ d} of FH) and PL denotes the matrix P ({ψ′·,L}, {ξ′·}) defined
in Proposition 9.1 with ξ′j := ξj ◦ ε for each integer j with r < j ≤ r′. But
det(ε) = 1 (by Proposition 7.2(iii)(a)) and hence det(P ′L) = det(PL).
We set ΨK := R ⊗ ∧a=r

a=1ψa,K and ΨL := R ⊗ ∧a=r
a=1ψa,L = (ΨK)H ◦ (R ⊗ ∧r

Γε)
and take ΞL as defined in claim (ii). Then by applying Propositions 9.1(i) and
9.1(iii) with respect to the given data ΨK , ΨL and ΞL we deduce from (36)
that

ΨK(x−1
T ηK,α) ≡ det(PK) ≡ det(P ′L) ≡ det(PL)

≡ ΞL(((ΨK)H ◦ (R⊗ ∧r
Γε))(x−1

T ηL,α)) (mod IHIS
H).

To deduce the congruence of claim (ii) from here we need only replace ΨK by
R⊗Ψ for an arbitrary element Ψ of ∧r

G HomG(ker(φ),Z[G]) (and this is possible
because the definition of ΞL is independent of ΨK , the above congruence is
additive in ΨK and R ⊗ Ψ is a finite Z-linear combination of elements of the
form ΨK). ¤
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10. Bockstein homomorphisms

In this section we fix an integer j with rS,K < j ≤ rS,L and show that the
restriction to ker(φH) of the map ξj defined in Corollary 9.4(ii) has the following
more natural description.

Proposition 10.1. If x ∈ ker(φH) ⊆ FH , then ξj(x) = fL,j(H0(α)(x)), where
fL,j is the element of HomΓ(L×, Ij/IHIj) defined by (6).

The key ingredients in the proof of this result are class field theory and an
interpretation of ξj in terms of certain natural Bockstein homomorphisms.
At the outset we let G be any finite abelian group and C · any bounded complex
of cohomologically-trivial G-modules. For each subgroup H of G we set C ·H :=
Z[G/H] ⊗LZ[G] C · and C ·H := RHomZ[G](Z[G/H], C ·). Then, since each term
of C · is cohomologically-trivial, there is a natural isomorphism in D(Z[G/H])
between C ·H, resp. C ·H, and the complex which in each degree i is equal to
(Ci)H, resp. (Ci)H, and in which the differentials are induced by those of C ·.
For this reason, the action of TH :=

∑
h∈H h ∈ Z[H] on each module Ci induces

an isomorphism in D(Z[G/H]) from C ·H to C ·H.
We write IH for the kernel of the projection Z[G] → Z[G/H]. Then, by tensoring
C · with the tautological exact sequence 0 → IH → Z[G] → Z[G/H] → 0 and
using the isomorphism C ·H ∼= C ·H described above, we obtain an exact triangle
in D(Z[G]) of the form

(37) IH ⊗LZ[G] C · → C · → C ·H → IH ⊗LZ[G] C ·[1].

Now if C · is acyclic outside degrees 0 and 1, then there are also natural iden-
tifications H0(C ·H) = H0(C ·)H, H1(IH ⊗LZ[G] C ·) ∼= IH ⊗Z[G] H1(C ·) and
H1(C ·)H ∼= H1(C ·H) ∼= H1(C ·H) (where the second isomorphism is induced
by the isomorphism C ·H ∼= C ·H described above). In this case the cohomology
sequence of (37) therefore induces a G-equivariant ‘Bockstein homomorphism’

βC·,G,H : H0(C ·)H = H0(C ·H) → H1(IH ⊗LZ[G] C ·)
∼= IH ⊗Z[G] H1(C ·) → IH/I2

H ⊗Z[G] H1(C ·H),

where the last arrow is induced by passing to H-coinvariants and then iden-
tifying H1(C ·)H with H1(C ·H) as above. We remark that this construction
of βC·,G,H is directly motivated by the general formalism of algebraic height
pairings introduced by Nekovář in [31, §11].
To prove Proposition 10.1 we shall apply this construction to the complex C ·φ
defined in Proposition 7.2. To do this we set Kj := KGj and use the composite
homomorphism

