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Annihilating Selmer Modules

James Barrett and David Burns

Abstract. We prove that for a wide class of motives the local and global
non-commutative Tamagawa number conjectures of Fukaya and Kato im-
ply explicit restrictions on the Galois structure of Selmer modules (in the
sense of Bloch and Kato). We thereby obtain a variety of new, concrete and
general conjectures concerning the structures of Selmer modules. In several
important cases we prove these conjectures.

Introduction

Let M be a motive defined over a number field k and for each finite abelian extension
F of k write MF for the motive h0(Spec F ) ⊗h0(Spec k) M , regarded as defined over
k and with an action of the algebra Q[Gal(F/k)] via the first factor in the tensor
product. In this article we shall show that for a wide class of M the (very abstract
and comparatively inexplicit) local and global non-commutative Tamagawa number
conjectures for MF that are formulated by Fukaya and Kato in [14] predict the exis-
tence for each odd prime p of non-trivial elements of Zp[Gal(F/k)] which annihilate
the p-adic (Bloch-Kato) Selmer module of MF and are explicitly constructed by using
the values of complex L-functions. In an analogous fashion, our approach also shows
that the relevant generalised main conjecture of Iwasawa theory predicts the exis-
tence of non-trivial annihilators of the p-adic Selmer module of MF that are explicitly
constructed by using the values of p-adic L-functions.
We further prove that, upon appropriate specialisation, this very general approach
gives rise to a wide variety of new and rather concrete results. Such results include
an explicit analogue for totally real fields of Brumer’s Conjecture, and hence also of
Stickelberger’s Theorem, and a refinement and generalisation of the main results of
Oriat in [24] concerning the structure of certain Galois groups (see Corollary 3.4 and
Remarks 3.6), an analogue involving leading terms of Dirichlet L-functions at strictly
positive (rather than negative) integers of the refined version of the Coates-Sinnott
conjecture studied by Burns and Greither in [8] (see Corollary 3.7) and, in the context
of Hasse-Weil L-functions of abelian varieties, a natural ‘strong main conjecture’ of
the kind that Mazur and Tate explicitly ask for in [20, Remark after Conj. 3] (see
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Remark 4.4). We also prove, modulo the assumed vanishing of certain µ-invariants,
some special cases of the generalised main conjecture of Iwasawa theory and hence
deduce that in several significant cases the structural results mentioned above are
valid unconditionally (see, for example, Corollaries 3.5 and 3.8). In addition, as a key
feature of the proof of these results, which may well itself be of some independent
interest, we prove a natural generalisation of the main algebraic result of Snaith in
[28] (see §2.1).
The main contents of this article is as follows. In §1 we discuss some preliminaries
concerning homological algebra and determinant functors and then in §2 we prove the
purely algebraic result (Theorem 2.1) that is central to our approach. In §3 we prove,
modulo the assumed vanishing of certain µ-invariants, some important special cases of
the generalised main conjecture of Iwasawa theory and also combine this result with an
application of Theorem 2.1 to the compactly supported étale cohomology of suitable
sheaves to deduce a variety of explicit results on the structures of Galois groups, ideal
class groups and wild kernels in higher algebraic K-theory. In §4 we apply Theorem
2.1 to Selmer complexes (in the sense of Nekovář) of certain critical motives. We use
this result to show that the conjectures of Fukaya and Kato imply explicit restrictions
on the structures of the classical Selmer and Tate-Shafarevic groups of abelian varieties
and then, finally, we discuss in greater detail the special case of elliptic curves.
The second named author is very grateful to Kazuya Kato, Masato Kurihara, Jan
Nekovář, Otmar Venjakob and Chuck Weibel for illuminating discussions regarding
aspects of this project.

1. Preliminaries

All modules are to be regarded, unless explicitly stated otherwise, as left modules. For
any noetherian ring Λ we write Dp(Λ) for the derived category of perfect complexes
of Λ-modules.

1.1. Admissible complexes. We first introduce the category of complexes to which
our main algebraic result applies. To do this we fix a Dedekind domain R of charac-
teristic 0 with field of fractions F , a finite abelian group G and a direct factor A of the
group ring R[G] and we set A := F ⊗R A. We write Dp,ad(A) for the full subcategory
of Dp(A) comprising complexes C which satisfy the following four assumptions:

(ad1) C is an object of Dp(A);
(ad2) the Euler characteristic of A⊗A C in the Grothendieck group K0(A) vanishes;
(ad3) C is acyclic outside degrees 1, 2 and 3;
(ad4) H1(C) is R-torsion-free.

We shall refer to objects of Dp,ad(A) as ‘admissible complexes of A-modules’. For
important arithmetic examples of such complexes see Lemmas 3.1 and 4.1.
If C is an object of Dp,ad(A), then we define e0 = e0(C) to be the sum over all
primitive idempotents of A that annihilate the module H2(A⊗A C). We write A0(C)
for the F -algebra Ae0 and A0(C) for the R-order Ae0 in A0(C) and let IA0(C) denote
the ideal in A given by A ∩ A0(C) = {a ∈ A : a = ae0}.
Remark 1.1. The F -algebra A is semisimple and so the assumptions (ad2) and (ad3)
combine to imply that the A-module A ⊗A H2(C) ∼= H2(A ⊗A C) is isomorphic to
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A ⊗A (H1(C) ⊕ H3(C)) ∼= H1(A ⊗A C) ⊕ H3(A ⊗A C). This isomorphism then
combines with the assumption (ad3) to imply that e0(C) is also equal to the sum over
all primitive idempotents of A that annihilate Ha(A⊗A C) for all degrees a.

1.2. Determinants. For any commutative unital noetherian ring Λ we write DetΛ for
the determinant functor of Grothendieck-Knudsen-Mumford introduced in [17]. We
recall that DetΛ is well-defined on Dp(Λ) and takes values in the category P(Λ) of
graded invertible Λ-modules. We further recall that if X belongs to Dp(Λ) and Λ → Λ′

is a homomorphism of commutative unital noetherian rings, then Λ′ ⊗LΛ X belongs to
Dp(Λ′) and there is a natural isomorphism Λ′⊗ΛDetΛ(X) ∼= DetΛ′(Λ′⊗LΛX) in P(Λ′).
In particular, if Λ′⊗LΛ X is acyclic, then DetΛ′(Λ′⊗LΛ X) identifies with the unit object
(Λ′, 0) of P(Λ′) and so there is a natural composite morphism

ιX,Λ′ : DetΛ(X) → Λ′ ⊗Λ DetΛ(X) ∼= DetΛ′(Λ′ ⊗LΛ X) = (Λ′, 0).

In any such case we will usually identify DetΛ(X) with the invertible Λ-submodule
of Λ′ that is equal to the ungraded part of ιX,Λ′(DetΛ(X)). For example, if M is a
finitely generated torsion Λ-module of projective dimension at most one and Q(Λ) is
the total quotient ring of Λ, then for any integer i the complex M [i] is an object of
Dp(Λ) such that Q(Λ)⊗Λ M [i] is acyclic, the initial Fitting ideal FitΛ(M) of M is an
invertible Λ-ideal and, regarded as a submodule of Q(Λ) as above, the determinant
DetΛ(M [i]) is equal to FitΛ(M)(−1)i+1

.

2. Annihilation results

In this section we shall prove a general annihilation result for the cohomology modules
of a natural class of complexes over abelian group rings. We fix R, F,G and A as in
§1.1.

2.1. Statement of the result. For any A-module N we write Ntor for its R-torsion
submodule and set Ntf := N/Ntor which we regard as embedded in the associated
space F ⊗R N . We also set N∗ := HomR(N, R) and N∨ := HomR(N,F/R) and
regard each as endowed with the action of A given by (aθ)(n) = a(θ(n)) for all a in A
and n in N . (This is a well-defined action since A is commutative but does not agree
with the more usual contragredient action of groups rings on duals). In the sequel we
shall often use, without further explicit comment, the fact that for this action one has
AnnA(N∨) = AnnA(N). We shall say that an R-algebra Λ is ‘R-Gorenstein’ if (it is
R-torsion-free and) for all prime ideals ℘ of R the R℘ ⊗R Λ-module R℘ ⊗R Λ∗ is free
of rank one. For example, since A is a direct factor of R[G], the natural isomorphism
R[G]∗ ∼= R[G] implies that A is R-Gorenstein.
In the following result we use the notation A0(C), A0(C) and IA0(C) defined in §1.1.

Theorem 2.1. Let C be an admissible complex of A-modules and set A0 := A0(C)
and A0 := A0(C). Then C0 := A0 ⊗LA C belongs to Dp(A0) and A0 ⊗A0 C0 is acyclic
and so we may regard DetA0(C0) as an invertible A0-submodule of A0 (cf. §1.2). With
this identification one has

(1) (IA0)
g(C)+n(C)AnnA(H3(C)tor)g(C) ·DetA0(C0)−1 ⊆ AnnA(H2(C)tor)

and

(2) (IA0)
g(C∗)+n(C∗)AnnA(H2(C)tor)g(C∗) ·DetA0(C0) ⊆ AnnA(H3(C)tor)
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where C∗ := R HomR(C, R[4]) and for any complex of A-modules D we write g(D)
for the minimal number of generators of the A-module H3(D) and define n(D) := 1 if
H1(D) vanishes and n(D) := 2 otherwise. Further, if H1(C) vanishes and either A0

is R-Gorenstein or H2(C) is R-torsion-free, then one has

(3) FitA((H2(C)tor)∨) ·DetA0(C0) = FitA(H3(C)).

Remark 2.2. If R = Zp, then A0(C) is R-Gorenstein in, for example, both of the
following cases:

(i) e0(C) belongs to Qp[H] for any subgroup H of G whose Sylow p-subgroup is
cyclic (in particular, this condition is automatically satisfied if p - |G|);

(ii) e0(C) is a primitive idempotent of Qp[G].

Remark 2.3. If H1(C) = 0 and Ha(C) is finite for both a = 2 and a = 3, then
Theorem 2.1 can be applied with e0(C) = 1. In this case A0(C) = A is R-Gorenstein
and the equality (3) refines the main algebraic result (Theorem 2.4) of Snaith in [28].

Remark 2.4. There is a natural generalisation of Theorem 2.1 dealing with the
subcategory of Dp(A) comprising complexes which satisfy the assumptions (ad1), (ad2)
and (ad3) but for which (ad4) is replaced by the weaker assumption that the A-module
H1(C)tor has finite projective dimension. For details see [3].

2.2. The proof. We assume the notation and hypotheses of Theorem 2.1 and, re-
garding the complex C as fixed, for each integer a we also set H̃a := Ha(C) and
H̃a

0 := Ha(C0).
At the outset we note that, since C belongs to Dp(A) by assumption (ad1), it is clear
that C0 belongs to Dp(A0). Further in each degree a the A0-module Ha(A0 ⊗A0 C0)
is isomorphic to Ha(A0 ⊗A (A⊗A C)) ∼= e0(Ha(A⊗A C)) and so Remark 1.1 implies
that A0 ⊗A0 C0 is acyclic.
Since all remaining assertions in Theorem 2.1 can be checked after completion at each
prime ideal of R, in the rest of this section we will assume that R is a complete discrete
valuation ring of characteristic 0.
The main ingredient in the proof of Theorem 2.1 is provided by the following result.

Proposition 2.5.
(i) One has AnnA0(H̃

3
0 )g(C) ·DetA0(C0)−1 ⊆ AnnA0(H̃

2
0 ).

(ii) If either A0 is R-Gorenstein or H̃2
0 vanishes, then also

FitA0(H̃
3
0 )DetA0(C0)−1 = FitA0((H̃

2
0 )∨).

Proof. The key to our proof of claim (i) is to choose a representative of C0 as described
in the next result.

Lemma 2.6.
(i) C0 is isomorphic in Dp(A0) to a complex of finitely generated free A0-modules

F •0 of the form F 1
0 → F 2

0 → F 3
0 in which F 1

0 occurs in degree 1 and the rank
of F 3

0 is equal to g(C).
(ii) C0 is acyclic outside degrees 2 and 3 and the modules H̃a

0 are finite for a = 2, 3.

