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ABSTRACT

Although many physicists have little interest in philosophical arguments about their subject, an analysis of debates about the paradoxes of quantum mechanics shows that their disagreements often depend upon assumptions about the relationship between theories and the real world. Some consider that physics is about building mathematical models which necessarily have limited domains of applicability, while others are searching for a final theory of everything, to which their favourite theory is supposed to be an approximation. We discuss some particular recent debates about quantum theory in which the underlying assumptions are not fully articulated.  
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1  Introduction

Since the inception of quantum theory physicists have been divided into two camps, depending on whether they accept its strangeness or feel that it cannot be a final description of the world. In a superficial sense the latter group are obviously right, in that standard quantum mechanics (SQM) is non-relativistic and no theory combining quantum theory and general relativity currently exists. At a deeper level the issue is whether the final theory of everything (TOE), if there ever is one, will resolve the paradoxes of SQM or whether it may be even more bizarre.

This hypothetical question only makes sense if one accepts that there is any prospect of our discovering a TOE. The best one might hope for would be a theory which accounted for all of the known laws of nature, from SQM and the standard model to general relativity, and which enabled one to compute the masses of the elementary particles. Even Witten ([2002]), one of the strongest proponents of the theory of superstrings, accepts that it is nowhere near achieving this goal at present. One could never know whether another theory might not do equally well or whether some new discovery might make a mockery of the belief that physics was finished. The theory would certainly not provide any practical help in predicting the weather in a month's time or solving the problem of subjective consciousness. Anderson, who regards research into TOEs as of little value, has written 

Physicists search for their 'theory of everything', acknowledging that it will in effect be a theory of almost nothing, because it would in the end have to leave all of our present theories in place.  (Anderson [2001])

Laughlin and Pines ([2000]) are equally critical of the value of looking for a TOE. 

If one examines what physicists do in their daily research one finds that they build mathematical models. Each of these is highly simplified, because otherwise one could not use it to make predictions. In different situations they use different models, choosing the appropriate one on the basis of their experience and the scientific understanding of the time. No model which currently exists can be regarded as true: each has a domain of applicability in which it give a useful approximation to reality.  In spite of the fact that Newtonian mechanics has been 'superseded' by both quantum theory and general relativity, it continues to be used as much as it ever was, because it is much simpler than its successors, and the differences are expected to be tiny in most everyday situations, such as designing car engines or putting telecommunications satellites into orbit.

Although all physicists build models of restricted validity, many believe that these are in principle derivable from a future TOE, probably by a multi-stage process. When one examines the facts, even finding the boiling point of water from the fundamental laws governing oxygen and hydrogen atoms is far beyond present capabilities, more than one hundred years after Maxwell laid down the foundations of statistical mechanics. As another example, the existence of the fullerene molecules was discovered experimentally, in spite of the fact that they involved only one type of atom, carbon, whose quantum mechanical properties were thoroughly established. Computational chemists could verify that the structures existed according to the laws of SQM after they had been discovered, but that is different from predicting their existence. We still do not know if quite new forms of carbon molecule might still appear.

There is a radical alternative to the reductionist doctrine. It states that the universe is not governed by mathematical laws, and there need not exist any TOE. We created mathematics to enable us to understand the world around us, and the longer we persist with the scientific enterprise the more successful we will be. Science consists of the building of partial models, many of them mathematical, and progress consists of creating useful new models or discovering new connections between old models. Our undoubted successes in this enterprise do not imply that eventually everything will be explained this way. Isaac Newton believed that 'nature is simple' and many theoretical physicists share his faith, but it is much less popular among those in the life sciences. 

One of the consequences of adopting a reductionist viewpoint is that one accepts that every phenomenon has only one true explanation – it is a mathematical consequence of the ultimate laws combined with the initial conditions.  These may be so complex that one we can only solve the equations approximately, or have to work upwards through a hierarchy of less fundamental theories, but no other explanation holds water. Biologists regard such ideas as absurd, because they use the word explanation quite differently. For them understanding is something achieved by a human being, and different explanations of the same fact can co-exist without any of them having priority in an absolute sense.  For a criticism of reductionism and an amusing discussion of five reasons why a frog might jump into a pond see Rose ([1997], pp. 8-13). 