(38) κj : Ij/I2
j ⊗Z[G] cok(φGj ) → Ij/I2

j ⊗Z[G] XKj ,S →
Ij/I2

j ⊗Z[G] Z[G] · wj,Kj → Ij/I2
j ⊗Z[G] Z[G/Gj ] = Ij/I2

j ,

where the first, resp. second, resp. third, arrow is the identity on Ij/I2
j and

on the second factor in the tensor product is the homomorphism cok(φGj ) →
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XKj ,S induced by the map πGj in Lemma 7.1, resp. is the natural projection
XKj ,S → Z[G] · wj,Kj

, resp. is the isomorphism Z[G] · wj,Kj
∼= Z[G/Gj ] which

sends wj,Kj to the identity element of G/Gj .
We also note that, with I(j) denoting the augmentation ideal of Z[Gj ], the
G/Gj-module Ij/I2

j is isomorphic to the induced module Z[G/Gj ] ⊗ I(j)/I2
(j)

and hence is cohomologically-trivial. Thus, with H denoting the subgroup
H/Gj of G/Gj , the action of the trace element TH induces an isomorphism

(39) Ij/IHIj = (Ij/I2
j )H

∼−→ TH(Ij/I2
j ).

In particular, since this map is bijective, Proposition 10.1 follows directly upon
comparing the next two results.

Lemma 10.2. If x ∈ ker(φH), then κj(βC·φ,G,Gj (x)) = TH(ξj(x)), where ξj is
the homomorphism defined in Corollary 9.4(ii).

Proof. We set J := Gj (so IJ = Ij) and Tj := TJ and write ρj and ρ′j for the
tautological surjections Tj(F ) = F J → cok(φJ) and Ij → Ij/I2

j respectively.
Then βC·φ,G,J is equal to the connecting homomorphism which arises when
applying the Snake lemma to the following commutative diagram (in which
both rows and the third column are exact and the first column is a complex)

0y
ker(φ)J

y

0 −−−−→ Ij ⊗Z[G] F
⊆−−−−→ F

Tj−−−−→ F J −−−−→ 0yid⊗Z[G]φ

yφ

yφJ

0 −−−−→ Ij ⊗Z[G] F
⊆−−−−→ F

Tj−−−−→ F J −−−−→ 0
yρ′j⊗Z[G](ρj◦Tj)

Ij/I2
j ⊗Z[G] cok(φJ).

We may write the given element x as
∑s=d

s=1 csb
J
s with cs ∈ Z[G] for each index

s. Then, with M(φ) denoting the matrix of φ with respect to the Z[G]-basis
{bi : 1 ≤ i ≤ d}, an explicit computation of the connecting homomorphism in
the above diagram shows that
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βC·φ,G,J (x) = (ρ′j ⊗Z[G] (ρj ◦ Tj))(
s=d∑
s=1

csφ(bs))

= (ρ′j ⊗Z[G] (ρj ◦ Tj))(
u=d∑
u=1

(
s=d∑
s=1

csM(φ)su)⊗Z[G] bu)

=
u=d∑
u=1

ρ′j(
s=d∑
s=1

csM(φ)su)⊗Z[G] ρj(bJ
u).

In view of the definition (38) and the property of the elements bJ
u described

in Lemma 7.1, this formula implies that κj(βC·φ,G,J (x)) = ρ′j(
∑s=d

s=1 csM(φ)sj).
Now, as x ∈ FH , for each index s there is an element ĉs of Z[G] such that the
image of cs in Z[G/J ] is equal to TH times the image of ĉs in Z[G/J ]. Also, from
the equality (31) (with E = K) and Corollary 9.4(i) we know that M(φ)sj =
(NK)sj ∈ Ij for each s. Thus, the last displayed formula implies κj(βC·φ,G,J (x))

is equal to the image under (39) of the image of
∑s=d

s=1 ĉs(NK)sj ∈ Ij in Ij/IHIj .
It therefore suffices to prove ξj(x) is equal to the image of

∑s=d
s=1 ĉs(NK)sj in

Ij/IHIj . But x =
∑s=d

s=1 ĉsb
H
s and so the required equality follows directly from

the definition of ξj in Corollary 9.4(ii). ¤

Lemma 10.3. If x ∈ ker(φH), then κj(βC·φ,G,Gj (x)) = TH(fL,j(H0(α)(x))).