Proof. Since C is both perfect (by assumption (ad1)) and acyclic outside degrees 1, 2
and 3 (by assumption (ad3)) a standard argument shows that it is isomorphic in
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Dp(A) to a complex of the form F • : F 1 d1

−→ F 2 d2

−→ F 3 where F 1 occurs in degree 1,
F 2 and F 3 are finitely generated free A-modules with rkA(F 3) equal to the minimal
number g(C) of generators of H3(C) as an A-module, and F 1 is a finitely generated
A-module that has finite projective dimension (cf. [SGA4 1

2 , Rapport, Lem. 4.7]). Now
ker(d1) ∼= H1(C) is R-free (by assumption (ad4)) and im(d1) is a submodule of the free
R-module F 2 and so the tautological exact sequence 0 → ker(d1) → F 1 → im(d1) → 0
implies that F 1 is R-free. It follows that F 1 is a projective A-module since any finitely
generated A-module that is both R-free and of finite projective dimension is projective
(cf. [1, Th. 8]). In addition, since A ⊗A F 2 and A ⊗A F 3 are both free A-modules
and the Euler characteristic of A ⊗A F • in K0(A) vanishes (by assumption (ad2))
the A-module A ⊗A F 1 is also free. Hence, since A is a product of local rings, this
implies that F 1 is a (finitely generated) free A-module. Thus, since C0 = A0 ⊗LA C is
isomorphic in Dp(A0) to the complex F •0 := A0 ⊗A F •, we have now proved claim (i).
Regarding claim (ii), the description of C0 given in claim (i) makes it clear that
C0 is acyclic outside degrees 1, 2 and 3 and that H̃3

0 is canonically isomorphic to
cok(A0⊗A d2) ∼= A0⊗A cok(d2) ∼= A0⊗A H̃3. To compute explicitly the groups H̃1

0 and
H̃2

0 we proceed in the following way. For any A0-submodule I of A and R[G]-module
M we endow the tensor product I ⊗R M with the action of A0 × R[G] under which
each a0 in A0 acts as i⊗R m 7→ a0i⊗R m and each g in G as i⊗R m 7→ ig−1⊗R g(m).
In particular, since A0 is R-free, for any projective A-module Q the tensor product
A0⊗RQ is a cohomologically-trivial G-module and so the map a⊗Rq 7→ ∑

g∈G g(a⊗Rq)
induces an isomorphism of A0-modules A0 ⊗A Q = H0(G,A0 ⊗R Q) ∼= H0(G, A0 ⊗R

Q). Such isomorphisms give rise to a convergent cohomological spectral sequence of
the form Hb(G, A0 ⊗R H̃a) ⇒ H̃b+a

0 . Since H̃a vanishes for a < 1 (by assumption
(ad3)) this spectral sequence induces a canonical isomorphism of A0-modules H̃1

0
∼=

H0(G,A0 ⊗R H̃1) and also a canonical exact sequence (of low degree terms)

(4) H1(G, A0 ⊗R H̃1) → H̃2
0 → H0(G,A0 ⊗R H̃2) → H2(G, A0 ⊗R H̃1).

Now in each degree a the space F ⊗R H0(G, A0 ⊗R H̃a) ∼= F ⊗R H0(G, A0 ⊗R H̃a) =
F ⊗R (A0 ⊗A H̃a) is isomorphic to A0 ⊗A (Ha(A ⊗A C)) ∼= e0(Ha(A ⊗A C)) and so
vanishes by Remark 1.1. The modules H0(G, A0 ⊗R H̃a) and H0(G, A0 ⊗R H̃a) =
A0⊗A H̃a are therefore finite. This implies in particular that H̃1

0
∼= H0(G,A0⊗R H̃1)

and H̃3
0
∼= A0 ⊗A H̃a are finite and, since the first term in the exact sequence (4) is

obviously finite, also that H̃2
0 is finite. Finally we note that H̃1

0
∼= H0(G,A0 ⊗R H̃1)

is a submodule of A0 ⊗R H̃1 which is R-free (by assumption (ad4) and the fact that
A0 is R-free), and hence that in fact the finite module H̃1

0 vanishes. ¤

Returning to the proof of Proposition 2.5(i), Lemma 2.6(i) allows us to replace C0

by the complex F •0 . Having made this change, the proof of Proposition 2.5(i) then
proceeds exactly as with the proof of the main algebraic result (Theorem 2.4) of Snaith
in [28]. To explain this we write d1

0 for the differential of F •0 in degree 1 and B2
0 for

the group im(d1
0) of coboundaries of F •0 in degree 2. Then, since the group ker(d1

0) =
H1(F •0 ) ∼= H1(C0) vanishes (by Lemma 2.6(ii)), there exists a homomorphism of A0-
modules η2 : B2

0
∼= F 1

0 such that d1
0 ◦η2 = idB2

0
. Given the existence of η2, and modulo

the obvious translation between cohomology and homology complexes, the inclusion



6 James Barrett and David Burns

of Proposition 2.5(i) is proved by exactly mimicking the arguments of [28, §2.5, Lem.
2.6, Prop. 2.7] with F •0 now playing the role of the complex which occurs in the second
line of [28, Th. 2.4].
Turning to claim (ii) of Proposition 2.5 we observe that, since C0 belongs to Dp(A0),
is acyclic outside degrees 2 and 3 and such that Ha(C0) is finite for both a = 2, 3 (by
Lemma 2.6), one can choose an exact sequence of A0-modules

(5) 0 → H̃2
0 → Q

d−→ Q′ → H̃3
0 → 0

which is such that both Q and Q′ are finite and of projective dimension at most one
and there exists an isomorphism ι in Dp(A0) between C0 and the complex Q

d−→ Q′

(where the modules are placed in degrees 2 and 3, and the cohomology is identified
with H̃2

0 and H̃3
0 by using the maps in (5)) for which Hi(ι) is the identity map in each

degree i. This implies that FitA0(Q) and FitA0(Q
′) are invertible ideals of A0 and that

(6) DetA0(C0)−1 = FitA0(Q) FitA0(Q
′)−1.

Thus, if A0 is R-Gorenstein, then Proposition 2.5(ii) follows from the equality
FitA0(Q) FitA0(Q

′)−1 = FitA0((H̃
2
0 )∨)FitA0(H̃

3
0 )−1 which results from applying [8,

Lem. 5] to the sequence (5). On the other hand, if H̃2
0 = 0, then (5) implies that the

projective dimension of the A0-module H̃3
0 is at most one and hence that one can take

Q = 0 and Q′ = H̃3
0 in which case the equality of Proposition 2.5(ii) follows directly

from (6). This completes the proof of Proposition 2.5. ¤
We now return to the proof of Theorem 2.1. We first observe that the inclusion
(1) is obtained by simply substituting the inclusions of the next result into that of
Proposition 2.5(i).

Lemma 2.7.
(i) IA0 ·AnnA(H̃3

tor) ⊆ AnnA(H̃3
0 ).

(ii) (IA0)
n(C) ·AnnA(H̃2

0 ) ⊆ AnnA(H̃2
tor) where n(C) is the integer defined in The-

orem 2.1.

Proof. From Remark 1.1 we know that the module H̃3
tf ⊂ H3(A⊗A C) is annihilated

by e0 and hence that the module A0 ⊗A H̃3
tf is annihilated by left multiplication

by A ∩ A0 = IA0 . Claim (i) is therefore an easy consequence of the isomorphism
H̃0

3
∼= A0 ⊗A H̃3 and exact sequence A0 ⊗A H̃3

tor → A0 ⊗A H̃3 → A0 ⊗A H̃3
tf → 0.

For any A-submodule I of A and A-module M we regard the tensor product I ⊗R M
as a module over A × R[G] in the same way as in the proof of Lemma 2.6(ii). Then
we claim that in each degree a the Tate cohomology group Ĥa(G, A0 ⊗R M) is an A-
module that is annihilated by IA0 . To show this we write α for the projection A → A0

and note that, since A0 is R-free, there is a natural exact sequence of A×R[G]-modules
0 → Ker(α)⊗R M → A⊗R M → A0 ⊗R M → 0. Now A⊗R M is a cohomologically-
trivial G-module since A is a direct factor of R[G] and so this sequence induces an
isomorphism of A-modules Ĥa(G, A0⊗R M) ∼= Ĥa+1(G, Ker(α)⊗R M) in each degree
a. Finally we note that the latter module is annihilated by IA0 as IA0 ·Ker(α) = 0.
The fact that H2(G, A0⊗RH̃1) is annihilated by IA0 combines with the exact sequence
(4) to imply that there is an inclusion IA0 · AnnA(H̃2

0 ) ⊆ AnnA(H0(G, A0 ⊗R H̃2)),
resp. an equality AnnA(H̃2

0 ) = AnnA(H0(G, A0 ⊗R H̃2)) if H̃1 = 0. Now, as observed
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in the proof of Lemma 2.6(ii), the module H0(G, A0 ⊗R H̃2) is finite and hence equal
to H0(G, (A0 ⊗R H̃2)tor) = H0(G, A0 ⊗R H̃2

tor). Further, since A is a direct factor of
R[G], there is a natural isomorphism of A-modules H̃2

tor
∼= H0(G,A ⊗R H̃2

tor). The
natural exact sequence

0 → H0(G, Ker(α)⊗R H̃2
tor) → H0(G, A⊗R H̃2

tor) → H0(G, A0 ⊗R H̃2
tor)

therefore combines with the fact that IA0 annihilates H0(G, Ker(α)⊗R H̃2
tor) to imply

that IA0 ·AnnA(H0(G, A0 ⊗R H̃2)) ⊆ AnnA(H0(G, A⊗R H̃2
tor)) = AnnA(H̃2

tor). After
putting everything together, and recalling the definition of the integer n(C), we obtain
claim (ii). ¤

To prove the inclusion (2) of Theorem 2.1 we note first that C∗ = R HomR(C, R[−4])
belongs to Dp,ad(A). Indeed, since A is R-Gorenstein, if P is a finitely generated
projective, resp. free, A-module, then P ∗ is also projective, resp. free, and this
implies that C∗ satisfies the assumptions (ad1) and (ad2). Further, by computing the
cohomology of C∗ via the natural spectral sequence Exta

R(Hb(C), R) ⇒ Ha−b+4(C∗)
one finds that C∗ also satisfies the assumptions (ad3) and (ad4) (so C∗ is an admissible
complex of A-modules) and indeed that there are natural isomorphisms of A-modules
H1(C∗) ∼= (H̃3)∗,H2(C∗)tor ∼= (H̃3

tor)
∨,H2(C∗)tf ∼= (H̃2)∗, H3(C∗)tor ∼= (H̃2

tor)
∨

and H3(C∗)tf ∼= (H̃1)∗. In particular, since AnnA(A ⊗A M) = AnnA(A ⊗A M∗) for
any A-module M , the sum e0(C∗) of all primitive idempotents of A that annihilate
H2(A ⊗A C∗) ∼= A ⊗A H2(C∗)tf ∼= A ⊗A (H̃2)∗ is equal to e0. Further, under the
identifications described in §1.2, the sublattice DetA0(A0 ⊗LA C∗) of A0 is equal to
DetA0(C0)−1 and so the inclusion (2) follows directly from (1) upon replacing C by
C∗ and using the equalities AnnA(H3(C∗)tor) = AnnA((H̃2

tor)∨) = AnnA(H̃2
tor) and

AnnA(H2(C∗)tor) = AnnA((H̃3
tor)

∨) = AnnA(H̃3
tor).

To complete the proof of Theorem 2.1 we now need only note that the equality (3) is
obtained by substituting the next result into the equality of Proposition 2.5(ii).
We fix an algebraic closure F c of F and for each homomorphism ρ : G → F c× we
write eρ for the associated idempotent 1

|G|
∑

g∈G ρ(g−1)g of F c[G].

Lemma 2.8. Assume H̃1 vanishes.

(i) Then FitA0(H̃
3
0 ) = FitA(H̃3).

(ii) Further, if either A0 is R-Gorenstein or H̃2 is R-free, then FitA0((H̃
2
0 )∨) =

FitA((H̃2
tor)

∨)e0.

