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1. Introduction

The main result of the present article is the following

Theorem 1.1. The central conjecture of [6] is valid for all global function fields.

(For a more explicit statement of this result see Theorem 3.1.)
Theorem 1.1 is a natural equivariant refinement of the leading term formula proved by
Lichtenbaum in [27] and also implies an extensive new family of integral congruence
relations between the leading terms of L-functions associated to abelian characters
of global functions fields (see Remark 3.2). In addition, Theorem 1.1 verifies the
conjecture [5, §2.2, Conj. C(F/k)] for all abelian extensions F/k and is also a natural
function field analogue of an important special case of the ‘equivariant Tamagawa
number conjecture’ formulated by Flach and the present author in [8] (for more details
of this connection see [5, Rem. 2, Rem. 3]). Theorem 1.1 therefore constitutes a strong
refinement of all previous results in this area: for example, until now [5, Conj. C(F/k)]
was not known to be valid for any extension F/k of degree divisible by char(k). We
are also able to deduce from Theorem 1.1 all of the following results.

Corollary 1.2.

(i) The ‘Ω(3)-Conjecture’ of Chinburg [13, §4.2] is valid for all finite abelian ex-
tensions of global function fields.

(ii) The ‘Ω(1)-Conjecture’ of Chinburg [13, §4.2] is valid for all finite abelian
tamely ramified extensions of global function fields.

(iii) The family of explicit congruence relations between derivatives of abelian L-
functions that is described in [6, (9)] is valid for all global function fields.

(iv) Natural ‘higher order’ generalisations of all of the following refinements of
Stark’s conjecture are valid for all global function fields.
• The ‘guess’ formulated by Gross in [19, top of p. 195].
• The ‘refined class number formula’ of Gross [19, Conj. 4.1].
• The ‘refined class number formula’ of Tate [40] (see also [41, (∗)]).
• The ‘refined class number formula’ of Aoki et al [1, Conj. 1.1].
• The ‘refined p-adic abelian Stark Conjecture’ of Gross [19, Conj. 7.6].

Remarks 1.3.
(i) The ‘Ω-Conjectures’ of [13, §4.2] are natural function field analogues of the central
conjectures of Galois module theory formulated by Chinburg in [14, 15] and, hitherto,
have been only very partially verified: for example, the only extensions F/k of degree
divisible by char(k) for which the Ω(3)-Conjecture was previously known to be valid
were extensions of degree equal to char(k) (the latter result was first proved by Bae in
[3] and later reproved by Popescu in [31]) and we are not aware of any previous results
relating to the validity of the Ω(1)-Conjecture in this setting.
(ii) The congruence relations of [6, (9)] constitute a strong refinement of the central
conjecture formulated by Rubin in [35] and hence, a fortiori, of the conjecture studied
by Popescu in [30].
(iii) The phrase ‘higher order’ in Corollary 1.2(iv) refers to the fact that our result
allows L-functions to vanish to higher order at s = 0 than is envisaged in the stated
conjectures (see §5.2). In the setting of the original conjectures of Gross, Tate et al
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Theorem 1.1 also combines with the final assertion of [6, Cor. 4.3] to give a new proof
of the main result of Hayes in [20] (whose original proof relies on the theory of rank
one Drinfeld modules) and with the result of [6, Cor. 4.1] to give a more conceptual
proof of the main results of, inter alia, Lee [26], Popescu [30, 32], Reid [34] and Tan
[36, 37, 38].

In addition to the consequences of Theorem 1.1 that are described in Corollary 1.2 we
shall also derive from it a variety of explicit restrictions on the Galois module structures
of unit groups and divisor class groups and explicit descriptions of the Fitting ideals
of certain natural Weil-étale cohomology groups.
The main contents of this article is as follows. In §2 we recall some necessary back-
ground material and fix notation and then in §3 we give a precise statement (Theorem
3.1) of Theorem 1.1 and establish an important reduction step in its proof. In §4 we
describe the basic properties of certain natural complexes in geometric Iwasawa theory
and then complete the proof of Theorem 3.1 by combining the main result of Crew
in [17] with the descent techniques developed by Venjakob and the present author in
[12]. (With a view to subsequent applications in non-commutative Iwasawa theory,
we do not always assume in §4 that field extensions are abelian.) In §5 we derive a
variety of explicit consequences of Theorem 3.1 including Corollary 1.2. Finally, in an
appendix coauthored with Lai and Tan, we combine the techniques developed in §4
with a strengthening of the main result of Kueh, Lai and Tan in [25] and Deligne’s
proof of the Brumer-Stark conjecture to prove the following remarkable fact: all of
the main conjectures of geometric Iwasawa theory that are proved by Crew in [17],
and hence also both Theorem 1.1 and Corollary 1.2 above, can be deduced from Weil’s
description of the Zeta functions of curves over a finite field of characteristic p in terms
of `-adic homology for any prime ` 6= p, thereby avoiding recourse to the methods of
either crystalline cohomology (as used originally by Crew in [17] and also by Bae in
[3]) or Drinfeld modules (as used by Hayes in [20]).
The author is very grateful to Cornelius Greither for correcting an error in an earlier
version of this article. It is also a great pleasure to thank Dick Gross and John Tate
for much encouragement regarding this project and Jan Nekovář and Ki-Seng Tan for
some very helpful discussions.

2. Preliminaries

2.1. Categories. In this article modules are to be understood, unless explicitly stated
otherwise, as left modules. For any left noetherian ring R we write D(R) for the
derived category of R-modules and Dp(R) for the full triangulated subcategory of
D(R) comprising complexes that are isomorphic to an object of the category Cp(R) of
bounded complexes of finitely generated projective R-modules. We also write D−(R),
resp. D+(R), for the full triangulated subcategory of D(R) comprising complexes C
with the property that there exists an integer m(C) such that Hi(C) vanishes for all
i > m(C), resp. i < m(C).

2.2. Determinants. In this subsection R is a commutative unital noetherian ring.
We write P(R) for the Picard category of graded line bundles on Spec(R), 1R for
the unit object (R, 0) of P(R) and dR for the determinant functor of Grothendieck-
Knudsen-Mumford from [24]. We recall that all morphisms in P(R) are isomorphisms



4 David Burns

and that dR is well-defined on objects of Dp(R) and takes values in P(R). If x is any
unit of the total quotient ring Q(R) of R, then we write x · 1R for the element (xR, 0)
of P(R). For each object C• of Dp(R) we shall make frequent use of the following
standard (and essentially well-known) facts.
(i) Any homomorphism π : R → S of commutative unital noetherian rings induces
a natural functor π∗ : P(R) → P(S). If one regards S as a right R-module via π,
then S ⊗LR C• belongs to Dp(S) and there is a canonical morphism π∗(dR(C•)) →
dS(S ⊗LR C•) in P(S). In fact we often regard π as clear from context and simply
write π∗(−) as S ⊗R −.
(ii) If Q(R) ⊗LR C• is acyclic the morphism Q(R) ⊗R dR(C•) → dQ(R)(Q(R) ⊗LR C•)
from (i) combines with the canonical morphism dQ(R)(Q(R)⊗LR C•) → 1Q(R) to give
a morphism ϑcan : Q(R) ⊗R dR(C•) → 1Q(R). In particular, if R is semilocal, C•

is acyclic outside degree i and Hi(C•) is a (finitely generated) torsion R-module of
projective dimension at most one, then Q(R) ⊗LR C• is acyclic and it can be shown
that the (initial) Fitting ideal FitR(Hi(C•)) of the R-module Hi(C•) is an invertible
ideal of R which satisfies ϑcan(dR(C•)) = (FitR(Hi(C•))(−1)i+1

, 0).
(iii) If R is a regular ring and C• is acyclic outside consecutive degrees a and a+1 (for
any integer a), then any isomorphism of R-modules λ : Ha(C•) ∼= Ha+1(C•) naturally
induces a morphism in P(R) of the form ϑλ : dR(C•) → 1R. If R is semisimple (as is
the case, for example, if R is a direct factor of the group ring of a finite group over a
field of characteristic 0), then an explicit description of ϑλ is given in [6, §6.1].
(iv) Assume now that R is isomorphic to a finite product of power series rings in
finitely many variables over finite extensions of Zp (as is the case if R is the p-adic
Iwasawa algebra of a group H × Γ with H finite abelian of order prime to p and Γ
topologically isomorphic to Ze

p for some natural number e). Then both R and Q(R)
are semilocal and regular and if M is a finitely generated torsion R-module that has
projective dimension at most one its characteristic ideal chR(M) is equal to FitR(M)
(this is easily proved using the structure theory of torsion R-modules and the fact that
R =

⋂
p Rp where p runs over all prime ideals of R of height one by [4, chap. VII, §1,

no. 6, Th. 4]). In particular, if C• is acyclic outside degree i and such that Hi(C•) is
a torsion R-module of projective dimension at most one, then the observations in (ii)
imply that ϑcan(dR(C•)) = (chR(Hi(C•))(−1)i+1

, 0).

2.3. Further notation. For each field E we fix a choice of separable closure Ec and
for any Galois extension of fields E′/E we set GE′/E := Gal(E′/E).
For any global function field F we write CF for the unique geometrically irreducible
smooth projective curve with function field F . For any extension of such fields F/k
and each finite non-empty set Σ of places of k that contains all places which ramify in
F/k we write Σ(F ) for the set of places of F lying above those in Σ and OF,Σ for the
subring of F comprising elements that are integral at all places outside Σ(F ). We also
write O×F,Σ for the unit group of OF,Σ, set YF,Σ :=

⊕
w Z where w runs over Σ(F ) and

write Y 0
F,Σ for the kernel of the homomorphism YF,Σ → Z sending (nw)w to

∑
w nw.

If F/k is Galois, then each of OF,Σ,O×F,Σ, YF,Σ and Y 0
F,Σ has a natural action of GF/k.

Finally we note that unadorned tensor products are always to be regarded as taken in
the category of abelian groups.
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3. The leading term formula

3.1. Statement of the formula. We fix a finite Galois extension of global function
fields F/k and set G := GF/k. For each finite non-empty set Σ of places of k that
contains all places which ramify in F/k we define an object of D(Z[G]) by setting

D•
F,Σ := R HomZ(RΓWét(CF , jF,Σ!Z),Z[−2])

where the subscript ‘Wét’ refers to the ‘Weil-étale topology’ introduced by Lichten-
baum in [27], jF,Σ is the natural open immersion Spec(OF,Σ) → CF and D•

F,Σ is
endowed with the natural contragredient action of G. Then it is known that D•

F,Σ

belongs to Dp(Z[G]), is acyclic outside degrees 0 and 1 and is such that the spaces
Q ⊗ H0(D•

F,Σ) = H0(Q[G] ⊗LZ[G] D•
F,Σ) and Q ⊗ H1(D•

F,Σ) = H1(Q[G] ⊗LZ[G] D•
F,Σ)

identify with Q⊗O×F,Σ and Q⊗ Y 0
F,Σ respectively (cf. [5, Lem. 1]).

