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ON AXIOMATISING PRODUCTS OF KRIPKE FRAMES

AGNES KURUCZ

Abstract. It is shown that the many-dimensional modal logic K", determined by products of n-many
Kripke frames. is not finitely axiomatisable in the n-modal language. for any n > 2. On the other hand,
K" is determined by a class of frames satisfying a single first-order sentence.

§1. Introduction. In this paper we show that the multi-modal logic K", deter-
mined by the class of Cartesian products of n-many Kripke frames, is not finitely
axiomatisable, whenever n > 2. It is also shown that K" is determined by a first-
order definable class of frames.

The formation of products is a standard mathematical way of introducing new
dimensions. In modal logic products are used for constructing systems with several
modal operators (say, temporal, epistemic, spatial). Modal products appear both
in theoretical studies (e.g., [13]. [14]. [15]) and applications ([2]. [4]). They are also
closely related to finite variable fragments of classical first-order logic and to the
corresponding classes of algebras (cylindric and polyadic) ([1]. [9]).

In general, products of modal logics do not inherit the ‘nice’ axiomatisability
properties of their components. One can find already two dimensional ‘nasty’
examples: e.g., though the well-known modal logic of the frame (w. <) is finitely
axiomatisable [12]. the bi-modal logic of (w, <) x (w, <) is not even recursively
enumerable [15]. On the other hand, some two-dimensional products of standard
modal systems, such as $5xS5 and KxK, remain finitely axiomatisable (see [13], [7]).
Not too much is known about axiomatisability properties of higher dimensional
products. As an exception, 5" is known to be non-finitely axiomatisable, whenever
n>2([11]).

Notation. Our notation is mostly standard. We consider binary relations as sets
of ordered pairs, and write them in the infix form xRy.

Basic definitions. For any non-zero natural number 7, let &, = (Gy. R%), &, =
(G1.R").....%,_1 = (G,_1. R%") be usual Kripke frames — that is, relational

structures having one binary relation. Their product & def GOoXGI X xXG_1 18
defined to be the relational structure (G, RS . Ry, ..., RY_|) where G is the Cartesian
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product Gox G x---xG,_1 and, foreach ¢ < n, Rf is the following binary relation
on G: foralli = (ugy,....up—1). 9 = (vg.....v,—1) € G,

iRy © iff uR%vy, and u, =v, wheneverk # ¢ .

Such a product frame & will be called an n-cube.

Since n-cubes have n accessibility relations, the n-modal language which cor-
responds to them has to have n modal operators <. ....<,_1 (and their duals
Oo. . ... O,_1). Formulas of this language. using propositional variables from some
fixed countable set P, will be called n-formulas. Also, the first-order language
which is able to speak about n-cubes, the n-frame language, has n binary predicates
Ry, ....R,_ (and no equality). One can expand the n-frame language with count-
ably many unary predicates p (p € P). and define the standard first-order translation
@ 4(x) of each n-formula 4 as follows.

p(x) € p(x). for p e P:

0snc(X) L op(x) Apc(x):  pop(x) € —pp(x);
©0o,8(x) &ef Iy (xRey A @p(y/x)), forl<n (herey isa fresh variable).

An n-frame is a relational structure & = (F, Rf‘- )e<n where for each £ < n, Rf‘-
is a binary (accessibility) relation on the set F of (possible) worlds. Therefore, n-
cubes are special n-frames. Throughout, n-frames are denoted by script letters with
the corresponding roman letter denoting the set of worlds. A model # = (F .v)
based on an n-frame & is defined in the usual way, by giving a subset v(p) of F (a
valuation), for each propositional variable p. We also say that & is the underlying
n-frame of A . Truth and validity of n-formulas in models and n-frames are defined
as usual. Note that a model .Z can be considered as a first-order model of the
n-frame language expanded with countably many unary predicates. It is routine to
check that, for any n-formula 4, A4 is valid in .# (considered as a modal model)
iff its standard first-order translation 4 is valid in .# (considered as a first-order
model).

The usual operations on frames can be defined on n-frames as well. In particular,
given two n-frames & = (F. R] )iy and & = (G. RY )<y, a function i : F — G
is called a p-morphism from & to Z if it satisfies the following conditions, for all
uveF, yeG,. L<n.

e uR7 v implies h(u)RY h(v)  (forward condition)

e h(u)R]y implies (Gw € F) h(w) = y and uR7 w  (backward condition).
If /1 is onto then we say that & is a p-morphic image of . F is a subframe of & if
F C Gand. forall{ <n, R] = R] N(FxF). Given some w € G, the subframe
gv of & generated by point w is the subframe of & with the following set G* of
worlds:

GY ={w} U{u € G : uis accessible from w
by the transitive closure of | J,_, RY } .
Similarly to the mono-modal case, validity in frames is preserved under taking
p-morphic images, point-generated subframes and disjoint unions as well.

An n-modal logic is a set of n-formulas closed under the rules of Substitution,
Modus Ponens, and Necessitation 4/0, 4 (¢ < n), and containing all propositional
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tautologies and all formulas O,(p — ¢q) — (Ogp — Opq) U < n. p.q € P). We
say that an n-modal logic L is axiomatised by some set ¥ of n-formulas, if L is the
smallest #n-modal logic which contains £. An n-modal logic L is determined by a
class C of n-frames, if L is the set of all n-formulas which are valid in each member
of C. K" is the n-modal logic determined by the class of all n-cubes.

Main results. It is proved in [7] that the logic K> can be axiomatised by the
following two Sahlqvist-type 2-formulas (both are followed by their first-order
correspondents).

Commutativity: OO p < O0;0¢p

Vxyz[(xRoy A yR1z — Ju(xRiu A uRyz))
A (xR1y A yRoz — Ju(xRou A uR;z))]
Church—Rosser property: OoO1p — O;00p
Vxyz[xRoy A xRiz — Ju(yRiu A zRou)]

Our main result says that in higher dimensions an axiomatisation must be infinite:

THEOREM 1.1. For any natural number n > 2, K" is not finitely axiomatisable in
the n-modal language.

Theorem 1.1 answers negatively the first part of question Q16.163 of [6] namely,
whether K3 is finitely axiomatisable. A negative answer to Question 23 posed in [7]
also follows: K? is not axiomatisable with the commutativity and Church—Rosser
axioms (each of them is stated now for all pairs of coordinates).

