
ON WEIL-ÉTALE COHOMOLOGY
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Abstract. We prove a K-theoretical leading term formula relating the Artin L-series that
arise from a finite Galois covering of separated schemes over a finite field to an equivariant
Euler characteristic of the compactly supported Weil-étale cohomology of Z. We deduce
from this result an explicit characterization of the Galois structure of the compactly sup-
ported Weil-étale cohomology complex of Z and also the proof for all global function fields
of a range of previously formulated conjectures including the Ω(3)-Conjecture of Chinburg,
the non-abelian Brumer-Stark Conjecture of Nickel and the natural analogue for function
fields of the equivariant Tamagawa number conjecture for untwisted Tate motives. As a
key step in the proof of our main result we also establish several new results concerning
the K-theory of group rings over Tate algebras that are of independent interest.
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1. Introduction

1.1. Statement of the main result. In [35] Lichtenbaum introduced a new Grothendieck
topology, the ‘Weil-étale’ topology, on the category of schemes of finite type over a finite
field. This topology bears the same relation to the étale topology as the Weil group does
to the Galois group.

In particular, whilst Weil-étale cohomology groups share many of the same properties as
étale cohomology groups, they were also shown by Lichtenbaum to be finitely generated in
many important cases and in these cases to be related via a natural Euler characteristic
construction to the leading terms of zeta functions.

In this article we shall prove a strong refinement of Lichtenbaum’s leading term formula
in the setting of Galois coverings of schemes and then derive a variety of interesting, and in
some cases very concrete, consequences of this result.

To give more details we fix a power q of a prime p, write Fq for the finite field of cardinality
q and fix a separable closure Fcq of Fq.

For any scheme Y ′ of finite type over Fq we write Y ′W ét for the Weil-étale site on Y ′

that is defined in [35, §2]. We also write φ for the geometric Frobenius automorphism

x 7→ x
1
q in Gal(Fcq/Fq), θ for the element of H1(Spec(Fq)W ét,Z) = Hom(〈φ〉,Z) that sends

the Frobenius automorphism to 1 (and hence sends φ to −1) and θY ′ for the pullback of θ
to H1(Y ′W ét,Z). We recall that, for any sheaf F on Y ′W ét, taking cup product with θY ′ gives
a complex of the form

(1) 0→ H0(Y ′W ét,F)
∪θY ′−−−→ H1(Y ′W ét,F)

∪θY ′−−−→ H2(Y ′W ét,F)
∪θY ′−−−→ · · ·

For a Galois covering f : Y → X of schemes of finite type over Fq of group G we set

Z(f, t) :=
∑

χ∈Ir(G)

LArtin(Y, χ, t)eχ.

Here Ir(G) denotes the set of irreducible complex characters of G and for each χ we write
LArtin(Y, χ, t) for the Artin L-series defined by Milne in [36, Exam. 13.6(b)] and eχ for the
primitive central idempotent χ(1)|G|−1

∑
g∈G χ(g−1)g of C[G].
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We recall that each function LArtin(Y, χ, t) is a rational function of t and we write rf,χ
for its order of vanishing at t = 1. We further recall that the leading term

Z∗(f, 1) :=
∑

χ∈Ir(G)

lim
t→1

(1− t)−rf,χLArtin(Y, χ, t)eχ

of Z(f, t) at t = 1 is a well-defined element of ζ(Q[G])×, where we write ζ(A) for the centre
of any ring A.

In the sequel all G-modules are to be understood, unless explicitly stated otherwise, as
left modules. We write D(Z[G]) for the derived category of G-modules and Dperf(Z[G]) for
the full triangulated subcategory of D(Z[G]) comprising complexes that are ‘perfect’ (that
is, isomorphic in D(Z[G]) to a bounded complex of finitely generated projective G-modules).

We write K0(Z[G],Q[G]) for the relative algebraic K0-group of the natural ring inclu-
sion Z[G] → Q[G]. In the following result we shall use the canonical extended boundary
homomorphism

δG : ζ(Q[G])× → K0(Z[G],Q[G])

of relative algebraic K-theory and the natural Euler characteristic χG(−,−) construction
in K0(Z[G],Q[G]), both of which are recalled in §3.1.

We can now state the main result of this article.

Theorem 1.1. Let

(2)

Y
jY−−−−→ Y ′

f

y yf ′
X

j−−−−→ X ′

be a Cartesian diagram in which f ′ is a finite Galois covering of group G, X is geometrically
connected, X ′ and Y ′ are proper and of finite type over Fq, j and jY are open immersions
and the following two conditions are satisfied:

(i) the cohomology groups H i(Y ′W ét, jY,!Z) are finitely generated in all degrees i and
vanish for almost all i, and

(ii) the complex (1) with F = jY,!Z has finite cohomology groups.

Then the complex RΓ(Y ′W ét, jY,!Z) belongs to Dperf(Z[G]) and in K0(Z[G],Q[G]) one has

(3) δG(Z∗(f, 1)) = −χG(RΓ(Y ′W ét, jY,!Z), εf,j)

where εf,j denotes the exact sequence of Q[G]-modules that is induced (under condition (ii))
by the complex (1) with F = jY,!Z.

Remark 1.2. For each prime `, the long exact sequence of relative K-theory of the inclusion
Z`[G] ⊆ Q`[G] implies that (3) determines the image of Z∗(f, 1) in ζ(Q`[G])× modulo the
subgroup NrdQ`[G](K1(Z`[G])). In view of the explicit description of NrdQ`[G](K1(Z`[G]))
that is obtained by the second author in [32], or equivalently by the methods of Ritter and
Weiss in [43], this means that (3) incorporates families of congruence relations between the
leading terms at t = 1 of the Artin L-series LArtin(Y, χ, t) for varying χ in Ir(G).
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Remark 1.3. Upon specialising (3) to the case Y ′ = X ′ (so Y = X and G is trivial) one
recovers the leading term formula proved by Lichtenbaum in [35, Th. 7.4]. The latter result
also shows that (for any G) the conditions (i) and (ii) in Theorem 1.1 are valid if X = X ′

(so j is the identity) and Y ′ is both smooth and projective, or if Y ′ is a curve, or if both Y
and Y ′ are smooth surfaces. In general, however, if Y ′ is either non-smooth or non-proper,
then condition (i) is not always satisfied and the validity of condition (ii) is related to Tate’s
conjecture on the bijectivity of the cycle-class map. In a more general setting it would seem
natural to ask if our methods can prove a result similar to Theorem 1.1 for the theory of
‘arithmetic cohomology’ introduced by Geisser in [25].

As an important step in the proof of Theorem 1.1 we shall establish several new re-
sults concerning the Whitehead groups of group rings over Tate algebras (see, in particular
Theorem 2.1, Corollary 2.3 and the discussion of §2.6).

These results extend earlier work of several authors (for example, to the context of
ramified coefficient rings) and are likely to be of independent interest. In particular, they
extend the main K-theoretical results that are obtained by the second author in [32], by
Ritter and Weiss in [43] and by Witte in [56] and have played a key role in the construction
of ‘p-adic L-functions’ in various contexts of non-commutative Iwasawa theory.

In addition to these K-theoretical results, the proof of Theorem 1.1 will also make crucial
use of Grothendieck’s description of the Zeta function of `-adic sheaves on X in terms of
compactly supported `-adic cohomology, of the analogous description of the Zeta function
of p-adic sheaves on X in terms of crystalline cohomology that is due to Emerton and Kisin
and of an explicit, and rather delicate, computation of Bockstein homomorphisms that arise
naturally in certain ‘descent-type’ computations.

1.2. Statement of some consequences. Theorem 1.1 entails a variety of interesting and
concrete consequences.

In this section we give details of several such results that will be deduced in this article
and then in §1.3 we briefly discuss an important consequence that will be derived elsewhere.

1.2.1. To state the first of these results we write K0(Z[G]) for the Grothendieck group of the
category of finitely generated projective G-modules. We recall that the torsion subgroup
of K0(Z[G]) identifies with the reduced projective class group Cl(Z[G]) of G and that to
any object C of Dperf(Z[G]) one can associate a canonical Euler characteristic χG(C) in
K0(Z[G]).

We write Qc for the algebraic closure of Q in C and Ir(G) for the set of irreducible
Qc-valued characters of G.

We consider the group MapQ(Ir(G), J(Qc)) of Gal(Qc/Q)-equivariant maps from Ir(G)
to the idele group J(Qc) of Qc. We recall (from, for example, [23, Chap. I, Th. 2]) that
Fröhlich has constructed a canonical ‘hom-description’ surjective homomorphism of abelian
groups of the form

hG : MapQ(Ir(G), J(Qc))→ Cl(Z[G]).

We now fix a Cartesian diagram as in (2). Then for each character χ in Ir(G) we obtain
a non-zero element of Qc by setting

LArtin,∗(Y, χ, 1) := lim
t→1

(1− t)−rf,χLArtin(Y, χ, t).
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We can therefore define an element zArtin(f) of Map(Ir(G), J(Qc))) by setting

(4) zArtin(f)(χ)v :=

{
jv
(
LArtin,∗(Y, χ, 1)

)
, if χ is symplectic and v is archimedean,

1, otherwise

for each χ in Ir(G) and each place v of Qc, where in each case jv is a choice of embedding
Qc → C that corresponds to v (and is made precise in §6.2.2). We also note that if χ is
symplectic, then LArtin,∗(Y, χ, 1) is a real number.

Then the following result is a precise analogue for Weil-étale cohomology of the main
result of Chinburg in [16] concerning relations between the Galois structure of de Rham
cohomology complexes and Artin root numbers that are associated to tamely ramified Galois
covers of schemes over Fq.

Corollary 1.4. Fix a Cartesian diagram as in Theorem 1.1. Then the map zArtin(f) is
Gal(Qc/Q)-equivariant and in K0(Z[G]) one has

χG
(
RΓ(Y ′W ét, jY,!Z)

)
= hG(zArtin(f)).

Hence, the element χG
(
RΓ(Y ′W ét, jY,!Z)

)
depends only on the sign of LArtin,∗(Y, χ, 1) for

irreducible complex symplectic characters χ of G and has order dividing two.
In particular, if LArtin,∗(Y, χ, 1) is positive for all such χ, then RΓ(Y ′W ét, jY,!Z) is isomor-

phic in D(Z[G]) to a bounded complex of finitely generated free G-modules.

The proof of this result will be given in §6.2.

1.2.2. We now review a selection of results that will be derived from Theorem 1.1 in the
special case that X is an affine curve.

Before stating the first of these we recall that, for any finite Galois extension K/k of global
function fields, the ‘equivariant leading term conjecture’ formulated by the first author in [3,
Conj. C(K/k)] is the natural function field analogue of the equivariant Tamagawa number
conjecture for the untwisted Tate motive over Galois extensions of number fields (for more
details of this connection see [3, Rem. 2, Rem. 3]).

The following result will be stated precisely as Theorem 7.1 and proved in §7.2.

Theorem 1.5. For any finite Galois extension K/k of global function fields the equivariant
leading term conjecture of [3, Conj. C(K/k)] is valid.

In this regard, we recall that, whilst the main result of the first author in [4] verifies
[3, Conj. C(K/k)] for all abelian extensions K/k, the conjecture has not, hitherto, been
verified for any non-abelian Galois extensions K/k of degree divisible by the characteristic
of k. (In fact, Theorem 1.5 also gives an alternative proof of the main result of [4] in that
it avoids any use of Iwasawa theory.)

Before stating the next result we recall that the Brumer-Stark Conjecture for global
function fields concerns the explicit Galois structure of divisor class groups in finite abelian
extensions. The significance of this conjecture was first observed by Mazur and it was
partially proved by Tate and then proved in full by Deligne by using the theory of 1-
motives (for an exposition of this proof, due to Tate, see [50, Chap. V]) and then later by
Hayes by using the theory of rank one sign-normalized Drinfeld modules [30].
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The ‘non-abelian Brumer-Stark Conjecture’ was formulated by Nickel in [39] and consti-
tutes in the case of global function fields a natural conjectural extension of the theorem of
Deligne and Hayes to the setting of arbitrary Galois extensions.

Corollary 1.6. The non-abelian Brumer-Stark Conjecture is valid for all global functions
fields.

In fact, in Theorem 7.7 we will prove a stronger form of Nickel’s conjecture in which
annihilators are replaced by (non-abelian) Fitting invariants.

In addition, by a more detailed analysis of the argument used to prove Theorem 7.7, we
are also able to show that Theorem 1.5 implies both an extended version of the original
Brumer-Stark Conjecture in which leading terms (rather than values) of Artin L-series give
rise to elements of higher Fitting ideals of divisor class groups and also the validity for all
global function fields of a refinement of the main conjecture that was formulated by the
first author in [5] (see Corollary 7.11 and Remark 7.12).

This last observation is of interest since [5, Conj. 2.4.1] is known to incorporate a general-
ization to non-abelian Galois extensions of stronger versions of a wide range of refinements
of Stark’s Conjecture that have been extensively studied in the setting of abelian extensions
by, inter alia, Rubin [44], Gross [26] and Tate [51]. (For more details of these connections
see [5, Prop. 3.4.1, Th. 7.5.1 and Rem. 7.5.2].) Theorem 1.5 therefore implies the validity
for global function fields of all of these concrete predictions from [5].

We next recall that the ‘Ω(i)-Conjectures’ (for i ∈ {1, 2, 3}) of Chinburg are the central
conjectures of classical Galois module theory. They were initially formulated in [13, 14] in
the setting of number fields and then in [12] in the setting of arbitrary global fields.

We further recall that, hitherto, neither the Ω(1)-Conjecture nor Ω(3)-Conjecture has
been verified for any non-abelian Galois extension of global function fields of degree divisible
by the residue characteristic.

Nevertheless, in §7.4.4 we are able to combine Theorem 1.5 with earlier work of Flach
and the first author to deduce the following result.

Corollary 1.7. Chinburg’s Ω(3)-Conjecture is valid for all global function fields.

Finally we remark that Corollary 1.7 can be combined with results of Chinburg to show
that his Ω(1)-Conjecture is also valid for all tamely ramified extensions of global functions
fields (see Corollary 7.13).

1.3. Other directions. The techniques developed in this article also shed interesting new
light on the geometric Birch and Swinnerton-Dyer Conjecture. This aspect of the theory
will be described in a separate article, jointly authored with Wansu Kim. However, to help
explain an important aspect of our general approach, we give brief details of it here.

We recall that in [49] Artin and Tate formulated a natural analogue for an abelian variety
A over a global function field K of the classical Birch and Swinnerton-Dyer Conjecture for
abelian varieties over number fields.

In [9, Conj. 4.1] Kim and the present authors have formulated a strong refinement
of the conjecture of Artin and Tate. This refined conjecture is a natural analogue of the
equivariant Tamagawa number conjecture for the motives (of weight −1) that are associated
to abelian varieties over Galois extensions of number fields and incorporates both families of
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congruences between the leading terms at s = 1 of the Artin-Hasse-Weil L-series attached
to A and complex characters of the absolute Galois group of K and also strong restrictions
on the Galois structure of natural Selmer complexes.

In an upcoming article we will prove, modulo the assumed finiteness of Tate-Shafarevich
groups, that [9, Conj. 4.1] is valid for any generically ordinary abelian variety A and any
finite Galois extension of K.

This result will give the first verification of an equivariant refinement of the conjecture
of Artin and Tate in a situation in which A need not be isotrivial and the relevant Galois
extension need not be tamely ramified. It is proved by combining one of the main results
(Theorem 4.3) of the present article together with a detailed analysis of the functional
equations associated to unit root L-functions that relies on establishing the overconvergence
of the Dwork-Frobenius operator on the unit-root part of the Dieudonné F -isocrystal of an
ordinary abelian variety. The proof of the latter result in turn uses the theory of canonical
subgroups of Abbes and Mokrane [1] and Scholze [45] and Wan’s theory of sigma-nuclear
operators [55].

This argument is, in particular, therefore independent of any reliance on the results or
techniques of Iwasawa theory that have been central to previous approaches to studying
refined versions of the conjecture of Artin and Tate. This is, for example, the case with the
recent work of Trihan and Vauclair [52] in which the main conjecture of non-commutative
Iwasawa theory for semistable A is studied in the context of unramified p-adic Lie extensions
of K for which suitable µ-invariants vanish.

However, there are key difficulties in extending the latter approach since, even now, there
are no ideas as to how one can formulate a main conjecture of Iwasawa theory for A relative
to any general class of ramified p-adic Lie extensions of K.

It is thus one of the main observations, and advantages, of our general approach that the
K-theoretical techniques developed here (and, in a different context, in [9]) can themselves
be sufficient to study equivariant leading term conjectures in the setting of varieties over
global function fields without the necessity of developing the appropriate formalism of (non-
commutative) Iwasawa theory, and hence without the need to assume auxiliary hypotheses
such as the vanishing of relevant µ-invariants.

Part I: General Results

In the next four sections we will establish several general results (including, perhaps most
notably, Theorems 2.1 and 4.3) that will later play a key role in the proof of Theorem 1.1.

In the sequel all modules are to be understood as left modules unless explicitly stated
otherwise.

For any associative, unital, left noetherian ring R we write C−(R) and Cperf(R) for the
categories of bounded above complexes of projective R-modules and of bounded complexes
of finitely generated projective R-modules respectively.

We also write D(R) for the derived category of R-modules and D−(R) and Dperf(R)
for the full triangulated subcategories of D(R) comprising complexes that are respectively
isomorphic to an object of C−(R) and Cperf(R).
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2. Whitehead groups for group rings over Tate algebras

2.1. Mackey functors. In this section we use the basic theory of Mackey functors, Green
rings and Green modules, the necessary background for which can be found, for example,
in [41, Chap. 11].

IfM is a Mackey functor, then for each monomorphism of finite groups V ↪→ U we write

(iUV )∗ :M(U)→M(V ) and (iUV )∗ :M(V )→M(U)

for the induced group homomorphisms (in particular, we caution the reader that, for sim-
plicity, we do not indicate the dependence of these maps on M).

We write Uab for the abelianization of a group U . Then for certain M the tautological
surjection U → Uab also induces maps M(U) → M(Uab) and M(Uab) → M(U) and, in
any such case, we denote these maps by (iU

Uab)∗ and (iU
Uab)∗ respectively.

Fix a finite group G and a prime p. Then we write G
Zp
0 (Zp[G]) for the Grothendieck group

of the category of finitely generated Zp[G]-modules that are free as Zp-modules and recall
that there are natural isomorphisms

G
Zp
0 (Zp[G]) ∼= G0(Qp[G]) ∼= K0(Qp[G])

(cf. [2, Chap. XI, Th. 5.3, Chap. IX, 2.4] and [46, Prop. 9]). We regard these isomor-
phisms as identifications and always describe elements of these groups via K0(Qp[G]) as
this is canonically isomorphic to the free abelian group on the set of irreducible Qp-valued
characters of G.

We fix an algebraic closure Qc
p of Qp and write R(G) for the free abelian group on the

set of irreducible Qc
p-representations of G.

We write S(G) and C(G) for the sets of all subgroups and of all cyclic subgroups of G
respectively.

2.2. Statement of the main algebraic theorem. We fix a finite group G and an arbi-
trary prime p. We write O for the valuation ring of some fixed finite extension of Qp in Qc

p,
fix a uniformiser π of O and denote the residue field O/(π) of O by k.

Throughout this section Λ will denote either the ring O, the Tate algebra O〈t〉 or the
power series ring O[[t]] in some indeterminate t and we shall consider the group ring Λ[G].

We write SK1(Λ[G]) for the kernel of the scalar extension map

K1(Λ[G])→ K1(Λ
[
1/p
]
[G])

and set
K ′1(Λ[G]) := K1(Λ[G])/SK1(Λ[G]).

We will make important use of the fact that K ′1(Λ[G]) is a Green module over the Green
ring K0(Qp[G]). (Note [41, Th. 11.2] states this result for the case Λ = O but that, as per
[18, Th. 4.6(i)], this restriction on coefficients is not necessary).

We set ΛQcp := Λ⊗O Qc
p and recall that there is a natural ‘determinant’ homomorphism

DΛ[G] : K1(Λ[G])→ Hom(R(G),Λ×Qcp
)

with ker(DΛ[G]) = SK1(Λ[G]). Via these homomorphisms the natural inclusions

Hom(R(G),Qc,×
p ) ↪→ Hom(R(G), (O〈t〉 ⊗O Qc

p)
×) ↪→ Hom(R(G), (O[[t]]⊗O Qc

p)
×)
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induce canonical injective homomorphisms

(5) K ′1(O[G]) ↪→ K ′1(O〈t〉[G]) ↪→ K ′1(O[[t]][G])

and we shall always regard these maps as inclusions.
For the trivial subgroup U = {1} of G we write ηU for its trivial character. Then for

each cyclic subgroup U of G we recursively define an element of K0(Qp[U ]) by setting

(6) ηU := |U | −
∑
U ′(U

(iUU ′)∗(ηU ′),

where |U | denotes |U | times the trivial character of U .
We consider the diagonal homomorphism

θΛ[G] : K ′1(Λ[G])
(θU )U−−−−→

∏
U∈S(G)

Λ[Uab]×

that uses for each subgroup U of G the composite homomorphism

θU : K ′1(Λ[G])
(iGU )∗

−−−→ K ′1(Λ[U ])
(iU
Uab )∗
−−−−→ K ′1(Λ[Uab]) ∼= Λ[Uab]×.