For each place w of F we write valw for associated valuation on F and degk(w) for
the degree of the residue field of w over the field of constants of k. We let λF,Σ :
O×F,Σ → Y 0

F,Σ denote the homomorphism which sends each element u of O×F,Σ to
(valw(u)degk(w))w∈Σ(F ). Then the Riemann-Roch Theorem implies that Q ⊗ λF,Σ is
bijective and we write

ϑF,Σ : Q[G]⊗Z[G] dZ[G](D•
F,Σ) ∼= dQ[G](Q[G]⊗LZ[G] D•

F,Σ) → 1Q[G]

for the morphism ϑQ⊗λF,Σ discussed in §2.2(iii).
We write Qc for the algebraic closure of Q in C and set G∧ := Hom(G,Qc×) =
Hom(G,C×). For each χ ∈ G∧ we write χ̌ for the contragredient of χ, eχ for the
idempotent 1

|G|
∑

g∈G χ̌(g)g of Qc[G] and LΣ(χ, s) for the Σ-truncated Dirichlet L-
function of χ. We also write qk for the cardinality of the constant field of k and define
a C[G]-valued meromorphic function of the complex variable t := q−s

k by setting

(1) ZF/k,Σ(t) :=
∑

χ∈G∧
ZΣ(χ, t)eχ̌,

where for each χ the function ZΣ(χ, t) is defined by setting ZΣ(χ, t) := LΣ(χ, s). We
then define a leading term element by setting

(2) Z∗F/k,Σ(1) :=
∑

χ∈G∧
lim
t→1

(1− t)−rχZΣ(χ, t)eχ̌

where rχ is the algebraic order of ZΣ(χ, t) at t = 1. It is known that Z∗F/k,Σ(1) belongs
to Q[G]× (see, for example, [5, Lem. 2]).
We can now state a precise version of Theorem 1.1.

Theorem 3.1. In P(Z[G]) one has ϑF,Σ(dZ[G](D•
F,Σ)) = Z∗F/k,Σ(1) · 1Z[G].

Remark 3.2. In the ‘non-equivariant’ case F = k this equality can be shown to be
equivalent to the leading term formula proved by Lichtenbaum in [27, Th. 8.2]. The
general case was first conjectured by the present author in [5, §2.2, Conj. C(F/k)]
and can be interpreted in terms of congruences in the following way. Let Λ be any
subring of Q such that the module Λ⊗O×F,Σ is torsion-free. Then the proof of [7, Lem.
3.2.1(ii) with dτ = 1] shows that there exists an endomorphism d of a finitely generated
projective Λ[G]-module P and an isomorphism κ in Dp(Λ[G]) from Λ[G] ⊗LZ[G] D•

F,Σ
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to the complex P
d−→ P , where the first term is placed in degree 0. We write ι for the

composite isomorphism of Q[G]-modules

Q⊗Λ P ∼= (Q⊗Λ ker(d))⊕ (Q⊗Λ im(d)) ∼= (Q⊗Λ cok(d))⊕ (Q⊗Λ im(d)) ∼= Q⊗Λ P

where the first, resp. third, map is induced by a choice of Q[G]-equivariant section to
the tautological map Q ⊗Λ P → Q ⊗Λ im(d), resp. Q ⊗Λ P → Q ⊗Λ cok(d), and the
second map is Q ⊗Λ (H1(κ) ◦ (Λ ⊗ λF,Σ) ◦H0(κ)−1) ⊕ id. For each χ ∈ G∧ we then
define a normalised leading term by setting

A(χ) := lim
t→1

(1− t)−rχ̌ZΣ(χ̌, t)/det(Qc ⊗Q ι | eχ(Qc ⊗Λ P )).

It can be shown that, independently of Theorem 3.1, each A(χ) belongs to the field
E generated over Q by the set {ψ(g) : g ∈ G, ψ ∈ G∧} and also satisfies ω(A(χ)) =
A(ω ◦ χ) for all ω ∈ GE/Q. The result of [7, Lem. 3.2.1(ii) with dτ = 1] shows that
Theorem 3.1 implies in addition that each A(χ) belongs to the integral closure O of Λ
in E, and hence that the sum

∑
χ∈G∧ A(χ)eχ belongs to the integral closure M of Λ in

Q[G], and moreover that, for differing χ, the elements A(χ) satisfy a family of mutual
congruence relations which are together equivalent to the condition that an element
of M should belong to the subset Λ[G]. For example, if |G| is equal to a prime ` and
` /∈ Λ×, then the required condition is that for every χ ∈ G∧ one has A(χ) ≡ A(χ0)
(mod L) where χ0 is the trivial element of G∧ and L the unique prime ideal of O
above `. However, explicating the necessary congruences in any very general setting
seems to be a difficult algebraic problem.

3.2. A useful reduction step. For each prime ` we define an object of Dp(Z`[G])
by setting

D•
F,Σ,` := R HomZ`

(RΓét(CF , jF,Σ!Z`),Z`[−2]),

regarded as endowed with the natural contragredient action of G.

Lemma 3.3. D•
F,Σ,` is naturally isomorphic to Z`[G]⊗LZ[G] D•

F,Σ in Dp(Z`[G]).

Proof. Since the functor Z`[G] ⊗Z[G] − identifies with the exact functor Z` ⊗ −
it clearly suffices to prove that Z` ⊗ RΓWét(CF , jF,Σ!Z) is naturally isomorphic to
C•F/k,Σ,` := RΓét(CF , jF,Σ!Z`) in Dp(Z`[G]). To do this we fix an object P • of
Cp(Z[G]) that is isomorphic in Dp(Z[G]) to RΓWét(CF , jF,Σ!Z) and an object Q•

of Cp(Z`[G]) isomorphic in Dp(Z`[G]) to C•F/k,Σ,`. For each natural number n we set

Λn := Z/`n[G]. Then the exact sequence 0 → P • ×`n

−−→ P • → P •/`n → 0 combines
with the natural exact triangle

RΓWét(CF , jF,Σ!Z) ×`n

−−→ RΓWét(CF , jF,Σ!Z) → RΓWét(CF , jF,Σ!(Z/`n)) →
to give an isomorphism P •/`n ∼= RΓWét(CF , jF,Σ!(Z/`n)) in Dp(Λn). In a simi-
lar way there is an isomorphism Q•/`n ∼= RΓét(CF , jF,Σ!(Z/`n)) in Dp(Λn). Since
the complexes RΓWét(CF , jF,Σ!(Z/`n)) and RΓét(CF , jF,Σ!(Z/`n)) are canonically iso-
morphic in Dp(Λn) (cf. [27, Prop. 2.3(g)]) there is therefore an isomorphism
αn : Q•/`n ∼= P •/`n in Dp(Λn). As n varies, the isomorphisms αn are such that
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the diagram

· · · −−−−→ Q•/`n πQ
n−−−−→ Q•/`n−1 −−−−→ · · ·

αn

y αn−1

y

· · · −−−−→ P •/`n πP
n−−−−→ P •/`n−1 −−−−→ · · ·

commutes in Dp(Λn), where πQ
n and πP

n denote the natural quotient maps. Since
however Q•/`n consists of projective Λn-modules and P •/`n of Λn-modules we can
realize each αn as an actual map of complexes. Moreover, αn−1 ◦πQ

n will be homotopic
to πP

n ◦ αn, i.e.
αn−1 ◦ πQ

n − πP
n ◦ αn = d ◦ h + h ◦ d

for some map h : Q•/`n → P •/`n−1[−1]. But, for each i, the projection P i/`n →
P i/`n−1 is surjective and Qi/`n is a projective Λn-module and so we can lift h to
a map h′ : Q•/`n → P •/`n[−1]. If we then replace αn by αn + d ◦ h′ + h′ ◦ d, the
above diagram will actually be a commutative diagram of maps of complexes. So
by induction we may assume that, taken together, the maps αn constitute a map of
inverse systems of complexes. The inverse limit of such a compatible system then gives
an isomorphism in Dp(Z`[G]) of the form

C•F/k,Σ,`
∼= Q• ∼= lim←−

n

Q•/`n ∼= lim←−
n

P •/`n ∼= Z` ⊗ P • ∼= Z` ⊗RΓWét(CF , jF,Σ!Z),

as required. ¤

In the following result we write

ϑF,Σ,` : dQ`[G](Q`[G]⊗LZ`[G] D•
F,Σ,`) → 1Q`[G]

for the morphism in P(Q`[G]) that is constructed in the same way as the morphism
ϑF,Σ in Theorem 3.1 but with the role of Q⊗ λF,Σ played by the composite of Q` ⊗Q
(Q⊗ λF,Σ) and the isomorphisms Ha(Q`[G]⊗LZ`[G] D•

F,Σ,`) ∼= Q` ⊗Q (Q⊗Ha(D•
F,Σ))

induced by Lemma 3.3.
In the sequel we set p := char(k).

Proposition 3.4. Theorem 3.1 is valid if and only if in P(Zp[G]) one has

(3) ϑF,Σ,p(dZp[G](D•
F,Σ,p)) = Z∗F/k,Σ(1) · 1Zp[G].

Proof. The natural diagonal functor P(Z[G]) → ∏
` P(Z`[G]), where ` runs over all

primes, is faithful and so the equality of Theorem 3.1 is valid if at each prime ` it is
valid after applying Z`[G] ⊗Z[G] −. But from Lemma 3.3 and the definition of ϑF,Σ,`

one has Z`[G] ⊗Z[G] ϑF,Σ(dZ[G](D•
F,Σ)) = ϑF,Σ,`(dZ`[G](D•

F,Σ,`)) and so it is enough
to prove that ϑF,Σ,`(dZ`[G](D•

F,Σ,`)) = Z∗F/k,Σ(1) · 1Z`[G] for every prime `. To prove
the claim it therefore suffices to show that if ` 6= p, then the latter equality follows
from results proved in [5]. To do this we note first that, because of the different
normalisations used here and in [5], Z∗F/k,Σ(1) is equal to the element Z∗F/k,Σ(1)#

which occurs in the (conjectural) equality of [5, (3)]. We also note that [5, Lem.
1(i)] induces a canonical isomorphism in Dp(Z[G]) between D•

F,Σ and the Weil-étale
cohomology complex RΓW(UF,Σ,Gm) which occurs in [5, (3)]. After taking this into
account, and using [5, Rem. A1] to translate the image under the natural localisation
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map K0(Z[G],Q) → K0(Z`[G],Q`) of the equality [5, (3)] from the language of relative
algebraic K-theory to that of graded invertible Z`[G]-modules, one obtains the required
equality ϑF,Σ,`(dZ`[G](D•

F,Σ,`)) = Z∗F/k,Σ(1) · 1Z`[G]. It is therefore clear that if ` 6= p,
then the validity of this equality follows directly by combining the results of [5, Th.
3.1(i) and Lem. 2]. ¤

4. Iwasawa theory

In this section we complete the proof of Theorem 3.1 by using the descent formalism
developed by Venjakob and the present author in [12] to deduce the required equality
(3) from Crew’s proof in [17] of the relevant main conjecture in geometric Iwasawa
theory. (Later, in Appendix A, we shall also present an alternative, and conceptually
simpler, proof of all of the main conjectures that are proved by Crew in [17].)
For any profinite group G we write Λ(G) for the Iwasawa algebra lim←−U

Zp[G/U ], where
U runs over all open normal subgroups of G. We recall that if G is a compact p-adic Lie
group, then Λ(G) is left noetherian and its total quotient ring Q(Λ(G)) is left regular.
For any Galois extension of fields F/E we often abbreviate Λ(GF/E) to Λ(F/E).