PrOOF OF THEOREM 1.1. We define a series (7 : k € w) of n-frames with the
following properties:

(I) For every k, ; does not validate K" (Lemma 3.4 in §3).

(II) For any series of models .#; based on F; (k € w). there is some model .#Z’
such that (i) .2’ is an elementary substructure! of some nontrivial ultraproduct
of the .#;’s, and (ii) the underlying frame of .#" validates K" (Lemma 4.6 in
§4).

Given such & ’s, assume now that there is some n-formula Ax axiomatising K".

Then, by (I), for each k there is some model .#; based on F; such that Ax fails

in /. Then, considering now .Z;, as a first-order structure of the language having

binary predicates Ry, ..., R,_; and countably many unary predicates, the standard

first-order translation ¢, of Ax fails in .. Then, by (II)(i). ¢4, fails in .Z’

as well. Thus, considering now .#’ as a modal model, Ax fails in .#’. But this

contradicts (II)(ii) namely, that the underlying frame of .#" validates K", so it must
validate Ax. -

Since K? is axiomatised by Sahlqvist formulas. K? is determined by a first-order
definable class of frames. Our second result says that this latter property also holds
in higher dimensions.

THEOREM 1.2. For any natural number n > 0, K" is determined by a class of
n-frames satisfying a single first-order sentence of the n-frame language.

"Here modal models are considered as relational structures of the first-order language (without
equality) having binary predicates Ry. . ... R,_1 and countably many unary predicates.
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Questions. (all are for 2 < n € w)

Q1. K" is known to be recursively enumerable, see Cor.5.8 of [7]. Find a modal
axiomatisation for K”. Is there an axiomatisation using only finitely many
propositional variables?

Q2. Is K" Sahlqvist?

Q3. Asitismentioned, S5” is also known to be non-finitely axiomatisable (a result
of Johnson [11], proved in an algebraic setting). Is $5” finitely axiomatisable
over K"?

Plan of paper. The next section gives the definition of the n-frames &.. We try to
demonstrate the ‘geometrical reason’ behind properties (I) and (II) above: While
‘not too large’ pieces of F; are always ‘representable’ in the sense that they are
p-morphic images of n-cubes, F itself is not representable. However, taking larger
and larger frames, the ‘distance’ between the two ‘clashing patterns’ which cause
the non-representability becomes ‘infinite in the limit’.

In §3 a series of K”-valid n-formulas is introduced which shows that the #;’s are
not only non-representable, but in fact they do not validate K" (property (I) above).

In §4 a certain two-player game is defined on so-called ‘networks’ over an n-frame
& . This game is similar to the ones played on networks over various atomic algebras
of n-ary relations in the papers of Hirsch and Hodkinson, see e.g.. [10]. In our case,
anetwork is a ‘semi p-morphism’ (satisfying only the forward condition) from some
n-cube (not necessarily on)to & . Playing the game over some countable n-frame
& , the second, ‘existential’ player has a winning strategy in the w-length game over
& iff every point-generated subframe of & is a p-morphic image of some n-cube.
Also, for any sequence (7 : k € w) of n-frames, if the existential player has a
winning strategy in longer and longer finite games over % as k increases then she
has a winning strategy in the w-length game over any nontrivial ultraproduct of the
Fi’s. Therefore, given such n-frames %, an argument similar to one in [10] shows
that there is some model .# having property (II) above, which completes the proof
of Theorem 1.1.

In §5 we prove that, playing the above game over n-frames satisfying a certain
first-order sentence @, (of the n-frame language), the existential player always has
a winning strategy in the w-length game. This implies that K" is determined by the
class of all n-frames satisfying ®,,, thus proves Theorem 1.2.

Finally, in §6 we discuss some possible generalisation of the results, and some
related open problems.

§2. Frames. In this section we construct the n-frames 7; (k € w). These frames
are obtained by sticking together copies of three small ‘gadgets’ &), & and Z;.
Below we first define these gadgets and show that they are ‘representable’ in the
sense that they are p-morphic images of n-cubes. Next we define the &;’s and
show that certain not too large subframes of them are representable. Here we also
illustrate that the % ’s themselves are not representable, and later in §3 we prove
that they do not even validate K".

About the drawings. All the n-frames to be defined in this section are such that
relations Ry, = () whenever 2 < £ < n. Therefore they can be illustrated with
the help of pictures showing 3-dimensional objects. In those figures which show
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FIGURE 1. Gadget Z,.

‘abstract’ (i.e., non-cubic) 3-frames, our convention in drawing Ry, R; and R; is
the following.

ml R

Ry
We usually draw lines instead of arrows. However, when we draw 3-cubes (Figures 2,
4.6.8.9). we always indicate the three 1-frames whose product the 3-cube in question

is. The dotted lines in the figures indicate some patterns which will be explained at
the end of this section and in §3.

DEFINITION 2.1. (gadget &) Let &1 = (G, Ry)¢<, be the following n-frame:
def

G ¥ {1.2.3.....15
Ro % {(8.1).(9.2).(10.3).(11.4), (12.5). (13.6). (14.7). (15.7)}
RiE {(1.2).(1.5).(3.4).(3.7).(6.4).(6.7).
(8.9). (8.12). (10, 11). (10. 15). (13.11), (13, 14)}
Ry {(1.3).(1.6).(2.4).(2.7).(5.4). (5.7
(8.10). (8, 13). (9. 11). (9, 14), (12, 11), (12. 15)}
R 0 for2a<t<n (see Figure 1).

PROPOSITION 2.1. There is a p-morphism hy from some n-cube 7| onto .
Proor. Consider the following three small 1-frames, 7", & and &.
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FIGURE 2. The p-morphism i : #; — &.

%:v A e——re Z e

Let #) be & X7 x% forn = 3, and & X7 xZ x&" 3 forn > 3. Figure 2 illustrates
#) and defines a function Ay from #) to &; by labelling each world of #; with its
hi-image. It is routine to check that 4, is a p-morphism onto &. -

DEFINITION 2.2. (gadget %) Let & = (G2, Ry)¢<, be the following n-frame:

G, ¥ {1.2.3.4.5.6.7.a.b.c.d.e.f.g. h.i.j.k}

Ry {(1.a).(1.¢).(2.b).(2.g). (3.c). (3.).