Proof. The isomorphism H̃3
0
∼= A0 ⊗A H̃3 discussed in the proof of Lemma 2.6(ii)

implies FitA0(H̃
3
0 ) = FitA(H̃3)e0. Thus, as 1 = e0 + (1 − e0), to prove claim (i)

it suffices to prove that FitA(H̃3)(1 − e0) vanishes, or equivalently that in F c ⊗F A

one has FitA(H̃3)eρ = 0 for each ρ in Hom(G,F c×) with eρe0 = 0. To do this we
follow an argument used in the proof of [6, Th. 8.2(ii)]. We thus fix such a ρ, set
Aρ := (Rρ ⊗R A)eρ with Rρ the ring generated over R by the values of ρ, and choose

a resolution of the A-module H̃3 of the form Am θ−→ An → H̃3 → 0. This sequence
induces an exact sequence

Am
ρ

θρ−→ An
ρ → H̃3

ρ → 0,
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where θρ = Aρ ⊗A θ and H̃3
ρ := Aρ ⊗A H̃3, and this sequence in turn implies that the

ideal FitA(H̃3) ·Aρ = FitAρ(H̃3
ρ) is equal to the image Iθρ of ∧n

Aρ
θρ in ∧n

Aρ
(An

ρ ) ∼= Aρ.
Now, since H̃1 vanishes, Remark 1.1 implies that the A-modules A⊗AH̃2 and A⊗AH̃3

are isomorphic and hence that, since eρe0 = 0, the Aρ-rank of H̃3
ρ is at least 1. The

last displayed sequence therefore implies that the Aρ-rank of im(θρ) is at most n− 1.
Since ∧n

Aρ
An

ρ
∼= Aρ is Rρ-free, this in turn implies that Iθρ = 0, as required.

To prove claim (ii) we first note that, as H̃1 vanishes, the exact sequence (4) gives
an isomorphism of finite A0-modules H̃2

0
∼= H0(G,A0 ⊗R H̃2) = H0(G,A0 ⊗R H̃2

tor)
and hence also (H̃2

0 )∨ ∼= H0(G, (A0 ⊗R H̃2
tor)∨). Thus, if H̃2 is R-free, then both H̃2

tor

and H̃2
0 vanish so the equality of claim (ii) is clear. To deal with the case that A0

is R-Gorenstein we use an observation of Parker [25, Lem. 4.3.6]. Indeed, since A0

is also R-free, in this case there are isomorphisms of A0 × R[G]-modules of the form
(A0 ⊗R H̃2

tor)
∨ ∼= A∗0 ⊗R (H̃2

tor)
∨ ∼= A0 ⊗R (H̃2

tor)
∨ so that the A0-module (H̃2

0 )∨ is
isomorphic to H0(G, A0 ⊗R (H̃2

tor)∨) ∼= A0 ⊗A (H̃2
tor)∨. Thus one has FitA0((H̃

2
0 )∨) =

FitA0(A0 ⊗A (H̃2
tor)

∨) = FitA((H̃2
tor)

∨)e0, as required. ¤

3. Compact support cohomology

In this section we apply Theorem 2.1 in the context of the compactly supported étale
cohomology of certain sheaves. To do this we let k be a number field, p an odd prime
and Σ a finite set of places of k containing all archimedean places and all places
above p. We also fix a Zp-order A and an étale (pro-)sheaf of projective A-modules
T on Spec(Ok,Σ). Fixing an algebraic closure kc of k and writing Gk,Σ for the Galois
group over k of the maximal extension of k inside kc that is unramified outside Σ we
may regard T as a projective A-module that is endowed with a continuous action of
Gk,Σ that commutes with the given action of A. We set T ∗(1) := HomZp(T,Zp(1)),
regarded as endowed with the following commuting actions of A and Gk,Σ: for each
a ∈ A, σ ∈ Gk,Σ, f ∈ T ∗(1) and t ∈ T one has a(f)(t) = f(a(t)) and σ(f)(t) =
σ(f(σ−1(t)). We also set V := Qp ⊗Zp T , V ∗(1) = Qp ⊗Zp T ∗(1), W := V/T and
W ∗(1) := V ∗(1)/T ∗(1) ∼= HomZp(T, (Qp/Zp)(1)), each endowed with the actions of A
and Gk,Σ that are induced from the respective actions on T and T ∗(1).
If R denotes either Ok,Σ, k or kv for some place v and F is an étale (pro-)sheaf on
Spec(R), then we abbreviate the complex RΓét(Spec(R),F) and in each degree a
the group Ha

ét(Spec(R),F) to RΓ(R,F) and Ha(R,F) respectively. For any étale
(pro-)sheaf F on Spec(Ok,Σ) we also define the compact support cohomology complex
RΓc(Ok,Σ,F) by means of the exact triangle

(7) RΓc(Ok,Σ,F) → RΓ(Ok,Σ,F) →
⊕

v∈Σ

RΓ(kv,F) → RΓc(Ok,Σ,F)[1]

where the second arrow is the direct sum of the natural localisation morphisms. For
each integer a we then set Ha

c (Ok,Σ,F) := Ha(RΓc(Ok,Σ,F)). Note that this definition
of cohomology with compact support differs from that given in [21, Chap. II] since
Milne uses Tate cohomology at each archimedean place. Nevertheless in each degree
a ≥ 2 the group Ha

c (Ok,Σ,F) defined here agrees with that defined by Milne. In
particular, if T is as above, then by taking the inverse limit over n of the global
duality isomorphism of [21, Chap. II, Cor. 3.3] for the sheaf F = T/pn, one obtains a
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canonical isomorphism of A-modules

(8) Ha
c (Ok,Σ, T ) ∼= H3−a(Ok,Σ, W ∗(1))∨

for a ∈ {2, 3}.
For any abelian group A we write Acotor for the quotient of A by its maximal divisible
subgroup. We recall that if A is a torsion group, then (Acotor)∨ is naturally isomorphic
to (A∨)tor.

3.1. The complexes. With F denoting either T, V or W as above, for each non-
archimedean place v of k we write H1

f (kv,F) for the finite support cohomology group
that is defined by Bloch and Kato in [5]. We recall in particular that H1

f (kv, V ) is
a subspace of H1(kv, V ) and that H1

f (kv, T ), resp. H1
f (kv,W ), is defined to be the

pre-image, resp. image, of H1
f (kv, V ), under the natural map H1(kv, T ) → H1(kv, V ),

resp. H1(kv, V ) → H1(kv,W ). If v is archimedean then, since p is odd, one has
H1(kv,F) = 0 and so we set H1

f (kv,F) = 0. Then the global finite support cohomology
group H1

f (k,F) of Bloch and Kato is defined by the natural exact sequence

(9) 0 → H1
f (k,F) ⊆−→ H1(Ok,Σ,F) →

⊕

v∈Σ

H1(kv,F)
H1

f (kv,F)
,

and hence there is an induced localisation map

λF : H1
f (k,F) →

⊕

v∈Σ

H1
f (kv,F).

We also recall that Bloch and Kato [5] define the Selmer group Sel(T ) and Tate-
Shafarevic group X(T ) of T to be equal to H1

f (k, W ) and the cokernel of the natural
homomorphism H1

f (k, V ) → H1
f (k,W ) = Sel(T ) respectively.

Lemma 3.1. Set CT := RΓc(Ok,Σ, T ), A0 := A0(CT ) and IT := IA0 .
(i) Then CT is an object of Dp,ad(A).
(ii) One has AnnA(H3(CT )tor) = AnnA(H0(k,W ∗(1))cotor).
(iii) If cok(λT ), resp. cok(λT∗(1)), is finite, then X(T ) is annihilated by the ideal

AnnA(H2(CT )tor), resp. AnnA(H2(CT∗(1))tor).
(iv) In all cases the module Sel(T ∗(1)), and hence also X(T ), is annihilated by the

ideal IT ·AnnA(H2(CT )tor).

Proof. It is well known that CT satisfies the assumptions (ad1), (ad2) and (ad3) of §1.1
(see, for example, [14, 1.6.5 and 2.1.3]). Further, the long exact cohomology sequence
of the natural exact triangle

CT → RΓc(Ok,Σ, V ) → RΓc(Ok,Σ,W ) → CT [1]

identifies H1(CT )tor with H0
c (Ok,Σ,W )cotor and the latter group vanishes because

(the long exact cohomology sequence of (7) implies that) H0
c (Ok,Σ,F) vanishes for all

sheaves F . It follows that CT also satisfies the assumption (ad4) and hence belongs
to Dp,ad(A). This proves claim (i).
The duality isomorphism (8) with a = 3 restricts to give an isomorphism H3(CT )tor ∼=
(H0(Ok,Σ,W ∗(1))∨)tor ∼= (H0(Ok,Σ,W ∗(1))cotor)∨. Claim (ii) follows immediately
from the latter isomorphism and the equality H0(Ok,Σ,W ∗(1)) = H0(k, W ∗(1)).



10 James Barrett and David Burns

By comparing (9) to the long exact cohomology sequence of (7) with F = T one finds
that the localisation homomorphism λT fits into a natural exact sequence

(10) H1
f (k, T ) λT−−→

⊕

v∈Σ

H1
f (kv, T ) λ̃T−−→ H2(CT ) → cok(λ̃T ) → 0.

Now for each place v in Σ, the Pontryagin dual of the tautological exact sequence

0 → H1
f (kv, T ) ⊆−→ H1(kv, T ) → H1(kv, V )

H1
f (kv, V )

combines with the local duality isomorphism H1(kv, T )∨ ∼= H1(kv,W ∗(1)) and the
definition of H1

f (kv,W ∗(1)) to imply that H1
f (kv, T )∨ is naturally isomorphic to the

quotient H1(kv,W ∗(1))/H1
f (kv, W ∗(1)). Hence, upon taking the Pontryagin dual of

(10), and using the global duality isomorphism (8) with a = 2, one obtains an exact
sequence

0 → cok(λ̃T )∨ → H1(Ok,Σ,W ∗(1))
λ̃∨T−−→

⊕

v∈Σ

H1(kv,W ∗(1))
H1

f (kv,W ∗(1))

in which λ̃∨T identifies with the sum of the natural localisation maps. Since the Selmer
group Sel(T ∗(1)) is defined to be ker(λ̃∨T ) we thus obtain an isomorphism cok(λ̃T ) ∼=
Sel(T ∗(1))∨ and so (10) induces an exact sequence

(11) 0 → cok(λT ) → H2(CT ) → Sel(T ∗(1))∨ → 0.

From the definition of X(T ∗(1)) as the cokernel of the natural map H1
f (k, V ∗(1)) →

H1
f (k,W ∗(1)) = Sel(T ∗(1)) one obtains a natural short exact sequence

(12) 0 → Qp/Zp ⊗Zp H1
f (k, T ∗(1)) → Sel(T ∗(1)) →X(T ∗(1)) → 0.

Since X(T ∗(1)) is finite (cf. [13, Chap. II, 5.3.5]) this sequence induces a natural
isomorphism X(T ∗(1)) ∼= Sel(T ∗(1))cotor. This in turn implies that X(T ∗(1))∨ is
isomorphic to (Sel(T ∗(1))cotor)∨ ∼= (Sel(T ∗(1))∨)tor. One also knows, by the main
result of Flach in [12], that X(T ∗(1))∨ is isomorphic to X(T ). Hence, if cok(λT ) is
finite, then (11) induces a surjection H2(CT )tor ³ (Sel(T ∗(1))∨)tor ∼= X(T ∗(1))∨ ∼=
X(T ). Claim (iii) therefore follows from this surjection and the analogous surjection
that is obtained by repeating this argument with T replaced by T ∗(1).
Given the surjective map H2(CT ) ³ Sel(T ∗(1))∨ in (11), to prove claim (iv) it suffices
to show that IT · AnnA(H2(CT )tor) annihilates H2(CT ). But the definition of e0 =
e0(CT ) ensures that the ideal IT = A ∩ Ae0 annihilates H2(CT )tf ⊂ H2(A ⊗A CT )
and so the tautological exact sequence 0 → H2(CT )tor → H2(CT ) → H2(CT )tf → 0
makes it clear that IT ·AnnA(H2(CT )tor) annihilates H2(CT ). ¤

Remark 3.2. We consider the hypotheses of Lemma 3.1(iii) under the assumption
that H0(kv, V ) vanishes for all places v. Then H1(kv, V ) also vanishes for all places
v - p, whilst the exponential map of Bloch and Kato induces an isomorphism between⊕

v|p H1
f (kv, V ) and the tangent space tp(V ) of V . Thus, if tp(V ) vanishes, then the

module
⊕

v∈Σ H1
f (kv, T ), and hence also its quotient cok(λT ), is finite. Finally we note

that for any given representation V the spaces H0(kv, V (−r)) and tp(V (−r)) vanish
for all sufficiently large integers r.
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3.2. Global Zeta isomorphisms. For any Galois extension of fields F/E we set
GF/E := Gal(F/E). We set Gk := Gkc/k and recall that Gk,Σ denotes the Galois
group over k of the maximal extension of k inside kc that is unramified outside Σ.
Let M be a motive over k and F a finite abelian extension of k inside kc. We fix
an odd prime p and a full Gk-stable sublattice T in the p-adic realisation V of M
and set A := Zp[G] with G := GF/k. We also fix a finite set of places Σ of k con-
taining all archimedean places, all which ramify in F/k, all at which M has bad
reduction and all above p. Then TF := A ⊗Zp T is an étale sheaf of free A-modules
on Spec(Ok,Σ) and we set C(TF ) := RΓc(Ok,Σ, TF ) and A0 := A0(C(TF )). We regard
MF := h0(Spec(F )) ⊗h0(Spec(k)) M as a motive defined over k and with an action
of Q[G] via the first factor in the tensor product. Then, in terms of the notation
of Theorem 2.1, the ‘non-commutative Tamagawa number conjecture’ of [14, Conj.
2.3.2] for the motive MF conjectures an explicit generator of the fractional A0-ideal
DetA0(C(TF )0) in terms of an element of Qp[G] obtained by multiplying the leading
term at s = 0 of the C[G]-valued complex L-function of MF by suitable regulators
and periods. This means that when combined with Theorem 2.1 and the descriptions
of Lemma 3.1 the relevant case of [14, Conj. 2.3.2] predicts explicit annihilators of the
Zp[G]-modules X(TF ) and Sel(T ∗(1)F ) in terms of the values of complex L-functions.
In a very similar fashion, one can use Theorem 2.1 and Lemma 3.1 to show that the
relevant (generalised) main conjecture of Iwasawa theory predicts the existence of ex-
plicit annihilators for the Zp[G]-modules X(TF ) and Sel(T ∗(1)F ) that are constructed
from the values of p-adic L-functions. By means of an explicit example, in the next
subsection we shall consider in detail the Iwasawa-theoretic approach in the context
of Tate motives.

