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Abstract. We study the empire colouring problem (as defined by Percy
Heawood in 1890) for maps whose dual planar graph is a tree, with
empires formed by exactly r countries. We prove that, for each fixed
r > 1, with probability approaching one as the size of the graph grows
to infinity, the minimum number of colours for which a feasible solution
exists takes one of seven possible values.

1 Introduction

Assume that the n vertices of a graph G are partitioned into blocks
B1, B2, . . . of size r > 1, so that Bi contains vertices labelled (i − 1)r +
1, (i − 1)r + 2, . . . , ir. The r-empire chromatic number of G is the mini-
mum number of colours χr(G) needed to colour the vertices of G in such
a way that all vertices in a same block receive the same colour, but pairs
of blocks connected by at least one edge of G are coloured differently.
Let Tn denote a random n-vertex labelled tree (as defined, say, in [3]).
Building on previous work by two of us [11], in this paper we prove that
with probability approaching one as n tends to infinity (or asymptoti-
cally almost surely (a.a.s.) as we will say from now on) χr(Tn) takes one
of seven possible values, for fixed r > 1. This significantly improves the
results in [11], where it was proved that there exists a positive integer
sr = O(r/ log r) such that

sr < χr(Tn) ≤ 2r a.a.s.

The proof of our results srelies on a martingale argument and on tight
estimates on the first two moments of a random variable counting the
number of r-empire colourings of Tn using at most s colours. The key
ingredient in the argument is a new martingale construction on the set of
n-vertex labelled trees which may be of independent interest.
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The reader at this point may question the reasons for studying this
type of colourings. Our interest in the problem comes from its relationship
with other important colouring problems. First of all its decision version
reduces easily to the classical vertex colouring problem, but it is not
clear to what extent the two are equivalent. Secondly, if G is planar, the
blocks represent groups of countries belonging to the same “empire” and
a colouring in the sense described above corresponds to a map colouring
that gives all countries in the same empire the same colour and different
colours to adjacent empires. This r-empire colouring problem was defined
by Heawood [4] in the same paper in which he refuted a previous “proof”
of the famous Four Colour Theorem (note that the 1-empire colouring
problem is just planar graph colouring). It has been proved that 6r colours
are always sufficient, and in some cases necessary to solve this problem [6],
however not much is known about the distribution of the values of χr(G)
over the set of all planar graphs on n vertices. Our work is a first step
in this direction, and it indicates that, at least for trees, the worst-case
predictions are very pessimistic: 2r colours are necessary and sufficient
to colour all trees [11, Theorem 1], but, in fact, χr(Tn) = O(r/ log r)
a.a.s. Finally, the empire colouring problem is also related to problem of
colouring graphs of given thickness [5] (a graph has thickness t if t is the
minimum integer such that its edges can be partitioned into at least t
planar graphs). It is known that the chromatic number of any graph of
thickness two must be between eight and twelve but the exact solution of
this problem is not known.

The rest of the paper is organized as follows. In Section 2 we out-
line our results and proof strategy. In Section 3 we list a number of key
properties of Tn and its r-empire colourings. Section 4 is devoted to the
definition of a martingale on the set of n-vertex labelled trees. In Section
5 we prove that χr(Tn) is concentrated in an interval of size six a.a.s.
Finally, in Section 6 we give tight estimates on the actual location of such
interval.

2 Results and Proof Methods

Let Z be a random variable defined on some combinatorial structure G.
If G can be defined in some “orderly” way (formalized by the notion
of filter discussed in Section 4) the difference Z − EZ can be estimated
by associating a sequence of random variables X0, X1, . . . Xt called Doob
martingale (see Section 4) to Z in such a way that X0 = EZ and Xt = Z
and no Xi is ”too far” from X0. More specifically, if the martingale dif-
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ferences Xi−Xi−1 are small one can get upper bounds on the probability
that Z is far from EZ which become smaller and smaller and the size
of the structures considered becomes large. In this way (deterministic)
information about EZ can be used to make a.a.s. statements about Z.