(4.7). (4.K). (5.b). (5.1). (6.¢). (6. h). (7.d), (7.k)}
R {(1,2).(1,5).(3.4).(3.7).(6.4).(6.7). (a.b). (a.f).

(c.d). (c. k). (e. b). (e g). (h.). (h. k). (i. ). (i. K)}
R {(1,3).(1,6).(2.4).(2.7). (5.4). (5.7).

(a.c). (a.h). (b.d). (b.j). (e.c). (e.i). (f. k). (g. k)}
Ry def (), for2 < £ < n (see Figure 3).

PROPOSITION 2.2. There is a p-morphism hy from some n-cube 7, onto %,.

Proor. Take the 1-frames 7" and &€ defined in the proof of Prop. 2.1, and let %>
be 7' x7 x¥7 forn =3, and 7 x 7 x 7 x&"=3 for n > 3. Figure 4 illustrates #,
and defines the p-morphism /4,. -
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FIGURE 3. Gadget &,.
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FIGURE 4. The p-morphism A, : 7, — &,.
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L7

L5

VL2

L6

I : st R6

FIGURE 5. Gadget &5.

DEFINITION 2.3. (gadget &3) Let &3 = (G, R;)¢<, be the following n-frame:

G ¥ (L1.12.13. L4 L5 L6 L7 R1,R2 R3, R4, RS, R6, RT}
Ro ™ {(L1.R1).(L2.R2).(L3.R3). (L4, R4). (LS. R5). (L6. R6). (L7. R7)}

R {(L1.L2).(L1.L5).(L3.L4). (L3, L7). (L6, L4). (L6, L7),
R1.R2).(R1.RS5). (R3, R4). (R3.R7).(R6, R4). (R6. RT)}

(
(

Ry {(L1.L3).(L1.L6).(L2. L4). (L2, L7).(L5. L4), (L5. L7).
(R1, R3). (R1. R6). (R2. R4). (R2. R7). (R5. R4). (R5.R7)}

(), for2 < £ < n (see Figure 5).

PROPOSITION 2.3. There are two different p-morphisms h} and h3 onto 3, both are
coming from the same n-cube.

ProOF. It is easy to see that &) and & are p-morphic images of the same n-cube
#), defined in the proof of Prop. 2.1. However, in case of & one can give two
different p-morphisms 4} and h? from #;. See Figure 6 for the definitions of 4
and /3, again by labelling the worlds of #; with their p-morphic images in &;. -

Now we are in a position to define the n-frames ., for k € w. Observe that the
‘right face’ of gadget &, (i.e., the subframe consisting of worlds 1,2, 3,4, 5,6,7) is
isomorphic to the ‘left face’ of gadget &,, and also to both the left and right faces of
gadget &3. F; will be the n-frame obtained by ‘sticking together’ &, then k-many
&3’s, and then &,, always identifying the corresponding ‘1,2, 3.4, 5, 6, 7’-faces. This
‘sticking’ process can be defined in general as follows. Assume that two arbitrary
n-frames ./ and % are given, together with subframes &/’ C &/, %’ C % such that
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— g 74 4
*r—>r *—>
L4 o———9 R4 L7 R7
L2 —AR2 ¥ R2
L3 o~ P R3 L3 o—— ) R3
A r :.R4 :
4 L7/“R1 4 I 'Rl :
/== R7 R4
L6 R6 L6 R6
L5 RS L5 RS
7, 7,
L4 R4 L7 R7
/131 h32 — 5

FIGURE 6. The two different p-morphisms onto &.

there is some isomorphism f between &' and %’. First, take an isomorphic copy
& of &/ along some isomorphism g such that

e g cxtends f

e A*NB=FH.
Next, define the amalgam Am(/, B, ) of & and B along f to be the union (as
relational structures) of &/* and % that is, let

Am(/. B. ) (4* UB.RY" UR?)sc

(which is now defined up to isomorphism).

Foreach 0 < k € w, we define the n-frame & (k) as follows. Let 3(1) & 2. and
def

foreach0 < k € w.let Z3(k + 1) = Am(%. G (k), f33), where f33 is the function
taking world Ri to (some isomorphic copy of) Li, fori =1,....7.
DEFINITION 2.4. (frames 7,*/', 7" and 7;) Let
Y g, 77 D gy and 7Y Am(%1. %, f1).
where f1, is the identity on the set {1,2,3,4,5,6,7}. For k > 0, let
7l EAm(@. Z(k). f13).

where f13 is the function taking world i to (some isomorphic copy of) Li, for
i=1,...,7; 1et

g CAM(Z (k). B, [32).
where f'3, is the function taking world Ri to i, fori = 1,....7; and let

7 ¢ Am(%fef’,?z, f3) = Am(?l,e%‘,("igh’, f13) (see Figure 7).
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FIGURE 7. Frames %, Jaf‘kef "and 7 ight

PROPOSITION 2.4. Both %!ef "and 7, k"ight are p-morphic images of n-cubes.

Proor. See Figures 8 and 9. -

In the next section we will show that %, does not validate K", thus it cannot be a
p-morphic image of any n-cube. One way of seeing the reason for this is as follows.
&, can be considered as a gadget forcing a p-morphism where there is no pre-image
of world 4 which is R-accessible from some pre-images of both 2 and 3. On the
other hand, &; forces a p-morphism where all pre-images of 4 are R-accessible from
some pre-images of both 2 and 3. Since % only transfers these ‘forces’ to some
distance, wherever they meet they clash: there cannot be a p-morphism with both
properties.

§3. Formulas. For each natural number k > 0, we define ¢} to be the following
first-order sentence of the n-frame language (in fact, only predicates Rg, R; and R,
are used), see also Figure 10:

W - VX1 xexyz [XRoxy AXiRoxa Ao A X1 Roxp AN xRy ANxRyz —
Juyy...yrzi .. ozZpuy ..U (szu A zRyu N yRoy1 A
ViRoya A+« N yr_1Royk N zRozi A z1Roza A -+ - A zg—1Rozi A uRouy A
urRous A -+« N1 Roug N Xk R1yi N xi Razp A\ yi Rouge A Zleuk)} .

