Quantum Mechanics III Epiphany Term 2008

Lecturer: Dr. Benjamin Doyon

Homework 3 — due 29 February 2008

In one dimension a stream of particles of mass m and energy E is incident on a potential

“hole”

0 z <0
Viz)=¢ Vo 0<z<a
0 T>a

with Vp > 0. Find the transmission and reflection coefficients. Show that when

n?m2h?
a2

2m(E + V) = , n=1,23,...

there is no reflection.

ANSWER

This is a scattering problem with potential having the same finite value at both x = 400,
so particles transmitted have the same energy as that of incident and reflected particles. Let us

assume that particles are incident from the left. Then, we have

2) = V< (z)
¥(e) { ¥ ()

with £ = y/2mE/h? (since the potential is 0 at 2 = +oo) where E > 0 is the energy of the

incident, reflected and transmitted particles. The reflection R and transmission 71" coefficients

ezk:p_i_Aefzkz T — —00

Betkx T — 00

are simply
R=|AP?, T=|B]

and we know that R+ T = 1 by conservation of the current. The potential is constant for z < 0
and for > a so that in fact ¥ (z) = ¥« (x) for z < 0 and 1 (z) = 1> (z) for z > a. In the region

0 < x < a, the potential is also constant but with a different value —Vj, so that in that region

Y(x) = Yo(z) = Ce'%% 4+ De™ 1 (< <a

with ¢ = \/2m(E + Vp)/h2. Note that since the energy has to be positive, then we necessarily
have oscillating exponentials in 0 < x < a, where the potential is negative.
We now need to implement continuity of the wave function and its derivatives at x = 0 and

x = a. We have 4 equations:

Y (0)=vo(0) = 1+A=C+D

YL (0) = 9h(0) = k(1 —A)=q(C—D)

Vs (a) =1ho(a) = Be*® = e 4 De110

Yl (a) = Yh(a) = kBe*® = q(Ce'1" — De%)



Isolating A in the first equation and replacing it into the second leads to
k(2—C —D)=q(C - D)
On the other hand, isolating B in the third equation and replacing it into the fourth leads to
k‘(C’eiq“ + De_iqa) = q(Ceiq“ — De_iq“)

Hence we have two equations for two variables, C and D. One way to solve them is by writing

( k+q k—gq )(C)_(%)
(k —q)e ™ (k+ q)e " D) \ o

Inverting the 2 by 2 matrix gives

c\ 1 (k4 qe " ¢q—k 2k
D - (k + q)267iqa _ (k; _ q)Qeiqa (q _ k)eiqa k+q 0

them using matrices:

That is,
o 2k(k + q)e~"°
- (k‘ 4 q)2efiqa _ (k _ q)26iqa
D - 2k(q — k)etae

(k+q)?e "1 — (k — q)*e'®
Hence, we can find B from its relation to C' and D above:

puita _ 2Kk @) +2h(g—k) 4kg
- (k + q)26—iqa _ (k _ q)Zeiqa o (k 4 q)26—7jqa _ (k _ q)2€iqa

This gives for the transmission coefficient T' = | B|?:

16k2¢>
(k+q)*+ (k—q)* — 2(k + q)%2(k — q)? cos(2qa)

We see immediately that when 2m(E + Vp) = n?n?h?/a® with n = 1,2,3,..., then ¢ = nn/a
and cos(2ga) = 1 so that

16k%q? 16k2¢> 16k2%?

k+a)i+ (k- —2k+q2(k—q)? ((k+a?—(k—q?? (4kq)?

so that there is total transmission at these energies. Hence, since R = 1 — T', the reflection is

zero at these energies. In general, the reflection coefficient is

Re1_ 16k2¢> _ 4(k + q)*(k — q)*sin®(qa)

(k+q)* + (k- q)* = 2(k + q)*(k — q)?cos(2qa)  (k+q)* + (k — ¢)* — 2(k + ¢)*(k — ¢)? cos(2qa)