To claim that mathematics is a human creation is to be an anti-Platonist, or, as some would say a mathematical anti-realist. It is perfectly possible to be an empiricist as far as mathematically based theories are concerned but a realist when discussing physical entities. A mathematical empiricist can believe that bacteria, DNA and atoms exist and that 'dinosaurs had four legs before human existed to count these'. References to the past necessarily use concepts understood in the present. Unless one is a creationist, the statement about dinosaurs is correct as soon as all of the concepts involved have been formulated clearly enough for us to understand it. In particular we have to agree about which of their appendages we will call legs; since their front and rear limbs have different structures, our use of the word 'leg' presupposes that we consider function to be more important than anatomy, within certain limits.

2  Setting the Scene

We will use the term standard quantum mechanics (SQM) to refer to everyday quantum theory as used in chemistry, solid state physics and other areas of low energy atomic level physics. In this theory states are represented by wave functions, or by elements of an appropriate Hilbert space. The evolution of a closed quantum system is controlled by the Schrödinger equation, which is linear and unitary. The theory is probabilistic and, as used on a day to day basis by physicists, it does not involve hidden variables.

The interpretation of this theory has caused a lot of soul-searching, since it appears that everyday macroscopic objects, such as marbles and Schrödinger’s cat, behave classically, even though SQM allows superpositions of two macroscopic states which are physically very different. Several ‘remedies’ have been proposed, some involving ‘many-worlds’, ‘decoherence’ or general relativity, others based upon minute stochastic modifications of the theory, undetectable when considering microscopic bodies, but important at a larger scale. The theory GRW of Ghirardi, Rimini and Weber ([1986]) falls into the last category. It is a variant of SQM in which the dynamics is ‘modified in such a way that one can derive the desired behaviour from a unified dynamical law governing all physical processes, from the microscopic to the macroscopic scale’, (Ghirardi and Bassi [1999]). We discuss this in some detail in the next section.

Many disagreements about the foundations of quantum theory depend upon the adoption of philosophical positions, which the authors often do not articulate fully. This applies in particular to the debate about whether the ‘decoherence’ theory solves the measurement problem; see Adler ([2003]) for a discussion and recent references. Those who support the decoherence theory are content to stop the analysis when they have explained how unitary evolution with a quantized measuring apparatus reproduces the predictions obtained by using the much cruder collapse model.  They consider that this shows that the ‘collapse postulate’ is not a fundamental ingredient of quantum mechanics. Irreversible evolution arises when the system of interest is an open subsystem of a larger closed system, (Davies [1976], Percival [1998]). 

The other camp insist on going much further, but their motivation is philosophical rather than experimental. Thus Adler ([2003], p.139) agrees that De Witt, Graham, Bohm and others have produced interpretations of quantum mechanics which are empirically indistinguishable from the orthodox theory. But he feels the need for something more than this, even if it involves invoking new physics, such at that of the GRW theory.

The above interpretational problems are often regarded as debates about the nature of the real world, but one can also regard quantum mechanics as being no more than our best current mathematical model. One need not believe that Schrödinger’s cat is a wave function in order to use SQM to compute probabilities concerning its fate. The reason is the same as in astronomy. The fact that Newtonian mechanics predicts the orbits of planets accurately does not imply that planets are points in a six-dimensional classical phase space. It also does not imply that space is topologically similar to Euclidean space globally, or even that space is three-dimensional; string theorists currently prefer a ten-dimensional model. It has also been shown that quantum mechanics does not require the continuity of space, (Davies [2003c]). Throughout physics one applies the simplest relevant mathematical model, based on one’s experience. In practice our scientific understanding of the world amounts to the ability to select an appropriate model in an ever-increasing range of circumstances, and to find relationships between those models. We cannot write down a full field-theoretic model of cats, planets or marbles because the relevant mathematics does not exist. If it did, it would tell us nothing useful about any of them.

The above distinction between physical bodies and the mathematical structures (e.g. group symmetries and wave functions) which we use to describe their behaviour has been made by many people, for example Newton ([1997], p.186) and Omnes ([1992], p.364). Peres put it as follows.

The tacit assumption made by Bub (as well as by many other authors who tried to come to grips with that problem) is that the wave function is a genuine physical entity, not just an intellectual tool invented for the purpose of computing probabilities … Basically the problem is whether quantum mechanics is a theory of physical reality, or one of our perception of the world. (Peres [1998], pp. 612-613)

Of course one can find an equal number of people who disagree with this view. These include Bub, who immediately rejected the criticisms of Peres (see Bub [2000], p.12). As support for the distinction I would not focus on ‘perceptions’, but on the fact that there are often several different quantum mechanical models of the same physical phenomenon, incorporating varying amounts of detail. The Hilbert spaces and wave functions in these models will be different, even if they have fairly similar properties as far as experimental predictions are concerned. Are realists committed to the view that if/when the TOE appears it will be expressed in terms of wave functions? Surely the demise of Newtonian mechanics should warn us against making any such assumption, even about the deepest structure of our current theories. It is just as likely that this theory will explain why the wave function formalism works so well, at the same time as being based on a substantially different area of mathematics.