4.1. The complexes. In this subsection we fix a compact p-adic Lie extension K/k
(of global function fields of characteristic p) and, with a view to subsequent applications
in non-commutative Iwasawa theory, we do not assume that K/k is abelian. We set
G := GK/k and for any closed normal subgroup V of G we write Λ(G/V )# for Λ(G/V ),
regarded as a (left) Λ(G/V )-module via multiplication on the left and also endowed
with the following commuting (left) action of Gkc/k: each σ in Gkc/k acts on Λ(G/V )#

as right multiplication by σ−1
V where σV is the image of σ in G/V . We regard Λ(G/V )#

as an étale sheaf of Λ(G/V )-modules on Uk,Σ := Spec(Ok,Σ) in the natural way and,
following the approach of Nekovář [29], we then obtain an object of D−(Λ(G/V )) by
setting

C•KV /k,Σ := RΓét(Ck, jk,Σ!(Λ(G/V )#)),

where jk,Σ : Uk,Σ → Ck is the natural open immersion.
We write x 7→ x∼ for the Zp-linear anti-involution of Λ(G/V ) that inverts ele-
ments of G/V . For each Λ(G/V )-module M we regard HomΛ(G/V )(M, Λ(G/V ))
as a Λ(G/V )-module by setting x(θ)(m) := θ(m)x∼ for all x in Λ(G/V ), θ in
HomΛ(G/V )(M, Λ(G/V )) and m in M . We note in particular that if M is a finitely
generated projective Λ(G/V )-module, then so is HomΛ(G/V )(M, Λ(G/V )). This
therefore induces an exact functor R HomΛ(G/V )(−,Λ(G/V )[−2]) from D−(Λ(G/V ))
to D+(Λ(G/V )) which restricts to give an exact functor from Dp(Λ(G/V )) to
Dp(Λ(G/V )). We set

D•
KV /k,Σ := R HomΛ(G/V )(C•KV /k,Σ, Λ(G/V )[−2])

and in the next result record the basic properties of such complexes.
We recall that a Λ(G)-module M is said to be ‘torsion’ if the scalar extension
Q(Λ(G)) ⊗Λ(G) M vanishes. For each place v in Σ we write Gv for the decomposi-
tion subgroup in G of a choice of place of K lying above v. We also write k∞ for the
constant Zp-extension of k.

Proposition 4.1.



congruences between derivatives 9

(i) For each closed normal subgroup V of G there is a natural isomorphism in
Dp(Λ(G/V )) of the form Λ(G/V )⊗LΛ(G) D•

K/k,Σ
∼= D•

KV /k,Σ.
(ii) If for each v in Σ the decomposition subgroup Gv is both non-trivial and normal,

then D•
K/k,Σ is acyclic outside degree 1 and the Λ(G)-module H1(D•

K/k,Σ) is
both torsion and of projective dimension one.

(iii) If K contains k∞, then D•
K/k,Σ is acyclic outside degree 1 and H1(D•

K/k,Σ) is
finitely generated over Λ(K/k∞) and both torsion and of projective dimension
one over Λ(G).

Proof. Regarding Σ as fixed, for any closed normal subgroup V of G we set C•KV /k :=
C•KV /k,Σ and D•

KV /k := D•
KV /k,Σ. Then it is well known that C•KV /k, and hence

also its dual D•
KV /k, belongs to Dp(Λ(G/V )) (see, for example, [18, Prop. 1.6.5(2)]).

The rest of claim (i) is true because the standard ‘projection formula’ isomorphism
Λ(G/V ) ⊗LΛ(G) C•K/k

∼= C•KV /k (cf. [18, Prop. 1.6.5(3)]) induces an isomorphism in
Dp(Λ(G/V )) of the form

Λ(G/V )⊗LΛ(G) D•
K/k = Λ(G/V )⊗LΛ(G) R HomΛ(G)(C•K/k,Λ(G)[−2])
∼= R HomΛ(G/V )(Λ(G/V )⊗LΛ(G) C•K/k, Λ(G/V )[−2])

∼= R HomΛ(G/V )(C•KV /k, Λ(G/V )[−2]) = D•
KV /k.

To compute the groups Hi(D•
K/k) we write O(G) for the set of open normal sub-

groups of G and for U in O(G) set D•
U := R HomZp(C•KU /k,Zp[−2]), regarded as

an element of Dp(Zp[G/U ]) via the natural contragredient action of G/U . For each
finitely generated projective Λ(G)-module P there is a natural isomorphism of (left)
Λ(G)-modules HomΛ(G)(P, Λ(G)) ∼= lim←−U∈O(G)

HomZp(PU ,Zp) where PU denotes the
module of U -coinvariants of P and HomZp(PU ,Zp) is endowed with the natural con-
tragredient action of Λ(G). This fact combines with the argument of [18, Prop. 1.6.5]
to imply that Hi(D•

K/k) identifies with lim←−U∈O(G)
Hi(D•

U ) where the limit is taken
with respect to the natural transition morphisms. Now from Lemma 3.3 and [5, Lem.
1] one knows that Hi(D•

U ) = 0 if i /∈ {0, 1}, that H0(D•
U ) is canonically isomorphic to

Zp ⊗ O×KU ,Σ
and that there is a canonical exact sequence of Zp[G/U ]-modules of the

form
0 → Zp ⊗ Cl(OKU ,Σ) → H1(D•

U ) → Zp ⊗ YKU ,Σ → Zp → 0.

If U ⊆ U ′ with U ′ ∈ O(G) then, with respect to the above identifications, the tran-
sition morphisms H0(D•

U ) → H0(D•
U ′) and H1(D•

U )tor → H1(D•
U ′)tor are induced

by the field theoretic norm NU,U ′ : KU → KU ′ , whilst the transition morphism
H1(D•

U )tf → H1(D•
U ′)tf is induced by the direct sum over each place v in Σ of the maps

N ′
U,U ′,v : Zp ⊗ YKU ,{v} → Zp ⊗ YKU′ ,{v} defined by setting N ′

U,U ′,v(ε)(v) =
∑

w|v ε(w)
for all ε : Σ(KU ) → Zp (for details of the calculation of such transition morphisms
see, for example, [9, Prop. 5.1]). Passing to the limit over U in O(G) of the above
displayed exact sequences preserves exactness since all involved modules are compact
and therefore gives rise to an exact sequence of the form

(4) 0 → lim←−
NU,U′

Zp ⊗ Cl(OKU ,Σ) → H1(D•
K/k) →

⊕

v∈Σ

Λ(G)⊗Λ(Gv) Zp → Zp → 0.



10 David Burns

For each U there is also a natural exact sequence of Zp[G/U ]-modules

0 → Zp ⊗O×KU ,Σ
→ Zp ⊗ Y 0

KU ,Σ → Zp ⊗ Cl0KU → Zp ⊗ Cl(OKU ,Σ) → Zp/pm(U) → 0

where we write Cl0F for the degree 0 divisor class group of a function field F , m(U) is a
non-negative integer and G/U -acts trivially on Zp/pm(U). This sequence is compatible
with the maps induced by the norms NU,U ′ as U ≤ U ′ run over O(G) and if v ∈ Σ
then the limit lim←−NU,U′

Zp⊗YKU ,v vanishes if v has infinite residue degree in K/k and

is otherwise canonically isomorphic to Λ(G) ⊗Λ(Gv) Zp. Hence, upon passing to the
limit over U in O(G), the last displayed sequence induces an exact sequence

(5) 0 → H0(D•
K/k) →

⊕

v∈ΣK
fin

Λ(G)⊗Λ(Gv) Zp → XK/k → lim←−
NU,U′

Zp ⊗ Cl(OKU ,Σ) → 0

where ΣK
fin denotes the subset of Σ comprising those places which have finite residue

degree in K/k and we set XK/k := lim←−NU,U′
Zp⊗Cl0KU . If now the subgroup Gv is both

non-trivial and normal, then Λ(G)⊗Λ(Gv) Zp is annihilated by (left) multiplication by
gv − 1 ∈ Λ(G) for any gv ∈ Gv and so is a torsion Λ(G)-module. From (4) and (5) it
thus follows that, under the assumptions of claim (ii), the Λ(G)-modules H0(D•

K/k)
and H1(D•

K/k) are both torsion. To complete the proof of claim (ii) it is thus enough
to show D•

K/k is represented by a complex in Cp(Λ(G)) of the form P 0 → P 1 (since
then H0(D•

K/k) is isomorphic to a torsion submodule of the projective module P 0, and
hence vanishes, and so P 0 → P 1 is a projective resolution of H1(D•

K/k)). To do this it

suffices to fix a complex Q• in Cp(Λ(G)) of the form · · · → Q−1 d−1

−−→ Q0 d0

−→ Q1 that is
isomorphic in D(Λ(G)) to D•

K/k and prove cok(d−1) is a projective Λ(G)-module (since
then we will obtain a complex of the required form by setting P 0 := cok(d−1) and
P 1 := Q1 and using the map induced by d0 as the differential). But for each U in O(G)

the complex τ≥0Q
•
U given by the truncation cok(d−1

U )
d0

U−−→ Q1
U to degrees 0 and 1 of

Q•U := Zp[G/U ]⊗Λ(G) Q• is isomorphic in Dp(Zp[G/U ]) to Zp[G/U ]⊗LΛ(G) D•
K/k

∼= D•
U

and so the Zp[G/U ]-module cok(d−1
U ) is both Zp-free (because ker(d0

U ) ∼= H0(D•
U ) ∼=

Zp ⊗ O×KU ,Σ
and Q1

U are Zp-free) and of finite projective dimension (because Q1
U is

projective and τ≥0Q
•
U
∼= D•

U belongs to Dp(Zp[G/U ])). From [2, Th. 8] we deduce
that cok(d−1

U ) is a projective Zp[G/U ]-module. Upon passing to the limit over U
(and noting that all involved modules are compact) we then deduce that cok(d−1) ∼=
lim←−U

cok(d−1)U = lim←−U
cok(d−1

U ) is a projective Λ(G)-module, as required. This proves
claim (ii).
If now k∞ ⊆ K, then each place has infinite residue degree in K/k so ΣK

fin is empty
and (5) implies that the group H0(D•

K/k) vanishes. Since D•
K/k is acyclic outside

degree 1 the same argument as in (ii) then shows that the finitely generated Λ(G)-
module H1(D•

K/k) has projective dimension one. We next observe that any Λ(G)-
module that is finitely generated over Λ(K/k∞) is automatically a torsion module.
Hence, to complete the proof of claim (iii) we choose an open subgroup J of GK/k∞

that is pro-p and normal in G and note that, by Nakayama’s Lemma, H1(D•
K/k)

is finitely generated over Λ(K/k∞) if the module of J-coinvariants H1(D•
K/k)J is
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finitely generated over Zp. Now, since both D•
K/k and D•

KJ/k are acyclic in degrees
greater than 1, the isomorphism in claim (i) with V = J induces an isomorphism
H1(D•

K/k)J
∼= H1(D•

KJ/k) and so in the rest of the argument we assume K/k∞ is
finite. In particular, we may choose a finite extension k′ of k with K = (k′)∞. We
write κ′ for the constant field of k′ and C for the complete smooth curve over κ′ for
which k′ = κ′(C). We let A be the Jacobian variety of C over κ′ and fix a power N
of p with A[p] ⊆ A(FN ) if p is odd and A[4] ⊆ A(FN ) is p = 2, where FN is the field
with N elements. We set k̃ := k′FN and K̃ := KFN and write κ̃ for the constant field
of k̃. Then K̃ = k̃∞, A[p] ⊆ A(κ̃) and the isomorphism H1(D•

K̃/k
)GK̃/K

∼= H1(D•
K/k)

(induced by claim (i)) means that it is enough to prove that H1(D•
K̃/k

) is a finitely

generated Zp-module. To do this we set G̃ := GK̃/k and for each place v of k write
G̃v for the decomposition subgroup of v in G̃. Now, since no place splits completely
in k∞/k, each group G̃v is open in G̃ and so the module Λ(G̃) ⊗Λ(G̃v) Zp is finitely
generated over Zp. In view of (4) and (5) (with K and G replaced by K̃ and G̃) it is
therefore enough for us to prove that the Zp-module XK̃/k is finitely generated. Our
proof of claim (iii) is thus completed by Lemma 4.2 below. ¤

Lemma 4.2. The Zp-module XK̃/k is generated by dimFp(A[p]) elements.