It is easy to check the following claim.
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Iy k-many hl’s

FIGURE 8. A p-morphism onto 7;*/".

k-many h2’s hy

FIGURE 9. A p-morphism onto &, ",



934 AGNES KURUCZ

u up Uy Uj
o o— ... —©
y y yl '(JJ/E ... —O yk
»—o0——o— ... —O0—F—0
\v4 I/.Z 3 z 1 V) Zk
X X1 X2 X X X1 X2 X

FIGURE 10. The formula .

Cram 3.1. Forany 0 < k € w, @ is valid in every n-cube.

These first-order properties are modally definable. Namely, for each 0 < k € w,
consider the following n-formula V:

Vit |[O6(@1por ADape) A O1(0f pro A Dapia) A O2(08 pag A Oy par) A
A D1651(1!701 A pro — Oaga) A D1552(1702 A pao — Oiq1) A

A O1Oy(p1a A po1 — D15610)} — O§O102(gq0 A g1 A q2)

(Here <>’(§ and Dg abbreviate k-length sequences of ©y’s and Og’s, respectively.)

Cram 3.2. For any 0 < k € w, and for any n-frame F , @y, is valid in F iff Vy is
valid in F .

ProOF. We prove the harder right-to-left direction only. Fix some 0 < k € w.
Assume F = (F. R] )¢, is an n-frame validating V. and let x, y, z. x, ..., xx € F
be given as in ¢;. In order to ‘cubify’ them, we define a model # = (F,v) on F
as follows.

{v € F : xxR{ v}
{v € F : xxRJ v}
= {v € F : vis Ry -accessible in k steps from y}
{veF:yRyv}
{v € F :vis RY -accessible in k steps from z}
{

e v(qy ef {v € F :3s € v(pep) Nv(p) sRY v}
def
e v(g2) = {v € F :3s € v(po) No(pio) sRY v}

It is routine to check that the antecedent of V} holds in .# at world x. Thus, by
assumption, <>’5<>1<>2(q0 A g1 A ¢q2) also holds in . at x which implies that there

are worlds x1{, ..., x[. yi.ux with xRS x7. .... xR x[. x| R{ y}.. v Ry ux. and
go A g1 A g2 holds in . at uy. Unfolding the definitions of v(gg). v(g1) and v(g>).
we obtain worlds u, y1...., Vk, Z1, ..., Zk, U, . . ., U1 as required. -

COROLLARY 3.3. Forany 0 < k € w, Vy is a K"-validity.

Next, we prove that the frames F;, (k € w). defined in §2, do not validate K”.
Lemma 3.4. Forany k € w, Vi, fails in .. Thus, ¥y does not validate K" .
Proor. Take the following ‘fork’ of F:
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9[ .10

8 1 1 1 a

(dotted lines in Figure 7). Then

e the only world which is both Rj;-accessible from 9 and R;-accessible from 10
is11;

e the only world which is both Rj-accessible from a and Rj-accessible in k + 2
steps from 9 is b;

e the only world which is both R;-accessible from a and Rj-accessible in k + 2
steps from 10 is c;

e the only world which is both R;-accessible from b and R;-accessible from c is
d:

but d is not Ry-accessible in k + 2 steps from 11. B

Remark. The formula V7 was shown to me by V. Shehtman. It was Sz. Mikulas
who pointed out that this formula does not follow from the commutativity and
Church-Rosser properties. A 3-frame (of 33 worlds) showing this independence
of V] can be found in 3.2.68 of [9]. As far as I know, V) is the simplest K"-
validity which does not follow from the above obvious properties. Note that, by
Prop.2.4, Cor.3.3, and Lemma 3.4, V; does not follow from commutativity and
Church-Rosser properties plus {V; : j < k}, for any k > 1.

84. Games.

Notation. Throughout, we use notation # = (uy, ....u,_1) for n-tuples. Given
£ < n, and two n-tuples # and v, 1 =, ¥ denotes that u;, = v, whenever k # £. In
case / is a function and X is a subset of its domain then /|y denotes the restriction
of hto X.

Fix, for this section, an arbitrary n-frame & = (F, Rf Je<n. We will define a
game between two players V (male) and 3 (female) over & . In this game, 3 intends
to construct, step-by-step, a p-morphism from some n-cube onto &, and V tries to
challenge her by showing possible defects of her construction. Our game and its
properties are similar to those of Hirsch and Hodkinson in [10] where games are
played on networks over various atomic algebras of n-ary relations.

We define an F -network to be a tuple

N=(Uy).....,UN .R).....RY . 1),

where for each ¢ < n, U} is a non-empty set, R} CU) x UY, and h" : U} x- - - x

UN | — F is a function such that for all 2.5 € U}’ x---x UN_|, forall £ < n,

if 4=,9 and uR)v, then IY(@)R] WV (%)
(thatis, h" is a homomorphism? from the n-cube (UL, RY ) x---x (UM |, RY ) to
the n-frame ). An 7 -network N is called finite if each of the sets U} (¢ < n) is
finite.

2A homomorphism satisfies the forward condition (concerning p-morphisms) only.
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We define a game G,,(F ) between V and 3. They build a countable sequence of
finite # -networks

No CN C...CN; C....

(Here N;_; C N; means that, for each ¢ < n, UZN"‘l cu,r, Rév"l C R,f,v", and
hNi-r C hNe)
In the 0" round, V picks any world @ € F. 3 responds with some 7 -network N,
with U, x - -x UN| = {it} for some n-tuple it, R, = () (¢ < n), and h™ (1) = a.
In the i‘h round (0 < i € w), some sequence Ny C --- C N;_; of & -networks is
already built. V picks

e ann-tupled € Uy ' x---x UM!
e anindex{ < n
e aworld b € F such that V-1 (0)R] b.

3 can respond in two ways. If there is some n-tuple w € UON Tixeex UN"‘l

with 0 =, w, »R, N1, and hVi-1 (%) = b then she responds with N; = N;_;.
Otherwise, she responds (if she can) with some Z -network N; extending N;_; such
that

o UM = U)N"U{u"} (whereu* is some fresh point): RY' = R} U{(ve, u™)}:

. U,fv" = U,ﬁv’ ' R;{v = R;{v’ " whenever k # £; and

] hN’(’l}(),...,Ug_l,u N7 1),,_1) =b.