 
From an empiricist point of view one need not regard any current theory as being ‘correct’ in an absolute sense. We argue elsewhere that there is no contradiction involved in taking a realist position as far as the existence of atoms and molecules is concerned, but an empiricist position concerning the mathematics used to describe them, (Davies [2003b]). It is worth noting that the scientific debate about the existence of atoms was settled twenty years before the advent of quantum mechanics. The philosophical position adopted in the present article is a variety of entity realism, which seems to be the best suited to discussions of the wide variety of very different models in current fundamental physics, (see Clarke ([2001]).  

3  The Ghirardi, Rimini, Weber Theory

I now turn to more specific issues, which illustrate the above general points. I start by discussing some recent papers of Lewis ([1997, 2003]), Clifton and Monton ([1999, 2000]) and Ghirardi and Bassi ([1999]), discussing whether or not the GRW theory avoids the difficult interpretative problems of SQM. Lewis contends that it does not, while the others mentioned above argue that he has misunderstood key aspects of the GRW theory. The theory is mentioned by Christian ([1999]), who finds the defence of Ghirardi et al. unconvincing. This is quite separate from the question of there being any evidence for the physical correctness of the GRW theory, which there currently is not. Some of the problems which Lewis discusses arise within SQM, and we will often discuss the status of this theory, rather than that of the GRW theory. 

A key issue in these papers is the existence of apparent conflicts between GRW and a basic notion of arithmetic called the enumeration principle. I will argue that this question has no relevance to the acceptability of SQT, the GRW version of it, or arithmetic. I provide evidence supporting the following claims.

1. Arithmetic is a mathematical model, constructed by us. It is only approximately relevant to the real world, sometimes much more so than others. Many of its failures have no connection with quantum mechanics.

2. Paradoxes which involve macroscopic bodies such as marbles tunnelling through the walls of a box may delimit the domain of applicability of a theory, but they say nothing about its relevance within its proper domain. At high enough energies the conservation of particle number is false.

3. Individually extremely improbable quantum superposition effects are routinely observed when large enough collections of atoms are brought together, but they have no significance for our concept of number.

This paper is not confined to discussions of the above points. I use them as a springboard for raising a number of other issues relating to the interpretation of quantum mechanics. My aim is not to solve these problems – after seventy years of argument this is probably impossible – but to put forward the suggestion that the need to do so is not as great as many people seem to imagine. The application of quantum mechanics in real-world situations is already well understood from a scientific point of view. On the other hand the purely philosophical questions are probably insoluble, just as Newtonian action at a distance remained inexplicable within the context of that theory. It is likely that a full unification of quantum mechanics with general relativity will be radically different from either, and that its interpretational problems will be quite unlike those currently being struggled with.

The mathematical aspects of the GRW theory have been discussed at length in the earlier contributions. I will argue that the main problems have little to do with the GRW theory or with a proper description of the measurement process. The key issue is the relationship between models of reality and reality itself. Counterintuitive predictions of a model in an unrealisable context do not say anything about the internal consistency of that model or about its usefulness in other contexts. Quantum theory is a series of mathematical models sharing a common methodology involving non-commuting operators. In appropriate contexts it is extraordinarily successful, but it is known that it has fundamental limitations, and it is to be expected that its successor, when it arrives, will have a very different mathematical form.

In ([1997]) Lewis discusses the behaviour of marbles in a quantum mechanical context, concluding that the GRW theory is not consistent with fundamental truths of arithmetic. He expresses his concerns about this as follows.

The problem is that its (i.e. arithmetic’s) formal nature is a symptom of its central place in our belief system, and hence its interconnectedness; if we deny that standard arithmetic applies to ordinary objects, we must also deny that standard logic applies to ordinary objects, and that standard kinds of sentence about ordinary objects mean what we standardly think they mean. (Lewis [1997], p. 323)

This is too much for him to accept, and he prefers to doubt that the GRW theory of quantum mechanical measurements is correct. Clifton and Monton ([1999], p. 709) agree ‘that the cost of holding that arithmetic does not apply to large systems of marbles is too high’, but argue that Lewis has not modelled the process of counting the marbles appropriately. In his latest paper Lewis appears to accept the demise of the enumeration principle with greater equanimity, ([2003], p. 169).