Proof. We set Vj := Spec(Kwj ). Then [10, Lem. 7(b)] combines with the fact
that H1

ét(Vj ,Gm) = 0 to imply there exists an exact triangle in D(Z[Gj ])

Q[−2]
αj−→ RΓét(Vj ,Gm) → C ·j → Q[−1]

with the following properties: H2(αj) is the composite of the projection Q →
Q/Z and the identification Q/Z ∼= H2

ét(Vj ,Gm) induced by the invariant map
of Kwj ; C ·j is a bounded complex of cohomologically-trivial Gj-modules which
is acyclic outside degrees 0 and 1; H0(C ·j) and H1(C ·j) identify with K×

wj
and

Z respectively in such a way that the long exact cohomology sequence of the
above exact triangle is equal to the canonical exact sequence

0 → H0
ét(Vj ,Gm) = K×

wj

id−→ K×
wj
→ 0 → 0 → Z→ Q→ Q/Z→ 0.

Further, in the number field, resp. function field, case the Artin-Verdier, resp.
Poincaré, duality theorem combines with the natural localisation morphism
RΓét(UK,S ,Gm) → RΓét(Vj ,Gm) to give a morphism λj : Ψ·K/k,S → C ·j in
D(Z[Gj ]) for which H0(λj) is the natural map O×K,S → K×

wj
and H1(λj) is the

map sending each element of XK,S to its coefficient at wj (cf. [10, Prop. 3.4,
diagram (88)], resp. [9, Rem. 3]). We set Ind(C ·j) := Z[G]⊗Z[Gj ] C ·j and let

Ind(λj) : Ψ·K/k,S → Ind(C ·j)
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denote the image of λj under the natural adjunction homomorphism

HomD(Z[Gj ])(Ψ
·
K/k,S , C ·j) → HomD(Z[G])(Ψ·K/k,S , Ind(C ·j)).

Upon composing Ind(λj) with the morphism α in Proposition 7.2(i) we obtain
a morphism in D(Z[G]) of the form

Ind(λj) ◦ α : C ·φ → Ind(C ·j).

We regard I(j)/I2
(j) as a subgroup of Ij/I2

j in the natural way. Thus, via

the fixed identifications H1(C ·Gj

j ) ∼= H1(C ·j,Gj
) ∼= H1(C ·j)Gj

= Z that we
are using, both βC·j ,Gj ,Gj

and βInd(C·j),G,Gj
take values in Ij/I2

j . Then, by
using the naturality (with respect to the above morphism Ind(λj) ◦ α) of the
construction of Bockstein homomorphisms, one computes that for each x ∈
ker(φH) = ker(φ)H one has

κj(βC·φ,G,Gj (x)) = βInd(C·j),G,Gj
(H0(Ind(λj) ◦ α)(x))

=
∑

δ∈G/Gj

δ · βC·j ,Gj ,Gj (σj(δ−1(H0(α)(x))))

= TH(
∑

γ∈Γ

γ · βC·j ,Gj ,Gj
(σj(γ−1(H0(α)(x)))))

where σj is the natural embedding L× → L×wj,L
= k×vj

and βC·j ,Gj ,Gj
the

composite of βC·j ,Gj ,Gj and the projection Ij/I2
j → Ij/IHIj . On the other hand,

the proof of [9, Lem. 8] shows that βC·j ,Gj ,Gj identifies with the reciprocity map
(K×

wj
)Gj = k×vj

→ Gj
∼= I(j)/I2

(j). The claimed description of κj(βC·φ,G,Gj (x))
thus follows directly by comparing the last displayed formula with the explicit
definition of fL,j in (6). ¤