We can now state the main result of this section.

Theorem 2.1. The map θΛ[G] induces an isomorphism between K ′1(Λ[G]) and the set of all

elements (xU )U in
∏
U∈S(G) Λ[Uab]× that satisfy both of the following conditions:

(FΛ[G]) For every element (χU )U of
∏
U∈S(G)R(Uab) that satisfies∑

U∈S(G)

(iGU )∗ ◦ (iUUab)∗(χU ) = 0

in R(G) one has ∏
U∈S(G)

DΛ[U ](xU )(χU ) = 1.

(CΛ[G]) There exists an element x of K ′1(Λ[G]) with∏
U∈C(G)

(iGU )∗(ηU · xU ) = x|G|.

Remark 2.2. The condition (FΛ[G]) is an elementary compatibility relation and the con-
dition (CΛ[G]) is also directly implied by the basic properties of Mackey functors (for more
details see the proof of Proposition 2.6 below). It is therefore quite striking that these
conditions are together sufficient to characterize the image of θΛ[G]. In this regard, we
further note that the explicit description of K ′1(Λ[G]) given in Theorem 2.1 extends the
K-theoretical results that have played a key role in the construction of ‘p-adic L-functions’
in the setting of non-commutative Iwasawa theory (see, for example, [6, 32, 53]) and so is
of some independent interest.

The following result will be derived as a straightforward consequence of Theorem 2.1 and
plays a key role in later arguments.
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Corollary 2.3. An element x of K ′1(O[[t]][G]) belongs to K ′1(O〈t〉[G]) if and only if for all
subgroups U of G one has θU (x) ∈ O〈t〉[Uab]×.

The proofs of Theorem 2.1 and Corollary 2.3 will occupy §2.3, §2.4 and §2.5. With a view
to future applications, in §2.6 we shall then also derive a consequence of Theorem 2.1 regard-
ing the K1(Λ[G])-torsors that play a key role in the theory of ‘non-abelian determinants’
developed by Fukaya and Kato in [24].

Remark 2.4. In [56, §3] Witte uses methods developed by Chinburg, Pappas and Taylor
in [17, 18] to study K1(O〈t〉[G]) in the case that O is an unramified extension of Zp. In this
special case his approach can be used to give a different proof of Corollary 2.3 but does not
give an analogue of the finer result in Theorem 2.1.

2.3. First observations on the proof of Theorem 2.1.

Proposition 2.5. The homomorphism θΛ[G] is injective.

Proof. This result follows directly from the commutative diagram

K ′1(Λ[G])
DΛ[G] //

θΛ[G]

��

Hom(R(G),Λ×Qcp
)

∏
U∈S(G)(i

U
Uab )∗◦(iGU )∗

��∏
U∈S(G) Λ[Uab]×

(D
Λ[Uab]

)U
//
∏
U∈S(G) Hom(R(Uab),Λ×Qcp

).

and the fact that Brauer’s induction theorem (as stated in [46, Th. 20]) implies that the
right hand vertical arrow in the diagram is injective. �

Proposition 2.6. Any element in the image of θΛ[G] satisfies both of the conditions (FΛ[G])
and (CΛ[G]).

Proof. Fix x in K ′1(Λ[G]) and set (xU ) := θΛ[G](x).
To prove (xU ) satisfies (FΛ[G]) we use the fact that each map θU is equal to the composite

left hand vertical arrow in the following commutative diagram

(7) K ′1(Λ[G])

(iGU )∗

��

DΛ[G] // Hom(R(G),Λ×Qcp
)

(iGU )∗

��
K ′1(Λ[U ])

(iU
Uab )∗

��

DΛ[U ] // Hom(R(U),Λ×Qcp
)

(iU
Uab )∗

��
Λ[Uab]×

D
Λ[Uab] // Hom(R(Uab),Λ×Qcp

).
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In particular, if (χU ) in
∏
U∈S(G)R(Uab) satisfies

∑
U∈S(G)(i

G
U )∗ ◦ (iU

Uab)∗(χU ) = 0, then

this diagram implies that∏
U∈S(G)

DΛ[U ](xU )(χU ) =
∏

U∈S(G)
DΛ[G](x)((iGU )∗ ◦ (iUUab)∗(χU ))

=DΛ[G](x)
(∑

U∈S(G)
(iGU )∗ ◦ (iUUab)∗(χU )

)
=DΛ[G](x)(0)

= 1,

and hence that (xU ) satisfies (FΛ[G]).
To prove (xU ) satisfies (CΛ[G]) we use the fact that for any subgroup W of G there is an

equality in K0(Qp[W ]) of the form

(8)
∑

U∈C(W )
(iWU )∗(ηU ) = |W |

(by Serre [46, Prop. 28, 27]). Taken in conjunction with the Frobenius axiom, this equality
implies that ∏

U∈C(G)
(iGU )∗(ηU · xU ) =

∏
U∈C(G)

(
(iGU )∗(ηU ) · x

)
= (

∑
U∈C(G)

(iGU )∗(ηU )) · x

= |G| · x

=x|G|

and hence that (xU ) satisfies (CΛ[G]), as required. �

2.4. Torsion considerations. As further preparation for the proof of Theorem 2.1, in this
section we investigate the torsion subgroup of K ′1(Λ[G]).

In the sequel we write Ator for the torsion subgroup of an abelian group A. We also
write A[p] and A[p′] for the maximal subgroups of Ator comprising elements whose orders
are respectively a power of p and coprime to p.

2.4.1. Preliminary results. The first key step in the proof of Theorem 2.1 will be to prove
the following useful result.

Proposition 2.7.

(i) The kernel of the homomorphism

K ′1(O[[t]][G])/K ′1(Λ[G])→
∏

U∈S(G)

O[[t]][Uab]×/Λ[Uab]×

that is induced by θO[[t]][G] is torsion-free.
(ii) The inclusions (5) restrict to give an equality K ′1(O[G])tor = K ′1(Λ[G])tor.

However, before proving this result, we must first record several technical results that are
obtained by a routine extension of arguments of Oliver.



12 DAVID BURNS AND MAHESH KAKDE

Proposition 2.8. Let P be a finite group of p-power order and z a central element of P
that has order p. Then there exists a natural exact sequence of abelian groups of the form

1→ 〈z〉 → K1(Λ[P ], (1− z)Λ[P ])→ H0(P, (1− z)Λ[P ])
ω−→ Fp → 1.

Proof. This results generalises [41, Prop. 6.4] and our argument closely follows that in loc.
cit.

We set I := (1− z)Λ[P ] and write J for the Jacobson radical of Λ[P ]. Then one checks
easily that Ip ⊆ p(1− z)R[P ] and this fact combines with the argument of [41, Th. 2.8] to
show that the classical p-adic logarithm gives rise to a diagram of group homomorphisms
of the form

K1(Λ[P ], IJ) //

∼= logIJ

��

K1(Λ[P ], I) //

logI

��

K1(Λ[P ]/IJ, I/IJ) //

log0

��

1

0 // H0(P, IJ) // H0(P, I) // H0(P, I/IJ) // 0.

In this diagram logIJ is bijective, both rows are exact, the first square commutes and log0

is defined to be the unique map which makes the second square commute.
Moreover, the same argument as in [41, Prop. 6.4] shows that there are natural isomor-

phisms of groups

K1(Λ[P ]/IJ, I/IJ) ∼= Λ[P ]/J ∼= k ∼= H0(P, I/IJ),

with respect to which log0 identifies with the endomorphism 1 − ϕ of k, where ϕ is the
Frobenius map.

Given these facts, the claimed exact sequence (with the third arrow equal to logI) is
derived from the above diagram by simply mimicking the argument given in loc. cit. �

Proposition 2.9. Let P be a finite group of p-power order. Let P ′ be a subgroup of P
generated by central commutators of order p. Write I for the kernel of the natural projection
Λ[P ]→ Λ[P/P ′] and K ′1(Λ[P ], I) for the image of K1(Λ[P ], I) in K ′1(Λ[P ]). Then the image
of K ′1(Λ[P ], I) under the logarithm map lies in H0(P,Λ[P ]) and coincides with the image of
H0(P, I).

Proof. Let z1, . . . , zk be a set of central commutators that generate P ′. Then one has

I = (z1 − 1)Λ[P ] + · · ·+ (zk − 1)Λ[P ].

Hence, by [41, Lem. 6.3(i)], one has Ip ⊂ pI and therefore the logarithm map takes
K ′1(Λ[P ], I) into H0(P,Λ[P ]).

Next we prove that the image of K ′1(Λ[P ], I) in H0(P,Λ[P ]) coincides with the image of
H0(P, I).

To prove this in the case k = 1 we need only use the result of Proposition 2.8. Indeed,
since for any g ∈ P the image of (1− z1)g under the map ω that occurs in the sequence in
the latter result is equal to 1, the required claim follows from the exactness of this sequence
and the fact that if z1 = hgh−1g−1, then the image of (1− z1)g in H0(P,Λ[P ]) is trivial.
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To prove the result in the general case we denote the image of H0(P, I) in H0(P,Λ[P ])
by H0. Then there is a natural commutative diagram⊕k

i=1K1(Λ[P ], (1− zi)Λ[P ])

��

//
⊕k

i=1H0(P, (1− zi)Λ[P ])

��
K ′1(Λ[P ], I) // H0

in which the vertical arrows are surjective and, via this diagram, the claimed result is easily
reduced to the case k = 1. �

Lemma 2.10. Let P be a finite group of p-power order. Let P ′ be a subgroup of P gen-
erated by central commutators of order p. Let Λ denote either O or O[[t]]. Then the map
SK1(Λ[P ]) → SK1(Λ[P/P ′]) that is induced by the natural surjection Λ[P ] → Λ[P/P ′] is
itself surjective.

Proof. In the case Λ = O this result is from [41, p. 277, (3)] and so follows from [41, Prop
8.1] and [41, Thm 8.7].

To deal with the case Λ = O[[t]], we use the fact that for any finite group Q of p-power
order there is a natural isomorphism Λ[Q] ∼= lim←−nO[Z/pn ×Q]. In particular, since by [41,

Prop 8.12] there are natural isomorphisms SK1(O[Z/pn × Q]) ∼= SK1(O[Q]), the groups
SK1(Λ[Q]) and SK1(O[Q]) are naturally isomorphic and so the claimed result for Λ = O[[t]]
follows directly from the result for Λ = O. �

The next result generalises [41, Th. 12.3].

Proposition 2.11. Assume that the quotient field L of O is a Galois extension of Qp. Let
P be a finite p-group for which there exists a homomorphism τ : P → Gal(L/Qp) with the

property that, setting P ′ := ker(τ), the extension L/LP
′

is unramified.
Then, with Λ denoting either O or O[[t]] and Λ[P ]τ the corresponding twisted group ring

associated to τ , the transfer homomorphism K ′1(Λ[P ]τ ) → H0(P/P ′,K ′1(Λ[P ′])) that is
induced by the inclusion Λ[P ′] ⊆ Λ[P ]τ is bijective.

Proof. We note first that the argument used to prove [41, Lem. 12.1] shows that the
functorial homomorphism K ′1(Λ[P ′])→ K ′1(Λ[P ]τ ) induced by the inclusion Λ[P ′] ⊆ Λ[P ]τ

is surjective.
Next, we extend the argument of [41, Lem. 12.2] to prove K ′1(Λ[P ′]) is a cohomologically-

trivial P/P ′-module with respect to the conjugation action on Λ[P ′] in which P/P ′ acts on
Λ via τ .

Before proving this we note that, if true, this fact combines directly with the argument
used to prove [41, Th. 12.3] to deduce the claimed result.

Now, the argument of [41, Lem. 12.2] works verbatim in the case that P ′ is abelian (the
only fact used in this case being that Λ[P ′] is a local ring with finite residue field). To deal
with the general case we let P ′′ be the subgroup of P ′ generated by central commutators
in P ′ of order p. Then P ′′ is non-trivial (by [41, Lem. 6.5]) and of exponent p. We write
I for the kernel of the projection map Λ[P ′]→ Λ[P ′/P ′′] and K ′1(Λ[P ′], I) for the image of
K1(Λ[P ′], I) in K ′1(Λ[P ′]).



14 DAVID BURNS AND MAHESH KAKDE

Next we note that, by Lemma 2.10, the natural map SK1(Λ[P ′]) → SK1(Λ[P ′/P ′′]) is
surjective and hence that there exists an exact sequence of P/P ′-modules

(9) 1→ K ′1(Λ[P ′], I)→ K ′1(Λ[P ′])→ K ′1(Λ[P ′/P ′′])→ 1.

Now, by induction on the order of commutator subgroup of P ′, we may assumeK ′1(Λ[P ′/P ′′])
is a cohomologically-trivial P/P ′-module and so this sequence reduces us to proving that
K ′1(Λ[P ′], I) is also cohomologically-trivial.

To show this one can use the same argument as in the proof of [41, Lem. 12.2]. For the
convenience of the reader, we now give a sketch of this argument.

By Proposition 2.9, one knows that the image of K ′1(Λ[P ′], I) in H0(P ′,Λ[P ′]) under the
logarithm map coincides with the image of the natural map H0(P ′, I) → H0(P ′,Λ[P ′]).
Denoting this common image by H0 we may consider the commutative diagram

K1(Λ[P ′], I) //

logI

��

K ′1(Λ[P ′], I) //

log
��

1

H0(P ′, I)
π // H0

// 0.

In this diagram the map log exists, and is surjective, because the power series defining
log(1 + x) converges in H0(P ′,Λ[P ′]) and takes values in H0. In addition, ker(π) is equal
to the image of H1(P ′,Λ[P ′/P ′′]) in H0(P ′, I) and, as Λ is a flat Z-module, the universal
coefficient spectral sequence gives an isomorphism H1(P ′,Λ[P ′/P ′′]) ∼= H1(P ′,Z[P ′/P ′′])⊗Z
Λ. In particular, as H1(P ′,Z[P ′/P ′′]) is finite, ker(π) is torsion. Since Proposition 2.8 (with
P replaced by P ′) implies that ker(logI) is also torsion, one can then apply the Snake lemma
to the above diagram to deduce that ker(log) is a torsion group.

However, the natural projection map K ′1(Λ[P ′])tor → K ′1(Λ[P ′/P ′′])tor is bijective (as
follows, for example, directly from the explicit descriptions given in (10) and (12) below
with G replaced by P ′ and P ′/P ′′), and so the exact sequence (9) implies that K ′1(Λ[P ′], I)
is torsion-free.

It follows that the map log is bijective and hence endows K ′1(Λ[P ′], I) with a natural
action of the twisted group ring Λ[P/P ′]τ . It is then enough to note that the existence of
such an action automatically implies that K ′1(Λ[P ′], I) is a cohomologically-trivial P/P ′-
module (see the beginning of the proof of [41, Lem. 12.2]), as required. �

2.4.2. The proof of Proposition 2.7. To prove claim (i) we write JΛ and J for the Jacobson
radicals of Λ[G] and k[G] respectively.

Then, since the quotient rings Λ[G]/JΛ and k[G]/J are naturally isomorphic, the group
K1(Λ[G]/JΛ) is finite, of order prime to p and independent of Λ (see, for example, [41, Th.
1.16]).

We next write K ′1(Λ[G], JΛ) for the image of K1(Λ[G], JΛ) in K ′1(Λ[G]) and claim both
that K ′1(Λ[G], JΛ) is pro-p and that there is a direct sum decomposition

(10) K ′1(Λ[G]) = K ′1(Λ[G], JΛ)⊕K ′1(Λ[G])[p′]
∼= K ′1(Λ[G], JΛ)⊕K1(k[G]/J).

In the case Λ = O these facts are proved by Oliver in [41, Th. 2.10]. To deduce the
same results for Λ = O[[t]] one then need only fix an isomorphism of O[[t]][G] with the limit
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lim←−nO[Z/pnZ×G], where the transition maps are the natural projections, and then use the
isomorphism of groups

(11) K ′1(O[[t]][G]) ∼= lim←−
n

K ′1(O[Z/pnZ×G])

that is induced by the result of Fukaya and Kato in [24, Prop. 1.5.1].
Finally, the same results for Λ = O〈t〉 follow as an easy consequence of the results for O

and O[[t]] and the inclusions (5).
Now the decomposition (10) implies that it is enough to prove the assertion of Proposition

2.7(i) after replacing K ′1(O[[t]][G])/K ′1(Λ[G]) by K ′1(O[[t]][G], JO[[t]])/K
′
1(Λ[G], JΛ).

Next we note that the results of Proposition 2.11 and [18, Th. 4.7(ii)] combine with the
argument that is used to prove [41, Th. 12.4] to show that K ′1(Λ[G], JΛ) is computable by
restriction to p-elementary subgroups (in the terminology of Mackey functors).

Hence, after possibly extending the ring of scalars O, we may assume that G is a p-
group and then in this case we can prove Proposition 2.7(i) by induction on the order of
commutator subgroup of G.

If G is an abelian p-group, there is clearly nothing to prove. We therefore assume that
G is a non-abelian p-group and fix a central commutator z in G of order p. Then, by
combining the induction hypothesis with the obvious analogue of the exact sequence (9)
we are reduced to proving Proposition 2.7(i) after replacing K ′1(O[[t]][G])/K ′1(Λ[G]) by the
quotient

K ′1(O[[t]][G], Iz)/K
′
1(Λ[G], (1− z)Λ[G])

with Iz := (1− z)O[[t]][G].
Now, as z is a commutator, the argument of Proposition 2.9 shows that the image of

K ′1(O[[t]][G], Iz) under the logarithm map lies in H0(G,O[[t]][G]) and coincides with the
image of H0(G, Iz) in H0(G,O[[t]][G]). Hence, since the image of 〈z〉 in K ′1(O[[t]][G], Iz) is
trivial, the exact sequence in Proposition 2.8 implies that K ′1(O[[t]][G], Iz) is isomorphic to
the image of H0(G, Iz) in H0(G,O[[t]][G]).

In this way, the proof of Proposition 2.7(i) is reduced to showing that the quotient of the
respective images in H0(G,O[[t]][G]) of H0(G, Iz) and H0(G, (1 − z)Λ[G]) is torsion-free.
Then, since H0(G,O[[t]][G]) is a free O[[t]]-module on the conjugacy classes of G, this is
easily deduced from the fact that the quotient of O[[t]] by Λ is torsion-free.

Turning to the proof of Proposition 2.7(ii), we note that the decomposition (10) immedi-
ately implies that K ′1(O[G])[p′] = K ′1(Λ[G])[p′] and so it suffices to show that K ′1(O[G])[p] =
K ′1(Λ[G])[p].

To do this we fix a set {g1, . . . , gk} of representatives of the set of L-conjugacy classes of
elements of G that are of order prime to p. We write Zi for the centralizer of gi in G, ni
for the order of gi, µni for the group of nth

i roots of unity in Qc
p and set

Ni := {x ∈ G : xgix
−1 = gai for some a ∈ Gal(L(µni)/L)}.

Then, in view of the inclusions (5), it is enough to show that there is a natural group
isomorphism

(12) K ′1(Λ[G])[p]
∼= (µ(L)[p])

⊕k ⊕
i=k⊕
i=1

H0(Ni/Zi, Z
ab
i )[p]
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for both Λ = O and Λ = O[[t]] (and hence also for Λ = O〈t〉). But if Λ = O, this is
proved by Oliver in [41, Th. 12.5(ii)] and one then obtains the same isomorphism in the
case Λ = O[[t]] by combining (11) with the given isomorphisms for the rings O[Z/pnZ×G]
for every natural number n.

This completes the proof of Proposition 2.7.

2.4.3. Torsion and the condition (FΛ[G]). The results that are proved in this section will
show that the group θΛ[G](K

′
1(Λ[G])tor) is characterized solely by the condition (FΛ[G]) in

Theorem 2.1.
We first consider torsion elements of order prime to p.

Proposition 2.12. θΛ[G] restricts to give an isomorphism between K ′1(Λ[G])[p′] and the

subgroup of
∏
U∈S(G)(Λ[Uab]×)[p′] comprising elements that satisfy the condition (FΛ[G]).

Proof. In view of Proposition 2.7(ii) it is enough to prove the claim in the case that Λ = O.
To do this we write Bk(G) for the set of k-irreducible modular (or ‘Brauer’) characters of
G and for each ρ in Bk(G) we denote the smallest field extension of k over which ρ can be
realised by k(ρ).

Then there are natural isomorphisms

K ′1(O[G])[p′]
∼= K1(O[G]/JO) ∼=

∏
ρ∈Bk(G)

k(ρ),

where the first is described by Oliver in [41, Th. 2.10] and the second is proved in [19, 18.1].
With respect to these isomorphisms, the restriction of θO[G] to K ′1(O[G])[p′] is identified
with the homomorphism∏

ρ∈Bk(G)
k(ρ)→

∏
U∈S(G)

∏
χ∈Bk(Uab)

k(χ)

that sends each element (aρ)ρ to (
∏
ρa
nρ(U,χ)
ρ )U,χ where the integers nρ(U, χ) are defined via

the equality of characters

(iGU )∗ ◦ (iUUab)∗(χ) =
∑

ρ∈Bk(G)

nρ(U, χ) · ρ.

Given this explicit description of the restriction of θO[G], the claimed result follows directly
from [19, Exer. 18.13]. �

Proposition 2.13. θΛ[G] restricts to give an isomorphism between K ′1(Λ[G])[p] and the

subgroup of
∏
U∈S(G)(Λ[Uab]×)[p] comprising elements that satisfy the condition (FΛ[G]).

