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Motivation Quantifying biases Inferring the true network from imperfect data

Large-scale PIN dataset are available nowdays

Data are biased and incomplete

Is it possible to use the available data reliably?

Yes, if we understand the relation between the patterns of a real
graph and those of a graph sample
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Graphs/Networks in a nutshell

size N ; ’nodes’: i, j, k = 1...N

’links’: Connectivity matrix cij =

{
1 i j
0 otherwise

degrees: ki =
∑

j cij ; k = (k1, k2, . . . , kN )

degree distribution
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Macroscopic measures of topology

p(k), W (k, k′) macroscopic measures, independent on N

Not independent:

W (k) =
∑
k′

W (k, k′) =
kp(k)

k̄
k̄ =

∑
k

kp(k)

No degree correlations ⇒ W (k, k′) = W (k)W (k′)

Define
Π(k, k′) = W (k, k′)/W (k)W (k′)

Π 6= 1 signals presence of structure beyond degrees statistics
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Tailored random graphs ensembles

Random graph ensemble G: set of allowed graphs G and
probability P (c) > 0 ∀ c ∈ G

Tailored GL: given Ω(c) ≡ (Ω1(c), . . . ,ΩL(c)), demand

Hard: Ω(c) = Ω ∀ c ∈ GL

PL(c|Ω) =
1

ZL(Ω)
δΩ(c),Ω, ZL(Ω) =

∑
c∈G

δΩ(c),Ω

Soft: 〈Ωµ(c)〉 = Ωµ, µ = 1, . . . , L

PL(c|Ω) =
1

ZL(Ω)
e
∑
µ ωµ(Ω)Ωµ(c), ZL(Ω) =

∑
c∈G

e
∑
µ ωµ(Ω)Ωµ(c)

with ωµ(Ω) solved from
∑

c∈G PL(c|Ω)Ωµ(c) = Ωµ

Numerical sampling of ωµ(Ω) hard for sophisticated Ω, but
analytical progress feasible for suitable choices and N large!
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Ensembles as null models or proxies

Can approximate any c? by GL with Ω = Ω(c?)

Increasingly detailed measurements Ω = (k̄, p,Π, . . .)'

&

$

%

G = {0, 1}N(N−1)/2

'

&

$

%

k̄ = ...'

&

$

%

p(k) = . . .'
&

$
%

Π(k, k′) = . . .
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Hierarchy of ensembles

(i) prescribe only 〈k〉 Erdös-Renyi graphs

P (c|k̄) =
∏
i<j

[
k̄

N
δcij ,1 +

(
1− k̄

N

)
δcij ,0

]
(soft)

(ii) prescribe k = (k1, . . . , kN )

P (c|k) =
δk,k(c)

Z(k)
(hard)

(iii) prescribe (k1, . . . , kN ) and Π(k, k′)?

P (c|k, Q) =
δk,k(c)

Z(k, Q)

∏
i<j

[
〈k〉
N
Q(ki, kj)δcij ,1 +

(
1− 〈k〉

N
Q(ki, kj)

)
δcij ,0

]

Right choice:
Q(k, k′) = Π(k, k′)kk′/〈k〉2

= W (k, k′)/p(k)p(k′)
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Hierarchy of ensembles

(i) prescribe only 〈k〉 Erdös-Renyi graphs

P (c|k̄) =
∏
i<j

[
k̄

N
δcij ,1 +

(
1− k̄

N

)
δcij ,0

]
(soft)

(ii) prescribe k = (k1, . . . , kN )

P (c|k) =
δk,k(c)

Z(k)
(hard)
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P (c|k, Q) =
δk,k(c)

Z(k, Q)

∏
i<j

[
〈k〉
N
Q(ki, kj)δcij ,1 +

(
1− 〈k〉

N
Q(ki, kj)

)
δcij ,0

]

Right choice:
Q(k, k′) = Π(k, k′)kk′/〈k〉2 = W (k, k′)/p(k)p(k′)
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Modelling biological networks

Biological network c

⇒ measure p(k),W (k, k′)

consider all graphs with same p,W

P (c|p,W ) =
∑
k

P (c|k,W )
∏
i

p(ki)

P (c|k,W ) =
1

ZN (k,W )

[∏
i

δki,ki(c)

]
×
∏
i<j

[ k
N

W (ki, kj)

p(ki)p(kj)
δcij ,1 +

(
1− k

N

W (ki, kj)

p(ki)p(kj)

)
δcij ,0

]

[A Annibale, ACC Coolen, LP Fernandes, F Fraternali J Kleinjung J. Phys. A: Math. Theor. 42 485001

(2009)]
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Distance between networks

Information theory

⇓

Distance between cA and cB

DAB =
1

2N

∑
c

P (c|pA,WA) log
P (c|pA,WA)

P (c|pB,WB)

+
1

2N

∑
c

P (c|pB,WB) log
P (c|pB,WB)

P (c|pA,WA)

= f(pA, pB,WA,WB)
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Dendrograms
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[LP Fernandes, A Annibale, J Kleinjung, ACC Coolen, F Fraternali PLoS ONE 5(8): e12083 (2010) ]
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Accounting for biases

c c′-
sampling

? ?

p′,W ′p,W

Microscopic

-
relation?