If 3 can respond in each round i for i € w then she wins the play. We say that 3
has a winning strategy in G,,(F ) if she can win all plays, whatever moves V takes in
the rounds.

The game G (¥ ) (for k € w) is similar to G,,(F ), but there are only k rounds.
If 3 can successfully respond in all rounds up to the k" round, she has won the play.
Similarly, we say that 3 has a winning strategy in Gy (¥ ), if she can win all plays of
length k. Clearly, if 3 has a winning strategy in G, (¥ ) for some k < w, then she
has a winning strategy in G;(F ) as well, for any i < k.

Cram 4.1. If F is a p-morphic image of some n-cube then 3 has a winning strategy
in G,(F).

ProOF. Suppose that there is some p-morphism 4 onto &, coming from some
n-cube & = (Uy, Ro)x---x(U,_1. R,_1). 3 can use this /4 to determine her winning
strategy in &,,(F) as follows In the 0" round, suppose ¥ picks some @ € F. Then
let 3 choose some h-preimage @& = (ug,....u,_;) of a and let her respond with
the 7 -network Ny = ({uo} {u,, 1} 0.....0.h|gz). We may assume that in
the i™" round (i > 0) some F network N;_1 has been already constructed with the
following properties:

(Ve <n) U C U, R C Ry.and
ANt = h|UNi—l><“.><UN[71 . (1)

LetV pick some n-tuple ¢ € UON"* -xU” i . <n,andb € F with hNi-1(5)R] b.
Then, by (1). 2(3)R7 b holds. Letﬂchoose somew € Upx---xU,_1 with h(w) = b,

v = w and v, Ryw,. If @w can be chosen from UON"’l X e X U,fvjl then let 3
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respond with N; = N;_;. Otherwise, w, ¢ UZN ~! must hold, thus let her take
UZN[ = UZNF] U {we}: Révj = RéVFI U {(Wywé)}; U/iw = Ul?[iil’ lecvj = R/]cViil’

whenever k # £: and h™' = h| v v . Clearly, N; is an #-network extending
0 n—1

N;_1. in both cases. Moreover, since (1) is still satisfied, 3 can continue to play in
this way forever. -

Cram 4.2. Let F be a countable n-frame.

(i) If 3 has a winning strategy in G,,(F ) then every point-generated subframe of F
is a p-morphic image of some n-cube.
(ii) If 3 has a winning strategy in G, (F ) then F validates K".

ProoF. (i): Pick some subframe ¢ of &, generated by world a. Consider
a play of the game G, (7 ) when V eventually picks all possible n-tuples, and
corresponding worlds and R,-connections of 7 ¢ (since F ¢ is countable, he can do
this). If 3 uses her strategy then she succeeds to construct a countable ascending
chain of ¥ -networks whose union gives a p-morphism from some n-cube onto F “.

(ii): This follows from (i), since every frame is a p-morphic image of some disjoint
union of its point-generated subframes. -

Cram 4.3. If, forevery k € w, G is an n-frame such that 3 has a winning strategy in
G (%) then 3 has a winning strategy in G,,(%), where & is any nontrivial ultraproduct
of the & ’s.

PrOOR. Let & be an ultraproduct of the ;’s over some nonprincipal ultrafilter
D over w. One can define the ‘ultraproduct’ of the winning strategies in G, (%)
to obtain a winning strategy in G, (%) as follows. It is easy to see that, for any
finite Z-network N = (U, ..., U,_1. Ry. ..., R,_1.h), one can choose a series of
functions

h(k) cUgx---xU,_1 — Gy (kEC()),

such that A (i7) equals to the D-class of the sequence (h¥) (1) : k € w), for each
e Uyx---xU,_1;and

{kew: N<k)d§f(U0, ... U_1. Ry, .. .,Rn,l,h(“) is a finite & -network} € D.

Also, it is easy to see that, in round 0 of any play of the game G, (%), 3 can always
respond with some finite ¥-network N, such that

{keow: Nék) is a finite .-network} € D .
Thus we may assume that in round i (0 < i € @) some sequence Ny C --- C N;_

of finite &-networks is already defined such that

X; def {kew: Nék) c...C N[(f)l is a sequence of finite &y -networks} € D .

Let N;_y = (Up.....,U,_1.Rg.....R,_1. h) and assume that V picks some ¢ €
Upx--xU,_1,£ < n, b e G with h(ﬁ)R;jb. We show that 3 can always respond
properly with some finite £-network N; O N;_ such that

{kew: N ... N® c N¥ is a sequence of finite Z-networks} € D (2)

holds. Assume that b is the D-class of some sequence (b; € Gy : k € w). Then

T, %k ew : MY @)RY b} € D.
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and, by assumption on the g ’s,

y, {k € w : Jhas a winning strategy in G;(%)} € D .
Foranyk € T; N X; N Y;, let Mi(“ = (..., f%)) be I's response to V’s move 7, £, by,
in the play of the game G,(%; ), having history No(k) c..-C Ni(f)l. Then

(i) either Zz; & {fkeTinXiny; : Mi(k> = Ni(l—c>1} €D

() orz; Cikerinxiny, : MY 5N®1eD

hold. Incase (i), let 3 respond with N; = N;_1, and let Nl-<k> def MI.U‘), forallk € Z;,

and arbitrary otherwise. In case (ii), we may assume that 3 used the same fresh

point u* to extend Uj for the Z;-network MX) (k € Z;). Then let N¥ & M),
for all k € Z;", and arbitrary otherwise. Define a function f as follows. For all

ae Upx---x(UU{u"})x...xU,_y, forall k € w, let
_\\de ) (i) ifk € ZF
R A P i

| anyc € G, . otherwise .
Finally, for all i@ € Uyx---x(Up U{u*})x...x U,_y, let #"i(i1) be the D-class of
the sequence (£ ¥ (i) : k € ). and let

def .
N; = (Ug,--- ,UgU{u+},..., U,_1. Ry, - ,RgU{(Ug,u+)},...,Rn_1,hN’) .

It is easily checked that. in both cases (i) and (ii), N; is a proper response satisfying
(2). thus 3 can continue this way forever. -

CrLaM 4.4. If 3 has a winning strategy in G,,(F ) then for any model #/ on F there
is some countable elementary substructure® #' = (F'....) of # such that 3 also has
a winning strategy in G,(F').