Proof. In view of Propositions 2.5, 2.6 and 2.7(ii) it suffices to show that any given element
(xU ) of

∏
U∈S(G)(O[Uab]×)[p] that satisfies (FO[G]) belongs to θO[G](K

′
1(O[G])[p]).

To do this we write Ep(G) for the set of p-elementary subgroups of G and note that for
any U in Ep(G) the isomorphism (12) with Λ = O and G = U implies that the natural

projection map K ′1(O[U ])[p] → K ′1(O[Uab])[p] = (O[Uab]×)[p] is bijective.
Recalling that K ′1(O[G], JO) is computable by restriction to p-elementary subgroups (see

the proof of Proposition 2.7(i)), it is therefore enough to show that if U and V are any two
subgroups in Ep(G) then the given element (xU ) has both of the following properties:
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(a) If U = gV g−1 for some g in G, then cg(xU ) = xV where cg denotes the map induced
by conjugation by g.

(b) If V ⊆ U , then (iUV )∗(xU ) = xV .

This is in turn true because both of these properties can be deduced as a consequence
of the condition (FO[G]). For brevity, we shall only derive (b) from (FO[G]), leaving the
analogous (but easier) derivation of (a) to the reader.

Now, to prove (b) it suffices to show that DO[V ](xV )(χ) = DO[V ]((i
U
V )∗(xU ))(χ) for every

χ in R(V ). But for any such χ one has (iGV )∗(χ) − (iGU )∗(i
U
V )∗(χ) = 0 and hence, by the

assumed validity of (FO[G]), also

DO[V ](xV )(χ) = DO[U ](xU )((iUV )∗(χ)) = DO[V ]((i
U
V )∗(xU ))(χ),

as required. �

2.4.4. Torsion and the elements ηU . In this section we prove the following result.

Proposition 2.14. For any element (xU ) of
∏
U∈S(G)Λ[Uab]× that satisfies the condition

(FΛ[G]), the following properties are equivalent.

(i) ηU · xU is torsion for every cyclic subgroup U of G.
(ii) xU is torsion for every cyclic subgroup U of G.
(iii) xU is torsion for every subgroup U of G.

Proof. At the outset we note that the implication from (iii) to (i) is obvious and that an
element y of K ′1(Λ[U ]) is torsion if and only if the element DΛ[U ](y)(χ) of Λ×Qcp

is torsion for

every χ in R(U).
To prove the implication from (i) to (ii) we fix U in C(G) and for χ in R(U) and V in

C(U) we set χV = (iUV )∗(χ). Then the equality (8) implies that for each such χ the element

DΛ[U ](xU )(χ)|U | = DΛ[U ](xU )(|U | · χ) is equal to

DΛ[U ](xU )(
∑

V ∈C(U)

(iUV )∗(ηV · χV )) =
∏

V ∈C(U)
DΛ[U ](xU )((iUV )∗(ηV · χV ))

=
∏

V ∈C(U)
DΛ[V ]((i

U
V )∗(xU ))(ηV · χV )

=
∏

V ∈C(U)
DΛ[V ](xV )(ηV · χV )

=
∏

V ∈C(U)
DΛ[V ](ηV · xV )(χV )

where the penultimate equality is a consequence of Lemma 2.15 below. Thus, since claim
(i) implies that the last displayed product is a torsion element, it follows that DΛ[U ](xU )(χ)
is torsion for all χ in R(U) and hence that (ii) is valid.

To show the implication from (ii) to (iii) we need to show that xU is a torsion element
for every U in S(G). Arguing by contradiction we take a subgroup U of least order such
that xU is not torsion. Then U cannot be cyclic but Uab can be cyclic and so we have to
consider two different cases.

We assume first that Uab is cyclic. Then there exists a V in C(U) for which the natural
map V → Uab is surjective and so induces an isomorphism between Uab and the quotient
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V ′ := V/(V ∩ [U,U ]). In particular, by Lemma 2.15 below, one has xU = (iVV ′)∗(xV ) and
so, since xV is (by assumption) torsion the element xU is torsion, as required.

Next we assume Uab is not cyclic. Then for every V in C(Uab) the full pre-image Ṽ of V
in U is a proper subgroup of U and so xṼ is torsion. The image xV of xṼ under the natural

projection map Λ[Ṽ ]× → Λ[V ]× is therefore also torsion and, by combining Lemma 2.15
below with the construction of xV , one knows that the norm of (iUV )∗(xU ) is equal to xV .

Hence, if we set u := |Uab| and for any χ in R(Uab) also χV := (iU
ab

V )∗(χ), then one has

DΛ[U ](xU )(χ)u =DΛ[U ](xU )(u · χ)

=DΛ[U ](xU )
( ∑
V ∈C(Uab)

(iU
ab

V )∗(ηV · χV )
)

=
∏

V ∈C(Uab)
DΛ[V ]((i

Uab

V )∗(xU ))(ηV · χV )

=
∏

V ∈C(Uab)
DΛ[V ](ηV · xV )(χV )

where the second equality follows from (8) with W replaced by Uab. In particular, since
each element xV that occurs in the last product is torsion, this proves claim (iii). �

Lemma 2.15. Let (xU ) be an element of
∏
U∈S(G)Λ[Uab]× that satisfies (FΛ[G]). Fix U and

V in S(G) with V ⊆ U and set V ′ := V/(V ∩ [U,U ]). Then one has (iU
ab

V ′ )∗(x
[[U,U ]V :V ]
U ) =

(iV
ab

V ′ )∗(xV ).

Proof. Setting d := [[U,U ]V : V ], it suffices to prove that for every χ in R(V ′) one has

DΛ[V ′]((i
Uab

V ′ )∗(xdU ))(χ) = DΛ[V ′]((i
V ab

V ′ )∗(xV ))(χ).
But, since

DΛ[V ′]((i
Uab

V ′ )∗(xdU ))(χ) = DΛ[V ′](xU )((iU
ab

V ′ )∗(d · χ))

and

DΛ[V ′]((i
V ab

V ′ )∗(xV ))(χ) = DΛ[V ](xV )((iV
ab

V ′ )∗(χ)),

the required equality follows directly by applying the condition (FΛ[G]) to the character
relation

(iGU )∗(i
U
Uab)∗(iU

ab

V ′ )∗(d · χ)− (iGV )∗(i
V
V ab)∗(iV

ab

V ′ )∗(χ) = 0.

�

2.5. The proofs of Theorem 2.1 and Corollary 2.3.

2.5.1. The results of Propositions 2.5 and 2.6 reduce the proof of Theorem 2.1 to showing
that any element (xU )U of

∏
U∈S(G) Λ[Uab]× that satisfies both of the conditions (FΛ[G])

and (CΛ[G]) must belong to im(θΛ[G]).
To prove this we note, firstly, that since such an element (xU ) satisfies condition (CΛ[G])

we can choose an element x in K ′1(Λ[G]) with
∏
U∈C(G)(i

G
U )∗(ηU · xU ) = x|G|.
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Then a standard property of Mackey functors implies that for every V in C(G) the
element

θV (x|G|) = (iGV )∗(
∏

U∈C(G)
(iGU )∗(ηU · xU )) =

∏
U∈C(G)

(iGV )∗(iGU )∗(ηU · xU )

is equal to

∏
U∈C(G)

∏
g∈V \G/U

(iVV ∩gUg−1)∗(cg)(i
U
g−1V g∩U )∗(ηU · xU )

=
∏

g∈V \G

∏
U∈C(G)

gUg−1⊆V

(iVgUg−1)∗(ηgUg−1 · xgUg−1)

=
∏

U⊆V
(iVU )∗(ηU · xU )[G:V ]

= (
∑
U⊆V

((iVU )∗(ηU ))(xV )[G:V ]

= |V | · x[G:V ]
V

=x
|G|
V

where the second and third equalities follow from Lemma 2.15.
The above computation implies that, after replacing (xU ) by θ(x)−1(xU ) if necessary, we

can assume that (xU ) satisfies both (FΛ[G]) and (CΛ[G]) and is also such that xU is torsion
for all U in C(G). Then, in this case, Proposition 2.14 implies that xU is torsion for all
subgroups U of G.

We can therefore now apply Propositions 2.12 and 2.13 to deduce that (xU ) belongs to
im(θΛ[G]), as required to complete the proof of Theorem 2.1.

2.5.2. To prove Corollary 2.3 it is clearly enough to show that any element (xU ) of the
intersection im(θO[[t]][G]) ∩

∏
U∈S(G)O〈t〉[Uab]× belongs to im(θO〈t〉[G]).

But, fixing such an element (xU ), and then an element x of K ′1(O[[t]][G]) with θO[[t]][G](x)

= (xU ), the argument of Proposition 2.6 implies x|G| =
∏
U∈C(G)(i

G
U )∗(ηU · xU ) and hence

that x|G| belongs to K ′1(O〈t〉[G]).
Thus, since θO[[t]][U ](x) = xU belongs to O〈t〉[Uab]× for every U in S(G), Proposition

2.7(i) implies that x belongs to K ′1(O〈t〉[G]) and hence that (xU ) = θO[[t]][G](x) = θO〈t〉[G](x)
belongs to im(θO〈t〉[G]), as required.

This completes the proof of Corollary 2.3.

2.6. K ′1-torsors for groups rings over Tate algebras. With a view to future appli-
cations, in this section we shall explain how Theorem 2.1 can also be used to study the
(non-abelian) determinant categories that are constructed by Fukaya and Kato in [24, §1].

2.6.1. We continue to fix the ring Λ and group G as in §2.2. We also now write Dperf,0(Λ[G])
for the full triangulated subcategory of Dperf(Λ[G]) comprising complexes for which the
associated Euler characteristic in K0(Λ[G]) vanishes.

We introduce a slight variant of the (non-abelian) determinant category of Fukaya and
Kato in that the category we use has the same objects as that constructed in [24, §1] but we
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change the morphism sets by working with K ′1(Λ[G])-torsors rather than K1(Λ[G])-torsors.
Thus, for each object X of Dperf,0(Λ[G]) we define a K ′1(Λ[G])-torsor by setting

K ′1(Λ[G], X) := Isom(DetΛ[G](0),DetΛ[G](X)).

We note that if ρ is a homomorphism of the form G → GL(Vρ), where Vρ is a finite
dimensional vector space over a finite extension E of the fraction field L of O, then each f in
K ′1(Λ[G], X) induces an element f(ρ) of Isom(DetE(0),DetE(Vρ⊗LΛ[G]X)). This construction

is independent of the choice of E in the sense that if ρ is realised over any field E′ with
E ⊆ E′, then the corresponding isomorphism is just E′ ⊗E f(ρ).

To extend the construction further we fix a set Ξ of such homomorphisms ρ that are in
bijective correspondence with the set of irreducible Qc

p-valued characters of G and assume
that each can be realised over the field E.

Then any element χ of R(G) can be considered (uniquely) as a finite integral linear
combination χ =

∑
ρ∈Ξ nρ · ρ and we set

DetE(Vχ ⊗L
Λ[G] X) :=

∏
ρ∈Ξ

DetE(Vρ ⊗L
Λ[G] X)⊗nρ

(which is a slight abuse of notation). For each f in K ′1(Λ[G], X) and each χ in R(G) we
then obtain an element of Isom(DetE(0),DetE(Vχ ⊗L

Λ[G] X)) by setting

f(χ) :=
∏

ρ∈Ξ
f(ρ)nρ .

For an object X of Dperf,0(Λ[G]), isomorphism f in K ′1(Λ[G], X) and a subgroup U of
G we write XU for the object Λ[Uab] ⊗L

Λ[U ] X of Dperf,0(Λ[Uab]) and fU for the induced

isomorphism DetΛ[Uab](Λ[Uab]⊗Λ[U ] f) in K ′1(Λ[Uab], XU ).
For each cyclic subgroup U of G we recall the recursive definition of ηU that is given in

equation (6) and set

DetΛ[U ](ηU ·XU ) := DetΛ[U ](XU )⊗|U | ·
∏
U ′(U

DetΛ[U ]((i
U
U ′)∗(ηU ′((i

U
U ′)
∗(XU ))))−1.

For each isomorphism f in K ′1(Λ[G], X) and each such subgroup U we then write ηU · fU
for the element of Isom(DetΛ[U ](0),DetΛ[U ](ηU ·XU )) that is induced by fU .

2.6.2. In the next result we use the group homomorphism

θXΛ[G] : K ′1(Λ[G], X)→
∏

U∈S(G)
K ′1(Λ[Uab], XU )

that sends each element f to the tuple (fU )U of induced isomorphisms.

Theorem 2.16. For each object X of Dperf,0(Λ[G]), the following claims are valid.

(i) The homomorphism θXΛ[G] induces an isomorphism between K ′1(Λ[G], X) and the

subset of
∏
U∈S(G)K

′
1(Λ[Uab], XU ) comprising all elements (fU ) that satisfy both of

the following conditions:
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(FXΛ[G]) For any elements χU and χ′U of R(Uab) that satisfy∑
U∈S(G)

iGU (χU ) =
∑

U∈S(G)

iGU (χ′U )

in R(G) one has∏
U∈S(G)

fU (χU ) =
∏

U∈S(G)
fU (χ′U )

(in the sense of Remark 2.17 below).
(CX

Λ[G]) There exists an isomorphism f in K ′1(Λ[G], X) with the property that

f |G| =
∏

U∈C(G)
(iGU )∗(ηU · fU ).

(ii) If Λ = O〈t〉, then an element (fU ) of
∏
U∈S(G)K

′
1(Λ[Uab], XU ) belongs to the image

of θXΛ[G] if and only if (O[[t]][Uab]⊗Λ[Uab] fU ) belongs to the image of θXO[[t]][G].

Proof. The same approach as in Proposition 2.6 shows that any element in the image of
θXΛ[G] satisfies both of the conditions (FXΛ[G]) and (CX

Λ[G]).

In addition, if f and f ′ are any elements of K ′1(Λ[G], X) that have the same image under
θXΛ[G], then the element f−1f ′ of Isom(DetΛ[G](0),DetΛ[G](0)) = K ′1(Λ[G]) belongs to the

kernel of θΛ[G] and so is trivial as a consequence of Proposition 2.5. It follows that f = f ′

and hence that θXΛ[G] is injective.

We next fix an element (fU ) of
∏
U∈S(G)K

′
1(Λ[Uab], XU ) that satisfies both of the condi-

tions (FXΛ[G]) and (CX
Λ[G]).

We then choose any isomorphism f̃ in K ′1(Λ[G], X), set (f̃U ) := θXΛ[G](f̃) and note

that (f̃−1
U fU ) identifies with an element of

∏
U∈S(G)Λ[Uab]× that satisfies both (FΛ[G]) and

(CΛ[G]).
Theorem 2.1 therefore implies the existence of an element x in K ′1(Λ[G]) with θΛ[G](x) =

(f̃−1
U fU ) and it then follows that θXΛ[G](f̃ · x) is equal to (fU ), as required to complete the

proof of claim (i).
To prove claim (ii) we set Λ := O〈t〉 and note it is enough to prove that any element (fU )

of im(θXO[[t]][G]) ∩
∏
U∈S(G)K

′
1(Λ[Uab], XU ) belongs to the image of θXΛ[G].

To do this we fix f̃ in K ′1(Λ[G], X) and note that θXΛ[G](f̃)−1(fU ) identifies with an element

of im(θO[[t]][G]) ∩
∏
U∈S(G)O〈t〉[Uab]×.

By applying Corollary 2.3 we can therefore deduce the existence of an element x of
K ′1(Λ[G]) with θΛ[G](x) = θXΛ[G](f̃)−1(fU ). It is then easy to check that f̃ · x is an element

of K ′1(Λ[G], X) with the property that θXΛ[G](f̃ · x) = (fU ), as required. �

Remark 2.17. In terms of the notation of condition (FXΛ[G]) there is an isomorphism in

Dperf,0(E) of the form
⊕

U∈S(G) VχU ⊗L
Λ[Uab]

XU
∼=
⊕

U∈S(G) Vχ′U ⊗
L
Λ[Uab]

XU . This isomor-

phism induces an identification of spaces∏
U∈S(G)

DetE(VχU ⊗
L
Λ[Uab] XU ) =

∏
U∈S(G)

DetE(Vχ′U ⊗
L
Λ[Uab] XU )
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with respect to which one can compare the maps
∏
U∈S(G)fU (χU ) and

∏
U∈S(G)fU (χ′U ).

3. Euler characteristics, Bockstein homomorphisms and semisimplicity

The aim of this section is to recall several useful facts from both algebraic K-theory and
homological algebra.

To do so we fix a Dedekind domain R with field of fractions F , an R-order A in a finite
dimensional separable F -algebra A and a field extension E of F . We write AE for the
semisimple E-algebra E ⊗F A.

3.1. Euler characteristics.

3.1.1. We use the relative algebraic K0-group K0(A, AE) of the ring inclusion A ⊂ AE , as
described explicitly in terms of generators and relations by Swan in [47, p. 215].

We recall, in particular, that for any extension field E′ of E there exists an exact com-
mutative diagram

(13)

K1(A) −−−−→ K1(AE′)
∂A,E′−−−−→ K0(A, AE′)

∂′A,E′−−−−→ K0(A)∥∥∥ ι

x ι′
x ∥∥∥

K1(A) −−−−→ K1(AE)
∂A,E−−−−→ K0(A, AE)

∂′A,E−−−−→ K0(A)

in which the upper and lower rows are the respective long exact sequences in relative K-
theory of the inclusions A ⊂ AE and A ⊂ AE′ and both of the vertical arrows are injective
and induced by the inclusion AE ⊆ AE′ . (For more details see [47, Th. 15.5].) In the sequel
we will usually identify the groups K1(AE) and K0(A, AE) with their respective images
under the maps ι and ι′.

If R = Z and for each prime ` we set A` := Z` ⊗Z A and A` := Q` ⊗Q A, then we
can regard each group K0(A`, A`) as a subgroup of K0(A, A) by means of the canonical
composite homomorphism

(14)
⊕
`

K0(A`, A`) ∼= K0(A, A) ⊂ K0(A, AR),

where ` runs over all primes, the isomorphism is as described in the discussion following
[19, (49.12)] and the inclusion is induced by the relevant case of ι′. For each element x of
K0(A, A) we write (x`)` for its image in

⊕
`K0(A`, A`) under the isomorphism in (14).

If R is the valuation ring of a finite extension of Q` for some prime `, then there exists a
composite homomorphism

(15) δA : ζ(A)× → K1(A)
∂A,A−−−→ K0(A, A)

in which the first map is the inverse of the (bijective) homomorphism K1(A)→ ζ(A)× that
is induced by taking reduced norms over A.

Finally, we note that the argument of [8, §4.2, Lem. 9] implies the existence of a canonical
‘extended boundary homomorphism’ of relative K-theory δG that, for every prime `, lies in
a commutative diagram of the form
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(16)

ζ(Q[G])×
δG−−−−→ K0(Z[G],Q[G])

ι`

y yπ`
ζ(Q`[G])×

δZ`[G]−−−−→ K0(Z`[G],Q`[G]).

in which ι` denotes the natural inclusion and π` the projection induced by (14).

3.1.2. We also find it convenient to use a description of K0(A, AE) in terms of the formalism
of ‘non-abelian determinants’ that was used in §2.6.

We recall, in particular, that any pair comprising an object C of Dperf(A) and a morphism
h of (non-abelian) determinants DetAE (E ⊗R C) → DetAE (0) gives rise to a canonical
element of K0(A, AE) that we shall denote by χA(C, h).

As an important example of this construction, we note that if C is any object of Dperf(A),
then any exact sequence of AE-modules of the form

ε : 0→ · · · → E ⊗R H i(C)→ E ⊗R H i+1(C)→ E ⊗R H i+2(C)→ · · · → 0

induces a canonical morphism DetAE (ε) : DetAE (E⊗R C)→ DetAE (0) and hence gives rise
to a canonical ‘Euler characteristic’ element

χA(C, ε) := (DetA(C),DetAE (ε))

in K0(A, AE).
As a special case, if an object C of Dperf(A) is such that F⊗RC (or, equivalently, E⊗RC)

is acyclic, then we can take ε as the zero sequence to obtain a canonical element χA(C, 0)
of K0(A, A) ⊆ K0(A, AE).

There are two standard properties of such elements that are established by Fukaya and
Kato in loc. cit. and will be frequently used (without explicit comment) in the sequel.

Firstly, if C1 → C2 → C3 → C1[1] is any exact triangle in Dperf(A) such that the complex
F ⊗RC3 is acyclic, then any morphism h : DetAE (E⊗RC1)→ DetAE (0) combines with the
given triangle to induce a morphism h′ : DetAE (E ⊗R C2)→ DetAE (0) for which one has

(17) χA(C2, h
′) = χA(C1, h) + χA(C3, 0)

in K0(A, AE).
Secondly, if h and h′ are any two morphisms DetAE (E ⊗R C)→ DetAE (0), then one has

χA(C, h′) = χA(C, h) + ∂A,E(h′ ◦ h−1)

in K0(A, AE), where the composite h′ ◦ h−1 : DetAE (0) → DetAE (0) is regarded as an
element of K1(AE) in the natural way.

Remark 3.1. For convenience, we shall often abbreviate the notation χZ[G](C, h) to χG(C, h)
and, when E is clear from context, write ∂G and ∂′G in place of ∂Z[G],E and ∂′Z[G],E .