Proof. (This proof was shown to us by K-S. Tan.) For each natural number n let k̃n

and κ̃n be the unique subfield of K̃ of degree pn over k̃ and the unique extension of
κ̃ of degree pn respectively. Then Zp ⊗ Cl0

k̃n
identifies with the subgroup A(κ̃n)[p∞]

of p-power torsion points in A(κ̃n). The assumption A[p] ⊆ A(κ̃) thus implies that
(Zp ⊗ Cl0

k̃n
)[p] = A[p] for all n. To prove that XK̃/k = lim←−n

(Zp ⊗ Cl0
k̃n

) can be
generated by dimFp(A[p]) elements it is therefore enough to show that each norm map
Nn+1,n : A(κ̃n+1)[p∞] → A(κ̃n)[p∞] is surjective. To do this we fix P in A(κ̃n)[p∞],
a p-division point Q of P and a generator σ of Gκ̃c/κ̃n

. Then R := σ(Q)−Q belongs
to A[p] ⊆ A(κ̃). This implies σ(R) = R and hence σi(Q) = Q + iR for each non-
negative integer i. This in turn implies that σp fixes Q, so Q belongs to A(κ̃n+1), and
also that Nn+1,n(Q) =

∑i=p−1
i=0 σi(Q) = pQ +

∑i=p−1
i=0 iR. If p 6= 2, then this sum

is equal to pQ + (p−1
2 )pR = pQ = P and so P = Nn+1,n(Q), as required. If p = 2,

then the sum is equal to pQ + R = P + R. But R ∈ A[2] and, since A[4] ⊆ A(κ̃),
there exists an element R′ of A(κ̃) with R = 2R′ = Nn+1,n(R′). Hence one has
P = (P + R)−R = Nn+1,n(Q−R′), as required. ¤

Remark 4.3. Assume that G := GK/k is abelian. If the quotient G/V has rank at least
one and no place in Σ splits completely in KV /k, then the results of Proposition 4.1(i)
and (ii) combine with the functorial properties of dΛ(G) described in §2.2(i) to imply
that ϑcan(dΛ(G/V )(D•

KV /k,Σ)) = πV,∗(ϑcan(dΛ(G)(D•
K/k,Σ))) where πV is the projection

homomorphism Λ(G) → Λ(G/V ) and in both cases the morphism ϑcan is as described
in §2.2(ii). If G is isomorphic to H × Zd

p for some finite abelian group H of order
prime to p and natural number d and no place in Σ splits completely in K/k, then
Proposition 4.1(ii) also combines with the final assertion of §2.2(iv) and the fact that
characteristic ideals are multiplicative in the exact sequences of torsion modules (4)
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and (5) to imply that

ϑcan(dΛ(G)(D•
K/k,Σ)) = (chΛ(G)(XK/k)−1chΛ(G)(Zp)

∏

v∈Σ\ΣK
fin

chΛ(G)(Λ(G/Gv))−1, 0).

4.2. The main conjecture. For any finite abelian extension F/k that is unramified
outside a finite non-empty set of places Σ the value θF/k,Σ of ZF/k,Σ(t) at t = 1 is
both well-defined and belongs to Zp[GF/k] (cf. [39, Chap. V, Th. 1.2] and note
θF/k,Σ is equal to ΘΣ(1) in the notation of loc. cit. and that, since p = char(k), the
integer e which occurs in [39, Chap. V, Th. 1.2] is coprime to p). Further, if F̃ is an
intermediate field of F/k and F̃ /k is unramified outside a non-empty subset Σ̃ of Σ,
then

(6) πF,F̃ (θF/k,Σ) = θF̃ /k,Σ̃

∏

v∈Σ\Σ̃
(1− FrF̃ (v)−1)

where πF,F̃ is the natural projection Zp[GF/k] → Zp[GF̃ /k] and for any abelian ex-
tension L/k and any place v that does not ramify in L/k we write FrL(v) for the
(arithmetic) Frobenius of v in GL/k. In particular, for any abelian p-adic Lie exten-
sion K/k that is unramified outside Σ we may set

θK/k,Σ := lim←−
F

θF/k,Σ ∈ Λ(K/k)

where F runs over all finite extensions of k inside K and the limit is taken with respect
to the maps πF,F̃ . We shall deduce the equality in the next result from the validity of
a natural main conjecture in geometric Iwasawa theory.

Proposition 4.4. Let K/k be an abelian p-adic Lie extension of finite rank that is
unramified outside a finite non-empty set of places Σ and set G := GK/k. If no place
of Σ splits completely in K/k, then one has ϑcan(dΛ(G)(D•

K/k,Σ))−1 = θK/k,Σ · 1Λ(G).

Proof. We first choose a Galois extension K ′/k that is ramified precisely at the places
in Σ and such that both K ⊆ K ′ and G′ := GK′/k is (topologically) isomorphic to
a group of the form H × Γ with H a finite abelian group of order prime to p and
Γ isomorphic to Zd

p for some natural number d (the existence of such an extension
K ′/k is guaranteed by the results of Kisilevsky in [23]). Then the functorial behaviour
described in Remark 4.3 and (6) imply that it is enough to prove the claimed equality
after replacing K/k by K ′/k and so we shall assume henceforth that K/k is ramified
at every place in Σ and that G = H × Γ with H and Γ as above.
We set C• := C•K/k,Σ and D• := D•

K/k,Σ. Then, since Λ(G) is semi-local, Proposition
4.1(ii) implies that D• is isomorphic in Dp(Λ(G)) to a complex of the form

D̃• : Λ(G)m δ−→ Λ(G)m

where the first term is placed in degree 0 and the differential δ is injective. Now
if one endows HomΛ(G)(Λ(G)m, Λ(G)) with the Λ(G)-action described just prior to
Proposition 4.1, then the map φ 7→ φ(1)∼ induces an isomorphism of Λ(G)-modules
HomΛ(G)(Λ(G)m, Λ(G)) ∼= Λ(G)m. Thus, since there are natural isomorphisms C• ∼=
R HomΛ(G)(D•,Λ(G)[−2]) ∼= HomΛ(G)(D̃•,Λ(G)[−2]), one has ϑcan(dΛ(G)(D•))−1 =
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detΛ(G)(δ) · 1Λ(G) and ϑcan(dΛ(G)(C•))−1 = detΛ(G)(δ)∼ · 1Λ(G). This implies, in par-
ticular, that ϑcan(dΛ(G)(D•)) = τ∗(ϑcan(dΛ(G)(C•))) where τ is the endomorphism of
Λ(G) sending each element x to x∼. Now, since C• ∼= HomΛ(G)(D̃•,Λ(G)[−2]) is acyclic
outside degree 2 and H2(C•) is a torsion Λ(G)-module of projective dimension one, the
final assertion of §2.2(iv) implies that ϑcan(dΛ(G)(C•))−1 = (chΛ(G)(H2(C•)), 0) and
hence that ϑcan(dΛ(G)(D•))−1 = τ∗(ϑcan(dΛ(G)(C•))−1) = (τ(chΛ(G)(H2(C•))), 0) =
(chΛ(G)(H2(C•)∼), 0) where for each Λ(G)-module M we set M∼ := Λ(G)⊗Λ(G),τ M .
The claimed equality is therefore equivalent to the following equality of Λ(G)-ideals

(7) chΛ(G)(H2(C•)∼) = θK/k,Σ · Λ(G).

To prove this equality we note that Zp[H] decomposes as a product
∏

i∈I Oi of un-
ramified extensions of Zp and so Λ(G) is the corresponding product of power series
rings in d-variables Λi := Oi[[Γ]]. For any finitely generated torsion Λ(G)-module
M there is an induced decomposition M =

⊕
i∈I Mi with Mi := Oi ⊗Zp[H] M and

so it is enough to prove for each index i that chΛi(H
2(C•)∼i ) = θK/k,Σ · Λi. To de-

duce this equality from the results of Crew in [17] one fixes the p-adic characters ρ0

and χ in [17, p. 396] in the following way. After identifying the fundamental group
π1(Uk,Σ) with GMΣ(K)/k, where MΣ(K) is the maximal unramified outside Σ exten-
sion of K inside kc, one fixes ρ0 and χ to be the natural restriction homomorphisms
GMΣ(K)/k ³ GKH/k

∼= Γ ⊂ Λ×i and GMΣ(K)/k ³ GKΓ/k
∼= H → Λ×i where the last

arrow is induced by the given projection Zp[H] → Oi ⊂ Λi. For these characters one
has isomorphisms H2(C•)∼i ∼= H2

c (Uk,Σ,F) ∼= M(ρ) where we write F for the sheaf G
defined in [17, §3], the first isomorphism is because F is isomorphic to Λ(G)i rather
than Λ(G)#i , ρ = ρ0 × χ, the module M(ρ) is as defined in [17, §3] and the second
isomorphism is the ‘curious isomorphism’ derived in [17, Rem. (3.2)] (the latter iso-
morphism is valid in this case because, by assumption, all places in Σ ramify in K/k).
The required equality is thus equivalent to the equality chΛi(M(ρ)) = θK/k,Σ ·Λi that
is proved in [17, (3.1.1) and the discussion on p. 396]. ¤

Remark 4.5. Assume G is isomorphic to H × Zd
p with H finite abelian of order prime

to p and d > 0. Then, since chΛ(G)(H2(C•K/k,Σ)∼) = τ(chΛ(G)(H2(C•K/k,Σ)) and
θK/k,Σ · Λ(G) = τ(θ∼K/k,Σ · Λ(G)), the equality (7) shows that in this case the equality
of Proposition 4.4 is also equivalent to chΛ(G)(H2(C•K/k,Σ)) = θ∼K/k,Σ · Λ(G).

4.3. The descent theory. In this subsection we shall prove the required equality (3)
by combining Proposition 4.4 for the extension Fk∞/k with the descent techniques
developed by Venjakob and the present author in [11, 12]. To do this we set K := Fk∞

and (regarding K, F and Σ as fixed) also D• := D•
K/k,Σ and D•

0 := D•
F,Σ,p. We write

γ for the topological generator of Γ := Gk∞/k given by x 7→ xqk . For any finite group
∆ we set ∆∗ := Hom(∆,Qc×

p ). For each ρ in G∗ we write Zp[ρ] for the ring generated
over Zp by the values of ρ and β0

ρ for the image under Qc
p ⊗Zp[ρ] − of the Bockstein

homomorphism in degree 0 of the triple (D•
ρ,Zp, γ), as defined in [11, §3.1, §3.3].

We first record how the general descent formalism of [12] applies in our setting.
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Lemma 4.6. If the complex D• is ‘semisimple at each ρ in G∗’ in the sense of [11,
Def. 3.11], then in P(Zp[G]) one has

ϑβ(dZp[G](D•
0)) = (

∑

ρ∈G∗
θ∗K/k,Σ(ρ)eρ) · 1Zp[G]

where β : H0(Qp[G]⊗LZp[G] D•
0) → H1(Qp[G]⊗LZp[G] D•

0) is the (unique) isomorphism
of Qp[G]-modules with eρ(Qc

p[G]⊗Qp[G] β) = −1× β0
ρ for each ρ in G∗ and θ∗K/k,Σ(ρ)

is the ‘leading term of θK/k,Σ at ρ’ in the sense of [12, §2].