11. Completion of the proof of Theorem 3.1

In this section we assume the validity of C(K/k). In view of Proposition 5.1
and Corollary 9.2 we fix S as described at the beginning of §7 and we assume
both that Theorem 3.1(i) is valid and that rS,L > rS,K . We set ηK := ηK,S,T ,
ηL := ηL,S,T , r := rS,K and e := dS,L(= rS,L− rS,K > 0) and also use notation
from Theorem 8.1, Corollary 9.4 and Propositions 7.2, 9.1 and 10.1.
We start with an observation about the lattice ΛL := ΛL,S,T defined in Theorem
3.1(ii) which makes it clear that there can exist at most one homomorphism
of G-modules fL,S,T : ΛL → Z[G]/IS,T

H which agrees with fL,S on (∧e
ΓO×L,S,T )tf

and also satisfies (9) for every Φ ∈ ∧r
G HomG(O×K,S,T ,Z[G]).

Lemma 11.1. ΛL is equal to the smallest Z[Γ]-submodule of R ·∧e
ΓO×L,S,T which

contains (∧e
ΓO×L,S,T )tf and also ΦH(ηL) for every Φ ∈ ∧r

G HomG(O×K,S,T ,Z[G]).
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Proof. It is clearly enough to prove that the natural restriction map
HomG(O×K,S,T ,Z[G]) → HomΓ(O×L,S,T ,Z[Γ]) is surjective. But this follows im-
mediately upon applying [39, Prop. 1.1(ii)] to the tautological exact sequence

0 → O×L,S,T
⊂−→ O×K,S,T → O×K,S,T /O×L,S,T → 0

and noting that the quotient group O×K,S,T /O×L,S,T is torsion-free. (To see
that O×K,S,T /O×L,S,T is torsion-free, take u ∈ O×K,S,T with um ∈ O×L,S,T for
some m > 1: then for every h ∈ H one has (uh−1)m = (um)h−1 = 1 so
uh−1 ∈ (O×K,S,T )tor = {1}, and hence u ∈ (O×K,S,T )H = O×L,S,T ). ¤

We now write ω : ∧e
Γ ker(φL) → ∧e

ΓO×L,S,T for the homomorphism of Γ-modules
that is induced by ∧e

ΓH0(α)L and Z′ for the subring of Q that is generated by
the inverses of all primes which do not divide |G|.
Lemma 11.2.

(i) The scalar extension Z′ ⊗ω : Z′ ⊗∧e
Γ ker(φL) → Z′ ⊗∧e

ΓO×L,S,T of ω is
bijective.

(ii) The restriction of ω gives a bijection (∧e
Γ ker(φL))tor → (∧e

ΓO×L,S,T )tor.

Proof. Proposition 7.2(i) implies that the morphism Z′⊗ker(φL) → Z′⊗O×L,S,T

that is induced by Z′ ⊗ H0(α)L is bijective. Claim (i) is therefore clear and
claim (ii) then follows from claim (i) and the fact that for any finitely generated
torsion-free Γ-module M (such as either ker(φL) or O×L,S,T ) the natural map
(∧e

ΓM)tor → (Z′ ⊗ ∧e
ΓM)tor is bijective. (The last claim is true because if

` - |G|, then Z` ⊗ (∧e
ΓM)tor = (∧e

Z`[Γ](Z` ⊗ M))tor = 0. Indeed, in this case
the ring Z`[Γ] decomposes as a finite product of discrete valuation rings O and
any finitely generated torsion-free O-module N is a free O-module and hence
∧e
ON is also a free O-module.) ¤

For each element Φ of ∧r
G HomG(O×K,S,T ,Z[G]) we set Φα := Φ ◦ ∧r

GH0(α) ∈
∧r

G HomG(ker(φ),Z[G]). Then from Theorem 8.1 with E = L (and the assumed
validity of C(K/k)) we know that

(40) (R⊗ ω)−1(ΦH(x−1
T ηL)) = (ΦH

α ◦ ∧r
Γε)(x−1

T ηL,α) ∈ Q · ∧e
Γ ker(φL).

Also xT ∈ Z′[G] by Proposition 7.2(iv). Thus (40) combines with Lemma 11.1
to imply that ΛL ⊂ Q · ∧e

ΓO×L,S,T . For the same reason, the equality of (40)
also combines with Proposition 9.1(ii) to imply that

(R⊗ ω)−1(ΦH(ηL)) = xT ((R⊗ ω)−1(ΦH(x−1
T ηL))) ∈ Z′ ⊗ ∧e

ΓFH .