3.2. Bockstein homomorphisms and semisimplicity. For each A-module M we write
F ·M for the asociated A-module F ⊗RM .
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3.2.1. We recall that an endomorphism ψ of a finitely generated A-module M is said to be
‘semi-simple at 0’ if the natural composite homomorphism

(18) F · ker(ψ)
⊆−→ F ·M � F · coker(ψ)

is bijective.
This condition is satisfied if and only if there exists an A[ψ]-equivariant direct complement

to F · ker(ψ) in F ·M . In particular, in such a case ψ induces an automorphism ψ� of any
such direct complement and one checks easily that NrdA(ψ�) is independent of the choice
of this complement.

3.2.2. We now suppose to be given an exact triangle in Dperf(A) of the form

(19) C
θ−→ C

θ1−→ Cθ
θ2−→ C[1].

This triangle gives rise in each degree i to a composite ‘Bockstein homomorphism’

βiθ : H i(Cθ)
Hi(θ2)−−−−→ H i+1(C)

Hi+1(θ1)−−−−−−→ H i+1(Cθ)

and hence to an associated sequence of A-modules

(20) · · ·
βi−1
θ−−−→ H i(Cθ)

βiθ−→ H i+1(Cθ)
βi+1
θ−−−→ · · · .

The following technical result will play an important role in the sequel.

Proposition 3.2.

(i) The endomorphisms H i(θ) of the A-modules H i(C) are semisimple at zero in all
degrees i if and only if the sequence εθ of A-modules that is induced by (20) is exact.

(ii) If the sequence εθ is exact, then the Euler characteristic χA(Cθ, εθ) is well-defined
and in K0(A, A) one has

χA(Cθ, εθ) = ∂A,A(
∏
i∈Z

(H i(θ)�F )(−1)i),

where we identify each automorphism H i(θ)�F with the associated element of K1(A).

Proof. Claim (i) is both well-known and straightforward to verify directly. Claim (ii) then
follows as a special case of [9, Prop. 5.1] (or, alternatively, see [3, Prop. 3.1]). �

Remark 3.3. In each degree i one has im(βi−1
θ ) ⊆ ker(βiθ) and so the sequence (20) is a

complex. In particular, the key ‘semisimplicity’ condition in Proposition 3.2 is equivalent
to requiring that the cohomology groups of this complex are finite in all degrees.

4. Zeta functions and Euler characteristics for smooth flat sheaves.

After making certain preliminary observations of a general nature, we shall in this section
state, for an arbitrary prime `, a K-theoretical leading term formula for the Zeta functions
of `-adic étale sheaves relative to finite Galois covers of schemes over Fq (for details see
Theorem 4.3).

In the remainder of the section we will then reduce the proof of this result to the special
case that ` = p.
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4.1. General observations.

4.1.1. Let sX : X → Spec(Fq) be a separated morphism of finite type and write FEt/X for
the category of X-schemes that are finite and étale over X.

Then for any geometric point x of X the functor that takes each scheme Y to the
set Fx(Y ) := HomX(x, Y ) of geometric points of Y that lie over x gives an equivalence
of categories between FEt/X and the category of finite sets upon which π1(X,x) acts
continuously (on the left).

For a morphism f : Y → X in FEt/X, the finite group AutX(Y ) acts naturally on
Fx(Y ) (on the right) and if Y is connected, then it is said to be ‘Galois over X of group
G := AutX(Y )’ if for any ξ in Fx(Y ) the map AutX(Y )→ Fx(Y ) that sends each σ to σ ◦ ξ
is bijective.

If now G is any finite topological quotient of the fundamental group π1(X,x), then there
exists a canonical connected scheme in FEt/X that is Galois of group G. We denote this
scheme by (f : Y → X,G), or more simply by f : Y → X, and refer to it as the ‘covering
of X of group G’.

In this case there exists for each subgroup H of G a diagram in FEt/X of the form

(21) Y
fH //

f ��

Y H

fH}}
X

in which the morphism fH is Galois over Y H of group H and, if H is normal in G, then
fH is Galois over X of group G/H.

4.1.2. We now fix a prime number `, a finite extension Q of Q` with valuation ring O and
an étale sheaf of O-modules L on X.

Then for any morphism h : Y → X in FEt/X the sheaf h∗h
∗L can be explicitly described

as the sheaf of O-modules that is associated to the pre-sheaf U 7→
⊕

HomX(U,Y ) L(U) where

the transition morphisms
⊕

HomX(V,Y ) L(V )→
⊕

HomX(U,Y ) L(U) for α : U → V map (xψ)ψ
to
∑

ψ◦α L(α)(xψ).
If h is Galois of group G, then, by a slight abuse of notation, we shall set LG := h∗h

∗L.
In this case the natural right action of G on HomX(U, Y ) gives a left action on h∗h

∗L
by permuting the components and for the stalk at x there is therefore an isomorphism of
O[G]-modules

(22) (LG)x ∼=
⊕
Fx(Y )

Fx ∼= O[G]⊗O Lx.

Here the second map results from the fact that (since h is Galois) any choice of an element
ξ of Fx(Y ) induces an isomorphism σ 7→ σ ◦ ξ of G-sets G ∼= Fx(Y ).

4.1.3. Since sX is separated we may fix a factorisation sX = s′ ◦ j with j : X → X ′ an
open immersion and s′ : X ′ → Spec(Fq) a proper morphism. The direct image with proper
support RsX!LG of LG can then be defined as the complex of O[G]-sheaves s′∗G

•
X′(j!LG),

where G•X′(K) denotes the Godement resolution of an étale sheaf K on X ′.
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One then defines the cohomology with compact support of LG and the higher direct
image with proper support of LG by respectively setting

RΓc(Xét,LG) := RΓ(X ′ét, j!LG)

and

RΓ(Fq, RsX,!LG) := RΓ(Spec(Fq)ét, RsX,!LG).

We recall that the arguments of Deligne in [20, Arcata, IV, §5] show that these complexes
are each independent, up to natural isomorphism in D(O[G]), of the chosen compactification
sX = s′ ◦ j.

In the following result we write sc for the natural morphism Spec(Fcq) → Spec(Fq).
We also recall (from the Introduction) that φ denotes the geometric Frobenius automor-
phism in Gal(Fcq/Fq) and we use the fact that Gal(Fcq/Fq) acts naturally on the complex
RΓ(Fcq, s∗cRsX,!LG).

Proposition 4.1. Let f : Y → X be a Galois cover of group G. Let O be a finite extension
of Z` and L a flat and smooth O-sheaf on X. Then the following claims are valid.

(i) RΓ(Fq, RsX,!LG) is naturally isomorphic to RΓc(Xét,LG).

(ii) RΓ(Fq, RsX,!LG) and RΓ(Fcq, s∗cRsX,!LG) belong to Dperf(O[G]).

(iii) There is a canonical exact triangle in Dperf(O[G]) of the form

RΓ(Fcq, s∗cRsX,!LG)
1−φ−−→ RΓ(Fcq, s∗cRsX,!LG)→ RΓc(Xét,LG)[1]→ .

(iv) The Euler characteristic of RΓc(Xét,LG) in K0(O[G]) vanishes.

Proof. Claim (i) follows directly from the definitions of RΓ(Fq, RsX,!LG) and RΓc(Xét,LG)
via the chosen compactification sX = s′ ◦ j and the fact there are natural isomorphisms of
complexes

RΓ(Fq, s′∗G•X′(j!F)) ∼= RΓ(Fq, Rs′∗(j!F)) ∼= RΓ(X ′ét, j!F).

Claim (ii) follows directly from the result of [20, p. 95, Th. 4.9] and the fact that the
isomorphism (22) implies each stalk of LG is a finitely generated projective O[G]-module.

Claim (iii) is a well known consequence of the Hochschild-Serre spectral sequence and
the isomorphism in claim (i).

Finally, claim (iv) follows immediately upon taking Euler characteristics (over O[G]) of
the complexes in the exact triangle in claim (iii). �

Remark 4.2. For later use, it is convenient to discuss the exact triangle in Proposition
4.1(iii) in terms of the formalism described in §3.2.
(i) We consider the sequence of Q[G]-modules

εBock
L,G,φ : · · ·

Q⊗Oβi−1
L,G,φ−−−−−−−→ H i

c(Xét, Q⊗O LG)
Q⊗OβiL,G,φ−−−−−−−→ H i+1

c (Xét, Q⊗O LG)
Q⊗Oβi+1

L,G,φ−−−−−−−→ · · · ,

where βiL,G,φ denotes the Bockstein homomorphism H i
c(Xét,LG) → H i+1

c (Xét,LG) that is

induced by the exact triangle in Proposition 4.1(iii). Then, in this setting, the endomor-
phisms H i(1− φ) of H i(Fcq, s∗cRsX,!LG) are expected to be semisimple at zero under some
very general conditions (see, for example, the discussion of Kato in [33, Rem. 3.5.4]) and,
in any such case, Proposition 3.2(i) implies that the sequence εBock

L,G,φ is exact.
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(ii) An analysis of cup products on the level of complexes as in Rapaport and Zink [42, 1.2]
shows that the homomorphisms βiL,G,φ in (i) have an alternative description (in this regard

see also [37, Prop. 6.5], [33, §3.5.2] and, most relevantly, the discussion in [11, §3.2.1]). To be
precise, one finds that βiL,G,φ agrees with the homomorphism H i

c(Xét,LG)→ H i+1
c (Xét,LG)

that is induced by taking cup-product with the element of H1(Xét,Z`) obtained by pulling
back the (unique) element of H1(Spec(Fq)ét,Z`) = Homcont(Gal(Fcq/Fq),Z`) that sends φ
to −1.

4.2. Zeta functions. In this section we fix a Galois cover f : Y → X of group G as in
§4.1.1. We also fix a prime `, a finite extension Q of Q` in Qc

` with valuation ring O and a
flat smooth O-sheaf L on X as in §4.1.2.

4.2.1. In the sequel we write X0 for the set of closed points of X. For each x in X0 we
write d(x) for the degree of x over Fq, we choose an identification of the residue field of x
with the subfield Fqd(x) of Fcq and we fix a choice of Fcq-valued point x of X that lies over x.

The stalk LG,x at x of the induced sheaf LG is then a finitely generated free O[G]-module

that is equipped with an action of φd(x).
In particular, therefore, we can follow the approach of Deligne in [21, Rem. 2.12] to define

(via Galois descent) an element of the power series ring ζ(Q[G])[[t]] in an indeterminate t
over the centre ζ(Q[G]) of Q[G] by setting

(23) ZG(X,L, t) :=
∏
x∈X0

NrdQ[G](1− φd(x)td(x) | Q⊗O LG,x)−1.

This is the natural ‘equivariant’ Zeta function that is attached to the sheaf LG of O[G]-
modules.

Given an element f = f(t) of ζ(Q[G])[[t]] we write ef : Spec(ζ(Q[G])) → Z for its

algebraic order at t = 1. We identify ef with an element of Zπ0(Spec(ζ(Q[G]))) in the natural
way and then set

f∗(t) := (1− t)−ef · f(t) ∈ ζ(Q[G])[[t]].

We fix a completion C` of Qc
` and use the Wedderburn decomposition of Q[G] to identify

ζ(Q[G])[[t]] as a subring of the product
∏
χC`[[t]], where χ runs over the set Ir`(G) of

irreducible Qc
`-valued characters of G. If the limit

f∗(1) := lim
t→1

f∗(t)

is both well-defined in
∏
χC` and also belongs to the subset ζ(Q[G])×, then we shall say

that the leading term f∗(1) of f(t) at t = 1 is ‘well-defined as an element of ζ(Q[G])×’.
We can now state one of the main results of this article. In this result we use the composite

homomorphism δO[G] that is defined in (15).

Theorem 4.3. We assume that in each degree i the endomorphism H i(1−φ) of the O[G]-
module H i(Fcq, s∗cRsX,!LG) is semisimple at zero.

Then the sequence εBock
L,G,φ of Q[G]-modules defined in Remark 4.2(i) is exact. In ad-

dition, the leading term Z∗G(X,L, 1) is well-defined as an element of ζ(Q[G])× and in
K0(O[G], Q[G]) one has

δO[G](Z
∗
G(X,L, 1)) = −χO[G](RΓc(Xét,LG), εBock

L,G,φ).
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The proof of this result will be completed in §5 by means of a detailed analysis of the
case ` = p. In the remainder of this section we shall reduce the proof of Theorem 4.3 to
this special case.

4.2.2. In this section we assume the hypothesis in the first paragraph of Theorem 4.3. At
the outset we note that, under this hypothesis, the existence of an exact sequence εBock

L,G,φ of

Q[G]-modules follows directly from the discussion in Remark 4.2(i).
To proceed we fix a finite extension E of Q in Qc

` over which all characters in Ir`(G)
can be realised. For each χ in Ir`(G) we then also fix a representation G → AutE(Vχ) of
character χ.

In each degree i we define finitely generated Q[G]-modules

V i := Q⊗O H i(Fcq, s∗cRsX,!LG) and V i,0 := Q⊗O ker(H i(1− φ)) ⊆ V i.

Then, as H i(1− φ) is assumed to be semisimple at zero, we can fix a direct sum decom-
position of Q[G][H i(φ)]-modules

(24) V i = Di ⊕ V i,0.

Thus, in this case, the restriction of H i(1− φ) = 1−H i(φ) induces an automorphism of
the Q[G]-module Di and, by applying the result of Proposition 3.2(ii) to the exact triangle
in Proposition 4.1(iii), we can deduce that

χO[G](RΓc(Xét,LG), εBock
L,G,φ) = −χO[G](RΓc(Xét,LG)[1], εBock

L,G,φ)(25)

= −∂O[G],Q[G](
∏
i∈Z

(H i(1− φ)�Q)(−1)i)

= −
∑
i∈Z

(−1)iδO[G](NrdQ[G](1−H i(φ) | Di))

= δO[G](
∏
i∈Z

NrdQ[G](1−H i(φ) | Di)(−1)i+1
).

Now in each degree i the decomposition (24) implies that in ζ(Q[G])[[t]] one has

NrdQ[G](1−H i(φ) · t : V i) = NrdQ[G](1−H i(φ) · t : Di) ·NrdQ[G](1− t : V i,0)

= NrdQ[G](1−H i(φ) · t : Di) ·
∑

χ∈Ir`(G)

(1− t)riχeχ,

where eχ is the idempotent χ(1)|G|−1
∑

g∈G χ(g−1)g of ζ(Qc
`[G]) and we set

riχ := dimE(HomE[G](Vχ̌, E ⊗Q V i,0)).

where χ̌ denotes the contragredient of χ.
We note also that, since V i,0 is a Q[G]-module one has riω◦χ = riχ for all ω in Gal(Qc

`/Q)

and so the vector (riχ)χ∈Ir`(G) corresponds to an element of Spec(ζ(Q[G]))→ Z.

Hence, since NrdQ[G](1−H i(φ) : Di) is an element of ζ(Q[G])×, this computation implies

that (riχ)χ∈Ir`(G) is the algebraic order at t = 1 of NrdQ[G](1 −H i(φ) · t : V i) and that the
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leading term at t = 1 of this series is both well-defined as an element of ζ(Q[G])× and equal
to NrdQ[G](1−H i(φ) : Di).

Taken in conjunction with the equality (25) this fact then implies that the leading term
ξ∗G(X,L, 1) at t = 1 of the series

(26) ξG(X,L, t) :=
∏
i∈Z

NrdQ[G](1− φ · t : V i)(−1)i+1 ∈ ζ(Q[G])[[t]]

is well-defined as an element of ζ(Q[G])× and such that in K0(O[G], Q[G]) there is an
equality

χO[G](RΓc(Xét,LG), εBock
L,G,φ) = δO[G](ξ

∗
G(X,L, 1)).

To derive the result of Theorem 4.3 as a consequence of these observations it is therefore
enough to prove the following result.

Theorem 4.4. The leading term Z∗G(X,L, 1) at t = 1 of ZG(X,L, t) is well-defined as an
element of ζ(Q[G])× and such that in K0(O[G], Q[G]) one has

(27) δO[G](Z
∗
G(X,L, 1)) = δO[G](ξ

∗
G(X,L, 1)).

4.2.3. In this section we fix a prime ` with ` 6= p and use the main result of Grothendieck
in [27] to prove that in this case there is an equality of series

(28) ZG(X,L, t) = ξG(X,L, t)

in ζ(Q[G])[[t]]. This equality combines with the observations about the series ξG(X,L, t)
that are made above to immediately imply the result of Theorem 4.4 for the prime `, and
thereby completes the proof of Theorem 4.3 in this case.

For each character χ in Ir`(G) we consider the power series

Z(X,Lχ, t) :=
∏
x∈X0

detE(1− φd(x)td(x) | HomE[G](Vχ̌, E ⊗O LG,x))−1

in E[[t]] and in each degree i we define an E-space V i(χ) := HomE[G](Vχ̌, E ⊗Q V i).
Then, since the series ZG(X,L, t) and ξG(X,L, t) are each defined via Galois descent, the

equality (28) is true if and only if for each χ in Ir`(G) one has

(29) Z(X,Lχ, t) =
∏
i∈Z

detE(1− φ · t : V i(χ))(−1)i+1

in E[[t]].
Now the isomorphism (22) induces an identification

HomE[G](Vχ̌, E ⊗O LG,x) ∼= Vχ ⊗O Lx,

and so Z(X,Lχ, t) is the Zeta function that is naturally associated to the constructible sheaf
of E-vector spaces Vχ ⊗O Lx on X.

Since each vector space V i(χ) identifies with H i
c((Fcq ×Fq X)ét, Vχ ⊗O Lx), the required

equality (29) therefore follows directly from the exposition of Grothendieck’s results that is
given by Milne in [36, Chap. VI, Th. 13.3].
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5. p-adic sheaves

In this section we shall combine Corollary 2.3 with a result of Emerton and Kisin in order
to prove Theorem 4.4 in the case ` = p, thereby also completing the proof of Theorem 4.3.

We therefore continue to use the same notation as in §4.2.

5.1. Preliminary constructions. For eachO[G]-moduleM we writeMt for the associated
O[G][[t]]-module O[[t]]⊗OM .

Then for an endomorphism η of M and any series in O[η][[t]] of the form

$(η, t) := 1 +
∑
j≥1

∑
i≥0

mijη
itj

one obtains a well-defined automorphism of Mt by setting

$(η, t)(λ⊗m) := λ⊗m+
∑
j≥1

∑
i≥0

mijt
jλ⊗ ηi(m)

for each λ ∈ O[[t]] and m ∈M .
In particular, if M is a finitely generated projective O[G]-module, then Mt is a finitely

generated projective O[G][[t]]-module and the pair ($(η, t),Mt) gives rise to a well-defined
element 〈$(η, t) |Mt〉 of K1(O[G][[t]]).

In this way we may associate an element of K1(O[G][[t]]) to the given sheaf of O-modules
L on X by setting

ZG(X,L, t) := 〈
∏
x∈X0

(1− φd(x)td(x))−1 | (LG,x)t〉.

Next we fix (following Proposition 4.1(ii)) a complex P • in Cperf(O[G]) and an endomor-

phism φ̂ of P • for which there exists a commutative diagram in Dperf(O[G])

(30)

P •
ι−−−−→ RΓ(Fcq, s∗cRsX,!LG)

1−φ̂
y y1−φ

P •
ι−−−−→ RΓ(Fcq, s∗cRsX,!LG)

in which ι is an isomorphism. Then, just as above, each such φ̂ gives rise to a well-defined
element

ZG(1− φ̂, t) :=
∏
i∈Z
〈1− φ̂it | P it 〉(−1)i+1

.

of K1(O[G][[t]]).
For each subgroup U of G, we consider the composite homomorphism

θtU : K1(O[G][[t]])→ K1(O[U ][[t]])→ K1(O[Uab][[t]])
dett

O[Uab]−−−−−−→ O[Uab][[t]]×,

where the first map is given by restriction of scalars, the second is the natural projection
and dettO[Uab] denotes the isomorphism induced by taking determinants over O[Uab][[t]].

In the following result we describe the images of ZG(X,L, t) and ZG(1− φ̂, t) under each
of the maps θtU . In this result we use the notation for Galois covers as in diagram (21).
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Proposition 5.1. For each subgroup U of G, the following claims are valid.

(i) θtU (ZG(X,L, t)) = ZUab(Y U , f∗UL, t).
(ii) Write P •

Uab for the complex O[Uab] ⊗O[U ] P
• in Cperf(O[Uab]). Then φ̂ induces an

endomorphism φ̂Uab of P •
Uab that lies in a commutative diagram in Dperf(O[Uab])

P •
Uab

ι′−−−−→ RΓ(Fcq, s∗cRsY U ,!(f∗UL)Uab)

1−φ̂
Uab

y y1−φ

P •
Uab

ι′−−−−→ RΓ(Fcq, s∗cRsY U ,!(f∗UL)Uab)

in which ι′ is an isomorphism, and one has

θtU (ZG(1− φ̂, t)) = dettO[Uab](ZUab(1− φ̂Uab , t)).

Proof. For an endomorphism α of a (complex of) O[G]-modules M we write αUab for the
induced endomorphism id⊗ α of MUab := O[Uab]⊗O[U ] M .