Proof. We note first that Proposition 4.4 applies to the extension K/k since no place
splits completely in k∞/k. From Proposition 4.1(i) and (iii) we also know that
Zp[G] ⊗LΛ(G) D• is canonically isomorphic in Dp(Zp[G]) to D•

0 and that D• belongs
to the subcategory Dp

S(Λ(K/k)) of Dp(Λ(K/k)) that is defined in [12, §1.4]. Hence,
if D• is semisimple at each ρ in G∗, then the equality of Proposition 4.4 implies
that the formula of [12, Th. 2.2] (translated from the language of relative algebraic
K-theory to that of graded invertible modules in the natural way) can be applied
with respect to the data G = G, G = G, ξ = θK/k,Σ and C = D•[1]. Now for this
data the complex E• := eρQc

p[G] ⊗LΛ(G) C is isomorphic to eρQc
p[G] ⊗LZp[G]

D•
0 [1] and

so is acyclic outside degrees −1 and 0 and hence, by the assumption of semisim-
plicity, the homomorphism β0

ρ : H−1(E•) → H0(E•) is bijective and the morphism
t(Cρ) : dQc

p
(E•) → 1Qc

p
which occurs in the formula of [12, Th. 2.2] is equal to ϑβ0

ρ
.

From [12, Lem. 5.5(iv)] one also knows that the integer rG(C)(ρ) in [12, Th. 2.2]
is equal to −dimQc

p
(H−1(E•)) and hence that (−1)rG(C)(ρ)t(Cρ) is equal to the mor-

phism ϑ−1×β0
ρ

= ϑeρ(Qc
p[G]⊗Qp[G]β) = eρ(Qc

p[G]⊗Qp[G] ϑβ). Given these facts, one finds
that (

∑
ρ∈G∗ θ∗K/k,Σ(ρ)eρ) · 1Zp[G] and ϑβ(dZp[G](D•

0)) = ϑβ(dZp[G](D•
0 [1]))−1 corre-

spond to the left and right hand sides of the equality of [12, Th. 2.2], and hence that
the claimed equality is indeed valid. ¤

Given Lemma 4.6, it is clear that the validity of (3), and hence of Theorem 3.1, follows
directly from the next two results.

Proposition 4.7.
(i) The complex D• is semisimple at each ρ in G∗.
(ii) The morphism ϑβ in Lemma 4.6 coincides with the morphism ϑF,Σ,p in (3).

Proof. We first introduce some notation. For any complex A• in D−(Λ(G)) we define
an object of D−(Qc

p ⊗Zp Λ(Γ)) by setting A•(ρ) := Λ(Γ)⊗LΛ(G) (eρQc
p[G]⊗Zp A•) where

we regard eρQc
p[G]⊗Zp A• as a complex of Λ(G)-modules by letting each element σ of

G act on the tensor product as σ−1
G ⊗Zp σ with σG the image of σ in G. Then, in terms

of the notation used in [11, §3.3], one has A•(ρ) = Qc
p ⊗Zp[ρ] A•ρ. We also note that for

each such complex A• there is a natural isomorphism in D(Qc
p) of the form

(8) Zp ⊗LΛ(Γ) A•(ρ)
∼= Zp ⊗LΛ(G) (eρQc

p[G]⊗Zp A•) ∼= eρQc
p[G]⊗LZp[G] (Zp[G]⊗LΛ(G) A•).

In particular, this isomorphism (with A• = D•) implies Zp⊗LΛ(Γ) D•
(ρ) is isomorphic in

D(Qc
p) to eρQc

p[G]⊗LZp[G] D
•
0 and so is acyclic outside degrees 0 and 1. It is thus clear



congruences between derivatives 15

(directly from the definition of semisimplicity) that D• is semisimple at ρ precisely
when the map β0

ρ is bijective.
In fact we will show that for each ρ in G∗ the homomorphism −1× β0

ρ is induced by
the composite

H0(Qp[G]⊗LZp[G] D•
0) = Qp ⊗Zp H0(D•

0) ∼= Qp ⊗O×F,Σ

Qp⊗dF,Σ−−−−−−→ Qp ⊗ Y 0
F,Σ

∼= Qp ⊗Zp
H1(D•

0) = H1(Qp[G]⊗LZp[G] D•
0).

Note that if this description of −1 × β0
ρ is valid, then claim (ii) follows immediately

from a direct comparison of the definitions of β and ϑF,Σ,p whilst claim (i) is also valid
because the required bijectivity of β0

ρ follows from the bijectivity of Qp ⊗ dF,Σ.
It therefore suffices to prove the above description of −1×β0

ρ . To do this we fix a place
v in Σ and write cv : YF,Σ →

⊕
w|v Z for the homomorphism sending each element of

YF,Σ to its respective coefficient at each place w of F above v. Then it is enough to
prove that for each ρ in G∗ the composite homomorphism

(9) (O×F,Σ)ρ
∼= H0(D•

0)ρ

(−1)×β0
ρ−−−−−−→ H1(D•

0)ρ
∼= (Y 0

F,Σ)ρ
⊂−→ (YF,Σ)ρ

(cv)ρ−−−→ (
⊕

w|v
Z)ρ

is induced by Qp ⊗ dF,Σ. Here, and in the sequel, for any finitely generated Z[G]-
module, resp. finitely generated Zp[G]-module, N we set Nρ := eρQc

p[G]⊗Z[G] N , resp.
Nρ := eρQc

p[G]⊗Zp[G] N .
To prove that (9) is induced byQp⊗dF,Σ we write j for the open immersion Uk,Σ → Ck,
let ZΣ denote the complement of Uk,Σ in Ck and write i : ZΣ → Ck for the natural
closed immersion. If y is a place of any subfield of K, then we write κ(y) for the residue
field of y and set Zy := Spec(κ(y)). If y belongs to Σ we also write iy : Zy → Ck for
the natural closed immersion. Then for any quotient Q of G there is a natural exact
sequence of Λ(Q)-sheaves 0 → j!(Λ(Q)#) → Λ(Q)# → i∗i∗(Λ(Q)#) → 0 on Ck and
hence a composite morphism in Dp(Λ(Q)) of the form

λQ : RΓét(Ck, j!(Λ(Q)#))∨[−2] → RΓét(ZΣ, i∗(Λ(Q)#))∨[−1]

∼=
⊕

y∈Σ

RΓét(Zy, i∗y(Λ(Q)#))∨[−1] → RΓét(Zv, i∗v(Λ(Q)#))∨[−1],

where for each complex C in D−(Λ(Q)) we set C∨ := R HomΛ(Q)(C,Λ(Q)) (endowed
with the natural contragredient Q-action) and the last arrow is the ‘projection to
the summand at v’ morphism. Now, if E is the subfield of K with Q = GE/k, then
the complexes RΓét(Zv, i∗v(Λ(Q)#))∨[−1] and E(Q)•v := RΓét(Zv, i∗v(Λ(Q)#)) are both
canonically isomorphic to the direct sum over the set Sv(E) of places w of E above v
of the complexes

Λ(Qw/Q0
w)# 1−σw−−−−→ Λ(Qw/Q0

w)#

where the first term occurs in degree 0, Qw and Q0
w are the decomposition and inertia

groups of w in Q and σw is the frobenius automorphism in Qw/Q0
w
∼= Gκ(w)/κ(v).

Since RΓét(Ck, j!(Λ(Q)#))∨[−2] is equal to D•, resp. is naturally isomorphic to D•
0 ,

if Q = G, resp. Q = G, the morphisms λG and λG therefore combine to induce a
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morphism of exact triangles in D(Qc
p) of the form

(10)

D•
(ρ)

γ−1−−−−→ D•
(ρ) −−−−→ eρQc

p[G]⊗LZp[G] D•
0 −−−−→ D•

(ρ)[1]

λG

y λG

y λG

y λG [1]

y
E(G)•v,(ρ)

γ−1−−−−→ E(G)•v,(ρ) −−−−→ eρQc
p[G]⊗LZp[G] E(G)•v −−−−→ E(G)•v,(ρ)[1].

The upper triangle in this diagram is induced by the isomorphism Zp ⊗LΛ(Γ) D•
(ρ)

∼=
eρQc

p[G]⊗LZp[G] D
•
0 already used above and lower triangle by (8) with A• = E(G)•v and

the natural descent isomorphism Zp[G]⊗LΛ(G) E(G)•v ∼= E(G)•v.
To compute the cohomology of E(G)•v we use the quasi-isomorphism

av : E(G)•v →
⊕

w∈Sv(F )

RΓét(Zv, Λ(Gw/G0
w))

that is induced by the morphisms (of complexes of Λ(Gw/G0
w)-modules)

(11)

Λ(Gw/G0
w)# 1−σw−−−−→ Λ(Gw/G0

w)#∥∥∥
y−σw

Λ(Gw/G0
w) 1−σw−−−−→ Λ(Gw/G0

w).

We also identify the groups H0
ét(Zv, Λ(Gw/G0

w)) and H1
ét(Zv,Λ(Gw/G0

w)) with
H0

ét(Zw,Zp) ∼= Zp and H1
ét(Zw,Zp) ∼= Homcont(Gκ(w)c/κ(w),Zp) ∼= Zp in the natural

way, where the last map evaluates each homomorphism at the topological generator
γdegk(w) of Gκ(w)c/κ(w). We write β̃0

ρ for the image under Qc
p⊗Zp[ρ]− of the Bockstein

homomorphism in degree 0 of the triple (E(G)•v,ρ,Zp, γ). Then the homomorphisms β0
ρ

and β̃0
ρ are defined by using the maps that are induced on cohomology by the upper

and lower exact triangle in diagram (10) and so, by passing to cohomology in this
diagram, we obtain a commutative diagram

(12)

(O×F,Σ)ρ

∼=−→ H0(D•
0)ρ

β0
ρ−−→ H1(D•

0)ρ

∼=−→ (Y 0
F,Σ)ρyH0(λG)′

yH0(λG)

yH1(λG)

y(cv)ρ

(
⊕

w|v Z)ρ
H0(av)−1

−−−−−−→ H0(E(G)•v)ρ

β̃0
ρ−−→ H1(E(G)•v)ρ

H1(av)−−−−−→ (
⊕

w|v Z)ρ

in which H0(λG)′ is induced by the map O×F,Σ →
⊕

w|v Z given by (valw)w|v.
We now write κ for the constant field of k. Then the argument of Rapaport and
Zink in [33, 1.2] (see also [5, Rem. 7]) implies that the map β̃0

ρ in (12) is induced
by taking cup product with the pull back φ to H1

ét(Zw,Zp) ∼= Zp of the element of
H1

ét(Spec(κ),Zp) ∼= Homcont(Γ,Zp) which sends γ to 1. Since φ(γdegk(w)) = degk(w)
the composite homomorphism in the lower row of (12) is thus equal to multiplication by
−degk(w) (the negative sign occurs here because (11) induces the identity map, resp.
multiplication by −1, on cohomology in degree 0, resp. 1). From the commutativity of
(12) we therefore obtain the required description of (9) and hence complete the proof
of Proposition 4.7. ¤
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In the next result we fix an embedding Qc → Qc
p and use this to identify the groups

G∧ and G∗.

Lemma 4.8. The element
∑

ρ∈G∗ θ∗K/k,Σ(ρ)eρ in Lemma 4.6 is equal to the element
Z∗F/k,Σ(1) in (3).