But Lemma 11.2(i) also shows that

(R⊗ ω)−1((∧e
ΓO×L,S,T )tf) ⊆ Z′ ⊗ (∧e

Γ ker(φL))tf ⊆ Z′ ⊗ ∧e
ΓFH

(where the last inclusion is induced by the e-th exterior power of the inclusion
ker(φL) ⊆ FH and the fact that ∧e

ΓFH is torsion-free) and so Lemma 11.1
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allows us to define a composite homomorphism of G-modules

fL,S,T : ΛL
(R⊗ω)−1

−−−−−−→ Z′ ⊗ ∧e
ΓFH Z′⊗ΞL−−−−→ Z′ ⊗ IS

H/IHIS
H

→ Z′ ⊗ IS
H/IS,T

H

∼=−→ IS
H/IS,T

H ⊆ Z[G]/IS,T
H

where ΞL is as defined in Corollary 9.4(ii), the third arrow is the canonical
projection and the fourth arrow is the canonical isomorphism which results
from the fact that IS

H/IS,T
H is a finite group whose order divides a power of |G|.

With this definition, the restriction of fL,S,T to (∧e
ΓO×L,S,T )tf is equal to the

homomorphism fL,S defined at the end of §2.2 because Proposition 10.1, Lemma
11.2(ii) and the definition of IS,T

H combine to imply that ΞL and fL,S ◦ω induce
the same homomorphism from (∧e

Γ ker(φL))tf to IS
H/IS,T

H .
It thus suffices to prove that this homomorphism fL,S,T also satisfies the con-
gruence (9). But in IS

H/IS,T
H one has

Φ(x−1
T ηK) ≡ Φα(x−1

T ηK,α) ≡ ΞL((ΦH
α ◦ ∧r

Γε)(x−1
T ηL,α))

≡ (ΞL ◦ (R⊗ ω)−1)(ΦH(x−1
T ηL)) ≡ fL,S,T (ΦH(x−1

T ηL)),

where the first congruence follows from Theorem 8.1(ii) (with E = K), the
second from Corollary 9.4(ii) (with Ψ = Φα), the third from (40) and the fourth
from the above definition of fL,S,T . Hence, as xT ∈ Z′[G] acts on Z′⊗IS

H/IS,T
H

∼=
IS
H/IS,T

H , we need only multiply through the last displayed congruence by xT

in order to obtain (9). This completes our proof of Theorem 3.1.

Appendix A. Profinite extensions

We sketch how the formalism of Theorem 3.1 extends to profinite extensions.
Thus, we now assume that the abelian extension K/k is of infinite degree.
We let F denote the set of intermediate fields of K/k which are of finite
degree over k. We fix a field L in F and then define S, T , rK := rS,K

and rL := rS,L as in §2.2. For each E in F we set Γ(E) := Gal(E/k)
and O×E := O×E,S,T . We then also define Z[[G]] := lim←−E∈F Z[Γ(E)], resp.
∧rK

G HomG(O×K,S,T ,Z[[G]]) := lim←−E∈F ∧
rK

Γ(E) HomΓ(E)(O×E ,Z[Γ(E)]), where the
limit is taken with respect to the projection maps qE/E′ : Z[Γ(E)] → Z[Γ(E′)],

resp. the maps ∧rK

Γ(E)(ρ
Gal(E/E′)
O×E

), for k ⊆ E′ ⊆ E.
We let FL denote the cofinal subset of F consisting of those extensions E
which belong to F , contain L and satisfy rS,E = rK . Then for each E in FL

the definition (5) gives an element ηE := ηE,S,T of R · ∧rK

Γ(E)O×E .
We set H := Gal(K/L) and Γ := Γ(L) and define IH and IS

H just as in §2.2.
We assume that IS

H/IHIS
H is torsion-free and note that in this case the map

fL,S : ∧rL−rK

Γ O×L → IS
H/IHIS

H defined as in §2.2 is completely determined by
its scalar extension Q⊗ fL,S : Q · ∧rL−rK

Γ O×L → Q · IS
H/IHIS

H .