Then the equality in claim (i) is valid because

θtUab(ZG(X,L, t)) = dettO[Uab](〈
∏
x∈X0

(1− φd(x)

Uab t
d(x))−1 | (LG,x)Uab,t〉)

=
∏
x∈X0

dettO[Uab](〈1− φ
d(x)

Uab t
d(x) | (LG,x)Uab,t〉)−1

=
∏
x∈X0

detO[Uab](1− φ
d(x)

Uab t
d(x) | (LG,x)Uab)−1

=
∏

y∈(Y U )0

detO[Uab](1− φ
d(y)

Uab t
d(y) | (f∗UL)Uab,y)

−1

= ZUab(Y U , f∗UL, t).
All equalities in this display are clear except for the fourth which follows from a slight
variant of a standard argument. To explain this point we set Y ′ := Y U and write L′ for
the sheaf of O-modules f∗UL on Y ′. For each x in X0 we also write Y ′(x) for the subset of
(Y ′)0 comprising those points that fU maps to x. Then, to verify the fourth equality, it is
enough to show that for each such point x one has

(31) detO[Uab](1− φd(x)td(x) | (LG,x)Uab) =
∏

y∈Y ′(x)

detO[Uab](1− φd(y)td(y) | L′Uab,y).

Now there is a natural isomorphism f∗U (LG) ∼= O[G] ⊗O[U ] (L′)U of sheaves on Y ′ and for
any y0 in Fx(Y ′) the map g 7→ g(y0) induces a bijection between the set of cosets of U in
G and the set Fx(Y ′). There is therefore a decomposition

LG,x ∼= (f∗ULG)y0
∼=

⊕
y∈Fx(Y ′)

(L′)U,y.

Further, if y is the point of Y ′ that lies below y and we set ey/x := d(y)/d(x), then the action

of φx := φd(x) induces isomorphisms of O[U ]-modules L′U,φmx (y)
∼= L′U,y for each integer m
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with 1 ≤ m ≤ ey/x. In particular, one has φ
ey/x
x (y) = y and the isomorphism of L′

U,φ
ey/x
x (y)

with L′U,y is induced by the action of φ
ey/x
x = φd(y).

One can therefore decompose (LG,x)Uab as a direct sum

(32) (LG,x)Uab =
⊕

y∈Y ′(x)

⊕
Fx(y)

(L′U,y)Uab
∼=

⊕
y∈Y ′(x)

⊕
Fx(y)

L′Uab,y.

Here Fx(y) is the set of geometric points of Y ′ over y and y is a choice of element of Fx(y)

and on each module
⊕

Fx(y) L′Uab,y
the endomorphism 1−φd(x)

Uab t
d(x) acts via the ey/x× ey/x

matrix 
1 0 . . . 0 −φd(y)

Uab t
d(x)

−td(x) 1 0 . . . 0

0 −td(x) 1 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 −td(x) 1

 .

In addition, by using elementary row operations this matrix can be reduced to an upper
triangular matrix in which the last diagonal entry is equal to

1− φd(y)

Uab (td(x))ey/x = 1− φd(y)

Uab t
d(y)

and all other diagonal entries are equal to 1 and so one has

detO[Uab](1− φd(x)td(x) |
⊕
Fx(y)

L′Uab,y) = detO[Uab](1− φd(y)td(y) | (L′Uab)y).

The claimed equality (31) thus follows from the decomposition (32), as required to prove
claim (i).

The existence of a commutative diagram as in claim (ii) is a direct consequence of
the (well-known) fact that the complex O[Uab] ⊗L

O[U ] RΓ(Fcq, s∗cRsX,!LG) is isomorphic in

Dperf(O[Uab]) to RΓ(Fcq, s∗cRsY U ,!(f∗UL)Uab). In addition, the second assertion of claim (ii)
is true because

θtU (ZG(1− φ̂, t)) =
∏
i∈Z

θtU (〈1− φ̂it | P it 〉)(−1)i+1

=
∏
i∈Z

dettO[Uab](〈1− φ̂
i
Uabt | P iUab,t〉)

(−1)i+1

= dettO[Uab]

(
ZUab(1− φ̂Uab , t)

)
.

Here the second equality is true because for each integer i one has

θtU,1(〈1− φ̂it | P it 〉) = 〈1− (id⊗ φ̂i)t | (O[Uab]⊗O[U ] P
i)t〉,

where θtU,1 denotes the composition of the first two maps that occur in the definition of θtU ,

and the first and third equalities follow directly from the definitions of ZG(1 − φ̂, t) and

ZUab(1− φ̂Uab , t). �
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5.2. The proof of Theorem 4.3.

5.2.1. We first establish an important consequence of Corollary 2.3 and the main result of
Emerton and Kisin in [22].

Proposition 5.2. For any endomorphism φ̂ of complexes of O[G]-modules as in diagram

(30) the image of ZG(X,LG, t) · ZG(1 − φ̂, t)−1 in K ′1(O[[t]][G]) belongs to the subgroup
K ′1(O〈t〉[G]).

Proof. After taking account of Corollary 2.3, it is enough to show that for each subgroup
U of G the element θtU (ZG(X,LG, t)) · θtU (ZG(1 − φ̂, t))−1 of O[[t]][Uab]× belongs to the

subgroup O〈t〉[Uab]×.
In view of Proposition 5.1, it is thus enough to show that for each such U one has

(33) ZUab(Y U , f∗UL, t) · dettO[Uab](ZUab(1− φ̂Uab , t))−1 ∈ O〈t〉[Uab]×.

We shall now deduce this from the main result of [22]. To do this we set F := (f∗UL)Uab

and write F• for the complex that is equal to F in degree zero and is equal to zero in all
other degrees.

Then the function L(Y U ,F•, t) that is defined in [22, (1.7)] is, by its very definition,
equal to ZUab(Y U , f∗UL, t).

Further, if z denotes the geometric point Spec(Fcq) of Spec(Fq), then [36, Chap. II,
Th. 3.2(a)] (with π = sc) implies that the complex of stalks (RsY U ,!F)•z identifies with
RΓ(Fcq, s∗cRsY U ,!F). By using the result of [20, p. 115, Cor. 1.13], we can therefore de-
duce from the commutative diagram in Proposition 5.1(ii) that the series L(Fq, RsY U ,!F•, t)
defined in [22] coincides with dettO[Uab](ZUab(1− φ̂Uab , t)).

Given these observations, and the fact that O〈t〉[Uab]× contains 1 + tO〈t〉[Uab], the re-
quired containment (33) follows directly from the containment

L(Y U ,F•, t) · L(Fq, RsY U ,!F•, t)−1 ∈ 1 + tO〈t〉[Uab]

that is proved by Emerton and Kisin in [22, Cor. 1.8]. �

5.2.2. In the next result we fix (as we may) a finite extension E of Q in Qc
p, with valuation

ring OE , such that for every χ in Irp(G) there exists an OE [G]-module that is free over OE
and spans an E[G]-module Vχ (as in §4.2.2 with ` = p) of character χ.

Lemma 5.3. There exists a canonical ‘reduced norm’ homomorphism of abelian groups

NrdO[[t]][G] : K ′1(O[[t]][G])→
∏

Irp(G)
OE [[t]]×

that has both of the following properties.

(i) If α is an automorphism of a finitely generated projective O[[t]][G]-module P , then

NrdO[[t]][G](〈α | P 〉) =
(
detE[[t]](α | HomE[G](Vχ̌, E ⊗O P ))

)
χ∈Irp(G)

.

(ii) For any element η of K ′1(O〈t〉[G]) the tuple NrdO[[t]][G](η) converges at t = 1 to give

an element of the subgroup NrdQ[G](K1(O[G])) of ζ(Q[G])× ⊂
∏

Irp(G)E
×.
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Proof. The choice of E ensures that each character χ in Irp(G) corresponds to ring homo-
morphism ρχ : O[G]→ Mχ(1)(OE). For each natural number n, each matrix M = (Mij) in
GLn(O[[t]][G]) and each χ in Irp(G), we write ρχ(M) for the matrix in Mnχ(1)(OE [[t]]) that
is obtained by applying ρχ to the coefficients of powers of t in every component Mij of M .

By sending each M to (det (ρχ(M)))χ one then obtains a homomorphism

νn : GLn(O[[t]][G])→
∏
χ

OE [[t]]×

such that νn+1 ◦ ιn = νn, with ιn the standard inclusion GLn(O[[t]][G])→ GLn+1(O[[t]][G]).
The maps (νn)n therefore induce a homomorphism GL(O[[t]][G])→

∏
χOE [[t]]× that clearly

factorizes through the abelianization K1(O[[t]][G]) of GL(O[[t]][G]). It is also clear that the
latter homomorphism factors through the natural map K1(O[[t]][G]) → K1(O[[t]][1/p][G])
and so induces a homomorphism K ′1(O[[t]][G])→

∏
χOE [[t]]× that we denote by NrdO[[t]][G].

With this definition, the property in claim (i) is a consequence of the fact that for M
in GLn(O[[t]][G]), and χ in Irp(G), the χ-component of the image under NrdO[[t]][G] of (the
image in K ′1(O[[t]][G]) of) M is equal to

det (ρχ(M)) = detE[[t]](%M | HomE[G](Vχ̌, E ⊗O O[[t]][G]n))

where %M denotes the automorphism of E ⊗O O[[t]][G]n that corresponds to M .
Next we note that if M is a matrix in GLn(O〈t〉[G]), then the value M(1) of M at t = 1

belongs to GLn(O[G]) and for each χ in Irp(G) the matrix ρχ(M) belongs to GLnχ(1)(OE〈t〉).
For each such M the tuple (det(ρχ(M)))χ therefore belongs to

∏
χOE〈t〉 and converges at

t = 1 to the element (det(ρχ(M(1)))χ = NrdQ[G](M(1)) of NrdQ[G](K1(O[G])). Claim (ii)
follows directly from this fact. �

Turning now to the proof of Theorem 4.3, we note Lemma 5.3(i) implies that for each x
in X0 one has

NrdO[[t]][G]

(
〈1− φd(x)td(x) | (LG,x)t〉

)
=
(
detE[[t]](〈1− φd(x)td(x) | HomE[G](Vχ̌, E ⊗O (LG,x)t)

)
χ∈Irp(G)

=
(
detE(〈1− φd(x)td(x) | HomE[G](Vχ̌, E ⊗O (LG,x))

)
χ∈Irp(G)

= NrdQ[G](1− φd(x)td(x) | Q⊗O LG,x)

and hence that

NrdO[[t]][G](ZG(X,L, t)) = ZG(X,L, t).

In a similar way, one has
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NrdO[[t]][G](ZG(1− φ̂, t)) =
∏
i∈Z

NrdO[[t]][G]

(
〈1− φ̂it | P it 〉

)(−1)i+1

=
∏
i∈Z

NrdQ[G]

(
1− φ̂it | Q⊗O P i

)(−1)i+1

=
∏
i∈Z

NrdQ[G]

(
1−H i(φ̂)t | Q⊗O H i(P •)

)(−1)i+1

=
∏
i∈Z

NrdQ[G]

(
1−H i(φ)t | Q⊗O H i(Fcq, s∗cRsX,!LG)

)(−1)i+1

= ξG(X,L, t).

Here the third equality follows from the fact Q[G] is semisimple and the fourth from the
commutativity of diagram (30), whilst the last is a direct consequence of the definition (26)
of ξG(X,L, t).

In view of Proposition 5.2, we can therefore deduce from Lemma 5.3(ii) that the leading
term at t = 1 of

ZG(X,L, t) · ξG(X,L, t)−1 = NrdO[[t]][G](ZG(X,L, t)) ·NrdO[[t]][G](ZG(1− φ̂, t))−1

= NrdO[[t]][G](ZG(X,L, t) · ZG(1− φ̂, t)−1)

is well-defined as an element of ζ(Q[G])× and belongs to the subgroup NrdQ[G](K1(O[G])).
We also recall that, by the argument in §4.2.2, the leading term ξ∗G(X,L, 1) at t = 1 of

ξG(X,L, t) is well-defined as an element of ζ(Q[G])×.
These two observations combine to imply that the leading term Z∗G(X,L, 1) at t = 1 of

ZG(X,L, t) is both well-defined as an element of ζ(Q[G])× and differs from ξ∗G(X,L, 1) by
an element of NrdQ[G](K1(O[G])).

In particular, since the relevant case of the exact sequence of relative algebraic K-theory
(13) implies NrdQ[G](K1(O[G])) lies in the kernel of the homomorphism δO[G], the latter
fact implies that δO[G](Z

∗
G(X,L, 1)) = δO[G](ξ

∗
G(X,L, 1)).

This completes the proof of Theorem 4.4 in the case ` = p, and hence also completes the
proof of Theorem 4.3.

Remark 5.4. In the special case that O = Zp one can also deduce the validity of Theorem
4.4 (in the case ` = p) by using the main result (Theorem 5.1) of Witte in [56] in place of
Proposition 5.2 and Lemma 5.3. See also Remark 2.4 in this regard.

Part II: Weil-étale cohomology and Artin L-series

6. The proofs of Theorem 1.1 and Corollary 1.4

At the outset, we recall for the reader’s convenience that Lichtenbaum has observed in [35,
§2] that the apparatus of the mapping cylinder category works for the Weil-étale topology
in exactly the same way as for the étale topology (as described by Milne in [36, pp. 73-77]).
In particular, if Z is a closed subscheme of X with open complement U , and i and j are
the immersions from Z and U into X, then the six standard functors i∗, i∗, i

!, j!, j
∗ and j∗
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exist for the Weil-étale topology (with i∗ right adjoint to i∗ and left adjoint to i! and j∗

right adjoint to j! and left adjoint to j∗) and are such that i∗ ◦ i∗ = id and i∗ ◦ j! = 0.

6.1. The proof of Theorem 1.1. Throughout this section we shall use the notation and
hypotheses of Theorem 1.1.

6.1.1. We start by making several technical observations about the Cartesian square (2).

Lemma 6.1. The following claims are valid.

(i) There exists a natural isomorphism in D(Z[G]) of the form

RΓ(Y ′W ét, jY,!Z) ∼= RΓ(X ′W ét, f
′
∗f
′∗j!Z).

(ii) For every prime ` there exists a natural isomorphism in D−(Z`[G]) of the form

Z`[G]⊗L
Z[G] RΓ(Y ′W ét, jY,!Z) ∼= RΓc(Xét, f∗f

∗Z`).

Proof. One has Z = f∗Z on YW ét and jY,!f
∗ = f ′∗j! on XW ét. Claim (i) is therefore true

since f ′∗ is exact (as f ′ is finite) and so there is a natural isomorphism RΓ(Y ′W ét, f
′∗j!Z) ∼=

RΓ(X ′W ét, f
′
∗f
′∗j!Z) in D(Z[G]).

To prove claim (ii) we note that the functor Z`[G]⊗Z[G]− identifies with the exact functor
Z`⊗Z− and that the very definition of compactly supported étale cohomology ensures that
RΓc(Xét, f∗f

∗Z`) identifies with RΓ(X ′ét, j!f∗f
∗Z`).

In view of claim (i) it is therefore enough to prove that there exists a natural isomorphism
in D(Z`[G]) of the form Z` ⊗Z RΓ(X ′W ét, f

′
∗f
′∗j!Z) ∼= RΓ(Xét, j!f∗f

∗Z`).
To construct such an isomorphism we define sheaves of G-modules on X ′W ét by setting

L := f ′∗f
′∗j!Z and L/`n := f ′∗f

′∗j!(Z/`n) for each natural number n. We also fix an object P •

of C−(Z[G]) that is isomorphic in D−(Z[G]) to RΓ(X ′Wét,L) and an object Q• of C−(Z`[G])
that is isomorphic in D(Z`[G]) to RΓ(Xét, j!f∗f

∗Z`).
For each natural number n we set Λn := Z/`n[G]. Then the short exact sequence of

complexes

0→ P •
×`n−−→ P • → P •/`n → 0

combines with the natural exact triangle

RΓ(X ′Wét,L)
×`n−−→ RΓ(X ′Wét,L)→ RΓ(X ′Wét,L/`n)→ RΓ(X ′Wét,L)[1]

to give an isomorphism P •/`n ∼= RΓ(X ′Wét,L/`n) in Dperf(Λn). In a similar way there is
an isomorphism Q•/`n ∼= RΓ(Xét, j!f∗f

∗(Z/`n)) in D(Λn).
Next we note that there are natural isomorphisms in D(Λn) of the form

RΓ(X ′Wét,L/`n) ∼= RΓ(X ′ét,L/`n) ∼= RΓ(X ′ét, j!f∗f
∗(Z/`n)).

Here the first isomorphism is by [35, Prop. 2.4(g)], whilst the second is induced by the fact
that f ′∗jY,!T = j!f∗T for any torsion sheaf T on YWét and hence that L/`n = f ′∗f

′∗j!(Z/`n) =
f ′∗jY,!f

∗(Z/`n) is equal to j!f∗f
∗(Z/`n).

These observations combine to imply the existence of a natural isomorphism αn : Q•/`n ∼=
P •/`n in D−(Λn) and it may be shown that, as n varies, these isomorphisms are such that



37

the diagram

· · · −−−−→ Q•/`n
πQn−−−−→ Q•/`n−1 −−−−→ · · ·

αn

y αn−1

y
· · · −−−−→ P •/`n

πPn−−−−→ P •/`n−1 −−−−→ · · ·
commutes in D−(Λn), where πQn and πPn are the natural quotient maps.

Now, since Q•/`n consists of projective Λn-modules and P •/`n of Λn-modules, one can

realize each αn as an actual map of complexes. Moreover, αn−1 ◦πQn will then be homotopic
to πPn ◦ αn so that there exists a map h : Q•/`n → P •/`n−1[−1] for which one has

αn−1 ◦ πQn − πPn ◦ αn = d ◦ h+ h ◦ d.
But, in each degree i, the projection map P i/`n → P i/`n−1 is surjective and Qi/`n is a
projective Λn-module and so h can be lifted to a map h′ : Q•/`n → P •/`n[−1]. If one then
replaces αn by αn+d◦h′+h′◦d, the above diagram will actually be a commutative diagram
of maps of complexes.

By means of an inductive construction, we can therefore assume that, taken together, the
maps αn constitute a map of inverse systems of complexes. By passing to the inverse limit
of such a compatible system one then obtains an isomorphism in D−(Z`[G]) of the form

RΓ(Xét, j!f∗f
∗Z`) ∼= Q• ∼= lim←−

n

Q•/`n ∼= lim←−
n

P •/`n

∼= Z` ⊗Z P
• ∼= Z` ⊗Z RΓ(X ′W ét, f

′
∗f
′∗j!Z),

as required. �

In the next result we use the sequence of Q`[G]-modules εBock
Z`,G,φ that is defined in Remark

4.2(i) (with O = Z`).

Lemma 6.2. Under the hypotheses of Theorem 1.1 the following claims are valid.

(i) For each prime ` the complex RΓc(Xét, f∗f
∗Z`) belongs to Dperf(Z`[G]).

(ii) RΓ(Y ′W ét, jY,!Z) belongs to Dperf(Z[G]).

(iii) The sequence εBock
Z`,G,φ is exact.

Proof. Claim (i) follows directly from Proposition 4.2(i) and (ii) with both L = Z` and
O = Z`.

Next we note that the validity of condition (i) in Theorem 1.1 implies that the coho-
mology groups of the complex RΓ(Y ′W ét, jY,!Z) are finitely generated in all degrees and
vanish in almost all degrees. By the criterion of [20, Rapport, Lem. 4.5.1], it there-
fore follows that RΓ(Y ′W ét, jY,!Z) belongs to Dperf(Z[G]) if and only if it has finite Tor-
dimension. Since Lemma 6.1(ii) implies that for every prime ` there is an isomorphism
Z` ⊗Z RΓ(Y ′W ét, jY,!Z) ∼= RΓc(Xét, f∗f

∗Z`) in D(Z`[G]), one can therefore derive claim (ii)
as a straightforward consequence of claim (i).

For each prime ` we now write θ` for the element of the group H1(Spec(Fq)ét,Z`) =
Homcont(Gal(Fcq/Fq),Z`) that sends the Frobenius automorphism to 1 (and hence sends φ

to −1). We also write θX,` for the pullback of θ` to H1(Xét,Z`) and recall (from Remarks
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3.3 and 4.2) that εBock
Z`,G,φ coincides with the sequence of Q`[G]-modules that is obtained by

scalar extension from the complex of Z`[G]-modules

0→ H0
c (Xét, f∗f

∗Z`)
∪θX,`−−−→ H1

c (Xét, f∗f
∗Z`)

∪θX,`−−−→ H2
c (Xét, f∗f

∗Z`)
∪θX,`−−−→ · · ·

in which each differential is given by cup product with θX,`. Claim (iii) is therefore true
since the assumed validity of condition (ii) in Theorem 1.1 combines with the isomorphisms
in Lemma 6.1(ii) to imply that this complex has finite cohomology groups. �

6.1.2. We are now ready to prove Theorem 1.1, the hypotheses of which we assume.
Then, from Lemma 6.2(ii), we know RΓ(Y ′W ét, jY,!Z) belongs to Dperf(Z[G]). In addi-

tion, the commutative diagram (16) combines with the direct sum decomposition (14) to
imply that the claimed equality (3) is valid if and only if, for every prime `, there is in
K0(Z`[G],Q`[G]) an equality

δZ`[G](ι`(Z
∗(f, 1))) = −π`(χG(RΓ(Y ′W ét, jY,!Z), εf,j))

= −χZ`[G](Z` ⊗Z RΓ(Y ′W ét, jY,!Z),Q` ⊗Q εf,j)

= −χZ`[G](RΓc(Xét, f∗f
∗Z`), εBock

Z`,G,φ).