Proof. Recalling the definition (2) of Z∗F/k,Σ(1) it is enough to prove that for each ρ

in G∗ one has θ∗K/k,Σ(ρ) = limt→1(1− t)−rρ̌ZΣ(ρ̌, t), where rρ̌ is the algebraic order of
ZΣ(ρ̌, t) at t = 1. To do this we identify Λ(k∞/k) with the power series ring Zp[[T ]]
via the correspondence γ = 1 + T . Then for each ρ in G∗ the element θ∗K/k,Σ(ρ) is
defined to be the leading term Φρ(θK/k,Σ)∗(0) at T = 0 of the image of θK/k,Σ under
the homomorphism Φρ : Q(Λ(K/k))× → Q(O[[T ]])× that is defined in [12, (5)].
We write kρ for the subfield of F fixed by ker(ρ), set Kρ := kρk

∞ and regard ρ as
an element of Hom(GKρ/k,Qc×

p ) in the obvious way. We write Σρ for the subset of Σ
comprising those places which ramify in kρ/k (or equivalently, in Kρ/k). To deal with
the possibility that Σρ is empty we also fix a place v0 of k that does not belong to Σ
and is inert in the (cyclic) extension kρ/k and set Σ′ := Σ∪{v0} and Σ′ρ := Σρ∪{v0}.
Then from (6) one has

(13) Φρ(θK/k,Σ) = Φρ((1− FrKρ(v0)−1)−1
∏

v∈Σ\Σρ

(1− FrKρ(v)−1))Φρ(θKρ/k,Σ′ρ).

But, recalling the explicit definition of Φρ, one computes for each v ∈ Σ\Σρ∪{v0} that
Φρ(1−FrKρ(v)−1) = 1− ρ̌(Frkρ(v))(1+T )−degk(v) and so Φρ(1−FrKρ(v)−1)∗(0) = cv,ρ

with

cv,ρ :=

{
1− ρ̌(Frkρ(v)), if ρ̌(Frkρ(v)) 6= 1,
degk(v), otherwise.

We next recall that the algebraic order of ZΣ′ρ(ρ̌, t) at t = 1 is dimQc
p
(eρ(Qc

p ⊗ Y 0
F,Σ′ρ

))
(cf. [39, p. 111]) and claim that eρ(Qc

p ⊗ Y 0
F,Σ′ρ

) vanishes. Indeed eρ(Qc
p ⊗ Y 0

F,Σ′ρ
) is

a subspace of eρ(Qc
p ⊗ YF,Σ′ρ) ∼= ⊕

x∈Σ′ρ
eρQc

p[G/Gx] and for each x in Σ′ρ the space
eρQc

p[G/Gx] vanishes since x has non-trivial decomposition group in kρ/k and so ρ
is not trivial on Gx. The value of the series Φρ(θKρ/k,Σ′ρ) at T = 0 is thus equal
to ρ(θkρ/k,Σ′ρ) = ρ(Zkρ/k,Σ′ρ(1)) = ZΣ′ρ(ρ̌, 1) /∈ {0,∞} (where we have extended ρ in
the obvious way to a homomorphism Qp[Gkρ/k] → Qc

p) and so Φρ(θKρ/k,Σ′ρ)∗(0) =
ZΣ′ρ(ρ̌, 1). From (13) one therefore has

θ∗K/k,Σ(ρ) = (1− ρ̌(Frkρ(v0)))−1(
∏

v∈Σ\Σρ

cv,ρ)ZΣ′ρ(ρ̌, 1) = lim
t→1

(1− t)−rρ̌ZΣ(ρ̌, t),

where the last equality follows from an explicit analysis of Euler factors. ¤

This completes our proof of Theorem 3.1.

5. Explicit consequences

In this section we derive several explicit consequences of Theorem 3.1 including Corol-
lary 1.2. As in §3.1 we fix a finite abelian Galois extension F of k. We set G := GF/k.
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5.1. Chinburg’s conjectures. In [5, Th. 4.1] it is shown that [loc. cit., Conj.
C(F/k)] implies the validity of Chinburg’s Ω(3)-Conjecture for F/k. Corollary 1.2(i)
is therefore a direct consequence of Theorem 3.1. To prove Corollary 1.2(ii) we now
assume that F/k is tamely ramified. In this case Chinburg has proved the validity
of his ‘Ω(2)-Conjecture’ (this follows upon combining [13, §4.2, Th. 4] with [16, Cor.
4.10]). In view of Corollary 1.2(i) we therefore need only recall that Chinburg has also
proved that if the Ω(2)-Conjecture and Ω(3)-Conjecture are both valid for an extension
F/k, then the Ω(1)-Conjecture is automatically valid for F/k (this is a consequence
of [13, §4.1, Th. 2 and the remarks which follow it]).

5.2. Refined Stark conjectures. The fact that Theorem 3.1 is equivalent to the
function field case of [6, Conj. C(F/k)] follows directly from [5, Lem. 1(i), Lem.
2]. Corollary 1.2(iii) therefore follows immediately upon combining Theorem 3.1
with the main result (Th. 3.1) of [6]. We assume henceforth that F/k is unram-
ified outside a finite non-empty set of places Σ of k. Then all of the assertions
listed in Corollary 1.2(iv) relate to explicit congruences for the ‘Stickelberger ele-
ment’ θstick

F/k,Σ :=
∑

χ,g LΣ(χ, 0)χ̌(g)g where χ runs over G∧ and g over G, and all of
these congruences are easily verified whenever LΣ(χ, 0) = 0 for all χ. However, the
results of [6, Cor. 4.1 and Cor. 4.3] show that [6, Conj. C(F/k)] implies the explicit
congruences of [6, (14) and (18)] which specialise to recover all of the above congru-
ences for θstick

F/k,Σ but in general amount to a family of non-trivial congruence relations
between the values at s = 0 of higher order derivatives of the functions LΣ(χ, s).
Theorem 3.1 therefore implies that all of these congruences are valid unconditionally.
This completes the proof of Corollary 1.2.

5.3. Module structures and Fitting ideals. The main result (Theorem 3.1) of
Hayward and the present author in [10] is that, under suitable conditions, the validity
of [6, Conj. C(F/k)] implies a family of explicit restrictions on the structures of O×F,Σ

and Cl(OF,Σ) as G-modules. Theorem 3.1 therefore implies that all of these results
are valid unconditionally.
In another direction, Macias Castillo [28] has shown that for many cases in which the
element θstick

F/k,Σ discussed in §5.2 vanishes the validity of [6, Conj. C(F/k)] implies
a natural generalisation of Stickelberger’s theorem in which the values at s = 0 of
higher order derivatives of the functions LΣ(χ, s) are used to construct elements of
Z[G] which annihilate the divisor class group Cl0F . Theorem 3.1 therefore now implies
that all of these annihilation results are valid unconditionally.
The next result shows that Theorem 3.1 also gives explicit information about the
Fitting ideals of certain natural Weil-étale cohomology groups. In this result we write
κ for the constant field of k and recall that qk := |κ|.
Proposition 5.1. Let Z′ be any finitely generated subring of Q for which the G-module
Z′ ⊗ κ× is cohomologically-trivial (this is automatically the case if, for example, the
highest common factor of qk − 1 and |G| is invertible in Z′). Then one has

ZF/k,Σ(1) ·AnnZ′[G](Z′ ⊗ κ×) = FitZ′[G](Z′ ⊗H1
Wét(OF,Σ,Gm)).
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Proof. For each character χ in G∧ the algebraic order at t = 1 of ZΣ(χ, t) is
equal to dimQc(eχ̌(Qc ⊗ O×F,Σ)) (cf. [39, p. 111]). Since Qc ⊗ O×F,Σ is isomor-
phic as a Qc[G]-module to Qc ⊗ H0(D•

F,Σ) this formula implies in particular that
ZF/k,Σ(1) = Z∗F/k,Σ(1)e0 with e0 :=

∑
χ eχ where χ runs over all elements of G∧

for which the module eχ(Qc ⊗ H0(D•
F,Σ)) vanishes. Thus, if in terms of the nota-

tion of [7, Th. 8.2.1], one takes Λ = Z′,L∗τ = Z∗F/k,Σ(1),Ψ• = Z′[G] ⊗LZ[G] D•
F,Σ

and λτ = ϑF,Σ, then the validity of the (in general conjectural) equality of [7, Th.
8.2.1(i)] follows from the image under Z′[G] ⊗Z[G] − of the equality of Theorem 3.1,
and the element Lτ which occurs in [7, Th. 8.2.1(ii)] is equal to ZF/k,Σ(1). Since
κ× identifies with H0(D•

F,Σ)tor our assumption that Z′⊗κ× is cohomologically-trivial
therefore implies that [7, Th. 8.2.1(iii)] applies in this setting to give an equality
ZF/k,Σ(1) ·FitZ′[G](Z′⊗κ×) = FitZ′[G](Z′⊗H1(D•

F,Σ)). The claimed equality now fol-
lows because the module κ× is cyclic, and hence FitZ′[G](Z′⊗κ×) = AnnZ′[G](Z′⊗κ×),
and because the duality theorem in Weil-étale cohomology gives a natural isomorphism
H1(D•

F,Σ) ∼= H1
Wét(OF,Σ,Gm) (cf. [27, proof of Th. 6.5] and [5, Lem. 1(i)]). ¤

Appendix A. On Geometric Main Conjectures

David Burns, King Fai Lai and Ki-Seng Tan1

Throughout this appendix we refer to the main body of this article (the notation of
which we often assume) as the reference [B].
The main results of Crew in [17] are proved using certain deep results of Katz and
Messing [22] and Bloch and Illusie [21] concerning crystalline cohomology. In this
appendix we combine [B, Prop. 4.1] with a strengthening of the main result of Kueh,
Lai and Tan in [25] to show that all of the ‘main conjectures of geometric Iwasawa
theory’ discussed in [17], and hence all of the results in [B], can also be deduced from
Weil’s description of the Zeta function of a finite abelian extension of global function
fields of characteristic p in terms of `-adic homology for any prime ` 6= p, thereby
avoiding any use of crystalline cohomology (or Drinfeld modules).
We thus fix an abelian extension K/k of global function fields of characteristic p that
is unramified outside a finite non-empty set of places Σ of k and write k∞ for the
constant Zp-extension of k. Just as in the proof of [B, Prop 4.4] we shall assume that
GK/k = H × J for a finite (abelian) group H of order } prime to p and J a non-zero
free Zp-module of finite rank. We therefore obtain a finite abelian extension of k by
setting k′ := KJ .

A.1. Class groups. We first present a proof of [B, Prop 4.4] using `-adic cohomology
for primes ` 6= p. To do this we note that if G is any group of the form H × Γ,
then there is a natural ring isomorphism Λ(G) ∼= Zp[H]⊗Zp Λ(Γ). We may therefore
write each element of Λ(G) uniquely in the form x =

∑
h∈H hxh with xh in Λ(Γ) for

each h in H. For each finite extension O of Zp we set ΛO(Γ) := O ⊗Zp Λ(Γ) and for
each homomorphism ω : H → O× we then define the ‘ω-projection of x’ by setting

1The author was supported in part by the National Science Council of Taiwan, NSC95-2115-M-
002-017-MY2
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xω :=
∑

h∈H ω(h)xh ∈ ΛO(Γ). The association x 7→ xω induces a homomorphism
ω̃ : Λ(G) → ΛO(Γ) and hence a functor P(ω) := ω̃∗ from P(Λ(G)) to P(ΛO(Γ)) and for
each G-module N we write Nω for the corresponding ‘ω-eigenspace’ ΛO(Γ)⊗Λ(G),ω̃ N .
We recall that if Γ is topologically isomorphic to Ze

p for some integer e > 0, then
ΛO(Γ) is isomorphic to a power series ring in e-variables over O and so is a unique
factorization domain (cf. [4, Chap. 7, §3.9, Prop. 8]).
We note at the outset that, since p - }, it is enough to prove the validity for each
homomorphism ω : H → O× of the image under P(ω) of the equality of [B, Prop. 4.4]
for the pair (K/k, Σ). In this regard the following result is a key step (it is a natural
generalisation of the main result of [25] and will be proved in §A.3).