Macroscopic

So far:

only p′ was studied and

only for random node sampling
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(Connectivity-dependent) Sampling protocols

node undersampling: c′ij = σiσjcij

σi =

{
1 node i detected

x

(ki)

0 otherwise

1− x

(ki)

bond undersampling: c′ij = τijcij

τij =

{
1 bond i− j detected

y

(ki, kj)

0 otherwise

1− y

(ki, kj)

bond oversampling: c′ij = cij + (1− cij)λij

λij =

{
1 bond i− j created

N−1z

(ki, kj)

0 otherwise

1−N−1z

(ki, kj)

⇓ in combination

c′ij = σiσj [τijcij + (1− cij)λij ]
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Macroscopic features

c c′-
σ, τ ,λ

? ?

p,W?p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

?

?

p,W?

p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

? ?

p,W

?

p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

? ?

p,W

?

p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . .

〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

? ?

p,W?

p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . .

〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

? ?

p,W

?p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . .

〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

?

?

p,W

?

p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . .

〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

?

?

p,W

?p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

?

?

p,W

?p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Macroscopic features

c c′-
σ, τ ,λ

?

?

p,W

?p0,W0

�� ��
p0,W0

6∑
c P (c|p0,W0) . . . 〈. . .〉σ,τ ,λ

-
x, y, z

p(k|c′) =

〈

∑
i σiδk,

∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|c′) =

〈

∑
ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

p(k|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

i σiδk,
∑
j cij′∑

i σi

〉
σ,τ ,λ

W (k, k′|x, y, z) = lim
N→∞

∑
c

P (c|p0,W0)
〈∑

ij c
′
ijδk,

∑
` c
′
i`
δk′,

∑
` c
′
j`∑

ij c
′
ij

〉
σ,τ ,λ

⇒ Statistical mechanics techniques ⇒

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Outline

1 Motivation

2 Quantifying biases
Tailored random graph ensembles
Sampling protocols
Results

3 Inferring the true network from imperfect data
Bayesian analysis

A Annibale Sampling from biological networks



Motivation Quantifying biases Inferring the true network from imperfect dataTailored random graph ensembles Sampling protocols Results

Results

p(k|x, y, z) =

∑
q x(q)p(q)

{
a(q)J (k|q) + qb(q)L(k|q)

}
k
∑
q p(q)x(q)

W (k, k
′|x, y, z) =

∑
q,q′>0 x(q)x(q′)

{
p(q)p(q′)z(q, q′)J (k|q)J (k′|q′) + kW (q, q′)y(q, q′)L(k|q)L(k′|q′)

}
k̄(x, y, z)

∑
q p(q)x(q)

k̄(x, y, z) =
∑
k

k p(k|x, y, z) =

∑
q x(q)p(q)[a(q) + q b(q)]∑

q p(q)x(q)

with

J (k|q) = e
−a(q)

min{k−1,q}∑
n=0

(
q
n

)ak−1−n(q)

(k−1−n)!
b
n

(q)(1− b(q))
q−n

L(k|q) = e
−a(q)

min{k−1,q−1}∑
n=0

(
q − 1
n

)ak−1−n(q)

(k−1−n)!
b
n

(q)(1− b(q))
q−1−n

a(q) =
∑
q′≥0

p(q
′
)x(q
′
)z(q, q

′
), b(q) =

k

qp(q)

∑
q′≥0

x(q
′
)y(q, q

′
)W (q, q

′
)
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Random sampling from Elegans: degree correlations

0.0

0.3

0.6

0.9

1.2

1.5

1.8

Pi

1 5 10 15 20 25 30 35 40 45 50 55 60

1

5

10

15

20

25

30

35

40

45

50

55

6060

k

k‘

0.0

0.3

0.6

0.9

1.2

1.5

1.8

Pi

1 5 10 15 20 25 30 35 40 45 50 55 60

1

5

10

15

20

25

30

35

40

45

50

55

6060

k

k‘

0.0

0.3

0.6

0.9

1.2

1.5

1.8

Pi

1 5 10 15 20 25 30 35 40 45 50 55 60

1

5

10

15

20

25

30

35

40

45

50

55

6060

k

k‘

Figure: Random bond undersampling x = 1, y = 0.9, z = 0, N = 3512, k̄ = 3.72
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Figure: Random bond oversampling x = 1, y = 1, z = 1, N = 3512, k̄ = 3.72
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Bayesian analysis

` = 1, ..., L species

α = 1, ...,M experimental protocols, parameters
θα = {xα, yα, zα}
Observed networks cα` ⇒ p`,W`, θα?

c` cα`

?

pα` ,W
α
`

p` =?,W` =?

�� ��
6

�
θα =?

Maximize p({θα}, {p`}, {W`}|{cα` }) over p`,W`, θα
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Uniform choice for prior

p(p`,W`), p(θα)

Likelihood:

p(cα` |θα, p`,W`) =
∑
c`

P (c`|W`, p`) p(c
α
` |θα, c`)

with

p(cα` |θα, c`) determined from relation between c` and cα` (known!)

Calculate 〈p(cα` |θα, c`)〉 via statistical mechanics
Maximise posterior using Lagrange multipliers to handle
constraints∑

k

p`(k) = 1
∑
q

W`(k, q) = kp`(k)/k̄`

get a set of equations for p`,W` and xα, yα, zα in terms of
the observed pα` ,W

α
`
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Conclusions

Tailored random graphs ensemble can be used to model
complex networks and quantify distances between them.

Tailored graph ensembles can be used to quantify sampling
effects on degree distributions and degree correlations for
general sampling protocols (simulations match theory!)

Underway: Bayesian inference of macroscopic features of
biological networks and sampling parameters of different
experiments given the observed networks

Future: go all the way back to the original matrices
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