This approach has been applied successfully to various problems in-
cluding the occupancy [7], the analysis of quicksort [10], and, in a less
direct way, the vertex colouring of the random graph Gn,p [15]. We briefly
outline the proof strategy used in the last paper as it is particularly rele-
vant to our problem. To obtain information about the range of variability
of χ(Gn,p) the authors proved that (a) any subgraph of χ(Gn,p) with less
than some z = z(n, p) vertices is relatively sparse and, therefore, easy
to colour with just three colours. and that (b) if k is such that a large
enough proportion of the graphs considered is k-colourable then the set of
vertices that fail to be coloured is small (in particular it’s o(z)). We will
adopt a similar approach here. We will start by proving that any subgraph
induced by a small collection of blocks in Tn (or any subgraphs obtained
from it by removing any number of blocks) has small minimum degree
(this is Lemma 2 in Section 3). Then we will provide an orderly definition
of the class of labelled n-vertex trees and, using a suitably defined Doob
martingale on such structures, prove that at least n−3r

√
(n− 1) logω(n)

of the vertices of Tn can be coloured with sr + 1 colours with probability
at least 1 − 1/ω(n) (see Lemma 4 in Section 5). These two results are
sufficient to prove the following theorem.

Theorem 1. For fixed r > 1 the r-empire chromatic number of Tn is
a.a.s. concentrated over six consecutive integers.

One problem with the martingale approach outlined above is that it
does not give precise information on the location of these concentration
intervals. To get that, one often needs to rely on additional results. Using
asymptotic information about the first two moments of the number of
r-empire colourings with s colour classes obtained in [11] (see Section 3)
we will be able to prove the following result.

Theorem 2. For every fixed integer r > 1, χr(Tn) satisfies

sr ≤ χr(Tn) ≤ sr + 6.

Furthermore if r > 2(sr−1)2

2sr−3 log sr then sr + 1 ≤ χr(Tn) ≤ sr + 6.

Table 1 gives the range for χr(Tn) for the first few values of r. Note
that by [11, Theorem 1] χr(Tn) ≤ 2r for every fixed positive r. Thus
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Theorem 2 improves the results in [11] for r ≥ 6. Also, we found that
r = 43 is the smallest value for which the concentration range has length
seven: χ43(Tn) ∈ {16, 17, 18, 19, 20, 21, 22}.

Table 1. The concentration intervals of χr(Tn) for r ≤ 12.

r 2 3,4 5,6,7 8,9 10,11,12
χr(Tn) 3,4,5,6,7,8 4,5,6,7,8,9 5,6,7,8,9,10 6,7,8,9,10,11 7,8,9,10,11,12

The observant reader will have noticed that, although Theorem 1 and
Theorem 2 prove that χr(Tn) a.a.s. belongs to a set of values of small fixed
size, they are weaker than analogue statements [1, 2, 9] proved in the past
for other models of random graphs. We speculate this may be due to
the particular features of the problem at hand. The precise information
on the moments of the relevant random variables helps arguing that six
consecutive values suffice most of the times. However the main weakness
seems to be in the fact that the martingale defined in Section 4, in a
sense, builds the tree one edge at a time, whereas the r-empire colourings
puts constraints to blocks of vertices.

3 Relevant Properties of Random Trees

To make our concentration argument go through we need asymptotic in-
formation about the number of r-empire colourings of Tn using a specific
number of colours and we need to prove that certain “small” induced sub-
graphs of Tn are sparse. Results in [11] address the first issue. A colouring
is balanced if its colour classes have the same size. Let Wr,s(Tn) be the
number of balanced r-empire colourings of Tn using s colours. For each
integer r ≥ 2, and s ≥ 2 let cs,r = s

1
r
−1(s − 1) and an = n−

s−1
2 (cs,r)n.

The following result was proved in [11].

Theorem 3. For each integer r ≥ 2, s ≥ 2, and k ≥ 1, there exists a
positive real number Cs,r,k, independent of n, such that

EWr,s(Tn)k ∼ Cs,r,k × (an)k.

The next two results, also from [11], follow from Theorem 3 and,
respectively, Markov’s and Chebyshev’s inequalities.

Theorem 4. For each fixed r > 1 there exists a positive integer sr such
that Wr,s(Tn) = 0 a.a.s. for s ≤ sr.
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Theorem 5. For each fixed r > 1, Wr,s(Tn) > 0 with probability at least
br,s(n) > 0 for s > sr. Furthermore there exist positive constants br,s such
that br,s(n)→ br,s as n tends to infinity.

We move now to the density properties of small subgraphs of Tn. We
start by arguing that small collections of blocks in Tn don’t span too
many edges.

Lemma 1. For any δ > 0, let integers h and m be such that h < n3/5−δ

and m < rh. The probability that a given collection of h blocks in Tn spans
m specific edges is at most(

1 +
2
n

)rh−1−m ( e
n

)m
.

Remark. Note that the result does not exclude the possibility that other
edges may belong to the graph induced by the vertices in the given blocks.
In the proof we will use f ∈ E(H) to signify that the collection H spans
edge f (and possibly others). On the other hand E(H) = {f} will denote
the fact that f is the only edge spanned by the vertices in H.