Proor. We will build a countable elementary chain of countable, elementary sub-
structures of /, and define .Z' to be the union of the chain. Let /f?o’ be any countable,
elementary substructure of .# (which exists by the downward Lowenheim-Skolem-
Tarski theorem). Suppose that we have already defined the countable, elementary
substructure #, = (#/....) of 4. for some k € w. 3 has a winning strategy in
G,,(F): every move she takes according to this strategy depends on the actual move
of V and on the ‘history’ of that particular play — that is, on the previous moves of
v and the previous responses of her. We also know that in each round of any play
the number of worlds of % mentioned by 3 in that play so far is always finite. Now
consider those plays of the game G, (F) where in each round V can pick worlds
from Jf"k’ only. Then the set S, C F of all those worlds which are mentioned in
some response of 3 in some of these plays is countable. Let .Z;_, be a countable,
elementary substructure of .# containing Sy U F/ (again. it exists by the downward
Lowenheim-Skolem-Tarski theorem). Finally, let .#’ be the union (as structures)
of the M/’s. k € w. Then .#' is an elementary substructure of .Z, by the elementary
chain theorem (see e.g.. [3]). Clearly, .#" is countable and 3 has a winning strategy
in G,(F'). -

3Here modal models are considered as relational structures of the first-order language (without equal-
ity) having binary predicates Ry. ..., R, and countably many unary predicates for the propositional
variables.
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Now consider the sequence (F; : k € w) of n-frames defined in §2. Below we
show (Lemma 4.6) that they satisfy property (II), discussed in §1.

CLAmM 4.5. For each k € w. 3 has a winning strategy in G (Fy,).

Proor. Fix some k € w. By Prop. 2.4, both %*/ and %" are p-morphic

images of n-cubes. This implies, by Claim 4.1, that 3 has a winning strategy in

Go(F") and also in G,,(F,"). Consider a play of the game G, (%;). In the 0

round, V picks some a € Fj such that either (i) a € F,ﬁefl - F,:ight or(ii) a € F,:’Aght.

Thus from now on this play over F; (which is of length less than k now) can be
considered as either a play over .7, kl‘)f " (in case (i)) or over &, k”g/” (in case (ii)). In
both cases, 3 is able to survive k& rounds. -

LEMMA 4.6. For any series of models M on Fi. (k € w), there is some model A’
such that (i) M' is an elementary substructure of some nontrivial ultraproduct of the
My’s, and (i) the underlying frame of #' validates K".

PrROOF. Let .# be some nontrivial ultraproduct of the .Z;’s. Then clearly, the
underlying frame & of ./Z is the ultraproduct of the #;’s. By Claims 4.5 and 4.3, 3
has a winning strategy in G,,(# ). Now one can use Claims 4.4 and 4.2(ii) to obtain
a model .#' as required. =

Now, Lemmas 3.4 and 4.6 together complete the proof of Theorem 1.1.

§5. First-order axiomatisability. In this section we prove Theorem 1.2. First, we
discuss the case of » = 3 and then show how to generalise it for larger n’s. Consider
the following sentences of the 3-frame language: for alli < j < 3, let

wi :¥xyz(xR;y A yR;z — Ju(xR;u A uR,z)) (commutativity, );
wy :V¥xyz(xR;y A yR;z — Ju(xR;u A uR,z)) (commutativity,);
wY :V¥xyz(xR;y A xR;z — Ju(yR;u A zR;u)) (Church-Rosser property):

X1 nyzstr(les AN SRoy N yRor AN xRt N tRyz N zRir —
Ju(xRou A uRy AuR»z));

7

22 Vxyzstr(yRos A sRix A xRyt A yRyr ArRiz A zRot —
Ju(uRox A yRiu A uR»z)):

DI

73 i Vxyzstr(sRoy A yRor ArRiz A sRix A xRot A tRyz —
Ju(xRou A yRiu A uR»z));
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x4 nyzstr(zRot ANEtRyx ANXR1s N zRir ANTRyy AN yRos —

Ju(uRox AuRiy A zRou)):

x5 : nyzstr(tRoz NZRir NTRyy AN tRyx A XR1s A sRyy —

Ju(xRou AuRyy A zRou));

%6 - Vxyzstr(rRiz A zRot N tRyx ArRyy A yRos A sRix —

Ju(uRox A yRiu A zRou));

27 Vxyzstr(sRoy A SRix AN tRoz N tRyx ARz ArRyy —

Ju(xRou A yRiu A zRyu));
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A A
v - 3

/ %
and let

Q3 0y AP A AU AR AR AW P AW AW A A A XA A s A K6 A K-
It is easy to check the following claim.

CrLAamM 5.1. @3 holds in every 3-cube.
LeEMMA 5.2. If F is a 3-frame satisfying ©3 then 3 has a winning strategy in Go,(F ).

As a corollary we obtain that K3 is determined by a first-order definable class of
frames.

THEOREM 5.3. K3 is determined by the class of 3-frames satisfying ®3. That is.
a 3-formula is valid in every 3-cube iff it is valid in every 3-frame satisfying ®@;.

PrROOF OF THEOREM 5.3. Claim 5.1 proves the right-to-left direction. For the
other direction, it is enough to consider only countable 3-frames satisfying @3, by a
standard Lowenheim—Skolem-Tarski argument (see e.g.. [7]. Prop.5.4). However,
countable 3-frames satisfying @3 validate K, by Lemma 5.2 and Claim 4.2(ii).

PrOOF OF LEMMA 5.2. Fix some 3-frame & = (E Ry .R{.R7) satisfying ®;.
We define the strategy 3 should follow in each round i (i € w) of the game over . In
round 0, her response is determined by the rules of the game. Inroundi (0 < i € w),
some sequence Ny C --- C N;_; of ¥ -networks is already constructed with, say,
Ni_1 = (Uy. Uy, Uy, Ry. Ry. Ry, h). Assume that V picks some & € Uy x U; x U,
¢<3and b € F with h(ug. u1, u2)R; b.