An argument which depends upon huge numbers (10^(10^15) in this case) is vulnerable to two distinct criticisms, one based on the logical status of arithmetic and the other on the irrelevance of huge numbers in physical theories. Both reveal fatal flaws in the ‘marble paradox’. We discuss the first in this section and the other later. I contend that our understanding of number should be placed in an historical context, and that the number system is a human invention. Elementary arithmetic enables one to determine the number of primes less than twenty as certainly as anything we know. On the other hand Peano arithmetic is a formal system, and its internal consistency is not provable, except within set-theoretic contexts which essentially already assume it, in which case their consistency is also not provable. The proof that there exists an infinite number of primes does not depend upon counting, but upon the law of induction, which is an abstraction from our everyday experience. Extremely large numbers, i.e. numbers as large as 10^(10^100), cannot be reached by counting one at a time from zero. When people talk about what can be done ‘in principle’ they are usually admitting that it cannot actually be done, but that they prefer to ignore that fact. I have argued elsewhere (Davies [2003a]) that they only exist by convention: if one decides to accept Peano’s axioms, then the expression 10^(10^100) becomes meaningful, but that does not say anything positively or negatively about the real world. I emphasise this point because the numbers needed to make the key paradox of these papers manifest are far beyond those one can reach by counting.

Lewis states ([1997], p. 321) that counting is the foundation of arithmetic, but this is like saying that the visible world is the foundation of Euclidean geometry. Both are only true if one uses the word foundation to refer to the historical origins and source of many of our intuitions. Logically and formally speaking both arithmetic and Euclidean geometry rest on foundations expressed by systems of axioms. At this formal level the first makes no reference to counting, while the second makes no reference to geometrical diagrams. Both only correspond to what we observe in the outside world to a certain degree, but that has no relevance to their internal logical consistency. We would not be interested in Peano’s axioms if they did not correspond to a high degree with our informal intuitions about counting, but axioms, intuitions and applications are not the same thing; the failure of counting in some physical context has no implications for the consistency of arithmetic, as derived from Peano’s axioms. 

The disjunction between formal arithmetic and counting is easily illustrated. The 10^(10^100)th Fibonacci number is as well defined as any concept in arithmetic. This being so Platonists (i.e. the majority of mathematicians) would agree that it must have a first digit. Not only is it impossible to find out what that first digit is by counting, under any realistic interpretation of the word ‘possible’, but there is no other known way of doing so. The law of induction allows one to prove that every number has a first digit, without giving any advice about how to determine it.

Lewis does not address such issues, but states that ‘our intuitions about number are not so lightly given up as our intuitions about spatial relations’, and that ‘our arithmetical intuitions are far more closely tied to other fundamental intuitions than are our geometrical intuitions’, ([1997], pp. 322, 323). History, however, does not confirm this. Geometry was a well-developed mathematical discipline based upon explicit axioms over one and a half millennia before the law of induction was first formulated. Even today many university students who have been taught the principle of induction prefer to avoid its use, because they do not feel that it is as natural or as certain as a purely algebraic or geometric proof, if they can find one. The feelings of university students may not settle questions about what is truly fundamental, but they do give some insight into our native intuitions.

The ‘fundamental’ status of formal logic and set theory have been questioned by many people. Modern formal logic was only developed about a hundred years ago, and the majority of practising mathematicians do not know or use it in their research. The undecidability of the continuum hypothesis is just one indication of the doubtful status of all current formalisations of the theory of infinite sets. Mathematicians use infinite sets all the time, but most avoid any formal version of the theory. It is worth quoting Paul Cohen, one of the most important contributors to the theory of infinite sets since 1950.

This is our fate, to live with doubts, to pursue a subject (i.e. mathematics) whose absoluteness we are not certain of, in short to realise that the only ‘true’ science is itself of the same mortal, perhaps empirical, nature as all other human undertakings. (Cohen [1971])

Problems associated with unphysically large numbers of marbles do not have any implications for quantification in logic. The argument of Lewis ([1997], p. 323) would be valid for a number n which was small enough for the dots in a1,a2,…,an to be filled in by writing out the complete proof. The same argument could be written out at a much more formal level, without dots, using the principle of induction. If one does this then one is talking about a formal mathematical theory, in which number expressions such as 10^(10^15) are meaningful, and not about marbles, for which such numbers are not meaningful. Lewis’s constant use of dots, and of the phrase ‘and so on’ in this passage begs the question of whether formal arithmetic and informal ideas about counting are the same thing. Very few of those involved in foundational questions consider that they are. 