Proof. The probability of interest can be estimated by counting the num-
ber of labelled trees on n vertices for which a particular collection H of
h blocks spans m particular edges. Using inclusion-exclusion we have

Pr[f1, . . . , fm ∈ E(H)] =
rh−1−m∑
k=0

(
rh− 1−m

k

)
×(−1)k Pr[|H| = h ∧ E(H) = {f1, . . . , fm, g1, . . . , gk}] (1)

We next argue that, in fact, the right-hand side of (1) is asymptotic to
Pr[E(H) = {f1, . . . , fm}] as the addition of more edges makes the event
less and less likely. First note that we have

Pr[f1, . . . , fm ∈ E(H)] ≤

≤
rh−1−m∑
k=0

(
rh− 1−m

k

)
Pr[E(H) = {f1, . . . , fm, g1, . . . , gk}].

From now on call T (k) the kth term in the sum above. By an old result
of Moon [12, Theorem 2] we have that

Pr[E(H) = {f1, . . . , fm, g1, . . . , gk}] = n−m−k
rh−m−k∏
i=1

|Ci|
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(where C1, . . . , Crh−m−k are the components formed on the vertices of
H by the edges f1, . . . , fm, g1, . . . , gk). We claim that, for each integer
k ∈ {0, . . . , rh − 2 −m}, assuming that edge gk+1 connects components
Cj1 and Cj2 , we have

T (k + 1) =
rh− 1−m− k

(k + 1)n

(
|Cj1 |+ |Cj2 |
|Cj1 | · |Cj2 |

)
T (k). (2)

To believe this claim note that the addition of gk+1 reduces the number
of components by one because two components (possibly two isolated
vertices) of the forest on m + k edges spanning H, say Cj1 and Cj2 , get
connected.

Since 1 ≤ |Ci| ≤ rh and |Cj1 |+ |Cj2 | ≤ rh, implies

|Cj1 |+ |Cj2 |
|Cj1 | · |Cj2 |

≤ 2

equation (2) leads to a recurrence providing an upper bound on T (k+ 1)
in terms of T (k). Solving it with initial condition T (0) = n−m

∏rh−m
i=1 |Ci|

gives

T (k) ≤
(

2
n

)k (rh− 1−m
k

)
n−m

rh−m∏
i=1

|Ci|.

Thus, by the binomial theorem,

Pr[f1, . . . , fm ∈ E(H)] ≤
(

1 +
2
n

)rh−1−m
n−m

rh−m∏
i=1

|Ci|.

The result follows from the inequality

rh−m∏
i=1

xi ≤
(

rh

rh−m

)rh−m
,

which is true of any set of positive integers x1, . . . , xrh−m adding to rh.
ut

The following is the relatively simple consequence of Lemma 1 that
will be used in the proof of Theorem 1.

Lemma 2. For any δ > 0, any collection of less than n3/5−δ blocks in
Tn has average degree less than five a.a.s.
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Proof. In this proof H denotes a collection of blocks in V (Tn) and |H|
the number of blocks in H. We will prove that the probability of

BAD ≡ ∃H |H| < n
3
5
−δ ∧ |E(H)| ≥ 5

2
|H|

tends to zero as n tends to infinity. Let M =
(rh

2

)
. By a simple union

bound,

Pr[BAD] ≤
bn

3
5−δc∑
h=2

(
n/r

h

)
rh−1∑

m=d5h/2e

(
M

m

)
Pr[f1, . . . , fm ∈ E(H)]

(here fj are edges connecting two vertices belonging to some blocks of
H). By Lemma 1

Pr[f1, . . . , fm ∈ E(H)] ≤ (1 + o(1))
(

e
n

)m
.

Hence

Pr[BAD] ≤ (1 + o(1))
bn3/5−δc∑
h=2

(
n/r

h

)
rh−1∑

m=d5h/2e

(
M

m

)(
e
n

)m

≤ (1 + o(1))
bn3/5−δc∑
h=2

(
ne
rh

)h rh−1∑
m=d5h/2e

(
Me2

mn

)m

≤ (1 + o(1))
bn3/5−δc∑
h=2

(
ne
rh

)h rh−1∑
m=d5h/2e

(
r2he2

5n

)m

where the last inequality holds because M ≤ (rh)2/2 and m > 5h/2.
Now, the argument of the inner sum is less than one for sufficiently large
n. Therefore