Proposition A.1. Let G be a profinite abelian group and H an open subgroup
of G for which IS

H/IHIS
H is torsion-free. Let Φ = (ΦE)E∈F be any element of
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∧rK

G HomG(O×K,S,T ,Z[[G]]). If C(E/k) is valid for every field E in FL, then
Φ(ηK) := (ΦE(ηE))E∈FL

is a well-defined element of Z[[G]] and one has both
(Q⊗ fL,S)(ΦL(ηL)) ∈ IS

H and also Φ(ηK) ≡ (Q⊗ fL,S)(ΦL(ηL)) (mod IHIS
H).

Proof. For each field E in FL the (assumed) validity of C(E/k) combines with
Theorem 3.1 (with K = E) to imply that ΦE(ηE) ∈ Z[Γ(E)], that ΛL := ΛL,S,T

is contained in Q · ∧rL−rK

Γ O×L and that there exists a canonical homomorphism
of Γ(E)-modules fE (= fL,S,T in the notation of Theorem 3.1(ii) with K = E)
from ΛL to IS

H(E)/IH(E)I
S
H(E) where H(E) := Gal(E/L).

If E′ ⊆ E with both E′ and E in FL, then we write NE/E′ for the norm
map E× → (E′)×. For any non-negative integer d we also write Nd

E/E′ :
R · ∧d

Γ(E)O×E → R · ∧d
Γ(E′)O×E′ for the homomorphism induced by ∧d

Γ(E) NE/E′

(where we interpret N0
E/E′ as R⊗qE/E′). Then for any such d, any non-negative

integer e with d ≥ e and any Ψ ∈ ∧e
Γ(E) HomΓ(E)(O×E ,Z[Γ(E)]), the commuta-

tivity of [39, diagram (16)] leads to the following commutative diagram

R · ∧d
Γ(E)O×E

Ψ−−−−→ R · ∧d−e
Γ(E)O×E

Nd
E/E′

y
yNd−e

E/E′

R · ∧d
Γ(E′)O×E′

ΨGal(E/E′)
−−−−−−−→ R · ∧d−e

Γ(E′)O×E′ .

This diagram (with d = e = rK) combines with the equality NrK

E/E′(ηE) = ηE′

of [39, Prop. 6.1] to imply that

(41) ΨGal(E/E′)(ηE′) = qE/E′(Ψ(ηE)) ∈ Z[Γ(E′)].

This shows that Φ(ηK) is a well-defined element of Z[[G]]. Also, if E′ ⊆ E with
both E′ and E in FL, then (41) combines with Lemma 11.1 (with K = E)
and the properties of fE and fE′ described in Theorem 3.1(ii) to imply that the
following diagram commutes

ΛL
fE−−−−→ IS

H(E)/IH(E)I
S
H(E)∥∥∥

y

ΛL
fE′−−−−→ IS

H(E′)/IH(E′)I
S
H(E′)

where the right hand vertical homomorphism is induced by qE/E′ . The inverse
limit of the maps (fE)E∈FL

thus gives rise to a well-defined homomorphism of
G-modules fL : ΛL → IS

H/IHIS
H . Now, by construction, this map fL agrees with

fL,S on restriction to (∧rL−rK

Γ O×L )tf and hence is itself equal to the restriction
of Q ⊗ fL,S . Also Theorem 3.1 (with K = E for each E in FL) implies that
fL(ΦL(ηL)) belongs to IS

H and also that Φ(ηK) ≡ fL(ΦL(ηL)) (mod IHIS
H),

as claimed. ¤
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Remark A.2. If rK = 0, then in Proposition A.1 one can take Φ to be the
identity element of ∧rK

G HomG(O×K,S,T ,Z[[G]]) = Z[[G]]. In this case the im-
age under the projection Z[[G]]/IHIS

H → Z[[G]]/IrL−rK+1
H of the congruence

in Proposition A.1 recovers the conjecture formulated (in the case of global
function fields) by Tan in [43, §5.3].
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[31] J. Nekovář, Selmer Complexes, to appear in Astérisque.
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