In the last sentence of our first quotation Lewis expresses concern about the lack of an exact correspondence between everyday language and the probabilistic concepts of quantum theory. He claims that the GRW theory authorises one to say that ‘a marble is in a box’ if the probability of its not being so is small enough, and points out a logical problem associated with this idea. The other contributors argue that he misunderstands the GRW theory, but they seem to agree that the scenario which he considers would be (philosophically) important if it genuinely occurred. The GRW theory is designed to ensure that it does not.

The failure of our language to mirror reality exactly is a well-known problem, and has nothing to do with quantum theory. Sentences are discrete utterances of limited length, whose correspondence to the real world is frequently, even usually, imperfect. This is particularly clear in our colour language, in which we are forced to apply a finite number of words to what varies continuously in reality. This problem exists, and cannot be fully resolved when talking about the external world, but language is nevertheless useful. The problem does not arise in pure mathematics and logic, but only because those subjects are about mental constructions, and reflect the way our thoughts are organised.

The application of arithmetic in the real world is on a par with the application of any other mathematical model. The intuitive justification for using numbers in the real world is that if someone counts a number of objects, then another person, or the same person at a later time, will obtain the same answer if he/she counts the same objects. There are many cases in which this is manifestly false, or only true for a limited time.

If we count the number of people in a room, we would expect to get the same number a few minutes later. If, however, we ask for the number of human beings on the planet then there is no precise answer, however accurately we specify the time. There are about 6.3 billion people alive at present, and about 350,000 babies are born every day. Being born is not an instantaneous event, nor would it be possible to produce criteria, even artificial ones, to decide exactly when a particular baby might be deemed to have been born. We conclude that the exact number of people in the world cannot be precisely defined, let alone determined.

The number of drops of water on a window might be clear at some moment, but it may not be constant over a period of more than a few seconds. If rain falls at a steadily increasing rate, there comes a point at which individual drops cannot be distinguished. The same applies to clouds. Sometimes it makes sense to say that there is a definite number of clouds in the sky, and sometimes it does not. We do not get confused in the above situations because we are accustomed to using the notion of counting only in situations in which it is appropriate. Sometimes we count and sometimes we measure or estimate, but these processes do not have the same status. Lewis states ([1997], p. 321) that ‘if we start with six pints of water and add eight more pints, we have fourteen pints’, but this is an approximation. If one adds a litre of water to a reservoir a billion times one would certainly not end up with exactly a billion litres of water, because litres of water cannot be measured that accurately. In scientific experiments measurements of this type (should) always have error bounds, which quantify the degree to which simple arithmetic fails.  

The physical relevance of arithmetic cannot be disentangled from the question of time scales. Pebbles and bricks are stable over hundreds or even thousands of years, periods of time which are much longer than most in which we are interested. Over millions of years, however, pebbles may be ground down into sand and bricks may crumble into dust. We can count pebbles and bricks, and regard them as stable macroscopic objects, because our typical lifetimes are much shorter than theirs. At the other end of the scale we could not attempt to specify the exact number of electrons in a piece of wire carrying an electric current because it changes faster than we could possibly follow. 

4  Quantum Marbles

The recent debate about counting marbles is set in a quantum mechanical context. It concerns a supposed paradox arising if a large number of marbles in a box are described by a certain tensor product state. There are two versions of the paradox, not always distinguished. The first is timeless, and states that if one could prepare the appropriate tensor product state instantaneously, then at that instant the following would hold: the probability p that any particular marble is in the box is so close to 1 that one is authorised to say that it is in the box, if this latter statement is to mean anything; on the other hand if the number n of marbles is large enough for pn to be close to zero, then one is also authorised to say that one of them is not in the box. We call this the pn paradox. Now SQM does indeed associate orthogonal projections with instantaneous elementary measurements, but this is only because it is not fully realistic. The time-energy uncertainty relationship, not easily formulated in the standard operator formalism of quantum theory, because time is not an observable, actually prevents instantaneous measurements from being made. In the ‘real world’ (by which I mean more appropriate models from the point of view of the accuracy of their predictions) every measurement involves interactions taking place over a period of time. Atoms do not ‘jump instantaneously’ from one energy level to another as the elementary formalism suggests: the emission of a photon is a process that can be modelled, and in many contexts actually must be.

In the papers cited, the authors unambiguously embed their discussions in time. Lewis ([1997], p. 321) states that ‘this process of putting marbles in a box is essentially one of counting the marbles’. Clifton and Monton ([2000] p. 159) state that ‘the fundamental ontology of dynamical reduction theories consists only of wavefunctions and their evolution’, and criticise Lewis for not modelling the measurement process properly. Ghirardi and Bassi ([1999], p. 52) state that ‘the GRW theory … forbids the persistence of superpositions of states of this kind’. (my italics in each case)  In his final paper, however, Lewis appears to be more interested in the timeless version of the paradox ([2003], p.166). To the extent that this is so, he must be discussing SQM rather than the GRW theory, whose main difference from SQM lies in its dynamics.