Pr[BAD] ≤ (1 + o(1))
bn3/5−δc∑
h=2

(
ne
rh

)h
rh

(
r2he2

5n

) 5h
2

= (1 + o(1))
bn3/5−δc∑
h=2

rh

[(
r4e6

55/2

)(
h

n

)3/2
]h

≤ (1 + o(1))
bn3/5−δc∑
h=2

rh

[(
r4e6

55/2

)(
1
n

) 3
5
+ 3δ

2

]h
.
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Thus

Pr[BAD] ≤ (1 + o(1))rn
6
5
−2δ

[(
r4e6

55/2

)(
1
n

) 3
5
+ 3δ

2

]2

≤ Cn−δ

ut

4 Martingales

In this section we describe our martingale construction over the set of all
labelled trees on n vertices. We start by recalling few relevant definitions
and results (the interested reader may consult [8, Section 6.7] or [14,
Chapter 4] for a more extensive treatment of the topic). A σ-field (Ω,F)
is a set Ω, along with a family F of subsets that contains the empty set
and is closed under complementation and countable unions.

Definition 1. Given the σ-field (Ω, 2Ω), a filter is a sequence F0 ⊆ F1 ⊆
. . . ⊆ Fn−1 ⊆ Fn = 2Ω such that

1. F0 = {∅, Ω},
2. (Ω,Fi) is a σ-field.

One way to define a filter is to form each Fi by means of a partition
(P ij )j∈Ji of Ω: Fi is then the collection of all sets that may be defined as
unions of blocks in the partition. Note that the partition defining Fi+1 is
a refinement of the one defining Fi. Filters are used in the definition of
martingale which we state for completeness.

Definition 2. Let (Ω,F ,Pr) be a probability space with a filter (Fi)i≥0.
Suppose that X0, X1, . . . are random variables such that, for each i ≥ 0,
Xi is Fi-measurable. The sequence X0, . . . , Xn is a martingale provided
that, for all i ≥ 0,

E(Xi+1 | Fi) = Xi.

Doob martingales (see for instance [8]) give a simple way to construct
a martingale from any given random variable Z. The following result,
known as Azuma’s inequality (see, for instance, [14, Theorem 4.16]), gives
bounds on the probability that |Z−EZ| is large using a Doob martingale.

Theorem 6. Let (Ω,F) be a σ-field and F0 ⊆ F1 ⊆ . . . ⊆ Fn a filter.
Let the random variable Z be Fn-measurable, and let X0, X1, . . . , Xn be
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the martingale obtained by setting Xi = E(Z | Fi). Suppose that for each
i = 1, . . . , n there is a constant ci such that

|Xi −Xi−1| ≤ ci. (3)

Then, for any t > 0,

Pr[Z − EZ < −t] ≤ exp

{
−2t2/

n∑
i=1

(ci)2
}
,

Pr[Z − EZ > t] ≤ exp

{
−2t2/

n∑
i=1

(ci)2
}
.

Martingales on random trees. Let Tn be a random tree on n vertices. It is
well-known (see for instance [13]) that a bijection maps each n-vertex tree
T labelled over the set {1, . . . , n} to a unique sequence of n− 2 numbers
in the same set, referred to as its Prüfer code. We denote by C(T ) the
Prüfer code of T (in fact it is handy to work with sequences of the form
(c1, . . . , cn−2, n)). Prüfer codes are very handy because they define a very
simple encoding of random trees into sequences of positive integers. For
our purposes, however, we also need to define another, related sequence.
Let L(T ) = (u1, . . . , un−1) be the permutation of the set {1, . . . , n − 1}
corresponding to the order in which leaves are peeled off T to get C(T ).
Note that the pairs (ui, ci), for i ∈ {1, . . . , n − 1} define the edges of T .
Thus if n = 8 and C(T ) = (3, 1, 2, 6, 6, 1, 8) then L(T ) = (4, 3, 5, 2, 7, 6, 1).

Given L(T ), denote by SL the set of Prüfer codes whose corresponding
trees share the same sequence L = L(T ) = (u1, . . . , un−1), and define a
filter on (SL, 2SL) by generating Si, for i ∈ {0, . . . , n−1}, from a partition
(P ij )j∈Ji of SL such that P ij contains all Prüfer codes in SL sharing the
same prefix3 (cj1, c

j
2, . . . , c

j
i ). If Z = Z(Tn) is a random variable defined

on the random tree Tn, we may bound the difference Z − EZ using the
Doob martingale associated with the filter (Si)i≥0, provided we have some
means of estimating the martingale differences in (3). This is possible
because of the following result which translates small differences in Z on
rather similar trees to small differences between consecutive elements of
the martingale sequence.