3.3. Tate motives. For any CM-field E we write E+ for its maximal (totally) real
subfield. In this subsection we fix a totally real field k and a finite abelian CM-
extension F of k inside kc, set G := GF/k and write τ for the unique non-trivial
element of GF/F+ . We write µ(F, p) for the Iwasawa-theoretic (p-adic) µ-invariant of
F and recall that Iwasawa has conjectured in [15] that µ(F, p) = 0. We fix a finite
set of places Σ of k containing all archimedean places, all which ramify in F/k and
all above p and for each integer r set Zp(r)F := Zp[G] ⊗Zp Zp(r). We regard Zp(r)F

as an étale sheaf of free Zp[G]-modules on Spec(Ok,Σ) in the natural way and then,
following Lemma 3.1, we obtain an object of Dp,ad(Zp[G]) by setting

(13) Cr(F/k) := RΓc(Ok,Σ,Zp(r)F ).

We write eF/k,r for the idempotent e0(Cr(F/k)) that is defined in §1.1. For each
homomorphism ρ : G → Qc×

p we write ρ̃ for the induced homomorphism of rings
Zp[G] → Qc

p.
The following result will be proved in §3.4.

Theorem 3.3. Assume that F contains a primitive p-th root of unity and that µ(F, p)
vanishes. Let r be any integer. If a homomorphism ρ : G → Qc×

p satisfies ρ̃(eF/k,r) =
1, then ρ(τ) = (−1)r−1. Further, in Qp[G] one has

(14) DetZp[G]eF/k,r
(Cr(F/k)0)−1 = Zp[G] · LF/k,Σ,r
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where LF/k,Σ,r is the unique element of Qp[G]eF/k,r with the following property:
for each homomorphism ρ : G → Qc×

p with ρ̃(eF/k,r) = 1 one has ρ̃(LF/k,Σ,r) =
Lp,Σ(r, ω1−r · ρ), where ω is the Teichmüller character G → Q×p and Lp,Σ(r, ω1−r · ρ)
is the value at s = r of the Σ-truncated p-adic L-function of the character ω1−r · ρ.
In the next two subsections we combine this result with Theorem 2.1 and Lemma
3.1 to derive some interesting consequences regarding the explicit structure of Galois
groups, ideal class groups and wild kernels in higher algebraic K-theory.
For any torsion abelian group A we write Ap for its p-primary part.

3.3.1. We write H(F ) for the Hilbert class field of F and F∞ for the cyclotomic Zp-
extension of F . We also write Pic(OF )′ for the subgroup of Pic(OF ) that corresponds
under the Artin isomorphism Pic(OF ) ∼= GH(F )/F to the group GH(F )/H(F )∩F∞ . For
any extension E of F with E ⊂ F c we let MΣ(E) denote the maximal abelian pro-p
extension of E inside F c for which MΣ(E)/E is unramified outside the set of places
lying above Σ.

Corollary 3.4. Assume that F contains a primitive p-th root of unity, that µ(F, p)
vanishes and that F validates Leopoldt’s conjecture at p. Then the Tate-Shafarevic
group X(Zp(1)F ) is canonically isomorphic to Pic(OF )p. Further, if we set e+ :=
(1+ τ)/2 and eG := (

∑
g∈G g)/|G| and let IG denote the augmentation ideal of Zp[G],

then eF/k,0 = e+ − eG,

(15) I2
G · LF/k,Σ,1 ⊆ AnnZp[G](GMΣ(F )/F∞)e+ ⊆ Zp ⊗AnnZ[G](Pic(OF )′)

and

(16) I3
G · LF/k,Σ,1 ⊆ Zp ⊗AnnZ[G](Pic(OF )).

If the Sylow p-subgroup of G is cyclic, then also

(17) IG · LF/k,Σ,1 = FitZp[G](GMΣ(F )/F∞)e+ ⊆ Zp ⊗ FitZ[G](Pic(OF )′)

and

(18) I2
G · LF/k,Σ,1 ⊆ Zp ⊗ FitZ[G](Pic(OF )).

Proof. The canonical isomorphism X(Zp(1)F ) ∼= Pic(OF )p is proved (uncondition-
ally) by Flach in [12]. For the rest of the proof we set C := C1(F/k)e+ and we use
the integers n(C) and g(C) defined in Theorem 2.1.
Then the first assertion of Theorem 3.3 (with r = 1) implies that eF/k,1 = e+eF/k,1 and
hence also C1(F/k)0 = C0. Further, under the assumption that F validates Leopoldt’s
conjecture at p, a standard computation (as, for example, in the proof of [8, Lem. 3])
shows that C is acyclic outside degrees 2 and 3 (so n(C) = 1) and that there are
natural isomorphisms H2(C) ∼= e+GMΣ(F )/F , H2(C)tor ∼= e+GMΣ(F )/F∞ and also
H3(C) ∼= Zp (so H3(C)tor = 0, g(C) = 1 and eF/k,0 = e+ − eG). Upon substituting
these facts and the equality (14) with r = 1 into (1), resp. (3), and noting that
FitZp[G](Zp) = AnnZp[G](Zp) = IG, one obtains the first inclusion of (15) and the
equality in (17), but in the latter case with GMΣ(F )/F∞ replaced by (GMΣ(F )/F∞)∨.
However, if the Sylow p-subgroup of G is cyclic, then for any finite Zp[G]-module M
one has FitZp[G](M∨) = FitZp[G](M) and so this does indeed prove the equality in
(17).
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The remaining inclusions of (15) and (17) follow from the existence of a surjec-
tion e+GMΣ(F )/F∞ ³ e+Pic(OF )′p (obtained by restricting the natural surjection
GMΣ(F )/F ³ Pic(OF )p). Indeed, this surjection implies that

AnnZp[G](GMΣ(F )/F∞)e+ = AnnZp[G]e+(e+GMΣ(F )/F∞)

⊆ AnnZp[G]e+(e+Pic(OF )′p)

= AnnZp[G](Pic(OF )′p)e+

⊂ AnnZp[G](Pic(OF )′p)

= Zp ⊗AnnZ[G](Pic(OF )′)

and so proves the second inclusion of (15). The inclusion in (17) follows in just the
same way since, if the Sylow p-subgroup of G is cyclic, then any surjection of finite
Zp[G]-modules M ³ N implies an inclusion FitZp[G](M) ⊆ FitZp[G](N).
We next note that, since the group Γ := GH(F )∩F∞/F is isomorphic (as a Zp[G]-
module) to a quotient of Zp

∼= GF∞/F , one has IG ⊆ AnnZp[G](Γ) = FitZp[G](Γ).
The tautological short exact sequence 0 → Pic(OF )′p → Pic(OF )p → Γ → 0
therefore combines with standard properties of Fitting ideals to imply that both
IG · AnnZ[G](Pic(OF )′) ⊆ AnnZp[G](Pic(OF )p) = Zp ⊗ AnnZ[G](Pic(OF )) and also
IG · FitZ[G](Pic(OF )′) ⊆ FitZp[G](Pic(OF )p) = Zp ⊗ FitZ[G](Pic(OF )). The inclusions
of (16) and (18) now follow by combining these inclusions with (15) and (17) respec-
tively. ¤

Corollary 3.5. If F is abelian over Q and contains a primitive p-th root of unity,
then all of the inclusions (15), (16), (17) and (18) are valid unconditionally.

Proof. This follows immediately from Corollary 3.4 and the fact that if F is abelian
over Q, then Ferrero and Washington [11] have proved that µ(F, p) vanishes and
Brumer has proved that F validates Leopoldt’s conjecture at p (cf. [31, Th. 5.25]). ¤

Remarks 3.6.
(i) If F∞/F is totally ramified (as is the case, for example, if either disc(F ) is prime
to p or F is a subfield of Q∞), then H(F ) ∩ F∞ = F so Pic(OF )′ = Pic(OF ) and the
inclusions (15) and (17) are strictly stronger than (16) and (18) respectively.
(ii) The inclusions of Corollary 3.4 are a natural counterpart to Brumer’s Conjecture
and hence, if F is abelian overQ (in which case Corollary 3.5 applies), to Stickelberger’s
Theorem. Indeed, whilst the latter uses values of Dirichlet L-functions at s = 0 to
produce annihilators of Pic(OF ) inside Zp[G](1− e+), Corollary 3.4 uses values of p-
adic L-functions at s = 1 to produce annihilators of Pic(OF ) inside Zp[G]e+. Further,
if the ‘p-adic Stark conjecture at s = 1’ of Serre (for a precise statement of which see
[9, Conj. 5.2, Rem. 5.3]) is valid for all characters of G, then the element LF/k,Σ,1

can be re-expressed explicitly in terms of the values of Dirichlet L-functions at s = 1.
(iii) The equality in (17) specialises to give a strengthening of the main results of
Oriat in [24]. To explain this we assume k = Q, G = GF/Q is cyclic (so Corollary
3.5 applies) and Σ is the set comprising ∞, p and the primes which ramify in F/Q
and we fix an injective homomorphism ρ : G → Qc×

p . Now if ` belongs to Σ \ {p,∞},
then ` ramifies in F/Q and so (since ρ is injective) the Euler factor of ρ at ` is trivial,
and hence ρ̃(LF/k,Σ,1) = Lp,Σ(1, ρ) = Lp(1, ρ). We next fix a generator g of G, set
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ζ := ρ(g) and O := Zp[ζ] and regard ρ̃ as a homomorphism Zp[G] → O. Then 1 − g
is a generator over Zp[G] of IG (since G is cyclic) and so the image under ρ̃ of the
equality in (17) is Lp(1, ρ)(1 − ζ)O = FittO(O ⊗Zp[G],ρ̃ e+GMΣ(F )/F∞). This equality
implies the containments of [24, Th. A and Th. B] since the module GM{p}(F+)/(F+)∞
is (easily seen to be) a quotient of e+GMΣ(F )/F∞ and, if |G| is not a power of p, then
1− ζ is a unit of O.

3.3.2. For each integer r > 1 we write Kw
2r−2(OF ) for the ‘wild kernel’ of higher

algebraic K-theory that is defined by Banaszak in [2]. For each integer a we also write
W (a) for the Gk-module Qp/Zp(a). Finally we recall that for any torsion abelian
group A we write Ap for its p-primary part.

Corollary 3.7. Assume that F contains a primitive p-th root of unity and that µ(F, p)
vanishes. Fix an integer r > 1 and for each integer a set IG,a := Zp[G]∩Zp[G]eF/k,a.

(i) Then the (Bloch-Kato) Tate-Shafarevic group X(Zp(r)F ) is canonically iso-
morphic to Kw

2r−2(OF )p and the ideal

I4
G,rAnnZp[G](H0(F,W (1− r))) · LF/k,Σ,r + AnnZp[G](H0(F, W (r))) · LF/k,Σ,1−r

is contained in Zp ⊗AnnZ[G](Kw
2r−2(OF )).