The discussions of this paradox have raised questions about the proper interpretation and application of quantum theory, and even whether quantum theory and Peano arithmetic are mutually inconsistent. The articles in question discuss a very crude mathematical model, in which each marble is represented by a simple two-level system, and the collection of all marbles by the tensor product of such systems. Nobody could pretend that this is fundamental physics, or that calculations carried out using it will correspond exactly with reality. On the other hand the much more complete model, in which reality is modelled by a single wave function on a configuration space of extraordinarily high dimension, is so complicated that it is impossible to perform any except the simplest of calculations in it. For other limitations of this model see the final section. 

If one wishes to discuss the significance of an extremely small quantity calculated using a model which is not fundamental, then one needs to examine every assumption made when setting up the model. It is worth noting that all of the authors accept without question the use of a tensor product space to represent the collection of marbles. This assumption is standard in the subject, and might be taken as encoding the assumption that the marbles are independent macroscopic bodies. It is not a fundamental aspect of quantum theory, and is not appropriate when considering a large number of electrons, which are fermions. Under suitable assumptions, it can be justified as an approximation by reference to the underlying quantum mechanical model. If two or more marbles occupied disjoint regions in space, and the electronic wave functions of the electrons in each marble were confined to those regions with no tails, then the question of statistics would be irrelevant. If, however, one insists on considering minute spatial tail effects, then it is not immediately obvious that the tensor product ansatz is still appropriate. When dealing with such minute effects, surely some justification is needed for treating quantum marbles as distinguishable particles rather than as bosons or fermions?

The statement that a quantum state cannot be exactly confined inside a box refers either to dynamics or to eigenfunctions. The dynamical theorem is that if a state has compact support at time zero, and it evolves according to the Schrödinger equation, then its support is the entire configuration space for all non-zero times. The statement about eigenfunctions follows from this. This is well known, but it has no significance when one considers how crude the two-level marble model is. As a simple example consider the electronic ground state of the hydrogen atom. This decays at an exponential rate as one moves away from the nucleus. The probability of finding the electron a centimetre away from the nucleus is far more dependent upon stray electromagnetic fields and collisions with other atoms than it is upon the tails of the ground state. 

By considering the underlying atomic model, Ghirardi and Bassi ([1999], p. 55) show that for actual marbles p would be so close to 1 that a sufficiently large number of marbles could not possibly be produced in our universe to render pn measurably smaller than 1. (They actually suggest (1-p)~10^(10^(-15)) and n< 1053, but even if these numbers are several orders of magnitude out it makes no difference to their conclusion.) Because of this the idea that marbles might eventually tunnel from the inside of a box to the outside has no relevance in the real world. There are other processes which take place on a far shorter time-scale and which pre-empt the tunnelling. Cosmic rays continually hit the marbles and will eventually degrade their structure. Atoms will evaporate from their surfaces and some of them will stick to other marbles or to the walls of the box, leading eventually to the amalgamation of the marbles.  At the quantum level individual atoms in the marbles will tunnel to locations outside the box, leading to the gradual disappearance of the marbles. All of these processes, and others, ensure that the marbles will have disappeared a bit at a time long before any marble could tunnel as a coherent macroscopic body to the outside of the box. Even if one does not consider atomic-level events, the possibility of a marble breaking into two parts spontaneously is much higher than that it will tunnel through the walls of the box as a single body. Further objections to taking the pn paradox seriously are given in the final section.

Quantum theory can only provide a challenge to classical logic or arithmetic if one adopts a realist view of it. Lewis ([1997], p. 321) says that ‘if the world is as the GRW theory describes it, then we may be able to explain why arithmetic does not apply to large collections of objects’. From an empiricist point of view, however, the question is not about what the world is like, nor is the problem presupposed in the GRW theory of any particular importance. The issue is whether SQM or classical notions about counting are more appropriate in the context of describing the behaviour of marbles. Every theory, including arithmetic as used for counting, has a domain of applicability, and one of the key tasks of scientists is to delineate that domain. Newtonian mechanics did not disappear after the advent of quantum mechanics or relativity theory, and, indeed, it is as heavily used today as it ever was. Similarly arithmetic does not have to be accepted or rejected in toto: it may provide a good enough model in many circumstances, even when it does not provide a perfect one. The stark choice pre-supposed by several of the protagonists does not have to be made.