Lemma 3. Let Z be a random variable defined on Tn and let X0, X1, . . .
be the Doob martingale defined on Z. Then, for each i > 0

|Xi −Xi−1| ≤ |Z(T )− Z(T ′)|
3 Here we assume that codes are ordered lexicographically.
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where T and T ′ are two labelled trees on n vertices such that C(T ) ∈ SL(T ′)

and the Prüfer codes C(T ) a C(T ′) only differ at position i.

Proof. (Sketch) The proof is similar to that of [15, Theorem 5]. The rele-
vant measure-preserving mapping in this case relates a (tree with) Prüfer
code prefix (c1, c2, . . . , ci−1, ci) to one of the form (c1, c2, . . . , ci−1, c

′
i) pro-

vided the completions of such codes coincide. Also notice that, given a
sequence (c1, c2, . . . , ci) of numbers in {1, . . . , n}, all trees T with C(T ) ∈
SL(T ′) and such that all Prüfer codes share the same prefix (c1, c2, . . . , ci)
are assigne the same probability nn−3−j . ut

5 Concentration

To be able to prove Theorem 1 we still need to argue that most vertices
of Tn can be coloured with sr + 1 colours.

In the following result we use the fact, which follows directly from The-
orem 5, that sr+1 is in fact the smallest integer s∗ for which Pr[χr(Tn) ≤
s∗] ≥ 1/ω(n) for any function tending to infinity arbitrarily slowly. Note
that s∗ cannot be less than sr + 1 as Pr[χr(Tn) ≤ sr] is exponentially
small by Theorem 4.

Lemma 4. Let n be a positive integer and ω(n) a function of n which
tends to infinity as n grows. With probability greater than 1− 1/ω(n) all
but 3r

√
(n− 1) logω(n) of the vertices of Tn can be coloured using sr + 1

colours.

Proof. Let Ysr+1(Tn) be the minimal size of a set of vertices U in Tn
such that Tn \ U is sr + 1 colourable. Let T and T ′ be two instances of
Tn belonging to the same SL whose Prüfer codes differs in one position.
Then

|Ysr+1(T )− Ysr+1(T ′)| ≤ 3r

(as the symmetric difference of E(T ) and E(T ′) spans 3r vertices). Thus
by Theorem 6,

Pr[Ysr+1 − EYsr+1 ≥ α
√
n− 1] ≤ exp

{
−2α2/9r2

}
, (4)

Pr[Ysr+1 − EYsr+1 ≤ −α
√
n− 1] ≤ exp

{
−2α2/9r2

}
. (5)

Now, choose α = 3r
√

logω(n) so that exp
{
−2α2/9r2

}
= 1/ω(n). It fol-

lows from (4) that EYsr+1 < α
√
n− 1. Thus, using (5), we have

Pr[Ysr+1 ≥ 2α
√
n− 1] < 1/ω(n).
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ut

Proof of Theorem 1. By Lemma 4 a.a.s. all vertices of Tn outside some
set U , |U | < 3r

√
(n− 1) logω(n), can be coloured with sr + 1 colours.

Note that any empire of Tn is either in U or it has empty intersection
with such set. We will prove that χr(Tn) ≤ sr + 6 a.a.s. To see this note
that the set of blocks spanned by U has size less than n3/5−δ, for any
δ < 1/10. Hence, by Lemma 2, it is 5-colourable. The colouring of Tn can
be completed using at most sr + 1 new colours. ut

6 Location, location, location

The results so far are interesting in that they improve (at least for r > 6)
the results in [11]. However they have one significant weakness. They do
not provide any information on the actual location of the concentration
interval. Theorem 2 addresses this issue. It can be derived using the con-
centration result proved in the last section, and using information about
the first two moments of Wr,s(Tn).

Proof of Theorem 2. Let

us =
2(s− 1)2

2s− 3
log s cs =

6s3

6s2 − 3s+ 2
log(s+ 1).

Theorem 3 implies that, for each integer s > 1, χr(Tn) > s a.a.s. if r > us,
and χr(Tn) ≤ s with some positive probability for r < cs−1. Note that for
cs−1 < us < cs, for all positive integers s. Thus if s is the smallest integer
such that r < cs two possibilities arise:

1. us < r < cs, or
2. cs−1 ≤ r ≤ us.

In the first case we know by Theorem 4 that χr(Tn) > sr a.a.s. and, by
Theorem 1, χr(Tn) ≤ sr + 6 a.a.s. In the second one we cannot exclude
the possibility that χr(Tn) = sr. ut
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