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SECTION A

A1. (Schrödinger equation generalities) (16 percent)

Consider a particle of mass m moving in one dimension, with a real potential

V (t, x).

(i) Write down the Hamilton operator H and state the (full, time-dependent)

Schrödinger equation for the wave function ψ(t, x).

(ii) Assume that H does not depend on time t; derive the time-independent

Schrödinger equation H φ(x) = E φ(x) from the full Schrödinger equation.

Assuming that the eigenfunctions and eigenvalues of the Hamilton operator are

φn(x) and En, respectively, write the most general solution ψ(t, x) of the full

Schrödinger equation expressed in terms of the En and φn(x).

(iii) Given a solution ψ(t, x) of the Schrödinger equation, define the probability

density ρ(t, x).

What does it mean to say that the wave function ψ(t, x) is normalised?

For a normalised ψ(t, x), what is the interpretation of the integral
∫
I
|ψ(t, x)|2 dx,

where I is some interval?

Derive the continuity equation ∂tρ(t, x) + ∂xj(t, x) = 0, where j(t, x) is the

probability current; a formula for j(t, x) should result from your derivation.

A2. (Operators in Hilbert spaces, and QM) (14 percent)

(i) Let H be some Hilbert space with scalar product 〈·, ·〉. State the definition

of the adjoint of a linear operator on H, the definition of a self-adjoint operator,

and the definition of a unitary operator.

(ii) Give an example (other than the identity operator) of an operator that is

both self-adjoint and unitary (no proof required).

(iii) Show that the eigenvalues of a self-adjoint operator are real numbers.

(iv) Let A be a self-adjoint operator and ψ ∈ H be a normalised state.

Give the definition of the expectation value 〈A〉ψ of A in the state ψ.

Briefly describe the physical meaning of 〈A〉ψ in quantum mechanics.

(v) Consider the momentum operator p̂ = ~
i
d
dx

on the real line: give its eigen-

functions and show that they are not square-integrable.
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A3. (Uncertainty relation) (20 percent)

(i) Give the definition of the uncertainty (∆A)ψ of a self-adjoint operator A in

a normalised state ψ.

(ii) Show that (∆A)ψ is zero if and only if ψ is an eigenstate of A.

(iii) What is the statement made by the “axiom of the collapse of the wave

function”?

In the light of the fact shown in part (ii), why is it reasonable to impose this

axiom? (A brief answer is sufficient.)

(iv) Now consider two self-adjoint operators A and B on H, and let ψ ∈ H be a

normalised state. You may assume that the expectation values 〈A〉ψ and 〈B〉ψ
are zero.

Derive Heisenberg’s uncertainty relation

(∆A)2
ψ (∆B)2

ψ ≥ 1
4
| 〈 [A,B] 〉ψ |2 .

You may use the Cauchy-Schwarz inequality 〈u, u〉〈v, v〉 ≥ |〈u, v〉|2 without

proof.
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SECTION B

B4. (Harmonic oscillator) (25 percent)

Let p̂ and x̂ be the momentum resp. position operator in one dimension, and

consider a Hamilton operator

H = c1p̂
2 + c2x̂

2 + c3p̂x̂+ c4

where c1, . . . , c4 are real constants, c1 > 0 and c2 > 0.

Also, define the operator a := αx̂+ i βp̂, where α and β are real constants.

(i) Find conditions on α, β and c1, . . . , c4 such that one has [a, a†] = 1 and can

write H = ~ω a†a with some positive constant ω (which in the end should be

expressed in terms of the c1, . . . , c4.)

(ii) From now on, assume that the conditions from part (i) are satisfied, and

set N := a†a.

Let ψν be a normalised eigenvector of N with eigenvalue ν ∈ R. One can show

that N akψν = (ν − k) akψν and N (a†)kψν = (ν + k) (a†)kψν for any positive

integer k.

Compute the norm square || akψν ||2.

Use the result to show that ν must be a positive integer.

(iii) Compute a(t) := U(t)−1 aU(t), where U(t) = exp{− i
~H t} is the time

evolution operator.

(Hint: it is best to show Hna = a (H − ~ω)n first.)

(iv) Compute d
dt
a(t) and [H, a(t)] separately and compare. (Alternatively, you

may derive Heisenberg’s equation of motion in general, if you prefer.)
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B5. (Two-state system) (25 percent)

On the space H = C2 with standard scalar product, consider the self-adjoint

operators

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
.