The irrelevance of the notion of tunnelling for marbles should not be taken as implying that SQM is not applicable to macroscopic bodies in any circumstances. Superfluidity, superconductivity and the quantum Hall effect are all macroscopic phenomena that are completely inexplicable classically. In all these cases the bodies considered manage to maintain a large degree of independence from the external world, as far as the observed phenomena are concerned. At a more mundane level the existence of lasers provides daily testimony to the macroscopic effects of energy level inversions in atoms. The moral is that whether or not a particular model or calculation is relevant depends upon whether the constants concerned are of the right order of magnitude. 

5  Radioactive Decay and Isomerism

When one turns to microscopic bodies the status of the pn paradox is completely different. Consider a macroscopic sample of 235U placed in a box. This substance is radioactive with a half-life of about 713 million years, so the uranium nuclei cannot be in stable eigenstates. One should rather refer to states which are superpositions of a uranium nucleus and of its possible decay products, including 207Pb, the coefficient attached to the latter being extremely small. To a good approximation the uranium nuclei do not interact with each other, because the nuclear forces have very short range; the fact that the half-life is independent of temperature, pressure and the chemical environment (on Earth at least) provides confirming evidence for this. There is no method of attaching a definite number to a sufficiently large collection of such atoms. In a mole of 235U, there are about 2x107 decay events every second. It is clearly not possible to shoot 6 times 1023 uranium atoms into a box, counting them in one at a time, within less than a microsecond, as would be required to know that the exact number in the box is equal to the number put into it. With much more radioactive substances such as 14C, whose half-life is about 5700 years, the problem becomes far worse. Of course one could weigh the box and estimate how many atoms it contains, but this cannot be done accurately enough to know exactly how many are in it. The fact that there is no determinable number of uranium atoms in the box does not cast doubt on the logical consistency of arithmetic. The enumeration principle is not exactly applicable in such a case, but no theoretical model ever matches reality perfectly. 

Stereoisomerism provides another example in which tunnelling phenomena are relevant. Optically active (chiral) substances such as alanine are composed of molecules that exist in both left-handed and right-handed forms. The fundamental laws governing SQM are invariant under space inversions, and dictate that the left-handed and right-handed forms are not associated with eigenstates of the relevant quantum mechanical Hamiltonian, and that tunnelling between them should occur.  Whether or not it occurs on a time scale that is of relevance to human beings is a matter of calculation. The rate of tunnelling may be so high that one can hardly declare that the two forms exist, or so low that the two forms persist stably for as long as we care to observe them. The point here is that there is no point in arguing about whether a particular enantiomer would lose its optical activity over many years, if other chemical reactions are sure to destroy the sample long before that time. For an optically active substance such as thalidomide, which racemizes in a few hours in solution, one cannot talk meaningfully about the exact number of left-handed molecules at any moment. Certain calculations performed on a mathematical model cannot be taken at face value in the real world. This applies in particular to high level excitations of hydrogen atoms: they have no physical relevance except in extremely rarified gases, such as occur in interstellar space.

6  The Limits of Quantum Theory

We will use the term non-relativistic quantum mechanics (NRQM) to mean the rigorous mathematical theory of many-body quantum systems which involves Coulomb interactions, spin and fermion statistics for the electrons. SQM is a series of models, each of which is supposed to be a simplification of NRQM, incorporating only those degrees of freedom relevant to the problem being considered. (I write ‘supposed to be’ because the relationship between the models and NRQM is usually left implicit or only discussed at a very informal level. There is a small group of mathematical physicists who devote their time to establishing the relationships between different parts of physics at a rigorous level, but it is an extremely hard task.)  The difference between SQM and NRQM was emphasised by Nancy Cartwright in ([1999], Ch. 8]). She wrote that (in spite of its high explanatory power) the BCS theory of superconductivity was not constructed from the fundamental Coulomb interactions between the electrons and nuclei involved. This provoked a strong reaction from Anderson ([2001]), who claimed that she was adopting a social constructionist point of view. Cartwright ([2001]) in turn rejected his criticism as misconceived, stating that her book defended scientific realism. 

Anderson and Cartwright are entirely typical in claiming to be scientific realists – while disagreeing about almost everything else. Unfortunately being a scientific realist is rather like supporting human rights and opposing evil: almost everyone agrees that it is the ‘right’ attitude, but the phrase has so many meanings that it has become seriously devalued. The commonplace belief that realism is obviously superior to empiricism, while social constructionism is obviously absurd, does not help one to engage with the real difficulties associated with each of these approaches to scientific understanding.