Note that the validity of the second equality here is obvious and that the third equality is
valid because the isomorphism in Lemma 6.1(ii) induces an identification of Q`⊗Q εf,j with

the (exact) sequence εBock
Z`,G,φ, as already observed in the proof of Lemma 6.2(iii).

To complete the proof of Theorem 1.1 it is therefore enough to derive the above equality
as a consequence of Theorem 4.3 in the case that L = Z` and O = Z`.

In fact, since the exactness of εBock
Z`,G,φ implies that the necessary ‘semi-simplicity’ hypoth-

esis of Theorem 4.3 is satisfied (under the conditions of Theorem 1.1), this will clearly be
the case provided that in ζ(Q`[[t]][G]) one has an equality of series

(34) ι`(Z(f, t)) = ZG(X,Z`, t).
But, in terms of the `-adic representations that are fixed at the beginning of §4.2.2, the

series ZG(X,Z`, t) is defined (in (23)) as an Euler product over all x in X0 of the terms

NrdQ`[G](1− φd(x)td(x) | Q` ⊗Z` (Z`)G,x)−1

=
∑

ψ∈Ir`(G)

detE(1− φd(x)td(x) | HomE[G](Vψ̌, E[G]))−1eψ

=
∑

ψ∈Ir`(G)

detE(1− φd(x)td(x) | Vψ)−1eψ.

In view of this expansion, and the explicit definition of Z(f, t) that is given in the Introduc-
tion, the required equality (34) therefore follows directly from the definition of the Artin
L-series LArtin(Y, χ, t) for each irreducible complex character χ of G, as given by Milne in
[36, Exam. 13.6(b)].

This completes the proof of Theorem 1.1.

6.2. Global Euler characteristics of Weil-étale cohomology. In this section we shall
derive Corollary 1.4 as a consequence of Theorem 1.1. Throughout we use the notation of
§1.2.1.
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6.2.1. We first discuss some useful preliminaries and, in particular, give a convenient de-
scription of the homomorphism hG that occurs in Corollary 1.4.

To do this we use the fact that the long exact sequences of relative K-theory (13) with
the pair (A, E) equal to (Z[G],Q) and to (Z`[G],Q`) for all primes ` combine to give an
exact commutative diagram

(35)
∏
`K1(Z`[G]) //

∏′
`K1(Q`[G])

(∂G,`)`// //
⊕

`K0(Z`[G],Q`[G])

K1(Z[G])

OO

// K1(Q[G])

OO

∂G // K0(Z[G],Q[G])

π

OO

∂′G // // Cl(Z[G]).

Here
∏′
`K1(Q`[G]) denotes the restricted direct product of the groups K1(Q`[G]) with

respect to the subgroups given by the images of the natural maps K1(Z`[G])→ K1(Q`[G]),
the first two vertical arrows are the natural diagonal maps and π is the isomorphism (π`)`
from (14).

In addition, the commutative diagram (16) induces a commutative diagram

(36)

ζ(Q[G])×
δG−−−−→ K0(Z[G],Q[G])y yπ⊕

`
ζ(Q`[G])×

NrdQ`[G](K1(Z`[G]))

(δZ`[G])`−−−−−→
⊕

`K0(Z`[G],Q`[G]),

in which the lower row is bijective. This diagram combines with the exactness of the lower
row in (35) (and an application of the weak approximation theorem) to induce a canonical
isomorphism

h′G :
J(ζ(Q[G]))

im(∆G) · U(ζ(Q[G]))
∼= Cl(Z[G]).

Here we write J(ζ(Q[G])) for the idele group of the Q-algebra ζ(Q[G]), U(ζ(Q[G])) for
the subgroup im(NrdR[G]) ·

∏
` NrdQ`[G](K1(Z`[G])) of J(ζ(Q[G])) and ∆G for the diagonal

embedding of ζ(Q[G])× into J(ζ(Q[G])).
Each element of the idele group J(ζ(Qc[G])) can be written uniquely as x =

∑
χ∈Ir(G) xχeχ

with every xχ in J(Qc). With respect to this decomposition, an element x of ζ(Qc[G])×,
respectively J(ζ(Qc[G])), belongs to the subgroup ζ(Q[G])×, respectively J(ζ(Q[G])), if and
only if one has ω(xχ) = xω◦χ for all ω in Gal(Qc/Q) and all χ in Ir(G).

In particular, the map from Map(Ir(G), J(Qc)) to J(ζ(Qc[G])) that sends each θ to∑
χ∈Ir(G) θ(χ)eχ restricts to give a homomorphism

MapQ(Ir(G), J(Qc))→ J(ζ(Q[G])).

The map hG that occurs in Corollary 1.4 is then obtained by composing this latter
homomorphism with h′G.

We next fix a finite Galois extension N of Q in Qc over which all characters in Ir(G) can
be realised and write j∞ for the natural embedding of N× into (N ⊗Q R)× ⊂ J(N). We
also write Irs(G) for the subset of Ir(G) comprising symplectic characters.
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Then, for each x in ζ(Q[G])× one has xχ ∈ N× for all χ ∈ Ir(G) and the Hasse-Schilling-
Maass Norm Theorem (from, for example, [19, Th. (7.48)]) implies x belongs to im(NrdQ[G])
if and only if for each χ in Irs(G) every component of

j∞(xχ) ∈ (N ⊗Q R)× ⊆ (N ⊗Q C)× =
∏
N→C

C×

is a positive real number.
Finally, for any element x of ζ(Q[G])× we write xs for the element of ζ(Q[G])× that is

specified by setting

(xs)χ :=

{
xχ, if χ ∈ Irs(G)

1, if χ ∈ Ir(G) \ Irs(G).

6.2.2. We are now ready to prove Corollary 1.4.
At the outset we recall that the leading term Z∗(f, 1) belongs to ζ(Q[G])× (this is well-

known but can also be derived as a consequence of the fact that for every prime ` one has
Z∗(f, 1) = Z∗G(X,Z`, 1), as shown by the argument of §6.1.2).

It follows that the field N fixed in §6.2.1 contains LArtin,∗(Y, χ, 1) for every χ in Ir(G)
and that the function z(f) on Ir(G) that sends each χ to j∞(LArtin,∗(Y, χ, 1)) belongs to
MapQ(Ir(G), J(N)).

For each archimedean place v of Qc, we can then fix a choice of embedding jv : Qc → C
so that the definition of zArtin(f) in (4) implies that for every χ in Ir(G) and every place v
of Qc one has

zArtin(f)(χ)v =

{
z(f)(χ)ṽ, if χ ∈ Irs(G) and v is archimedean,

1, otherwise,

where ṽ is the restriction of v to N . In particular, since the set Irs(G) is stable under the ac-
tion of Gal(Qc/Q), it follows that the function zArtin(f) also belongs to MapQ(Ir(G), J(Qc)),
as claimed in Corollary 1.4.

To proceed we write i∞ for the natural inclusion of ζ(Q[G])× into ζ(R[G])× and [x, y]
for the element of the domain of the function h′G that is represented by an element (x, y)
of J(ζ(Q[G])) where x belongs to ζ(R[G])× and y to

∏
` ζ(Q`[G])×.

Then, setting C := RΓ(Y ′W ét, jY,!Z), the equality (3) implies that

χG(C) = ∂′G(χG(C, εf,j))(37)

= − ∂′G(δG(Z∗(f, 1)))

= − h′G([1, (ι`(Z
∗(f, 1)))`])

=h′G([ι∞(Z∗(f, 1)), 1])

=h′G([ι∞(Z∗(f, 1)s), 1])

=hG(zArtin(f)),

as claimed in Corollary 1.4. Note that the third equality here follows from the commutativity
of (36), the fourth is valid because [ι∞(Z∗(f, 1)), (ι`(Z

∗(f, 1)))`] = ∆G(Z∗(f, 1)) belongs to
ker(h′G), the fifth because ι∞(Z∗(f, 1))/ι∞(Z∗(f, 1)s) belongs to im(NrdR[G]) and the last

follows directly from the definition of zArtin(f).
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Now if x belongs to ζ(Q[G])×, then xχ ∈ R× for every χ in Irs(G). In addition, since we
are regarding Qc as a subfield of C, for each archimedean place v of Qc the embedding jv
is an automorphism of Qc and so for every χ in Ir(G) one has both jv(xχ) = xjv◦χ and also
jv ◦ χ ∈ Irs(G) if and only if χ ∈ Irs(G).

In particular, if x is any element of ζ(Q[G])× such that for every χ in Irs(G) the real
numbers xχ and LArtin,∗(Y, χ, 1) have the same sign, then the elements [ι∞(x)s, 1] and
[ι∞(Z∗(f, 1)s), 1] coincide.

Taken in conjunction with the equality (37) this shows that χG(C) depends only on the
signs of LArtin,∗(Y, χ, 1) for all χ in Irs(G), as claimed in Corollary 1.4.

In a similar way, one deduces that the order of χG(C) divides two since ι∞(Z∗(f, 1)s)2

belongs to im(NrdR[G]) and that [ι∞(Z∗(f, 1)s), 1], and hence also χG(C), vanishes whenever

LArtin,∗(Y, χ, 1) is positive for every χ in Irs(G).
Finally, we note that since C belongs to Dperf(Z[G]) and is acyclic in all negative degrees,

a standard resolution argument shows that there exists a natural number t such that C is
isomorphic in D(Z[G]) to a bounded complex of finitely generated projective G-modules

P−1 → P0 → P1 → · · · → Pt

in which Pi is free of rank ri for each i ≥ 0. By Swan’s Theorem [19, (32.1)], the Q[G]-
module spanned by P−1 is free and, for convenience, one can fix the above complex so that
the rank r of this module is greater than one.

In particular, if χG(C) vanishes, then one has r =
∑

i≥0(−1)iri and hence also in

K0(Z[G]) an equality

[P−1] =
∑
i≥0

(−1)i[Pi] =
∑
i≥0

(−1)i[Z[G]ri ] = [Z[G]r],

where we write [M ] for the class in K0(Z[G]) of a finitely generated projective Z[G]-module
M . Then, since r > 1, this equality combines with the Bass Cancellation Theorem [19,
(41.20)] to imply that P−1 is a free G-module of rank r.

This shows that C is isomorphic in D(Z[G]) to a bounded complex of finitely generated
free G-modules whenever χG(C) vanishes and hence completes the proof of Corollary 1.4.

7. Affine curves

In this section we derive a range of concrete consequences of Theorem 1.1 in the special
case that X is an affine curve and Fq is isomorphic to the field of constants of the function
field of X. In particular, in this way we will prove Theorem 1.5 as well as Corollaries 1.6
and 1.7.

For the reader’s convenience, we first fix some basic notation that will be used throughout
this section.

For any global function field E we write CE for the unique geometrically irreducible
smooth projective curve that has function field E.

We fix a finite Galois extension of such fields F/k and set G := Gal(F/k). We also fix a
finite non-empty set of places Σ of k that contains all places that ramify in F/k.

For each intermediate field E of F/k we write ΣE for the set of places of E that lie above
those in Σ and OE,Σ for the subring of E comprising elements that are integral at all places
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outside ΣE . We then write CΣ
E for the affine curve Spec(OE,Σ), jΣ

E : CΣ
E → CE for the

corresponding open immersion and

fΣ : CΣ
F → CΣ

k and f ′Σ : CF → Ck

for the morphisms that are induced by the inclusion of fields k ⊆ F .
We fix q so that Fq identifies with the constant field of k and regard all of the above

morphisms as morphisms of Fq-schemes.
We identify each place w of E with the corresponding (closed) point of CE . For each

such w we write ordw for its normalised additive valuation (on E) and d(w) for its degree
over Fq. We also write κ(w) for its residue field of w and set Zw := Spec(κ(w)).

We write O×F,Σ for the unit group of OF,Σ, set BF,Σ :=
⊕

w∈ΣF
Z and write B0

F,Σ for the

kernel of the homomorphism BF,Σ → Z that sends each element (nw)w to
∑

w nw. We note

that each of the groups OF,Σ,O×F,Σ, BF,Σ and B0
F,Σ has a natural action of G.

By a slight abuse of notation, we denote by Gm the Weil-étale sheaf that is obtained by
restricting the étale sheaf Gm to the Weil-étale site.

7.1. The equivariant leading term conjecture. In this section we give a precise state-
ment of Theorem 1.5.

To do this we recall (from, for example, [3, Lem. 1]) that the complex

K•F,Σ := RΓ(CΣ
F,Wét,Gm)

belongs to Dperf(Z[G]), is acyclic outside degrees zero and one and is such that the explicit
computations of [7] induce canonical identifications

(38) H0(K•F,Σ) = O×F,Σ, H
1(K•F,Σ)tor = Cl(OF,Σ) and H1(K•F,Σ)tf = B0

F,Σ.

We write

(39) Dq
F,Σ : O×F,Σ → B0

F,Σ

for the homomorphism of G-modules that sends each u in O×F,Σ to (ordw(u) · d(w))w∈ΣF .

Then the induced map Q⊗Z Dq
F,Σ is bijective (by the Riemann-Roch Theorem) and hence

combines with the identifications in (38) to give an exact sequence of Q[G]-modules

εF,Σ : 0→ Q⊗Z H
0(K•F,Σ)

Q⊗ZDqF,Σ−−−−−−→ Q⊗Z H
1(K•F,Σ)

0−→ Q⊗Z H
2(K•F,Σ)

0−→ · · ·

Finally, we write x 7→ x# for the Q-linear anti-involution of Q[G] that inverts elements
of G.

We can now give a more explicit statement of Theorem 1.5.

Theorem 7.1. In K0(Z[G],Q[G]) one has

δG(Z∗(fΣ, 1)#) = χG(RΓ(CΣ
F,Wét,Gm), εF,Σ).

Remark 7.2. Let m be the degree of Fq over Fp. Then Z(fΣ, t) and Dq
F,Σ are related to

the function ZF/k,Σ(t) and homomorphism DF,Σ that occur in [3, Lem. 2] by the equalities

ZF/k,Σ(t) = Z(fΣ, t
m) and DF,Σ = [m] ◦Dq

F,Σ where [m] denotes the endomorphism of B0
F,Σ

given by multiplication by m. These equalities can be used to show that the equality in
Theorem 7.1 is equivalent to that of [3, (3)] and hence that Theorem 7.1 combines with
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[3, Lem. 2] to imply the validity of the central conjecture (Conj. C(F/k)) of [3]. The
computation of [3, Prop. 4.1] also then implies that Theorem 7.1 is equivalent to the
function field case of [5, Conj. LTC(F/k)]. Finally, we recall that the Artin-Verdier Duality
Theorem induces (via [35, Th. 5.4(a)]) a canonical isomorphism in Dperf(Z[G])

(40) ∆Σ : RΓ(CΣ
F,Wét,Gm) ∼= RHomZ(RΓ(CF,Wét, j

Σ
F,!Z),Z[−2]),

where G acts contragrediently on the linear dual complex. This morphism ∆Σ can be
combined with the isomorphisms in Lemma 6.1(ii) to show Theorem 7.1 generalises the
main result (Theorem 3.1) of [4].

7.2. The proof of Theorem 7.1. We write ψ∗ for the involution of K0(Z[G],Q[G]) that
for each pair of finitely generated projective G-modules P and Q and isomorphism of Q[G]-
modules µ : Q⊗ZP → Q⊗ZQ sends (P, µ,Q) to (HomZ(P,Z),HomQ(µ,Q)−1,HomZ(Q,Z)),
where the linear duals are endowed with the contragredient action of G and so are projective
Z[G]-modules.

Then an easy exercise (using the commutativity of (16)) shows that for every element x
of ζ(Q[G])× one has

(41) ψ∗(δG(x)) = −δG(x#).

Given this equality, the isomorphism RHomZ(∆Σ,Z[−2]) implies that Theorem 7.1 is
valid if and only if in K0(Z[G],Q[G]) one has

(42) δG(Z∗(fΣ, 1)) = −χG(RΓ(CF,Wét, j
Σ
F,!Z), ε∗F,Σ).

Here we write ε∗F,Σ for the exact sequence of Q[G]-modules that is obtained by taking

the Q-linear dual of εF,Σ and then using the maps HomQ(Q ⊗Z H
i(∆Σ),Q) to identify

HomQ(Q⊗Z H
i(K•F,Σ),Q) with Q⊗Z H

2−i(CF,Wét, j
Σ
F,!Z).

Our aim is to deduce the required equality (42) by applying Theorem 1.1 to the data

Y = CΣ
F , Y

′ = CF , X = CΣ
k , X

′ = Ck, j = jk := jΣ
k , jY = jF := jΣ

F , f = fΣ and f ′ = f ′Σ.

In this regard we note that X is geometrically connected and, since Y ′ is a curve, that the
conditions (i) and (ii) of Theorem 1.1 are already known to be satisfied (by [35, Th. 7.4]).
Theorem 1.1 therefore applies in this case to give an equality

δG(Z∗(fΣ, 1)) = −χG(RΓ(CF,Wét, jF,!Z), εfΣ,jk).

To derive (42) it is therefore enough to show that the exact sequences ε∗F,Σ and εfΣ,jk coincide
and this follows directly from the next result.

Lemma 7.3. The following diagram of Q[G]-modules commutes.

Q⊗Z H
1(CF,Wét, j

Σ
F,!Z)

HomZ(H1(∆Σ),Q)−−−−−−−−−−−→ HomZ(B0
F,Σ,Q)

Q⊗Z(∪θCF )

y yHomZ(DqF,Σ,Q)

Q⊗Z H
2(CF,Wét, j

Σ
F,!Z)

HomZ(H0(∆Σ),Q)−−−−−−−−−−−→ HomZ(O×F,Σ,Q)
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Proof. It is enough to prove that the diagram commutes after applying Q` ⊗Q − for any
prime `.

We therefore fix a prime ` and, following Lemma 6.1(ii), we consider H i(Ck,ét, j!F`) with

j := jΣ
k and F` := f∗f

∗Z` rather than H i(CF,Wét, j
Σ
F,!Z).

We write ZΣ for the complement of CΣ
k in Ck and i : ZΣ → Ck for the natural closed

immersion. For each y ∈ Σ we also write iy : Zy → Ck for the natural closed immersion
and Sy(F ) for the set of places of F above y.

Now F` = j∗F ′` with F ′` := f ′∗f
′∗Z` so there exists a natural exact sequence of Z`[G]-

sheaves 0→ j!F` → F ′` → i∗i
∗F ′` → 0 on Ck and hence a composite morphism in D(Z`[G])

ξ :
⊕
y∈Σ

RΓ(Zy,ét, i
∗
yF ′`) ∼= RΓ(Ck,ét, i∗i

∗F ′`)→ RΓ(Ck,ét, j!F`)[1].

This morphism in turn induces a commutative diagram of Z`[G]-modules

(43)

⊕
y∈ΣH

0(Zy,ét, i
∗
yF ′`)

H0(ξ)−−−−→ H1(Ck,ét, j!F`)
HomZ(H1(∆Σ),Q`)−−−−−−−−−−−−→ HomZ(B0

F,Σ,Q`)y(−1)×(∪θZy,`)y
y∪θCk,`⊕

y∈ΣH
1(Zy,ét, i

∗
yF ′`)

H1(ξ)−−−−→ H2(Ck,ét, j!F`)
HomZ(H0(∆Σ),Q`)−−−−−−−−−−−−→ HomZ(O×F,Σ,Q`)

where the factor −1 occurs in the left vertical homomorphism because ξ maps to the 1-shift
of RΓ(Ck,ét, j!F`).

Now each complex E•y := RΓ(Zy,ét, i
∗
yF ′`) is canonically isomorphic to the direct sum over

w in Sy(F ) of the complexes

Z`[Gw/G0
w]#

1−σw−−−→ Z`[Gw/G0
w]#.

Here the first term occurs in degree 0, Gw and G0
w denote the decomposition and iner-

tia groups of w in G, σw the frobenius automorphism in Gw/G
0
w
∼= Gal(κ(w)/κ(v)) and

Z`[Gw/G0
w]# the left Z`[Gw]-module Z`[Gw/G0

w] upon which σw acts as right multiplication
by σ−1

w .
To compute the groups H i(E•y ) explicitly we must use the conventions of [7] since they

underlie the explicit descriptions of the cohomology of K•F,Σ that are given in (38). We

therefore use the isomorphism E•y ∼=
⊕

w∈Sy(F )RΓ(Zy,ét,Z`[Gw/G0
w]) in D(Z`[G]) that is

induced by the morphisms of complexes

(44)

Z`[Gw/G0
w]#

1−σw−−−−→ Z`[Gw/G0
w]#∥∥∥ y−σw

Z`[Gw/G0
w]

1−σw−−−−→ Z`[Gw/G0
w].