(ii) If the group H2(OF,Σ,W (1 − r)) is finite, as is conjectured by Schneider (cf.
[27, p. 192]), then the term I4

G,r can be omitted from the displayed expression in
claim (i) and the resulting ideal has finite index in Zp⊗AnnZ[G](Kw

2r−2(OF )).

Proof. In this proof we shall use the following notation: for each non-negative integer
a and each integer b we write Xa(GF,Σ,Zp(b)) for the kernel of the natural localisation
homomorphism

(19) Ha(OF,Σ,Zp(b)) →
⊕

w∈Σ(F )

Ha(Fw,Zp(b))

- this is the Tate-Shafarevic group in degree a of the GF,Σ-module Zp(b), as defined
by Neukirch, Schimdt and Wingberg in [23, (8.6.2)].
For each integer a we also set e(a) := (1 − (−1)aτ)/2 ∈ Zp[G], A(a) := e(a)Zp[G],
T(a) := e(a)Zp(a)F and so (following Lemma 3.1(i)) we obtain an object of Dp,ad(A(a))
by setting

C(a) := RΓc(Ok,Σ, T(a)) ∼= e(a)Ca(F/k).
Then the first assertion of Theorem 3.3 implies eF/k,a = e(a)eF/k,a and hence also that
Ca(F/k)0 = (C(a))0.
Next we note that if a 6= 0, then H0(kv, T(a)) vanishes for each non-archimedean
place v in Σ and thus, since Tate cohomology groups at archimedean places vanish
in all degrees (as p is odd), the global duality theorem [21, Chap. II, Cor. 3.3]
induces a canonical isomorphism X1(GF,Σ,Zp(a)) ∼= H2(OF,Σ,W (1 − a))∨. Using
this isomorphism an explicit computation of the groups Hi(Ca(F/k)) via the long
exact cohomology sequence of (7) with F = Zp(a)F shows that the complex Ca(F/k) is
acyclic outside of degrees 1, 2 and 3 and that there is a canonical (duality) isomorphism
H3(Ca(F/k)) ∼= H0(F, W (1− a))∨ and a canonical exact sequence

0 → H0(GC/R,
∏

F→C
(2πi)aZp) → H1(Ca(F/k)) → H2(OF,Σ,W (1− a))∨ → 0
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where on the module
∏

F→C(2πi)aZp the group GC/R acts diagonally and G acts via
F . Thus, since e(a) annihilates H0(GC/R,

∏
F→C(2πi)aZp) and acts as the identity on

H0(F, W (1− a))∨ there are canonical isomorphisms

(20) Hi(C(a)) ∼=
{

e(a)H
2(OF,Σ,W (1− a))∨, if i = 1,

H0(F, W (1− a))∨, if i = 3.

By substituting the equality (14) with r = a into the inclusion (1) with A = A(a)

and C = C(a) (and noting that in this case (20) implies H3(C) = H3(C)tor, g(C) = 1
and n(C) = 2), multiplying the resulting inclusion by IG,a = IA0(C(a)) and applying
Lemma 3.1(iv) with T = T(a) and A = A(a) we therefore deduce that

I4
G,aAnnZp[G](H0(F, W (1− a))) · LF/k,Σ,a ⊆ AnnA(a)(X(T(a)))(21)

= e(a)AnnZp[G](X(Zp(a)F ))

= e(a)AnnZp[G](X(Zp(1− a)F )).

Here the last equality follows from the isomorphism X(Zp(1 − a)F ) ∼= X(Zp(a)F )∨.
Now if the module H2(OF,Σ,W (1−a)) is finite, as is conjectured by Schneider in [27, p.
192], and proved by Banaszak [2, Lem. 1] for a < 0, then (20) implies that Hi(C(a)) is
finite for both i = 1 and i = 3. But C(a) belongs to Dp,ad(A(a)) and so is acyclic outside
degrees 1, 2 and 3 and such that the Euler characteristic ofQp⊗ZpC(a) in K0(e(a)Qp[G])
vanishes. Thus, if Schneider’s conjecture is valid, then the groups Hi(C(a)) are finite
in all degrees i and hence eF/k,a = e(a) so IG,a = A(a) and the term I4

G,a = A(a) can be
omitted from the left hand side of (21). We may therefore apply (21) with both a = r
and a = 1− r < 0 to deduce that the displayed expression in claim (i) is contained in
e(r)AnnZp[G](X(Zp(r)F ))⊕e(1−r)AnnZp[G](X(Zp(r)F )) = AnnZp[G](X(Zp(r)F )) and
so to complete the proof of claim (i) it suffices to show that X(Zp(r)F ) is canonically
isomorphic to Kw

2r−2(OF )p. To show this we note first that, since r > 1, one has
H1

f (kv,Zp(r)F ) = H1(kv,Zp(r)F ) for each place v in Σ (by [5, Exam. 3.9]) and
hence (9) implies H1

f (k,Zp(r)F ) = H1(Ok,Σ,Zp(r)F ). Taking this into account, the
exact sequence (11) combines with the long exact cohomology sequence of (7) with
F = Zp(r)F to imply that Sel(Zp(1−r)F )∨ is isomorphic to X2(GF,Σ,Zp(r)). Further,
since H2(OF,Σ,Zp(r)) is finite it follows that Sel(Zp(1−r)F )∨ is finite and hence equal
to X(Zp(1−r)F )∨ ∼= X(Zp(r)F ). It is therefore enough to show that X2(GF,Σ,Zp(r))
is canonically isomorphic to Kw

2r−2(OF )p.
To prove this we follow [2] in setting W a(Fw) := H0

ét(Fw,W (a)) for each place w
in Σ(F ) and integer a. Then for each such w there is a local duality isomorphism
H2

ét(Fw,Zp(r)) ∼= W 1−r(Fw)∨ and an obvious isomorphism W 1−r(Fw)∨ ∼= W r−1(Fw).
By combining these isomorphisms with the fact that the canonical chern class map
K2r−2(OF,Σ)p → H2(OF,Σ,Zp(r)) is bijective (see Remark 3.9(i) below) one finds that
the homomorphism (19) with a = 2 and b = r identifies with the composite

κp : K2r−2(OF,Σ)p

λ′p−→ K2r−2(F )p
λp−→

⊕

w∈S(F )

W r−1(Fw)
πΣ(F )−−−−→

⊕

w∈Σ(F )

W r−1(Fw)

where λ′p is the localisation map in K-theory, λp the map in [2, Th. 2], S(F ) the
set of all places of F and for any subset S′ of S(F ) we write πS′ for the projection
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⊕
w∈S(F ) W r−1(Fw) → ⊕

w∈S′ W
r−1(Fw). But from the exact localisation sequence

of K-theory one knows that λ′p is injective and has image equal to ker(πS(F )\Σ(F ) ◦λp)
(cf. [2, §III.1]). This implies that im(λ′p) ∩ ker(πΣ(F ) ◦ λp) = ker(λp) and hence that
λ′p induces an isomorphism X2(GF,Σ,Zp(r)) = ker(κp) ∼= ker(λp) =: Kw

2r−2(OF )p, as
required to complete the proof of claim (i).
The first assertion of claim (ii) follows immediately from what we observed above
regarding Schneider’s conjecture. The second assertion of claim (ii) is then valid
because for each a ∈ {r, 1−r} the ideal AnnZp[G](H0(F,W (1−a))) ·LF/k,Σ,a has finite
index in e(a)Zp[G] (since if ρ̃(e(a)) 6= 0, then ρ̃(LF/k,Σ,a) = Lp,Σ(a, ω1−a · ρ) 6= 0). ¤

Corollary 3.8. If F is abelian over Q and contains a primitive p-th root of unity,
then the inclusion of Corollary 3.7(i) is valid unconditionally.

Proof. This is clear since if F is abelian over Q, then µ(F, p) vanishes (by [11]). ¤

Remarks 3.9.
(i) For all odd primes p and all integers r > 1 the Quillen-Lichtenbaum Conjecture
from [19] predicts that the (G-equivariant) p-adic étale Chern class homomorphism
ch2r−2,p : K2r−2(OF,Σ)p → H2(OF,Σ,Zp(r)) is bijective. The bijectivity of the maps
ch2,p was proved by Tate in [29]. It is also known, by work of Suslin, that the Quillen-
Lichtenbaum Conjecture is in general a consequence of the conjecture of Bloch and
Kato relating Milnor K-theory to étale cohomology. Following fundamental work
of Voevodsky and Rost, Weibel has recently completed the proof of the Bloch-Kato
Conjecture and hence also shown that ch2r−2,p is bijective for all odd primes p and all
integers r > 1 (cf. [32]).
(ii) Fix an integer r > 1. Then, since A(1−r) is R-Gorenstein, we may also apply (3)
to the complex C = C(1−r) that occurs in the proof of Corollary 3.7. This shows
that AnnZp[G](H0(F, W (r))) · LF/k,Σ,1−r is equal to the Fitting ideal of an explicit
étale cohomology module and hence is contained in Zp ⊗ FitZ[G](K2r−2(OF,Σ)). In
particular, in this way one can recover the result of [8, Cor. 5.2].

3.4. The proof of Theorem 3.3. To prove the first assertion of Theorem
3.3 it is clearly enough to show that any idempotent of Qp[G] which annihi-
lates H2

c (Ok,Σ,Qp(r)F ) must also annihilate the space
⊕

v|∞H0(kv,Qp(r)F ) ∼=
H0(GC/R,

∏
F→CQp(r)), where on the product term GC/R acts diagonally and G acts

via F .
If r = 0, then the required claim follows from the isomorphism of Qp[G]-modules
HomQp(H2

c (Ok,Σ,Qp(0)F ),Qp) ∼= H1(Ok,Σ,Qp(1)F ) ∼= Qp ⊗Zp O×F,Σ coming from
global duality and Kummer theory and the fact that Qp ⊗Zp O×F,Σ contains a Qp[G]-
submodule isomorphic to H0(GC/R,

∏
F→CQp) ∼= ∏

w Qp where w runs over all
archimedean places of F . If r 6= 0, then the cohomology sequence of the exact trian-
gle (7) with F = Zp(r)F combines with the fact that H0(Ok,Σ,Qp(r)F ) vanishes to
induce an injective homomorphism from

⊕
v|∞H0(kv,Qp(r)F ) to H1

c (Ok,Σ,Qp(r)F )
and this implies the required claim since, by Remark 1.1 and Lemma 3.1(i), any idem-
potent which annihilates H2

c (Ok,Σ,Qp(r)F ) must also annihilate H1
c (Ok,Σ,Qp(r)F ).

This completes the proof of the first assertion of Theorem 3.3.
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To continue we must introduce some additional notation. For any subfield F ′ of F we
write F ′∞ for the cyclotomic Zp-extension of F ′. For any quotient G of the (abelian)
group GF∞/k we write Λ(G) for the completed group ring lim←−U

Zp[G/U ] where U

runs over all open subgroups of G and we write Q(G) for the total quotient ring of
Λ(G). For each integer r we write Λ(G)#(r) for the set Λ(G) upon which Λ(G) acts via
multiplication and Gk,Σ acts in the following way: each σ in Gk,Σ acts as multiplication
by the element χcyc(σ)rσ̄−1 where χcyc is the cyclotomic character Gk,Σ → Z×p and σ̄
denotes the image of σ in G. We write τ for the unique non-trivial element of GF∞/F+

∞
and for each integer r set e(r) := (1 − (−1)rτ)/2 ∈ Λ(GF∞/k). If E is the subfield of
F∞ with GE/k = G then, following Nekovář [22] and Fukaya and Kato [14, §2.1.1], we
obtain an object of Dp(Λ(G)) by setting

(22) CE/k,r := RΓc(Ok,Σ, e(r)Λ(G)#(r)).