These satisfy the commutation relations [σj, σk] =
∑

l 2i εjkl σl .

Assume that the Hamiltonian of the system is given by H = E σ3 with some

constant E > 0, and consider the observable A = σ1.

Assume that three measurements are performed at times t0 < t1 < t2, and that

the system is left undisturbed in between.

(i) At time t0, one measures H and finds the result E: what state is the system

in immediately before the next measurement at t1? And what axioms of QM

are used to answer this?

(ii) At time t1, one measures A and finds the positive eigenvalue. What state

is the system in immediately after this measurement?

(iii) At time t2, one measures A once more. What is the probability to find the

negative eigenvalue?

(iv) Show that the only states ψ =

(
a

b

)
for which the uncertainty relation

allows the product (∆A)ψ (∆H)ψ to be zero are those where a∗ b is real.
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B6. (Symmetries, angular momentum) (25 percent)

(i) In three space dimensions, the self-adjoint angular momentum operators

L1, L2, L3 are defined by

Lj =
3∑

k,l=1

εjkl x̂k p̂l

where εjkl is the totally antisymmetric tensor. (Explicitly, we have L1 = x̂2p̂3−
x̂3p̂2 , L2 = x̂3p̂1 − x̂1p̂3 , L3 = x̂1p̂2 − x̂2p̂1 .)

Using the commutation relations between position and momentum operators

[ x̂j, p̂k ] = i~ δj,k , compute the commutator [L1, L2 ] and express it in terms of

angular momentum components.

Furthermore, compute [L1, xk ] for k = 1, 2, 3.

(ii) Assume ψ ∈ L2(R3) is a normalised state in which the uncertainty of L1

vanishes, i.e. such that (∆L1)ψ = 0. Show that ψ is orthogonal to L3 ψ.

(iii) Consider rotations Rα around the x1-axis by an angle α, i.e. the coordinate

transformation ~x 7−→ Rα ~x with

~x =

 x1

x2

x3

 and Rα =

 1 0 0

0 cosα − sinα

0 sinα cosα

 .

Find a unitary operator Uα which implements such rotations on wave functions

ψ(~x), i.e. which satisfies (
Uα ψ

)
(~x) = ψ(R −1

α ~x) .

Hint: consider rotations by infinitesimal α first, then use a suitable formula for

the exponential to pass to finite angles. The result for Uα should be expressed in

terms of L1. You may of course assume that the function ψ(~x) has good analytic

properties (in particular that it is differentiable).
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B7. (One-dimensional systems) (25 percent)

Consider a quantum mechanical particle of mass m confined to an interval

I := [0, l] of length l. Assume there is a constant potential inside the interval,

i.e. V (x) = V0 for all x ∈ I.

(i) First show, using arguments from the probabilistic interpretation, that “con-

fined to the interval” means the wave function has to satisfy ψ(t, x) = 0 for all

x /∈ I.

(ii) Then find the most general normalisable solution φ(x) to the time-independent

Schrödinger equation such that φ(x) is continuous for all x ∈ R.

In particular, give the energy values En of the Hamilton operator.

(iii) Briefly compare this energy spectrum to what one finds in the analogous

classical system.

(iv) In what way are the energy values found in (ii) special from the point of

view of de Broglie’s wave interpretation of particles?

(Reminders and hints: De Broglie suggested that to a particle of classical mo-

mentum pc one can assign a wave length λdB = 2π~
pc

. Take the En from above,

extract the classical momentum from writing En as the sum of the kinetic en-

ergy p2c
2m

and the potential energy. Compute λdB for each En and compare to

the intrinsic length scale of the system.)

(v) Next, consider a particle confined to an interval as above, but with a more

general potential V (x) inside the interval: assume only that V (x) is (continuous

and) bounded from below by some constant Vmin.

Show that the expectation value of the Hamiltonian H in any normalised wave

function ψ satisfies 〈H 〉ψ ≥ Vmin.

(Hint: To compute the expectation value, use the scalar product 〈ψ1, ψ2〉 =∫
ψ∗1ψ2 dx as usual. And you may assume that ψ is continuous and that ∂xψ

does not diverge at the endpoints of the interval.)
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