First, assume that £ = 0. By the rules of the game, if there is some © € UyxU;x U,

such that i =y ¥ and uyRyvo then 3 must respond with N; def N;_1. Otherwise, she
has to take a fresh point #* and to respond with some & -network

N; = (UyU{u*}. U1. Us.R§ . R} .R3.h7) .

where RJ = Ry U {(uo,u+)}, Rl+ = Ry, R; = Ry, h+|U0><U|><UZ = h and
ht(u*, u1,up) = b. 1If both U; and U, are one-element sets then there is noth-
ing more to do, since N; is defined. Otherwise, say, when |U;| > 1, the remaining
task is to define 4" on all the 3-tuples of form (u*,v,w), where v € U, w € U,
and (v,w) # (u1.uz). (These 3-tuples will be called new 3-tuples.) In order to do
this, let us observe the following.

CrLAamM 5.4. For each £ < 3, the structure (U, Ry) is a finite, irreflexive, intransitive
tree.

We intend to define a binary relation < on (UyU{u™})xU;xU,. To this end, recall
the 3-tuple & = (uo.u1.u>) which V picked. Enumerate U; = {a° a'.....,a™}

(M; > 1) in the following way: let a° &/, and then take the unique R; '-path,
starting from u; and ending with the root of the tree (U, R;). (Call these points of
U, as downward points.) Then continue with all the other points of Uj in their order
of ‘creation’ in the game (upward points of U;). Enumerate U, = {6°,..., 6™} ina
similar way, starting from u,. It is not hard to see that these enumerations have the
following property.
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CrAM 5.5. For all 0 < j < M\, there is a unique 1-predecessor of a’: there is a
unique k < j such that either a* Rya’ or a’ Rya*. In particular, if a’ is a downward
point then its 1-predecessor is a’~" and a’ Rya’~"; if a’ is an upward point and a*
is its 1-predecessor then a*Ria’. Similarly, for all 0 < j < Mo, there is a unique
2-predecessor of b/.

Now for all 9,9’ € (Up U {ut})x Uy x Us, let

7 < 0 <= eitherv € Uyx Uy x U and © # 7';
orvg =y =u’ andv; = a’. v| = a* with j < k:
orvg =vy=u"andv; = v| and v, = b/, vy = b* with j < k .

CLAIM 5.6. Any two distinct elements of UyxUxU, are <-comparable; any element
of Uy x Uy x Uy is <-less than (u™,u1, u2); and < is an irreflexive, transitive linear
ordering on {u™} x Uy x Uy with (u™, uy, up) being the <-least element.

Now we are in a position to define the function 2™ on {u* }xU;xU,. By Claim 5.6,

we can proceed by induction on <. For all new 3-tuples X, we will define 4+ (%) in
such a way that the following always holds:
(LH.(X)) (V£ < 3)(Vj < X) 7 = % and y, R} x, implies A" (§) R h™ ()
7 = % and x, R/ y, implies /" ()R h™(F).

This condition clearly holds for X = (u™. u;. u») because of the following. If < %
then y must be an element of Uy x U; x U,. If j =( % and either yo Ry xo or xoR{ yo
hold then the only possibility is j = (ug.u1.u>) and yoRj xo. But in this case
h(x) =band h™ ()R b. by h*(7) = h(7). Incase £ = 1.2, there is no j < X
with y =, x, by Claim 5.6.

Now take some new 3-tuple X and assume that A" has been defined on all
Ze{uT}x Uy x Uy, Z < X such that (I.H.(Z)) hold. We distinguish three cases:

(1) = (u™.u;. w) for some w # uy;

(2) % = (u*, v, up) for some v # uy:

(3) x = (u*,v,w) for some v # uy, w # us.

Case (1): Recall the enumeration {6°, ..., b2} of U,. Assume w = b/, for
some 0 < j < M,. There are two cases. Case (1a): w is a downward point.
Then, by Claim 5.5, the 2-predecessor of w is 5/~! and b/ R,b/~! holds. Since
W v, = hy b (ug. uy. b7) RS bt (ug, uy. b7~") follows. Also, since the new
3-tuple (ut,uy,b/~') < %, we have (LH.(u",u;.5/~")). Thus, by ugRju" and
(ug, ur, b771) < (b, up. b7=Y), bt (o, uy, b/ ~1)RY Wt (u™, uy, b/=1) follows. Thus
thereisa ¢y € F with A* (up, us. /)R ¢y and ¢/ Ry h* (ut, uy. b/~1), by w2

/’l+(u0, ui, b-/_])
ht(ut, uy, b771)

(o]
ht (ug, uy. b7) e =ht(ut u.w)
def

Let h* (%) = ¢;. It remains to show that (I.LH.(¥)) holds. The only j < % such
that j =¢ % and either yoR; xo or xR yo is j = (ug.u1.b’). Thereisno j < X
with j =, x. If < X, j =, X and either y,R; x, or x,R; y, then j must be
(u*,uy,b/~1), by Claim 5.5. In all cases, (I.H.(X)) holds. Case (1b): w is an
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upward point. Let b be the 2-predecessor of 5/. Then, by Claim 5.5, k < j and
b* Ryb/. Everything is similar to case (1a), but this time one must use 3> to define
ht(x).

Case (2): ¥ = (u™,v.u») for some v # u;. Case (2a): v is a downward point.
Use y)'. Case (2b): v is an upward point. Use y'.

Case (3): X = (u", v, w) for some v # u;, w # uy. Case (3a): both v and w are
downward points, say v = a/, w = b*, for some 0 < j < M|, 0 < s < M,. Then,
by Claim 5.5, the 1-predecessor of v is a/ 1 the 2-predecessor of w is b1 and we

have the following diagram: ‘
(u+} a}—l} bs—l)

(ug, a’=1, b*) A
0 a’ =1 b%)

(HO, Clj, (u"’7 avi7 b.&‘—l)

(“0, ajs b\)

All new 3-tuples of this diagram are <-less than x. Thus, by 2™ |yxuxv, = 7 and
(ILH.), the h*-images of the above 3-tuples are connected in the same way as they
are. Therefore, by y;, there is some ¢, € F such that

ht(ug.a’ . b*)RY 2. caRY W™ (ut.a’ 1. b*) and ;RS ht(u*.a’. b*7 1) .