We next fix a topological generator γ of Γk := Gk∞/k and a pre-image γ̂ of γ under
the surjection GF∞/k → Γk. We write F s for the subfield of F∞ that corresponds
by Galois theory to the subgroup of GF∞/k that is generated (topologically) by γ̂.
By choosing γ̂ appropriately we may (and will henceforth) assume that F s contains
a primitive p-th root of unity. Then one has F s ∩ k∞ = k and F sk∞ = F∞ and
so we may identify GF∞/k with the direct product GF s/k × Γk. This decomposition
allows us to identify Λ(GF∞/k) with the power series ring Zp[GF s/k][[T ]] by means of
the correspondence γ ↔ T + 1 and also implies that any continuous homomorphism
ψ : GF∞/k → Qc×

p can be written uniquely as a product ψ = ψs × ψw with ψs a
homomorphism GF s/k → Qc×

p and ψw a continuous homomorphism Γk → Qc×
p . Each

such ψ extends by linearity to give a ring homomorphism ψ̃ : Λ(GF∞/k) → Qc
p and if

we write p(ψ) for the associated prime ideal ker(ψ̃) of Λ(GF∞/k), then ψ̃ extends to a
well-defined homomorphism (also denoted by ψ̃) from the localisation Λ(GF∞/k)p(ψ)

to Qc
p. In particular, the constructions of Deligne and Ribet that are used by Wiles in

[33, p. 501f.] imply that there are elements GΣ and H of Λ(GF∞/k) such that for all
homomorphisms ψ as above the quotient fΣ := GΣ/H belongs to Λ(GF∞/k)p(ψ) and
is such that ψ̃(fΣ) = fΣ,ψ(0) where fΣ,ψ := GΣ,ψ/Hψ with GΣ,ψ the Deligne-Ribet
power series of ψ in Oψ[[T ]] and Hψ(T ) equal to 1, resp. to ψw(γ)(1 + T ) − 1, if ψs

is non-trivial, resp. trivial. We recall also that for each continuous homomorphism
κ : GF∞/k → Qc×

p for which κs is trivial one has

(23) fΣ,κψ(0) = fΣ,ψ(κ(γ)− 1).

(For more details about the construction of fΣ, GΣ and H see for example [8, §3].)
We regard each homomorphism G → Qc×

p as a (continuous) homomorphism GF∞/k →
Qc×

p in the obvious way. For each integer a we also write twa for the endomorphism
of Q(GF∞/k) that is induced by the map which sends each element g of GF∞/k to
χcyc(g)ag ∈ Λ(GF∞/k).
The equality proved in the next result is the relevant (generalised) main conjecture of
Iwasawa theory.

Proposition 3.10. We set C(r) := CF∞/k,r and Rr := e(r) Λ(GF∞/k) and write Q(Rr)
for the total quotient ring of Rr. Then the complex Q(Rr)⊗Rr C(r) is acyclic and so
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we may regard DetRr
(C(r)) as an invertible Rr-submodule of Q(Rr) (cf. §1.2). With

respect to this identification one has DetRr
(C(r))−1 = Rr · tw1−r(fΣ).

Proof. It is well known (and straightforward to prove) that Ha(C(r)) = 0 if a /∈ {2, 3}
and that H2(C(r)) and H3(C(r)) are canonically isomorphic to YΣ(F+

∞)⊗Zp
Zp(r− 1)

and Zp(r − 1) respectively, where YΣ(F+
∞) := GMΣ(F+

∞)/F+
∞ (for more details of this

calculation see, for example, the proof of [8, Lem. 3]). Since both YΣ(F+
∞) and Zp

are finitely generated torsion Λ(Γk)-modules it is therefore clear that Q(R)⊗R C(r) is
acyclic.
Next we note that, by Lemma 3.11 below, it is enough to prove the claimed equality
DetRr

(C(r))−1 = Rr · tw1−r(fΣ) in the case r = 1. To do this we set R := R1 and
C := C(1) and Ξ := DetR(C)−1 ⊂ Q(R). Recalling the reduction techniques of [7,
Lem. 6.1], it is thus enough to prove that after localising at each height one prime
ideal p of R one has Ξp = Rp · fΣ. We note that the residue characteristic of any such
prime ideal p is either 0 or p.
We assume first that the residue characteristic of p is p. Then the explicit descriptions
of Ha(C) given above combine with [7, Lem. 6.3] and the (assumed) vanishing of
µ(F, p) to imply that Rp ⊗R C is acyclic and hence that Ξp = Rp. The required
equality is therefore valid in this case because the vanishing of µ(F, p) also implies
that both GΣ and H, and hence also fΣ = GΣ/H, are units of Rp (indeed, in the
terminology of [8], this is equivalent to asserting that both GΣ and H are ‘associated
to distinguished polynomials’ in Λ(GF∞/k) and hence is proved in [8, Th. 3.1iii)]).
If now the residue characteristic of p is 0, then Rp is both a discrete valuation ring
and a Qp-algebra and decomposes as a product

∏
κ Rp,κ where κ runs over all homo-

morphisms GF∞/k∞ → Qc×
p which satisfy κ(τ) = 1, and each algebra Rp,κ := eκRp is

a principal ideal domain. This implies that in each degree i the Rp-module Hi(Cp) is
both torsion and of projective dimension at most one and so one has

Ξp = DetRp(Cp)−1 =
∏

i∈Z
DetRp(Hi(Cp)[−i])−1

=
∏

i∈Z
FitRp(Hi(Cp))(−1)i

= FitRp(YΣ(F+
∞)p)FitRp((Zp)p)−1,

where the second equality follows from [17, Rem. b) after Th. 2], the third from the ob-
servation made at the end of §1.2 and the last from the explicit description of the mod-
ules Hi(C) given above. The required equality Ξp = Rp · fΣ is thus reduced to prov-
ing that for each κ as above the Rp,κ-ideal FitRp,κ(eκ(YΣ(F+

∞)p))FitRp,κ(eκ(Zp)p)−1

is generated by the element eκ(GΣ)/eκ(H) = GΣ,κ/Hκ. But the explicit descrip-
tion of Hκ makes it clear that FitRp,κ(eκ(Zp)p) = Rp,κ · Hκ whilst the equality
FitRp,κ(eκ(YΣ(F+

∞)p)) = Rp,κ · GΣ,κ coincides precisely with the main conjecture of
Iwasawa theory that is proved by Wiles in [33] (see, for example, [8, (3)]). ¤
Lemma 3.11. Assume the notation and hypotheses of Proposition 3.10. If
DetR1(C(1))−1 = R1 · fΣ, then DetRr (C(r))−1 = Rr · tw1−r(fΣ) for all integers r.

Proof. We set G := GF∞/k,Λ := Λ(G), Q := Q(Λ), R := R1 = e(1)Λ and for each
integer a also Ξa := DetRa(C(a))−1 ⊂ Q(Λ). For any Λ-module M and integer a we
write Λ ⊗a M for the tensor product Λ ⊗ M which has λ′λ ⊗a m = λ′ ⊗a twa(λ)m
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for all λ, λ′ in Λ and m in M . We regard Λ⊗a M as an Λ-module via multiplication
on the left. Then for any invertible R-ideal J in Q(R) and any integer a the map
λ ⊗a j 7→ λtw−a(j) induces an isomorphism of Λ-modules Λ ⊗a J ∼= tw−a(J). Hence
there are natural isomorphisms

tw−a(Ξ1) ∼= Λ⊗a DetR(1)(C(1))−1 ∼= DetRa+1(Λ⊗a C(1))−1

∼= DetRa+1(Zp(a)⊗Zp
C(1))−1.

Here we regard Zp(a) ⊗Zp C(1) as a complex of Λ-modules via the diagonal action
of G (which acts on Zp(a) since F contains a primitive p-th root of unity) and the
last displayed isomorphism is induced in the following way: if we choose a topological
generator ξ of Zp(a), then the association λ⊗a c 7→ ξ ⊗Zp

λc induces an isomorphism
Λ ⊗a C(1)

∼= Zp(a) ⊗Zp
C(1) in Dp(Λ). Setting D(m) := RΓc(Ok,Σ, Λ#(m)) for each

integer m, we next recall that there is a standard isomorphism Zp(a)⊗Zp D(1)
∼= D(a+1)

in Dp(Λ), and note that this isomorphism restricts to give an isomorphism in Dp(Ra+1)
of the form

Zp(a)⊗Zp C(1) = Zp(a)⊗Zp e(1)D(1) = e(a+1)(Zp(a)⊗Zp D(1)) ∼= e(a+1)D(a+1) = C(a+1).

Upon combining the last two displayed isomorphisms we obtain an isomorphism
tw−a(Ξ1) ∼= DetRa+1(C(a+1))−1 which in turn implies an equality tw−a(Ξ1) = Ξa+1.
In particular, if Ξ1 = R1 · fΣ, then for any integer r one has Ξr = tw1−r(Ξ1) =
tw1−r(R1 · fΣ) = tw1−r(R1) · tw1−r(fΣ) = R−r · tw1−r(fΣ). This implies the claimed
result since clearly e(−r) = e(r) and so R−r = Rr. ¤

To conclude the proof of Theorem 3.3 we now set er := eF/k,r, Ar := Zp[G]er and
Cr,0 := Cr(F/k)0 where Cr(F/k) is the complex defined in (13), and let Rr be as
in Proposition 3.10. Then the first assertion of Theorem 3.3 (already proved at the
beginning of this subsection) implies ere(r) = er and hence that there is a natural
isomorphism in Dp(Ar) of the form

Ar ⊗Le(r)Zp[G] CF/k,r
∼= Ar ⊗LZp[G] Cr(F/k) =: Cr,0,

where CF/k,r is the complex defined in (22). The canonical descent isomorphism
e(r)Zp[G] ⊗LRr

CF∞/k,r
∼= CF/k,r therefore induces a natural isomorphism in P(A(r))

of the form

Ar ⊗Rr DetRr (CF∞/k,r)−1 ∼=Ar ⊗e(r)Zp[G] Dete(r)Zp[G](e(r)Zp[G]⊗LRr
CF∞/k,r)−1

∼=Ar ⊗e(r)Zp[G] Dete(r)Zp[G](CF/k,r)−1

∼=DetAr (Ar ⊗Le(r)Zp[G] CF/k,r)−1

∼=DetAr (Cr,0)−1.

This isomorphism combines with the equality of Proposition 3.10, the acyclicity of
Qp ⊗Zp Cr,0 and the descent formula of [7, Lem. 8.1] to imply that in Qp[G] one has

DetAr (Cr,0)−1 = Zp[G] · Lr

where Lr is the (unique) element of Qp[G]er with ρ̃(Lr) = ρ̃(tw1−r(fΣ)) for each
homomorphism ρ : G → Qc×

p with ρ̃(er) = 1. To deduce the required equality (14)
from here it is thus enough to show that Lr = LF/k,Σ,r and this is true because for
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each homomorphism ρ : G → Qc×
p with ρ̃(er) = 1 (and hence also (χ1−r

cyc ρ)(τ) = 1)
one has

ρ̃(Lr) = ρ̃(tw1−r(fΣ)) = ˜(χ1−r
cyc ρ)(fΣ) = fΣ,χ1−r

cyc ρ(0)

= fΣ,ω1−rρ(χcyc(γ)1−r − 1) = Lp,Σ(r, ω1−rρ) = ρ̃(LF/k,Σ,r).

Here the second equality follows from the definition of tw1−r, the third from the
definition of fΣ, the fourth from the general property (23) and the fact that ω =
ωs = (χcyc)s and the fifth from the fundamental interpolation property of the function
fΣ,ω1−rρ(T ). This completes the proof of Theorem 3.3.

4. Selmer complexes for critical motives

In this section we use the notation F, T, Σ and TF introduced in §3.2. We recall
(from Bloch and Kato [5, Prop. 5.4]) that if T is the p-adic Tate module of an
elliptic curve E that is defined over k and has finite (classical) Tate-Shafarevic group
X(E/F ) over F , then the (Bloch-Kato) Tate-Shafarevic group X(TF ) that is defined
in §3.1 is canonically isomorphic to X(E/F )p. However, in this case the idempotent
e0(RΓc(Ok,Σ, TF )) that occurs in Theorem 2.1 can be shown to be equal to 0 and so
the approach of §3.2 doesn’t give anything new. With this in mind, we now explain
how the Selmer complexes of Nekovář provide a more useful way to apply Theorem
2.1 in the setting of such critical motives.
For simplicity we will assume henceforth that k = Q (but we reassure the reader that
there are analogous results for any number field k). We fix an algebraic closure Qc

p of
Qp and set GQp := GQc

p/Qp
.