Theorem A.1. Let n be a natural number. Then there exists a finite set of places
Σ′ and an abelian extension L/k with all of the following properties: Σ ⊆ Σ′ and
|Σ′| > n; L contains Kk∞; the set of places which ramify in L/k is equal to Σ′; GL/k

is isomorphic to H × Γ where H is as above and Γ is topologically isomorphic to Ze
p

for some e > 1; for each homomorphism ω : H → O× the element (θL/k,Σ′)ω is an
irreducible element of the unique factorization domain ΛO(Γ).

We fix n, Σ′ and L as in Theorem A.1 and set θω := (θL/k,Σ′)ω and R := ΛO(Γ). We
recall that the Brumer-Stark conjecture, as proved by Deligne in [39, Chap. V, Th.
1.2], implies that θω annihilates XL/k,ω. (In this regard we recall the remarks made at
the beginning of §4.2 regarding differences in notation. We also remark in passing that
all of the results in [39, Chap. V] rely solely on the interpretation of Zeta functions in
terms of `-adic homology for any prime ` 6= p.) Thus, since θω is irreducible, one has
chR(XL/k,ω) = R · θnΣ′,ω

ω for some non-negative integer nΣ′,ω. Now each place v in Σ′

ramifies in L/k and no place splits completely in k∞/k and so the modules Λ(G/Gv)
which occur in the formula of [B, Rem. 4.3] (with K and Σ replaced by L and Σ′) are
pseudo-null. Since this is also true of the module Zp (as e > 1) this formula implies
that

(A.1) ϑcan(dR(D•
L/k,Σ′,ω))−1 = (chR(XL/k,ω), 0) = θ

nΣ′,ω
ω · 1R.

With K ′ := Kk∞ and G′ := GK′/k we write Γ′ for the quotient of Γ with G′ = H×Γ′

and set R′ := ΛO(Γ′) and S := ΛO(J). Then Γ′ is a free Zp-module of finite rank and,
as J is a quotient of Γ′, there are projection homomorphisms π : R → S, π1 : R → R′

and π2 : R′ → S with π = π2 ◦ π1. Now each place v in Σ′ \ Σ is unramified in K ′/k
so chΛ(G′)(Λ(G′/G′v)) = (1− FrK′(v)−1). Hence, since all places have infinite residue
degree in K ′/k, [B, Rem. 4.3] implies that

π∗(ϑcan(dR(D•
L/k,Σ′,ω))−1) = π2,∗(π1,∗(ϑcan(dR(D•

L/k,Σ′,ω))−1))

= π2,∗(ϑcan(dR′(D•
K′/k,Σ′,ω))−1)

= π2,∗(ϑcan(dR′(D•
K′/k,Σ,ω))−1

∏

v∈Σ′\Σ
(1− FrK′(v)−1)ω)

= ϑcan(dS(D•
K/k,Σ,ω))−1

∏

v∈Σ′\Σ
(1− FrK(v)−1)ω.
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In addition, [B,(6)] implies π∗(θω · 1R) = (θK/k,Σ)ω

∏
v∈Σ′\Σ(1 − FrK(v)−1)ω · 1S .

Projecting (A.1) under π∗ thus gives an equality

ϑcan(dS(D•
K/k,Σ,ω))−1

∏

v∈Σ′\Σ
(1− FrK(v)−1)ω

= (θK/k,Σ)
nΣ′,ω
ω

∏

v∈Σ′\Σ
(1− FrK(v)−1)

nΣ′,ω
ω · 1S .

If now nΣ′,ω = 1, then the image under P(ω) of the equality of [B, Prop. 4.4] for the
pair (K/k, Σ) is simply obtained by cancelling each term (1−FrK(v)−1)ω from the last
displayed equality (which is permissible since each such element is a non zero-divisor
in S).
It is thus enough to prove that nΣ′,ω = 1 for some Σ′ as in Theorem A.1. To do this
we argue by contradiction and so assume that nΣ′,ω 6= 1 for every such Σ′. We also
choose a further set Σ′′ as in Theorem A.1 with Σ′ ( Σ′′ (this is always possible by
varying the parameters n and Σ) and set Γk := Gk∞/k. Then upon projecting (A.1),
and the analogous equality with Σ′′ replacing Σ′, under P(R) → P(ΛO(Γk)) we obtain
equalities

(A.2) ϑcan(dΛO(Γk)(D•
k′∞/k,Σ∗,ω))−1 = (θ′Σ∗)

nΣ∗,ω
ω · 1ΛO(Γk)

with θ′Σ∗ := θk′∞/k,Σ∗ for both Σ∗ = Σ′ and Σ∗ = Σ′′. We now identify ΛO(Γk)
with the power series ring O[[T ]] as in the proof of [B, Lem. 4.8]. Then one has
(θ′Σ′′)ω = (θ′Σ′)ω

∏
v∈Σ′′\Σ′(1− ζ−1

v (1+T )−degk(v)) with ζv := ω(Frk′(v)) ∈ O× whilst,
since each place in Σ′′ \ Σ′ is unramified and of infinite residue degree in k′∞/k, the
formula of [B, Rem. 4.3] implies

ϑcan(dΛO(Γk)(D•
k′∞/k,Σ′′,ω))−1

= ϑcan(dΛO(Γk)(D•
k′∞/k,Σ′,ω))−1

∏

v∈Σ′′\Σ′
(1− ζ−1

v (1 + T )−degk(v)).

Thus (A.2) implies

(θ′Σ′)
nΣ′,ω−nΣ′′,ω
ω = u

∏

v∈Σ′′\Σ′
(1− ζ−1

v (1 + T )−degk(v))nΣ′′,ω−1

for some unit u of O[[T ]]. Since nΣ′′,ω 6= 1 and (θ′Σ′)ω ∈ O[[T ]] this equality implies
(nΣ′′,ω > 1 and nΣ′,ω 6= nΣ′′,ω and hence) that the set of zeroes of θ′Σ′ in Qc

p is equal
to

⋃
v∈Σ′′\Σ′{ζ − 1 : ζdegk(v) = ζv}. By fixing Σ′ and varying Σ′′ this gives an obvious

contradiction.

A.2. The general case. We now assume to be given a continuous homomorphism
ρ : π1(Uk,Σ) → GLe(Zp) with abelian image. We fix an abelian extension K/k with
K ⊆ MΣ(k) and G := GK/k of the form H × Zd

p with H finite of order prime to p
and such that ρ factors through the surjection π1(Uk,Σ) ∼= GMΣ(K)/k ³ G. We write
ρ̂ both for the ring homomorphism Λ(G) → Λ(G) ⊗Zp Me(Zp) = Me(Λ(G)) which
sends each g in G to g ⊗ ρ(g) and also for the induced homomorphism Λ(G)[[T ]] →
Me(Λ(G))[[T ]] = Me(Λ(G)[[T ]]) which sends

∑
m≥0 cmTm to

∑
m≥0 ρ̂(cm)Tm.
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We set Tρ := Ze
p, regarded as a module over G, and hence over GMΣ(K)/k, via ρ. We

endow Λ(G)#(ρ) := Λ(G)#⊗Zp Tρ with the (left) action of G×GMΣ(K)/k obtained by
letting G act via multiplication on the left hand factor and GMΣ(K)/k act diagonally.
We regard Λ(G)#(ρ) as an étale sheaf of free Λ(G)-modules on Uk,Σ in the natural
way and set C•K/k,ρ := RΓét(Ck, jk,Σ!(Λ(G)#(ρ))). We recall that x 7→ x∼ denotes the
Zp-linear involution of Λ(G) which inverts elements of G.

Proposition A.2. The Λ(G)-module H2(C•K/k,ρ) is both finitely generated and torsion
and one has (chΛ(G)(H2(C•K/k,ρ)), 0) = det(ρ̂(θ∼K/k,Σ)) · 1Λ(G).

Proof. For any Λ(G)-module M we regard M〈ρ〉 := M ⊗Zp Tρ as a (left) Λ(G)-module
by means of the diagonal G-action. Then the exact functor M 7→ M〈ρ〉 induces a
functor Dp(Λ(G)) → Dp(Λ(G)) which we write as C• 7→ C•〈ρ〉.
The association g⊗t 7→ g⊗g(t) induces an isomorphism of Λ(G)-modules Λ(G)#(ρ) ∼=
Λ(G)#〈ρ〉 under which the diagonal action of GMΣ(K)/k on Λ(G)#(ρ) corresponds to
an action solely on the first factor of Λ(G)#〈ρ〉. This in turn induces an isomorphism
in Dp(Λ(G)) of the form C•K/k,ρ

∼= C•K/k,Σ〈ρ〉, where C•K/k,Σ is the complex defined in
[B,§4.1], and hence an isomorphism of Λ(G)-modules H2(C•K/k,ρ) ∼= H2(C•K/k,Σ)〈ρ〉.
This shows that H2(C•K/k,ρ) is a finitely generated torsion Λ(G)-module and also makes
clear that the required equality follows from [B, Prop. 4.4] (as proved in §A.1) and the
following general fact: if f is a characteristic element of a finitely generated torsion
Λ(G)-module M (such as, by [B, Rem. 4.5], f = θ∼K/k,Σ and M = H2(C•K/k,Σ)), then
det(ρ̂(f)) is a characteristic element of M〈ρ〉.
To prove the latter assertion the structure theory of finitely generated torsion Λ(G)-
modules allows us to assume that M = Λ(G)/(f) for a non zero-divisor f of Λ(G) and

in this case there is an exact sequence Λ(G)〈ρ〉 (×f)〈ρ〉−−−−−→ Λ(G)〈ρ〉 → M〈ρ〉 → 0. Now the
standard Zp-basis {ti : 1 ≤ i ≤ e} of Tρ = Ze

p gives a Λ(G)-basis {1⊗Zp ti : 1 ≤ i ≤ e} of
Λ(G)〈ρ〉 and, with respect to this basis, the matrix of (×f)〈ρ〉 is ρ̂(f). The above exact
sequence therefore implies that det(ρ̂(f)) · Λ(G) = FitΛ(G)(M〈ρ〉) and hence, by the
observation made in §2.2(iv), that det(ρ̂(f)) is a characteristic element of M〈ρ〉. ¤

We write | · |p for the absolute value on Qc
p. Then, since ρ is continuous, if a series f

in Λ(G)[[T ]] is continuous on the closed unit disc |T |p ≤ 1 so is the series ρ̂(f) and
one has ρ̂(f)(1) = ρ̂(f(1)). In particular, if we set

LΣ(T ) :=
∏

v/∈Σ

(1− FrK(v) · T degk(v))−1 ∈ Λ(G)[[T ]],

then Lemma A.3 below implies that the series

LΣ(ρ, T ) := det(ρ̂(LΣ(T ))) =
∏

v/∈Σ

det(1− ρ(FrK(v)) · T degk(v))−1 ∈ Λ(G)[[T ]]

is continuous on |T |p ≤ 1 and satisfies LΣ(ρ, 1) = det(ρ̂(θ∼K/k,Σ)). This last equality
implies that Proposition A.2 recovers the main conjectures considered by Crew in [17].