We then identify H0(Zy,ét,Z`[Gw/G0
w]) and H1(Zy,ét,Z`[Gw/G0

w]) with H0(Zw,ét,Z`) ∼= Z`
and H1(Zw,ét,Z`) ∼= Homcont(Gal(κ(w)c/κ(w)),Z`) ∼= Z` in the natural way, where the last

map evaluates each homomorphism at the topological generator φ−d(w) of Gal(κ(w)c/κ(w)).
By passing to cohomology in diagram (44), we therefore obtain a commutative diagram
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(45)

⊕
y∈Σ(

⊕
w∈Sy(F ) Q`)

∼=−→
⊕

y∈Σ Q` ⊗Z` H
0(E•y )

a0−→ HomZ(B0
F,Σ,Q`)

a2

y y(−1)×(∪θZy,`)y⊕
y∈Σ(

⊕
w∈Sy(F ) Q`)

∼=−→
⊕

y∈Σ Q` ⊗Z` H
1(E•y )

a1−→ HomZ(O×F,Σ,Q`)

in which a0 and a1 are the homomorphisms induced by the upper and lower rows of (43)
respectively and a2 is defined to make the first square commute. Now the composite up-
per, resp. lower, horizontal map in (45) is equal to HomZ(a3,Q`)

−1 with a3 equal to
the natural map B0

F,Σ ⊂ BF,Σ ∼=
⊕

y∈Σ(
⊕

w∈Sy(F ) Z), resp. with a3 equal to the map

O×F,Σ →
⊕

y∈Σ(
⊕

w∈Sy(F ) Z) sending u to (−ordw(u))w where the minus sign occurs be-

cause the morphism (44) induces −idZ` on cohomology in degree 1.
In particular, since the upper horizontal map in the diagram (45) is surjective the claimed

commutativity of the stated diagram will follow from (43) and (45) provided that a2 sends
each element (xw)w to (−d(w)xw)w and this is true since for each w in Sy(F ) the map

(−1)×θZy ,` sends φ−d(w) to −θZy ,`(φ−d(w)) = −(−d(w))×θ(φ) = d(w)×(−1) = −d(w). �

7.3. Weil-étale cohomology and Selmer modules. In order to relate Theorem 7.1 to
several previously formulated refinements of Stark’s Conjecture, it is convenient to first
clarify the link between Weil-étale cohomology and the canonical ‘Selmer modules’ of Gm

that are introduced by Kurihara, Sano and the first author in [10]. In this section we shall
describe this link precisely and also derive some interesting consequences that it has for the
Galois structure of Selmer groups.

The Pontryagin dual HomZ(M,Q/Z) of a G-module M is written as M∨ and regarded
as endowed with the contragredient action of G.

For a complex X in D−(Z[G]) we set X∗ := RHomZ(X,Z) and X∨ := RHomZ(X,Q/Z)
and regard both as objects of D(Z[G]) via the contragredient action of G. We will often
use the fact that the contravariant functor X 7→ X∗ both preserves and is self-inverse on
the subcategory Dperf(Z[G]) of D−(Z[G]).

7.3.1. For any finite disjoint sets of places Σ1 and Σ2 of k, the Σ1-relative, Σ2-trivialized,
Selmer module SelΣ2

Σ1
(F ) for Gm over F is defined in [10, §2] to be the cokernel of the

homomorphism

(46)
∏

w/∈(Σ1∪Σ2)F

Z −→ HomZ(F×Σ2
,Z).

Here F×Σ2
denotes the subgroup {a ∈ F× : ordw(a− 1) > 0 for all w ∈ Σ2,F } of F× and the

arrow sends (xw)w to the homomorphism a 7→
∑

w/∈(Σ1∪Σ2)F
ordw(a) · xw.

We further recall from [10, Prop. 2.2] that if Σ1 is non-empty, then there exists a canonical
exact sequence

(47) 0→ ClΣ2
Σ1

(F )∨ → SelΣ2
Σ1

(F )→ HomZ(O×F,Σ1,Σ2
,Z)→ 0.

Here we write O×F,Σ1,Σ2
for the finite index subgroup O×F,Σ1

∩ F×Σ2
of O×F,Σ1

and ClΣ2
Σ1

(F ) for
the ray class group of OF,Σ1 modulo the product of all places in Σ2,F .
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7.3.2. If w is any place of F outside ΣF , then the closed immersion iw : Zw → CΣ
F induces

a morphism of sheaves Gm → iw,∗i
∗
wGm on CΣ

F,Wét and hence a morphism in D(Z[G])

%w : RΓ(CΣ
F,Wét,Gm)→ RΓ(CΣ

F,Wét, iw,∗i
∗
wGm) ∼= RΓ(κ(w)Wét,Gm).

If Σ′ is any finite non-empty set of places of k that is disjoint from Σ, then we define the
Σ′-modified Weil-étale cohomology complex RΓΣ′(C

Σ
F,Wét,Gm) so that it lies in an exact

triangle in D(Z[G]) of the form

(48) RΓΣ′(C
Σ
F,Wét,Gm)→ RΓ(CΣ

F,Wét,Gm)
%Σ′

Σ−−→
⊕
w∈Σ′F

RΓ(κ(w)Wét,Gm)→

where %Σ′
Σ denotes the diagonal morphism (%w)w∈Σ′F

.

Since each place v in Σ′ is unramified in F we can fix a place wv of F above v and write
σv for the Frobenius element of wv in G. We then define a Σ′-modified leading term element
in ζ(Q[G])× by setting

Z∗Σ′(fΣ, 1) = Z∗(fΣ, 1) ·
∏
v∈Σ′

NrdQ[G]([1−Nv · σv]r)

where [1−Nv ·σv]r denotes the element of K1(Q[G]) that corresponds to the automorphism
of Q[G] given by right multiplication by 1−Nv · σv.

In the following result we record relevant properties of these constructions and also use
them to reinterpret Theorem 7.1.

Proposition 7.4. Set KΣ′,•
F,Σ := RΓΣ′(C

Σ
F,Wét,Gm). Then the following claims are valid.

(i) The complexes KΣ′,•
F,Σ and (KΣ′,•

F,Σ )∗[−1] belong to Dperf(Z[G]) and are acyclic outside
degrees zero and one.

(ii) H1((KΣ′,•
F,Σ )∗) is the cokernel of the diagonal map Z→ B∗F,Σ and H2((KΣ′,•

F,Σ )∗) iden-

tifies with SelΣ
′

Σ (F ).

(iii) H0(KΣ′,•
F,Σ ) = O×F,Σ,Σ′, H

1(KΣ′,•
F,Σ )tor = ClΣ

′
Σ (F ) and H1(KΣ′,•

F,Σ )tf = B0
F,Σ.

(iv) In K0(Z[G],Q[G]) there are equalities

δG(Z∗Σ′(fΣ, 1)#) = χG(KΣ′,•
F,Σ , εF,Σ) and δG(Z∗Σ′(fΣ, 1)) = χG((KΣ′,•

F,Σ )∗[−1], ε∗F,Σ).

Proof. We set F×Σ′ :=
⊕

w∈Σ′F
κ(w)× and K•Σ′ :=

⊕
w∈Σ′F

RΓ(κ(w)Wét,Gm).

Then, since the complex RΓc((OF,Σ)W ,Z) constructed in [10, Prop. 2.4] is canonically

isomorphic to RΓ(CF,Wét, j
Σ
F,!Z) (cf. [10, Rem. 2.5(i)]), there is a diagram in D(Z[G])

(49)

(
F×Σ′
)∨

[−3]
θ′′
Σ,Σ′−−−−→ RΓc((OF,Σ)W ,Z) −−−−→ RΓc,Σ′((OF,Σ)W ,Z) −−−−→

ι

y (∆Σ)∗[−2]

y
(K•Σ′)

∗[−2]
(%Σ′

Σ )∗

−−−−→ RΓ(CΣ
F,Wét,Gm)∗[−2] −−−−→ (KΣ′,•

F,Σ )∗[−2] −−−−→ .

Here the upper row is the exact triangle obtained by shifting the exact triangle in the
third column of [10, (6)] whilst the lower row is the shift of the defining exact triangle
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(48). The morphism ∆Σ is the duality isomorphism (40) and ι is the canonical isomorphism(
F×Σ′
)∨

[−3] ∼= (K•Σ′)
∗[−2] in D(Z[G]) that is induced by the fact that for each w in Σ′F the

complex RΓ(κ(w)Wét,Gm) is canonically isomorphic to κ(w)×[0].
Assuming for the moment that the above diagram is commutative, it can be completed

to give an isomorphism in D(Z[G]) from (KΣ′,•
F,Σ )∗[−1] to RΓc,Σ′((OF,Σ)W ,Z)[1].

Given this isomorphism, both claim (ii) and the assertions in claim (i) regarding the

complex (KΣ′,•
F,Σ )∗[−1] follow directly from those of [10, Prop. 2.4(iii) and (iv)] and the fact

F×Σ′ is torsion-free since Σ′ is non-empty and F has characteristic p.

From the isomorphism KΣ′,•
F,Σ
∼= ((KΣ′,•

F,Σ )∗[−1])∗[−1] we can then deduce KΣ′,•
F,Σ belongs to

Dperf(Z[G]) and also obtain (via the universal coefficient spectral sequence) a description

of the cohomology of KΣ′,•
F,Σ in terms of that of (KΣ′,•

F,Σ )∗[−1]. In this way, claim (ii) and

the exact sequence (47) with Σ1 = Σ and Σ2 = Σ′ combine to imply that KΣ′,•
F,Σ is acyclic

outside degrees zero and one and has cohomology as described in claim (iii).
To prove claim (iv) we use the fact that, since each place in Σ′ is unramified in F/k,

there is an exact sequence of G-modules of the form

0→
⊕
v∈Σ′

Pv
(dv)v−−−→

⊕
v∈Σ′

Pv
π−→ F×Σ′ → 0.

Here each Pv is Z[G], the differential dv maps each element x of Pv to (1 − Nv · σ−1
v )(x)

and the map π is obtained by choosing for each v ∈ Σ′ a generator yv of the cyclic group
κ(wv)

× and then mapping the identity element of Pv to yv.
This resolution implies K•Σ′ belongs to Dperf(Z[G]) and that in K0(Z[G],Q[G]) one has

χG(K•Σ′ , 0) = δG(
∏
v∈Σ′

NrdQ[G]([(1−Nv · σv)#]−1
r )) = δG

(
Z∗(fΣ, 1)#/Z∗Σ′(fΣ, 1)#

)
.

Given these observations, the general property (17) applies to the triangle (48) to imply

χG(KΣ′,•
F,Σ , εF,Σ)− χG(RΓ(CΣ

F,Wét,Gm), εF,Σ) = − χG(K•Σ′ , 0)

= δG
(
Z∗Σ′(fΣ, 1)#

)
− δG

(
Z∗(fΣ, 1)#

)
.

This shows that the first equality in claim (iv) follows directly from that of Theorem 7.1.
This equality then implies that

δG
(
Z∗Σ′(fΣ, 1)

)
= δG

(
(Z∗Σ′(fΣ, 1)#)#

)
= − ψ∗

(
δG
(
Z∗Σ′(fΣ, 1)#

))
= − ψ∗

(
χG(KΣ′,•

F,Σ , εF,Σ)
)

= − χG
(
(KΣ′,•

F,Σ )∗, ε∗F,Σ
)

=χG
(
(KΣ′,•

F,Σ )∗[−1], ε∗F,Σ
)
,

where the second equality follows from (41). This verifies the second equality in claim (iv)
and so means that the proof will be complete if we can show that the first square in the
diagram (49) commutes, as claimed above.
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For any finitely generated G-module M we write DM for the subcategory of D(Z[G])
comprising bounded complexes C that are acyclic in all degree less than one and such that
H1(C) identifies with the profinite completion M∧ of M . Then, since the quotient M∧/M is
an injective Z[G]-module there exists a unique morphism θ in HomD(Z[G])(C, (M

∧/M)[−1])

such that H1(θ) is the natural projection M∧ → M∧/M . We write C[ for the mapping
fibre of this morphism (regarding the module M as being clear from context) and note that

H1(C[) = M and that H i(C[) = H i(C) for all i 6= 1.
For any finite set of places Σ1 of k that contains Σ we define complexes

XΣ1 := RΓ((CΣ1
F )ét,Gm) and YΣ1 := RΓc((C

Σ1
F )ét,Z).

Then, from the computations in [7, §3.2], one knows that X∨Σ1
[−3] and Y ∨∨Σ1

both belong
to DWΣ1

with WΣ1 the Z-linear dual of the cokernel of the diagonal map Z → B∗F,Σ1
, and

that the Artin-Verdier Duality Theorem induces a canonical isomorphism ∆[
Σ1

: (Y ∨∨Σ1
)[ ∼=

(X∨Σ1
[−3])[ in D(Z[G]).

We now fix a finite set Σ′′ of places of k that is disjoint from Σ∪Σ′ and such that ClΣ1(F )
vanishes with Σ1 := Σ ∪ Σ′′ and consider the diagram

(50)

(
F×Σ′
)∨

[−3]
θ1−→ (Y ∨∨Σ1

)[
θ2−→ (Y ∨∨Σ )[

θ3−→ RΓc((OF,Σ)W ,Z)

ι[−2]

y ∆[
Σ1

y ∆[
Σ

y (∆Σ)∗[−2]

y
(K•Σ′)

∗[−2]
θ4−→ (X∨Σ1

[−3])[
θ5−→ (X∨Σ[−3])[

θ6−→ RΓ(CΣ
F,Wét,Gm)∗[−2],

in which we have used the morphisms θi specified below.
The choice of Σ1 ensures (via the argument of [10, p. 573]) that the homomorphism

HomD(Z[G])(
(
F×Σ′
)∨

[−3], (Y ∨∨Σ1
)[)→ HomG(

(
F×Σ′
)∨
, H3(Y ∨∨Σ1

)[) = HomG(
(
F×Σ′
)∨
, (O×F,Σ1

)∨)

sending each morphism κ to H3(κ) is bijective and so we can define θ1 to be the morphism
for which H3(θ1) is the Pontryagin dual of the natural map O×F,Σ1

→ F×Σ′ . Taking θ4 to be

the morphism induced by (%Σ′
Σ1

)∨ the commutativity of the first square in (50) is then clear.

Next we take θ2 and θ5 to be induced by the natural morphisms RΓc((C
Σ1
F )ét,Z) →

RΓc((C
Σ
F )ét,Z) and RΓ((CΣ

F )ét,Gm) → RΓ((CΣ1
F )ét,Gm) so that the commutativity of the

second square in (50) follows from the functoriality of the Artin-Verdier Duality Theorem.
We take θ3 to be the unique morphism induced by the morphism YΣ → RΓc((OF,Σ)W ,Z)

that occurs in [10, (6)]. In addition, since the complex ((Q ⊗Z WΣ)[−3])∗ is acyclic, the
natural morphism RΓ(CΣ

F,Wét,Gm)∗[−2] → X∗Σ[−2] is an isomorphism and we define θ6 to

be the composite of this isomorphism and the morphism (X∨Σ[−3])[ → X∗Σ[−2] induced by
the natural morphism X∨Σ[−1] → X∗Σ. Then, with these definitions, the commutativity of
the final square in (50) follows from the construction of the isomorphism ∆Σ.

Given the commutativity of (50), the required commutativity of the first square in (49)
follows from the fact that the very definition of the morphism θ′′Σ,Σ′ in [10] implies it is

equal to the composite θ3 ◦ θ2 ◦ θ1 whilst it is straightforward to check (%Σ′
Σ )∗ is equal to the

composite θ6 ◦ θ5 ◦ θ4. �
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7.3.3. We end this section by noting that Proposition 7.4 has an interesting consequence
concerning the Galois structure of Selmer groups.

Let R be a Dedekind domain. Then by a ‘presentation’ h of a finitely generated R[G]-
module M we mean an exact sequence of R[G]-modules of the form

R[G]m1(h) h−→ R[G]m2(h) →M → 0

where the natural numbers m1(h) and m2(h) satisfy m1(h) ≥ m2(h).
We write R℘ for the completion of R at a maximal ideal ℘. Then an ‘adelic presentation’

h of an R[G]-module M is a collection over all maximal ideals ℘ of R of a presentation h℘
of the R℘[G]-module R℘ ⊗R M with the property that the integers m1(h) := m1(h℘) and
m2(h) := m2(h℘) are independent of ℘ and there exists a homomorphism of R[G]-modules

hR : R[G]m1(h) → R[G]m2(h) with the property that h℘ = R℘ ⊗R hR for almost all ℘.
We say that an R[G]-module is ‘quadratic’, respectively ‘locally quadratic’, if there exists

a presentation, respectively adelic presentation, h of M such that m1(h) = m2(h). This con-
dition means that, with respect to the given presentation, the R[G]-module M , respectively
each R℘[G]-module M℘, has the same number of generators and relations.

Corollary 7.5. Fix finite sets of places Σ and Σ′ of k as in Proposition 7.4. Then the

following claims are valid for the G-module SelΣ
′

Σ (F ).

(i) SelΣ
′

Σ (F ) is locally quadratic.

(ii) If LArtin,∗(CΣ
F , χ, 1) is positive for every χ in Irs(G), then SelΣ

′
Σ (F ) is quadratic.

Proof. The results of Proposition 7.4(i) and (ii) combine to imply that the complex K• :=
RHomZ(RΓΣ′(C

Σ
F,Wét,Gm),Z) belongs to Dperf(Z[G]), is acyclic outside degrees one and

two and such that H1(K•) is torsion-free, H2(K•) = SelΣ
′

Σ (F ) and the Q[G]-modules that
are respectively spanned by H1(K•) and H2(K•) are isomorphic.

By a standard argument (as used, for example, in the proof of [3, §5.3, Lem. 6]), these

facts combine to imply K• is isomorphic in D(Z[G]) to a complex of the form P
d−→ Z[G]m,

where m is any large enough natural number and P is a projective module such that the
Zp[G]-module Zp ⊗Z P is free of rank m for every prime p.

By Roiter’s Lemma [19, (31.6)], the latter fact implies P contains a submodule P ′ of finite
index that is isomorphic to Z[G]m. We can therefore obtain a quadratic adelic presentation

h of SelΣ
′

Σ (F ) by setting hp := Zp ⊗Z d for all p and taking hZ to be the restriction of h to
P ′. This proves claim (i).

Turning to claim (ii) we note that, since NrdQ[G]([1 − Nv · σv]r) belongs to im(NrdQ[G])
for every v in Σ′, the given hypothesis implies that the leading term Z∗Σ′(fΣ, 1) belongs to
im(NrdQ[G]).

From the second displayed equality in Proposition 7.4(iv), we can therefore deduce that
the Euler characteristic of K• in K0(Z[G]) vanishes.

Given this fact, the argument used at the end of §6.2.2 implies that the projective module
P that occurs in the above construction must be free of rank m. By taking P ′ = P , we

therefore obtain a quadratic presentation h of the G-module SelΣ
′

Σ (F ), as required to prove
claim (ii). �
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7.4. Refined Stark Conjectures. In this section we use Theorem 7.1, as interpreted in
Proposition 7.4(iv), to prove several previously formulated refinements of Stark’s Conjec-
ture. In particular, in this way we shall obtain proofs of Corollaries 1.6 and 1.7.

7.4.1. For the reader’s convenience, we first quickly review the theory of non-commutative
Fitting invariants introduced by Nickel (cf. [39, §1.0.3]).

Let R be a Dedekind domain with fraction field Q of characteristic zero (so that the
algebra Q[G] is semisimple). Then the R-submodule ξ(R[G]) of ζ(Q[G]) that is generated
by the elements NrdQ[G](N) as N runs over all matrices in

⋃
n≥0 Mn(R[G]) is an R-order

in ζ(Q[G]).
If h is a presentation (in the sense of §7.3.3) of an R[G]-module, then its Fitting invariant

Fit0
R[G](h) is defined to be the ξ(R[G])-submodule of ζ(Q[G]) that is generated by the

reduced norms (over Q[G]) of the m2(h)×m2(h)-minors of the matrix of h with respect to

the standard bases of R[G]m1(h) and R[G]m2(h).
If h is an adelic presentation, then its Fitting invariant is the (finitely generated) ξ(R[G])-

submodule of ζ(Q[G]) that is obtained by setting

Fit0
R[G](h) :=

⋂
℘

(
ζ(Q[G]) ∩ Fit0

R℘[G](h℘)
)
,

where ℘ runs over all maximal ideals of R.
It is easily checked that if G is abelian, and h is an adelic presentation of an R[G]-module

M , then Fit0
R[G](h) coincides with the initial Fitting ideal Fit0

R[G](M) of M , as discussed by

Northcott in [40].

Remark 7.6. In [39, §1.0.3] Nickel also defines a canonical ideal H(R[G]) of ζ(R[G]) that
has the following property: if h is an adelic presentation of an R[G]-module M , then for any
element x of H(R[G]) and any element y of Fit0

R[G](h) the product x ·y is contained in R[G]

and annihilates M (by [39, Th. 1.2]). This ideal H(R[G]) is easily seen to be invariant under
the R-linear anti-involution of R[G] that inverts elements of G and has also been described
explicitly in many cases by Johnston and Nickel in [31]. For example, the argument of [31,
Prop. 4.8] implies that if ℘ is any maximal ideal of R with residue characteristic prime to
the order of the commutator subgroup of G, then one has H(R[G])℘ = ζ(R℘[G]).

7.4.2. In this section we show that Theorem 7.1 extends a result of Deligne concerning the
Galois structure of divisor class groups.

For a non-empty set of places Σ′ of k we define the Σ′-modified degree zero divisor class
group PicΣ′,0(F ) of F to be the cokernel of the natural divisor map div0

F,Σ′ from F×Σ′ to the

group of degree zero divisors of F with support outside Σ′.