4.1. The complexes. We fix a critical motive M over Q and an odd prime p, write
V for the p-adic realisation of M and assume that V has good ordinary reduction at p.
We recall that under these hypotheses there exists a unique GQp -stable Qp-subspace
V 0 of V with the property that the natural map DdR(Qp, V

0) → DdR(Qp, V ) ³ tp(V )
induces an identification DdR(Qp, V

0) ∼= tp(V ) (cf. [26]). We fix a full GQ-stable Zp-
sublattice T of V and thereby obtain a full GQp -stable Zp-sublattice of V 0 by setting
T 0 := T ∩ V 0.
In the next result we assume to be given a finite abelian Galois extension F/Q and
set TF := Zp[GF/Q] ⊗Zp T , resp. T 0

F := Zp[GF/Q] ⊗Zp T 0, which we regard as a
module over Zp[GF/Q] × Zp[GQ], resp. Zp[GF/Q] × Zp[GQp ], in the following way:
GF/Q acts via multiplication on the left and each σ ∈ GQ, resp. σ ∈ GQp , acts as
x ⊗Zp t 7→ xσ̄−1 ⊗Zp σ(t) for each x ∈ Zp[GF/Q] and t ∈ T , resp. t ∈ T 0, where σ̄
denotes the image of σ in GF/Q. We fix a finite set of places Σ of Q that contains
both p and the archimedean place as well as all places which ramify in F/Q and
all at which M has bad reduction and set UΣ := Spec(ZΣ). Then TF , resp. T 0

F ,
can be regarded as an étale (pro-)sheaf of free Zp[GF/Q]-modules on UΣ, resp. on
Spec(Qp), and so we may use the Selmer complex SC(UΣ, TF , T 0

F ) of Nekovář that
is considered by Fukaya and Kato in [14, 4.1.2.]. We also set VF := Qp ⊗Zp TF ,
V ∗

F (1) := Qp ⊗Zp T ∗F (1), WF := VF /TF , W ∗
F (1) := V ∗

F (1)/T ∗F (1), V 0
F := Qp ⊗Zp T 0

F

and (V 0
F )∗(1) := Qp ⊗Zp (T 0

F )∗(1), each linear dual being endowed with the actions
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of Zp[GF/Q] × Zp[GQ,Σ], resp. Zp[GF/Q] × Zp[GQp
], that are induced from the given

actions on TF and T 0
F in the manner described at the beginning of §3.

Proposition 4.1. We set C := SC(UΣ, TF , T 0
F )[−1] and assume that VF satisfies the

following condition:
(∗) the spaces H0(Qp, VF /V 0

F ), H0(Qp, (V 0
F )∗(1)) and H0(Q`, VF ) for each prime

` /∈ Σ all vanish.
Then each of the following assertions are valid.

(i) If H0(ZΣ,W ∗
F (1)) vanishes, then H1(C) vanishes and C is an object of

Dp,ad(Zp[GF/Q]).
(ii) There exists a (finitely generated) Zp[GF/Q]-submodule B of H3(C) and a sur-

jective homomorphism of Zp[GF/Q]-modules of the form β : B ³ Sel(T ∗F (1))∨

where Sel(T ∗F (1)) is the (Bloch-Kato) Selmer group that is defined in §3.1
and ker(β) is finite. In particular, there are inclusions AnnA(H3(C)tor) ⊆
AnnA(X(T ∗F (1))) = AnnA(X(TF )) and AnnA(H3(C)) ⊆ AnnA(Sel(T ∗F (1))).

(iii) AnnA(H0(ZΣ, WF )) ⊆ AnnA(H2(C)tor).
(iv) The idempotent e0(C) in Theorem 2.1 (with C as above and A = Zp[GF/Q])

is equal to the sum of all primitive idempotents of Qp[GF/Q] which annihilate
the space H1

f (Q, VF ).

Proof. We set A = Zp[GF/Q] and A = Qp[GF/Q].
Now, since p is odd, the A-module H0(GC/R, TF ) is projective and the complex
RΓ(Qp, T

0
F ) is an object of Dp(A). It is also well known that RΓc(Uk,Σ, TF ) is an

object of Dp(A) and so, as C is defined by means of an exact triangle

RΓc(Uk,Σ, TF )[−1] → C → H0(GC/R, TF )[−1]⊕RΓ(Qp, T
0
F )[−1] → RΓc(Uk,Σ, TF )

(cf. [14, (4.1)]), it is clear that C belongs to Dp(A). In addition, an easy analysis
of the long exact cohomology sequence of this exact triangle shows that C is acyclic
outside degrees 2, 3 and 4 and that there is a surjective homomorphism

(24) H0(ZΣ,W ∗
F (1))∨ ∼= H3

c (ZΣ, TF ) ³ H4(C),

where the isomorphism is by (8). Hence if H0(ZΣ, W ∗
F (1)) vanishes, then H4(C)

vanishes and so C is acyclic outside degrees 2 and 3. It is also known that the Euler
characteristic of A⊗AC in K0(A) vanishes (see, for example, [14, (4.2)]). In particular,
we have by now shown that C satisfies all of the assumptions (ad1), (ad2), (ad3) and
(ad4) and proved claim (i).
To prove claim (ii) we write C̃ for the complex SC(TF , T 0

F ) of A-modules that is defined
in [14, (4.3)]. Then the long exact cohomology sequence of the exact triangle [14, (4.5)]
gives a surjective homomorphism of A-modules

(25) H3(C) ³ H2(C̃)

which has finite kernel. We also recall that in [14, 4.2.28] Fukaya and Kato define
Selmer modules Sel(i)(W ∗

F (1)) for i = 1, 2 and that Sel(2)(W ∗
F (1)) coincides with the

group Sel(T ∗F (1)) that occurs in §3.1. In addition, since (by our assumption (∗)) both of
the spaces H0(Qp, VF /V 0

F ) and H0(Qp, (V 0
F )∗(1)) vanish, the result of [14, Lem. 4.2.32]

applies in our case. When combined with the definitions of the groups Sel(i)(W ∗
F (1))

the latter result implies that there exists an injection Sel(T ∗F (1)) = Sel(2)(W ∗
F (1)) ↪→
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Sel(1)(W ∗
F (1)) with finite cokernel and hence also a surjective homomorphism with

finite kernel of the form
X ³ Sel(T ∗F (1))∨

where we set X := Sel(1)(W ∗
F (1))∨. Now, from the proof of [14, Prop. 4.2.35(2)],

one also knows that local and global duality combine to induce an isomorphism be-
tween X and the kernel of a natural homomorphism H2(C̃) → H2(Qp, T

0
F ) and in

particular therefore imply the existence of an injective homomorphism of A-modules
ι : X ↪→ H2(C̃). We therefore obtain the first assertion of claim (ii) by simply taking
B to be the pre-image under (25) of im(ι). The second assertion of claim (ii) then
follows from the obvious inclusions AnnA(H3(C)) ⊆ AnnA(B) ⊆ AnnA(Sel(T ∗F (1)))
and AnnA(H3(C)tor) ⊆ AnnA(Btor) ⊆ AnnA(X(T ∗F (1))) = AnnA(X(TF )) where the
last inclusion follows from the fact that, since β has finite kernel, it restricts to give a
surjection Btor ³ (Sel(T ∗F (1))∨)tor ∼= (Sel(T ∗F (1))cotor)∨ ∼= X(T ∗F (1))∨ ∼= X(TF ).
We next set C ′ := SC(UΣ, T ∗F (1), (T/T 0)∗F (1))[−1]. Then the long exact cohomology
sequence of the exact triangle of [14, Prop. 4.4.1(1)] gives an exact sequence

⊕

`/∈Σ

H0(Q`, TF ) → H2(C) → H2(R HomZp(C ′,Zp[−5])).

The assumption that H0(Q`, VF ) vanishes for each prime ` /∈ Σ implies both that
the space H0(ZΣ, VF ) vanishes, and hence that the module H0(ZΣ,WF ) is Zp-
torsion, and also that the module

⊕
`/∈Σ H0(Q`, TF ) vanishes. From the spectral

sequence Exta
Zp

(Hb(C ′),Zp) ⇒ Ha−b+5(R HomZp(C ′,Zp[−5])) we also know that
H2(R HomZp(C ′,Zp[−5]))tor is naturally isomorphic to (H4(C ′)tor)∨. The above exact
sequence thus induces an injective homomorphism of A-modules

(26) H2(C)tor ↪→ (H4(C ′)tor)∨ = H4(C ′)∨ ↪→ H0(ZΣ, WF )

where the equality and second injection both follow from the surjection (24)
with TF replaced by T ∗F (1) and T 0

F by (T/T 0)∗F (1). It is therefore clear that
AnnA(H0(ZΣ,WF )) ⊆ AnnA(H2(C)tor), as required to prove claim (iii).
Finally we note that our assumption (∗) combines with the argument used to prove
[14, Lem. 4.1.8] (which is valid in this case since V is de Rham as a representation
of GQp), to imply that the space Qp ⊗Zp H2(C) = H1(Qp ⊗Zp SC(UΣ, TF , T 0

F )) is
isomorphic to H1(Cf (Q, VF )) where Cf (Q, VF ) is the complex defined in [14, §2.4.2].
Claim (iv) therefore follows from the isomorphism H1(Cf (Q, VF )) ∼= H1

f (Q, VF ) of [14,
(2.6)]. ¤

Remark 4.2. It can be shown that the result of Proposition 4.1 extends in a straight-
forward manner to the setting of those p-adic representations (over arbitrary number
fields) that are both de Rham and also satisfy the ‘condition of Da̧browski-Panchishkin’
discussed in [9, §6.2].

4.2. p-adic Zeta functions. We fix M, F, TF and C as in §4.1 and also set A =
Zp[GF/Q], A = Qp[GF/Q] and A0 = A0(C)(= Ae0(C)). We recall that in [14, Th.
4.1.12] Fukaya and Kato have proved that the (local and global) non-commutative
Tamagawa number conjectures for the pair (MF , A) combine to predict that the frac-
tional A0-ideal DetA0(C0) ⊂ A is generated by an element ζβ(UΣ, TF , T 0

F ) of A with
the following property: at each homomorphism ρ : GF/k → Qc×

p with ρ̃(e0(C)) = 1 the
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image of ζβ(UΣ, TF , T 0
F ) under ρ̃ is equal to the value at s = 0 of the C[GF/Q]-valued

complex L-function of MF multiplied by a suitable combination of natural regulators,
periods and Euler factors. When combined with Proposition 4.1 and the inclusion
(2) this observation predicts the existence of explicit conjectural annihilators for the
A-modules X(TF ) and Sel(T ∗F (1)). By means of an explicit example, in the next
subsection we shall consider in greater detail the case of abelian varieties.

4.3. Abelian varieties. In this subsection we fix an abelian variety A that is defined
over Q and has good ordinary reduction at p and write At for the dual abelian variety.
We write T for the p-adic Tate module of At and set V := Qp ⊗Zp T and W :=
V/T . We also fix a finite abelian extension F of Q and use the same notation Σ,
TF , T 0

F , VF , V 0, V 0
F and WF as in §4.1 (in this case V 0 can in fact be identified with

the Qp-space spanned by the p-adic Tate module of the formal group of At [9, Exam.
6.3]). We regard the motive MF := h1(A/F )(1) as defined over Q and with coefficients
Q[GF/Q].
We fix an isomorphism of fields C ∼= Cp and henceforth use this to identify the groups
Hom(GF/Q,Qc×) and G∧F/Q := Hom(GF/Q,Qc×

p ). We fix an isomorphism β as in [14,
4.2.24] and then define LΣ,β(A/F , 1) to be the unique element of Cp[GF/Q] such that
for every ρ in G∧F/Q one has

(27) ρ̃(LΣ,β(A/F , 1)) =
LΣ(A, ρ̌, 1)
Ω∞(M(ρ̌))

· Ωp,β(M(ρ̌)) · ΓQp(V 0
F )−1 · PL,p((V 0

ρ̌ )∗(1), 1)
PL,p(V 0

ρ̌ , 1)
.

Here LΣ(A, ρ̌, 1) denotes the value at s = 1 of the Σ-truncated Hasse-Weil L-function
of A twisted by the contragredient representation ρ̌, M(ρ̌) is the tensor product of
h1(A)(1) with the Artin motive associated to ρ̌, V 0

ρ̌ is the representation V 0⊗Vρ̌ where
Vρ̌ is a representation of character ρ̌ and the archimedean and p-adic periods Ω∞(M(ρ̌))
and Ωp,β(M(ρ̌)), non-zero rational number ΓQp(V 0

F ) and Euler factors PL,p(−, s) are
all as defined by Fukaya and Kato in [14, 4.1.11, 3.3.6, Lem. 4.1.7]. (For a more
explicit description of the formula (27) in the case that A is an elliptic curve see §4.4.)
If B denotes either A or At, then we write X(B/F ) and Selp(B/F ) for the (classical)
Tate-Shafarevic and pro-p Selmer groups of B over F respectively.