Let AT(x) = ht(ut,a’,b*) & ). It remains to show that (L.H.(¥)) holds. If
J < X. § =0 ¥ and either yoR xo or xoR{ yo then j must be (ug.a’.b*). If j < X,
1 X and either y; R x; or x; R} y; then j must be (u*.a/"1.0%). If j < %,
» % and either y, Ry x; or xoRJ y, then j must be (u™, a/,5°~"). In all cases.
.H.(%)) holds. Case (3b): v is an upward point, w is a downward point. It is
similar to case (3a), but now use y3. Case (3¢): v is a downward point, w is an
upward point. Use ys5. Case (3d): both v and w are upward points. Use y7.

This way we defined 427 (X), for all new 3-tuples x.

CLam 5.7. N; = (UgU{u"}. Ui, Us, R, R . RS . h) is an F -network extending
N;_.

PROOF. N; D N;_; by definition. Take some £ < 3 and .7 € (Up U {u™})x
Uy x U, with ¥ =; j and x;R; y. Let. say, j < x. If ¥ & {u"} x Uj x U, then
7 & {uT}x Uy x Uy as well, thus A" (%)R/ h*(7) holds by h'|yywuxw, = h. If
% € {u"}x Uy x Uy then h*(%)R] h™(7) holds by (I.H.(x)). The case of ¥ < j is
similar. -

e ST
o

Claim 5.7 proves that we succeeded to define a response for 3, in case V picks
the index ¢ = 0. The cases when he picks 1 or 2 are similar: one has to use the
first-order sentences

l//gl=‘//glaw%zavléza)(2,)(3,)(6a)(7, and V/gza V/22=W%27W;2=X4=X5=X6=X77

respectively, in order to define a proper response for 3. -

Proor oF THEOREM 1.2. Forany 0 < n € w, we are going to define a sentence @,
of the n-frame language. First. for any natural number 2 < k < n, for any strictly
increasing sequence f : k — n. and for any natural number 1 < £ < 2¥, we define
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a sentence (I){ as follows. Let ¢ denote the first k digits of the number £ in binary
in the reverse order ie.let? : k — {0.1} be such that £ = Zkil(ﬂ' 1) Let
LY(O) a, .. ! be the k ‘neighbours’ of 7. i.e., the 0-1 sequences with ') =, 7,

a £ 7 (i < k) It is easy to see thdt for dny l < j < k there is some unique
o) ke — {0.1} such that (/) —j i, 50 £ 3" and 60 =, ), 50 £ gl
Now for each of @) (i < k), /) (i < j < k), and Z take some variable 1), v(/),
£, respectively, and let @{ be

Va0, *= D00 | gk =2k=1)( /\ v(ij>ijFiu(i) A v(ij>ijFju(j) -

i<j<k
3e( N\ eRF u')),
i<k
where xRﬁum (x € {oO), . pk=2k=1) gy < k) denotes xR s,u'") if x; = 0 and
u!"”’ = 1: and it denotes u(")Rf,.x if x; = Land u”) = 0.

Now, for 2 < n € w, let ®, be the conjuction of all (I)f’s for any k € w,
2 < k < n, for any strictly increasing sequence f :k — n, and for any £ € o,
1 < ¢ < 2F. Note that, with this notation, w, of the previous proof is just ® i
and y, is ®)'?, thus we obtain the same ®;. Also, @, is just the conjuction of
commutativity and Church—Rosser properties, for Ry and R;. ®; can be, say,
Vx (x = x). A proof similar to the one of Theorem 5.3 shows that, for every
0 < n € w, K" is determined by the class of n-frames satisfying ®,. Note that
this way we obtain a new, step-by-step proof of the theorem in [7] stating that K? is
axiomatised by commutativity and Church—Rosser properties. -

For any n-modal logic L, a set X of n-formulas is said to be L-consistent if no
negation of some finite conjuction of elements of X belongs to L. The canonical
frame 7' = (FY R}"), for an n-modal logic L, corresponding to some set
P of propositional variables, is the n-frame where F* is the set of all maximal
L-consistent sets of n-formulas, using propositional variables from P; and for all
L<n, XA, ZRZL”A iff for any n-formula 4, 0,4 € ¥ implies 4 € A. An n-modal
logic L is called canonical if its canonical frames & # validate L, for all possible sets
P. The well-known Fine-van Benthem theorem (cf. [5] and [16] for the mono-modal
case) says that if an n-modal logic is determined by a first-order definable class of
n-frames then it is canonical. Thus Theorem 1.2 yields the following corollary.

COROLLARY 5.8. Forany 0 <n € w, K" is canonical.

The canonicity of K” can be proved in a simpler way as well, as it was pointed out
by Y. Venema. Namely, it is straightforward to show that the class of isomorphic
copies of n-cubes is closed under taking ultraproducts. Then one can use Thm.3.6.7
of Goldblatt [8], saying (in an algebraic setting) that if an n-modal logic is deter-
mined by a class of n-frames which is closed under ultraproducts then it is canonical.

§6. Outlook. Little modifications of the proof of Theorem 1.1 yield further non-
finite axiomatisability results concerning products. In general, for any 0 < n € w,
and Kripke complete mono-modal logics L, (£ < n), define the product logic
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Lyx---xL,_ as the set of all n-formulas which are valid in those n-cubes (U, Ry)x
-x(U,_1. R,_1) where, for each £ < n, frame (U,. R,) validates L,.
The following mono-modal logics are considered here as components. K = all
frames; K4 = all transitive frames; T = all reflexive frames; S4 = K4+ T; KB = all
symmetric frames; B = KB + T; S5 = S4 + KB.

THEOREM 6.1. For any 3 < n € w, if Ly € {K.T}, L|.L, € {K,K4, T, S4}.
L, € {K.K4.T.S4.B.KB. S5} (3 < ¢ < n) then the product logic LyX - - -x L, is
not finitely axiomatisable in the n-modal language.

PrOOF. One has to modify the definition of a network and some rules of the game
played over n-frames in order to build p-morphisms which come from appropriate
n-cubes. In case some of the component logics are reflexive, one also have to modify
the definition of the n-frames % (k € w) of §2 by postulating every node to be
reflexive in the required coordinates. -

There are many products of standard mono-modal logics which are out of the
scope of Theorem 6.1 above. E.g.. is the logic KB? finitely axiomatisable?
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