Among Anderson’s many points, the following one is of particular relevance here.

In particular, what seems to be missing in the thinking of many philosophers of science – even the great Tom Kuhn, according to Steven Weinberg – is the realisation that the logical structure of modern scientific knowledge is not an evolutionary tree or a pyramid but a multiply connected web. The failure to recognise this interconnectedness becomes obvious … (Anderson [2001], p. 488).

Another important point is that almost nobody uses the full mathematical structure of NRQM directly, because its consequences 

… are often extraordinarily hard to work out, or even in principle impossible to work out, so that we have to “cheat” at various stages and look in the back of the book of Nature for hints about the answer. (Anderson [2001], p. 488)


In NRQM possibly very large numbers of electrons and nuclei interact via electromagnetic forces, but they are not created or destroyed. It is worth emphasising that NRQM is only a theory, and that it is known to be incorrect in high energy and relativistic situations. It is also irrelevant when it invokes scales smaller than the Planck length or larger than the universe. The modifications needed to accommodate relativistic effects are profound, and no unified quantum field theory exists at the present time. It is, however, clear that it will differ from NRQM is many important respects. The first is that the theory has to accommodate the impermanence of elementary particles. Clifton and Monton state ([2000], p.156) that ‘it would be no less strange if arithmetic failed for the kinds of things out of which marbles are made’, but the world is indeed a strange place. There is no conservation of particle number in high-energy interactions, since they regularly involve creation and annihilation events. Indeed with photons such events happen even at low energies. 

Clifton and Monton ([2000], p. 156) argue that the paradox is an important one even if one could not produce a sufficiently large number n of marbles in the actual universe to make pn substantially smaller than 1. By asserting that the size of the universe is a ‘contingent fact’, ([1999], p. 705), they suggest that it has no real bearing on the problem. I disagree. For all normal problems gravity is so weak that it has no relevance in NRQM. However, the gravitational field at the surface of a large spherical conglomeration of classical marbles is proportional to the radius of the sphere, so a large enough number of marbles will fuse into a single body under its own gravitational attraction. The stability of matter in quantum mechanics is a highly technical issue, which depends upon the exact model Hamiltonian chosen and whether the particles involved are bosons or fermions, (Lieb [2001]).  We mention only that there is a rigorous proof of Chandrasekhar’s formula for gravitational collapse for a large enough number of neutral gravitating fermions with a relativistic kinetic energy term, (Lieb and Yau [1987]). The pn paradox for quantum marbles refers to a property of an unrealistic, idealised model in which gravitational forces do not exist. It may have some interest mathematically but it does not apply to the real world as it is.

Another problem is that the very notion of a macroscopic body is a classical one. In NRQM molecules exist as bound states of the appropriate multi-body Schrödinger operator. In general relativity theory the concept of a rigid body does not exist. It is unlikely that the problem about counting marbles could even be formulated in a unified field theory, if there ever is one. Each of our current models of reality has a domain of applicability, and the skill of scientists consists of creating new models and knowing which one to choose in various situations. In the case of marbles classical physics is better in almost every circumstances than quantum physics. This should not give rise to any concern, unless one believes that a single set of mathematical equations might one day usefully describe the entire world. Even if there is an ultimate TOE, not many scientists think that it will lead to the disappearance of the wide variety of models that we use today. Certainly NRQM does not provide that ultimate theory. One does not, therefore, need to worry about exotic and unrealisable paradoxes within it.

It might be maintained that if quantum tunnelling effects apply to uranium atoms then either they must also apply to marbles, or there must be a point, perhaps relating to the degree of complexity of the bodies involved, at which some unknown physical law, or new physical effect, rules out their application. It is certainly the case that the two slit experiment has been carried out for molecules as large as those of the fullerenes C60 and C70. But such molecules have a very precise atomic structure, and their energy levels can be computed. As the number of atoms in a body increases the separations between its energy levels decrease, until eventually they are far smaller than the energies associated with unavoidable interactions with its environment. The relevant quantum mechanical computations quickly become inconceivable. From an empiricist point of view, if the computations involved in applying some model of a physical situation cannot be carried out, then that model is no longer useful or relevant. Laws may be satisfied to a high degree of accuracy without this implying that they describe the true nature of the bodies involved. Nobody claims to understand NRQM fully, in spite of its repeated successes in explaining new phenomena. The extraordinary theories currently being investigated in fundamental physics can only strengthen our belief that NRQM is not the last word, and that if such a word exists it will look very different from anything we currently think we know.
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