Proposition 4.3. Let A, p, F and Σ be as above. We set G = GF/Q and write Ip(A/F )
for the ideal Zp[G] ∩ ⋂

ρ ker(ρ̃) where ρ runs over all elements of Hom(G,Qc×
p ) for

which LΣ(A, ρ̌, 1) vanishes. We assume that p does not divide |A(F )tor|, that X(At
/F )

is finite and that the relevant special cases of all of the conjectures discussed by Fukaya
and Kato in [14, §2 and §3] are valid (see Remark 4.4(i) for more details about these
conjectures).

(i) If g is the minimal number of generators of the Zp[G]-module (At(F )tor,p)∨,
then both

(28) Ip(A/F )g+2AnnZp[G](At(F )tor,p)g · LΣ,β(A/F , 1) ⊆ AnnZp[G](X(A/F )p)

and

(29) Ip(A/F )g+3AnnZp[G](At(F )tor,p)g · LΣ,β(A/F , 1) ⊆ AnnZp[G](Selp(A/F )).
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(ii) If p does not divide |At(F )tor|, then

Zp[G] · LΣ,β(A/F , 1) = FitZp[G](H2(SC(UΣ, TF , T 0
F ))) ⊆ AnnZp[G](Selp(A/F )).

Proof. At the outset we recall that if X(A/F ) is finite, then [5, Prop. 5.4] implies
that Sel(T ∗F (1)) and X(T ∗F (1)) are canonically isomorphic to Selp(A/F ) and X(A/F )p

respectively and that the space H1
f (Q, VF ) ∼= H1

f (F, V ) identifies with Qp ⊗ At(F ) =
Qp ⊗Q H1

f (MF ). We also recall that the assumption (∗) of Proposition 4.1 is satisfied
in this case (cf. [9, Exam. 6.3]).
We set C := SC(UΣ, TF , T 0

F )[−1] and C∗ := R HomZp(C,Zp[−4]) and also A := Zp[G],
e0 := e0(C) and A0 := A0(C). The key point in this argument is that if the conjectures
discussed in [14, §2 and §3] are valid in the relevant cases, then one has

(30) DetA0(C0) = A0 · LΣ,β(A/F , 1) = A · LΣ,β(A/F , 1)

where LΣ,β(A/F , 1) is the element of Cp[G] that is defined via the interpolation prop-
erty (27). The first equality in (30) is a direct consequence of [14, Th. 4.1.12] and
the explicit definition of LΣ,β(A/F , 1) via (27). To verify the second equality of (30)
we note first that if the Deligne-Beilinson Conjecture (in the form of [14, 2.2.8(1)])
is valid with M = MF and K = Q[G], then a homomorphism ρ ∈ G∧ belongs to
G∧0 := {ρ ∈ G∧ : LΣ(A, ρ̌, 1) 6= 0} if and only if eρ(Qc

p ⊗Qp H1
f (Q, VF )) = 0, or

equivalently (by Proposition 4.1(iv)) e0eρ = eρ. One therefore has

LΣ,β(A/F , 1) =
∑

ρ∈G∧
ρ(LΣ,β(A/F , 1))eρ

=
∑

ρ∈G∧0

ρ(LΣ,β(A/F , 1))eρ

=
∑

ρ∈G∧0

ρ(LΣ,β(A/F , 1))e0eρ

= e0

∑

ρ∈G∧0

ρ(LΣ,β(A/F , 1))eρ

= e0LΣ,β(A/F , 1)

and hence A · LΣ,β(A/F , 1) = A · e0LΣ,β(A/F , 1) = A0 · LΣ,β(A/F , 1), as claimed in
(30). The fact that G∧0 is equal to {ρ ∈ G∧ : e0eρ = eρ} also implies Ip(A/F ) is equal
to the ideal IA0 that occurs in Theorem 2.1.
Next we recall that the modules H0(ZΣ,W ∗

F (1)) and H0(ZΣ,WF ) identify with
A(F )tor,p and At(F )tor,p respectively. In particular, since p is assumed not to di-
vide |A(F )tor|, the hypothesis of Proposition 4.1(i) is satisfied in this case. Also, since
C is concentrated in degrees 2 and 3, the discussion just prior to Lemma 2.8 implies
that H3(C∗) is isomorphic to (H2(C)tor)∨. From the injection (26) we therefore ob-
tain a surjection (At(F )tor,p)∨ ∼= H0(ZΣ,WF )∨ ³ (H2(C)tor)∨ ∼= H3(C∗) and hence
an inequality g ≥ g(C∗) where g(C∗) is the integer defined in Theorem 2.1. Applying
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both (2) and Proposition 4.1(ii) and (iii) in this context therefore gives inclusions

Ip(A/F )g+2AnnZp[G](At(F )tor,p)g ·DetA0(C0)

⊆ (IA0)
g+2AnnA(H2(C)tor)g ·DetA0(C0)

⊆ (IA0)
g(C∗)+n(C∗)AnnA(H2(C)tor)g(C∗) ·DetA0(C0)

⊆AnnA(H3(C)tor)

⊆AnnA(X(T ∗F (1)))

=AnnA(X(A/F )p).

This observation implies that (28) follows directly upon combining the last displayed
inclusion with the (conjectural) equality (30). In a similar way one obtains (29) by
multiplying the above displayed inclusions by Ip(A/F ) = IA0 , using (30), noting that
IA0 annihilates H3(C)tf ⊂ H3(Qp ⊗Zp

C) so IA0 · AnnA(H3(C)tor) ⊆ AnnA(H3(C)),
and then recalling that AnnA(H3(C)) ⊆ AnnA(Sel(T ∗F (1))) = AnnA(Selp(A/F )) by
the final assertion of Proposition 4.1(ii). This proves claim (i).
If p does not divide |At(F )tor|, then H0(ZΣ,WF ) vanishes and so the injective ho-
momorphism (26) implies that H2(C)tor vanishes. Since C is acyclic outside de-
grees 2 and 3 (by Proposition 4.1(i)), the equality in claim (ii) is therefore obtained
by substituting (30) into (3) and noting that H3(C) = H3(SC(UΣ, TF , T 0

F )[−1]) =
H2(SC(UΣ, TF , T 0

F )). The remaining inclusion in claim (ii) is then valid because
FitA(H3(C)) ⊆ AnnA(H3(C)) ⊆ AnnA(Selp(A/F )) where the last inclusion follows
from Proposition 4.1(ii). ¤

Remarks 4.4.
(i) The conjectures from [14, §2 and §3] that are being assumed in Proposition 4.3 are
as follows: [14, 2.2.8] (the Deligne-Beilinson conjecture) for the motive MF and algebra
K = Q[G]; [14, Conj. 2.3.2] (the non-commutative Tamagawa number conjecture), [14,
Conj. 3.4.3] (the local non-commutative Tamagawa number conjecture) and [14, Conj.
3.5.5] (compatibility of the above conjectures with the relevant functional equation),
in each case for the ring Λ = Zp[G] and sheaf T = TF .
(ii) In certain special cases the inclusions of Proposition 4.3 become even more explicit.
For example, if At(F ) is finite, then [14, 2.2.8(1)] predicts that LΣ(A, ρ̌, 1) 6= 0 for all
ρ ∈ G∧F/Q and hence that Ip(A/F ) = Zp[G]. For a more explicit version of Proposition
4.3(ii) see Proposition 4.5 below.
(iii) The equality of Proposition 4.3(ii) is a ‘strong main conjecture’ of the kind
that Mazur and Tate explicitly ask for in [20, Remark after Conj. 3]. Under cer-
tain additional hypotheses on A,F and p it is also possible to precisely relate the
ideals FitZp[G](H2(SC(UΣ, TF , T 0

F ))) and FitZp[G](Selp(A/F )∨) (for further details see
[6, §12.2]). In particular, it would be interesting to know the precise relation between
the equality of Proposition 4.3(ii) and the explicit conjectural formulas for the Fitting
ideals of Selmer groups that are formulated (in certain special cases) by Kurihara in
[18].
(iv) It can be shown that the observations made in Proposition 4.1(ii) imply that the
ideal FitZp[G](H2(SC(UΣ, TF , T 0

F ))) which occurs in Proposition 4.3(ii) is a subset of
I
rk(A(Q))
G,p where IG,p is the augmentation ideal of Zp[G] and rk(A(Q)) is the rank of the
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Mordell-Weil group of A/Q. Under the conditions of Proposition 4.3(ii) the element
LΣ,β(A/F , 1) therefore belongs to I

rk(A(Q))
G,p . Further, under these hypotheses, the

techniques of [6, §9] allow one to formulate an explicit conjecture for the residue class
of LΣ,β(A/F , 1) modulo I

rk(A(Q))+1
G,p . Such conjectural formulas constitute a natural

generalisation of the congruences for modular symbols that are conjectured by Mazur
and Tate in [20] and will be discussed elsewhere.

4.4. Elliptic curves. We now make the predictions of Proposition 4.3 more explicit
in the special case that A is equal to an elliptic curve E. To do this we let u in Z×p be
the unit root of the polynomial 1− apX + pX2 where ap := p + 1− |Ẽp(Fp)| with Ẽp

the reduction of E modulo p. For each ρ ∈ G∧F/Q we set Vρ := eρQc
p[G], regarded as a

module over GQ via the natural projection GQ ³ G, and define a polynomial

Pp(ρ,X) := detQc
p
(1− ϕp ·X | H0(Ip, Vρ)) ∈ Qc

p[X]

where Ip is the inertia subgroup of p in G and ϕp the geometric frobenius of p in G/Ip.
We write pfρ for the p-part of the conductor of ρ and εp(ρ) for the local ε-factor of
ρ at the prime p. Regarding Qc as a subfield of C we write τ for the element of GQ
obtained by restricting complex conjugation and define integers d+(ρ) and d−(ρ) by
setting d±(ρ) := dimQc

p
({v ∈ Vρ : τ(v) = ±v}). We also define the periods Ω+(E) and

Ω−(E) of E by setting

Ω±(E) :=
∫

γ±
ω

where ω is the Néron differential and γ± is a generating element for the (free rank one
Z-)submodule of H1(E(C),Z) upon which complex conjugation acts as multiplication
by ±1. Then the same argument as used in the proof of [10, Prop. 7.8] shows that
the expression on the right hand side of (27) is equal to

(31)
LΣ(E, ρ̌, 1)

Ω+(E)d+(ρ)Ω−(E)d−(ρ)
εp(ρ)u−fρ

Pp(ρ, u−1)
Pp(ρ̌, up−1)

.

It is important to note at this stage that the argument of [10, Prop. 7.8] uses the ex-
plicit computation of [14, Th. 4.2.26] and hence relies upon choosing the isomorphism
β (which arises in the definition of the p-adic period Ωp,β(M(ρ̌))) as in [14, 4.2.24].

Proposition 4.5. Assume the notation and hypotheses of Proposition 4.3 in the case
that A is equal to an elliptic curve E. Let LΣ(E/F , 1) denote the element of Qc

p[G]
for which ρ̃(LΣ(E/F , 1)) is equal to the expression in (31) for every ρ ∈ G∧. Then
LΣ(E/F , 1) belongs to Zp[G] and annihilates each of the modules Selp(E/F ), X(E/F )p

and Zp ⊗ E(F ).

Proof. Since LΣ(E/F , 1) is equal to the element LΣ,β(E/F , 1) defined via (27) Proposi-
tion 4.3(ii) implies that LΣ(E/F , 1) belongs to Zp[G] and annihilates Selp(E/F ). Now
the module X(E/F )p

∼= X(T ∗F (1)) is a quotient of Sel(T ∗F (1)) ∼= Selp(E/F ), whilst the
Pontryagin dual of (12) (with T = TF ) implies that (Zp⊗E(F ))∗ ∼= H1

f (Q, T ∗F (1))∗ ∼=
(Qp/Zp ⊗Zp H1

f (Q, T ∗F (1)))∨ is isomorphic to a quotient of Selp(E/F )∨. This implies
that both X(E/F )p and (Zp ⊗ E(F ))∗ are annihilated by LΣ(E/F , 1). Finally, since
Zp⊗E(F )tor is assumed to vanish, the module Zp⊗E(F ) is isomorphic to (Zp⊗E(F ))∗∗

and so is also annihilated by LΣ(E/F , 1). ¤
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Numerical evidence in favour of the containment LΣ(E/F , 1) ∈ Zp[G] predicted by
Proposition 4.5 (and also other related predictions) is described by Bley in [4].
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