Theorem 7.7. There exists an adelic presentation h′ of the G-module PicΣ′,0(F )∨ such that

ZΣ′(fΣ, 1) ∈ Fit0
Z[G](h

′).

Proof. We claim first that for the quadratic adelic presentation h of SelΣ
′

Σ (F ) that is con-
structed in the proof of Corollary 7.5 one has

(51) ZΣ′(fΣ, 1) ∈ Fit0
Z[G](h).
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To prove this it is enough to show ZΣ′(fΣ, 1) belongs to Fit0
Zp[G](hp) for every prime p.

But if Zp[G]m
dp−→ Zp[G]m is the representative of the complex Zp⊗ZK

• that is constructed
in the above argument, then Fit0

Zp[G](hp) is equal to Fit0
Zp[G](dp) = ξ(Zp[G]) ·NrdQp[G](dp).

In addition, the second equality of Proposition 7.4(iv) combines with the commutativity
of the diagram (36) to imply that

δZp[G](ιp(Z
∗
Σ′(fΣ, 1))) =πp(χG(K•[−1], ε∗F,Σ))

=χZp[G](Zp ⊗Z K
•[−1],Qp ⊗Q ε

∗
F,Σ)

= δZp[G]

(
NrdQp[G](d

†
p)
)
.

Here d†p is an automorphism of the Qp[G]-module Qp[G]m that agrees with Qp ⊗Zp dp on
some choice of Qp[G]-equivariant direct complement to Qp · ker(dp) in Qp[G]m and the last
equality is verified by an explicit computation of the non-abelian determinant (as per [5,
Lem. A.1.1]). From this displayed equality we deduce the existence of an element u of
ker(δZp[G]) = NrdQp[G](K1(Zp[G])) ⊂ ξ(Zp[G]) such that

Z∗Σ′(fΣ, 1) = u ·NrdQp[G](d
†
p).

Next we recall (from, for example, [50, Chap. I, Prop. 3.4]) that for each χ in Ir(G) the
order of vanishing rfΣ,χ at t = 1 of the series LArtin(CΣ

F , χ, t) is equal to

(52) rfΣ,χ = dimQc
(
HomQc[G](Vχ̌,Qc ⊗Z B

0
F,Σ)) = dimQc

(
HomQc[G](Vχ̌,Qc ⊗Z O×F,Σ)),

where Vχ̌ is a choice of Qc[G]-module with character the contragredient χ̌ of χ and the
second equality is a consequence of the isomorphism Q⊗Z D

q
F,Σ.

We write e for the sum of all primitive idempotents of ζ(Q[G]) that annihilate the space

Qp ⊗Zp ker(dp) ∼= HomZ(B0,∗
F,Σ,Qp). Then, since

dimQc
(
HomQc[G](Vχ̌,Qc ⊗Z B

0
F,Σ)) = dimQc

(
HomQc[G](Vχ,HomZ(B0

F,Σ,Qc))
)
,

the formula (52) implies both that ZΣ′(fΣ, 1) = e · Z∗Σ′(fΣ, 1) and also that NrdQp[G](dp) =

e ·NrdQp[G](d
†
p).

It follows that ZΣ′(fΣ, 1) is equal to

e · Z∗Σ′(fΣ, 1) = eu ·NrdQp[G](d
†
p) = u ·NrdQp[G](dp)

and so belongs to Fit0
Zp[G](hp), as suffices to prove (51).

Given this containment, the argument of [39, Prop. 3.5(i)] shows that the claimed result

will follow if PicΣ′,0(F )∨ is isomorphic, as a G-module, to a quotient of SelΣ
′

Σ (F ).
To verify this we write θΣ′ for the homomorphism defined as in (46) with Σ2 = Σ′ and

Σ1 empty. Then there is a natural surjection from SelΣ
′

Σ (F ) to cok(θΣ′) and so it suffices to

prove that the latter group identifies with PicΣ′,0(F )∨.

To do this we note that divF,Σ′ is injective (as F×Σ′ is torsion-free) and that PicΣ′,0(F )
is the (finite) torsion subgroup of cok(divF,Σ′). Hence, if we write DivΣ′(F ) for the group
of divisors of F with support outside Σ′F , then there exists a natural short exact sequence
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0 → F×Σ′ → DivΣ′(F ) → cok(divF,Σ′) → 0. Since, by applying the functor HomZ(−,Z) to
this sequence, one obtains an exact sequence∏

w/∈Σ′F

Z
θΣ′−−→ HomZ(F×Σ′ ,Z)→ Ext1

Z(cok(divF,Σ′),Z)→ 0

it is therefore enough to note that Ext1
Z(cok(divF,Σ′),Z) identifies with

Ext1
Z(cok(divF,Σ′)tor,Z) = Ext1

Z(PicΣ′,0(F ),Z) ∼= PicΣ′,0(F )∨.

�

Remark 7.8. After taking account of Remark 7.6, it is clear that the containment of The-
orem 7.7 implies a refined version of the ‘non-abelian Brumer Stark Conjecture’ formulated
by Nickel in [39, Conj. 2.6]. In addition, if G is abelian, then for any presentation h′

as in Theorem 7.7, the ideal Fit0
Z[G](h

′) is equal to Fit0
Z[G](PicΣ′,0(F )∨) and so annihilates

PicΣ′,0(F )∨. It follows that Theorem 7.7 also specialises to recover the original Brumer-
Stark Conjecture for global function fields, as proved by Deligne in [50, Chap. V] and by
Hayes in [30].

7.4.3. We now write Σsp for the subset of Σ comprising places that split completely in F
and set a = aF/k,Σ := |Σsp|.

If Σsp is a non-empty proper subset of Σ, then the formula (52) implies that ZΣ′(fΣ, 1)
vanishes and so the statement of Theorem 7.7 is trivial.

However, in any such case, the formula (52) also implies that the ‘a-th equivariant deriv-
ative’ series

Z
(a)
Σ′ (fΣ, t) :=

( ∑
χ∈Ir(G)

(1− t)−aχ(1) · eχ
)
· ZΣ′(fΣ, t)

is holomorphic at t = 1 and that its value Z
(a)
Σ′ (fΣ, 1) at t = 1 does not, in general, vanish.

In the next result we prove that this value encodes information about the Galois structure
of ideal class groups, thereby proving a conjecture of the first author from [5].

For any homomorphism of G-modules φ : O×F,Σ,Σ′ → B0
F,Σ we set

R(φ) := NrdQ[G]((Q⊗Z D
q
F,Σ)−1 ◦ (Q⊗Z φ)) ∈ ζ(Q[G])

where the isomorphism Q⊗Z D
q
F,Σ is as defined in (39).

In this result we also use the ideal H(Z[G]) of ζ(Z[G]) that was discussed in Remark 7.6.

Theorem 7.9. If Σsp is a proper subset of Σ, then the following claims are valid for every
φ in HomG(O×F,Σ,Σ′ , B

0
F,Σ).

(i) If Σ1 is any subset of Σ that properly contains Σsp, then for any element x of

H(Z[G]) the product x · Z(a)
Σ′ (fΣ, 1) ·R(φ) belongs to Z[G] and annihilates ClΣ

′
Σ1

(F ).

(ii) If G is abelian, then Z
(a)
Σ′ (fΣ, 1) ·R(φ) belongs to FitaZ[G](PicΣ′,0(F )∨)#.

Proof. To prove the stated claims it is enough to show for every prime p that the product

x·Z(a)
Σ′ (fΣ, 1)·R(φ) belongs to Zp[G] and annihilates Zp⊗ZClΣ

′
Σ1

(F ) and that, if G is abelian,

then Z
(a)
Σ′ (fΣ, 1) ·R(φ) also belongs to FitaZp[G](Zp ⊗Z PicΣ′,0(F )∨)#.
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To prove both of these claims we fix p and set K• := Zp ⊗Z RΓΣ′(C
Σ
F,Wét,Gm), U :=

Zp⊗ZO×F,Σ,Σ′ , B := Zp⊗ZB
0
F,Σ, B1 := Zp⊗ZBF,Σsp and N := Zp⊗ZSelΣ

′
Σ (F ). We also write

M∗ for the Zp-linear dual of a Zp[G]-module M , regarded as endowed with contragredient
action of Zp[G].

Then, since U is torsion-free, the approach used in the proof of Corollary 7.5 combines
with Proposition 7.4(i) and (iii) to imply that K• is represented by a complex of Zp[G]-

modules of the form P
ϑ−→ P where P is a free of rank m (for any large enough m) and the

first term is placed in degree zero.
We label the places in Σsp as {vi}1≤i≤a and for each index i choose a place wi of F above

vi. We note that B1 is then a free G-module of rank a with basis {wi}1≤i≤a. Since Σsp is
assumed to be a proper subset of Σ, the natural projection map B0 → B1 is surjective. We
may therefore fix a basis {bi}1≤i≤m of P so that the natural projection map

P → cok(ϑ) ∼= H1(K•) � H1(K•)tf
∼= B � B1

sends bi to wi if 1 ≤ i ≤ a and to zero otherwise.
In addition, since im(ϑ) is torsion-free and the G-module B1 is free, the restriction map

HomZp[G](P,B1)→ HomZp[G](ker(ϑ), B1) = HomZp[G](U,B1)

is surjective. We can therefore choose an element φ̃ of HomZp[G](P,B1) that maps to the

composite of Zp ⊗Z φ and the projection B0 → B1 and consider the composite homomor-
phism of Zp[G]-modules

φ′ : P → B1 → P,

where the first map is φ̃ and the second sends each place wi to bi (for 1 ≤ i ≤ a).
We write M(φ′+ϑ) for the matrix in Mm(Zp[G]) that represents the endomorphism φ′+ϑ

of P with respect to the given basis {bi}1≤i≤m. Then the argument of [5, Prop. 7.2.1(ii)
and Lem. 7.3.1] implies the existence of an element u of NrdQp[G](K1(Zp[G])) ⊂ ξ(Zp[G])
such that

(53) Z
(a)
Σ′ (fΣ, 1) ·R(φ) = u ·NrdQp[G](M(φ′ + ϑ)).

To interpret this equality we write b∗i for each index i for the element of P ∗ that is dual
to bi. For each homomorphism ψ in HomZp[G](U,B

0) and each index i with 1 ≤ i ≤ a we
then write ψi for the element of U∗ that sends each element x to the coefficient of wi that
occurs in ψ(x).

We use Proposition 7.4(ii) to identify the cohomology groups of the complex K•1 :=
RHomZp(K

•,Zp) and then consider the following exact triangle in Dp(Zp[G])

(54) Zp[G]⊕a,•
θ−→ K•1 [−1] −→ K•2 → Zp[G]⊕a,•[1].

Here Zp[G]⊕a,• denotes the complex Zp[G]⊕a[0] ⊕ Zp[G]⊕a[−1] and, writing {ci}1≤i≤a for
the canonical basis of Zp[G]⊕a, the morphism θ in D(Zp[G]) is uniquely specified by the
condition that for each index i one has

Hj(θ)(ci) =

{
w∗i ∈ B∗1 ⊂ (B0)∗ = H0(K•1 [−1]), if j = 0

φ̃i ∈ N = H1(K•1 [−1]), if j = 1,
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where w∗i is the element of B∗1 that is dual to wi and φ̃i is a choice of pre-image of φi under
the projection map N → U∗ that is induced by (47).

Following Lemma 7.10 below, we may, and will, henceforth assume that the G-module
spanned by the homomorphisms {φi}1≤i≤a is free of rank a. Then, in this case, the long
exact cohomology sequence of the exact triangle (54) implies K•2 is acyclic outside degrees
zero and one and induces identifications H0(K•2 ) = (Zp ⊗Z B

0
F,Σ\Σsp

)∗ and H1(K•2 ) = N/E ,

where E denotes the (free, rank a) G-submodule of N that is generated by the set {φ̃i}1≤i≤a.
We now consider the following diagram of G-modules

P ∗1
id // P ∗1

P ∗1
(0,ι) //

id

OO

P ∗1 ⊕ P ∗
((φ′)∗◦ ι,ϑ∗) //

(−id,π)

OOOO

P ∗

P ∗
?�

(π,id)

OO

(φ′+ϑ)∗ // P ∗.

id

OO

Here P1 denotes the free G-submodule of P spanned by {bi}1≤i≤a and ι and π are respec-
tively the natural inclusion P ∗1 → P ∗ and projection P ∗ → P ∗1 maps.

Now K•1 [−1] is represented by the complex P ∗
ϑ∗−→ P ∗, where the first term is placed

in degree zero and the identification of ker(ϑ∗) with H0(K•1 [−1]) = (B0)∗ is such that w∗i
corresponds to the element b∗i of P ∗ for each i with 1 ≤ i ≤ a. For this reason, the central
row of the above diagram represents the mapping cone of the morphism θ in the exact
triangle (54) and so is isomorphic in D(Zp[G]) to the complex K•2 .

In addition, the above diagram commutes (since the construction of φ′ implies (φ′)∗

factors through π) and all of its columns are exact.
Thus, since its upper row is an acyclic complex, the diagram implies that K•2 is also

isomorphic in D(Zp[G]) to the complex given by the lower row of the diagram. Since
H1(K•2 ) = N/E , this fact gives rise to a presentation of Zp[G]-modules

P ∗
(φ′+ϑ)∗−−−−−→ P ∗ → N/E → 0

that we denote by h.
For a matrix M in Mm(Zp[G]) we now write M# for the matrix in Mm(Zp[G]) that is

obtained by applying to each entry of M the Zp-linear automorphism of Zp[G] that inverts
elements of G.

Then the matrix of the endomorphism (φ′ + ϑ)∗ with respect to the basis {b∗i }1≤i≤m of
P ∗ is the transpose of M(φ′ + ϑ)# and so the equality (53) implies that

(55) Z
(a)
Σ′ (fΣ, 1) ·R(φ) ∈ Fit0

Zp[G](h)#.

We now write % for the natural surjective homomorphism from N = Zp ⊗Z SelΣ
′

Σ (F ) to

N1 := Zp ⊗Z SelΣ
′

Σ1
(F ). Then [39, Prop. 3.5(i)] implies the existence of a presentation h1 of

the Zp[G]-module N1/%(E) such that Fit0
Zp[G](h) ⊆ Fit0

Zp[G](h1).
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The above containment therefore combines with Remark 7.6 to imply that for any element

x of H(Z[G]) the product x ·(Z(a)
Σ′ (fΣ, 1) ·R(φ))# belongs to Zp[G] and annihilates N1/%(E).

In addition, since our choice of homomorphisms φi implies that the G-module %(E) is

free (of rank a), the exact sequence (47) with Σ2 replaced by Σ′ implies Zp ⊗Z ClΣ
′

Σ1
(F )∨ is

isomorphic to a submodule of N1/%(E).

It follows that x · (Z(a)
Σ′ (fΣ, 1) · R(φ))# annihilates Zp ⊗Z ClΣ

′
Σ1

(F )∨, or equivalently that

x# · Z(a)
Σ′ (fΣ, 1) · R(φ) annihilates Zp ⊗Z ClΣ

′
Σ1

(F ). To complete the proof of claim (i) we

therefore need only recall that H(Z[G])# = H(Z[G]) (cf. Remark 7.6).
Turning to claim (ii), we note that, if G is abelian then (55) implies that

Z
(a)
Σ′ (fΣ, 1) ·R(φ) ∈ Fit0

Zp[G](N/E)# ⊆ FitaZp[G](N)#.

Here the inclusion follows from a general property of higher Fitting ideals (which is a
consequence, for example, of the result of [10, Lem. 7.1] with b = 0) and the fact that the
G-module E is generated by a set of a elements.

The above containment then directly implies claim (ii) since Zp⊗Z PicΣ′,0(F )∨ is isomor-
phic to a quotient of N (see the proof of Theorem 7.7) and so FitaZp[G](N) is contained in

FitaZp[G](Zp ⊗Z PicΣ′,0(F )∨). �

Lemma 7.10. It is enough to prove Theorem 7.9(i) in the case that the homomorphisms
{φi}1≤i≤a constructed above span a free Zp[G]-module of rank a.

Proof. In this argument we use the same notation as in the proof of Theorem 7.9.
Then it suffices to prove the existence of a homomorphism φ′ in HomZp[G](U,B

0) for

which the Zp[G]-module generated by {φ′i}1≤i≤a is free of rank a and one also has

(56) Z
(a)
Σ′ (fΣ, 1) ·R(φ′) ≡ Z(a)

Σ′ (fΣ, 1) ·R(φ) modulo |ClΣ
′

Σ1
(F )| · ζ(Zp[G]).

To do this we note that, since Z
(a)
Σ′ (fΣ, 1) belongs to ζ(Qp[G]), there exists a natural

number n such that

n · Z(a)
Σ′ (fΣ, 1) ∈ |ClΣ

′
Σ1

(F )| · ζ(Zp[G]).

Then an explicit computation of reduced norms shows that there exists a natural number
mn such that for any ψ in HomZp[G](U,B

0) and any integer m′ one has

R(φ+m′mn · ψ) ≡ R(φ) modulo n · ζ(Zp[G])

and hence that the congruence (56) is satisfied by φ′ := φ+m′mn · ψ.
It is therefore enough to prove that for a suitable choice of ψ and m′ this homomorphism

φ′ is such that the Zp[G]-module generated by {φ′i}1≤i≤a is free of rank a.
Now, since the Qp[G]-modules spanned by U and B0 are isomorphic and the natural

projection map B0 → B1 is surjective, there exists a homomorphism ψ in HomZp[G](U,B
0)

so that the Qp[G]-module V spanned by {ψi}1≤i≤a is free of rank a.
We fix a Qp[G]-equivariant section σ to the inclusion V ⊆ Qp⊗ZpU

∗ and, for each integer
r, consider the endomorphisms α and αr of the Qp[G]-module V that send each ψi to σ(φi)
and to σ(φi + r · ψi) = σ(ψi) + r · ψi respectively. Write M and Mr for the matrices in
Ma(Qp[G]) that represent α and αr with respect to the basis {ψi}1≤i≤a.
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Then Mr is equal to M + r · Ida and so the matrix Mr is invertible whenever r is large
enough to ensure that −r is not an eigenvalue of any simple algebra component of the matrix
M . In any such case, therefore, the elements {σ(φi+ r ·ψi)}1≤i≤a span a free Qp[G]-module
of rank a.

By choosing r to be a suitable multiple of mn, we therefore obtain a homomorphism
φ+ r · ψ that has all of the required properties. �

Theorems 7.1 and 7.9(i) now combine to give the following result.

Corollary 7.11. The central conjecture of [5] is valid for all global function fields.

Proof. The formulation of [5, Conj. 2.4.1] makes two predictions, the first concerning the
existence of matrices with certain properties and the second concerning the annihilation of
ideal class groups.

The proof of [5, Th. 4.1.1] shows that, in the case of global function fields, the first of
these predictions is implied by the validity of [3, Conj. C(K/k)] and hence now follows as
a consequence of Theorem 7.1 (and Remark 7.2).

On the other hand, the second prediction of [5, Conj. 2.4.1] follows directly from the
containment that is proved in Theorem 7.9(i). �

Remark 7.12. The predictions of [5, Conj. 2.4.1] are known to incorporate a natural
generalization to non-abelian extensions of many existing refinements of Stark’s Conjecture
for abelian extensions that are due to, inter alia, Rubin [44], Gross [26] and Tate [51] (for
more details see [5, Prop. 3.4.1, Th. 7.5.1 and Rem. 7.5.2].) In addition, the result proved
in Theorem 7.9(i) is strictly finer than the corresponding prediction that is made in [5,
Conj. 2.4.1] since the latter deals only with ideal class groups of the form ClΣ1(F ) rather

than with the potentially larger groups ClΣ
′

Σ1
(F ).

7.4.4. Turning to the proof of Corollary 1.7, we note first that if the finite set Σ is large
enough to ensure Cl(OF,Σ) vanishes, then the identifications in (38) imply RΓ(CΣ

F,Wét,Gm)

corresponds to a canonical element εF/k,Σ of the Yoneda Ext-group Ext2
G(B0

F,Σ,O
×
F,Σ).

In addition, the argument of Flach and the first author in [7, Prop. 3.5] leads (via [3,
§4.1, Prop. 4.1]) to an explicit description of εF/k,Σ in terms of the fundamental classes of
class field theory that were introduced by Tate in [48].

This fact is in turn the key point in the proof of [3, §4.2, Th. 4.1] which asserts that [3,
Conj. C(F/k)] implies the validity of Chinburg’s Ω(3)-Conjecture for F/k.

Given the latter implication, it is then clear that Corollary 1.7 follows directly from
Theorem 7.1 (and Remark 7.2).

Our final result is a consequence of Corollary 1.7 and justifies the last assertion in §1.2.2.

Corollary 7.13. The Ω(1)-Conjecture is valid for all tamely ramified Galois extensions of
global function fields.

Proof. We first recall that Chinburg has proved the validity of his Ω(2)-Conjecture for all
tamely ramified extensions F/k (this follows upon combining [12, §4.2, Th. 4] with [15,
Cor. 4.10]).

In addition, the observations made by Chinburg in [12, §4.1, Th. 2 and the remarks that
follow it] imply that the Ω(1)-Conjecture is automatically valid for a Galois extension F/k
whenever the Ω(2)-Conjecture and Ω(3)-Conjecture are both valid for F/k.
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Given these facts, the claimed result therefore follows directly from Corollary 1.7. �
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