Lemma A.3. The series LΣ(T ) is continuous on the closed unit disc |T |p ≤ 1 and
satisfies LΣ(1) = θ∼K/k,Σ.
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Proof. Fix a place v of k with v /∈ Σ and set δv(T ) := (1−FrK(v) · (qkT )degk(v)). Then
δv(T ) is continuous and non-vanishing on |T |p ≤ 1 and δv(1) ∈ Λ(G)× and so it is
enough to prove Lv

Σ(T ) := δv(T )LΣ(T ) is continuous on |T |p ≤ 1 and satisfies Lv
Σ(1) =

δv(1)θ∼K/k,Σ. The topology of Λ(G) implies Lv
Σ(T ) is continuous on |T |p ≤ 1 if for each

open subgroup U of G all but finitely many of the coefficients of Lv
Σ(T ) are in the kernel

of the projection πU : Λ(G) → Zp[G/U ]. This property is satisfied because [39, Chap.
V, Prop. 2.15] implies that πU (Lv

Σ(T )) belongs to the polynomial ring Zp[G/U ][T ]
(indeed, in the notation of loc. cit., where G plays the role of our G/U , one has
πU (Lv

Σ(T )) = Θ{v}Σ (T )∼ where x 7→ x∼ acts coefficient-wise on Zp[G/U ][T ]). One also
has πU (Lv

Σ(1)) = πU (Lv
Σ(T ))(1) = (1− FrKU (v) · qdegk(v)

k )θ∼KU /k,Σ = πU (δv(1)θ∼K/k,Σ)
for each such U and hence that Lv

Σ(1) = δv(1)θ∼K/k,Σ, as required. ¤

A.3. The proof of Theorem A.1. Recalling that GK/k = H × J and k′ := KJ we
identify Gk′/k with H in the natural way. We write O for the extension of Zp generated
by the set of }-th roots of unity in Qc

p and define H∗ := Hom(H,Qc×
p ) = Hom(H,O×).

For a Zp-module M we set OM := O ⊗Zp M .

A.3.1. Norm residue pairings. For the moment we assume given a finite non-empty
set Σ′ of places of k and a profinite Galois extension E of k with k′ ⊂ E, GE/k′

abelian and E/k unramified outside Σ′. We write IE/k′ for the augmentation ideal of
Λ(E/k′), set Y ′ = Zp ⊗ HomZ(Y 0

k′,Σ′ ,Z) and U ′ := Zp ⊗ O×k′,Σ′ and note that both
Y ′ and U ′ are torsion-free (the latter since p = char(k)). We note also that the local
norm residue maps induce a pairing 〈 , 〉E/k : U ′ × Y ′ → GE/k′

∼= IE/k′/I2
E/k′ and

hence an O-linear homomorphism

(A.3) ΦE/k : OU ′ ⊗O OY ′ → OGE/k′
∼= O(IE/k′/I2

E/k′).

It is easily seen that if OU ′ ⊗O OY ′ is endowed with the diagonal action of H and
IE/k′/I2

E/k′ with the natural conjugation action of H, then ΦE/k is a homomorphism
of O[H]-modules. Thus, if E/k is abelian, then H acts trivially on IE/k′/I2

E/k′ and so
the eigenspaces U ′

ω′ and Y ′
ω−1 are orthogonal with respect to 〈 , 〉E/k if ω′ 6= ω.

Since p - } there are decompositions OU ′ =
⊕

ω∈H∗ U ′
ω and OY ′ =

⊕
ω∈H∗ Y ′

ω. For
each ω we write rω for the (common) O-rank of U ′

ω and Y ′
ω−1 . We choose O-bases {cω

i }i

and {dω−1

j }j of U ′
ω and Y ′

ω−1 and define the discriminant detE/k,ω of the restriction
of 〈 , 〉E/k to U ′

ω × Y ′
ω−1 by setting discE/k,ω := det((ΦE/k(cω

i ⊗ dω−1

j ))1≤i,j≤rω ). We
regard discE/k,ω as an element of O(Irω

E/k′/Irω+1
E/k′ ) in the natural way and note that it

is unique to within multiplication by elements of O×.
If now GE/k′ is a non-zero free Zp-module of rank d, we fix a Zp-basis {σi : 1 ≤
i ≤ d} of GE/k′ , set ti = σi − 1 and identify ΛO(GE/k′) with the power series ring
Rd := O[[t1, ..., td]]. Then for each non-negative integer m the augmentation quotient
O(Im

E/k′/Im+1
E/k′ ) identifies with the space of all degree m homogeneous polynomials in

Rd and, with respect to this identification, we let fE/k,ω be the degree rω homogenous
polynomial that represents discE/k,ω.
We can now state the main result of this subsection.
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Proposition A.4. There exists a finite (non-empty) set of places Σ′ of k and an
abelian extension L of k with all of the following properties.

(i) Σ′ contains Σ and at least two places which split completely over k′, and the
order of Cl(Ok′,Σ′) is prime to p.

(ii) L contains Kk∞, L/k is ramified precisely at the places in Σ′, GL/k′ is iso-
morphic to Zd

p for some natural number d and GL/k is naturally isomorphic
to the product H ×GL/k′ .

(iii) The discriminant polynomials {fL/k,ω : ω ∈ H∗} defined above are alge-
braically independent and irreducible over Qc

p.

Proof. We choose two k-places v1, v2 which split completely over k′. We replace Σ
by Σ ∪ {v1, v2} and then simply use [25, Cor. 2.1] to find a set Σ′ that satisfies the
conditions in claim (i).
We next choose an abelian extension F of k which is ramified precisely at the places
in Σ′ and is a finite degree extension of Kk∞. Then, following [36, Lem. 3.3], there
exists a Galois extension M/k with the following properties: F ⊆ M , M/k is ramified
precisely at the places in Σ′, GM/k′ is a free Zp-module of finite rank and the homo-
morphism ΦM/k defined as in (A.3) is both injective and has image a direct summand
of OGM/k′ . We write L for the maximal abelian extension of k inside M . Then L
contains F (and hence Kk∞), is ramified precisely at the places in Σ′ and Lemma A.5
below implies that GL/k′ is a (non-zero) free Zp-module of finite rank. Since GL/k is
abelian and the order of H ∼= Gk′/k is prime to p the isomorphism GL/k

∼= H ×GL/k′

is also clear. This proves claim (ii).
Lemma A.5 also induces an identification ΦL/k = ΦH

M/k and implies that ΦL/k is
injective and its image is a direct summand of OGL/k′ . Hence if for each ω we fix
O-bases {cω

i }i and {dω−1

j }j as above, then
⋃

ω∈H∗{ΦL/k(cω
i ⊗ dω−1

j ) | 1 ≤ i, j ≤ rω}
can be extended to an O-basis τ1, τ2, ..., τd of OGL/k′ . Set si = τi − 1 for 1 ≤ i ≤ d.
Then Rd = O[[s1, ..., sd]] and for each ω there is a subset {sω

i,j | 1 ≤ i, j ≤ rω}
of {s1, ..., sd} with fL/k,ω = det(sω

i,j)1≤i,j≤rω and sω′
i′,j′ 6= sω

i,j unless ω′ = ω, i′ = i

and j′ = j. The polynomials fL/k,ω for ω ∈ H∗ are thus irreducible over Qc
p (by [42,

Vol. 1, p. 94]) and, since they are in different variables for different ω, they are also
algebraically independent over Qc

p. ¤

Lemma A.5. The restriction map GM/k′ → GL/k′ induces an isomorphism GH
M/k′

∼=
GL/k′ , where we regard GM/k′ as a Zp[H]-module in the natural way.

Proof. We set Π := GM/k′ and write IH for the augmentation ideal of Zp[H]. Since
p - } there is a direct sum decomposition Π = ΠH ⊕ IH(Π). We set Π′ := GM/k.
Then IH(Π) ⊆ [Π′, Π′] and so, without loss of generality, we may assume that IH(Π)
vanishes. Then Π is central in Π′ and, as Π′/Π ∼= H is abelian, also [Π′, Π′] ⊆ Π. Now
if g1, g2 ∈ Π′, then g1g2g

−1
1 = xg2 with x = g1g2g

−1
1 g−1

2 ∈ [Π′, Π′] ⊆ Π. Since g}2 ∈ Π
we have x}g}2 = (xg2)} = g1g

}
2g−1

1 = g}2 and so x} = id. But every element of the
abelian group [Π′, Π′] is a product of elements of the form x so [Π′,Π′] is a torsion
subgroup of Π and hence trivial. ¤
A.3.2. Stickelberger elements. We fix notation as in Proposition A.4, set Γ := GL/k′

and identify GL/k with H × Γ. For each ω ∈ H∗ we set fω := fL/k,ω and also use the
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notation introduced just prior to Theorem A.1 to set θω := (θL/k,Σ′)ω ∈ ΛO(Γ). Then
the image of the equality of [38, Prop. 7.1] under the natural projection ΛO(GL/k) →
ΛO(Γ) gives an equality θL/k′,Σ′ =

∏
ω∈H∗ θω. Hence, if for each ω we write ξω for the

homogeneous polynomial in Rd with θω = ξω + higher degree terms in Rd, then

(A.4) θL/k′,Σ′ =
∏

ω∈H∗
ξω + higher degree terms in Rd.

Further, the first step of the argument in [38, §7.2] shows that for each ω in H∗ there
exists an ω′ in H∗ and a non-zero element cω of the field of fractions of O with

(A.5) ξω = cωfω′ ∈ Rd.

We write r for the Z-rank of O×k′,Σ′ . Then the discriminant of the pairing 〈 , 〉L/k′

can be regarded as an element of Ir
L/k′/Ir+1

L/k′ and as such is equal to v
∏

ω∈H∗ fω for
some v in O× (since the eigenspaces U ′

ω′ and Y ′
ω−1 are mutually orthogonal whenever

ω′ 6= ω). Thus, after taking account of [38, Lem. 6.2] and the fact that p - |Cl(Ok′,Σ′)|,
the refined class number formula of Gross (as proved in this case, using elementary
methods, by Tan in [36]) implies θL/k′,Σ′ = u

∏
ω∈H∗ fω + higher degree terms in

Rd for some u in O×. Comparing this equation to (A.4) and (A.5) one finds that∏
ω∈H∗ cωfω′ = u

∏
ω∈H∗ fω. Since the polynomials {fω : ω ∈ H∗} are algebraically

independent, this implies {fω′ : ω ∈ H∗} = {fω : ω ∈ H∗} and hence that
∏

ω∈H∗ cω =
u ∈ O×. But, since each polynomial fω′ is irreducible, the equality (A.5) also implies
that each cω belongs to O and hence to O× (because

∏
ω∈H∗ cω ∈ O×). From (A.5)

it thus follows that the polynomial ξω is irreducible in O[s1, ..., sd].
We now suppose that θω = θ1θ2 in Rd where θi begins with the homogeneous polyno-
mial ξi for i = 1, 2. Then ξω = ξ1ξ2 and so, since ξω is irreducible in O[s1, ..., sd], we
must have, say, ξ1 ∈ O×. But then the series θ1 begins with an element of O× and so
is a unit of Rd. This proves θω is irreducible. (In fact, by a similar argument, one can
also show that the elements {θω : ω ∈ H∗} are pairwise coprime in ΛO(Γ)).
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