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Abstract

We show, using the idea of Németi [1], that all 3-modal logics between [S5, S5, S5]
and S5° lack the fmp.

Theorem 1. All 3-modal logics between [S5,85,85] and S5% lack the fmp.

Proof. Let ®(p, do1,dp2,d12) be the conjunction of the following formulas:
(a) O(p A o(p Adoz) — do2) (“p~1 is a function”)

b) O(p <> Ogp) (“p is binary”)

c) OCp (“Domp=T")

—O1(Cop A dor) (“Rngp #T7)

O (odor A $adp2)

O[(Codiz ¢ di2) A (C1doa > do2) A (Cador < dor)]

O[(do1 A doz — di2) A (di2 A doz — do1)]
(4) O(diz A C1(diz Ap) = p)

Lemma 1. & is S53-satisfiable.

Proof. Let § be the universal product frame on w X w x w. Let

vlp) = {(z,z+1,2):2,2 € w}
’U(dij) = {(320,321,322) 120,T1,T9 € W, Tj = l‘j} (’L < ] < 3).
Then (say) (§,v),(0,0,0) = @. O

Lemma 2. ® is not satisfiable in finite frames for [S5,S5,S5].

Proof. Assume § = (W, Ry, Ry, Ry) is a frame for [S5,S5,S5], that is, the R; (i < 3) are
commuting equivalence relations on W. Suppose 9 is a model on § and M, z |= . We show
that § must be infinite. For each n € w we define a formula ¢, and worlds z,,y, of § as
follows.

wo = —CO1(Cop Adopr)
onr1 = <1(Colen Ap) Ador).

Let zp = z. Assume zj is already defined. By (c¢) and (1), there are yg,zgy1 such that
Tk Riye RoTrr1, yr = p and 2y |= dor.
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CrAam 2.1. (Vn € w) yn E ¢n-
Proof. By induction on n. O
CrAam 2.2. (Vn € w) if w = @, and wRew' then w' |= ¢, as well.

Proof. By induction on n: Assume w' [£ ¢g. Then, by commutativity, there are u,v with:
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Then u |= do1 by (2), v = p by (b), thus w £~ ¢y.
Now assume w |= @, 41. Then, by commutativity, there are u,v with:

do1 on AP

/ I / )
U 04"01}
w
[ J

‘ / Pn+1
[ J
w/

Then u |= do1 by (2), v = ¢, Ap by (b) and the induction hypothesis, thus v’ = @, 1. O

CrLAmM 2.3. (Vn € w) M = O(doz2 A Oo(doz A on) — ©n)-

Proof. For n = 0: let w such that w = doa A Co(do2 A =<C1(Cop A dp1)), and assume that
w = ©1(Oop A dpp) also holds. Then there are u, v and, by commutativity, w’ such that:



do> doz A =<1 (OCop A dor)
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Then u = do2 and w' |= do2, by (2). Thus u |= di2, by (3); and w' |= dy2, by (2). Therefore
w' = dp1, again by (3), contradicting v = =<1 (Cop A dpy).

For n + 1: assume w = do2 A <o[doz A C1(Co(@n A p) A dpr)]. Then there is some u and,
by commutativity, there is a w’ with:

doo do>
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Then u |= do2 and w' |= dyg, by (2). Therefore u = di2, by (3). Thus w' |= dy9, by (2); and
w' = dp1, again by (3). Thus w' = $o(po A p) Ador, implying w = O1(Co(pn Ap) Ader). O

CLAamM 2.4. (Vk,n € w, k <n)VYw) w i~ pp A op.

Proof. Induction on k. For n > 0,k = 0: if w |= ¢, then w R;j-sees a dy;-world which Ry-sees
a p-world; if w = ¢g then w does not Rj-see a dpi-world which Ry-sees a p-world.

Assume w |= @g11 A @pi1. Then there is w' with w' |= do1 A Oo(@n Ap). By (1), there is
u with w'Rou and u |= dg2. Thus, by commutativity, there are v, z,w"”,y such that:

do2
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Then v |= dp1, by (2); thus v = di2, by (3); and v |= di2, again by (2). Further, v = ¢y,
by Claim 2.2; y |= ¢, by definition of ¢,,. On the other hand, w"” |= dy; A dpz2, by (2); thus
w" | dia, by (3). Therefore, y |= di2, by (2). Finally, y = p, by (4). Since z = ¢ A p, by
Claim 2.2 and (b), we obtain that x and y are such that

zRyy, z =9 Ap and y = ¢, Ap.
By (1), there is some s with yRgs and s = dgo. By commutativity, there is some w"”’ with:
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By (b) and Claim 2.2, w" &= ¢x Ap and s = ¢, Ap. By (a), w"” = dy2 follows. Then, by

Claim 2.3, w" |= ¢,,. Thus v |= ¢ A ¢, contradicting the induction hypothesis. O
Now Lemma 2 clearly follows from Claims 2.1 and 2.4. U
Finally, Theorem 1 follows from Lemmas 1 and 2. O
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